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Symposium  on  Turbulent  Shear  Rows 


t % f P*nn«ylvani«  StaM  Univarsity  University  Parn.  Pennsylvania 


Imprcvemcna  to  uadcntanding  of  the  mixing  ptocesact  usociatad  with  turbulent  flows  have  been  the  aim  of  Imvestigatians 
over  many  years  and  they  are  increasingly  important  as  technological  processes  approach  and  pass  limit!  of  available  knowledge. 
Recently,  the  development  of  mimerical  procednres  for  die  solntlaa  of  conservatiaD  ecpiatians  in  discretlsed  form,  has  provided 
a means  of  coirelating  experimental  data  and  offers  die  possibilty  of  predictive  capabilities  of  relevance  to  engineering  flows. 
Since  the  time-dependent  eqaations  cannot  be  represented  in  toffident  detail  by  the  storage  of  available  computers,  their 
time-average  forms  are  usually  solved  and  involve  the  "closure  problem”  and  the  need  for  mrbulence  models.  'Ihiis, 
improvements  to  understanding  of  turbulent  flows  are  again  required  but  perhaps  within  a particular  hamewotk. 

The  Symposium  on  Turbulent  Shear  Flows  was  organised  with  the  purpose  of  advancing  the  understanding  of  j^ysical 
phenomena  and  existiag  capabilities  for  calculating  turbulent  shear  flows.  It  was  arranged  to  allow  the  presentation  of  the  latest 
developments  in  the  calculation  of  flow  and  heat- transfer  properties  of  turbulent  shear  flows  and,  since  the  improvement  of 
physical  understanding  and  related  measurements  were  coniddered  essential  to  this  purpose,  appropriate  emphasis  was  placed  on 
both  topics.  Heat  oansfor  and  combustion  processes  involve  closure  problems  similar  to  those  of  turbulence  models  a^  were 
included  within  the  scope  of  the  Symposium  together  with  appllcatians  of  numerical  schemes  and  models  to  the  calculation  of 
properties  in  problems  ^ engineering  significance. 

The  present  Volume  contains  the  papers  which  were  accepted  for  presentation  at  the  various  Sessions  and  reflect  both  the 
intentioos  of  the  Organfaing  Comnittee  and  current  research  emphasis.  It  is  hoped  that  it  will  be  of  value  to  researchers  and 
engineers  and,  in  particalar,  that  it  will  provide  sthnnlus  for  research  which  will  lead  to  farther  knowledge  of  turbulent- flow 
processes  and  an  even  better  ability  to  calculate  related  properties. 

The  Organizing  Committee  wish  to  acknowledge  the  financial  support  of  The  Pennsyivania  State  University,  the  U.  S.  Artiny 
Research  office  and  the  U.  S.  Navy  Research  office;  the  cooperatiai  of  the  American  Society  of  Mechanical  Engineer!'  Heat 
Transfer  and  Fluid  Engineering  Oh^on;  the  coosiderable  practical  assistance  of  the  Department  of  Mechanical  Engineering 
and  CoBtianing  Edncatian  of  The  Pennsylvania  State  Uhivetsity  and  in  particalar  the  symposium  coordhutor  Ron  Avillion;  and 
the  essential  cantrlbatlans  of  their  own  secretaries. 


The  many  papers  submitted  to  the  Symposinm  were  reviewed  by  members  of  the  Advisory  Committee,  many  of  whem 
also  gave  of  their  time  and  expertise  to  act  as  Sessloa  Chairmen.  The  Organizing  Committee  is  glad  to  acknowledge  the 
coislderable  assistance  of  the  Advisary  Committee  as  well  as  the  essential  contributians  of  authors  and  pardc^ants. 
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SECOND  AND  HIGHER  ORDER  CLOSURES  , ~>  - 
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/ 


Chairman:  H.  McDonald 

Scientific  Research  Associates,  Inc. 
Glastonburg,  Connecticut  06033 

U.S.A. 

Page 

5A  Advances  In  Turbulent  Boundary  Layer  Calculation  Methodology  3.1 

J.  F.  Nash*  and  V.  C.  Patel** 

*Sybucon  Inc. 

Atlanta,  Georgia 
U.S.A. 

**D1 vision  of  Energy  Engineering  and  Institute  of  Hydraulic  Research 
University  of  Iowa 
Iowa  City,  Iowa 
U.S.A. 


5B  Numerical  Difficulties  in  the  Calculation  of  Complex  Turbulent  Flows  5.13 
I.  P.  Castro 

Central  Electricity  Generating  Board 
Marchwood  Engineering  Laboratories 
Marchwood,  Southampton 
Hampshire,  S04  4ZB 
United  Kingdom 

5C  A Computer  Prediction  Method  for  Turbulent  Flow  and  Heat  Transfer  in  3.23 
Pis ton/ Cylinder  Assemblies 

A.  D.  Gosman  and  A.  ?.  Watkins 

Mechanical  Engineering  Department 
Imperial  College 
London  SW7  2BX 
United  BClngdom 

3D  Turbulent  Boundary  Layer  Studies  Using  Polynomial  Interpolation  3.31 

S.  G.  Rubin,  P.  K.  Khosla,  and  S.  Rivera 
Polytechnic  Institute  of  New  York 
Aerodynamics  Laboratories 
Farmlngdale,  New  York 
U.S.A. 


r 


SESSION  6 


PLANETARY  BOUNDARY  LAYERS  AND  BUOYANT  FLOWS  ^ f^y  l 

Co-chairmen:  C.  duF.  Donaldson  J.  C.  Lumley ^ 

ARAP  Department  of  Mechanical 

Princeton,  New  Jersey  08540  Engineering 

U.S.A.  The  Pennsylvania  State  University 

University  Park,  Pennsylvania 
16802 

U.S.A. 


Page 

6A  A Turbulence  Model  Applied  to  Geophysical  Fluid  Problems  6.1 
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Princeton  University 
Princeton,  New  Jersey  08540 

U.S.A. 
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REACTING  FLOWS; 
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7A  Measurement  and  Numerical  Modeling  of  Turbulent  Scalar  Mixing 
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7B  Investigation  of  Combustion  Instabilities  in  Stirling  Flows  Using  7.11 
Real  Time  L.O.7. 

A.  K.  Gupta*,  D.  S.  Taylor**  and  J.  M.  Be^r* 

*Department  of  Chemical  Engineering 
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7D  Turbulent  Flow  Structures  and  Recirculation  Patterns  Assocaited  with  7.25 
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A.  C.  Styles,  N.  Syred  and  S.  E.  Najim 

Department  of  Mechanical  Engineering  and  Energy  Studies 

University  College 
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7E  Numerical  and  Experimental  Studies  of  an  Axisymmetric  Combustor  7.35 

D.  G.  Elllman,  D..  E.  Fussey**  and  N.  Hay** 

*Rolls-Royce  Limited 
Derby,  United  Kingdom 
**Departmenc  of  Mechanical  Engineering 
The  IMiverslty  of  Nottingham 
Nottingham 
United  Kingdom 

7F  Coherent  Structures  in  Combustion  7.41 

A.  J.  Yule,  N.  A.  Chlgier  and  D.  Thompson 

Department  of  Chemical  Engineering  and  Fuel  Technology 

University  of  Sheffield 

Sheffield  SI  3JU 

United  Kingdom  7 
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WALL  FLOWS-1 , r 

Chairman:  T.  J.  Hanratty 

University  of  Illinois 
Urhana,  Illinois  61801 
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8A  Boundary  Layer  Shear  Stress  in  Subsonic  and  Supersonic  Flow  8.1 

V.  A.  Sandbom*  and  C.  C.  Horstman** 

*Colorado  State  University 
Fort  Collins,  Colorado  80523 

U.S.A. 

**NASA  - Ames  Research  Center 

U.S.A. 

8B  Structure  and  Development  of  a Turbulent  Boundary  Layer  in  an  8.9 

Oscillatory  External  Flow 

J.  Cousteix,  A.  Desopper,  and  R.  Houdevi] le 

Office  National  d* Etudes  et  de  Recherches  Aerospatiales  (ONERA) 
Centre  d' Etudes  et  de  Recherches  de  Toulouse  (CERT) 

31055  Toulouse 
France 

8C  A Study  of  the  Relaxation  Process  in  Turbulent  Channel  Flows  8.19 

V.  Vasanta  Ram,  F.  von  Schulz-Hausmann 
Ruhr  University 
Bochum 

Federal  Republic  of  Germany 

8D  Measurement  of  Mean  Flow  and  Turbulence  Structure  in  a Axisymmetric  8.29 
Pipe  Flow  with  High  Initial  Shear 

J.  T.  Turner*  and  G.  Lightning** 

*Simon  Engineering  Laboratories 
University  of  Manchester 
United  Kingdom 

**Lightning  Group  of  Companies 
Manchester 
United  Kingdom 

8E  Investigation  of  the  Longitudinal  Length  Scales  of  Turbulence  in  a 3.35 
Strongly  Accelerated  Water  Flow 
C.  J.  Bates 

Department  of  Mechanical  Engineering  and  Energy  Studies 
University  College,  Cardiff 
South  Wales 
United  Kingdom 

8F  Anisotropic  Eddy  Viscosities  in  the  Turbulent  Flow  Through  a Rod  8.41 

Bundle 

K.  Rehme 

Instltut  fur  Neutronenphyslk  und  Reaktortechnik 
Karlsruhe 

Federal  Republic  of  Germany 
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Chairman:  J.  C.  Rocta 
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9A  Measurements  of  Developing  Turbulent  Flow  in  a Square  Duct  9.1 

F.  B.  Gessner,  J.  K.  Po,  and  A.  F.  Emery 
Department  of  Mechanical  Engineering 
University  of  Washington 
Seattle,  Washington  98195 

U.S.A. 

9B  Measurements  of  the  Mean  Velocity  and  the  Reynolds  Stress  Tensor  in  9.11 
a Three-Dimensional  Turbulent  Boundary  Layer  Induced  by  a Cylinder 
Standing  in  a Flat  Wall 
R.  Dechow  and  K.  0.  Felsch 
Universitat  Karlsruhe 

Institut  fiir  Stromungslehre  und  Stromungsmaschinen 
Karlsruhe 

Federal  Republic  of  Germany 

9C  Some  Effects  of  Longitudinal  Wall-Curvature  on  Turbulent  Boundary  9.21 
Layers 

B.  G.  Shivaprasad*  and  B.  R.  Ramaprian 

^Aeronautical  Engineering  Department 
Indian  Institute  of  Science 
Bangalore 
India 

**Iowa  Institute  of  Hydraulic  Research 
University  of  Iowa 
Iowa  City,  Iowa  52242 

U.S.A. 

9D  Measurements  in  the  Thick  Axisymmetric  Turbulent  Boundary  Layer  9.29 

and  the  Near  Wake  of  a Low-Drag  Body  of  Revolution 

V.  C.  Patel,  Y.  T.  Lee,  and  0 Guven 

Institute  of  Energy  Engineering 
The  University  of  Iowa 
Iowa  City,  Iowa  52242 
U.S.A. 

9E  Computations  of  Turbulent  Boundary  Layer  Development  Over  a Yawed,  9.37 
Spinning  Body  of  Revolution  with  Application  to  the  Magnus  Effect 

W.  B.  Sturek,  H.  A.  Di/yer,  L.  D.  Kayser,  C.  J.  Nietubicz, 

R.  P.  Reklis,  and  K.  0.  Opalka 

U.  S.  Army  Ballistic  Research  Laboratory 
Aberdeen  Proving  Ground,  Maryland  21005 
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WALL  FLOWS- 3 

Chairman:  J.  Mathleu 

Ecole  CenCrale  de  Lyonnaise 
Ecully,  France 

lOA  Experimental  and  Numerical  Study  of  Constant  Diameter  Ducted 
Jet  Mixing 

P.  H,  Oosthulzen  and  M.  C.  Wu 

Department  of  Mechanical  Engineering 
Queen's  University 
Kingston,  Ontario 
Canada 

lOB  Comparison  of  Several  Turbulence  Models  for  Prediction  Flow 
Patterns  Within  Confined  Jets 

K.  N.  Tennankore  and  F.  R.  Steward 

Department  of  Chemical  Engineering 
University  of  New  Brxmswiclc 
New  Brunswick 
Canada 

IOC  Mixing  Between  a Round  Jet  and  a Traverse  Turbulent  Pipe  Flow 
D.  E.  Rathgeber  and  H.  A.  Becker 

Department  of  Chemical  Engineering 
Queen's  University 
Kingston,  Ontario 
Canada 
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ABSTRACT 


A formalism  previously  used  in  the  context  of 
deformable  porous  media  and  turbulent/nonturbulent 
intermittent  flows  is  restated  here.  The  behavior  of 
the  intermittency  function  derivatives  at  the  inter- 
face gives  rise  to  surface  integrals  over  the  latter. 
The  conditioned  equations  of  continuity,  momentum, 
energy,  vorticity  and  conservation  of  a scalar  are 
derived  for  the  turbulent  and  irrotational  zones. 
Surface  integrals  with  a precise  physical  meaning  en- 
ter the  conditioned  equations.  They  can  be  interpre- 
ted as  entrainment  of  mass,  momentum,  energy  and  sca- 
lar, and  as  direct  interactions  between  the  turbulent 
and  Irrotational  regions.  Use  is  made  of  the  experi- 
mental conditioned  measurements  for;  (i]  the  plane 
wake  behind  a heated  flat  plate,  and  (ii}  the  heated 
turbulent  round  jet;  the  profiles  of  entrainment  of 
mass,  and  the  combination  of  direct  interactive  force 
and  entrainment  of  momentum  are  calculated.  These 
derived  profiles  are  compared  with  models  proposed  by 
previous  investigators. 

NOMENCLATORE 

C - molecular  flux  of  scalar  through  the  inter- 

face, Eq.  (41). 

0 • orifice  diameter  for  the  jet 

dS  • interface  surface  infinitesimal  element 

E • entrainment  of  mass  per  unit  mass,  Eq.  (17). 

F - mean  force  per  unit  mass  of  turbulent  on 

irrotational  zones 

* self-preserving  functions  defined  by 
Eqs.  (51) -(64). 

ty  - interface  crossing  rata 

g.h’  • self-preserving  functions  defined  bv  Eqs.  (34) 
and  (63) 

1 - intermittency  function 

K - entrainment  of  total  kinetic  energy,  Eq.  (30) 

i(x)  - half-width  of  the  wake  based  on  velocity 

defect 

M - average  entrainment  of  momentum,  Eq.  (21) 
n - normal  to  the  interface,  pointing  towards  the 
turbulent  zone 

P,Q  - any  fluid  mechanical  variables 
p - pressure 

c - molecular  scalar  flux  vector 

r - radial  coordinate  for  the  jet 

n,  - half-radius  of  the  jet  based  on  velocity 

S(x,t)  - surface  of  the  turbulent/nonturbulent  inter- 
face 

T - scalar 

To  - maximum  value  of  T at  a section  of  the  jet 

t - time 

Uj  - Jat  exit  velocity 
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Subscripts 

1,0  - relative  to  turbulent  and  irrotational  zone 

variables 

i - vector  coaiponent 

r - axial  component  of  a vector 

x,y  - streamwlse  and  normal  components  of  a vector 

Special  Sy^ols 

7 - gradient  operator 

7*  - laplacian  operator 

- vector  variable 

- average 

' - fluctuating  variable  or  function  derivative 

INTRODUCTION 

Since  the  discovery  of  intermittency  in  free 
turbulent  shear  flows  by  Corrsin  (2)  and  its  explora- 
tion in  subsequent  studies  by  Townsend  flO')  and  Coifsin 
and  Kistler  (3),  the  concept  of  an  intermittency  func- 
tion has  been  widely  used  in  experimental  investiga- 
tions. The  intermittency  function  allows  one  to  iden- 
tify separately  the  turbulent  and  nonturbulent  regions 


maximum  value  of  the  mean  velocity  at  a sec- 
tion of  the  jet 

free  stream  velocity  for  the  wake 
velocity  defect  at  the  eenterpiane  of  the 
wake 

velocity  vector 
interface  velocity 
X and  y (or  r)  velocity  components 
elementary’  control  volume 
modulus  of  the  velocity  of  advance  of  the 
interface  relative  to  a fluid  element  at 
the  same  point 

mechanical  work  done  by  the  turbulent  fluid 
upon  the  irrotational  fluid 
tangential  velocity  component  for  the  jet 
position  vector 

streamwlse  and  normal  coordinates 
intermittency  factor 

momentum  thickness  of  the  boundary  layer  at 
the  trailing  edge  of  the  plate 
Kronecker  delta 
similarity  variable 
mean  entrainment  of  scalar  T 
viscosity  of  the  fluid 
kinematic  viscosity  of  the  fluid 
density  of  the  fluid 
viscous  stress  tensor 

gjfT  in  the  kinetic  energy  equations 
vorticity  component 


M 


coexisting  in  an  intermittent  flow.  A more  adequate 
description  of  velocity  and  scalar  fields  can  then 
be  provided.  The  conditional  sampling  technique 
(1,6.12,13^  multiplies  the  random  variable  to  be 
averaged  by  a generated  signal  which  is  unity  in  the 
turbulent  and  tero  in  the  nonturbulent  regions,  i.e. 
an  intermittency  function.  The  same  device  has  not 
received  much  attention  in  theoretical  studies  of 
turbulent  shear  flows.  Quito  recently,  Libby  (7,81 
initiated  the  first  theoretical  use  of  the  inter- 
mittency concept  to  condition  the  conservation  equa- 
tions of  fluid  mechanics  for  both  turbulent  and  non- 
turbulent variables;  central  to  Libby's  methodology 
is  the  postulate  of  a conservation  equation  for  the 
intermittency  function  with  an  unknown  source  term, 
described  as  a creation  of  turbulent  fluid.  Another 
crucial  point  is  his  definition  of  conditioned  fluc- 
tuations in  terms  of  the  unconditioned  variables.  They 
then  have  no  simply  physical  meaning.  With 
the  assumption  of  a knowledge  of  the  unconditioned 
velocity  components,  a subsequent  computation  of  the 
unconditioned  Reynolds  stress  and  with  certain  addi- 
tional modeling  assiaiptions  he  was  able  to  predict 
conditioned  variables  and  the  intermittency  factor 
for  nixing  layers,  boundary  layers  and  wakes.  Tutu 
(121  made  use  of  Libby's  concepts  but  defined  fluc- 
tuations in  turbulent  tone  variables  as  fluctuations 
about  the  conditioned  mean.  He  obtained  the  condi- 
tioned equations  and  proposed  modeling  approximations 
for  the  unknown  functions  which  appear.  The  meanings 
ascribed  by  Libby  and  Tutu  to  the  source  term  differ 
one  from  the  other,  and,  being  highly  intuitive,  are 
not  entirely  clear.  Analogous  to  this  conditioning 
problem  is  that  of  obtaining  the  equations  governing 
the  flow  through  deformable  porous  media  (5).  The 
ideas  in  ($1  were  extended  to  the  present  problem  in 
(A).  Dopazo  (41  avoided  the  postulate  of  a conserva- 
tion equation  lor  the  in..ermittency  function  by  exami- 
ning the  spatial  and  temporal  derivatives  of  the 
intermittency  function  at  the  turbulent/ nonturbulent 
interface;  rigorous  fundamental  formulae  were  derived 
and  used  to  obtain  the  conditioned  equations.  The 
main  advantage  of  the  latter  method  over  that  of 
Libby  is  that  every  unknown  entering  the  zone  average 
equations  has  a clearly  defined  physical  meaning. 

One  expects  this  direct  connection  with  physics  be  of 
help  in  constructing  modeling  approximations  for 
these  unknown  terms. 

In  the  present  paper  the  fundamental  formulae 
used  by  Dopazo  (£}  are  restated.  The  zone  average 
equations  of  continuity,  momentum,  kinetic  energy  and 
conservation  of  a scalar  are  then  presented.  The  phy- 
sical meaning  of  the  surface  integrals  in  the  condi- 
tioned equations  is  explained;  special  emphasis  is  put 
on  these  terms  since  they  are  the  ones  which  directly 
couple  the  motions  in  the  turbulent  and  nonturbulent 
regions.  The  remaining  terms  in  the  equations  can 
readily  be  interpreted  as  conditioned  production, 
dissipation,  convection,  diffusion  and  pressure  trans- 
port. Such  notions  as  entrainment  of  mass,  momentum, 
kinetic  energy  and  scalar  content  clearly  appear  in 
the  context  of  this  formalism. 

The  experimental  results  for  the  two-dimensional 
wake  behind  a heated  flat  plate  (£)  and  the  axisymaet- 
ric  turbulent  heated  )et  (12)  are  utilized  to  evaluate 
sami-quantitatively  the  pr^iles  of  the  unknown  terms. 
Due  to  the  lack  of  complete  experimental  data  self- 
preservation  of  the  turtulence  (9,11)  has  been  asstaied. 
Our  evaluated  profiles  for  entrainment  of  mass  and 
momentum  are  cosq>ared  to  those  proposed  by  Tutu  (H) 


and  Libby  (*.8) . The  actual  profiles  and  a better 
physical  understanding  of  the  phenomenon  should  be 
helpful  in  constructing  convincing  modeling  assump- 
tions, namely,  the  expression  of  entrainment  of  mass 
and  oomentuB  in  terms  of  the  intermittency,  mean 
conditioned  velocity,  conditioned  Reynolds  stress  and 
crossing  frequency. 

The  usefulness  of  this  methodology  is  discussed 
and  its  possible  application  to  reacting  and  nonreac- 
ting transport  of  scalars  in  turbulent  flows,  e.g.  the 
plume  of  a point  source  is  mentioned. 

METHODOLOCTK 

Fundamental  Formulae 


Let  I(2.t)  be  the  intermittency  function  defined 
as 

If  .i./l  if  Cjit)  is  in  the  turbulent  zone 
'■O’  ■’  if  (s,t)  is  in  the  nonturbulent  tone. 

Let  Q(5,t)  be  any  fluid  mechanical  property.  The 
following  formulae  are  presented  in  Dopazo  (4)  and 
their  derivation  is  explained  therein. 

T7q-  7Qr-lim|P  OadS  (1) 

\-*0  ^S(2,t) 

^ 5?  ■ ^ ^ f]  Qa*  • ndS  (2) 

« 3t  V Js(x,t) 

The  last  terms  in  equations  (1)  and  (2)  arise  due  to 
the  discontinuities  of  I(x,t)  at  the  interface  S(x,t)» 
0;  71  and  3I/3t  are  Dirac  {-functions  at  the  interface 
location  and  at  the  time  of  crossing  of  the  Interface 
respectively.  V is  an  elementary  control  volume,  n is 
the  normal  to  the  turbulent /nonturbulent  interface' 
pointing  towards  the  turbulent  region  and  uS  is  the 
velocity  of  the  interface  relation  to  a fixed  observer. 
Note  that  the  interface,  S(x,t)  *0,  is  not  a material 
surface  and  its  velocity  q*  can  be  written  as 

u*  • u - v*n  (3) 

where  p is  the  instantaneous  velocity  of  the  fluid 
element  at  S(s,t)  • 0 and  -v*n  is  the  velocity  of 
advance  of  an  element  of  the'surface  relative  to  the 
fluid  element  at  the  same  point  (4). 

Decomposition  of  Averages 


Let  P and  Q be  two  intermittent  signals  for  two 
fluid  mechanical  variables.  Let  their  unconditioned 
averages  be  P and  Q and  their  conditioned  averages  be 
defined  by 
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where  the  subscripts  1 and  0 refer  to  the  turbulent 
and  nonturbulent  zone  variables  respectively  and  the 
intermittency,  y,  is  defined  as 


y • I . 


(8) 


Let  P'l,  Q|,  PJ  and  Q2  be  the  fluctuations  in  the  tut' 
bulent  and  irrotational  regions  relative  to  the  zone 


averages  of  P and  Q.  Then 

Ipq  . yP^Q^  » yFJ^  (9) 

• (1-Y)Po5o  * 

Note  that  variables  with  subscript  1 are  only  defined 
in  the  turbulent  region  while  those  with  0 are  de- 
fined in  the  irrotational  tone.  The  averages  of  1 or 
0 variables  or  their  products  are  therefore  only  over 
the  corresponding  domains  of  definition.  The  decom- 
position in  (9)  and  (10)  are  different  from  Libby's 
(2)  ss  was  already  remarked  (£) . 

Intermittency  Variations 

Let  Q = 1 in  equations  (1)  and  (2) . Then  (4) 


Vy  • lia  4 a dS  (11) 

V-^  ■*S(5,t) 

^ - lia-U  u*  • n dS  (12) 

“ V-0  ^Js(;,t)  ' 

A detailed  knowledge  of  the  interface  dynamics  is 
needed  to  evaluate  the  right  side  of  equations  (11) 
and  (12) . If  the  flow  is  statistically  stationary 
identical  positive  and  negative  values  of  ■ n are 
equally  probable. 

FUNDAMENTAL  EQUATIONS 

The  equations  governing  the  motion  of  a fluid  in 
a turbulent/nonturbulent  flow  are 


“ij  ■ “[Sf  • SJj 

where  u is  the  velocity,  o the  density,  p the  pres- 
sure, the  viscous  stress  tensor  and  u the  vis- 
cosity. 

To  condition  the  conservation  equations  one 
should  multiply  them  by  I or  (l-I),  average  them  and 
use  equations  (1)  and  r2) . This  method  was  utilized 
to  obtain  the  mean  conservation  equations  in  refer- 
ence . 

Turbulent  Zone  Continuity 
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where  is  the  turbulent  zone  velocity  signal  and 

E « llB.i[v»dS  (1 

V-0  ''  Js 


is  the  volumetric  entrainment  par  unit  volume,  or  the 
cassie  entrainment  per  unit  mass. 

Irrotational  lone  Continuity 


5t 


3(1-Y) (uo)i 


where  is  the  irrotational  zone  velocity  signal. 
Unconditioned  Continuity 

Adding  equations  (16)  and  (18)  and  taking  into 


account  that  Uj^  » ^(*^1  * d-Y)  (u^)^  one  gets 


which  is  the  conventional  mean  continuity  equation. 
While  u.  is  solenoidal,  (u^)^  and  are  not. 

Turbulent  Zone  Momentum 


5y(Uj).  3Y(Uj).C;ip.  3 


~ \ ~ y (u ' j . CuJ;  ■ -=  * 

dt  3Xj  tfXj  ''  l-'i'*  D ox^ 

♦ uT^[Y(i:7ri:  -F^  C20) 

where  uJ  is  the  turbulent  zone  velocity  fluctuation. 

Pi  is  the  turbulent  zone  mean  pressure  and 

M.  « lim.^  CU,v«dS  (21) 

^ V-0  Js  ^ 

♦ v^limlf  (u,n.»u.n,)dS  (22) 

v-0 ' JS  ^ ' ' * 

.M  is  the  average  entrainment  of  momentum,  i.e.  the 
momentum  flux  through  the  interface.  E is  the  mean 
force  per  unit  mass  that  the  turbulent  fluid  exerts 
upon  the  irrotational  fluid.  The  meaning  of  the  last 
term  is  indicated  in  reference  (_4) . (ui')^(ui')j  is  the 

conditional  Reynolds  stresses. 

Irrotational  Zone  Momentum 
3(2-Y)(u^,  5(l-y)  3 

sr-^- 

where  uo  is  the  irrotational  zone  velocity  fluctuations 
and  po  is  the  irrotational  zone  mean  pressure.  Note 
that  the  entrainnentof  momentum  if  and  the  mean  force  E 
have  opposite  signs  in  equations  (20)  and  (2i),  i.e. 
fluid  is  entrained  into  the  turbulent  region  at  the 
expense  of  the  irrotational  zone,  and  the  action  F of 
the  turbulent  on  the  irrotational  zones  has  opposite 
sign  to  the  reaction-F  of  the  irrotational  upon  the 
turbulent  regions. 

Unconditioned  Momentum 

Adding  (20)  and  (23)  and  taking  into  account  that 

* a-Y)(Vif^j 

♦ (1  -Y)  (up*^  ♦ (1  -Y)  (!u^^  (u^^  (24) 

and  p ■ YPj  ♦ Cl-Y)Pg  (25) 

one  obtains 
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which  is  the  conventional  near,  momentum  equation. 

Unconditioned  Kinetic  Energy 

If  equation  (14)  is  multiplied  by  u.  one  readily 
obtains 
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Ensemble  averaging  of  equation  C-’)  yields 
3 1 — 3 1 ■'  3 i;  1 

3t  ; “i“i  * 2 Vi  ’ ^“j  *“i“i  ' *5  ■ST" 

♦ i T^u.o.  . - - a..  4^  (28) 
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which  is  the  unconditioned  total  kinetic  energy  equa- 
tion. Multiplication  of  equation  (2T)  by  I and  (1-1), 
averaging  and  use  of  formulae  (1)  and  (2)  yield  the; 

Turbulent  lone  Total  Kinetic  Energy 
^ ^S“i  * -sf-  ^“j'*^i“i  • -5-3^"  vV»I^u^-Tq 
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is  the  conditioned  energy  dissipation  in  the  turbu- 
lent region  and 

K « lim  if  *iu.u,v*dS  (30) 

V-H)  ■'S  ^ 

W . i 1«  ^^(-pi^j*a..)u.njdS 

K is  the  entrainment  of  total  kinetic  energy  into  the 
turbulent  tone  and  N is  the  mechanical  work  done  by 
the  turbulent  fluid  upon  the  nonturbulent. 

Irrotational  2one  Total  Kinetic  Energy 

5 ______  a ______  1 3(l-l}pu. 

^(l-I)ljUiUi  * ^Cl-Du^'iu^uj  • - 5 

* v7'U-I)*lUjU^  - (1-I)»  - K • K (32) 

Equation  (28)  can  be  recovered  by  adding  equations 
(29)  and  (32). 

Equations  for  the  unconditioned,  turbulent  tone 
and  irrotational  zone  fluctuating  kinetic  energies 
can  easily  be  obtained  following  the  traditional 
method  (9,11) . The  actual  equations  will  not  be  pre- 
sented here.  One  important  remark  in  connection  with 
the  energy  balance  is  that  previous  investigators 
[e.g.,  Wygnanski  and  Fiedler  (^)]  do  forget  K and  W 
in  the  energy-  balance.  Therefore,  the  turbulent  tone 
energy  balance  must  necessarily  be  in  error,  and  the 
pressure  transport  computed  from  the  measured  con- 
vection, diffxision,  production  and  dissipation  may  not 
be  reliable. 

Turbulent  Zone  Vorticitv 

Since  (l-I)u,  S 0,  = luj  and  the  equation  for 

the  conditioned  vorticity  is  the  same  as  that  for  the 
unconditioned  vorticity.  This  equation  is 


"Sr  * -7^  • “i 

this  implies  a balance  between  "entrainment  of  vorti- 
city", "vortex  line  stretching"  and  "vorticity  viscous 
propagation  terms"  at  the  interface,  namely, 

lim  if  u, v*dS  - lim  if  u.u.n.dS 
V-K)  S ‘ V-0  '^JS  ^ ^ ^ 

■ “!■)<'=  • Ji; 

Generalized  Corrsin-Kistler  equation 

The  following  identity  is  always  true 

(l-I)Uj  = 0 (33) 

Use  of  equation  (35)  multiplied  bv  u.  and  averaged 
yields  (4)  ' ^ 

♦ lim  (“iU.n.  - ^ju.u.nJdS  • 0 (36) 

wo  VS  J J 1 

The  last  term  in  equation  (36)  is  associated  with  mo- 
mentum fluxes  through  the  interface. 

Corrsin-Kistler  equation  (^)  relating  Reynolds 
stresses  and  turbulent  kinetic  energy  in  the  irrota- 
tional  tone  can  be  recovered  from  equation  (36)  in  the 
limit  Y*0  and  uo* constant  vector;  in  that  limit  since 
there  are  no  interface  crossings  the  last  term  in  (36) 
tends  to  zero  and  one  recovers  (4) 

- \ (37) 
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Turbulent  Cone  Scalar 

Let  T be  a scalar  (e.g.  the  temperature  field  in  a 
turbulent  heated  jet)  satisfying  the  equation 
3X  3u.;T  3qi 
3t  * 

where  g is  the  "scalar  flux  vector"  due  to  molecular 
agitation.  Multiplication  by  Z,  averaging  and  use  of 
equations  (1)  and  (2)  yields 


e*C  (39) 


SyTT  3y(u,5  .T7  , 3Y(q,5, 

-sr*— ®*C(39) 

where  Tj  is  the  turbulent  tone  scalar  signal,  TJ  are_ 
the  turbulent  zone  scalar  fluctuations  about  Tj  and  qi 
is  the  turbulent  tone  mean  "scalar  flux  vector"  due  to 
molecular  effects  and 


0 - lim  i Tv^dS 


C ■ lim  wj  q.n.dS  (-^1) 

V-0  Ns  J J 

0 is  the  mean  entrainment  of  scalar  T into  the  turbu- 
lent region  and  C is  the  molecular  flux  of  scalar 
through  the  interface. 
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Irrotational  lone  Scalar 
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?o.  To  and  qo  are  the  counterpart  of  fi,  T{  and  qi 
in  the  irrotational  region. 

Unconditioned  Scalar 

Addition  of  (39)  and  (41)  yields 

3t  3 - - 3 ^ 

3t  3x^  j 5xj  } 3^ 

which  can  also  be  obtained  by  directly_averaging  (38) . 
Recall  that  T ■ yTi  ♦ (l-Y)to  and  q • Yqi  * (l-Y)qo. 
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The  equations  are  in  cylindrical  coordinates  x being 
the  streaowise  and  r theradial  directions,  wj  is  the 
fluctuating  velocity  in  the  angular  direction  and 
TqTT^  and  (qj)p  are  the  x and  r components  of  the 
"mean  scalar  molecular  tone  flux". 


The  above  equations  have  been  particularized  for 
the  following  two  cases: 


Assumptions 


1 . The  Plane  wake  behind  a heated  flat  plate  (1).  A 
thin  aluminum  plate  was  mounted  in  a low  speed  wind 
tunnel,  with  the  plate  horizontal  and  parallel  to  the 
mean  flow  direction.  The  upper  and  lower  side  boun' 
dary  layers  formed  were  tripped  near  the  leading  edge 
of  the  plate.  The  plane  turbulent  wake  behind  the 
trailing  edge  was  studied.  A thermal  wake  was  also 
generated  by  heating  the  plate,  but  only  the  velocity 
measurements  are  utilized  here. 

2.  The  heated  turbulent  round  jet  (12).  An  axisym- 
metric  horizontal  heated  jet  emerges  into  a room.  The 
exit  diameter  is  D • 9 in.  A set  of  screens  and  a 
honeycomb  were  introduced  to  reduce  the  exit  turbu- 
lence intensity  level  to  a minimum.  The  diffuser  was 
insulated  with  fiber  glass  and  a collar  heater  was 
provided  at  the  end  of  the  contraction. 


The  statistically  stationary  equations  to  be  con^ 
sidered  are  the  following: 


Plane  Wake  Turbulent  Zone 
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(42) 


(43) 


(44) 


where  x is  the  streamwise  coordinate  and  y is  perpen- 
dicular to  X and  the  flat  plate,  u,  and  Vj  are  the  x 
and  y mean  turbulent  zone  velocities,  respectively, 
ul  and  vj  are  the  zone  fluctuating  velocities  along  x 
and  y,  respectively. 


Heated  Turbulent  Round  Jet 
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Extensive  data  are  available  for  conditioned  and 
unconditioned  variables  forthe  heated  turbulent  jet  at 
a single  dowtistream  location  x/D  « 15.  The  same  is 
true  for  the  plane  wake  at  several  downstream  loca- 
tions x/6j,  « 200  and  345.  0 and  6g,  are,  respectively, 

the  jet  exit  diameter  and  themomentum  thickness  of  the 
boundary  layers  at  the  trailing  edge  of  the  plate. 
Although  self-preserx’ation  has  almost  surely  not  been 
achieved  at  the  measuring  stations,  in  the  absence  of 
experimental  data  to  computethe  x and  y (or  x and  r) 
derivatives  self-preservation  for  the  jet  and  wake  has 
been  assumed.  Direct  measurements  of  the  x-derivatives 
in  the  heated  jet  facility  will  hopefully  soon  be 
available  and  one  will  then  be  able  to  make  a decision 
on  the  effect  of  the  assumption  of  self-preservation. 
The  traditional  boundary  layer  approximation  (9.11) 
were  used  to  simplify  equations  (42)  through  (48) . 
Moreover,  we  assumedthat  pi  and  vJ - satisfy  the  uncon- 
ditioned cross-stream  momentum  equation,  i.e. 


and  that  (-Fy*My-viE)  and  (-F_*My-viE)  depend  only 
weakly  on  x.'  E and  theright  sides  of  (43)  and  (44) 
and  (46) -(48)  were  then  computed  by  calculating  the 
remaining  terms  in  the  equations  from  the  experimental 
data. 

Plane  Wake 


The  following  definitions  were  used 
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where  U.  is  the  free-stream  velocity,  Uj  is  the  velo- 
city detect  at  the  centerplane,  l(x')  is  the  half- 
width of  the  wake  based  on  velocity  defect,  io  is  the 
momentun  thickness  of  the  boundary  layer  at  the 
trailing  edge  of  the  plate.  Equations  (S6)  and  (S75 
were  taken  from  Tennekes  and  Luoley  (9} . The  equations 
used  are  the  following: 
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(59) 


The  left  sides  of  (58)  and  (59)  were  computed 
from  All's  measurements  and  the  results  are  plotted 
in  Figures  1 and  2.  In  Fig.  1 (MOM-X)  stands  for  the 
right  hand  side  of  (59)  as  a function  of  n;  pressure 
and  viscous  forces  as  well  as  average  entrainment  of 
x-momentum  minus  the  momentum  entrained  by  the  mean 
velocity  ui  are  included  in  (MOM-X).  The  abnormal 
"buiqjs"  at  hi  *1.125  and  Hj*  1.375  are  almost  cer- 
tainly due  to  error  in  the  differentiation  process. 
Using  Tutu's  modeling  (12)  for  the  right  side  of 
(59)  with  * 1 yields 

R.H.S.  of  (59)  = 8.9s|^jf2(n)  . 

The  values  of  the  latter  are  between  one  and  two 
orders  of  magnitude  higher  than  those  computed  from 
(59).  In  Fig.  2 (MOM-Y)  stands  for  the  right  side  of 
(58) . All  the  values  obtained  for  the  sum  of  mean 
y-force,  average  entrainment  of  y-momentum  minus  the 
momentum  entrained  by  vi  and  the  pressure  force  pj 
are  negative.  This  may  be  due  to  the  predominance 
of  the  net  entrainment  of  y-oomentum  with  the  mean 
vertical  velocity  vj  which  has  a negative  sign. 


I'Oo  i-as  i-so  i-T$  j.oo  a-3s 

cm 


t 


i-ca  i-as  I'so  i*rs  a-oa  a-s 
ETn 


Fig.  2.  Average  entrainment  of  y-awmentun  plus  direct 
force  for  the  heated  wake  as  a function  of  the  simi- 
larity variable  n- 


Libby's  modeling  of  the  entrainment  of  x-momentum 
has  the  form 

— - 

The  latter  expression  with  a proportionality  constant 
of  .188  is  compared  with  the  results  obtained  here  in 
Table  1. 

Table  1.  Libby's  modeling  of  x-momentum  entrainment 
and  results  from  equation  (59) . 
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Round  Jet 

The  following  definitions  were  used 
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-u^  • Uj^^(x)g('',) 

(63) 
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Fig.  1.  Average  entrainment  of  x-momentum  plus  dir- 
ectlorce  for  the  heated  wake  as  a function  of  the 
similarity  variable  n. 
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where  is  the  naxiiaum  ne»n  velocity  at  a given  sec- 
tion an3  Tq  is  the  maximun  mean  temp  rature,  ri,  is 
the  half-radius  of  the  jet,  i.e.  r for  which  u/Um  • .3, 
and  relations  (67)  and  (68)  were  taken  from  Tennikes 
and  Lumley  (9] . 

The  equations  obtained  by  applying  the  previous 
assumptions  to  the  conditioned  equations  for  the 
turbulent  fluid  in  a jet  are 
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The  left  sides  of  (69) -(71)  can  be  confuted  from 
Tutu's  experimental  data  and  the  results  appear  on 
Figures  3-6.  In  Fig.  3 the  dimensionless  entrainment 
from  (69)  is  compared  with  modeling  in  Reference  (12) 
of  that  term.  A significant  difference  in  the  loca- 
tion of  the  maxima  as  well  as  in  the  values  of  these 
maxima  is  observed.  This  may  be  due  to  an  oversim- 
plification of  the  actual  physical  phenomenon  in  the 
above  reference.  Libby's  modeling  while  possibly 
more  realistic  includes  unconditioned  variables  and 
do  not  serve  for  predictive  purposes  here.  In  Fig.  4 
the  marked  difference  between  the  coatputed  right  side 
of  (70)  and  the  modeling  in  (12)  is  more  noticeable. 
The  latter  completely  misses  a negative  region  for 
n ^ 1.00.  We  ascribe  the  existence  of  this  negative 
region  to  the  large  positive  values  of  ujE  which  are 
plotted  in  dimensionless  form  in  Fig.  5.  While  the 
total  entrainment  of  x-momentum 

0.M  - lim  If  ouv'dS 
V-K)  Js(x.t) 

is  positive,  the  difference 

.M  -u,E  ■ lim  (u-u,)v*dS 

* yw)  ^ 

^ S(s,t) 
may  well  be  negative. 

Fig.  6 is  a plot  of  the  right  side  of  (71)  ver- 
sus h.  Tutu's  model  multiplied  by  a factor  of  10*‘  is 
plotted  for  comparison.  The  agreement  is  better  than 
for  momentum  entrainment. 
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Fig.  3.  Mass  entrainment  per  unit  mass  for  the  heated 
jet.  The  dashed  line  is  the  result  of  taking  for 
vi/Uj,  the  smooth  curve  in  Reference  (12) . Tutu's 

modeling,  i.e., 

2fv 
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Fig.  4.  Average  entrainment  of  x-oomentum  for  the 
heated  jet.  — Tutu's  modeling,  i.e. 
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Fig.  5.  x-aomentuB  entrained  by  the  mean  mass 
entrainiaer.t  with  the  mean  velocity  for  the  heated  jet. 
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ABSTRACT 

Conditionally-sampled  fluctuation  meas- 
urements in  two  merging  mixing  layers,  one 
of  which  was  marked  by  slight  heating,  show 
that  the  turbulence  structure  of  each  layer 
is  significantly  altered  by  interaction  with 
the  other.  This  is  in  contrast  to  the  case 
of  merging  boundary  layers  in  a duct,  where 
the  turbulence  structure  is  so  little  al- 
tered that  the  flow  can  be  predicted  by 
superposition  of  the  two  turbulence  fields, 
which  are  supposed  to  communicate  only  via 
the  mean  velocity  profile.  Turbulence  in- 
tensities are  much  higher  in  the  mixing 
layer  than  in  the  boundary  layer,  so  that 
larger  structural  changes  are  to  be  expected. 
However,  it  appears  possible  to  correlate 
these  changes  in  terms  of  a simple  inter- 
action parameter. 

NOMENCLATURE 
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U 

u,  V,  w 

X,  y 


y 

r; 


Subscripts 

C 
H 

INTRODUCTION 

Isolated,  text-book,  turbulent  shear 
layers  are  rare  in  engineering  practice. 

A complication  that  frequently  occurs  is 
that  two  parallel  simple  shear  layers  (for 
example  boundary  layers  on  opposite  sides  of 
a two  dimensional  duct)  merge  and  interact 
as  they  go  downstre2un.  Bradshaw,  Dean  and 


breadth  of  jet  nozzle 
height  of  jet  nozzle 

u 


7.7 


x-component  mean  velocity 
velocity  fluctuations  in  x,  y, 
z directions 

turbulent  transport  velocities , 
egs  (2)  and  (3) 
coordinates:  x axial,  y ver- 
tical; origin  at  start  of 
"hot"  mixing  layer 
temperature  intermittency 
factor 

similarity  ordinate,  y/x 
shear  stress , - o uv 


cold-zone  value 
hot-zone  value 


McEligot  (1)  demonstrated  that  in  this  case 
the  interaction  could  be  easily  incorporated 
into  existing  calculation  methods  by  assum- 
ing that  the  shear  stress  profiles  from  the 
individual  layers  superposed  to  give  the 
total  shear  stress.  That  is,  the  shear 
layers  are  assumed  to  interact  only  via  their 
shared  mean  velocity  profile,  with  no  direct 
interaction  of  the  turbulent  eddies.  Strictly, 
the  process  is  "time-sharing"  rather  than 
superposition:  large  eddies  erupt  across  the 

centre  line  more-or-less  alternately  from 
each  layer  and  the  region  of  overlap  of  the 
shear-stress  profiles  is  rather  smaller  than 
the  intermittent  region  of  an  isolated  shear 
layer.  The  advantage  of  considering  the 
interaction  explicitly  is  that  the  thic)cness 
of  the  two  shear  layers  are  still  identifi- 
able and  available  for  use  as  eddy  length 
scales  as  in  isolated  shear  layers.  Length- 
scale  transport  equations  being  at  present 
highly  controversial,  this  is  a welcome  sim- 
plification. 

Morel  and  Torda  (2)  extended  the  idea  of 
superposition  to  free  shear  layers , in  whic.h 
the  turbulence  levels  are  much  higher  than 
in  boundary  layers,  but  found,  not  unexpec- 
tedly, that  simple  superposition  of  the  in- 
dividual shear-stress  profiles  die  not  give 
a good  fit  to  the  experimental  data  for  the 
growth  of  a two-dimensional  jet;  a strong 
interaction  occurred  which  changed  the  struc- 
ture of  t.he  turbulence  in  the  individual 
layers.  Though  they  were  still  able  to  cal- 
culate the  flow  by  incorporating  "interac- 
tion parameters’  into  their  basic  calcula- 
tion method,  that  cf  Bradshaw,  Ferriss  and 
Atwell  (2) , a more  detailed  understanding 
of  the  failure  of  the  simple  superposition 
hypothesis  in  highly  turbulent  flows  is 
desiradsle. 

Here  we  report  preliminary’  results  cf 
an  experim.ent  which  uses  conditional  sampling 
techniques  to  study  how  the  eddies  of  two 
merging  mixing  layers  change  their  structure 
from  that  of  two  isolated  plane  mixing  layers 
into  that  of  a self-preserving  two-dimensional 
jet. 


EXPERIMENTAI.  SET-UP 

Figure  I showe  a schematic  diagram  of 
the  flow.  Air  passes  smoothly  through  a 
standard  wind-tunnel  contraction,  fed  by  a 
centrifugal  blower,  and  emerges  from  a slit 
nozzle  into  the  nominally  still  air  of  the 
laboratory.  The  boundary  layers  with  nozzle 
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Fig  1 Test  rig  and  coordinate  system 
(not  to  scale) 


Fig  2 Mean  velocity  profiles  in  hot-layer 

similarity  coordinates. 

Q,  x«4h:0,  x«8h:.^,x»10h; 

+,  X • 12  h!  X , X " 18  h 

walls  are  laminar,  but  two  (turbulent)  mixing 
layers  form  at  the  exit.  These  grow  as 
separate  self-preserving  mixing  layers  until 
about  x/h  • 6,  when  the  potential  core  be- 
tween them  is  absorbed  (Fig.  2).  Thereafter 
the  jet  continues  to  entrain  fluid  from  the 
surrounding  still  air,  and  spreads  out  as  it 
goes  downstreaun.  By  about  x/h  « 20  (the 
limit  of  the  present  experiment)  the  mean 
velocity  profile  is  that  of  a self-preserving 
jet,  though  the  turbulence  structure  has  not 
quite  reached  that  limit  (see  also  Gut»ar)c 
and  Wygnans)ci  it) ) . The  rig  used  had  the 
specifications slot  height  h > 12.7  cm, 
slot  width  b • 76.2  cm,  nozzle  speed  U.,  ■ 15 
m/s,  giving  a Reynolds  number  0.  h/v  ^.’1.3  x 

10^. 

In  this  experiment,  one  of  the  boundary 
layers  inside  the  contraction  is  heated 
slightly  using  Nlchrome  wires  stretched  ac- 
ross it.  Fluid  which  has  come  from  this 


boundary  layer,  or  which  has  been  intimately 
nixed  with  such  fluid,  will  remain  hotter 
than  its  surroundings  as  it  does  downstream, 
and  therefore  eddies  originating  in  the  hot 
mixing  layer  can  be  distinguished  by  their 
temperature.  Thus,  in  the  region  of  inter- 
action , the  individual  contributions  of  the 
two  original  mixing  layers  to  the  shear  st- 
ress and  ot.her  turbulence  quantities  can  be 
euialysed  by  simultaneous  .■neasurements  of  the 
temperature  and  velocity  of  the  passing 
fluid.  The  velocity  is  measured  by  a X-probe 
using  two  DISA  constant-temperature  anemome- 
ters and  the  temperature  by  a lum  cold  wire 
probe  (run  at  a constant  current  of  about 
1mA)  attached  to  t.he  X-probe -.  the  wire 
lengths  are  eibout  1 mm  and  the  distance  be- 
tween them  slightly  less.  The  signals  from 
the  three  wires  are  recorded  on  magnetic 
tape,  digitised,  and  analysed  later  by  a 
specially  written  computer  program.  To  en- 
sure that  buoyeuicy  forces  were  negligible 
the  amount  of  heating  was  limited  so  that 
the  temperature  difference  between  the 
heated  and  unheated  fluid  was  always  less 
than  6 deg.  C. 

The  main  difficulty  encountered  was,  as 
expected,  the  inevitable  small  temperature 
difference  between  the  jet  core  air  (which 
was  heated  by  its  passage  through  the  blower) 
and  the  air  entrained  from  the  room.  Thus 
oven  the  "cold"  mixing  layer  contained  sig- 
nificant temperature  fluctuations,  at  a level 
which  remained  roughly  constant  downstream 
while  the  temperature  fluctuation  level  in 
the  heated  mixing  layer  decreased  roughly  as 
1/x.  The  deterioration  in  the  accuracy  of 
hot/cold  discrimination  at  large  x/h  is,  how- 
ever, mainly  attributable  to  the  inevitable 
fine-grained  mixing  of  - say  - "hot"  fluid 
into  the  "cold"  layer.  After  a "hot"  large 
eddy  erupts  across  the  centre  line  into  a 
region  of  reversed  mean  shear,  its  intensity 
decays  fairly  rapidly  - this  is  what  limits 
the  interaction  - and  its  fluid  is  entrained 
into  the  cold  layer  so  that  further  large- 
eddy  eruptions  from  the  cold  side  are  in 
fact  slightly  hot.  Eventually  the  distinc- 
tion between  hot  and  cold  fluid  is  lost: 
both  in  this  experiment  and  in  the  duct  meas- 
urements (]^)  the  downstream  limit  of  rel- 
ieible  discrimination  is  about  twice  the  value 
of  X at  which  the  shear  layers  meet.  If  "hot" 
layer  were  heated  at  this  point  instead  of  at 
its  origin,  t.he  large-eddy  discrimination 
process  could  begin  again  aj\d  would  show  the 
same  time-sharing  mechanism.  (An  indirect 
proof  of  this  assertion  is  the  success  of 
the  calculation  method  of  Ref  (1) , based  on 
time-sharing,  in  fully-developed  duct  flow). 

A proof  that  the  heat  does  label  the  large 
eddies  is  given  by  the  behaviour  of  the  ty- 
pical hot  burst  frequency.  Although  this 
frequency  is  an  artefact  of  the  particular 
discrimination  process  it  is  useful  for 
checking.  Our  results  show  that  the  fre- 
quency decreases  towards  the  centre  line  and 
that  the  dimensionless  frequency  collapses 
quite  accurately  when  plotted  against  nsy/x 
for  4 h<x<  12  h.  If  the  interaction  between 
the  two  layers  too)c  place  mainly  by  fine- 


i.n 


grained  mixing  we  would  expect  the  burst 
frequency  in  the  interaction  region  to  in- 
crease. 

RESULTS 

The  measurements  at  x ■ 4 h (before  the 
two  mixing  layers  meet)  agree  well  with  the 
data  of  Castro  and  Bradshaw  (5)  for  a single 
mixing  layer:  Rodi  (see  (6) )~regards  the 
latter  data,  obtained  in  the  same  rig,  as 
representative.  Other  measurements  in  this 
rig  (7)  have  shown  that  the  turbulence  be- 
comes~fully  three-dimensional  shortly  after 
transition  occurs,  with  no  trace  of  the  per- 
sistence of  two-dimensional  large  structure 
found  by  Brown  and  RosWco  (8).  The  mean 
flow  is  of  course  two-dimensional.  The 
large  eddies  in  fully-three-dimensional  tur- 
bulence in  mixing  layers  are  still  very 
distinctive,  as  shown  as  long  ago  as  1964 
(9)  . 


The  intermittency  profiles  (Fig.  3) 
show  that  the  "hot”  layer  continues  to 
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Fig  3 Temperature-intermittency  factor  in 
hot  layer  similarity  coordinates. 
Symbols  as  in  Fio  2.  Vertical  arrows 
indicate  Jet  centre-line  at  that 
spread  nearly  linearly  as  x Increases , even 
well  after  the  layers  have  met.  The  results 
are  plotted  against  n * y/x,  which  is  the 
similarity  co-ordinate  for  a mixing  layer. 

The  profiles  for  x < 12  h collapses  onto 
that  at  X “ 4 h though  at  x « 12  h the  hot 
fluid  has  penetrated  to  the  maximum- inten- 
sity region  of  the  "cold"  mixing  layer  at  y 
—h.  At  X « 18  h the  temperature  intermit- 
tency has  started  to  rise  at  large  negative 
y (i.e.  y < -h,  in  the  outer  intermittent 
region  of  the  cold  mixing  layer) . 

Fig  4 shows  the  u^  and  intensities 
at  X • 8 h and  x > 12  h(w  fluctuation  data 
were  not  ta]cen  in  this  experiment)  with  cur- 
ves through  the  data  at  x ■ 4 h for  compari- 
son. Results  for  x • 10  h are  intermediate 
between  those  for  x ■ 8 h and  12  h.  The  "hot" 
and  "cold"  values  plotted  here  are  the"hot" 
and  "cold"  contributions  to  the  conventional- 
average  intensity  all  fluctuations  being 
measured  with  respect  to  the  conventional  , 
mean  velocity.  If  the  average  value  of  u'^ 


over  the  "hot"  zones  is  u^„  and  the  averace 

” T 

value  over  the  "odd"  zones  is  u „ 


(a)  u^,  X « 8 h 


(b)  u , X • 12  h 

i 


(c)  V , X • 8 h 

then  the  quantities  plotted  in  Fig  4 are 
•,  and  (l-y)  they  add  to  give  the 
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(d)  V , X - 12  h 

Fig  4 Conditionally-averaged  normal 

stresses. o , conventional  average: 

hot-  zone  contribution,  y x (hot- 
zone  average) ; A , cold  zone  con- 
tribution, (1-y) X (cold-zone  average). 
Lines  are  data  in  isolated  mixing 
layer  at  x • 4 h: 

, conventional; 

, hot-zone  contribution; 

, cold-zone  contribution. 


conventional  average  u^ 


Y (1-Y) 


1 
u „ 
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If  velocity  and  temoerature  fluctuations 

were  uncorrelated,  would  be  equal  to 
2 " 

u j.,  which  is  clearly  not  the  case.  At  the 

other  extreme,  if  neither  the  mean-velocity 
field  nor  the  turbulence  of  the  "cold"  layer 

affected  the  hot  layer,  y u^j.  would  be  the 
same  function  of  y/x  = n at  all  downstream 
stations.  That  is,  the  inverted  triangles 
in  Fig  4 would  all  lie  on  the  line  repres- 
enting the  hot-zone  contributions  at  x » 4 h. 
In  fact,  departures  from  this  self-preserving 
function  become  significant  at  x > 12  h es- 
pecially for  large  negative  y (where  the 
"hot"  layer  has  penetrated  most  deeply  into 
the  "cold*  layer) . The  results  for 

are  similar. 


The  measurements  of  the  Reynolds  shear 
stress  uv  shown  in  Fig.  5 show  several  inter- 
esting features.  It  is  noteworthy  that  the 
"cold"  contribution  to  uv  is  significant 
even  at  x • 4 h, where  of  course  the  "cold" 
fluid  that  enters  the  "hot"  mixing  layer  is 
entirely  irrotational.  As  is  well  )cnown 
(£,5) , the  intermittency  never  quite  reaches 
unity  and  irrotational  entrained  fluid  can 
evidently  acquire  uv  by  the  action  of  pres- 
sure fluctuations  before  acquiring  vcrticity 
or  temperature  by  molecular  diffusion.  The 
maximum  positive  value  of  (1-y)  uv.  at  x • 

4 h is  about  0.1  of  tlM  maximum  ^value  of 
conventional-average  uv,  and  it  does  not  ap- 
pear to  change  consistently  with  distance 
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(b)  X - 12  h 

Fig  5 Conditionally-averaged  shear  stress. 

Symbols  as  in  Fig  4. 

downstream.  The  recorded  value  depends  on 
the  measurement  of  (1-y)  and  is  therefore 
rather  erratic  when  y is  near  unity:  in  gen- 
eral an  underestimate  of  y will  give  spur- 
iously high  uv_.  In  the  duct  (^)  y reaches 
unity  and  the  "cold"  contribution  then  vani- 
shes. The  simplest  measure  of  the  strength 
of  the  interaction  is  the  difference  between 
ut'jj  and  uVj.  on  the  centre  line  (n— x/(0.5  h)), 

which  is  plotted  against  x/h  in  Fig  6.  The 
difference  at  x • 6 h,  where  the  layers  have 
only  just  met,  is  not  clear  from  the  measure- 
ments but  is  almost  zero.  As  in  the  duct, 
the  shear-stress  profiles  are  attenuated  more 
rapidly  than  the  intensity  profiles  by  the 
negative  velocity  gradient  on  the  far  side  of 
the  centre  line,  and  at  x - 8 h the  differ- 
ence has  almost  reached  its  maximum  value. 

The  alternative  way  of  defining  the  strength 
of  the  interaction  is  by  the  width  of  overlap 
of  the  "hot"  and  "cold"  regions,  but  because 
the  conditioned  averages  change  signs,  as 
just  discussed,  this  width  cannot  be  defined 
precisely:  the  distance  between  the  two 
crossover  points,  in  n units,  is  also  plotted 
in  Fig  6 and,  li>ce  the  alternative  definition 
of  interaction  strength  grows  rapidly  at  first 
and  Chen  much  more  slowly.  These  results  sug- 
gest that  the  interaction  has  almost  reached 
its  maximum  strength  by  x ■ 12  h so  that  fur- 


Fig  6 Interaction  parameters.O  : dif- 
ference between  Y'puv„  and  (1-Y)fuv_ 

H 2 ^ 

on  centre  line,  normalized  by  oUj ; 

P 5^ distance  between  zeroes  o- 
uVg  and  uv^,  normalized  by  x. 

ther  changes  in  turbulence  structure  should 
be  fairly  small.  It  is  important  to  note 
that  the  behaviour  of  the  interaction  and 
shear  stress,  considered  separately,  do  not 
provide  evidence  for  or  against  superposi- 
tion because  some  changes  from  the  iso- 
lated mixing  layer  are  bound  to  be  caused 
by  the  mean  velocity  gradient  imposed  by  the 
second  mixing  layer.  Superposition  must  be 
tested  by  inspection  of  the  structural  para- 
meters (whose  values  are  connected  with  the 
values  of  the  empirical  constants  in  trans- 
port equation  calculation  methods) . Fig  7 


with  increasing  x even  at  x • 12  h.  The  res- 
ults suggest  a fairly  large  change  between  x 
“ 4 h and  x » 8 h,  with  a slower  variation 
thereafter;  this  implies  that  the  variation 
could  be  correlated  e.mpirically  as  a family 
of  curves  with  one  of  the  quantities  plotted 
in  Fig  6 as  a parameter. 


Since  any  departure  from  superposition 
are  likely  to  show  up  first  as  changes  in  the 
transport  of  turbulent  energy  or  shear  stress 
in  the  y direction  by  the  turbulence  itself, 
close  study  of  the  triple  velocity  products 
that  effect  this  turbulent  transport  is  infor- 
mative. Transport  of  uv  is  effected  by  the 

gradient  of  uv^  and  transport  of_turbulent  en- 
ergy by  the  gradient  of  (u  v+^+vw^ ) /2  . 

It  is  clear  from  Fig  8 that  the  triple  pro- 


041. 
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(a)  u V at  X • 8 h 


Fig  7 Stress  ratio 
T T 

uvjj/(u  H + Vjj).  X,x»4h:0,x- 
8 h:  O , X - 10  h:  V,  X - 12  h. 

shows  uVjj/(u^jj  ♦ > which  is  about  1.5 

times  the  hot-zone  value  of  w/q^.  Unfor- 
tunately the  results  at  x « 12  h are  rather 
scattered  but  there  is  no  doubt  that  this 
stress  ratio  is  strongly  affected  by  the 
interaction  and  that  it  is  still  decreasing 


'o”'  5" 

V 


(b)  u V at  X " 12  h 

Fig  8 Conditionally-averaged  triple  products. 
Symbols  as  in  Fig  4. 
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ducts  exemplidled  by  u^v  are  affected  signi- 
ficantly by  the  interaction  and  Fig  9 shows 
that  the  same  is  true  of  the  transport  vel- 


Fig  9 Tryisport  velocity  of  hot-zone  uv, 
uv^/uv  i V^.  Symbols  as  in  Fig  7. 

ocity  for  shear  stress  defined  by 

- uv^  / uv  (2) 

analogous  to  the  transport  velocity  for  tur- 
bulent energy  defined  by 

Vjj  ■ (u^v+^+vw^)/  (u^-t-^+w^)  (3) 

The  results  in  Figs  6 and  9 suggest  that 
the  structure  parameter  uVjj/(u^-f^)jj,and  more 
noticeably  the  transport  velocities  and  V^, 
unlike  the  interaction  parameter 

have  not  reached  an  equilibrium  state  by  x « 

12  h.  Fig  8 suggests  that  even  the  shape  has 
not  settled  down  by  x ■ 12  h,  irrespective  of 
the  behaviour  of  the  velocity  scale.  In  con- 
trast, the  interaction  in  a duct  has  reached 
an  equilibrium  state  at  a downstream  distance 
about  twice  that  at  which  the  layers  meet, 
corresponding  to  x - 12  h in  the  Jet.  It  is 
not  clear  why  changing  from  a weakly-turbu- 
lent flow  (the  duct)  to  a hlghly-tiirbulent 
one  (the  jet)  should  reduce  the  distance  to 
the  meeting  point  by  a greater  factor  than 
the  total  distance  to  full  development.  Our 
results  for  x > 12  h have  not  yet  been  fully 
analysed. 

A correlation  of  structure  parameters 
and  transport  velocities  in  terms  of  ir/r 
(or  a similar  "Interaction  parameter") 
may  be  acceptable  for  engineering  purposes . 
Such  a correlation  will  have  to  be  baaed  on 
an  optimization  of  flow  predictions  as  well 
as  on  the  present  results,  and  this  has  not 
yet  been  done.  The  alternative  to  such  a 
correlation  on  local  interaction  parameters 
would  be  transport  equations  for  V^,  which 


is  an  essential  part  of  a modelled  trans- 
port equation  for  t , and  possibly  for  other 
structural  parameters . Recent  work  at 
Imperial  College  in  rapidly-changing  shear 
layers  distorted  by  extra  strain  rates  sug- 
gests that  V cannot  be  correlated  on  local 
parameters  ~in  that  case,  but  streamwise 
rates  of  change  are  much  larger  in  distor- 
tions than  in  interactions. 

CONCLUSIONS 

Preliminary  analysis  of  conditionally- 
sampled  measurements  of  the  two  mixing 
layers  that  merge  to  form  a jet  show  that, 
as  in  the  case  of  merging  boundary  layers  in 
a duct,  the  turbulence  properties  of  marked 
fluid  in  one  shear  layer  are  not  greatly 
altered  by  interaction  with  the  other  layer. 
If  the  alterations  in  turbulence  structure 
were  negligible,  as  in  the  duct,  the  flow 
could  be  calculated  by  assumptions  of  super- 
position or  "time-sharing"  of  the  two  tur- 
bulence fields.  In  fact  the  structural 
changes  in  the  jet  are  significant  but  pro- 
bably small  enough  to  be  correlated,  for 
engineering  purposes  in  terms  of  a simple 
Interaction  parameter. 
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ABSTRACT 

Numerical  results  are  presented  for  three- 
dimensional  compressible  turbulent  jet  and  wake  flows. 
An  alternating  direction  implicit  numerical  procedure 
is  used  to  solve  the  finite-difference  form  of  the 
parabolic  elliptic  Navler-Stokes  equations.  A coor- 
dinate transformation  maps  the  boundaries  at  infinity 
into  a finite  computational  domain  in  order  to  prop- 
erly specify  infinity  boundary  conditions  as  well  as 
contain  the  downstream  growth  of  the  viscous  flow 
field  in  a fixed  computational  grid,  turbulence 
closure  is  achieved  through  an  algebraic  mixing 
length  eddy  viscosity  model. 

Numerical  results  for  supersonic  flow  are 
presented  for  an  axlsymmetrlc  jet,  an  elliptical  Jet, 
an  elliptical  wake,  and  two  interacting  rectangular 
jets.  Experimental  data  were  not  available  for 
comparison  with  the  numerical  results.  However,  the 
results  compare  well  with  empirical  results  for  free 
shear  flows. 


NOMENCLATURE 

A,S 

a.  ,a,,a 


2’‘3 


1 

=1 
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f * f 


L 


M 

"r 

"Pr 

”-t 

p 
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Constants  in  coordinate  transforma- 
tion (see  eqs  (17)) 

Constants  in  mixing  length  model 

Constant  (see  eq  (19)) 

Turbulent  kinetic  energy; 

(u-2  + v>2  +'5'2)/2 

Constants  in  mixing  length  model 
(see  eqs  (16)) 

Mean  kinetic  energy; 

Reference  length 
Mach  number 
Reynolds  number 
Prandtl  number 

Turbulent  Prandtl  number  (see  eq  (12)) 

Pressure 

(see  eq  (19)) 


R 

S 

t 

T 

SV  ^ ^ 

U,V,W 


Uj  (x,y,z) 


U (x,y,z) 
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x,y,z 


X ,x 

Cl  Cj 


“2 ’“3 


a,, a 


2-'3 


^12’^13’^23 

®T2’^T3 

n,; 

^2’®’3 

X 


U 

Subscripts 
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Gas  constant 
Sutherland's  constant 
Width  parameter  (see  eq  (19)) 
Temperature 

Velocity  components  in  x-,  y-  and  z- 
dlrections,  respectively 

u (x,y,z)  -u„ 

— a s 

j “ 

u (x,y,z)  -“u^ 

-T 


Coordinate  directions 
Ends  of  core  (see  Fig.  1) 

y-y^ 

(see  eq  (15)) 

See  Fig.  Ijalso  eq  (16b) 

Ratio  of  specific  heats 
Jet/wake  widths 

Dilitation; 

ax  dy  oz 

Eddy  viscosities,  see  eqs  (10) 
Eddy  dlffuslvlties , see  eqs  (10) 
Transformed  y-  and  z-  coordinate 
Mixing  lengths 

Ratio  of  free  stream  velocity  to 
primary  flow. 


J 


Viscosity 

Density 

Free  stream 


i 


Jet 


m MaxiBum  value 

.05,  .5,  .95  U^(x,y_gj,z)  - .05, 

0^(x,y,z_^j)  - .95,  etc. 


References  1 and  2.  with  comparisons  of  the  nuaerlcal 
procedures  used  to  solve  the  FENS  equations;  for 
example.  Iterative  point  relaxation  for  the  coupled 
nonlinear  system,  time  relaxation  for  the  uncoupled 
linearized  difference  system,  and  a semi-lmpliclt 
predictor-corrector  Iterative  procedure  for  the 
coupled  nonlinear  system. 


H Cj(0,yjj,z)  - .5,  U^(0,y,Zg)  • .5 

c Center  of  curvature  for  Input  profile 

Superscripts 

- Mass  weighted  average;  e.g.,  'u  • ^ 

— Temporal  average 

' Fluctuating  component;  e.g., 

u'  “ u - “if 


The  present  work  Is  a direct  outgrowth  of  the 
numerical  procedure  presented  In  Reference  2 for 
laminar  flows.  In  the  present  analysis  the  static 
temperature  equation  solved  In  Reference  2 Is  replaced 
by  Che  total  enthalpy  equation  in  order  to  correctly 
Introduce  Che  turbulence  correlations  Into  the 
averaged  equations.  The  turbulence  correlations  are 
modeled  through  the  mixing  length  eddy  viscosity  con- 
cept. The  resulting  computer  program  Is  utilized  to 
study  single  axisymmetrlc,  elliptic  jets  and  wakes  as 
well  as  inceraccing  rectangular  jets. 

GOVERNING  EQUATIO.VS 


* Dimensional  quantity 

INTRODUCTION 

The  mathematical  character  of  the  parabolic- 
elliptic  Navler-Stokes  (PENS)  equations  allows  direct 
application  of  well- tested  parabolic  marching  pro- 
cedures CO  certain  three-dimensional,  turbulent  free- 
shear  flows  while  retaining  Che  elliptical  character 
of  Che  Navler-Stokes  equations  In  planes  normal  to 
Che  marching  direction.  The  PENS  equations  can  be 
applied  to  several  turbulent  flows  of  current 
Interest;  for  example,  three-dimensional  Interacting 
jet,  wake,  and  vortex  flows.  The  alternating  direc- 
tion Implicit  (ADI)  numerical  procedure  and  resulting 
block  trldlagonal  algorithm  used  In  the  present 
analysis  Is  structured  such  chat  three-dimensional  • 
turbulent  flows  can  be  numerically  solved  with 
computer  resources  (scorage/processlng  time)  equiva- 
lent CO  current  clme-aaymptoclc  techniques  for  the 
two-dimensional  Navler-Stokes  equations  with  turbu- 
lence modeling.  One  primary  restriction  Is  placed  on 
the  PENS  equations  In  that  the  velocity  component  In 
the  marching  direction  must  be  positive  definite. 

The  system  Is  formally  correct  for  supersonic  flows; 
however,  for  subsonic  flows  Che  static  pressure  dis- 
tribution or  its  gradient  In  Che  marching  direction 
must  be  specified  If  the  problem  Is  to  be  well-posed 
mathematically. 

Recently  McDonald  and  Briley  (Ref.  1'^  and  Hirsh 
(Ref.  2)  Independently  developed  similar  procedures 
for  solving  the  POS  cqtiaclons.  The  ADI  procedure 
was  used  In  References  1 and  2 to  solve  the  PENS 
equations  for  laminar  flow  In  linearized  form.  Hirsh 
(Ref.  2)  considered  the  static  cemperacurs  equation 
In  contrast  Co  the  asausptlon  of  constant  total 
temperature  made  in  Reference  1 (conscart  total 
temperature  assumption  yields  algebraic  relationship 
between  the  velocity  and  temperature)  as  well  as 
Introduced  an  algebraic  transformation  to  map  the 
boundaries  at  Infinity  for  the  elliptic  plane  Into  a 
bounded  computational  doaialn.  Related  studies 
Include  Caretto,  Curr,  and  Spalding  (Ref.  3), 

Pacankar  and  Spalding  (Ref.  A),  and  lewellen,  Teske, 
and  Donaldson  (Ref.  5)  for  subsonic  flows  and  Rudman 
and  Rubin  (Ref.  6),  Nardo  and  Creed  (Ref.  7),  Rubin 
and  Lin  (Refs.  8 to  10)  and  Lubard  and  Helllwell 
(Refs.  11,  12)  for  supersonic  sod  hypersonic  flows. 
Reviews  of  References  3 to  12  are  presented  In 


The  elliptic  character  of  the  Navler-Stokes 
equations  presents  formidable  computer  resource 
requirements  for  three-dimensional  compressible  flows 
since  the  five  dependent  variables  required  for  laminar 
flows  must  be  stored  for  the  entire  three-dimensional 
region  being  computed.  The  consideration  of  the 
additional  dependent  variables  required  for  turbulent 
flows  places  the  computer  storage  and  processing 
requirements  well  beyond  the  range  of  current  computer 
systems  for  all  but  the  simplest  of  flows.  Conse- 
quently, simplifications  based  on  the  actual  physics 
of  the  flow  must  be  utilized  to  reduce  the  system  of 
equations  to  a manageable  level  where  they  can  be 
efficiently  solved  for  applied  problems.  The  first 
and  most  obvious  simplification  that  might  be  con- 
sidered for  flows  with  a dominant  flow  direction.  Is 
classical  boundary- layer  scaling;  however,  the 
resultant  system  of  equations  Is  not  sufficient  to 
determine  all  the  'uiknowns  (see  Ref.  2).  The  PENS 
equations  are  obtained  from  the  Navler-Stokes  equa- 
tions by  assuming  that  convection  dominates  the  flow 
in  one  main-flow  direction;  consequently,  all  deriva- 
tives, associated  with  shear,  taken  with  respect  to 
the  main-flow  direction  are  assumed  to  be  negligible. 

Parabollc-Ellotle  Navler-Stokes  Equations 

For  the  free  shear  flows  discussed  In  the  previous 
section  one  can  assume,  for  the  main-flow  direction 
(x-coordlnatc;  see  Fig.  1)  that  diffusion  Is  negli- 
gible In  comparison  to  convection;  consequently,  the 
Reynolds  equations  governing  the  steady,  compressible, 
turbulent  flow  can  be  written  In  Cartesian  coordinate 
form  as  follows: 

x-nomentum 

^ (pu.iL)  ♦ Jd  (piru  -to  aV  - ) 


♦ ^(puLU  -fpuitr  - Hg  iii)  (1) 
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A (pair)  + A(pv^  t pvzr- 

. ^'i 

^^A^pur^■*■  pvw-  - N * ( + ^)] 
= i.f-?-i  N*' A) 

...  ^ 3 R 


<»a 


C) 


The  system  of  equations  is  closed  by  the  definition  of 
a perfect  gas  equation  of  state 

^ = K /5t  (7) 


and  a viscosicy*tetnperature  relationship  (Southerland) 

^=t^(4^'N  (8) 

W + s / 

together  with  the  turbulence  model. 


z**  momentum 


+ (owu)  ♦ piucil'-  2 n"'  ) 


£ hI'a 

3 ^ 

Mhere  the  time  average  of  mass  weighted  fluctuating 
terms  as  well  as  the  u'  correl^lons  have  been 
neglected.  Present  calculation  A Is  neglected. 


The  continuity  equation  Is  written  as 

p (pZ)  y P (pjh)  + P (Pw-)  = o (4) 

3x  <J<j 


Tha  total  enthalpy  equation  is  written  as  follo%^: 


c Ktc)] 

+ A [pyr  -o-fipv  { K+ e) 

+ jq p^a t2^r\  vi/i^  t u)  v'w') 


(5) 


Aiu;A  + u^  + iri?  + 3^ 

^ 3 H 

M ^ dy 

The  parameters  ?,  K,  and are  defined  as  follows: 
r I-)  fA* 

K = C * <2  ')/2.  . 


e ^i^Pvl^iL^yp 


The  variables  appearing  In  equations  (1)  to  (8) 
have  been  nondlmensionallzed  as  follows: 


U.^  - 

p = p/(p.u») 

P --  P/H 

T = T/  T. 


s = s'/t: 


X,  = xf/i* 


(9) 


The  system  of  equations,  with  the  exception  of 
the  continuity  equation  (eq.  (4))  Is  parabolic  in  x; 
consequently,  marching  Integration  can  be  used  In  the 
streamwlse  coordinate.  The  system  Is  elliptic  In 
character  In  the  plane  normal  to  the  x-coordlnate 
(y-z  plane;  see  Fig.  1)  since  all  second  derivatives 
with  respect  to  y and  z are  retained.  Conse- 
quently, flows  with  swirl  or  cross-flow  recirculation 
in  the  y-z  plane  can  be  correctly  treated. 


It  should  be  noted  that  the  continuity  equation 
(eq.  (4))  is  hyperbolic  In  character  and  as  such  can 
be  marched  In  x.  However,  since  the  continuity 
equation  does  not  explicitly  contain  a diffusion  term 
discontinuities  or  errors  in  the  initial  data  plane 
(x  - 0)  will  persist  for  large  x-distances  unless 
either  carefully  selected  consistent  Initial  data  are 
used  or  an  artificial  diffusion  term  is  added  to 
equation  (4)  and  utilized  for  several  y-z  planes  down- 
stream from  X ■ 0.  In  the  present  paper  the  initial 
data  were  carefully  selected;  no  explicit  artificial 
diffusion  term  was  utilized  In  conjunction  with 
equation  (4) . 


The  PENS  system  of  equations  have  been  shown  to 
be  singular  at  M • 1,  if  Sp/Sx  Is  treated  implicitly, 
and  singular  for  M < 1,  If  the  pressure  gradient  is 
treated  explicitly.  However,  if  is  either 

neglected  or  specified  as  a function  of  x then  the 
parabolic  march  in  x can  proceed  without  difficulty 
(Ref.  10).  For  M > 1 the  problem  is  well  posed  and 
the  parabolic  march  can  proceed  without  difficulty. 

Turbulence  Closure 

The  three-dimensionality  of  the  flow  results  in 
a number  of  turbulent  correlations  that  must  be  modeled 
for  the  present  set  of  governing  equations.  The 
specific  correlations  that  must  be  SK>deled  in^der  to 
the  system  of  governing  equations  are  u'v', 
v'w',  v'v',  w^' , T'v',  T'w',  and  'e.  Equation 
sets  for  obtaining  some  or  all  of  these  correlations 
are  currently  being  developed  (see  for  example 
Donaldson  (Ref.  13),  Hanjallc  and  Launder  (Ref.  14), 
Bradshaw  (Ref.  15),  Launder,  Recce,  and  Rodl  (Ref. 

16));  however,  any  attempt  to  solve  a system  of 
closure  model  equations  simultaneously  with  the  mean 
flow  equations  considered  in  the  present  paper  would 


=42»« 

u'w' , 
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not  be  practical  for  the  flows  considered  since  the 
computer  resource  requirements  would  exceed  current 
capabilities. 

As  a first  step,  a mixing  length,  eddy  viscosity 
model  is  utilized  in  the  present  study  as  follows: 
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The  constants  a^,  a^,  and  a^  are  assigned  values  of 
.3,  .5,  and  5,  respectively.  The  turbulent  Prandtl 


number  N. 


Pr. 


is  assigned  a constant  value  of  .9. 


From  mixing  length  theory  the  eddy  viscosity 
becomes  . 


.2  ^2  ^ 


(13) 


Rudy  and  Bushnell  (Ref.  18)  divided  the  shear  layer 
into  the  following  three  characteristic  regions: 
(see  Fig.  1) : 


region  I 


region  II 


region  III 


a.fS  ) 


(y.os 

J.ys) 

^2  + yO 


(16a) 


(16b) 


(16c) 


^3  3-.  05 

Where  y q.  and  y are  defined  as  the  y values 
where  (x.y.jj  equals  .05  and  .95,  respectively. 

The  center  of  each  jet  or  wake  is  located  at 
y • 0 and  the  plane  of  symmetry  for  interacting  jets 
or  wakes  is  located  at  y ■ -y.  (the  half-distance 
between  the  two  interacting  jets  or  wakes).  In  a 
similar  fashion  a q;  and  z,9s  are  defined  as  the 
greater  of  the  two  z values  where  Ug  (x,0,z)  equals 
.05  and  .95,  respectively  or  L'g  (x,  -yj , z)  equals 
.05  or  .95,  respectively  for  the  interacting  jet. 

The  x-value  defining  the  end  of  regions  I and  II  are 
determined  such  chat  S is  continuous  function  of  x. 
The  following  constants  are  specified  for  the  present 


study:  * *3  ” 


1.425,  f 


II 


‘III 


1.2 


and  S. 


8°. 


NUMERICAL  PROCEDURE 

An  alternating  direction  implicit  (ASI)  procedure 
is  used  in  the  present  scody  to  solve  the  system  of 
equations.  The  ADI  procedure  is  an  outgrowth  of  Che 
paper  by  Peaceman  and  Rachford  (Ref.  19)  and  has  been 
applied  to  laminar  jet  flows  by  Hirsh  (Ref.  2). 

Coordinate  Transformation 

Equations  (1)  Co  (5)  are  case  in  finite-difference 
form  on  the  transformed  region  defined  as  follows 
(see  Ref.  2) : 


(14) 


where  C23  has  been  assumed  to  zero.  Recently 
Ccssner  and  Emery  (Ref.  17)  showed  chat  Che  7-cquacion 
model  of  Launder  et  al  (Ref.  16)  reduced  to  a form 
similar  to  the  current  model  in  Che  super  equilibrium 
limit.  The  mixing  lengths,  ^2  ^3  obtained 

from  the  jet  and/or  wake  widths,  82  and  63  in  the 
X-y  and  x-z  planes  based  on  Che  results  presented  by 
Rudy  and  Bushnell  (Ref.  18). 


= 


= 


(15) 


I + B 


(17) 


When  the  constants  A and  B are  selected  such  that 
U, (x,y,z)  has  a value  of  .5  atr  and  4 ".5.  This  linear 
algebraic  transformation  removes  the  problem  associated 
with  boundary  condition  specification  since  y • z • 0 
maps  into  h • C • 0 and  y ■*  ",  z » •>  maps  into 
n 1,  C - 1 as  well  as  assures  that  the  jet  or  wake 
remain  inside  Che  preselected  n,C  computational 
comain  for  large  x. 

Linearization 

The  ADI  procedure  is  a two-step,  second-order 
implicit  technique.  The  first  step  advances  the 
solution  from  x ~ x^  to  an  Intermediate  station 
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becween  and  Xj+j  . The  solution  is  second- 

order  accurate  at  xi  + ix/2;  consequently,  in  order 
to  retain  the  second-order  accuracy  all  nonlinear 
coefficients  as  veil  as  the  cross  derivatives  are 
calculated  at  the  x^  -)■  Ax/2  plane  through  the 
foil  M .ng  extrapolation: 

= [ Tax j - 2 rAx.)]^;  - 

2 TAX.)  (18) 

where  Q represents  any  quantity  to  be  extrapolated. 
Computer  Requirements 

The  coupled  system  of  five  linear  algebraic 
equations  in  five  unknowns  are  solved  by  an  efficient 
block  tridiagonal  procedure  (see  Hirsh  (Ref.  2)).  The 
equations  are  solved  in  the  transformed  (n,2)  plane 
for  specified  x locations.  A uniform  grid  is 
generated  in  the  n,C  plane  in  order  to  retain  second 
order  accuracy.  It  should  be  noted  that  the  grid  in 
the  x,y  plane  is  varied  in  order  to  cluster  the 
points  in  the  regions  of  maximum  shear.  Variable 
x-narch  steps  are  utilized  in  order  to  minimize  the 
computer  processing  time.  The  storage  requirements 
for  the  present  computer  code  with  algebraic  closure 
for  a A1  X 41  grid  point  distribution  in  the 
plane  is  210  Kg  which  includes  the  storage  required 
for  a self-contained  graphic  package.  The  processing 
time  on  a CDC  CYBER  175  computer  system  is  10"3  sec/ 
unknown/grid  point  (8.4  sec/x-station;  41  x 41;'i,I 
grid) . 

RESULTS  AND  DISCUSSION 

The  present  study  was  limited  to  co-flowlng 
supersonic  jets/wakes  in  order  to  avoid  problems 
associated  with  sonic  and/or  subsonic  flow  (see  Refs. 

1 and  2).  As  previously  noted,  the  initial  data 
plane  (x  » 0)  may  be  specified  from  either  experi- 
mental data  or  from  an  analytical  development.  How- 
ever, care  must  be  exercised  to  assure  that  these 
data  are  smooch  and  satisfy  Che  governing  equations. 
There  are  no  sufficient  experimental  data  available 
for  the  present  test  cases  (to  the  knowledge  of  the 
authors) . Consequently,  a subprogram  was  developed 
Co  generate  the  Initial  data  required  to  Initiate 
Che  x-march. 

For  the  single  jet,  the  subprogram  generates  Che 
half  velocity  line  in  Che  quarter  plane  from  the 
specification  of  three  coordinates  (0,  yg,  0), 

(0,  0,  zt{),  and  (0,  y^,  z^)  which  represent  the 
height,  width,  and  center  of  curvature  for  geometries 
with  circular  or  elliptical  arcs.  The  velocity  pro- 
files are  next  constructed  in  the  quarter  plane,  using 
specified  values  of  Uj,  and  c as  follows: 

.LC(UjYiL.)t  (155 


1.81243, 


is  Che  width  becween  Ui  • 


and  .9,  and  r is  the  minimum  distance  from  the 
point  (0,  y,  z)  to  the  half  velocity  line.  The  sign 
( i ) is  selected  as  follows:  the  plus  ( + ) sign  is 
selected  when  the  point  (0,  y,  z)  is  on  the  core  side 
of  the  half  velocity  line;  the  minus  ( - ) sign  when 
Che  point  (0,  y,  z)  is  on  the  free  scream  side. 

For  Che  interacting  Jet  case,  the  jet  coordinate 
point  (0,  y , , 0)  has  to  be  specified  (vj  is  half  Che 
distance  between  the  centerlines  of  the  two  Jets). 


Tne  y coordinates  is  first  translated  to  "y  through 
the  linear  transform  'y  ■ y - yj.  Next,  the  stream- 
wise  velocity,  u is  constructed  from  equation  (19) 
for  the  quarter  infinite  plane  (y  i "Xj > ; z ^ 0;  eq- 
(19)  where  y replaces  y) . Then  a new  velocity 
field,  U2  based  on  an  imaginary  jet  (located  opposite 
to  the  symmetry  plane)  is  constructed  and  superimposed 
as  follows: 

“u  (0,  y,  z)  - “uj^  (0,  y,  z)  i- 'u2  (0,  y,  r)-'u^  (20) 

The  static  temperature  field  is  Chen  computed  by 
assuming  constant  total  enthalpy.  The  cross  flow 
velocity  field,  (v,  w)  is  initially  assumed  to  be 
zero,  and  the  static  pressure  is  assumed  independent 
of  y and  z “ const.). 

The  parameters  A and  B (see  cqs.  (17))  are 
selected  such  chat  Zg  maps  to  C • . 5 and  yg  for  the 
single  jet  or  wake  and  -yj  for  the  interacting  jet 
are  mapped  to  n • -.5. 

Symmetry  boundary  conditions  are  imposed  along 
Che  n and  I axis  for  Che  single  jet  or  wake.  For 
Che  interacting  jet  case  the  syczsecry  condition  is 
imposed  along  Che  q • -.5  plane.  Dirchlec  conditions 
on  all  dependent  variables  are  specified  at  h ■ I • 1. 

An  axisymmetrlc  jet  is  presented  as  the  first 
test  case.  This  particular  case  was  chosen  to  verify 
the  nuiaerlcal  procedure  and  turbulence  closure  since 
results  for  axisyaDecrlc  turbulent  jet  flow  are  well 
documented  in  Che  literature.  The  present  results 
are  compared  with  empirical  and  two-dimensional  mixing 
length  results  in  Figures  2 and  3.  The  test  condi- 
tions for  the  calculations  are  presented  in  Table  1. 

Forstall  and  Shapiro  (Ref.  20)  compared  the 
mixing  length  analysis  of  Squire  and  Trouncer  with 
experimental  data  for  coaxial  subsonic  jet  flow  and 
noted  chat  the  mixing  length  approach  predicted  the 
correct  half-velocity  growth;  however,  the  axial 
velocity  decay  race  was  underpredicced.  The  empirical 
law  of  velocity  decay  (Ref.  20)  along  the  axis  is 
Independent  of  X and  downstream  of  the  potential 
core  satisfies  Che  relationship 


I^-Ck_,0,o)  oc  X~ 


-1/1.3 


However,  mixing  length  predicts  x ' which  is 
also  independent  of  X.  The  mixing  length  analysis 
predicts  Che  correct  empirical  spreading  law 


The  predicted  rates  of  x and  x are 

Insensitive  to  the  selected  mixing  length  constants. 

The  numerical  results  obtained  in  the  present 
analysis  clearly  agree  with  the  expected  trends.  The 
laminar  results  presented  on  Figures  2 and  3 are 
included  for  comparison  purposes. 

Profiles  of  u,p,  1-?,  and  v,  w are  presented  at 
the  X • 0.2  and  x • 60  planes  in  Figure  4.  S>nmDctry 
flow  condition  checks  at  x • 60  indicate  chat  symmetry 
was  achieved  up  to  the  seventh  significant  digit. 

Elliptical  jet,  wake,  and  interacting  jet  flow 
results  art  presented  in  Figures  5,  6,  and  7, 
respectively.  Flow  conditions  for  these  three  test 


cases  are  presenced  in  Table  1.  A 49  x 33  grid  was 
used  for  che  interacting  jet  case  (Fig.  7). 

The  flow  fields  presented  represent  approximately 
75  percent  of  the  computed  "i.i'  plana.  It  should  be 
noted  that  7,  v,  and  p have  been  magnified  an  order 
of  magnitude  more  than  u and  T for  clarity  in 
the  figures.  Streaawise  velocity  decay  and  half 
width  velocity  growth  are  presented  in  Figures  8 and 
9 for  the  single  Jet  and  wake.  The  streaawise 
velocity  decay  for  che  interacting  Jet  case  at  y • 0 
and  y • Vj  are  presenced  in  Figure  10.  The  corres- 
ponding value  of  ^2  also  presenced.  The  varia- 
tion of  ^2  with  X represents  an  average  value 
since  problems  were  encountered  in  che  computer  code 
logic  for  this  case.  Experimental  data  are  required 
for  this  particular  case  before  che  turbulence  model 
can  be  verified  or  improved. 

The  results  presenced  in  Figures  2 to  10  clearly 
demonstrate  that  che  present  procedure  is  capable  of 
solving  three-dimensional  free  flows  (M  > 1)  with 
pressure  gradients  in  all  three  spatial  coordinates. 
However,  che  present  mixing  length  eddy  viscosity 
turbulence  closure  limits  che  validity  of  che  results 
near  che  axis  of  che  flow  for  pressure  which  in  cum 
results  in  questionable  cross  flow  velocity  fields 
in  this  region.  The  mixing  length  formulation  cannot 
yield  che  correct  turbulent  energy  variation  in  che 
region  of  ujg^x  Gessner  and  Emery  (Ref.  17)). 

It  appears  chat  the  two  "turbulent  equaclon''model 
(turbulent  kinetic  energy  plus  dissipation)  is 
required  to  produce  more  nearly  correct  pressure  and 
cross  flow  velocity  fields  in  che  region  of  u„^. 

This  would  require  the  solution  of  a coupled  7x7 
block  tridiagonal  matrix  in  che  present  method  for 
each  cross  plane  Instead  of  the  present  5x5  system; 
however,  a less  strongly  coupled  approach  might  be 
utilized  (see  Naot  and  Launder  (Ref.  22)). 

The  current  computer  code  requires  210  Kg  memory 
for  a 41  X 41  grid  in  the  n,;  plane.  The  computa- 
tion time  for  the  cases  presented  was  lengthy  (approx- 
imately 9000  sec;  CYBER  175)  due  Co  Che  stability 
restrictions  placed  on  the  marching  step  due  primarily 
to  the  turbulence  model  logic.  Consequently,  it 
appears  from  che  present  work  chat  the  addition  of  a 
more  complicated  system  of  partial  differencial 
equations  for  turbulence  closure  is  not  feasible  in 
che  present  numerical  procedure  unless  modifications 
can  be  made  to  remove  the  sensitivity  of  che  results 
to  disturbances  in  the  initial  data  plane  (artifical 
diffusion)  as  well  as  to  significantly  reduce  the 
required  computation  time.  Numerical  experimentation 
or  the  present  test  cases  indicates  chat  disturbances 
develop  near  che  edge  of  che  jet  or  wake  for  Np  > 10^ 
which  amplify  and  destroy  che  solution.  The  C^ 
number  limitation  could  be  due  to  several  factors 
such  as  (a)  hyperbolic  character  of  che  continuity 
equation  (no  diffusion),  (b)  problems  associated  with 
selecting  continuous  length  scales  from  che  develop- 
ing velocity  profiles,  and  (c)  failure  to  iterate 
each  x-staclon  to  some  prespecified  convergence  level 
(sec  Ref.  2).  Future  work  will  be  directed  towards 
a careful  numerical  analyses  of  each  of  these  areas 
CO  determine  whether  closure  model  equations  can  be 
efficiently  created  by  the  present  ASI  procedure. 

CONCLUDING  RE.MARKS 

The  alternating  direction  implicit  method  has 
been  successfully  applied  to  numerically  solve  the 
parabolic-elliptic  Navier-Stokes  equations  for 


supersonic  turbulent  jets  and  wakes.  A mixing  length 
eddy  viscosity  model  was  used  to  provide  turbulence 
closure.  A coordinate  transformation  was  utilized  to 
allow  specification  of  infinity  boundary  conditions 
on  a finite  computational  domain  as  well  as  contain 
the  downstream  growth  of  the  viscous  flow  field  in  a 
fixed  computational  grid. 

The  numerical  results  were  compared  with 
empirical  and/or  numerical  results  for  two-dimensional 
free  shear  flows;  experimantal  data  were  not  available 
for  the  three-dimensional  supersonic  flows  computed. 

In  all  cases  the  expected  characteristics  of  che  flow, 
such  as  centerline  decay  race,  spreading  rate,  and 
profile  development  were  well  predicted. 

The  initial  data  plane  presented  somewhat  of  a 
problem  since  experimental  data  were  not  available. 
However,  the  analytical  data  generated  were  found  to 
be  satisfactory  for  Reynolds  numbers  up  to  10^. 
Solutions  for  larger  Reynolds  numbers  were  not 
presenced  due  to  instabilities  associated  with  either 
the  initial  data  plane  or  che  length-scale  formula- 
tion. 

The  present  computer  code  requires  210  Kg 
storage  and  approximately  10~^  seconds /unknown/grid 
point  processing  time.  These  computer  requirements 
precludes  the  extension  of  the  method  to  two  or  more 
equation  models  for  turbulence  closure  since  the 
computation  time  and  computer  core  storage  require- 
ments would  be  unrealistic.  Consequently,  the 
present  method  must  be  either  improved  computationally 
or  replaced  with  a new  approach  for  flows  where  che 
mixing  length  eddy-viscosity  is  inadequate. 
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THE  CALCUIATION  OF  THREE-DIMB'JSIONAL  TURBULENT  FREE  JETS 
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ABSTRAO 

The  pap«r  pr«(«ntt  an  application  of  the  iwo-equotion 
k-t  model  to  the  problem  of  three-dimensional  free  jets  is- 
suing from  rectangular  orifices.  The  turbulence  model  has 
been  modified  to  that  plane  and  round  jets  may  be  predict- 
ed with  the  tome  empiricol  input.  The  continuity,  moment- 
um and  turbulence  equations  ore  solved  using  the  finite-dif- 
ference procedure  of  Patankar  and  Spalding  for  three-di- 
mensional parabolic  flwvs  and  results  ore  presented  for 
aspect  ratios  of  1,  5,  10  ond  20.  The  decoy  of  axial  vel- 
ocity it  well  predicted.  The  behaviour  of  the  holf-widths 
however  it  not  well  predicted  when  no  lateral  velocities 
are  specified  ot  the  orifice;  the  meosured  cross-over  of  jet 
major  artd  minor  axes  is  not  obtained.  The  possible  exist- 
ence of  a loteral  velocity  field  at  the  orifice  erots-tection 
is  examined  and  its  ability  to  produce  the  observed  jet  in- 
version Is  demonstrated.  Profile  shapes  in  the  orifice  short- 
axis  direction  are  in  good  agreement  with  measurements  and, 
when  inlet  lateral  velocities  are  specified,  the  long-axis 
profiles  are  also  predicted  fairly  well.  The  measured  "saddle- 
shape"  of  the  profiles  in  this  direction  is,  however,  not  ob- 
tained; this  will  require  further  chartges  to  the  turbulence 
model . 

NOMENCUTURE 

bo  - orifice  breadth 

C1,C2,  c - corutonts  in  turbulence  model 

do  - orifice  depth 

e - aspect  ratio  of  jet  » b(y'do 

G - production  of  turbulent  kinetic  erterov 

k - turbulent  kinetic  energy  » 1/2  (u*+\Xv^ 

L • turbulence  length  scole 

P - mean  static  pressure 

U,  Uf  - mean  velocity  in  x-direetlon 

u,  u]  - fluetuotiiig  velocity  in  x-direet!on 

V,  IJ2  - mean  velocity  In  y-direetion 

V,  U2  - fluetiwting  velocity  in  y-direction 

W,  U3  - mean  velocity  in  ^direction 

w,  U3  - fluctuating  velocity  in  z-direction 

X,  x]  - axial  eo-ordirtote 

y,  X2  - lateral  coordinate  (orifice  short^xis) 

2,  x3  - transverse  co-ordinate  (orifice  long-axis) 

•9  - kinemotie  viscosity 

P - fluid  density 

£ - dissipation  of  k 

dy,  dt  • turbulent  Prondtl  Nos.  for  k,  £ 

“ Kroneeker  delta 


Subscripts 

m - centre-line  value 

- half/three-quarter  velocity  location 

0 - inlet  value 

a - ambient  value 

t - turbulent  value 

- time-averaged  value  (superscript) 

INTROOUaiON 

The  development  ond  testing  of  turbulence  models  has 
proceeded  opoce  since  the  advent  of  efficient  computer  pro- 
grams for  the  solution  of  fluid  flow  problerm.  Necessarily, 
the  verificotion  of  the  various  models  was  first  of  oil  restrict- 
ed to  simpler  flow  situations  for  which  the  computer  pro- 
grams were  more  economic  and  better  tested  and  for  which 
measurements  were  readily  available.  Examples  of  this  veri- 
fication process  moy  be  found  in  the  proceedings  of  the  Start- 
ford  ond  Longley  conferences  (C'1,C2]),  where  attention 
wos  given  solely  to  tw»-dimemional  wall  boundory  layers  ond 
free  shear  flows,  respectively.  Since  relatively  economic 
computer  programs  hove  recently  become  available  also  for 
3D  flows,  it  now  seems  opportune  to  extend  the  verification 
of  those  turbulence  models  which  hove  performed  well  in 
the  tests  up  to  dote  to  three-dimensional  flow  problems.  Turb- 
ulence rrxxlelt  involvirtg  closure  ot  the  two-equation  level 
hove  been  shown  (see  for  example  Lounder  et  al.[3j)  to 
provide  appreciably  better  universoiity  then  lower  order  rttod- 
els,  whereas  the  higher  order  closure  scherrtes  appear  at  the 
moment  to  be  insufficiently  well-developed  to  prove  them- 
selves superior  even  for  two-dimensional  flows.  It  is  the  pur- 
pose of  the  present  poper  therefore  to  opply  and  extend  the 
k-  £ two-equation  model,  which  has  performed  successfully 
in  a wide  range  of  tw^dimensiortal  problems  (see  References 
[2]  and  [4]  ),  to  the  prediction  of  a basic  three-dimensiorv- 
al  flow.  As  the  first  test  cose  we  have  chosen  the  problem  of 
three-dimeruienol  free  jets  Issuing  into  stagnant  surroundings; 
the  boundory- layer  rtoture  of  this  flow  mokes  it  particularly 
suitable  for  economic  numerical  colculotions,  yet  the  flow 
still  exhibits  many  interesting  ond  complex  phenomerta,  as 
will  now  be  discussed. 

The  schemotio  of  a three-dimeraional  free  jet  iuuing 
from  o rectongulor  orifice  are  ittdicoted  in  Fig.  1;  this  flow 
eonfigutotian  was  used  in  the  enserimentol  investigations  of 
Sforzo  ond  co-workers  ( [s]  , [6]),  Yevdjevitch  [7],  ond 
most  recently  by  SfeierfSjwho  olso  reported  meosurements 
of  the  temperature  field.  Unforturtateiy  no  meosurements  of 
turbulence  ouontities  are  available.  The  experiments  have 
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shown  that  this  ftow  pouaues  lavaral  interasting  Faotures 
which  moke  it  o particularly  sevare  tast  case;  when  the 
aspect  rotio  a is  large  for  example,  the  centre-line  veloc- 
ity decay  measurements  indicate  that  the  initial  behaviour 
is  similar  to  that  of  a two-dimensional  plane  jet.  Far  down- 
stream however,  the  flow  will  approach  oxi-symmetry  and 
the  flow  development  is  akin  to  thot  of  a round  jet.  It  oon 
thus  be  seen  that  this  flow  includes  the  two  basic  two-di- 
mensiortai  jet  flows  (plane  and  round)  in  its  initial  and  finol 
zones  and  the  turbulence  model  should  be  able  to  predict 
these  regions  as  well  as  the  intermediate  transition  region. 
The  meosurements  of  the  velocity  half-widths  (see  Fig.  1) 
in  the  two  lateral  directions  on  the  other  hand  indicate  o 
behaviour  very  different  to  two-dimemiortal  jots.  The  half- 
width in  the  direction  of  the  lortg  axis  of  the  orifice  act- 
ually decreases. in  magnitude  initially  whereas  the  minor 
axis  half-width  grows;  at  some  distance  downstream  they 
cross  over  after  which  they  both  grow,  but  at  slightly  dif- 
ferent rates,  tending  to  approach  each  other  os  the  jet 
tends  to  oxi-symmetry.  The  initial  decrease  seems  to  be 
connected  with  the  presence  of  lateral  velocities  at  the  ori- 
fice cross-section,  as  SfeierfSj  has  shown  thot  when  the  jet 
issues  from  a long  rectangular  channel  as  apposed  to  a sharp- 
edged  orifice  the  mojor  axis  half-width  does  not  decrease 
initially  but  remains  practically  constant.  The  cross-over 
still  takes  place  however,  so  thot  the  different  behaviour 
of  the  two  half-widths  cannot  totally  be  explained  via  the 
initial  conditictM.  This  inversion  of  major  and  minor  axes 
of  the  jet  is  also  accompanied  by  the  appearance  of  s^ 
colled  "saddle-shape"  velocity  profiles  in*  the  direction  of 
the  orifice  long  axis.  The  maximum  velocity  is  displaced 
some  way  from  the  centre-plane,  although  agoin  Sfeier's 
measurements  show  that  this  shope  is  much  more  pronounced 
for  the  jet  out  of  a shorp-adged  orifice.  Both  the  jet  in- 
version and  the  soddle-shope  profiles  seem  to  be  indications 
of  the  presence  of  secondary  motions  in  the  plane  of  the 
jet  cross-section,  which  Sforzo  fdj  suggests  are  Induced  by 
a system  of  closed  vortex  rings  generated  at  the  orifice.  In 
an  experimental  and  theoretical  investigation  [9]  into  the 
behoviour  of  single.  Impulsively  generated  doted  vortex 
loops  of  rectangular  and  elliptic  shape,  the  process  of  in- 
version of  major  and  minor  axes  was  observed  and  predicted. 
The  ring  was  also  shown  to  distort  out  of  the  plane  in  which 
it  hod  been  farmed,  thereby  creating  a component  of  vortie- 
ity  in  the  axial  direction.  The  mechanism  by  which  second- 
ary motions  in  the  jet  cross-section  may  be  produced  was 


therefore  clearly  Illustrated  by  this  investigation,  although 
In  the  cose  of  steady  flow  out  of  a rectangular  orifice  the 
vortex  rings  are  generated  by  o continuous  rolling  up  of  the 
vortex  sheet  representing  the  velocity  discontinuity  at  the 
orifice.  Such  vortex  rings,  which  hove  been  observed  In 
the  case  of  c round  jet  (see  Laufer  ClO]  ),  Interact  with 
each  other  and  form  the  coherent  large-soole  turbulence 
structure  of  the  jet,  at  least  in  the  initial  mixing-layer 
region. 

The  brief  description  of  the  behaviour  of  30  free  jets 
given  above  shows  that  this  is  indeed  c worthy  30  test  case. 
The  present  paper  makes  a first  step  in  the  tasting  of  turb- 
ulence models  for  3D  flows  by  applying  one  model  to  the 
predipion  of  30  free  jets.  The  details  of  the  model  and  of 
the  colculation  procedure  used  ore  given  In  the  next  section; 
the  results  of  the  oalculatioru  aisd  a discussion  of  the  per  - 
formance  of  the  model  follows,  and  in  the  final  section  c 
summary  of  the  outcome  of  the  present  work  is  given  togeth- 
er with  suggestions  for  further  testing. 

fMTHEArV4.TICAL  MOOEL 


Meon-Flow  Equotions 


The  mean-velocity  distribution  in  constant-density  three- 
dimeruiorxil  free  jets  at  high  Reynolds  numbers  is  governed  by 
the  following  equations: 


3U 

ax 


0 


0) 


, 3iit/u  _ Suv  a^w 
32  ~ ~ az 


(2) 


auv  I av* 
ax  ay 


V.  1 3P  3^ 

32.  f>  dy  3y  ax 


(3) 


anw  . iw  iw 1 ^ ^ 

3x  ay  az  p 32  ay  ax  ' ' 


where  (1)  is  the  continuity  equation  and  (2),  (3)  and  (4) 
are  momerihjm  equations  in  the  x-,  y-,  and  z-direerions, 
respectively.  All  symbols  are  defined  in  Fig.  1 ond  in  the 
Nomenclature.  Equations  (2)  to  (4)  are  written  in  a form 
vO  I id  for  free  boundary- loyer  type  flows:  in  these  flows  the 
streamwise  turbulent  diffusion  of  momentum  is  negligible  so 
thot  no  Reynolds-streu  gradients  with  respect  to  x oppear; 
also  the  streonswise  preuure  gradient  orIgirMlIy  appearing  in 
Eq.  (2)  is  negligible  when  the  surroundings  are  at  coratont 
velocity  (here  ot  rest). 

In  tw^dimeruional  (plane  or  round)  jets,  the  lateral 
momentum  equation  need  not  bo  solved  because,  when  the 
straorrswise  pressure  gradient  Is  neglected,  the  lateral  veloc- 
ity can  be  determined  from  the  continuity  aquation,  in  the 
throe-diiner»iorK]l  cose  considered  here  this  is  not  possible 
because  now  all  three  velocity  components  appear  In  the 
continuity  equotion.  Therefore,  all  three  momentum  equa- 
tiofu  hove  to  be  solved. 
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Turbulence  Model 

In  orber  fo  close  the  above  set  of  equations,  the 
Reynolds  stresses  in  the  momentum  equotioru  (2)  to  (4) 
hove  to  be  specified  by  means  of  o turbulence  model.  As 
was  mentioned  already  in  the  Introduction,  the  present 
work  employs  and  tests  on  extended  version  of  the  so- 
oolled  k-  C'nodel.  In  what  follows,  the  storxford  k- £ 
model  is  briefly  described  first,  and  its  extension  is  intro- 
duced subsequently. 

The  stondord  k-  £ -model . In  this  model,  the  Rey- 
nolds ItrSS'are^oorcuIated"^  the  effective  viscosity  con- 
cept which  may  be  written  in  general  form  as: 
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(5) 


Here,  tensor  notation  has  been  used  for  brevity;  the  corv- 
version  to  the  notation  used  above  con  be  found  in  the 
Nomenclature.  In  Eq.  (5),  t?|.  is  a scolor  effective  (kine- 
matic) viscosity  and  k is  the  turbulent  kinetic  energy 
( = 1/2  UfUi  ). 

The  k-£,  model  characterizes  the  local  state  of  turb- 
ulence by  two  parameters:  the  turbulent  kinetic  energy,  k, 
and  the  rate  of  its  dissipation,  £.  The  effective  viscosity 
is  related  to  these  parameters  by  the  Kolmogorow^ndtl 
expreuion: 


(6) 


where  is  an  empirical  constant.  The  distribution  of  k 
and  t over  the  flow  field  is  calculated  from  the  following 
semi-empiricol  transport  equations  for  k and  £: 
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and  ^ K,  , c;  and  C2  are  further  empirical  coratants. 
The  vafues  ^ the  empirical  constants  are  odopted  from 
Launder  and  Spalding  £43  and  ore  given  in  Table  1.  With 
these  constants,  the  development  of  the  plane  jet  it  pre- 
dicted correctly,  but  not  thot  of  the  round  jet  (rate  of 
spread  is  40  % too  high).  Becoute  plane  and  round  jet 
form  the  limiting  flow  regimes  in  o threr  Jimentional  jet, 
the  k-  £ model  is  extended  below  to  that  both  jets  con  be 
predicted  with  the  some  empirical  input. 

Toble  1 

Empirical  constants  in  the  k-  £ model  (from  £43  ) 
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One  further  comment  should  oe  mode  here  concerning 
the  standard  version  of  the  model;  the  use  of  c scalar  ef- 
fective viscosity  in  Eq.  (5)  implies  that  the  principal  axes 
of  stress  and  strain  ore  eo-oligned.  This  appeors  to  be  op- 
proximotely  valid  for  the  shear  stresses  uv  and  uw  in  the 
streomwise  momentum  equation,  but  to  c much  lesser  extent 
for  the  streues  appearing  in  the  loterol  momentum  equations 
(3)  and  (4).  These  stresses,  which  all  act  in  the  cross-sec- 
tional plarse  of  the  jet,  ore  influenced  by  mean  rotes  of 
stroin  acting  orthogonal  to  this  plane;  this  cross-plarsor  in- 
fluence is  known  to  be  the  cause  of  turbulence-driven  sec- 
ondary flows  (for  example  in  square  ducts  Clll  ) and,  heno, 
such  flows  cannot  be  predicted  with  the  stemdord  k-  C model. 

Extereion  of  the  k- g model.  In  order  to  moke  the  k-£ 
model  oppli coble  also  to  round  jM,  Rodi  [123  devised  cor- 
rection functions  for  orrd  C2  which  were  used  also  by 
Launder  et  al.  £33  in  the  round- jet  predictions  for  the  Lang- 
ley conference.  These  functions  relate  c^  and  C2  to  the 
retardation  parameter  yl/2 /Dm  8U,n /dx,  which  wos  used  to 
distinguish  strong  jets  (stagnant  surroundings)  from  weak  jets 
(in  co-flowing  stream).  The  functions  were  devised  on  an  en- 
tirely empirical  basis  without  pnysical  interpretation  or  justi- 
fication; in  addition,  they  were  designed  to  be  switched  on 
only  for  round  jets  and  cannot  predict  the  troraition  plane- 
routsd  jet  occurring  in  o 3D  jet.  Tnerefore,a  different  modirico- 
tion  of  the  k-£  model  is  suggested  below  based  on  physical 
arguments  and  is  valid  for  both  plane  and  round  jets.  The 
form  of  the  modification  is,  however,  quite  similar  to  the 
correction  functions  discussed  above,  mainly  because  the  re- 
tardation parameter  also  distinguishes  plane  jets  from  round 
jets. 

Correlation  measurements  in  plane  and  round  jets  £l3, 
143  indicate  that  the  lateral  scale  of  the  large  eddies  relat- 
ive to  the  flow  width  is  somewhat  smaller,  and  that  the  co- 
herence of  the  large  eddies  is  weaker  in  the  round  than  in 
the  plane  jet.  Gutmark  and  Wygnanski  £14]  and  Fiedler  [12] 
explain  this  by  the  different  decoy  rote  of  the  velocity  scale 
in  the  two  jets;  in  the  plane  jet  the  velocity  scale  decays 
os  x"  ond  in  the  round  jet  os  x“  . In  the  k-  £ model , 
the  characteristic  length  scale  of  the  turbulence,  L,  it  de- 
termined by  the  £ -equation  since  £ ec  This  scale  is 

perhops  not  identical  with  the  scale  of  the  lorge  eddies,  but 
it  it  related  to  it.  The  above-mentioned  influence  of  the  de- 
cay rate  of  the  velocity  scale  on  the  length  scale  it  not  ac- 
counted for  in  the  £ -equation.  In  order  to  include  this  in- 
fluence, it  is  therefore  suggested  here  to  modify  the  £ -equa- 
tion in  the  following  way. 

According  to  the  above  arguments,  the  velocity  decoy 
rate  affects  merely  the  scale  of  eddies  characteristic  of  a 
cross-section  of  the  jet  ond  not  the  lateral  length  scole  dis- 
tribution. Therefore,  the  £ -equation  con  be  modified  simply 
by  making  one  of  the  empirical  constants  in  the  source  terms 
0 function  of  a suitable  norr-dimensional  retordotion  poramet- 
er.  The  constant  chosen  is  c;  and  the  function  is  os  follows; 

C,  « l.l<f  - 5.31  VW  ^ 
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In  self-similar  jets,  the  retardation  porometer  yi  /2/lii8U^dx 
takes  a value  of  - .055  in  the  plane  cose  and  of  - .087  in 
the  round  cose.  Therefore,  the  function  (10)  yields  a different 
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value  of  Cf  in  the  plane  and  round  jet;  the  value  for  the 
plane  jet  being  that  used  in  the  standard  Ic  £ model 
(=  1.44),  When  function  (10)  is  employed  instead  of  o con- 
stant value  of  c]  in  the  k- £ model,  the  predicted  rates 
of  spread  agree  with  experiments  for  both  plane  and  round 
jets.  For  the  plane  jet,  the  predicted  turbulent  kinetic 
eneroy  level  also  agrees  with  experiments,  for  the  round 
jet  it  is,  however,  somewhat  low.  For  the  3D  jet,  function 
(10)  with  the  retardation  parameter  evaluated  only  at  the  centre- 
line is  rather  crude.  However,  preliminary  test  runs  with  this 
parameter  determined  locally  along  the  z-oxis  produced  little 
change  in  the  results.  It  must  be  emphasized  that  the  correction 
function  (10)  is  valid  only  for  jets  in  stagnant  surroundings  ex- 
cluding the  potential  core  region. 

Finally,  the  influence  of  the  srreamwise  velocity 
gradient  on  the  length  soole  of  turbulence  moy  also  be  ex- 
plained by  Towruend's  [id]  notion  thot  the  large  eddies 
are  laterally  compressed  by  the  transverse  strain  rate  pro- 
duced by  the  entrainment;  this  transverse  strain  rate  is  di- 
rectly related  to  the  streamwise  velocity  gradient  via  the 
continuity  equation. 

Bourxiory  Conditions  ond  Details  of  Colculation  Procedure 

The  previous  sections  have  outlined  a closed  system 
of  equations,  but  these  must  first  be  supplied  with  initiol 
ond  boundary  corxiitioru  for  the  free-jet  problem  before  the 
solution  con  begin.  Use  has  been  made  of  the  symmetry  of 
the  flow  so  that  only  one  quadrant  of  the  jet  has  been 
considered  and  two  boundaries  of  the  calculation  domain 
coruist  therefore  of  symmetry  planes.  All  variables  have  a 
zero  normal  gradient  boundary  condition  along  these  planes 
apart  from  the  lateral  velocity  perpendicular  to  the  plone 
which  is  fixed  at  zero  on  the  symmetry  plone.  The  com- 
puter program  used  was  origirxilly  capable  of  handling  only 
wall  or  symmetry  boundories,  artd  hence  had  to  be  irxxli- 
fied  for  the  present  problem.  This  has  as  the  other  two 
boundaries  of  the  calculation  domain  free  boundaries  along 
which  the  jet  spreads  into  the  surroundirtg  fluid.  The  iixxli- 
fi cations  entailed  buildirtg  into  the  program  the  ability  to 
handle  constant  pressure  boundary  corrditioru  as  this  is  the 
proper  specif! action  for  pressure  in  the  ambient  fluid.  For 
U,  k ard  £ , the  free-stream  values  were  Fixed  at  the  free 
edges  of  the  grid  and  zero  values  for  all  three  variables 
were  used.  The  lateral  velocity  parallel  to  the  free  bound- 
ary was  also  fixed  to  zero,  whereas  for  the  velocity  per- 
pendicular to  the  edge  a zero  gradient  condition  was  im- 
posed. Since  the  jet  spreads  into  the  ambient  Fluid,  some 
means  has  to  be  found  for  controlling  the  finite-difference 
grid  so  that  this  always  covers  the  region  of  interest;  in 
the  present  oalculations  this  has  been  done  so  that  the 
edge  of  the  grid  olways  lies  outside  the  jet  edge. 

In  deciding  which  inlet  conditions  to  use,  the  cose 
of  jet  flow  out  of  an  orifice  ond  not  out  of  a long  rect- 
angular channel  as  also  investigated  by  SFeier[83was 
chosen  for  the  present  oalculations.  Consequently,  a top- 
hat  profile  for  the  axial  velocity  has  been  used  in  all  caH 
culotiora.  For  the  turbulence  properties  at  inlet,  no  informo- 
tio'i  is  available  from  the  experiments.  It  is  known  (see  e.g. 
[2]  ) that  the  initial  values  of  k and  £ affect  mainly  the 
potential  core  length.  Hence,  in  the  present  work  the  values 
of  both  variables  were  fixed  as  uniform  across  the  jet;  k 
corresponding  to  o low  level  of  turbulence  and  £ being 
adjusted  until  the  potential  core  length  and  initial  rote  of 


decoy  (first  15  orifice  depths)  were  in  agreement  with  the 
measured  behoviour  for  the  square  jet;  these  values  were 
then  left  unchanged  for  all  other  aspect  ratios.  Two  speci- 
fications hove  been  used  for  the  lateral  velocities  at  the 
initial  plone;  first,  oalculations  were  mode  with  zero  lat- 
eral velocities;  however,  the  meosured  decrease  of  the  holf- 
width  in  the  orifice  long  axis  direction  discussed  in  the 
Introduction  was  then  not  obtained.  In  on  attempt  to  ex- 
amine the  effect  of  lateral  velocities  at  the  orifice  on  the 
predictions,  further  oalculations  were  made  with  a non-zero 
lateral  velocity  field  specified  at  the  initial  plone.  The 
existence  of  such  velocities  may  be  due  to  two  causes:  first- 
ly a jet  issuing  from  a sharp-edged  orifice  will  exhibit  a 
vena- con trocto  effect  and  this  would  imply  lateral  velocit- 
ies directed  in  towards  the  jet  axis  along  both  y and  z 
directions.  Secondly  Owczarek  artd  Rockwell  Cl7j  have 
shown  that  for  rectangular  orifices  in  finite-size  settling 
chambers  a further  lateral  motion  is  present  for  aspect  ro- 
tios  larger  then  1.  The  cause  is  the  differing  streamline 
curvature  of  the  flow  inside  the  chamber  as  the  fluid  flows 
through  the  orifice.  This  produces  pressure  differences 
which  lead  to  secondary  flow  in  the  plane  af  the  orifice 
such  thot  the  velocity  is  irrward  in  the  direction  of  the 
orifice  long  axis  and  outward  (away  from  the  jet  axis) 
along  the  orifice  short  axis.  In  the  experiments  this  arid  the 
vena- contra  eta  effect  will  obviously  be  superimposed  arid 
the  actual  lateral  velocities  will  depend  strongly  on  the  de- 
tails ot  the  orifice  and  settling  chomber.  In  the  absence  of 
measurements  of  any  initiol  lateral  motions,  the  only  avail- 
able experimental  information  is  the  initial  rate  of  decrease 
of  the  z-direction  half-width.  The  initial  lateral  velocity 
field  was  therefore  specified  as  follows;  the  V- velocities 
were  left  at  zero;  the  W-velocitv  field  was  aiven  o linear 
shape  from  zero  at  the  y-axis  to  a moximum  value  at  the  jet 
edge  (z=1/2  bg)  with  no  variotion  in  the  y-direction.  The  di- 
rection of  the  W-velocity  was  twwords  the  jet  axis  ond  the 
maximum  W-level  was  adjusted  so  thot  the  initial  rote  of  de- 
creose  of  the  half-width  agreed  with  measurements;  for  e = 10 
this  maximum  wos  12  1/2  per  cent  of  the  jet  axial  velocity,  for 
e = 20  this  had  to  be  increased  to  15  per  cent  (an  increased 
lateral  motion  is  in  accord  with  the  explanation  in  [17]). 

The  resulting  sot  of  equations  and  boundary  conditions 
was  solved  using  a procedure  based  upon  the  algorithm  de- 
veloped by  Patankar  and  Spalding  [iSl  for  three-dimension- 
al parabolic  differential  equotions.  The  solution  procedure 
was  modified  as  mentioned  above  to  allow  For  the  presence 
of  Free  boundaries  and  to  allow  the  finite-difference  grid 
to  oxpond  with  the  jet.  The  rote  of  grid  expansion  was 
calculated  From  simplified  forire  of  the  continuity  and  oxiol 
momentum  equations  applicable  neor  the  jet  edge;  this  meth- 
od ot  grid  control  is  similar  to  the  colculation  of  entrain- 
ment used  in  the  two-dimensional  procedure  of  Patankar  and 
Spalding  [21 J . The  solution  is  obtained  in  a forward- 
marching, non-iterative  manner;  the  pressure  Field  is  deter- 
mined by  first  calculating  an  intermediote  velocity  field 
based  upon  estimated  (upstream)  pressures,  arrd  by  then 
findirtg  a correction  to  the  pressure  field  so  as  to  satisfy 
the  continuity  equation  looally  at  all  grid  nodes.  The  cort- 
stancy  of  the  total  axial  momentum  Flux  implied  by  a zero 
strearTMrise  pressure  gradient  was  used  as  a check  on  the 
numerical  procedure. 

The  oalculations  were  performed  on  a Univac  1108 
computer.  Grid  refinement  and  forward  step  size  tests  were 
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carried  out  orxl  typical  grids  used  Had  12  or  17  nodes  in 
the  y-direction  and  12,  17  or  22  nodes  in  the  z-direction, 
moximum  step  sizes  of  8 per  cent  of  the  jet  width  in  the 
y-direction  were  used.  A typical*  calculation  using  a 12 
X 17  grid  took  approximately  600  steps  to  cover  an  axial 
distance  of  150  orifice  depths,  requiring  about  40  K words 
of  core  store  and  an  execution  time  of  8 minutes  (corre- 
sponding to  o time  requirement  of  .(XX)  65  s/equation/grid 
nooe/step). 

RESULTS  AND  DISCUSSION 

In  order  to  test  the  changes  which  hod  been  made 
to  the  computer  program  (viz.  the  introduction  of  free 
boundaries),  a flow  problem  related  to  the  present  situa- 
tion was  sought  which  possessed  on  analytical  solution.  For 
the  case  of  o laminar  rectangular  free  jet  in  a co-flowing 
stream,  Pai  and  Hsieh  £19^  have  obtained  a solution  of 
the  linearized  momentum  equations  and  their  results  were 
used  for  comparison.  As  long  as  the  inlet  velocity  differ- 
ence between  jet  and  ambient  streams  is  small  compared 
to  the  ambient  velocity,  the  linearization  should  not  intro- 
duce too  great  errors;  in  the  test  oolculations  the  inlet  jet 
velocity  excess  was  ten  per  cent  of  the  ambient  velocity. 
Figure  2 shows  the  decoy  of  the  centre-1  ir>e  jet  velocity 
excess  for  three  different  aspect  ratios;  the  agreement  is 
very  good  everywhere  except  in  the  initial  region  where 
the  linearized  solution  is  more  likely  to  be  in  error.  The 
spread  of  the  three-quarter  velocity  widths  for  an  aspect 
ratio  of  5 is  shown  in  Figure  3,  the  tendency  to  axi-sym- 
metry  can  cleorly  be  seen  and  is  predicted  slightly  fatter 
by  the  present  method,  on  the  whole,  however,  the  agree- 
ment is  satisfactory. 

The  computer  program  was  then  applied  to  turbulent 
jets  issuing  from  sharp-edged  orifices  having  aspect  ratios 
of  1,  5,  10,  and  20.  Computations  have  been  oorried  out 
with  a corutont  value  of  c^  as  well  as  with  the  function 
(10).  Predicted  and  measured  decay  of  centre-line  veloci- 
ties are  con^red  in  Figure  4 for  the  aspect  ratios  1,  5, 
and  20,  and  in  Figure  5 for  the  aspect  ratio  10.  In  all 
cases  the  agreement  is  very  good;  this  manifests  the  ability 
of  the  present  calculation  method  to  predict  correctly  the 
influence  of  the  orifice  aspect  ratio  on  the  velodty  d^ 
coy.  For  aspect  ratios  greater  tl^n  unity,  the  initial  plane- 
jet  decay  behaviour  (U„eCx"  and  the  osymptotic 
round-jet  behoviour  (UmSCx**^)  can  clearly  be  observed 
in  Figures  4 and  5.  Evidently,  the  plane-jet  region  ex- 
tends to  larger  downstream  distances  with  increasing  aspect 
ratios  and  this  is  also  reproduced  in  the  present  oolculo- 
tioru.  Figure  5 shows  predictions  both  with  and  without  in- 
let lateral  velecity.  The  effect  on  the  velocity  decoy  can 
be  seen  to  be  small;  the  decay  in  the  plane-jet  region  is 
slowed  down  somewhat.  Figure  4 also  includes  predictions 
with  a constont  volue  of  ci  “ 1.44.  At  the  jet  with  aspect 
ratio  1 begins  tpreoding  like  a round  jet  fairly  quickly,  the 
difference  to  the  prediction  using  the  ei-function  it  larg- 
est in  this  cote:  with  cl  ■ 1,44  the  velocity  clearly  de- 
cays too  fast.  For  the  higher  aspect  ratio  the  round-jet 
regions  covered  by  the  calculation  are  much  shorter,  to 
that  significont  differences  could  not  yet  develop. 


Fig.  2 Centre-line  velocity  decoy,  laminor  jet  problem 


Fig. 3 Spreading  of  three-quarter  velodty  widths,  laminar 
jet  problem,  e = 5. 

Figure  6 and  20  in  Figure  7.  The  first  figure  shows  that 
without  inlet  lateral  velodties  only  the  development  of 
y\^2  '*  >of1*^ctarily  reproduced;  for  zy the  measured 
decrease  does  nor  take  place  and  there  ^s  therefore  no  crou- 
over.  With  the  initial  lateral  velocity  field  adjusted  as  de- 
scribed in  the  previous  section,  the  jet  inversion  does  oc- 
cur, and  it  occurs  at  approximately  the  correct  axial  loca- 
tion. The  development  of  Zw2  '*  9°^  agreement  with 

the  measurements  and  the  y.  M-qiread  is  also  slightly  im- 
proved. The  tendency  of  the'^  ralf-widths  to  opproach  each 
other  seems  to  be  too  slow  in  the  present  colculatioru.  For 
an  aspect  ratio  of  20,  Figure  7 shows  that  adjusting  the  in- 
let lateral  velocity  to  obtain  the  initial  decrease  agrrin  re- 
sults in  a reasortable  prediction  of  the  cross-over  location 
and  satisfactory  agreerrrent  with  the  experiments  over  the 
full  range  of  axial  distance  for  which  measurements  are 
available. 


The  predictions  of  the  velocity  half-widths  in  the  y- 
arxl  z-directions  are  given  for  an  aspect  ratio  of  10  in 
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The  next  three  figures  present  comparisons  of  the  mean 
velocity  profiles  with  the  measurements  of  Sfeier  £8 1 for  on 
aspect  ratio  of  10.  Figure  8 gives  profiles  in  the  y-direction. 


r 


Fig.  4 Centre-line  velocity  deooy  in  turbulent  free  jets  for 
aspect  ratios  of  1,  5,  artd  20. 


xA), 


! Fig.  5 Centre-line  velocity  deooy  for  e * 10,  effect  of 

I inlet  lateral  velocity  distribution. 


I Agreement  is  good  both  with  and  without  inlet  lateral 

velocities,  although  slightly  improved  in  the  former  cose; 

^ certainly  the  tendency  of  the  profiles  to  be  self-similar 

I after  10  orifice  deptfa  is  present  also  in  the  predictions. 

For  the  z-direction  profiles,  good  agreement  is  of  course 
only  obtained  when  the  inlet  lateral  velocity  is  included 
(Figure  9)  and  the  extent  of  disogreement  when  this  is  put 
to  zero  oon  be  clearly  teen  in  Figure  10.  The  approach 
to  similarity  it  also  reotortobly  well  predicted  as  shown  in 
Figure  9.  One  feature  which  it  missing  even  with  the  mod- 
ified initial  corrditioro  it  the  pretence  of  the  toddle-shape 
in  the  z-direction  profiles.  It  teens  clear  that  the  inlet 
lateral  velocity  field  used  in  the  present  calculations  can 
explain  tome  ^ the  behoviour  of  the  z-direction  profiles 
i (their  Overall  width  it  well  predicted),  but  tome  other 

I mechanism  is  obviously  responsible  for  the  saddle-shape. 


Fig.  6 Spreading  of  jot,  half-widths  for  e - 10,  effect  of 
inlet  lateral  velodty. 


Fig.  7 Spreading  of  jet  half-widths  for  e - 20. 


Two  possible  causes  may  be  mentioned  here.  The  first,  it 
that  the  axial  pressure  gradient  ignored  here  may  not  be 
negligible  where  there  is  significant  lateral  motion,  ond 
this  may  act  to  accelerate  or  decelerate  some  regions  of 
the  flow  relative  to  others.  The  second  possible  cause,  in 
line  with  the  arguments  presented  in  the  introduction,  may 
be  that  there  ore  other  tecondory  flows  superimposed  upon 
those  due  to  the  orifice  conditioru.  These  odditionol,  turb- 
ulence-drivon  secondary  flows  (representing  o streonrwise 
component  of  vorticity)  moy  act  to  convect  high  momentum 
fluid  from  the  central  portions  of  the  jet  out  towards  the 
edges  and  thus  create  the  soddle-shapa.  As  sicied  earlier, 
however,  the  present  version  of  the  lt-£  irrodel  is  inoop- 
able  of  predicting  such  flows.  It  would  hove  to  be  extend- 
ed to  allow  o more  realistic  calculation  of  the  stresses  in 
the  loteral  momentum  equotiora  via  a Reynolds  stres.  model 
(algebraic  or  differential)  as  in  the  work  of  Launder  and 
Ying  [llj  for  souore  duct  flow.  This  should  form  the  next 
step  in  the  development  and  testing  of  this  turbulence  model 
for  three-dimensional  flows. 

SUMMARY  AND  CONCLUSIONS 

The  two-equotion  k-  £ model  in  a modified  form  hos 
been  applied  to  the  problem  of  three-dimensional  free  jets 
issuing  from  rectongulor  orifices.  The  velocity  decoy  was 
predicted  very  well  for  oil  four  ospect  ratios  considered 
ond  the  transition  from  plarie-jet-type  decoy  (sCx'V^)  to 
round- jet- type  decoy  (sCx*  ) vras  reproduced  accurately. 

For  those  calculations  in  which  zero  lateral  velocities  were 
specified  as  inlet  conditions  the  development  of  the 
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Furthar  predictions  must  be  mode  For  a cose  where  the  in- 
let conditions  hove  been  fully  measured. 

One  detail  of  the  mean  velocity  profiles  which  was 
not  obtained  was  the  measured  saddle-shape  in  the  z-direc- 
tion.  It  is  suggested  that  this  profile  shape  may  be  due  to 
some  turbulence-driven  secondary  flow  in  the  plane  of  the 
jet.  The  present  turbulence  model  is  incapable  of  producing 
such  a Flow,  however,  and  would  have  to  be  extended  by 
including  some  form  of  Reynolds  stress  model. 
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Fig.  8 y-direction  velocity  profiles  with  (lAfO 
without  (right)  inlet  latetal  velocities 


Fig.  9 z-direction  velocity  profiles  with  inlet  lateral 
velocities 


Fig.  10  z-direction  velocity  proflies  without  inlet  lateral 
velocities 


half-widths  was  not  in  agreement  with  experiments  and  the 
observed  jet  inversion  was  completely  absent.  When  the 
ttansverte  velocity  at  inlet  was  specified  to  as  to  produce 
the  experimentally  observed  initial  decrease  of  the  z half- 
width, good  agreement  was  obtained  with  the  measured 
y^  ,2  and  z]^2  ospeet  ratios  of  10  and  20. 


The  research  reported  in  this  paper  was  sponsored  by 
the  Sonderfortchungtbereich  80.  The  numerical  oalculotions 
were  oarried  out  on  the  UNIVAC  1108  computer  at  the 
University  of  Karlsruhe  using  a modified  venion  of  the  pro- 
gram STABLE  of  CHAM  Ltd.,  London;  this  is  based  on  the 
solution  algorithm  of  Reference  Cl83. 
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ABSTRACT 

A light  seattar  tachniqaa,  aarkar 
naphaloaatry , vas  usad  to  study  tha  nozzla 
fluid  concantration  fiald  of  fraa  suirling 
turbulant  Jacs.  Swirl  was  ganaratad  by 
guida  vanaa  in  a 7. 14  ca  diaaatar  nozzla 
giving  swirl  nuabars  of  0.385,  0.667,  1,16 
and  1.43.  Tha  paraaatara  aaasurad  includa 
thoaa  dascribing  tha  salf  prasarving  foras 
of  tba  aaan  concantration  fiald,  tha  intan- 
sity  and  intagral  scala  of  tha  concantra- 
tion  fluctuations,  and  tha  intaraittancy 
for  tha  jacs  without  internal  racirculacion 
(swirl  nuabar  < 0.7).  Rasulcs  show  chat 
swirling  jacs  without  Incarnal  racirculacion 
are  vary  slallar  in  scruccura.  Tha  data 
for  the  two  jacs  with  incarnal  racircula- 
clon  zonas  ara  givan  as  contour  naps  das- 
cribing tha  aaan  concantration  and  fluctua- 
tion incanslcy  flalds.  Tha  rasulcs  as  a 
whola  dascrlba  jacs  with  waak  to  aodaraca 
swirl  and  indlcaca  tha  trands  to  ba 
axpaetad  for  jacs  with  strong  swirl. 

NOMENCLATURE 

Variablas 

b concantration  half-radius  of  jac 

(r«bat7"H*^).a 

E .(kj^)  ona-dlaanalonal  wave  nuabar  spac- 
cral  danslcy  function  for 
concantration  fluctuations, 
kgi/a* 

f frequency,  s~‘  ■ hz 

G jac  source  angular  aoaancua  flux, 

N*a 

G (f)  frequency  spectral  danslcy  function 
’ for  concentration  f luccuaclons , 

kg^s/a® 

I jet  source  axial  aoaancua  flux,  N 

kj^  « I.irf/  Uj^,  wave  nuabar,  a"* 

? static  prassure,  ?a 

?.  static  prassure  la  aabianc  fluid 

far  froa  tha  jet.  Pa 

r radial  position  in  jat  (in  cylind- 

rical polar  coordlaacaa) , a~^ 
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o 

R 

R 

n 
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jat  source  port  radius  (hara  tha 
nozzla  radius)  , a 

■ R(x,  6,  t),  radial  position  of  a 
point  on  the  turbulant  jac 
boundary,  a 

aaan  jet  radius  defined  on  the 

turbulent  boundary,  a*^ 

aaan  axial  velocity  component,  a/s 

aaan  tangential  velocity  coaponanc, 
a/s 

aaan  screaa  speed  in  the  local  aaan 
flow  direction  (aagnltuda  of  the 
aaan  velocity  vactor) , a/ s 
axial  position  in  jet  (in  cylindri- 
cal polar  coordinates) , origin  at 
tha  center  of  the  jat  source  exit 
port,  a 

location  of  point  of  virtual  origin 
of  jac,  a 

jat  sourca-fluid  concentration, 
kg/a®  ^ 

• r - . , jet  source-fluid  concentra- 
tion fluctuation,  kg/n® 

• prob  (7  > 0) , intaraittancy  factor 
longitudinal  intagral  scala  of  con- 
centration fluctuations,  a 
standard  deviation  of  R,  a length 
scala  for  the  convolutions  of  tba 
jet  boundary  ('wrinkle  aapllcuda'), 
a 

angular  position  in  jac  (cylindrical 
polar  coordlnacas) , rad 


Diaansionless  euantitias 


C ■ ’^A^B'^^A^B’  'o^Falation  function  for 

concentration  fluctuations  at  two 
points,  A and  B 

C(x,  0;  X,  r)  correlation  function  for 

concentration  fluctuations  at  points 
on  and  off  the  jet  axis,  separation 
distance  r;  the  'radial  correlation 
coefficient ' 

C(x,  r,  i;  X,  r,  * r)  correlation  function 
far  concentration  fluctuations  at 
points  on  opposite  sides  of  the  jet 
axis,  separation  distance  2 r;  the 
'syaaacrlcal  correlation  function' 

S ■ G/Ir  , swirl  nuabar 

o 


OvTi  eri 


(^)  tiaa-av«rag*  valua 

( ) rooc-oaan-squara  vilua;  squara 

root  of  ( )* 

Subacrlois 

c cancarlina  valua 

0 valua  at  Jat  sourea 

ISXaODCCTION 

A awirliag  je:  has'  a signiflcaac  coapo- 
nanc  of  canganclal  local  valoclc;  ac  polacs 
off  tha  jac  caatarllaa.  this  rasults  la 
radial  aad  axial  pcaasura  gradlaacs  which 
hava  a scroag  efface  oa  cha  flow  fiald.  Ac 
sufficlaaelv  high  lavals  of  swirl,  varv 
large  pressure  grsdieats  produce  a ravarsa 
flow  ragloa  aasr  Cha  aozzla  aad  arouad  Che 
Jac  axis.  This  reverse  flow  charsceeriscic 
has  mads  cha  swlrliag  jac  a parcleularl7 
useful  davica  for  shaplag  cha  raaccloa  zoaa 
ia  chemical  raaccloa  svseams,  parclcularly 
la  laduscrial  flames. 

Tha  objacc  of  prlaclpal  iacerasc  ia  cha 
prasaac  scudy  is  Che  alxlag  field  of  cha 
fraa  curbulaac  swlrliag  jac  la  affacclvely 
scagaanc  surrouadlags . Tha  axparimaacal 
syscaa  was  of  air  mixing  wlch  air  ac  con- 
scanc  daaaicy.  Tha  effaces  of  swirl  oa  cha 
fiald  ara  characcarizad  (^>  bv  cha  swirl 

aumber  S z C/Ir  , whara  I and  C ara  cha 
o 

fluxes  of  axial  aad  angular  aomancum: 

(OD^*  + P - P„)  r dr 


a 


OU  dr 

X 9 


(i.i) . 
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Tha  jac  source  consisted  of  a flow- 
nozzla  fitted  co  cha  axle  of  a wind  tunnel 
saccling  chamber,  providing  an  area  con- 
traction raclo  of  150:1.  The  nozzle  throat 
diameter  was  7.14  cm.  Tha  swirl  vaaas  were 
mouatad  in  a shore  tubular  excanslon 
attached  to  the  nozzle.  The  system  was 
operated  ac  nozzle  Revnolds  numbers  over 
100,000. 

The  jac  source  air  was  marked  with  an 
oil  condansatioa  smoke  Co  facilicaca  invas- 
tlgacloa  of  the  nozzle  fluid  conceaeracioa 
fiald  by  marker  naphalomatry--a  technique 
ia  which  concancracion  fields  and  mixing 
procasaas  are  studied  ^ situ  ay  means  of 
light  scatcaring  maasuramants  on  colloidal 
particles  Incroducad  in  ana  of  the  screams 
encarlng  a syacam.  This  cachniqua  has  bean 
fully  discussed  elsewhere 
llghc-scacter  system  and  the  inscrumancs 
usad  hare  ware  those  described  in  another 
paper  in  this  Symposium  (3,). 


Swirl  levels  in  cha  presare  work  ware  in  tha 
range  S ■ 0.39  to  1.43.  The  non-swirling 
jet,  S • 0,  has  baan  amply  Investlgacad  in 
ocher  studies  (Z,,^.)  i cha  most  recant  of 
which  (2)  was  dona  with  cha  praaanc  appara- 
tus . ~ 

A common  type  of  swirl  ganaracor  for 
jacs  (£-~^)  consists  of  guide  vaaas  tat  in 
Che  axle  sacclon  of  Cha  jac  source,  here  a 
flow  nozzle.  Tha  ocher  most  widely  usad 
device  is  based  on  canganclal  injection  of 
tha  jac  source  fluid  into  cha  delivery 
chamber  (l,Z^  • Machur  and  McCallum  (4,^) 
hava  related  the  swirl  number  for  vana-" 
generated  swirl  to  cha  angla  9 baewaan  cha 
guide  vanes  and  cha  upstream  flow;  they 
found  chat  for  afficlant  hublass  vanas 


S • 


can  6 , 


(1) 


To  anaura  performance  at  the  high  laval 
indlcacad  by  chls  rasule,  cha  vanas  should 
overlap  in  the  szlally-proj acted  view 
(£,^) . Oiraet  measuramanes  of  cha  axial 
and  angular  momantum  fluxes  I and  C indicate 
chat  (1)  may  be  as  much  as  3Z  in  arror 


RESULTS  POR  JETS  WITHOUT  RECIRCULATION 
Mean  concentration 

The  axial  decay  of  Che  eencerline  mean 
concancracion  in  cha  two  jets  with  weak  swirl 
and,  from  (2) • 1°  • non-swirling  jat,  is 
shown  in  FiJ.  1.  Tha  curves  tend  co 
scralghcan  with  downscraam  distance,  suggest- 
ing asympcocic  approach  to  a state  of  ac 
least  partial  salf-presarvacion  in  which 


C^(x 


»„)/r  , 

Q 0 


(2) 


where  C^^  is  cha  cancarlina  concentration 
decay  constant  and  x^  is  the  location  of  tha 

virtual  origin  of  tha  self-preserving  flow. 
Tha  values  asclmacad  for  C^  and  x^  ara  given 

ia  Table  1.  Tha  variation  of  C,  with  cha 
swirl  number  ia  described  by 


- 0.0923(1  * .124  s ♦ 1.2  S‘) 


(3) 


2.2 


(9) 


Th«  Jat  spraading  is  characcarizad  by 
cha  ' coocancrac ion  hali-radius'  b. 


. c,/(i 


3 


r - b at  T(x,  r)  • >1  ''(x,  0)  r 'i  *^(x) 

Tha  bahavlour  of  b ac  x > 40  r > Fig-  2,  is 
dascribad  by 

b - C, (x  - X ) , (4) 

vhara  is  a eharacbariscie  spraadlng  con- 
stant for  tba  salf-prasarvlng  flow.  Tha 
astloatad  valuas  of  C,,  Tabla  1,  ara  das- 
cribad by 

C,  - 0.105(1  + 0.124  S + 1.2  S^)  <3) 

If  tha  aaan  valoclty  and  aaan  concan- 
tratlon  flalds  far  anough  downatraaa  ara 
salf-prasarvlng,  chan  cha  eonsarvaclon  of 
axial  aoaancua  and  Jat  sourca  aacarlal  glvas 

aU  *b*  • (const.)  SO  ‘r  ^ 

C 0 0 


whara  and  3 ara  glvan  in  Tabla  1.  Tha 

apparant  salf-prascrvlcg  valua , about 

v^/.^  • 0.22,  is  tha  sans  as  found  by  Sacker, 

at  al  (^)  for  thair  r.on-swirllng  jat. 

Tha  radial  prpfilas  of  tha  intanslty, 
prasancad  In  dacall  by  Crandnaison  (^)  , 
ara  simply  ralatad  to  cha  maan  concantraclon 
flald  and  ara  qulca  wall  dascribad  by 

- 0.206  Z^/Z  - 0.173  (10) 

Backar,  at  al  (^)  found  tha  two  constants  to 
ba  0.206  and  0.156  for  thair  non-svlrllng 
Jat. 

Intermlttanev 

Tha  Incaraltcanc  prasanea  of  sourca 
fluid  at  points  towards  cha  jat  adga  la 
characcarizad  by  cha  function 


oT  C b^  ■ (const.)  sT  0 r ^ 
e c 0 0 0 


Thus 


i - vl  if  r > 0;  0 if  r - 0} 

Tha  aaan  valua  of  s la  cha  ' intaralccancy 
factor'  , 


C 


3 


' b/r 

C 0 


r 

0 


(6) 


should  ba  a ganaral  constant  In  salf- 
prasarvaclon.  Equations  (2)  and  (4)  glva 
Cj  • Cj/C^,  and  Tabla  1 shows  chat  • 

1.15.  Backar,  at  al  (£)  found  • 1.14  in 

chair  study  of  a non-swirling  fraa  jat. 

Tha  radial  aaan  concantraclon  profllas 
for  ^ 20,  prasancad  In  dacall  by 

SrandBaison  (^) , ara  flctad  wall  within  cha 
axparlaancal  arror  by  cha  following 
azprasslons 


7-7^  axp  (-  0.693  r^/b^),  r < (7) 

7 • 4j^7^  axp  (-  0.693  AjC^/b^),  r > r^^ 

(8) 

whara  r.  , and  A.,  ara  glvan  In  Tabla  1. 

Thasa  aquations  ara  of  cha  ganaral  fora  of 
cha  Gaussian  (noraal)  probability  danslcy 
function.  In  ganaral,  (7)  appllas  qulca 
aecuracaly  up  to  about  7 • 0.2  7^.  This 

bahpvlor  has  baan  obsarvad  la  both  fraa 

conflnad  (^)  aon-swlrllag  jacs, 
and  contrasts  with  valoelcy  profllas  which 
ara  ganarally  slightly  noa-Gausslan ; 
typically  (11) 

°x  * ^c  •*’’  (r/x)^'*^l. 

Rat  concaatratioB  fluctuation 


Tha  ratio  of  cha  raa  concantraclon 
fluctuation  to  cha  aaan  concantraclon  Is 
oftaa  eallad  cha  eoneancratlon  fluctuation 
intanslty.  Ths  Intanslty  on  cha  jat  eantar- 
lina.  Fig.  3,  Is  flctad  by 


7 • prob (T  > 0) . 

Radial  profllas  of  7 ara  usually  qulca  wall 
dascribad  by  cha  Gaussian  probability  dis- 
crlbuclon  function  (or  tha^  arror  function)  , 
cha  paramatars  of  which,  R and  C,  can  ba 
Incarpratad  as  tha  aaan  radial  position  of 
cha  turbulanc  jat  boundary  and  a langch 
scala  for  cha  turbulanc  Clarga  addy')  con- 
volution of  cha  boundary.  Ua  hava 

r “ R at  7 " H, 

and  a la  cha  'standard  davlaclon'  in  cha 
arror  function  flctad  to  7(r).  Tha  physical 
slgnlflcanea  of  thasa  concapts  hat  baar.  dlt- 
cuasad  In  dacall  alsawhara  (2>.^,  1^.)  • 

Radial  profllas  of  7 aaaaurad  In  tha 
peasant  jats  ara  raasonably  wall  flctad  by 
cha  arror  function  (^)  . Tha  valuas  of  R 
and  c ara  dascribad  by 

R - Cj(x  - x^),  (11) 

0 - Cj(x  - x^),  (12) 

whara  and  ara  glvan  in  Tabla  1.  Tha 

variations  In  cha  ratios  of  cha  varloua_ 
radial  scalas,  namaly  R/b,  S/b,  and  z!  R, 
ara  In  kaaplng  with  cha  variations  In  cha 
radial  proflla  of  cha  aaan  concantraclon 
cowards  cha  jat  adga  at  Indlcacad  by  cha 
dlffaranc  paraaacar  valuas  in  (8),  Tabla  1. 
Apparantly  swirl  affaets  tha  larga  addy 
tcruccura  so  as  to  appraelably  altar  cha 
jat  charactarlatlcs  in  cha  Incaralctanc 
raglon,  but  not  in  tha  non-lncaralttant  cora. 

Spactrua 

Tha  fraquancy  spactrua  of  cha  concan- 


I 


craclon  fluctuations  was  oaasurcd  at  points 
on  tha  jat  ctntarllna.  Ona-diaanslonal 
uava-nuabar  spactra  uara  astlmatad  from 
thasa  tasults  by  oaant  of  tha  transfocaa- 
t ion 


k,  - : Tf/  U,  , S..  (k.)  - U,  G(f)/2y. 
i i a i * 

It  is  hara  asauaad  that  Taylor's  hypothasls 
is  satlsfiad,  that  tha  turbulanca  is  uaak 
anough  so  that  tha  turbulant  field  la  In 
affaet  convactad  past  any  point  Ilka  a 
frozan  pattarn  noylng  at  tha  local  aaan 
valocity.  Tha  Intagral  longitudinal  langth 
scala  of  tha  concantration  fluctuations  is 
than  glvan  by 


Tha  full  axparlmantal  ratults  hava 
baan  praaantad  by  Crandmaison  (^)  . 
Typical  spactra  ara  shown  in  Fig.  i.  Tha 
spactra  ara  qulta  wall  flttad  by  tha 
ralatlon  glvan  by  Backar,  at  al  for 

thair  non-twlrllng  Jat, 


E,l(kiAy) 
which  raducaa 


f [1  + 1.793  (kj^AY)i]5/^ 

(15) 

CO 

0.392  (k^A^)'*^^  (16) 


at  tha  hlghar  wava  numbars  in  tha  axpari- 
aantal  ranga.  Tha  (-  5/3)  power-law 
behavior  is  indicative  of  a Kolaogoroff 
inartial-convaetiva  equilibrium  subrange. 

Tha  intagral  scalaa  ara  fitted  by 


- C^(x  - x^),  (17) 

whara  is  given  in  Tabla  1.  Tha  values 
of  A^  ara  close  to  those  of  <3,  as  should 

ba  expected,  sinca  <3  it  also  atsantially 
an  intagral  langth  scala  of  tha  turbulence. 


prasarvacion  is  not  to  be  expected  in  this 

range  of  x/r  which  encompasses  tha  zone  of 
0 

internal  recirculation,  so  tha  forms  of 
presentation  used  for  the  results  on  jets 
with  waak  swirl  ara  inappropriate.  Ve 
shall  instead  use  the  device  of  contour 
maps.  Thasa,  Figs.  7 and  8,  show  little 
dlffarenca  between  the  concentration  fields 
at  the  two  swirl  levels.  The  radial  maxi- 
mum of  tha  mean  concentration  is  well  off 
the  Jet  centerline  up  to  ~ 10.  This 

characteristic  is  raprasantad  by  the  dashed 
curves  in  Figs.  7 and  3 which  follow  the 
minima  of  -7. . Ue  shall  call  tha  surface 
defined  by  these  curves  tha  'recirculation 
anvelopa'  . for  it  is  evident  that  it  must 
qulta  closaly  fellow  tha  peak  of  tha  main- 
stream flow  as  defined  by  the  off-axis 
minima  of  -7U,  and  thus  tha  boundary  of 
tha  recirculation  eddy  or  'bubble'.  Inside 
this  envelope  tha  turbulent  mixing  is 
domlnatad  by  the  recirculation  of  Jet  main- 
stream fluid  from  downstream,  while  on  the 
outside  it  is  dominated  by  the  antrainmant 
of  ambient  fluid  into  the  mainstraam.  It  is 
therefore  not  unaxpected  that  Jat  source- 
fluid  concantration  fluctuation  intensities 
inside  the  raelrculacion  envelope  ara  fairly 
low,  for  the  mixing  of  Jet  fluid  with  other 
Jet  fluid  from  a little  further  downstream 
should  glva  much  snallar  fluctuations  than 
tha  mixing  of  Jat  fluid  with  ambient  fluid. 

Flguras  9 and  10  show  the  variation  of 
mean  concantration  and  tha  concantration 
fluctuation  intensity  along  the  Jet  cantar- 
llna  and  along  tha  recirculation  envelope. 
The  data  converge  at  the  downstream  limit 
of  the  recirculation  eddy.  The  behavior 
of  the  centerline  mean  concentration  further 
downstraam  is  raprasantad  by  (2)  with  the 
following  parameter  values; 

S 1.16  1.43 

0.31  0.21 

X 9.5  24 

o 


Two-ooint  correlation  function 


Measurements  ware  made  of  the  radial 
correlation  function  C(x,  0;  x,  r)  and  of 
the  symmettlcal  lateral  correlation 
function  C(x,  r,  d;  x,  r,  d a-  r) . The  full 
rasults  ara  glvan  by  Crandmaison  (^)  . 

Those  for  S • 0.67  are  shown  in  Figs.  5 and 
6,  and  those  for  S • 0 ara  in  another  paper 
in  this  symposium  (2).  Mild  swirl  shows 
vary  little  effect  here;  tha  results  ara 
all  very  similar  and  undistlnguisbabla 
from  thosa  for  the  non-swirling  Jat. 


RESCLTS  FOR  JETS  WITH  RECIRCOLATIOS 


Mean  concentration  and  concentration 
fluctuation  intensity 


Radial  profiles  of  mean  concentration 
and  concentration  fluctuation  intensity  ware 
measured  at  a/tg  ~ O.T,  1,  2,  4,  6,  3,  10, 

12,  16  and  20  for  both  swirl  lavels, 

S • 1.16  and  1.43.  A form  of  Self- 


Equation  (3)  gives  Cj  • 0.266  for  S • 1.16, 
so  in  this  case  the  Jat  with  recirculation 
is  not  vary  different  from  thosa  without 
raclreulatlon . 

Tha  fluctuation  intanslty  y/  T on  the 
Jat  centerline  appears  to  laval  off  around 
x/r^  ■ 60  at  a value  of  about  0.2S.  It  may 

theraaftar  stay  at  this  level,  but  it  would 
not  ba  surprising  if  it  decayad  slightly  to 
about  the  same  laval  indicated  far  downstream 
in  tha  Jets  with  weak  swirl,  about  0.22. 

The  wall  localizad  region.  Fig.  10, 
where  the  intensities  Y/  T measured  on  tha 
Jat  centerline  and  on  tha  reclrculatloa 
envelope  converge,  roughly  at  x ■ ^ , can 

ba  taken  as  a practical  definition  of  the 
downstream  limit  of  tha  recirculation  eddy. 

At  the  upstream  and  tha  raclreulatlon 
actually  panatratsd  into  the  nozzle  exit 
tuba.  It  should  ba  noted  that  in  general 

r is  tha  concantration  of  Jet  source  fluid 
0 

in  Che  source  fluid,  henca--in  mass 


2.4 


i 


uniI»"Ch«  d«n*iC7  J . In  :H«  two  J«ti 
• 0 

with  raclrculatlon  th«  valu*  of  ai  siau- 

0 

lated  bv  cha  saolca  aarkar  was  not  rap- 
rasantad  at  tha  nozzla  azit  plana.  Howavar, 
It  was  aaslly  datarainad  thara  by  raooving 
tba  swirl  vanas. 

Soactra 


Fraquancy  spactra  of  tha  concantration 
fluctuations  wars  aaasurad  at  points  on  tha 
racirculation  anvalopa  at  x/r^  ■ 2,  u , 6, 

3 and  10.  Ona-diaansional  wava-nuabar 
spacers  and  intagral  langtb  sealaa  wars 
astiaatad  froa  thasa  by  aaans  of  (13)  and 
(1h) . Tha  spactra — ehosa  for  S • 1.43  ara 
shown  in  Fig.  ll  — ara  not  parcaptibly 
diffarane  froa  ehosa  obsarvad  far  down- 
serasa  in  jaes  with  waak  swirl.  Fig.  4,  or 
no  swirl  (^,3^).  Tha  Intagral  scalas.  Fig. 
12,  ara  fairly  larga  and  apparantly 
indicaca  an  unusually  strong  larga~addy 
activity,  coaparsd  to  tha  salf-prasarving 
ragion  of  waakly  swirling  or  non-swirling 
jats. 

DISCUSSION 


Tha  apparantly  closa  approach  to 
scruetural  salf-prasarvatlon  in  waakly 
swirling  1*^*  with  no  raclr- 

culatlon--as  Indlcaead  hara  by  tha  concan- 
tration fiald  at  r / 7 > 2 is  consistant 

o c 

with  oehar  Invaseigaeors ' obssrvatlons 
(i, on  tha  valociey  fiald 
(compontfttts  of  aaan  valoelty  and  ras  fluc- 
tuation) ovar  tha  saaa  ragion,  z < 60  r.. 

An  Intaraseing  dlraet  coaparlaon  of  charae- 
tariscics  for  cha  salf-prasarving  seats  is 
posslbla  in  tha  casa  of  tha  spraadlng 
constant  C2,  hara  daflnad  by  (4)  for  tha 

aaan  coneancraclon  fiald.  Tha  data  of 
Earr  and  Frasar  (^) , Rosa  (14)  and  Chiglar 
and  Charvlnsky  (15)  for  tha~^valocity 
half-radius',  shown  collaeclvaly  in  Chiglar 
and  Charvlnaky’s  Fig.  12,  ara  wall  das- 
crlbad  bv 


C,  - 0.084(1  + 2.4  S) , S < 0.8. 

(tha  valociey  half-radius  is  daflnad  on  cha 
radial  proMla  of  cha  naan  azial_valoeicy 
coaponanc  by  r “ b at  0^^  « 4 U^)  . 

Following  is  a coaparlson  of  valuaa  of  C., 
glvan  by  Chit  foraula  and  by  our  daca;  ^ 

S 0 0.39  0.67 

Cj,  concsneraclon  fiald  O.ICS  0.130  0.171 


nuabers.  Tha  valuas  of  C.,  for  tha  swirling 

jets  with  S • 0.39  and  0.67,  contrarily, 
saaa  to  indicata  a socawhat  aore  rapid 
spraadlng  of  ooaantua.  Maasuremants  of  tha 
velocity  fiald  in  our  swirling  jets  i>ra 
naadad,  howavar,  before  any  fira  conclusions 
can  ba  drawn  as  to  the  relative  spreading 
rates  of  oomencua  and  scalar  properties. 
Further,  we  need  direct  ezpariaantal 
aeasuraaancs  of  the  swirl  numbar  for  our 
systea  in  order  to  be  confidant  of  coapari- 
sons  with  ocher  workers'  results.  Aside 
froo  chase  factors,  it  autc  also  ba  racog- 
nlzad  chae  two  syscaas  sc  tha  saaa  swirl 
numbar  will' not  nacetsarlly  parfora  idenei- 
cally,  because  the  behavior  aay  ba  influenced 
by  the  source  velocity  distribution  as  well 
as  by  the  global  input  paramatar  S.  Ve  ara 
inclined  to  believe  that  tha  relative 
ssraading  rates  of  noaencua  and  aaearial  or 
energy  in  tha  far  fiald  of  cons tant-dansity 
swirling  jats  should  be  siailar  to  those  in 
non-swirling  jats.  The  contrary  trend  in 
the  above  cable  probably  reflects  error  in 
our  esclaaces  of  tha  swirl  number  and, 
parhaps,  ganulna  differences  in  swlrler  per- 
foraanca.  Thasa  questions  ara  presently 
under  invaaclgaelon. 

The  present  daca  give  an  internally 
consistant  picture  of  tha  self-preserving 
region  of  waakly  swirling  jats.  Increasing 
tha  swirl  number  increases  tha  rates  of 
entrainaanc  and  spraadlng,  but  has  only 
small  or  insignificant  configurational 
affects  on  cha  jet  structure.  The  product 
* . ^b  is  a constant,  as  azpactad  whan 

cha  radial  profiles  of  T ara  generally 
siailar.  The,  ratios  beewaan  cha  length 
scalas  as  b,  R,  c and  indicaca  a more 

pronounced  larga-addy  structure  in  Cha 
presence  of  swirl,  but  tha  effect  is  not 
great  (a.g.,  c/b  increases  by  up  to  302). 

Tha  results  on  tha  racirculation  ragion 
of  tha  jats  with  racirculation  (S  • 1.16  and 
1.43)  art  fairly  consistent  with  past  work 
on  Che  velocity  field.  Ve  have  evidence 
that  the  downstream  lialt  of  the  recircula- 
tion eddy  is  around  z > 9 r ; Syrad  and 
3ecr  (7^,  their  Fig.  7a)  praSant  daca  chat 
indicate  z v 10  r . Ac  x > 10  r.  these  jacs 

d 9 

fairly  rapidly  approach  a salf-prasarving 
fora  siailar  to  Chat  observed  in  weakly 
twirling  jets. 
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1.09 
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Fig.  1.  Daca;  of  eha  ctncarllaa  aaan  con- 
caocraclon  In  jata  with  so  raclreulatlon. 
Svlrl  suabata  S:  bocsos  curva , 0;  slddla, 
0.39;  cop , 0.67. 
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Fig.  2.  Croweh  of  cha  eoncancraclon  half- 
radlua  la  .lact  vleh  no  raelreulaclos . 

Swirl  nuabarf  S:  boccoa  eurva,  0;  alddla. 


Fig.  3.  Cantarlisa  varlacios  of  cha  con- 
cascracion  fluccuaclon  incanaicv  in  Jacs 
wlch  so  racirculacion.  Swirl  suabars  S: 
□ . 0;  0-39;  O . 0.67. 


Fig.  i.  Ona-dlaantional  wawa-nuabar  tpae 
cruB  of  eoocancraclon  fluccuaclooa  at 
points  on  cha  cancarllna  of  jacs  with  no 
raeireulacion.  Tha  slopa  ac  > 2 is 

(-  3/3).  Axial  positions  x/c^:  ^ 0>  30; 

□ , 40  I S - 0};  { A,  20;  ^7.  30; 

0 . 40  I S - 0.39);  { O.  20;  <2  . 30; 

X , 40  I S • 0.67). 


Fig.  12.  Th«  Incegral  langth  scalt  at 
polnta  on  tha  racirtulation  anvelopa. 
Swirl  aunbara  S:  O , 1.16;  1.43. 


Fig.  10.'  Variation  of  concantration  fluc- 
tuation intantity  along  tha  jat  cantarlina 
(fillad  ayabols)  and  along  tha  raeiccula- 
tion  anvalopa  (opan  ayabola) . Swirl 
nuabars  S:  O#  • 1.1b;  1-43. 


Fig.  11.  Ona-diaantional  wava-nuabar 
fpaetrua  at  polnta  on  tha  raelreulatloo 
anvalopa,  S - 1.43.  Tha  alopa  at  * 2 

ia  (-  Hi).  Foaltlon  eoordlnataa  (x/r^, 
r/r^):  <7  , <2,  1.8);  Q . (4.  2)  ; d , 

(6,  2)  : O . (8,  1.5)  : O , (10,  0)  . 
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ABSTRACT 


Tha  flow  eonfigurotion  of  on  axisyrnmatrie  jat  dif 
charging  into  a co-flowing  turbulant  straom  woi  choion 
to  invottigoro  both  thoorati col ly  and  axparimantolly  tha 
influanca  of  axtarnol  turtaulanca  on  o thin  shaor  loyar 
A phanomanologicol  datcriprion  of  tha  flow  flald  laodi 
to  tha  fomilotian  of  on  addy  viscosity  tarm  which  tokos 
oeeount  of  tha  nwtxjol  intoroction  batwaan  intamol  and 
axtomol  turbulanea.  To  vorify  tho  prepOMd  turbulanea 
modal,  axparimants  in  o wind  tunnal  wara  parformad.  Tha 
axparinantal  raaults  show  that  tha  jat  davalops  fdstar 
ond  at  a nonlinaor  rota  eomporod  to  tho  convantionol  jar. 
This  bahoviour  is  wall  prooietad  by  tho  turbulanea  modal 
which  was  incorporotad  into  on  intogrol  mathod  of  flow 
computation. 


NOMENOATURE 


A,,  B, 


c.,  e_ 


D 

EW 


f(-n) 


3 (tl) 

H 

L 

I 

k 


11 


■ eonttonts 

■ rtiicknou  of  grid  bar,  m 
w typical  width  of  shaor  Ic 

constants 
inside  diemotar  of  jat  tuba,  m 


®A'  'D 


3.2 


w onorgy  spectrum  of  turbulanea,  m /s 


El|(ki) 


3.2 


w 1 - dimaraiotsol  turbulanea  spactrum  m /s‘ 


similarity  function  for  tha  axeau  momantvim 
flux 


similarity  hinetion  for  the  axcoss  vaioeily 
kiisomatie  axeets  mamantum  flux 


deflnito  integrals  of  tha  similarity  hirtetions 

2.2 


■ kinetic  rmorgy  of  tvnbulanea,m  /s 

k - 0.5  + ^ 

■ wove  number^  1/m  ^ * (k],  kj,  kj} 

■ scola  of  kinetic  energy  of  turbulanea, m^/s^ 
w .macrolangth  scale  of  turbulanea  , m 

w macrolangth  scale  , m 


L,,/D  - E,,(k,D  - 0)/J^  -It/:  3 L„.0 


M 


'1/2 

Re 


^ 32  “72 


° mesh  spacing  of  grid , m 
= half  width  of  tha  u'^ -profilo,m 
= Reynolds  number  Re 
“ axial  mean  velocity^ m/s 


UqO/v 


u 

=d 

u* 
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V 
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X 

Ax 

y 

^1/2 
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V 

V. 

0 

3 

f 

Indizos: 


A 

a 

E 

max 
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2 2 

Reynolds  nortnol  strassas,.m  /s 


= oxial  moan  excess  velocity, m/s 
= mean  velocity  scola  U*  = ^“d^g. , '"/* 

= velocity  of  the  external  flow, m/s 
» jar  exit  velocity,  m/s 
* latarol  moon  velocity,  .m/s 

norsdimsmsiooal  velocity  scola  V «Ugg/U* 


e axial  coordinore  , m 
n axial  distance  from  gnd,  m 

* distance  batwaan  grid  and  jet  outlet,  m 

* lateral  coordinate, m 

» half  width  of  tha  u^-profila,  m 

* outer  boundary  of  shear  layer,  m 


diuipotion  of  turbulence  kinetic  energy 

2/3 
m /s 

nondimansional  lotorai  distonca  'll  > y/y 


1/2 


9 1/2 

* momentum  thickness  9,  * (H/IJ  ^)  , i 

I 00 

* kinomotic  viseatily,m  /s 

2 

- eddy  -viscosity,  m /s 
3 

“ fluid  derwity  kg/m 


» solidity  ratio  of  grid 

* Reynolds  shassrstrass  T “ Cu'v',  N/m 

• scale  of  the  shear  strau,  m^/s^ 


* initial  zone 
n energy  containing  eddies 
w final  zona 

e moximum  value  in  tho  crou-saction 
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FRSCEDINO  PAOX  BiJkNK-NOT  FIIMSD 


0 > value  at  the  jet  exit 

t = line  Of  symmetry 

Z “ Intermediate  20ne 

CO  = externol  flow 

1.  INTRODUaiON 

In  problems  of  disooial  of  sewage  and  other  liquid  woite. 
(e.g.  cooling  waters)  into  turbulent  environments  such  os 
rivers  and  canals,  os  well  os  the  emiuion  of  gases  into  the 
atmospheric  boundary  loyer,  the  dispersion  of  contominents 
is  controlled  successively  by  different  mechonisms. 

In  general,  the  contominated  fluid  is  discharged  from 
an  outlet  structure  as  o jet  which  exponds  slowly  into  the 
oxternal  stream,  whereby  the  concentrations  in  the  jet 
became  diluted.  Some  hundred  jet  outlet  diameten  down- 
stream, the  mean  kinetic  energy  of  the  jet  is  fully  trans- 
formed into  turbulence  kinetic  energy  which  in  turn  con- 
tinues to  dissipote  into  heat.  Thus,  the  turbulence  motion 
of  the  external  streom  is  the  only  mechanism  to  disperse 
contominants  in  this  for  field. 

Both  for  the  far  field  end  for  the  jet  type  flow  near 
the  point  of  release,  well  established  mathematical  models 
to  simulate  the  diffusion  process  are  at  hand.  But  for  the 
intermediate  region,  which  is  characterised  by  the  simulta- 
neous action  of  turbulence  generoted  by  the  jet  and  in  the 
external  stream,  no  reliable  predictions  hove  been  made 
up  to  now.  As  long  as  this  gap  remains  unclosed,  the 
initial  conditions  reouired  for  far  field  models  must  be 
ossumed  or  empiricolly  determined.  It  is  the  purpose  of 
this  paper  to  provide  insight  into  some  features  of  this 
intermediate  zone  of  flow  development. 

First  a phenomenologieel  evoluotion  of  the  various 
kinds  of  interactions  between  the  jet  and  the  external 
turbulence  is  given.  A physicol  concept,  proposed  by 
Slawson/rjanody  [ 1 },  is  used  to  deduce  on  eddy  vsscosity 
term,  which  takes  account  of  the  supplementory  dispersive 
action  due  to  the  presence  of  external  turbulence.  The 
next  section  provides  a description  of  the  test  rig  and  the 
results  of  the  experiments  of  on  isothermal  oxisymmetric  jet 
discharging  into  an  external  stream,  which  was  made  turbu- 
lent by  a grid.  This  is  followed  by  the  deriviation  of  a 
predicrian  model,  based  on  the  integral  method  ond  a 
turbulence  hypothesis  of  the  eddy  viscosity  type.  Finally 
the  predicted  and  the  measured  developments  of  the  mean 
field  scales  ere  compared. 

2.  PHENOMENOLOGICAL  CONSIDERATIONS 

The  process  of  mutual  interaction  between  o shear 
layer  and  a turbulent  external  flow  has  only  recently 
attracted  brood  orrentlan.  Only  a limited  omount  of 
knowledge  about  the  details  ond  the  mechanism  of  such 
flows  is  available  today.  For  this  reason,  this  Investigation 
started  with  a simple  2-dimensianal  isothermal  free  shear 
flow  for  which  the  governing  equations  could  be  solved  by 
means  of  established  eomputatianal  procedures.  Due  to  its 
close  resemblance  to  practical  situations  ortd  the  convenience 


with  which  such  configuration  con  be  generated  in  the 
laboratory,  the  oxisymmetric  jet  dischorging  into  a co- 
flowing turbulent  stream  was  chosen  os  the  *est  cose. 

It  is  3 widely  acceoted  nypothesis,  occuring  os  a 
common  denominator  In  the  tneory  of  turcuience  thot.  In 
general,  processes  which  interact  most  effectively  ore  mose 
having  length  scales  of  the  same  oroer  of  mognituae. 

Relying  on  this  hypothesis,  many  experimental  facts  could 
be  explained  such  os  the  occurance  of  the  stage  of  loco! 
Isotropy,  the  energy  coscoae process  In  the  wave  numoer 
space  or  Richardsons's  law  foe  relative  diffusion  of  particles. 

The  process  of  rclarivedlffuslon  could  be  regarded 
In  some  sense,  os  the  linear  counterpart  of  jet  diffusion  in 
a turbulent  external  stream.  The  linearisation  accounts  far 
the  fact  that  in  pure  diffusion  processes  scalar  quantities 
ore  merely  convected  oround  by  whirls  of  di-fferent  scales, 
whereas  In  the  case  of  the  jei,  eddies  of  the  jet  will  be 
Influenced  dynamically  by  eddies  inherent  to  the  external 
turbulence. 

Despite  this  essnntial  difference,  there  is  much  to  be 
leomt  from  the  diffusion  process  in  turbulent  flows.  Firstly, 
one  has  to  distinguish  between  boally  convection  of  a 
diffusing  cloud  and  diffusion  relative  to  the  centroid  of  the 
meandering  pottem.  The  meandering  Is  caused  by  the  action 
of  whirls  or  eddies  that  hove  dimensions  very  much  greater 
than  the  characteristic  width  of  the  diffusion  pattern.  This 
meandering  moilon  mokes  no  real  contribution  to  the 
diffusion  of  tracers  relative  to  the  axis  of  the  cloud  ond 
hence  to  dilution. 

On  the  other  hand  the  dlfhjsion  Is  controlled  by  the 
action  of  such  eddies  which  hove  typical  sizes  of  the 
order  of  the  width  of  the  pottern.  If  the  instantaneous 
local  concentrotions  are  averaged  over  times  that  ore 
long  compared  to  the  typical  period  of  the  meandering 
motion,  the  effect  of  the  different  eddy  sizes  can  no  longer 
be  seporoted.  The  flat  and  wide  concentration  distribution 
over  the  cross-section  measured  In  this  way  mainly  reflect 
the  action  of  ‘he  lorgest  eddies.  This  Is  best  seen  by  taking 
a long-time  exposure  photograph. 

In  the  fallowing  discussion  It  will  be  assumed  that 
the  mocro  length  scale  of  the  eddies  of  the  external  flow 
It  not  large  enough  to  produce  o distinguishoble  port  of 
meandering  upon  the  jet  under  consideration  Thus,  oil 
measurements  with  averaging  rimes  gieoter  thon  the  typical 
time  scale  of  the  turbulence  should  lead  to  Identical 
results. 

Since  there  exists  only  o global  view  concerning 
the  mutual  interaction  processes  between  sheer  layer  turbu- 
lence ortd  on  externol  turbulent  flow,  it  it  reasonable  to 
Date  these  phenomenological  considerations  on  a "region- 
model"  as  first  proposed  by  Slawson /Ctonody  [l]  in  con- 
nection with  the  prediction  of  the  behoviour  of  chimney 
plumes  in  the  atmosphere.  According  to  their  proposal,  the 
flow  field  of  the  jet  is  subdivided  Into  three  main  zones 
of  flow  development  (cf.  Fig.  1),  which  are  designated 
the  initial,  Intermediate  and  final  zone,  respectively. 

For  each  of  these  zones,  the  dominant  mechanisms  of  jet 
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diffusion  will  ba  doscribod. 

Such  subdivisions  of  tha  flow  fiald  ora  often  moda 
in  fluid  maehonics,  moinly  in  eonnaetion  with  on  opproxi- 
tnata  mathamaticol  description  of  compound  and  evalving 
flows.  One  of  the  greotast  shortcomings  of  this  procedure 
manifaits  itsalf  in  tha  lock  of  dafintion  of  the  axial  boun- 
daries of  the  various  zones.  Therefore  continuous  solutions 
which  comprise  two  or  ntore  zones  are  generally  not 
daduciblo.  Another  restriction  to  the  generality  of  the 
analysis  to  follow  is  imposed  by  basing  it  on  the  eddy 
viscosity  concept  to  represent  the  supplementary  effect  of 
the  external  turbulence  on  the  [et  diffusion.  For  each  of 
tha  zones  depicted  in  Fig.  I both  the  fraction  of  the 
eddy  viscosity  generated  in  the  jet  itsalf  and  the  odditional 
port  generated  by  the  presence  of  the  external  turbulence 
will  be  datarminad. 

The  initial  zone  of  the  jet  is  characterized  by  o 
very  coherent  structure  consisting  of  vortex-ring  like 
vortices  with  typical  dimemions  of  the  jet  tube  diameter. 
Because  these  vertices  pesseu  o high  level  of  kinetic  and 
rotational  energy,  it  seems  plausible  that  they  will  ba 
only  slightly  offactad  by  a much  more  isotropic  external 
turbulence  of  lower  intensity.  Therefore  the  fraction  of 
the  odditional  eddy  viscosity  should  be  vanishingly  small 
in  the  initial  zone. 

In  the  course  of  the  rolling  up  and  folding  proceues, 
the  vertices  entrain  turbulent  ambient  fluid.  The  fine  scale 
structure  of  this  entrained  fluid  should  enhance  the  destabi- 
lisation of  the  vortices  and  lead  to  o higher  rate  of 
vortex  pairing,  whereby  tha  length  scale  of  the  omolga- 
mated  vortex  ond  hence  the  shear  layer  width  becomes 
greater.  Further  dowmrreom  the  coharance  of  the  fet- 
ganeratad  vortices  bacames  weaker.  As  o consequence  of 
the  entrainment  flow  into  tha  jat  region,  eddies  of  tha 
external  flow  should  have  o great  tendency  to  come  near 
the  edge  of  the  jat.  It  seems  reasonable  therefore  that 


as  well  os  the  fine  scale  port  which  leads  via  destooili- 
sotion  to  on  enhanced  jet  enlargement,  o direct  Interoction 
of  the  vortex  stretching  type  between  the  energy  conroining 
eddies  of  the  jet  ond  the  eddies  of  the  external  turbulence 
should  also  take  place.  In  the  following,  it  is  supposed 
that  this  lotter  type  of  mutuol  interaction  excarts  the  domi- 
nont  external  effect  on  jet  difhrsion. 

According  to  the  process  of  ersergy  tronsfer  In  the 
wove  number  space,  which  is  essentially  accomplished  by 
vortex  stretching  (see  a.g.  TennekesAumley  [2]),  it  is 
ossumed  that  only  such  eddies  of  the  extemol  turbulence 
ore  effective  In  tronsfering  energy  to  the  eddies  within  the 
jet,  which  ore  slightly  larger  thon  the  controlling  eddies 
within  the  jet.  Since  the  typical  eddies  within  the  jot  are 
to  o good  opproximation  proportional  to  o typical  scale  of 
the  jat  width,  b,  soy  the  half  width  Y]/2>  it  follows  that 
the  "octive"  eddies  of  the  external  turbulence  should  oiso 
be  proportional  to  the  octuol  holf  width. 

To  determine  the  portion  of  jet  eddy  viscosity,  which 
is  genaratad  by  the  action  of  external  turbulence,  the 
energy  content  of  the  "octive"  eddies  of  the  background 
flow  must  also  be  defined.  Supposing  that  the  energy  of 
these  eddies  is  "smaored"  over  a wove  number  bond  of 
width  A.  (see  e.g.  Tennekes/Lsrmley  [2]),  the  energy  content 
should  be  proportional  to  both  the  maximum  value  of  the 
soactuol  energy  density  E (A)  in  this  interval  ond  the  wove 
numoer  band  width  K.  By  virtue  of  the  proportionality  be  - 
tween  the  wove  number  ond  the  reciprocal  of  the  characte- 
ristic jet  wiath,  tha  additional  eddy  viscosity  con  thus  Do 
written  os 

(1) 

v^oeb  VE(A.i-A.'  oeVrYfriT^. 

From  this  It  becomes  evident  that  the  effects  of  the  exter- 
nal turpulence  depend  on  o complete  description  of  the 
energy  spectrum  of  the  free  stream  turbulence. 


from  into  Eq.  1 


TVi«  jpoetrvm  of  turbulonea  it  o typical  oxotTipi*  of 
procmoi  which  con  only  bo  doscribad  morhamatically  by 
suooividing  tha  whola  domain  into  conat.  Tharafora,  tha 
oaditional  addy  viscotity  dafinod  by  Eq.  1 con  only  ba 
ovaluotad  for  tha  diuiparion  ragion,  tha  inartiol  subrange 
and  tha  large  scale  ragion  seoarataly  (for  definition  see 
Fig.  2). 


It  con  bo  ossumad  that  in  meit  cosat,  the  oddias  in 
the  diuipotion  region  ora  too  small  ond  hove  on  energy 
loval  too  low  to  affect  tha  eddiat  in  tha  free  shear  layer. 
Thus,  this  range  of  the  energy  tpactrum  can  remain  out 
of  contidoration.  Ooponding  on  tha  dimansiora  of  tha 
turbulence  generator,  there  could  exist  a pronounced 
inertial  subrange  port  in  tha  turbulence  spectrum.  In  grid 
turbulenca  tha  width  of  this  ragion  typically  astumas  one 
or  two  decades  whereas  in  the  atmosehare  it  it  spreod 
over  more  decodes.  If  the  infriol  thickness  of  the  shear 
loyer  it  small  enough,  the  "oetivo"  eddiat  of  the  external 
turbulence  initially  pertain  to  the  inertial  subrange. 

With  growing  jet  width,  larger  eddies  of  the  external 
stream  become  most  afhsctive.  This  selective  process  con- 
tinues until  the  "active”  eddies  from  outside  ore  idanticol 
to  the  energy  containing  addiet.  Whan  this  state  it 
oehieved,  the  final  region  (ef.  Fig.  1)  begins.  The  eddies 
of  the  exterrxsl  flow  that  ore  still  larger  than  those  which 
contain  most  of  the  energy,  potseu  very  little  energy. 

They  will  not  contribute  to  jet  diffijtion  but  they  may  ba 
oole  to  convact  tha  whole  jet  aside. 

Tha  maximum  offact  upon  jet  difhjtion  it  tharafora 
arrived  at  when  the  energy  containing  addias  hove  bacoma 
octlve.  Althossgh  tha  jet  continues  to  grow  in  width,  the 
length  scale  of  the  "octlve”  eddies  from  outside  remain 
the  tome.  The  odditiortal  eddy  viseotity  in  tha  final  zona 
becamat  uneomloted  to  the  actual  shear  layer  width, 
and  should  ba  proportional  re  both  the  charactarittic 
length  scale  and  the  energy  content  of  the  energy 
containing  addias 


ycy.  (2) 

If  the  external  flow  is  not  evolving,  the  eddv  viscosity 
defined  by  Eq.  2 assumes  a comtonr  value. 

Tha  numerical  volue  of  tha  addy  viscosity  in  the 
inertial  subrottga  can  be  determined  by  substituting  tha 
hjnctional  relationship  for  the  pertinent  lurfaulanca  spac- 


ace*'* 'ft.**'’.  (3) 

Using  ogoin  tha  proportionality  barwean  wove  number  ond 
thickness  of  tha  shear  loyar,  Eq.  3 can  be  rewritten  os 

El-ft.)  occ--'*  b*'’.  (4) 

Rnoily  the  supplementary  eddy  viscosity  is  given  by 

(5) 

^ich  closely  resombles  tha  relation  for  the  addy  difiusivity 
found  In  tha  theory  of  relative  diffusion. 

3.  EXPERIMENTS 

3. 1 Ganarol  loyout 

Since  no  relavont  experimental  data  were  ovailabla 
from  tha  literature,  maasuremants  ware  performed  in  o wind 
tunnel  using  different  grids  to  produce  distinct  levels  ond 
scolas  of  background  turbulence  [see  Fig.  3).  Jets  of  diffe- 
rent momentum  thicknesses  were  discharged  from  o long  tuba 
with  D * 6 mm  in  tha  centra  of  the  tunnel  cross-section 
ond  coaxial  to  the  moin  flow.  To  succeed  In  on  unbiosad 
evaluation  of  tha  influence  of  external  turbulence  upon  jar 
mixing,  tha  soma  jets  wore  Investigated  with  and  without 
grids  Instollad. 

Maon  valoeitias  were  maosurad  with  pitot  tubes  and 
axial  turbulence  fluctuotions  with  single  normal  hot  wires 
(DISA  55A22,  S500I).  Time  spectra  of  this  velocity  fluctu- 
ation were  computed  on  o Fourier  Analyser  Type  HP  5400  A 
in  erdar  to  determine  tha  longitudinol  macro  length  scale 
. Since  tha  maon  velocity  profilos  for  both  casas 
without  and  with  external  turbulence  oppaorad  to  ba  salf- 
similar  to  o good  approximation  (sae  Fig.  4),  tha  relavont 
shew  stress  p u'v'  eeuld  ba  computed  using  tha  tronsformed 
momentum  amotion.  Assuming  equality  between  tha  normol 
strau  components  ^ and  and  o fixed  ratio  sT’  s 
1.35,  tha  balance  of  turbulence  kinetic  energy  k was  esti- 
mated. In  doing  this,  tha  dissipation  term  was  approximated 
hy  CQ'k’'’  /L  and  the  diffrision  term  by  o gradient  type 
modal.  Since  tha  measurements  show  no  significant  variation 
of  over  tha  jet  crou-saction,  tha  condition  thot  tha 

diffrjsion  term  over  tha  cross-section  must  Intagrata  to  zero 
wot  used  to  datermine  tha  unknown  value  of  cq/L. 

3.2  Oierecteri sties  of  tha  axtemol  flow 

The  jet  was  introduced  at  o distance  of  iO  mesh  lengths 
downstream  of  the  bi*plana  grid.  The  ratio  of  mesh  size  to 
thiekneu  of  the  square  wooden  bon  wot  M/b  » 40/10  mm, 
corresponding  to  o solidity  ratio  of  S ■ 0.43. 

The  axial  decoy  of  the  streomwite  velocity  fluctuation 
it  well  described  by  o power  law 


whereas  the  longitudinal  macro  length  scale  L])  ] grows  to 
tha  power  of  0.5  (tee  Fig.  6).  Tha  store  of  homogeneity 
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of  tha  grid  turtiulanca  wot  axaminad  at  station  x/'Ms  3.5 
(viz.  1.5  M upstraom  of  tha  point  of  jat  ralaosa).  From 
savaral  trovarsas,  tha  moximutn  lataral  grodiants  of  tha 
maon  valocity  fiald  wara  daduead.  Using  a ratio  of 
u'v'/1<s0.3  along  with  tha  essumotions  mantionad  in 
§3.1,  whieii  laods  to  ks  1.25  o')  , both  tha  odvaction 
and  tha  production  tarm  could  ba  avaluotad.  Thasa  compu- 
tations yialdad  o ratio  production/odvaction  a 0.02. 

This  fact  indicatas  datriy  that  tha  jat  davalopmant  con  ba 
lookad  at  as  unoffoctad  by  axtamal  shaar.  On  tha  othar 
hand  this  fact  oeortains  that  tha  transport  aquation  for 
turbulanea  kinatic  anargy  is  wall  opproximatad  in  this  caia 

by 


(7) 


Equation  7 can  ba  usad  to  datarmina  tha  dissipation  c tha 
axial  davalopmant  of  which  is  naodod  for  prodictions  in 
connaction  with  tha  turbulanea  modal  for  tha  intormodiota 
zona  (of.  Eq  51.  Aftar  rasolving  k into  tha  thraa  normal 
stresses  ortd  in  regard  of  the  obova  mantionad  ralotionships 
batwoan  tha  normal  stresses,  Eq.  7 con  ba  written  os 

c9,  ^ d(ir»/Uj.)  (8) 

Ui  * ' 3 dlx/e,) 

The  axial  grodiant  of  the  straomwisa  normal  stress  eon 
easily  bo  daduead  from  Rg.  6. 


3.3  Otaroctaristies  of  tha  jat 


- the  mqon  velocitias  oaeraosa  and  the  half  widths 
incroosa  more  rapidly  (of.  Figs.  7 and  8) 

• tha  rotio  of  tha  maximum  shov  stress  to  tha  maxi- 
mum dafaet  velocity  ineraosas  more  rooidly 
(of.  Fig.  9) 

- the  oxiai  turbulent  normal  stresses  ore  greater  and 
dacraosa  more  slowly  (of.  Fig.  iO),  ono 

- the  sizes  of  the  energy  contoining  eddies  in  tha  jat 
bacoma  much  greater  (of.  Fig.  11), 

than  for  the  case  of  weakly  external  turbulent  Flow. 


PhotOTOshs  of  savoroJ  jets  to  which  smoke  was  oddad 
ware  token.  They  show  cenelusivaly  that  the  macro  length 
scoia  of  tha  axtamal  turbulanea  was  iitdaad  sufficiently 
small  os  to  proeJuda  ony  bodily  convoction  of  the  jats. 

This  applies  evon  for  tha  cose  of  vary  small  rotias  of  jat> 
exit  to  froo  straom  valocity.  A total  of  13  jat-grid-eombi- 
notions  vmra  invostigotad.  In  this  paper,  only  tha  results 
for  throe  jots  of  diffaront  strengths  discharging  into  the 
grid  flow  doseribad  in  the  praeaading  saetian  ora  prosantod. 
For  ovary  jot-pair  (sea  Table  1),  maosuramants  wore  par- 


Noct 

J** 

Uj/U. 

Rs  - l%D/w 

fim 

O./t) 

1o 

1b 

3,10 

1300 

83,3 

0,310 

0,498 

10 

2o 

:b 

*,30 

13  000 

123 

0,973 

0,893 

10 

3a 

3b 

3,73 

13  700 

123 

1,« 

1,29 

10 

forinad  at  6 eroas-saetions.  Table  1 


To  chock  tha  salf-eansistaney  of  tha  maosuramants, 
the  oxcoss  momantuffl  flux  i.a.  tha  momentum  thicknass 
wos  eomputad  for  ovary  erau-saetion.  It  was  found  that 
tha  momontum  flux  wms  eontarvod  to  within  8 par  cant  of 
tha  initial  value.  Tha  main  axparimantol  results  eon  ba 
summorizad  os  fellows. 

Tha  maosuramants  shew  that,  in  tha  prosonea  of  a suitobla 
axtomol  turbulanea: 
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Fig.  8 Axial  davalopmant  of  tha  jot  half  width 
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4.  THE  PREDICTION  MODEL 


From  rha  anargy  balonea  (saa  Fig.  i2)  if  bacomai 
obvioui  rhar  in  fha  prasanca  of  axtarnol  rurbutanca 

- production  is  highar  naor  rha  jar  axit  but  dacraosas 
mora  quickly  in  tha  axial  diraction 

• oovaction  and  diaipation  bacoma  tha  dominant 
ramu  ot  smallar  axial  distoncas. 


In  § 2 relationships  for  o supplamantary  eady  viscosity 
which  oecounts  for  rha  influance  of  axtemai  ruroulanca 
wara  daducad.  Tha  purposa  of  this  saction  is  to  comoine 
thasa  eady  viscosities  with  that  of  rha  convantional  jat  to 
form  o total  effocriva  viscosity. 


From  tha  insight  Into  tha  structura  of  tha  jat  flow  it  con 
be  aaducad  that  tha  axial  transition  from  a strong  jat  flow 
to  woka-typa  flow  is  vary  much  anhancad.  Raferring-  to 
prediction  methods  which  use  eddy  viscosity  models  of  tha 
ProndtI/Kolmogoroff  type  (Vf  » c^  • k”*  L)  thasa  ex- 
porimantal  facts  thus  land  weight  to  tha  proposal  of  Rod! 
[3]  that  the  "constant”  Cv  should  be  a function  of  rha 
ratio  of  production  to  dissipation. 


i/J 

Fig.  10  Axonomotric  view  of  tha  axial  davalopment 


of  the  longitudinal  velocity  fluctuation 


Fig.  11  Distribution  of  tha  mocro  length  scale  across 
tha  jat  of  strength  0^/0  b 0,504 


With  the  help  of  tha  energy  balances  oapictad  in 
Fig.  12,  it  con  be  demonstrated  that  the  known  edoy  vis- 
cosity hypotheses  are  not  suited  to  fully  account  for  tha 
characteristics  of  tha  jat  in  a weakly  turbulent  extamcl 
flow.  Since  o prediction  model  for  tha  jet  in  a highly 
turbulent  axtarnol  flow  must  obova  oil  load  to  realistic 
results  in  tha  refaranca  cose  of  low  external  turbulence, 
the  use  of  on  ampiricol  relationship  was  prafarred  to 
that  of  o model  with  a limited  range  of  validity.  Tha 
empirical  relation  for  tha  eddy  viscosity  was  daducad  as 
follows. 

Rnk  ana  Noudesch.'*  [4]  have  derived  reliable 
closed-form  solutions  for  o 2-dimansional  jet  in  a co- 
flowing stream  which  hold  providing  tha  affective  viscosity 
is  constant  throughout  tha  flow  field.  For  oxisymmetric 
conditions,  the  solution  for  the  velocity  scale  which  was 
found  by  using  Naudaschar's  (5]  new  hypothesis  for  tha 
similarity  of  the  excess  momentum  flux  profiles  (see  Appen- 
dicatAood  B)  Is  described  by  a straight  line. 


Coincidantally  tha  bast  fit  curve  drown  through  tha  data 
of  tha  corresponding  hj-h-jlant  jet  in  o low  turbulonca 
axtornal  flow  (cf.  Rg.  13)  is  also  0 straight  line  passing 


Rg.  13  Axial  development  of  tha  velocity  scale  for  tha 
axisymmatric  jet  discharging  in  o low  turbu- 
lence axtornal  flow 


through  tha  Oiigin.  By  comeoring  tha  slopes  of  rha  two 
curves  it  turns  out  that  tha  addy  viscosity  gonorated  in  tha 
jot  depends  on  its  momantum-thicknass  ond  tha  free  stream 
velocity 


(10) 


With  tha  aid  of  Eqs.  15  and  17  this  relationship  con  be 


i 


I 
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quant  applications 


This  now  ralarion  affirms  tha  conclusions  drown  from  tho 
kinatic  anargy  Dolonca;  viz.  in  rha  strong  jat  ragion 
(UcB/U*<(1),  rha  classical  salf-prosarvotion  ossumorion 
which  asiprauas  o constant  ratio  botwoan  pro- 
duction and  diuipotion  holds,  whoraos  furthar  downstraom 
tha  affactiva  viscosity  dacraosos  mora  tlooly  than  tha 
product  of  tha  maon  flow  seolas  U*  ond  b. 


ithout  sxtamal  turbuimct 


According  to  tho  basic  ossumption  of  tha  phanomano- 
logical  orgumanterion  orasantad  in  § 2,  tha  disparsiva 
affdets  providod  by  tha  eumulotiva  action  both  of  intomol 
ond  axtomol  turbulanea  should  oa  odditiva.  Tharafora  tha 
partinant  ports  of  tha  addy  viscosity  will  ba  oddad  to- 
gathar  to  givo  o totoi  affactiva  viscosity  for  ovary  zona. 

Tho  rasults  arc  summorizad  in  Fig.  I.  Tho  difficulty  of 
oaducing  o solution  which  comprisos  tha  initial  and  tha 
intarmadiota  zona  of  jot  dovalopmant  Is  ovareoma  by  using 
tha  soma  total  viscosity  in  both  zonas.  This  proeodura  intro- 
duces no  graot  orror  since  tha  supplomantory  addy  viscosity 
ossumos  only  small  voluas  in  tha  initiol  zona.  Finolly, 
tha  shaor  strau  modal  of  tha  first  two  zonas  roods 

( CaStU-  ♦ Czb*'*!*'*  ) li.  (12) 


linulority-ragian 


This  turbulanea  modal  was  insorted  Into  tha  inrogrol  form 
of  tha  moon  energy  aouotion,  Eq.  21.  After  combination 
with  the  raduead  momantum  aouotion,  Eq.  17,  the  follow- 
irtg  difforontiol  aquation  for  tha  velocity  scale  V is  ob- 
tained 


In  order  to  detarmina  tha  single  ffaa  constant  In  tha 
turbulence  model,  Eq.  13  wos  solved  numori colly  for  one 
of  tha  jat  coses.  It  was  found  eonvaniant  to  fix  tha  value 
of  tha  compound  coaffieiont  B]"  of  Eq.  13  instaod  of  thot 
of  Cj.  Using  this  constant,  tha  predicted  behaviour  of  tha 
velocity  seola  for  6 iats  of  diffarant  strengths  discharging 
into  3 different  types  of  grid  flows  ograas  fairly  wall  with 
tha  doto.  Tha  results  for  tha  three  jets  rafaranead  In 
Table  I ora  shewn  in  rig.  15.  Tha  value  of  ■ 0 in 
Fig.  15  refers  to  tha  low  turbulanea  case,  where  tha 
diuipotion  c tends  to  zero. 


5.  COMPARISON  OF  PREDICTION  AND  MEASUREMENTS 


As  o preliminary  stop, tha  validity  of  the  similarity 
hypothasas  hot  to  ba  assured.  From  Figs.  4 and  5 it  can 
bo  soon  that  both  tha  convantional  excon  velocity  profila 
fused  to  reduce  tha  anargy  aquation)  and  tha  profiles  of 
tha  axeoss  momantum  flux  (used  in  tha  momantum  and  in 
tha  anargy  aquation)  retain  their  similarity  despite  tha 
prosonca  of  a highly  turbulent  asitamel  straom.  A more 
general  tast  however  eon  ba  mode  by  evaluating  both 
sides  of  Eq.  17  of  Appendix  A.  This  tast  provides  evidafKa 
os  to  what  extant  tho  reduced  momantum  aquation  is 
eompatiblo  with  rha  dara.  Figure  14  shows  that  the  pre- 
dicted linear  relationship  betwaon  tha  length  and  tha 
velocity  scale  is  wall  obeyed  with  the  axeaption  of  on 
initial  non-similarity  ragion,  which  has  bacoma  more 
oxtendod  in  tha  case  of  a turbulent  axtorrwl  flew.  In 
aithor  case,  on  empirical  constant  should  ba  added  to  tha 
right  hand  side  of  Eq.  17,  in  order  to  hove  bettor  agree- 
ment with  tha  data.  This  eorraction  was  used  in  oil  subsa- 


To  obtain  soma  impraoion  of  tha  magnitude  of  the 
total  eddy  viscosity,  tha  axial  variation  of  tha  ratio  of 
the  suppiamantary  viscosity  to  tha  self  gertoratad  viscosity 
it  alto  displayed  in  this  Rgura.  It  becomes  evident  that 
tha  suppiamantary  viscosity  tokos  on  values  of  about  6 
times  that  in  the  convantional  jat. 


Tho  final  zorta  has  not  yet  boon  token  into  eonsida- 
rotion.  According  to  tha  definition  of  this  zorra,  tha 
suppiamantary  eddy  viscosity  should  tartd  very  closely  to- 


word)  a constant  volua  in  tha  casa  of  a grid  flow,  sinca 
rha  rurbulanca  Raynolds  numbar  Ra  * kL/V  doat  not  chonga 
oppraciolly  in  tha  ragion  of  maosurainont.  Thii  \«ould  hova 
antoilad  0 constant  oxioi  growth  rota  of  tha  vafocity  scala 
which,  howavar,  wos  not  oosarvad  for  any  coia. 


Bg.  Comparison  of  pradictad  and  maasurad  valoci^y 
sealas  for  thraa  jats 


6.  CONCLUSIONS 

Tha  axisting  knowladga  coneaming  axtarnal  lurbu* 
lanea  affacts  upon  tha  davalopmant  of  shoor  layars  has 
almost  oxelusivaly  boon  goinad  by  invastigoHng  waft 
boundvy  layars.  In  this  popar,  froa  shaor  loyor  of  a 
axiiymmatrie  jot  discharging  into  o eo-flawing  oxtornel 
turbulont  straom  wen  studiad.  Bodily  eonvaetion  of  tha 
whola  iat,  which, In  ease  of  long  averaging  tima, would 
imply  o spurious  rapid  anlorgomont  of  tha  shaor  loyar, 
was  axeludad  by  o proper  choice  of  tha  macro  length  scoia 
of  tha  axtarnal  flow  (Ljl,  I/^af* 


Tha  maosuramants  show  that  tha  affects  of  tha  axtor* 
nal  rurbulanca  ore  olroody  fait  at  tha  contra  line  whore  on 
ineraose  of  both  turbulence  kinotie  energy  and  the  length 
scale  from  about  10  fat  diomarars  downstream  of  the  exit  was 
ebsorvad.  The  anhanead  oxioi  davalopmant  of  the  fat  is  boaly 
pradictad  by  aswming  o constant  total  eddy  viscosity  com- 
posad  of  a salf~ganaratad  part  and  a suppiomant,  which  is 
only  infiuanead  fay  the  choroctoristies  of  the  energy  con- 
taining eddies  of  the  axtarnal  turbulanea.  However,  more 
reliable  predictions  could  be  achieved  by  using  a phanoma- 
noiogical  concept  borrowed  from  tha  theory  of  ralotive 
diffusion,  according  to  which  the  width  of  the  fat  corras- 
ponds  to  a wovaiangth  in  tha  inertial  subrange  of  the 
external  turbulanea.  Despite  this  partial  success,  the  de- 
tailed mechanism  of  external  hxbulenca  affacts  on  tha 
shear  layer  of  jats  it  not  yet  adaquetaly  understood. 

This  thema  will  be  hjrthor  pursued  in  tha  axporimantal 
program  in  our  now  wind  tunnel,  the  test  section  of  which 
is  sufficiently  large  to  roach  tha  final  zone  of  {at  davalop- 
mant, With  a view  to  the  applicotion  of  conditional -samp- 
ling tachnipuas,  tha  jet  fluid  will  bo  heated  so  os  to  make 
it  distinguishable  from  tha  axtarnal  flow. 
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APPENDIX  A REDUCTION  OF  THE  MOMENTUM 

EQUATION 


For  fho  COM  of  nogllgibla  axial  pranura  gradiont, 
tha  boundary  loyar  form  of  tha  momantum  aquation  for  axi- 
symtnalric  flows  raods 

a -y?)  , (U) 

a X 3 y ay 

if  in  addition  tba  Raynolds  normal  strassas  ora  naglacted. 
Noudosebar't  naw  similority  hypotbasis  postulatas  tba  simi- 
larity of  tha  orofilas  of  tha  axeast  momantum  flux. 

Strj^’^'ll.whara  andb-y,,,^’^) 

Aftar  intagrotion  of  Eq.  14  ovar  tha  jat  cross-saction  ond 
substitution  of  tha  similarity  hypothosis,  Eq.  IS,  ona 
obtains  ^ 

/lu*‘*u*u«]  a ail*H  xconst.  (’6) 

This  ralationship  con  ba  nondimansionaiisad.  Tha  rasult  is 
2 2 '*• 

(I;)  <^a*«"»Hi7) 


APPENDIX  B REDUCTION  OF  THE  ENERGY 

EQUATION 


Applying  tha  soma  simpiifTeotioru  os  in  tha  easa  of 
tha  momantum  aquation,  tha  moon  anorgy  aquation  roods 

Aftar  intargrotlng  ovor  tha  jot  cross-saction  ond  than  by 
ports,  ona  obtains 

/|.|^ycly  - 0, 

wharo  in  addition  tha  condition  of  constant  axcaas  momon- 
tum  flux  (Eq.  ’ Id)  has  boon  usad  to  simplify  tha  laft  hand 
sida.  For  substitution  into  this  aquation,  Noudosehor's 
simiTority  hypothosis  is  solvod  far  Oj 

f{fl)(UV)ag(ri)  . (20) 


If  both  tha  original  form,  Eq.  15,  and  this  ralationship 
ora  insortad,  tha  moan  anargy  aouation  assumas  a vary 
intractooia  farm  sinca  it  onvoivos  alliptic  inragreis.  Com- 
parisons with  diroct  numaricai  solutions  of  tha  momantum 
equotion  using  tha  GENMIX  computorcoda  of  Pctonkcr/ 
Spalding  [7]  havo  shown  that  aaoquataly  raiioblo  pra- 
dictions  could  bo  daoucao  if  instead  of  Eq.  20  a lina- 
orizod  vorsion  is  substituted  for  the  isolated  3^ -terms  in 
cq.  19.  With  these  simollficctions,  the  radueod  mean 
anargy  eouotion  roods 


J_  d_ 

2 1,  olx/a. 
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ABSTRACT 


INTRODUCTION 


Extensive  measurements  of  the  six  indepen- 
dent components  of  the  spatial  correlation 
tensor  Pi j{X)^  1 x^)  have  been  made  in  the  fully 
developeo  turbulence  (z/d«50)  of  an  axisixi- 
metric  free  jet.  A portion  of  the  results 
are  reported  here.  The  measurements  were 
made  in  a submerged  water  jet  using  Laser- 
Doppler  anemomatry  with  frequency  shifting. 
There  is  agreement  between  the  subset  of  our 
results  and  the  corresponding  correlations 
of  Kygnanski  and  Fiedler  ( 31) , who , following 
Corrsin  and  Uberoi  (7,8)  , employed  si-mmetri- 
cally  placed  hot  wires, (i.e. , with  no  fixed 
wire)  in  an  air  jet. 


NOMENCLATURE 

outlet  diameter  of  jet  (6mm) 
displacement  vector 
raSius  to  midpoint  of  mean  axial 
velocity 
(r,9,z)  cylindrical  coordinates 
^(xj^ ) two-point  correlation  dyadic 
^j(x„|Xn)  tensorial  components  of  the  two- 
point  correlation 
^ fluctuating  velocity 

Up,u.,u_  fluctuating  velocity  components 
(physical) 

uj,u),,Uj  rms  components  of  velocity 
U ' mean  velocity 

Uj.,U0,Uj  mean  velocity  components  (physical) 
Ur'^z'U2Uf  etc.  single  point  correlations 
(x,y,z)  Cartesian  coordinates 

Y intermittency  factor 

^ (>r/z)  dimensionless  radial  dis- 

tance. 


The  free  axisymmetric  turbulent  jet, as 
one  of  the  standard  shear  flows, has  received 
considerable  attention  since  Wv'll  and  the 
post-war  years  (e.g.  l-4j5-18).  Detailed 
measurements  leading  to  the  term-by-term  de- 
termination of  the  turbulent  energy  balance 
have  been  made  in  the  developing,  as  well  as 
the  fully  developed, self-preserving  jet;  iso- 
tropy in  t.~.e  core  has  been  obtained  in  some 
labs  but  not  in  others;  and  the  failure  of 
Taylor's  hypothesis,  the  consequent  equivo- 
cal nature  of  the  concept  of  a convection 
velocity,  and  the  notion  of  a convection 
velocity  for  each  wave  number,  have  been  es- 
tablished, to  list  some  among  many  of  the 
advances.  In  addition,  the  role  of  coherent 
structures  near  the  nozzle  exit  has  been  much 
investigated  because  of  its  obvious  relevance 
to  the  3et-noise  problem  (e.g.  19-20) . 

Yet  t-he  spatial  structure  of  the  fully- 
developed  turbulent  jet,  as  manifested  by  the 
spatial  correlation  tensor  of  second  order, has 
only  been  measured  in  isolated  cases.  There 
have  been  neither  systematic  .".or  exhaustive 
measurements  of  spatial  correlations  in  the 
axisv-mmetric  jet.  The  reason  is  obvious  upon 
comparison  with  isotropic,  or  even  homoge- 
neous, turbulence  (2,4,21):  in  t.he  general 
shear  flow,  not  only  must  all  of  the  com- 
ponents of  be  measured, they  must  be 

measured  a^^^ctions  of  the  three-dimen- 
sional vector  as  well  as  of  all  three  com- 
ponents of  the  displacement  vector  for 

each  fixed  The  turbulent  wake  of  a cylin- 
der is  one  shear  flow  in  which  reasonably  ex- 
tensive measurements  have  been  made  (4,22-24). 

The  large  eddy  structure  is  of  signifi- 
cance in  any  turbulent  flow  for  a number  of 
reasons  (t.he  classic  is  ref. 23,  see  also  refs 
26-29, 4, 24)  and  has  been  extracted  in  t.he  case 
of  the  fully  developed  turbulent  wa)<e  of  a cir- 
cular cylinder  (4 , 22-24 , 27-28) from  the  diago- 
nal terms  Rii,R22  *^32  measured  at  t.hree 
fixed  points  as  functions  of  displacements  in 
each  of  the  three  perpendicular  directions 
alone;  other  measurements  were  also  .made  tc 
confirm, or  assist  in  establishing  the  models. 
Similarly, spatial, as  well  as  spatio-temporal 
correlations  have  been  made  in  the  turbulent 
boundary  layer,  again  with 
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the  focus  on  the  large  eddy  structure  (30). 

An  extensive  program  of  measurements  of 
R(2<  j^')  within  an  axisymmetric,  fully  deve- 
To^ed  turbulent  jet  has  been  underta)ten  at 
the  E.T.H.  with  the  ultimate  goal  being  the 
characterization  of  the  large  eddy  structure. 
Only  a sample  of  these  results  can  be  presen- 
ted here. 

E.XPERIMENTAL  BACKGROUND 

The  measurements  were  made  with  two  Laser- 
Doppler  anemometers  (DISA-LDA  Type  35L  with 
electronic  circuitry  modified  and  up-dated 
in  1975),  employing  Bragg  cells  Optical 
frequency  shifting  is  necessary  in  such 
highly  intense  turbulence,  and  it  also  offers 
the  possibility  of  measuring  in  the  highly 
intermittent  outer  regions  of  the  jet. Fre- 
quency shifts  from  400-600  )cHz  were  used, 
depending  on  the  local  flow  conditions  and 
the  slew  rate  of  the  tracker. 

There  were  a number  of  other  electronic 
accessories  used  in  the  course  of  research. 

A Wavetek  Model  164  {30MHz) sweep  generator 
was  used  in  conjunction  with  a Tektronix 
Universal  Counter  DC  503,  to  calibrate  the 
Doppler  frequency.  A Tektronix  7623  storage 
oscilloscope  served  several  purposes , inclu- 
ding fine  adjustment  of  the  optics  on  the 
basis  of  the  quality  of  the  Doppler  signal. 

A Nelson  Ross  MF-9  spectrum  analyzer  with 
low  and  high  frequency  plug-ins  PSA  036  and 
235  was  used  for  purely  diagnostic  purposes. 

A DISA  signal  conditioner  was  used  as  a low- 
pass  filter  to  c.ut  off  noise  above  200  Hz 
before  the  output  signal  was  further  pro- 
cessed. The  correlations  were  calculated 
on  a Hewlett-Packard  3721A  correlator. 

Because  of  the  importance  of  the  low  fre- 
quency contribution  to  the  turbulent  energy, 
(cf.31  and  7) ,an  RC  circuit  preceded  the 
correlator  input  to  eliminate  the  DC  compo- 
nent by  acting  as  a high-pass  filter;  the 
result  was  a flat  frequency  down  to  0.012  Hz 
( 3 dB  point) . 

Dow  Uniform  Latex  Particles  41950  (nomi- 
nal diameter  1.099^,  density  1050  kg/m2)were 
used  as  light-scattering  centers.  Concen- 
trations were  roughly  30  particles/mm^ . This 
may  be  compared  with  the  1/e^  measuring 
volumes  of  0.01  mm3  and  0.024  mm^  for  the 
300  mm  and  400  mm  lens, respectively.  It 
should  be  mentioned  that  beam  expanders  were 
employed  to  reduce  the  size  of  the  measuring 
volumes.  For  our  forward  scattering, differen- 
tial mode  measurements,  this  range  of  par- 
ticle concentrations  was  an  experimentally 
determined  optimum.  The  practical  optimiza- 
tion procedure  was  as  follows.  A small  amount 
was  added  to  the  system  and  after  homogeni- 
zation the  rms  axial  velocity  was  measured. 
The  number  of  scattering  particles  was  then 
doubled  and  the  measurement  repeated. Initi- 
ally, the  introduction  of  additional  partic- 
les reduced  the  rms  value  by  increasing  the 
proportion  of  the  fluid  mechanical  signal  at 
the  expense  of  the  electronic  noise.  At  the 

3 We  are  indebted  to  Mr. R. Brunner  for  the 
design  and  construction  of  the  high  frequency 


other  limit  of  very  high  particle  con- 
centrations , the  addition  of  still  more 
scattering  particles  increase  the  rms 
velocity  by  impairing  the  passage  of 
the  laser  beams  and  the  scattered  light, 
which  thus  also  reduces  the  S/N.  Fortunately, 
the  minimum  in  the  rms  (maximum  in  the  S/N) 
was  quite  flat,  and  the  desired  concentration 
could  be  achieved  without  having  to  advance 
in  increments  that  were  impractically  small. 
Over  long  periods  of  time,  the  latex  spheres 
tended  to  accumulate  on  the  walls  of  the 
glass  tubing  and  test  section  with  a con- 
comitant loss  in  S/N.  Efforts  to  sweep  them 
free  only  led  to  clusters,  which  also  reduced 
the  S/Nj  these  were  visible  as  flashes  of 
reflected/scattered  light  as  they  passed 
through  the  laser  beams.  Consequently,  every 
few  months,  the  system  was  shut  down, washed, 
emptied  and  refilled  with  new  distilled  water 
and  scattering  particles. 

The  axis  of  the  submerged  jet  coincided 
wit.h  the  axis  of  a vertical  circular  glass 
cylinder,  600  mm  in  diameter  and  1000  mm  long; 
no  wall  effects  were  perceptible.  To  avoid 
optical  difficulties,  a square  aquarium  that 
was  also  filled  with  water  enclosed  the  glass 
cylinder  - otherwise,  neither  the  velocity 
component  nor  its  position  of  measurement 
could  be  directly  recorded.  The  jet  exit  was 
100  mm  above  the  rounded  metal  base  of  the 
glass  cylinder  and  the  overflow  weir  at  the 
top  of  the  cylinder  was  axisymmetric,  thereby 
minimizing  end  effects.  The  jet  exited  from  a 
6mm  stainless  steel  tube  after  flowing  initi- 
ally through  a settling  chamber , thence  into 
the  bell-shaped  inlet  of  a 4-to-l  contraction 
outfitted  with  a honeycomb  and  grids,  and 
fi.nally  through  a 16-' "'-I  contraction  with  a 
honeycomb  and  grids.  A hemispherical  distri- 
butor at  the  inlet  to  the  settling  chamber 
was  designed,  but  early  runs  indicated  that 
it  would  have  been  redundant.  An  overhead  tank 
(2.8m)  ensured  a constant  pressure  at  the  in- 
let to  the  pump  that  preceded  the  settling 
chamber.  The  throughput  was  measured  with  an 
inductive  flow  meter  to  a precision  of  0.1% 
and  a systematic  linearity  error  of  0.25%. 

The  temperature  was  measured  with  an  NTC  resis 
tor  and  controlled  ("bang-bang")  with  a 
countercurrent  heat  exchanger;  typical  tem- 
perature deviations  detected  were  smaller  than 
0.08K  from  the  desired  294. 9K  and  the  tempera- 
ture was  presumably  further  homogenized  in  the 
settling  chamber , contractions  and  accessories 
before  the  jet  exit.  A throughput  of  1.63x10“'' 
m3/s  (585  It/hr)  yielded  an  exit  velocity  of 
5.75  m/s  or,  at  294. 9K,  a jet  Reynolds  number 
of  about  35.4x1o3. 

Extensive  precautions  were  taken  to 
avoid  vibrations,  and  their  elimination  was  ccn 
firmed,  not  only  indirectly  through  the  usual 
barometers  of  the  turbulence  measurements,  but 
also  directly  from  a number  of  vibration 
measurements.  An  earlier  version  of  the  flow 
system  had, in  fact, to  be  modified  to  eliminate 
vibrations.  Originally,  a common  frame  sup- 
ported all  components,  but  separate  frames 

power  generator, as  well  as  for  occasional 
assistance  with  the  electronics. 
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had  to  ba  constructed  for  the  support  of  the 
test  section, the  optics  and  the  feed  tanks 
and  pumps.  Each  was  mounted  on  its  own  vibra- 
tion-absorbing elements  so  that  pump  and 
building  vibrations  were  not  transmitted 
t-troughout  the  system. 

The  sending  optics  were  mounted  on  pre- 
cision elevating  stages  which,  in  turn, were 
mounted  on  precision  two-dimensional  lathe 
tables  so  that  the  optics  could  be  trans- 
lated in  all  three  dim.ensions  relative  to 
the  test  section.  The  accuracy  in  the  x,y(r,6) 
plane  was  0.1mm,  t.hat  in  the  z-direction 
being  O.CSmm.  Careful  measurements  indicated 
that  t.he  bisector  of  the  laser  beams  from  the 
DISA  optical  unit  did  not  coincide  with  the 
optical  axis  of  the  lens.  Compensating  dis- 
placements of  the  optical  bench  in  the  verti- 
cal and  horizontal  directions  ensured  that  the 
bisector  was  perpendicular  to  the  aquarium 
wall  and  thus  t.hat  true  x,y  and  z velocity 
components  were  measured  at  the  true  posi- 
tions . 

The  experimental  procedure  was  otherwise 
quite  standard,  although  it  might  be  mention- 
ed that  both  flow  and  electronic  equipment 
were  turned  on  each  morning  about  45  minutes 
before  measurements  were  begun .^From  the 
start, the  investigation  was  focused  on  cor- 
relation measurements  relevant  to  large-scale 
turbulent  structures.  Consequently,  no  pre- 
mium was  placed  on  our  mean  and  rms  veloci- 
ties, nor  were  single-point  correlations  made. 
For  one  thing, single-point  measurements  and 
investigations  of  fine  scale  structures  have 
been  e.xtensively  studied  in  the  literature 
(31,1-10,13-15) . Nevertheless, preliminari- 
measurements  were  made  of  some  of  these 
quantities, not  only  to  establish  the  axisym- 
.metry  of  the  jet  but  also  to  locate  the  axis 
of  the  jet  at  each  new  .horizontal  plane  (t.he 
z stages  spanned  only  60mm)  and  for  each 
velocity  component (upon  rotation, the  optical 
unit  had  to  be  readjusted).  In  what  follows, 
our  raw  data  are  compared  with  literature 
values , primarily  the  more  recent  ones  of 
Wygnanski  and  Fiedler (31). 

The  mean  axial  velocity  profile  is  shown 
in  Fig.l.  The  scatter  of  the  data  from  the 
different  planes  is  comparable  to  that  of 
other  authors.  Some  of  Wygnanski  and  Fiedler's 
points (solid) .which  are  on  Hinze’s  curve, are 
included  for  comparison;  there  is  also  agree- 
ment between  their  rw2  - admittedly  a coarse 
measure, but  nevertheless  one  characterizing 
the  whole  curve  in  some  sense  - and  ours. Some 
of  the  data  were  taken  with  the  correlator, 
others  with  a PAR  box-car  integrator  used  as 
a Simple  integrator.  The  latter  has  a maximum 
integration  time  of  100s  and, as  is  typical  of 
analog  equipment, only  smooths  (RC  averages) , 
wit.h  the  result  that  somewhat  greater  scatter 
•was  obtained.  The  correlator  performs  true 
digital  averaging, as  well  as  permitting  lon- 
ger averaging  times,  and  these  data  all  lay 
nearer  the  average  literature  curve. 


Figure  1: 
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It  was  originally  hoped  that  frequency- 
shifting  would  enable  LDA  measurement  in  the 
highly  intermittent  region  at  the  edge  of  the 
jet, where  hot  wires  have  notorious  diffic-jl- 
ties  because  of  their  rectification  property 
and  because  of  the  radial  -/elocity  contribu- 
tion, facts  that  remain  unchanged  by  the 
duration  of  the  averaging  periods.  Our  hopes 
were  not  entirely  fulfilled, atleast  not  for 
our  raw  data,  for  the  values  agree  remarkably' 
-well  with  t.hose  of  Wygnanski  and  Fiedler  near 
the  edge  of  the  jet. 

There  the  LDA  measurements  suffar  from  a 
relative  lack  of  scattering  particles  in  the 
ambient  water.  The  turbulent  bursts  are  long, 
but  there  are  fewer  of  them. When  the  tracker 
drops  out, the  drop-out  spikes  become  propor- 
tionally more  important  than  the  turbulent 
signal.  It  is  thus  natural  that  our  rms  val'ues 
in  the  highly  intermittent  region  are  high. 
■Moreover , the  trackers  seer,  to  have  a prefer- 
red frequency-  that  depends  upon  the  frequency 
range  in  which  they  are  wor.'^ir.g.and  -when  a 
tracker  drops  out  it  tends  to  this  preferred 
frequency.  There  is  thus  a consistent  bias 
given  to  the  mean  -.-alue.as  well  as  an  addi- 
tional electronic  contribution  to  the  rms 
value.  In  the  0.125-1.5  MKz  range, -which  was 
almost  exclusively  used, we  ascertained  a pro- 


nounced  tendency  for  the  tracker  to  jur.p  to- 
ward the  neighborhood  of  500  kKz  during  drop- 
outs. It  would  require  a modest  research  pro- 
gram to  clear  up  this  peripheral  question, 
for  the  answer  could  lie  anywhere  between  the 
internal  circuitry  and  the  local  radio  station 
(broadcasting  at  530  kHz) . It  nevertheless 
seems  plausible  to  conjecture  that  the  drop- 
out circuit  is  responsible:  if  t.he  last  value 
of  the  input  signal  were  held  during  a drop- 
out until  the  tracker  recaptured  an  input 
signal, then  many  of  the  difficulties  would  be 
circumvented. 

The  average  velocity  prof ile (Fig. 1) indi- 
cates a certain  level  of  reliability  for  t.he 
uncorrected  LDA  measurements.  The  rms  veloci- 
ties, which  were  also  only  peripheral , compare 
favorably  with  the  literature  values. The 
axial  component  in  the  z » 50d  plane  does 
manifest  a slight  minimum  on  the  axis, which 
is  typical  of  smaller  z/d  values  and  which 
stands  in  contrast  to  the  belief  of  Wygnanski 
and  Fiedler, although  not  unequivocally  in 
contrast  to  their  data  at  z/d  ” 50.  On  the 
other  hand, in  agreement  with  these  authors 
but  contrary  to  Gibson's  measurements ( 12 ) , 
the  axial  rms  component  was  found  to  be  sig- 
I nificantly  larger  than  the  horizontal  com- 

I ponents. 

i Correlative  measurement  circumvents  a 

1 number  of  potential  questions  concerning  LDA, 

I providing  one  is  not  concerned  with  the  fine 

scales  but  with  the  large  eddies. Doubtless  , 
for  t.his  reason, another  set  of  preliminary 
measurements  agrees  very  well  with  those  of 
Wygnanski  and  Fiedler .namely , the  single-point 
correlation  u~u  shown  in  Figure  2. 
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Figure  2:  Shear  stress’  distribution  (z/d«50) 
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LDA, as  a non-disturbing  method, of fers 
special  advantages  for  correlation  measure- 
ments . Precisely  at  small  separations  wnere 
hot-wire  probe  wakes  cause  dif ficulty ( 32 ) , 
however,  a different  set  of  questions  arise 
which  are  associated  with  measuring  volumes, 
their  shapesand  their  relative  orientations. 
Consequently,  no  microscales  have  been  cal- 
culated, pending  clarification (for  a discus- 
sion of  LDA,  the  state  of  the  art  and  the 
integration  of  LDA  measurements,  see  e.g. 

33)  . 

A final  word  on  the  correlation  measure- 
ments themselves:  A correlation  profile  con- 
sisted of  a series  of  displacements  of  the 
moving  point  in  increments  of  2-lOmm, depen- 
ding upon  the  local  slope  of  the  profile. For 
each  of  the  points  in  a profile,  at  least  four 
correlations  were  measured  at  each  spatial 
separation,  and  the  resulting  values  were 
averaged  to  yield  a single  "data  point";  if 
scatter  were  present, additional  measurements 
were  made.  Integration  times  were  a minimum 
of  120s.  To  try  to  develop  a feel  for  the 
role  of  the  integration  time, as  well  as  to 
eliminate  it  as  a possible  source  of  error, 
many  correlations  were  averaged  over  300s, 

600s  and  even  900-1800s:  occasionally  3600s 
were  used. 

In  general,  no  appreciable  c.hanges  were 
found  for  averaging  times  beyond  120s.  In  the 
highly  intermittent  region  (y<0,5  say),  the 
measurement  is  increasingly  influenced  by 
drop-out,  the  spikes  of  which  are  registered 
as  an  apparent  turbulent  fluctuation,  as 
discussed  above.  The  effect  of  these  spikes 
could  not  be  entirely  eliminated, for  they 
occur  with  a certain  (average)  frequency  and 
therefore  can  not  be  removed  by  prolonged 
averaging . 

Thus, for  small  values  of  Y,the  correlator 
and  the  Doppler  and  turbulent  signals  had  to 
be  continuously  monitored  to  preclude  such 
difficulties . 

RESULTS  AND  DISCUSSIONS 

According  to  Wygnanski  and  Fiedler  (p588,31), 
"The  structure  of  the  eddies  is  self-preser- 
ving from  z/d  « 40,...".  Our  correlations  have 
all  been  made  with  at  least  one  fi.xed  point  in 
the  z/d  « 50  plane  after  preliminary  measure- 
ments had  been  made  at  z/d  * 20,35,50,65  and 
80.  The  correlations  have  all  been  made  di- 
mensionless with  the  peak  value  Rjz  on  the 
axis  corresponding  to  u?  there.  This  somewhat 
unconventional  choice  permits  a direct  com- 
parison of  all  correlations  on  t.he  same  basis 
and  represents .moreover , a "normalization" 
with  a corr ilative  measurement  of  (u^)^. 

The  families  of  isocorrelation  curves 
selected  for  presentation  were  Rjj  ) and 
Rzr<xlx'),  the  former  because  of  the  import- 
tanc'e  ^f  t.he  mean  flow  direction  and  the  lat- 
ter because  the  Reynolds'  stress, which  is  cen- 
tral to  turbulence  production,  arises  as  a 
special  case.  We  further  limit  ourselves  here 
to  the  presentation  of  measurements  of  Rzz  in 
a single  9 plane  and  In  a single  z-plane  and 
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in  a Single  r-olans,  i:hat  is; 


Series  1:  S 


(X  x'),with  X — (r, r»0 , z-300) 
22  — - ^ 


of  isotropic  turbulence  been  used  for 
comparison  (32). 


and  wit.b  xj  ~-(r  J S' *“«0,  z ' ) 
Series  2:  ^ '^ith  x ♦--►(r,  S =0,2«300) 

^ ~ r-0,D,12,18,24 


and  with  r ' , 3 ' , 2 '« z“300 

Series  3:  R _'x  x' ) with  x •^->(r,3  » 0,2=300) 

zr  ^ n zr  1 3 

r = 0,6,18 


and  with  x'»-(r' , S'  «S“  0,2' ) 
For  orientation  see  Fig, 3. 


Figure  3:  Orientation  diagram  for  correlation 
measurements  (hatched  arrows  denote 
fixed  points) 

Series  1 yields  certain  obvious  informa- 
tion about  the  large  eddy  structure  that  would 
have  been  expected.  In  particular , although 
the  H22  correlation  on  the  a.xis  is  not  iso- 
tropic (Fig. 4), the  two  snare  a number  of 
common  features.  Thus,  with  the  expected  ex- 
ception that  the  radial  expansion  of  the  jet 
with  Increasing  axial  distance  due  to  the 
entrainment  of  ambient  fluid  and  propagation 
of  the  turbulent  fluid  into  its  environment 
IS  greater  than  t-he  corresponding  eddy  growth 
in  wind  tunnel  turbulence  due  to  the  more 
rapid  decay  of  the  smaller  eddies,  the  topo- 
graphy of  the  correlation  on  t.he  axis  strongly 
resembles  that  for  isotropic  turbulence. Such 
"second  order"  effects  have  not  been  ta)ten 
into  account  to  enable  a more  direct  compari- 
son, nor  have  recent  correlation  measurements 
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Figure  4:  Isooorrelation  curves  for  isotropic 
turbulence : Rjj (r) , r— '(x,o,z). 

Here  and  in  Figs  5-Tl,  the  correlations  are 
measured  in  t.he  positive  direction  from  the 
zero  isocorrelation  in  the  following  incre- 
ments: 0.01,0.02,0.05,  0 .1 , 0 . 2 , 0 . 3 , 0 . 4 , 0 . 5 
0.6, 0.7, 0.8, 0.9, 1.0.  In  the  negative  direc- 
tions the  increments  are:  -0.01,-0.02,  -0.05 
-Q.l.  l-tegative  portions  of  the  isccorrelaticn 
figures  are  so  denoted;  the  undesignated 
portions  are  understood  to  be  positive. 
Distances  are  in  arbitrary  units. 

Rather , because  the  comparison  at  most  is 
a qualitative  one,  typical  f and  g curves (21) 
were  used  to  produce  the  isocorrelation  curves 
(cf. closing  remarks  of  the  section).  The  com- 
parison is  then  between  R22  and  Rn  (no  sum) 
and  between  R^x  and  Rj^j^(ifj),  and'an  appropri- 
ate norm  would  also  be  necessary  for  a quan- 
titative comparison.  Regardless  of  whether  the 
f-curves  have  a zero  or  not  (32),  one  tends  to 
think  of  elliptic  isocorrelations , but  this  is 
a property  possessed  only  by  the  small  eddies 
(Fig. 4).  The  innermost  isocorrelations  on  the 
axis  of  the  jet  (Fig. 5)  and  elsewhere  (Fig. 6) 
are  also  elliptic,  but  even  the  smallest  iso- 
correlation  curve  (Fig. 5)  is  not  truly  an 
ellipse.  The  fixed  point  is  clearly  not  cen- 
tered in  the  closed  curve;  the  comers  are 
artifacts  of  the  interpolation  - line-plot 
procedure  (see  remarks  at  the  end  of  the 
section)  ,but  the  fore-aft  asNTnmetry  relative 
to  the  fixed  point  is  real. That  this  occurs  cn 
t.he  axis  further  underlines  the  lack  of  the 
isotropy  in  the  corj  of  the  jet. 
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Figure  5:  Correlation  of  the  axial  velocity 
on  the  jet  axis  at  2/d“50 (t-lOOmm) 
with  the  axial  velocity  at  other 
points  in  a single  vertical  plane 
containing  the  jet  axis  : 

(r,5,z)-(0,0,300)  , 
(r',e',z')»(r',0,2') 

The  Y ' C.5  levels  are  denoted  by 
the  dashed  lines  (31). Here  and  in 
all  the  remaining  figures  except 
Fig. 12,  distances  are  expressed  in 
aan. 

As  t.'.e  fixed  point  is  raoved  radially  out- 
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Figure  6:  Correlation  of  the  axial  velocity 
at  the  point  of  naxiinuai  turbulent 
shear  (r  - 18  miti.z  « 300nvn)  with 
the  axial  velocity  at  other  points 
in  the  vertical  plane  defined  by 
the  fixed  point  and  the  jet  axis: 
R,,  (x:x'),  (r,6,2)-(18,0,300) , 

**  (r;6;2')-(r;o,2') 


(Fig. 6), which  was  measured  with  the  fixed  point 
at  the  location  of  the  maximuir  Reynolds' 
stress  (r  <•  18)  . 

It  should  be  pointed  out  that  the  zero  line, 
which  may  be  quite  sharply  defined  when  it 
lies  oetween  well-defined  positive  and  nega- 
ti'‘e  val'jes.is  not  expected  to  be  reliable 
at  great  distances  from  the  fixed  pointithis 
rdnsant  applies  to  all  figures. The  • 0.5  line 
.'l.:a*ed  on  the  fioures  is  taicen  from  Wyg- 
'sra.  and  fiadlar,  whcse  measurements  in 
f » reed  -if  '.-.cse  if  Ccrrsir.  and  Kistler 
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Figure  7: 


Correlation  of  the  axial  velocity 
on  the  jet  axis  with  the  axial 
^'elocity  at  other  points  in  the 
same  horizontal  plane  (z'*z»300inin)  : 
R,(xlx’),  (x,y,z)-(0,0,300)  , 

(x! ,y;z')-(x;y;300) 


Figure  8:  Correlation  of  the  axial  velocity 

at  r » 6 ran  with  the  axial  velocity 
at  other  points  in  the  same  hori- 
zontal plane  (z'“z«300  mn) : 

R (x,i^'),  (x,y,z)-(6,0,300)  , 

(x;y;z’)'^;y;3oo) 


The  correlations  of  the  second  series 
{see  Fig. 3)  yield  information  about  in 
the  horizontal  plane.  The  first  figure  (Fig. "7) 
corresponds  closely  to  the  g-function  of  iso- 
tropic turbulence,  as  would  be  expected  from 
axisyranetry . On  the  other  hand, the  locations 
of  the  zero  circles  and  the  (relative)  depth 
of  the  negative  "moat"  that  they  delineate 
need  not  agree  quantitatively  with  their  iso- 
tropic counterparts. As  the  fixed  point  is 
moved  radially  outward  in  this  series  (Figs 
8 to  11) , the  negative  "moat"  is  "ruptured" 
and  no  longer  fully  encloses  the  positive 
massiv.  The  C-shaped  negative  portion  of  the 
correlation  becomes  )30th  deeper  and  more 
diffuse, the  further  outward  the  fixed  point 
is  moved, just  as  the  positive  portion  becomes 
more  diffuse.  The  increased  depth  of  the 
negative  part  is, however, bimodal  rather  than 
unimodal. 


The  R.j(for  ifj)  isotropic  ccrrelation  is 
shown  in  i'ig.12.  The  correlation  in  a 

vertical  plane  (see  Fig. 3)  for  the  fixed 
point  on  the  jet  axis  is  topographically 
similar  (Fig . 13 ) ,whlch  is  presumably  dicta- 
ted by  t.he  zero  value  along  the  r-axis  and 
along  the  x-axis  (in  fact, throughout  the 
r'«z  plane).  It  is  cleat,  however .that  this 
Rjy  correlation  (Fig. 13)  is  distinct  from  its 
isotropic  counterpart  (Fig. 12),  above  all  by 
the  absence  in  the  former  of  symmetry  about 
the  (2n-l)r/4  lines  in  the  {x,z)  plane. 

This  lac)c  of  symmetri'  is,  once  again, due 
to  the  stretching  in  the  downstream  direction 
of  the  jet.  As  the  fixed  point  is  moved  out- 
ward in  Series  3, there  is  not  a "continuous 
deformation"  of  Fig. 13.  Instead, the  two  posi- 
tive lobes  coalesce  into  a single  positive 
massiv  (Figs  14  and  15)  and  grow  at  the  ex- 
pense of  the  negative  lobes , although  all  por- 
tions become  more  diffuse, as  usual.  It  is 
interesting  that  the  R-^  correlation  at  r«18 
(Fig. 15)  resembles  the  correlation  at 
r”0  (Fig. 5),  if  t.he  latter  were  rotated 
through  a corresponding  angle. 
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Figure  9:  Correlation  of  the  axial  velocity  at 
r«12nun  with  the  axial  velocity  at 
other  points  in  the  same  horizontal 
plane  (z ’“z«300nttn) : 

R,-(x!x')f  (x,y, z)» (12,0, 300) , 

”*  **  (x;y;  z' ) - (x;y^'  300) 

The  correlation  R was  chosen  for  pre- 
sentation in  Series  3 (Plgl3-15)  instead  of  Rzj. 
in  order  to  present  a full  vertical  plane  con- 
taining the  jet  axis.  Although  one  could  em- 
ploy 


u , for  9 « 0 

u ' r 

* -u  , for  0 IT 
r 

to  arrive  at  R , it  is  an  inherent  feature  of 
cylindrical  coordinates  that  discontinuities 
arise  at  r>0.  Thus,  one  may  imagine 

leafing  through  a noteboo)c  of  6 pages  to  em- 
phasize how  far  removed  6 « t is  from  9 « d Or, 
expressed  differently,  r 1 0 is  a property  of 
cylindrical  coordinates,  and  we  have  put 
9«*  0 and  9 ■ t into  juxtaposition, with  the 
result  that  Rj^  and  its  derivatives, as  viewed 
in  each  of  the  corresponding  versions  of 
Figs  13-15  would  appear  to  undergo  a dis- 
continuity. 


Figure  10:  Correlation  of  the  axial  velocity 
at  the  point  of  maximum  turbulent 
shear  {r“18mm)with  the  axial  velo- 
city at  other  points  in  the  same 
horizontal  plane  (z'“z«300mm) : 

Rz2(.xix'),  (x,y,z)-<L8,0,300)  , 

~ (x,'y,'z')“  (x;y,'30C) 

The  Isocorrelation  curves  of  Figs  5-11, 

13-15  were  produced  as  follows.  The  experi- 
mental data  were  taken  along  either  a ver- 
tical or  a horizontal  straight  line,  so 
chosen  that  a maximum  amount  of  information 
about  the  topography  was  obtained;  in  cases 
of  doubt  or  when  certain  features  required  furt.iar 
Illumination, additional  lines  were  selected 
and  further  data  were  taicen. Isocorrelation 
curves  were  drawn  through  these  data. Although 
the  curves  for  all  figures  were  selected  to 
have  consistent  corresponding  a,ltitudes,  the 
values  were  expressed  in  volts Upon  conver- 
sion to  velocity  units  and  subsequently  non- 
dimensionali zing, however, inappropriate  values 
for  the  altitudes  were  obtained. Consequently, 
programs  were  written  to  regenerate  the 
figures  with  suitable  isocorrelation  values. 

A two-dimensional (spline) interpolation  of 
correlation  profiles  on  properly  chosen 
sections  of  the  original  family  of  isocor- 
relations then  yielded  the  present  versions 
of  the  figures. 

Because  the  original  isocorrelation  cur- 
ves were  drawn  through  the  data, albeit 
smoothly, there  is  an  associated  error.  Further, 
the  interpolation  scheme  did  not  contain  a 
smoothing  procedure .which  had  several  impli- 
cations. There  were  slight  abrupt  comers 
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Figur*  11:  Correlation  of  the  axial  velocity 
at  a point  beyond  the  point  of 
maximum  turbulent  shear(at  r«24mm) 
with  the  axial  velocity  at  the 
other  points  in  the  same  horizon- 
tal plane  (z '•z«300mm) : 

R,,  (x,y,z)-(24, 0,300) 

“ (x;y;z')-(x;y;3oo) 

\B.  The  intermittency  factor  is  50%  at  r«48  mm. 

and  other  noticeable  irregularities  in  the  iso- 
correlation curv'es.  These  could  not  be  elimina- 
ted by  employing  spline-plot  instead  of  line- 
plot,  for  ripples  then  appeared  instead  of 
comers  and  irregularities.  Thus, although  a 
spline-plot  costed  100  times  as  much  and  pro- 
duced a smooth  iaocorrelation, it  did  not  pro- 
duce a smoothed  one.  All  figures  were  thus 
done  with  line-plot, and  where  such  artifacts 
were  especially  displeasing  to  the  eye, they 
were  smoothed  by  hand.  These  small  interpo- 
lation-plotting irregularities  were, in  any 
case, within  the  error  bounds  of  the  measure- 
ments and  arose  almost  exclusively  at  small 
absolute  values  of  the  correlation, where  it 
is  well  known  that  difficulties  can  arise 
(34)  . 
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Figure  12 : Isocorrelation  curves  for  iso- 
tropic furbuler.ee: 

^zx<£>'  r— (x,0,z) 

Here  and  in  Figs  13-15, the  isocorrelations 
are  measured  in  the  positive  direction  from 
the  zero  isocorrelation  in  the  following 
increments  : 0.01,0.02,0.05,  0.1,0.15,0.2, 

0. 25.0.3.0.35.  In  t.he  negative  direction 

the  increments  are  : -0.01,  -0.02,  -0.05 

-tU.  Distances  are  in  arbitrary  units. 
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Figure  13:  Correlation  of  the  axial  velocity 
on  the  jet  axis  (z«300m)  with  the 
horizontal  velocity  components  at 
other  points  in  the  same  vertical 
plane  containing  the  axis: 
R,„(x|x'),  (r,3,z)-(0,0,300) 

(r',e,z')-(r’,0,z’) 
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Figure  14:  Correlation  of  the  axial  velocity 
at  a point  off  the  jet  axis 
(r*6mm,z«300mm)  with  the  horizon- 
tal velocity  component  at  other 
points  in  the  vertical  plane  de- 
fined by  the  fixed  point  and  the 
axis : 

R (X  x'),  (r,t,z)»(6,0, 300) , 

■“  (r;9',z')  - (r;0,2’) 
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Figure  15:  Correlation  of  the  axial  velocity 
at  the  point  of  naximuai  turbu-. 
lent  shear  (r"18nir,,  z"300)with 
the  horizontal  velocity  at  ether 
points  in  the  vertical  plane 
defined  by  the  fixed  point  and 
the  jet  axis  : 

R,„(xix’) , (r, 9,z)-(18,0, 200) , 

“ (r;s;z')-(r;o,z') 
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abstract 

The  results  of  an  experimental  and  analytic  study 
of  impinging  axisymmetrlc  turbulent  flows  are  pre- 
sented. Three  impinging-flow  configurations  are  con- 
sidered: a single  axisymmetrlc  turbulent  jet  imping- 
ing normal  to  a plate;  two  directly-opposing  axisym- 
metric  turbulent  Jets  of  equal  momentum  flux  impinging 
against  each  other;  and  a constrained  radial  Jet  as 
produced  by  the  radial  flow  from  an  annular  orifice 
formed  by  two  parallel  circular  disks.  The  purpose 
of  the  investigation  la  to  characterize  the  structure 
of  these  flows,  with  the  goal  of  identifying  and  an- 
alytically modeling  the  regions  of  physically  similar 
flow  behavior.  The  parameters  of  interest  arc  the 
nozzle  diameter,  nozzle  separation  distance  and  the 
jet  exit  velocity.  Hot-film  anemometer  measurements 
arc  presented  for  the  mean  velocity  and  turbulence 
Intenaity  in  the  straamwlsa  direction.  Analytical 
models  with  varying  degrees  of  empiricism  arc  then 
used  to  describe  the  experimental  results. 

NOMEKCLATL'RE 

b ■ shear  layer  half-width,  where  U • Vg/2 
a • spreading-rate  of  shear  layer  half-width 
r ■ radial-direction  coordinate 
re  • radius  of  radial  Jet  core 
rj  • nozzle  radiua 

rv  ■ virtual  origin  radius  of  constrained  radial 

u*  • streamwise  direction  turbulence  intenaity 
U • streamwise  direction  mean  velocity 
V ■ lateral  direction  mean  velocity 
x ■ axial-direction  coordinate 
Xc  • Jet  core  length 

Xy  ■ axial  distance  measured  from  Jet  virtual 
origin 

y • lateral-direction  coordinate 
yj  • distance  from  the  nozzle  exit  to  the  im- 
pingement plane  of  impinging  Jets;  nozzle 
half-width  of  constrained  radial  Jets 
Vy  • distance  from  the  Jet  virtual  origin  to  the 
impingement  plane 
0 • coordinate  in  a circular  pipe 
A " Uj/Un  for  wall  jet 
X ■ hj,/br  for  wall  Jet 

Subscripts 

m • conditions  where  the  velocity  is  maximum 
0 • condltiona  on  Jet  centerline 
r • conditions  for  a wall  Jet  as  referenced  to 
a radial  Jet 


The  coordinate  system  and  nomenclature  to  be  used 
to  describe  impinging  axisNimaecrlc  Jets  is  shown  in 
Fig.  1.  The  flow  field  can  be  subdivided  into  three 
zones,  the  first  being  that  of  a free  axisymmetrlc 
Jet.  In  this  zone  the  flow  is  unaffected  by  the  pres- 
ence of  the  opposing  Jet  or  wall,  such  that  conven- 
tional free  Jet  theory  can  be  used.  The  second  zone 
is  the  impingement  region,  in  which  pressure  gradients 
come  into  play  as  the  flow  decelerates,  changes  direc- 
tion, and  then  accelerates  radially  outward  as  either 
a radial  or  wall  Jet,  which  constitutes  the  third  zone. 


Foreh  and  Carmak  (^)  have  shown  that  the  dimen- 
sionless parsmeters  (Uo7Uj) (yy/rj)  and  (Xy/yv)  charac- 
terize the  mean  velocity  along  the  centerline  of  a Jet 
impinging  normal  to  a plate.  The  present  study  will 


Fig.  1 Characteristic  structure  of  opposing 
free  Jets  and  the  impinging  wall  Jet 
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show  chac  these  pareaecers  also  characterize  the  flow 
between  two  opposing  free  jets. 

The  Impinged  radial  jet  depicted  in  Fig.  1 is  a 
special  limiting  case  of  a family  of  radial  jet  flows 
If  opposing  axisyssnetric  nozzles  are  brought  very 
close  together,  such  Chat  the  separation  distance  is 
small  relative  to  the  thickness  of  the  nozzle  walls, 
a constrained  radial  jet  is  formed,  as  illustrated 
in  Fig.  2.  This  represents  another  limiting  form  of 
radial  jets,  and  is  the  axlsymmetric  counterpart  of 
the  more  familiar  plane  jet.  Unique  to  radial  jets 
in  general,  however,  is  the  appearance  of  a second 
geometric-similarity  parameter.  For  the  constrained 
radial  jet  this  additional  dimension  is  the  nozzle 
radius  r j , where  the  nozzle  half-width  yj  is  anal- 
ogous to  the  typical  characteristic  nozzle  dimension 
of  orifice  size.  The  ratio  of  these  geometric  fac- 
tors rj/vj  will  be  termed  the  "constraint  ratio". 


origin  of  the  jet  is  located  on  the  axis  of  symmetry, 
or  in  the  limit  where  r » r^..  This  is  a significant 
result,  since  for  a typical  constrained  radial  jet 
= r^,  although  it  will  be  shown  that  the  singular 
occurrence  of  r^  ■ 0 can  be  achieved  in  the  limit 
rj/yj  -►  0,  which  is  the  case  of  the  impinged  radial 
jet.  The  condition  that  rv  ■ 0 is  therefore  a neces- 
sary condition  for  the  occurrence  of  what  might  be 
called  an  "ideal"  radial  jet,  implying  that  the  jet 
is  both  well  behaved  and  analytically  self-similar. 

The  fact  that  the  constrained  radial  jet  is  not 
a self-similar  flow  precludes  the  possibility  of  a 
purely  analytic  solution.  However,  experimental  re- 
sults to  be  presented  below  do  provide  the  necessary 
information  for  an  empirical  analysis.  It  will  be 
shown  that  the  radial-jet  half-width  does  grow  linear- 
ly from  the  virtual  origin,  such  chat 


b “ ra(r  - r^) 


(1) 


I Fig.  2 Characteristic  structure  of  a con- 

strained radial  jet 

since  this  quantity  is  indicative  of  Che  degree  of 
constraint  imposed  on  the  jet  flow  by  the  nozzle 


and  that  the  velocity  profiles  across  the  shear  layer 
have  a self-similar  form  that  can  be  expressed  as 

U/U  - sech‘<0.881  v/b)  (2) 

o 

Then,  for  conservation  of  total  momentum  it  follows 
chat 


for  which  there  are  two  empirical  quantities  to  be 
determined,  m and  tv  However,  it  will  be  shown  that, 
for  well-designed  nozzles  producing  constrained  radial 
jets  where  the  exit  velocity  from  the  orifice  is  par- 
allel, m is  a universal  constant  having  the  value 
0.106;  and  for  large  values  of  r/yj.  ry  = r^. 

Wall  Jet 


walls.  In  the  limit  of  an  infinitely  large  radius, 
the  constrained  radial  jet  is  equivalent  to  a plane 
jet.  In  Che  limit  of  a very  small  constraint  ratio, 
an  impinged  radial  jet  is  formed.  During  the  transi- 
tion from  large  to  small  values  for  Che  constraint 
ratio,  a situation  is  reached  where  the  nozzle  walls 
no  longer  influence  the  radial-jet  structure.  The 
flow  at  this  point  Is  characteristic  of  Che  colli- 
sion of  Che  core  regions  of  opposing  axisyzaecric 
jets,  such  chat  the  outer  radius  of  the  nozzles  be- 
comes an  irrelevant  parameter,  and  must  be  replaced 
by  the  inside  dimension.  This  change  in  the  defini- 
tion of  Che  radial  similarity  paramecar  occurs  during 
a transition  region  chat  has  been  observed  by  Luna  (.2) 
to  be  unstable.  A fully  stable  condition  Is  not  re- 
gained until  the  separation  distance  exceeds  two  core 
lengths,  which  occurs  at  rj/yi  > 0.06.  It  is  at  this 
point  chat  a free  impinged  radial  jet  is  formed. 

The  general  flow  structure  of  a constrained 
radial  jet  is  similar  to  that  of  plane  and  axisym- 
xecric  free  jets,  except  chat  the  flow  in  the 
conscanc-valoclcy  Inviscld  core  is  not  parallel, 
owing  CO  Che  form  of  the  continuity  equation  in 
cylindrical  coordinates.  For  the  radial-jet  equations 
to  be  self-similar,  Rodi  O)  has  shown  chat  it  is  a 
necessary  condition  that  db/dr,  (b/L'o)dL'o/dr,  and  b/r 
all  be  constant.  The  first  two  criteria  are  compar- 
able to  the  conditions  necessary  for  self-similar 
plane  and  axlsyagecrlc  Jet  solutions,  and  are  satis- 
fied when  b - r - ty  and  Ug  - l/(r  - ty) . The  third 
criterion  is  unique  to  Che  radial  jet,  and  requires 
that  ty  ■ 0.  Thus  self-similar  radial-jet  aquations 
can  exist  only  for  the  special  case  where  the  virtual 


The  impinged  wall  jet  differs  from  the  impinged 
radial  jet  only  in  Che  nature  of  the  boundary  condi- 
tion at  Che  impingement  plane.  The  flow  can  be  ideal- 
istically described  as  emanating  from  a point  source 
located  on  a flat  surface,  having  an  initial  velocity 
component  in  the  radial  direction  only.  In  practice, 
wall  jets  are  formed  by  either  impinging  a free  jet 
against  a surface,  or  by  injecting  fluid  out  from  Che 
annular  slot  between  a circular  place  and  a parallel 
flat  surface.  The  flows  created  by  these  two  means 
can  be  classified  as  impinged  and  constrained  wall 
jets,  respectively. 

An  analytic  treatment  of  Che  turbulent  wall  jet 
was  first  given  by  Clauert  (£) , in  which  he  subdivided 
the  flow  into  two  distinct  regions.  For  the  region 
near  the  wall  he  employed  an  eddy  viscosity  distribu- 
tion that  is  consistent  with  the  1/7  power-law  velocity 
profile;  for  the  outer-flow  region  Prandtl's  constant 
exchange  coefficient  eddy  viscosity  model  was  used. 

The  resulting  expression  for  the  maximum  velocity  in 
the  wall  jet  profile  was 

U W 

n 

and  for  Che  half-width  of  the  jet. 


Since  the  centerline  velocity  of  an  ideal  radial  jet 
decays  as  1/r,  the  increase  in  decay  rate  expressed  by 
Eq.  can  be  directly  attributed  to  the  wall  shear 

stress.  It  is  also  significant  to  note  chat  the 


virtual  origic  of  the  vail  jet  is  found  to  occur  at 
Che  axis  of  syimiccry. 

A sumoar>’  of  the  velocity  decay  and  spreading 
races  measured  by  several  ocher  authors  is  given  in 
Table  1.  Sakke  (^)  is  Che  only  one  of  chose  shown  to 
have  used  a constrained  wall  jet.  His  results  indi- 
cate no  unique  behavior  when  compared  to  the  other 
impinged  wall  jet  results.  This  can  be  explained  by 
Che  constrained  radial  jet  results  to  be  presented 
in  a later  section:  for  hakke's  apparatus,  rj/'yi  • 
b.20,  which  is  coo  small  a constraint  ratio  to 
classify  his  wall  jet  as  truly  being  "constrained". 


Generalized 

Equations: 


Expcriaenter 


Half-Width 

1-41 


.'iaxifflum  Velocicyl 


I Glauert  (£) 

; Bakke  (3) 

! Srady  and  Ludwig  W 
j Poreh.  et  al.  (2) 
j Hrycak,  ec  al. 

I Govindan  & Subba  Raju  (^) 

Present  Studv 


1 — ] 

1.015 

1.14 

0.105 

0.94  ' 

1.12 

0.062 

1.028 

1.143 

0.098 

0.90 

1.10 

* 

0.95 

1.12 

0.089 

0.915 

1 

1.122* 

1.238 

sO 

o 

d 

1.01  i 

1.12 

* o - 0.000405  y /r,  + 0.0864 
V j 

t For  < 16  and  y^/tj  > 16,  respectively 


Table  1 Susmary  of  wall  jet  cxpcrlaental  results 

An  approach  to  the  wall  jet  less  involved  than 
Glauert 's  has  been  taken  by  Poreh  and  Cermak  Q)  and 
Abramovich  (i^),  whereby  they  basically  neglect  Che 
wall  boundary  layer,  creating  the  flow  as  a hypothet- 
ical radial  jet.  An  artificial  reference  velocity, 
Uf,  is  defined  by  extrapolating  Che  velocity  profile 
of  Che  outer  flow  inward  to  the  wall.  It  is  then 
postulated  that  this  reference  velocity  will  behave 
like  Che  centerline  velocity  of  a free  radial  jet, 
with 


00 -f^) 


where  Che  previously  given  correlation  parameters  for 
the  impinging  jet  region  have  been  used. 

Poreh  and  Cermak's  experimental  results  tend  to 
confirm  £q.  (6),  which  is  Interesting  In  that  the 
referencs  velocity  LV  is  found  to  decay  at  a sloMr 
rate  than  the  maximum  velocity  Uq  as  measured  by 
ocher  authors.  This  result  is  supported  by  the  ob- 
servations of  Hrycak,  ec  al.,  (^)  who  found  chat 

-1-12  ....  -l.OO 

’-a  ' r and  ' r 

where  the  same  set  of  experimental  data  was  used  to 
determine  both  relationships.  Because  and  L'q  have 
different  dependencies  on  the  radial  distance,  Chen 
so  must  Che  half-width,  such  chat  b must  be  further 


delineated  as  being  either  b^  or  bg.  Therefore,  for 
a consistent  pair  of  similarity  parameters  to  exist, 

L’j  ■ AL'g  and  bj.  • bg/.\,  where  and  A are  propor- 
tionality constants.  Taking  Eq.  (2)  for  the  veloc- 
ity profile  in  a radial  jet,  t.his  gives 

U/L'jjj  - A 3ech^(0.881  Ay/bg)  (7) 

and  it  can  further  be  shown  chat 

A - ln(/lA  + .'n^)/Q.881  (8) 

EXPERr.ME.NTAI.  RESO-TS 

A wide  range  of  experimental  conditions  were  in- 
cluded in  this  study,  as  suassarized  in  Table  2.  The 
jet  flows  were  formed  by  commercial-grade  dry  air 
supplied  from  standard  compressed-gas  bottles.  A 
laser  beam  was  used  to  align  the  nozzles  in  Che  oppos- 
ing free  jet  configuration.  The  mean  velocity  meas- 
urements were  taken  with  a linearized  constant- 
temperature  anemometer.  The  linearizer  oucpu'  was 
digitized  and  processed  with  an  on-line  PDP-8  mini- 
computer. A single-sensor,  hoc-film  probe  was  used 


Constrained  Radial 

Jet  


Free  Jets 


Impinging  Wall  Jet 


■^(m/s) 

r^(cm) 

r^.Ccm) 

y,(cm)-  ; 

60.7 

1.59 

0.0186  I 

30.5 

1.59 

1.46 

0.02-  I 

30.8 

1.59 

1.52 

0.0414  ' 

30.2 

1.59 

1.57 

0.0665  ; 

29.6 

1.59 

1.58 

0.0919 

30.5 

3.18 

3.15 

• 0.01-8**, 

26.8 

3.18 

2.97 

0.0363  i 

30.8 

0.30 

13.3 

j 

12.7 

30.5 

0.30 

10.2 

9.53  1 

30.5 

0.30 

• 6.99 

6.35  ; 

61.3 

0.30 

13.3 

!• . r ' 

30.8 

0.43 

9.86 

8.97  * 

i 

30.5 

0.30 

10.2 

9.53  i 

I ^ Corrected  for  nozzle  wall  boundary-layer 

j effects. 

^ Not  measured.  Assumed  to  be  1.46  cm. 

$ Empirically  selected  because  of  non-analvtlc 

I nozzle-wall  boundary  layer. 

I * Fully  developed  channel  flow. 

Table  2 Summary  of  experimental  conditions 

throughout,  oriented  normal  to  Che  screamwise  direc- 
tion. This  choice  excluded  the  possibility  of  deter- 
mining Che  lateral  velocity  component,  which  for  im- 
pinged radial  jets  was  found  to  be  significantly 
large.  However,  because  the  relative  turbulence 
intensity  was  also  large,  it  is  believed  that  the 
added  sensitivity  chat  an  inclined  sensor  would  have 
CO  Che  third  fluctuating  velocity  component  would 
seriously  impair  the  accuracy  of  two-component  meas- 
urements. 

For  a major  portion  of  the  shear  flows  studied, 
relative  turbulence  intensities  were  found  to  be  in 
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excess  of  20  percent,  at  vhlch  point  the  nonlinear 
response  of  the  anemometer  to  large  directional 
fluctuations  in  velocity  produces  a systematic  error. 
Additionally,  when  the  turbulence  intensity  exceeds 
about  30  percent,  there  is  a finite  probability  of  a 
reversal  in  flow  direction;  this  condition  cannot  be 
detected  by  the  probe,  and  thus  another  systematic 
error  results.  While  it  is  admittedly  not  possible 
to  make  accurate  corrections  for  these  conditions 
when  the  turbulence  becomes  coo  high,  some  improvement 
can  be  achieved  in  the  mean  velocity  by  applying  the 
correction  proposed  by  Corrsin  (11) . The  correspond- 
ing error  in  the  measurement  of  the  turbulent  fluctua- 
tion has  been  shown  by  Parchasarachy  and  Triccon  (12) 
to  be  small  for  a linearized  anemometer. 

An  experimental  difficulty  was  encountered  in  Che 
occurrence  of  a significant  boundary  layer  on  the 
inner  walls  of  Che  Jet  nozzles.  Since  this  manifests 
itself  as  a net  mass  and  momentum  deficit  of  the  Jet 
flow,  techniques  had  to  be  developed  to  correct  for 
the  wall  boundary-layer  effect.  For  further  details, 
see  Vltze  (13) . 

Irtpinginz  Axisvmnetric  Jets 

Velocity  measurements  taken  along  the  centerline 
of  opposing  free  jets  are  presented  in  Fig.  3.  The 
theoretical  curve  shown  is  that  of  Warren  (li) . where 

Cg/Cj  - [0.0708  (x/tj  - 12.5)  1]"^  (9) 

The  data  correlate  well  with  the  similarity  parameters 
proposed  by  Poreh  and  Cermak.  The  size  of  the  inter- 
action zone  is  approximately  15  percent  of  the  nozzle 
separation  distance.  The  indicated  non-zero  mean 
velocity  at  the  impingement  plane  is  a result  of  di- 
rectional ambiguity  of  the  hoc-film  sensor.  Turbulent 
fluctuations  at  Che  stagnation  point  are  erroneously 
being  interpreted  as  a mean  flow.  Also  shown  in  Fig. 

3 are  measurcoents  taken  on  the  centerline  of  a jet 
striking  a place.  The  interaction  zone  size  is 
apparently  independent  of  the  nature  of  Che  impinge- 
ment plane  boundary  condition. 


Fig.  3 Centerline  velocity  in  impinging  jets 


The  relative  turbulence  intensity  measurements 
corresponding  to  the  conditions  presented  in  Fig.  3 
are  given  in  Fig.  4.  For  opposing  free  jets  the  data 
correlate  closely  within  the  interaction  zone,  con- 
firming again  the  choice  of  similarity  parameters. 

The  turbulence  intensities  do  not  correlate  in  the 
free  axisyometric  jet  region  because  the  parameter 
along  the  abscissa  is  Incorrect  for  an  unopposed  Jet, 
which  would  be  x.^/rj. 
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Fig.  4 Centerline  turbulence  intensity  in 
impinging  jets 

Unlike  the  mean  velocity  results,  the  size  of 
the  turbulent  interaction  zone  is  clearly  a function 
of  the  impingement  plane  boundary  condition.  For 
opposing  jets  the  zone  is  the  same  size  as  for  the 
mean  velocity,  at  15  percent  of  the  half-separation 
distance,  whereas  the  impinging  wall  Jet  zone  is 
about  10  percent. 

Radial  Jets  and  the  Wall  Jet 

Mean  velocity  profile  data  for  a typical  nozzle 
configuration  producing  a constrained  radial  jet  are 
shown  in  Fig.  3,  cotspared  with  the  self-similar 
velocity  profile  given  by  Eq.  (2).  While  the  measured 
values  are  clearly  self-similar,  it  is  also  evident 
that  theory  underpredicts  the  data  by  a considerable 
amount  in  the  outer  region.  The  apparent  asymptotic 
trend  of  the  data  toward  a non-zero  edge  velocity  is 
due  to  the  presence  of  a measurable  lateral  velocity 
component.  This  is  a reasonable  conclusion,  since 
the  orientation  of  the  hot-film  probe  was  such  that 
Che  sensor  was  perpendicular  to  the  (r,y)-plane,  and 
thus  responded  to  the  total  velocity  vector  Cacaa  * 

(V*  + V^)^ Using  the  continuity  equation,  it  can 
be  estimated  chat  V/l'g  z -0.12  at  the  outer  edge  of 
the  shear  layer,  which  is  very  close  to  the  magnitude 
of  Che  asymptotic  value  indicated  in  Fig.  3. 

Mean  velocity  profile  data  for  a typical  im- 
pinged radial  jet  arc  also  shown  in  Fig.  3.  Again, 
it  is  seen  that  Che  profiles  are  of  a self-similar 
form,  although  there  is  considerably  more  scatter 
in  the  data  than  in  the  constrained-jet  case.  There 
is  also  some  indication  of  an  inexplicable  dip  in  Che 
profile  at  y/b  * 0.7.  Additionally,  owing  to  the 
higher  entrainment  rate  of  the  Impinged  jet,  the  dis- 
agreement between  data  and  theory  at  the  outer  edge 
due  to  Che  lateral  velocity  component  is  even  more 
pronounced. 

Mean  velocity  profiles  across  Che  wall  jet  meas- 
ured at  four  radial  stations  arc  shown  in  Fig.  6, 
where  it  is  seen  chat  the  flow  is  self-preserving. 
Coisparlson  with  Glaucrt's  theoretical  curve  (for 
Glauert's  a <■  1.3)  shows  reasonable  agreement  between 
theory  and  data  except  in  the  wall  boundary  layer 
region.  The  less-full  profile  indicated  by  the  data 
is  most  likely  due  to  a non-fully-developed  turbulent 
wall  boundary  layer.  Comparison  of  data  with  the  free 
radial  jet  profile  as  expressed  by  Eq.  (7)  also  shows 
good  agreement,  with  .)  • 1.20  such  that  \ • 1.14. 

Since  only  one  nozzle  radius  and  one  nozzle-to-place 
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separacion  distance  were  used  for  the  experiments,  it 
is  not  knovn  uhecher  A is  a universal  constant. 
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Fig.  3 Velocity  profile  in  radial  Jets 
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Fig.  6 Velocity  profile  in  the  wall  Jet 


The  turbulence  Intentlty  data  corresponding  to 
the  mean  velocity  profile  data  Just  presented  are 
given  in  Fig.  7.  (The  wall  Jet  lateral  distance  has 
been  normalized  by  b^. ) The  constrained  radial  Jet 
and  wall  Jet  profiles  are  quite  similar,  both  peaking 
at  y/b  t 1.3.  It  should  be  pointed  out  that  much  of 
Che  indicated  scatter  in  the  profile  data  is  due  to  a 
lack,  of  eiailarlty  between  different  axial  positions. 
Refer  to  Refs.*  (13)  or  (13)  for  a more  explicit  pres- 
entation of  the  turbulence  profile  data. 

Radial  Jet  half-widths  are  shown  in  Fig.  8 as 
determined  from  Che  profile  measurements.  The  origin 
of  each  of  the  curves  shown  is  approximately  at  the 
nozzle  radius,  such  chat  the  value  of  the  abscissa  at 
Che  origin  is  representative  of  Che  constraint  ratio. 
A constant  spreading  race  of  m • 0.106  is  seen  to 
exist  for  large  constraint  ratios,  whereas,  if  the 
constraint  ratio  is  reduced,  Che  spreading  race  in- 
creases until  the  Implnged-radial-jet  limit  of 
m • 0.37  is  reached.  The  limit  of  an  infinite  con- 
straint ratio  corresponds  to  a plane  Jet,  for  which 
Newman  (16)  has  determined  an  average  value  of 
s ■ O.lOA,  based  on  a comprehensive  review  of  the 
experimental  literature  up  to  1965. 

Also  shown  in  Fig.  8 are  the  half-width  measure- 
ments determined  for  the  wall  Jet,  for  which  it  was 
found  that 


Within  the  scope  of  the  experiment  the  half-width  is 
virtually  linear  with  distance  from  the  axis  of  sym- 
metry, with  a growth  race  chat  Is  Just  slightly  smaller 
chan  chat  found  for  the  constrained  radial  Jet. 


^ ^ i^v  * ^ ^ 

• X * ^ « 


r.£.~  * ♦ - •5'" 


i f 


i 

-*  ■ y *-K  - , 


CO 

5 Th 


' cc-JSTRfliNtC  »=::s.  jr 
- I''=:NGtD  ‘’ODIRl  j5' 

» ,r- 


Jets 


.3  .6  .9  1.2  :.s  :.s  2.1  2.i  2.'  2.2 

tfiTEFPL  DISTANCE  - y/b 
Fig.  7 Turbulence  intensity  profiles  in  impinged 


Fig.  8 Half-width  of  impinged  Jets.  The  ordinate 
and  abscissa  are  ^^lOO  for  the  impinged  radial  Jet  and 
wall  Jet  data 


Mean  velocity  maasuremcnts  taken  along  the  im- 
pinged radial  Jet  centerline  are  shown  in  Fig.  9.  The 
measured  velocity  in  the  stagnation  region  is  known  to 
be  in  error,  as  the  stagnation-point  velocity  should  be 
zero.  The  form  of  the  similarity  parameters  is  signif- 
icant in  chat  they  are  characteristic  of  the  frec- 
axisymmetrlc-Jat  conditions  at  the  point  of  impact. 

It  has  been  shown  chat  two  of  the  requirements  for 
self-similarity  are  satisfied  by  the  impinged  radial 
Jet;  namely,  that  the  shear  layer  should  grow  linearly 
from  a virtual  origin  located  at  r • 0.  The  remaining 
condition  is  that  the  centerline  velocity  should  decay 
inversely  with  radial  distance,  which  is  a result  of 
the  condition  chat  radial  momentum  be  conserved.  If  it 
is  assumed  chat  Che  Impinged  radial  Jet's  total  radial 
momentum  is  equal  to  the  sum  of  the  momentum  fluxes 
from  the  opposing  axlsymmetric  nozzles,  it  can  be  shown 
chat 
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where  Eq.  (2)  has  been  used  tor  Che  velocity  profile, 
with  a ■ 0.37.  This  result  Is  shown  compared  with 
centerline  velocity  data  In  Fig.  9.  It  Is  evident 
that  Eq.  (11)  severely  overpredlccs  Che  momenCuD  In 
the  flow.  This  discrepancy  Is  due  to  more  chan  just 
Che  assumed  level  of  total  momentum,  however,  since 
a nonlinear  least-squares  fit  to  Che  data  results  In 
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which  Indicates  chat  the  actual  rate  of  centerline 
velocity  decay  Is  far  greater  chan  chat  predicted  by 
Che  momentum  conservation  equation. 


Fig.  9 Centerline  velocity  in  impinged  jets 


Agreement  between  data  and  theory  is  reasonably  good, 
although  in  general  the  prediction  is  high.  Vlthin 
the  initial  region,  this  type  of  disparity  is  charac- 
teristic of  most  free-jet  analyses,  owing  to  the 
Idealized  modelling  of  the  jet  core.  However,  the 
overprediction  of  theory  at  large  distances  from  the 
source  is  more  fundamental  in  nature,  and  is  believed 
to  be  due  to  the  assumptions  ir'erent  in  working  with 
the  boundary-layer  form  of  the  momentum  equations. 

For  example,  for  the  well-behaved  constrained  radial 
jet,  the  spreading  rate  for  the  point  where  U/Uq  • 
0.01  is  y/r  “ 0.36  by  using  Eq.  (2).  This  does  not 
correspond  to  a "very  thin"  shear  layer,  for  which 
the  necessary  condition  is  that  y/r  « 1. 


Fig.  10  Centerline  velocity  in  the  constrained 
radial  jet 


The  source  of  this  "momentum  loss"  is  believed 
to  be  failure  to  satisfy  Che  assumed  condition  of 
parallel  flow.  This  non-parallel  behavior  was  clear- 
ly indicated  by  Fig.  S,  where  it  is  evident  that  a 
measurable  lateral  velocity  component  is  present. 

Such  a large  lateral  component  violates  the  approxi- 
mations inherent  in  the  boundary- layer  form  of  the 
governing  equations  used  to  model  the  flow.  Indeed, 
a complete  reassessment  of  the  full  Navier-Scokes 
equations  is  necessary,  since  additional  terms 
corresponding  to  the  high  turbulence  levels  may  also 
need  to  be  retained. 

Also  shown  in  Fig.  9 is  the  maximum  mean  velocity 
in  Che  wall  jet,  for  which  it  was  found  that 


The  large  Increase  in  jet  spreading  race  at  small 
values  of  the  constraint  ratio  is  accompanied  by  a 
similarly  large  increase  in  the  relative  turbulence 
intensity  at  the  jet  origin,  as  shown  in  Fig.  11.  How- 
ever, it  is  not  the  increased  turbulence  chat  is  en- 
hancing Che  spreading  race,  because  the  initial  turbu- 
lence intensity  levels  at  a jet's  source  do  not  in- 
fluence the  final  self-preserving  form  the  shear 
layer,  ocher  chan  the  location  of  the  virtual  origin. 
This  is  indicated  by  Che  asymptotic  behavior  of  the 
relative  intensity  data,  which  are  seen  to  converge  to 
a value  of  approximately  32  percent,  irrespective  of 
Che  initial  turbulence  levels. 
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where  both  the  proportionality  constant  and  the  ex- 
ponent were  determined  directly  from  the  data.  The 
value  for  the  exponent  is  in  close  agreement  with 
other  reported  values  in  Table  1. 

Experimental  measurements  of  centerline  veloc- 
ities in  constrained  radial  jets  are  shown  in  Fig. 

10  . The  similarity  parameter  used  along  the  ab- 
scissa includes  two  empirically  determined  quantities, 
these  being  the  spreading  rate  and  virtual-origin 
location.  The  theoretical  curve  shown  in  Che  figure 
was  computed  using  Eq.  (3),  where  Che  core  length  is 
found  from  the  condition  chat  Ug/Uj  • 1,  giving 
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Fig.  11  Turbulence  intensity  in  radial  jets 
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Because  the  spreading  race  does  correlate  with 
the  nozzle  constraint  ratio,  but  not  with  the  ini- 
tial turbulence  level,  it  can  be  concluded  chat  the 
non-parallel  nature  of  the  initial  jet  conditions 
must  be  the  property  characterizing  non-ideal  radial- 
jet  behavior.  This  hypothesis  is  conslscenc  with  Che 
observed  universal  spreading  rate  of  impinged  radial 
jets,  since  it  can  be  argued  that  colliding  self' 
similar  axlsyctsecric  jets  will  produce  self-similar 
radial-jet  initial  conditions  that  are  both  non- 
parallel and  independent  of  the  separation  distance. 
Thus  it  is  only  when  constraining  nozzle  walls  are 
introduced  that  the  self-similar  initial  conditions 
cf  impinging  jets  become  altered,  Co  the  point  that 
in  the  limit  of  large  constraint  ratios  the  initial 
flow  becomes  parallel,  and  a well-behaved  constrained 
radial  jet  results. 

CONCLUSIONS 

The  results  of  an  experimental  and  analytic  study 
of  impinging  axisynmiecrlc  turbulent  flows  have  been 
presented.  Three  impinging-flow  configurations  were 
considered:  a single  axlsymmecric  turbulent  jet 
impinging  normal  to  a plate;  two  directly-opposing 
axlsymmecric  turbulent  jets  of  equal  momentum  flux 
impinging  against  each  ocher;  and  a constrained  radial 
jet  as  produced  by  the  radial  flow  from  an  annular 
orifice  formed  by  two  parallel  circular  disks. 

A geometric  parameter  termed  the  constraint  ratio 
defined  as  the  ratio  of  nozzle  diameter  to  separation 
distance,  has  been  shown  to  characterize  radial-jet 
behavior.  Large  values  of  Che  constraint  ratio  typify 
"constrained"  radial  jets,  for  which  the  nozzle  walls 
constrain  the  flow  leaving  the  orifice  to  be  parallel; 
a small  constraint  ratio  is  representative  of  two 
opposing  free  axlsymmecric  jets,  the  collision  of 
which  produces  an  "impinged"  radial  jet.  It  has  been 
found  chat  the  well-behaved  constrained  radial  jet 
spreads  at  the  same  rate  as  does  the  familiar  plane 
jet,  whereas  the  impinged  radial  jet  spreads  at  a 
race  aiore  chan  three  times  as  fast.  Neither  type  of 
radial  jet  is  amenable  to  a self-similar  analytic 
solution;  however,  while  the  impinged  jet  has  been 
shown  to  require  numerical  solution  techniques,  an 
empirical  solution  for  the  constrained  jet  has  been 
demonstrated. 

A comparison  between  the  impinged  radial  jet  and 
an  impinged  wall  jet  has  revealed  chat  in  both  cases 
the  impingement  zone  occupies  only  the  inner  15  per- 
cent of  the  separation  distance  between  the  source 
nozzles  and  the  impingement  plane,  with  the  pre- 
impingement  region  having  the  structure  of  an  undis- 
turbed free  axisysmecric  jet.  On  the  ocher  hand,  the 
wall  jet  region  is  more  similar  to  the  free  shear 
layer  of  the  constrained  radial  jet  chan  that  of  an 
Impinged  radial  jet.  With  the  exception  of  the  im- 
mediate wall  boundary  layer  region  and  its  associated 
momentum  losses,  the  outer  region  of  the  wall  jet 
closely  resembles  the  constrained  radial  jet  in  terms 
of  the  spreading  race,  centerline  velocity  decay,  and 
turbulence  intensity,  although  the  centerline  velocity 
does  decay  at  a slightly  faster  race,  due  to  shear 
stress  losses  at  the  wall. 
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ABSTRACT 

lieasureaents  in  the  nedr  field  of  streanwlse 
mean  and  turtulent  velooitieff.^are  reported  for  a 
fully  pulsed  axi-symmetric  subionic  air  Jet 
exhausting  into  still  air.  The  'sear,  velocity  field 
follows  the  same  scaling  laws  as  a steady  Jet  but 
the  pulsing  moves  the  effective  origin  well  upsoream 


from  the  Jet  exit.  Entrainmeno.  rs 


were  found  to 
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- Hot'Vl”e  ard  ^ 

- Hot-iiXt^  ealib^jion  (kinsta^s 
Instanipneous  wl^,  cooling  veiocity 

- Outlet  oXifise  diameter 

- Hot-wire  i^ltage 

- Film  coefflWent 

'Hot-wire  3nial\  perturbation  sensitivity 
■to,  U,  P and  Tu  respectively 

- Static  pijessure  in,  and  at  edge  of  Jet 
respectively  relative  to  far  field  am- 
bient pressure 

- V*l’ume  flow  at  any  x and  at  exit 
respectively 

- Radial  co-ordinate 

- Half- value  radius  of  U 

- Half-value  radii  of  7 arB  u“. 

- Radius  of  control  volume 

- Hot-wire  resistance 

- Period  of  a pulsation  cycle 

- Urdieated  wire  equilibri'j.  temperat'ure 
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be  significantly  higher  t lan  for  the  Steady  Jet 
are  a function  of  two  length  scales.  and 

turbulent  velocity  length  scaling  dlffer^lgnificantly. 
The  measiirsffients  indicate  that  momentum  l^^ot  con- 
served which  is  attributed  to  the  existenc^^f  a 
significant  pressure  gradient  for  whi<^  case\  : 
ifled  thin  flow  conservation  anuatlon'i'^ 

Ensemble  averagl.ng  of  the  signals 
separation  of  the  pseudo  a^d  intglnsls  ? 
components.  \ 


Pseudo  turb’ulence  velocity  fluctuation  on 
Jet  axis 

Intrinsic  velocity  fluctuation 
Spectral  component  of  u*-  at  frequency,  f 
iiean  axial  velocity 

iiean  flow  velocity  at  jet  exit  evaluated  fro 
mass  flow  and  ambient  far  field  temperature 
and  pressure 

Instantaneous  total  axial  velocity 
I.'aximum  anticipated  velocity 

Total  pseudc  turbulence  velocity  at  a given 
instant  from  beginning  of  pulsation  cycle. 

Mean  axial  velocity  on  Jet  axis 
Mean  and  fluctuating  radial  velocity 
Azimuthal  velocity  fluctuation 

Streamwise  directional  co-ordinate  with 
origin  at  exit  plane  of  Jet  orifice 

Linearizer  constants 
Density 

Time  from  valve  opening;  same  meaning  if 
used  as  subscript 

Overbar  denotes  tiz:e  averaging  over  many 
Dulsating  cycles. 


IirrRODUCTION 

The  velocity  field  cf  a steady  Jet  has  already 
received  considerable  attention  from  both  the 
theoretical  ar.d  the  experimental  aspect.  Sy  com- 
pariscn,  little  is  'Known  about  the  basic  character- 
istics of  pulsed  Jets.  Crow  and  Champagne  [£]  in 
their  study  of  the  strucfure  of  a steady  .'et~intro- 
dueed  a small  pulsation  and  observed  a significant 
increase  in  entrainment.  Binder  e*  al  [C,  21  showed 
that  for  this  case  the  entrainment  increase?  with 
Increasing  level  of  pulsation  ar.d  that  the  spread  of 
the  Jet  is  dependent  or.  the  le'-el  of  pulsation  as  well 
as  the  freauer.oy  of  p-ulsation.  Curvet  and  Cirardt-] 
showed  by  flow  visualization  ‘hat  such  .'ets  ccnsis? 
of  periodically  e'ectei  vertex  rings.  The  fully 
pulsed  case  represents  the  upper  bcundar:.'  on  t.he 
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level  3:'  pulsation  as  the  :’lor  at  the  jet  exit  is 
reiuoed  to  rent  at  the  end  o:'  each  cycle.  The  case 
o:'  zero  flow  velocity  exists  in  unsteady  turbulent 
P'li'fs  studied  by  Kovasznay  et  al  [5] . 

The  purpose  of  this  paper  is  To  present  near, 
and  turbulent  streanwrise  velocity  data  in  the  near 
field  of  a fully  pulsed  jet  exhausting  at  subsonic 
speeds  into  stationer:'  air.  '"ithin  a linited  rar.ge, 
the  effect  of  pulsating  freo.uer.cy  is  considered. 

TnHiaMlLCaY  .ViT  ISFIKITIONS 

A velocity  transducer  of  sufficiently  fast  res- 
ponse vrill  produce  a signal  sinilar  to  that  of  Fig.l, 
Then  placed  at  a fixed  point  in  the  flow. 


.Stfnoi  erodgcM  by  fast  n 
vsncitr  ?rqr«suc«r 


Start  ot  noNt  cycis  * 


Fig.  1 Instantaneo'us  velocity  signal  and  its  basic 
elements 

The  signal  consists  of  a periodic  component  referred 
to  as  "pseudo  turbulence"  superimposed  on  which  are^ 
fluctuations  of  much  higher  "frequency  referred  to  as 
"intrinsic  turbulence".  The  latter  contains  all 
shear  turbulence,  turbulence  due  to  the  high  flow 
Reynolds  number  as  well  as  any  unsteadiness  assoc- 
iated with  the  pseudo  turbulence.  The  sum  of  the 
pseudo  and  intrinsic  turbulence  Is  referred  to  as 
the  "aggregate  turbulence". 

The  total  pseudo  t'urbulence  velocity,  U_,  is 
found  by  ensemble  averaging  the  total  instantaneous 
flow  'velocity  over  a large  number  of  cycles  at  time 
T^.  Sqs.  l(a)-(d)  define  the  various  velocities  used. 
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Also,  j ■ -Up  dt  * 0,  u*  » C,  u^  * 0 and  u * 0. 
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FLOW  DESCP.IP7I0K  Aim  BASIC  EQUATION'S 

The  flow  was  produced  by  the  rapid  opening  and 


closing  of  a valve  thereby  periodically  exhausting 
high  pressure  air  from  a receiver  to  atmosphere. 

As  the  '.'alve  opens,  a compression  wave  is  set  up  which 
travels  downstream  at  sonic  "velocity  and  a corres- 
ponding rarefaction  wa've  travels  upstream.  If  the 
fluid  exhausts  at  a s-jfficier.tly  high  velocity,  it 
moves  through  the  resultant  press-ure  field  producing 
an  interaction  between  this  and  the  fluid.  Recon- 
sideration of  the  basic  time-averaged  flow  eq'uaticns 
used  in  steady  jet  sifuaticns  is.  therefore,  required. 
The  axial  and  radial  Navier-ctokes  eq'uation  for  com- 
pressible, axisysmetric  flow  without  swirl  and  neg- 
ligible molecular  effects  become 

,:3U  ^ ( 2 ) 

'■^x'  or  B ox  9x  ” r 3r 
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B 3X 

r 3r 
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* 7 3r 
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where  p is  variable. 

The  usual  thin  flow  approximations,  Tennekes  and 
Lumley  [^] , together  with  the  approximation  that  o is 
a functiTn  only  of  x,  le^s  to  Eq.{4)  which  will 
slightly  underestimate  3^/3x. 

^ , .1  |P  * (.) 

ox  0 3x  0 ox 

Substitution  of  this  result  into  the  axial  mom- 
entum equation,  Eq.  (2),  and  integration  across  the 
jet  using  a cylindrical  control  volume  of  radius  R 
sufficiently  large  so  that  at  r • R,  U • 0 end  uv  * 0 
yields  Eq.  ( 5 ) if  at  r - 0,  V = 0 and  uv  = C.  3?./3x 
is  assumed  to  be  independent  of  the  radial  position 
for  purposes  of  this  integration. 

I-  J (U2  * 72  - 72)  r dr  o - (5) 

oX  •'q  UO  oX 

Both  B and  P„  are  functions  of  x.  In  the  case  of  a 
steady  jet,  3F^/3x  » 0 thus  yielding  the  familiar 
result  where  the  integral  of  Eq.  ( 5 ) is  constant  and 
proportional  to  the  total  jet  momentum.  Since  3F»/3x 
will  be  negative,  the  pulsed  jet  moment-urn  should  in- 
crease with  X until  the  far  field  condition  of  zero 
pressure  gradient  is  reached. 

JET  FACILITY 

A plenum  chamber  placed  immediately  upstream  cf 
the  pulsating  valve  consisted  of  a cylindrical  vessel 
with  a free  internal  space  720  mm  long  x 260  mm  dia- 
meter. Air  left  the  vessel  through  a rounded,  smooth 
transition  piece  which  connected  the  plenum  chamber 
and  the  pulsating  valve  (Fig.  2).  A contraction  with 
an  exit  diameter  of  25.4  mm  was  placed  after  the 
rollers  to  give  an  axisynnetrlc  free  Jet. 

During  continuous  operation  cf  the  system  the 
pressure  fluctuations  in  the  plenum  chamber  resulting 
from  the  pulsation  of  the  flow  never  exceeded  3"  of 
the  mean  plenum  chamber  gauge  pressure  irtiieh  was 
35  kN/m2.  Flow  rates  were  meas'ured  well  upstream  of 
the  plenum  chamber  with  an  orifice  flow  meter  and 
were  found  to  be  independent  of  frequency  of  pul- 
saticn.  Pressure  fluctuation  levels  in  the  plenum 
chamber  decreased  with  increasing  frequency  of 
bulsaticn. 
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Fig.  2 Panlil  vie^  of  air  supply 


Stress  static  tsHperature  tos  measured  with  a 
hot-wire  operated  at  very  low  constant  current  thus 
responding  essentially  like  a resistance  theraometer. 
A typical  signal  at  two  exit  diameters  from  the  out- 
let is  shown  in  Fig.  3.  The  peak  to  peak  temperature 
fluctuation  level  as  a function  of  distance  from  the 
outlet  orifice  is  given  in  Fig.  4 end  typical 
velocity  signals  in  Fig.  ?. 


Velocity  measurements  were  performed  with  a con- 
stant temperature  .hot-wire  anemometer  which  incorpor- 
ated dynamic  linear! cation  in  the  feedhaek  loop  sc 
that  over  the  whole  velocity  range  constant  s:.’’stem 
bandwidth  existed.  The  wire  was  ? urn  diaseter  x 
1.4  njc  lcr.g  tungsten  operated  at  an  overheat  ratio  of 
0.?.  Ihie  to  the  large  fluctuating  forces  on  the  wire, 
a curved  wire  was  used  the  response  of  which  will, 
except  for  a scale  factor,  be  similar  to  that  of  a 
straight  wire. 

For  low  rubsonio  velocities,  Bremhorst  and 
jilaore[7)  h,ave  shown  that  identical  small  perturbation 
responses’  of  a hot-wire  are  obtained  by  the  Static  and 
dynamic  methods  of  calibration  provided  that  a velocity 
wire  output  eorrelatlon  appropriate  to  the  velocity 
range  is  used  for  the  static  method.  The  one  covering 
accurately  the  velocity  range  met  in  the  present 
meas-ureaents  is  Eq.  (6)  by  Siddall  and  Davies  1*3. 
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Unless  otherwise  stated,  it  is  assumed  that  the 
near,  wire  voltage  is  proportional  to  the  mean  stream- 
wise  velocity  and  the  fluctuating  voltage  is  pro- 
portional to  the  fluctuating  part  of  the  streamwise 
velocity.  At  the  edges  of  the  Jet  where  turbulence 
levels  are  high,  this  approximation  will  lead  to  the 
usual  errors  which  have  already  been  discussed 
extensively  in  the  literature. 

Although  velocities  were  always  subsonic,  peak 
velocities  reached  the  high  subsonic  regime  so  that 
ccmpressibility  effects  on  the  hot-wire  measurements 
require  consideration.  Eq.  (7)  gives  the  instantan- 
eous heat  balance  of  a hot-wire  in  the  absence  of 
end  conduction  and  operated  in  the  constant  temper- 
ature mode  i*ere  the  wire  resistance  and  hence  wire 
temperature  are  constant. 

E^/R^  . hA^(T^  - Tj)  (7) 

The  anemometer  output  E is  a function  of  h and  T^  and 
h is  a function  of  velocity,  pressure  and  T^.  F5r 
small  variations  from  a reference  state,  thS  anemom- 
eter output  may  be  corrected  by  application  of  Eq.(3) 

V r * V f r 

^ *E 

if  h is  a function  only  of  Reynolds  Number 
and  the'^  working  fluid  is  a perfect  gas.  For  the 
conditions  used,  “ -(f^-Tj)/2?j.  at  all 

velocities,  =■  125  K,  Tj.  =■  293  K and  the 

resistance  ratio  was  set  by  measuring  the  cold  wire 
resistance  at  ambient  conditions.  Reference  to 
Fig.  4 shows  that  the  stream  temperature  was 
generally  below  the  ambient  temperature.  The  above 
is  used  at  a later  stage  for  the  assessment  of  the 
measured  mean  velocity  data. 

The  difference  in  temperature  between  the  Jet 
and  the  ambient  air  leads  to  heat  transfer  by 
turbulent  mixing  of  the  two  fluids.  Its  effect  on 
the  turbulent  velocity  measurements  is  similar  to 
that  obtained  irtien  performing  measurements  in  a 
heated  or  cooled  Jet.  Again,  no  corrections  for 
this  were  made  but  an  error  analysis  showed  that  the 
measured  intrinsic  turbulence  intensities  would  be 
up  to  105  higher  than  the  true  ones  in  regions  where 
a high  correlation  exists  between  the  intrinsic 
velocity  and  temperature  fluctuations. 

Signal  processing  was  performed  on  an  EAI  Pacer 
600  hybrid  computer  which  permitted  the  separation 
of  pseudo  and  intrinsic  turbulence  components  by 
suitable  ensemble  averaging  over  1750  pulses. 

EXPERIMENTAL  RESULTS 

?fean  Velocity  Profiles 

Fig.  7 shows  that  the  mean  centre-line  velocity 
Uo  is  inversely  related  to  the  distance  from  the 
orifice  over  the  range  2 < x/d  < 17  the  latter  being 
the  furthest  from  the  Jet  exit  at  which  measurements 
could  be  made  with  the  present  facility.  This 
relationship  given  by  Eq.(9)  is  identical  to  that 
for  a steady  Jet  but  the  constants  depend  on  the 
pulsating  frequency. 


Fig.  7 Decay  of  mean  axial  velocity. 


The  considerable  movement  of  the  virtual  origin 
upstream  is  consistent  with  that  observed  by  Crow  end 
Champagne  [y  at  low  levels  of  Jet  perturbation.  Rad- 
ial distributions  of  mean  velocity.  Fig.  8,  scale  well 
with  the  half  value  radius  r^  jj(r  at  which  U » iUo). 


Fig.  8 Pidial  distributions  of  mean  velocity. 

The  distributions  obtained  at  x/d  • 4,  7,  11  and  17 
fall  within  the  bands  shown.  Radial  traverses  were 
taken  along  two  diameters  at  right  angles  and  found  to 
be  identical  and  symmetrical  about  the  Jet  axis.  To 
these  results  can  be  fitted  Eq.  (10);  a * 0.44  gi-^ing 
a good  fit  at  the  two  test  frequencies.  The  half 
value  radius  is  shown  as  a function  of  X''d  in  Fig.  9 
together  with  the  parameters  for  the  functional 
relationship  of  Eq.  (11). 
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ris.  9 Xtear  velocity  half  value  radius  as  a function 
of  x/d. 

Soae  et-idence  of  the  existence  of  a potential 
cone  is  seen  in  rig.  S at  x/d  » 2 but  has  ooaipletely 
vanished  at  x/d  » 4.  Although  the  turbulence  level 
of  the  flow  upstream  of  the  valve  was  only  2.5S  when 
operating  under  steady  jet  conditions,  the  concept 
of  a potential  cone  is  probably  not  applicable 
because  of  the  finite  opening  and  closing  times  of 
the  valve.  Both  the  concept  of  a "mixing  region" 
which  would  be  applicable  to  the  developir.g  flow 
immediately  downstream  of  the  valve  and  that  of  a 
"fully  developed  Jet"  further  downstream  in  the  self- 
preserving  region  are  still  appropriate. 

Volume  flow  and  Bntrairjuent  Rates 

From  the  mean  velocity  distributions,  the 
volume  flow  can  be  found  by  integration.  The  problem 
of  calculating  the  entrainment  rate,  d( Q /Q. )/d( x/d ) , 
has  already  been  discussed  by  Crow  and  Champagne  (1] 
and  Kinze  [9] . To  arrive  at  the  experimental  poinFs 
of  Fig.  10, “velocity  profiles  were  integrated  to 
that  r at  which  the  velocity  was  less  than  C.l  Un. 

This  gave  restilts  almost  identical  to  the  fairing- 
in  procedure  used  by  Crow  and  Champagne  [11 . 
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Fig.  10  Jet  volume  flow  rate  at  various  i/d 

For  comparison,  the  curve  obtained  by  use  of  the 
functional  relationship  of  Eq.  (12),  derived  from 


( ? ; , ( 10 ) and  ( 11 ) is  also  shown 

-AA^  ( x*a 
: ' ^ 
iT  ' u dv  x+3 ; 


Vnlils  the  steaoy  jet,  t.he  entrairnent  now 
depends  or.  "a”  as  well  as  "ai".  Since  "a"  is 
significantly  different  from  "ai",  a constant  entra 
ment  rate  is  not  obtained  in  the  near  field  regicn. 
A.pproxlmate  entrairment  rates  calculated  from  Fig. 
are  1.05  and  1.'  for  10  Ko  and  25  Ho  respectively  a 
the  larger  values  of  x'd  which  exceed  that  ;f 
0.292  measured  by  Crow  and  Champagne  (^]  in  the  sel 
preserving  region  of  a steady  Jet.  ” 

Turbulence  Intensity 

r.adiai  profiles  of  aggregate  turbulence  levels 
are  shown  in  Fig.  11(a).  A functional  relationship 
Eq.(13),  of  the  same  form  as  that  used  for  the  mean 
velocity  profiles  of  Fig.  8 again  gives  an  acceptab 
fit  to  the  data  for  x/d  > 2 and  o * C.  — . 
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Fig.  in  a)  Radial  distributions  of  aggregate 
turbulence  energy  levels. 


Fig.  ll(b''.  Radial  distributions  of  pseudo  turbulent 
fluctuation  energy  levels,  25  Hs. 


1(c)  Radial  distributions  of  intrinsic 
turbulence  intensity  levels 


Fig.  12(a) 


Pseudo  and  intrinsic  turbulence  components  are  shovm 
in  Figs.  11(b)  and  11(c).  In  each  case  the  relevant 
half  value  radius  was  used  to  obtain  the  normal- 
ization. Since  the  pseudo  turbulence  is  the  major 
component  of  the  aggregate  turbulence,  it  is  to  be 
expected  that  the  former  should  follow  the  same 
functional  relationship  with  a » 0.44  giving  a good 
fit.  The  Intrinsic  turbulence  follows  a 
different  pattern  since  its  major  component 
is  expected  to  be  shear  generated 
turbulence  produced  in  a similar  manner  to 
that  in  the  steady  jet.  A.  direct  comparison  between 
the  latter  and  the  present  case  is  shown  in  Fig.ll(c) 
The  aggregate  turbulence  Intensity  variation 
along  the  jet  axis,  Fig.  12(a)  follows  approximately 
the  decay  law  of  Eq.  (14)  which  is  similar  to  that 
for  Uq. 
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Very  high  levels  of  turbulence  intensity  are 
indicated  but  this  is  to  be  expected  since  fluctua- 
tions in  velocity  are  from  zero  to  the  maximum 
velocity  about  a small  resultant  mean  velocity. 
These  large  fluctuations  are,  however,  only  in  the 
axial  direction.  For  increasing  x/d,  the  jet 
pulsation  gradually  decays  until  in  the  limit  an 
essentially  steady  jet  is  obtained.  Turbulence 
intensities  of  the  order  of  0.3  at  large  x/d  have 
been  reported  by  '.Vygnanskl  and  Fiedler  [^)  in  the 
steady  jet.  The  present  results  indicate  a rapid 
decay  with  x/d  towards  this  level,  the  decay  being 
more  rapid  at  the  higher  pulsation  frequency. 

Since  the  pseudo  turbulence  dominates  the  aggregate 
turbulence,  the  near  monotordcally  decreasing 
aggregate  turbulence  is  to  be  expected.  The 
pseudo  turbulence  component.  Fig.  12(b),  has  its 
maximum  at  the  valve  exit  and  decreases  almost 
inversely  with  x/d  as  also  holds  for  the  aggregate 
turbulence  of  Fig.  12(a).  The  development  with  x/d 
of  the  intrinsic  turbulence  is  shown  in  Fig.  12(c). 
Above  x/d  • S it  follows  that  of  the  steady  jet. 
This  behaviour  is  similar  to  that  observed  for 
partially  pulsed  Jets  by  Binder  et  at  (2] . 


Aggregate  turbulence  intensity  variation 
along  jet  axis. 


Fig.  12(b)  Pseudo  turbulence  fluctuation  intensity 
variation  along  jet  axis,  25  Hz. 
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Fig.  12(c)  Intrinsic  turbulence  intensity  variation 
along  jet  axis. 
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?lg.  13  Half  value  radii  of  axial  aggregate 

turbulence  and  pseudo  turbulence  fluctuation 
energy  distributions. 


Half  value  radii 


j i?  and  u|  • j are  shown  in  Fig.  13. 


It  is  noteworthy  that  far  the  fully  developed,  steady 
Jet  u * U converse  is  true  for  the 

fully  pulsed  case.  Unlike  the  mean  velocity 
situation  (rig.  9)  r^  ^ is  not  a linear  function  of 

x/d  suggesting  a degree  of  dissimilarity  between  the 
mean  and  fluctuating  fields.  This  is  further  con- 
firmed by  the  results  of  Fig.  12(a)  which  is  the 
case  corresponding  to  that  of  Fig.  7 for  the  mean 
velocity  field.  It  is  seen  that  both  the  effective 
origin  and  the  rate  of  axial  decay  differ  signif- 
icantly from  those  applicable  to  the  mean  flow. 
Incomplete  similarity  in  the  near  field  is  undoubt- 
edly due  to  the  fact  that  for  the  pulsating  Jet,  the 
aggregate  turbulence  level  is  dominated  by  the  pseudo 
turbulence  which  scales  with  x/d  rather  than  (x-‘a)/d. 


?.ioner.tum  Balance 

Tne  simplified  momentum  equation  applicable  to 
free  flows  with  a presstire  gradient  was  derived  as 
Sq.  (5).  Since  the  turbulence  components  enter 
Eq.  (5),  the  approximate  response  of  the  hot-wire 
used  to  this  stage  requires  reconsideration,  let 
C,  denote  the  Instantaneous  cooling  velocity  of  the 
wire.  Eq.  (15)  relates  this  to  the  other  flow  com- 
ponents when  a mean  flow  exists  only  in  the  axial 
direction,  sensitivity  to  flow  along  the  wire  is 
negligible  and  the  wire  lies  in  the  azimuthal 
direction. 

• (U  + u)^  * V*  (15) 

Eq.  (16)  then  gives  the  quantity  which  can  be 
evaluated  from  the  signal  of  a normal  wire  to 
represent  the  total  momentum  at  any  x/d 


Reference  to  Fig.  14  shows  that  the  first  term_of 
Eq.  (l"^)  is  positive.  If  the  term  cor.tair.lr.g  v-  is 
accepted  to  be  small,  the  existence  of  a negative 
3?_  '3x  is  established. 


14  Jet  momentum  evaluated  from  -uncorrected  hot- 
wire signal  - First  term  of  Eq.  (17). 


At  x/d  ' 2.V-  » 0 sc  that 


f 


■dr  is 


directly  proportional  to  the  Jet  momentum  at  exit. 
If  a oero  pressure  gradient  did  exit,  the  results 

fR  _ 

of  Fig.  14  indicate  that  J v^  rdr  would  have  tc 

0 

represent  half  the  Jjt  momentum  at  x/d  • 2,  which 
appears  unlikely  as  v‘  is  not  expected  to  be^ 
significantly  above  the  value  of  a gteadj-  Jet  at 
the  same  mean  velocity  whereas  the 


£ta 
u^  is  very 


significantly  above  the  equivalent  steady  Jet  values 
because  of  the  pseudo  turbulence  component. 

Finally,  it  should  be  noted  that  hot-wire 
response  errors  due  to  pressures  and  temperatures 
different  from  th»  calibration  conditions  decrease 
the  Integrated  C,-  values  at  low  i/d  relative  to 
those  at  higher  i/d  as  at  all  times  the  anemometer 
was  calibrated  and  set  up  at  temperatures  and 
pressures  similar  to  those  obtained  at  large  x/d. 
With  the  aid  of  Eq.  (8)  and  the  operating  data  giver, 
earlier,  it  is  seen  that  corrected  velocities  at  low 
x/d  would  be  lower  than  the  uneorrected  values 
reported  here.  Ur.fortunately,  precise  ecrrectior.  is 
not  possible  without  measured  values  cf  pressure, 
but  if  at  x/d  • 2 the  pressure  is  5%  above^atmos- 
pherlo  and  the  temperature  on  average  is  6 C below 
ambient  as  obtained  from  rig.  4,  the  corrected 
velocity  would  be  15!  below  that  reported  here  thus 
considerably  en.bar.sing  the  case  fer  a non  sere 
pressure  gradient  as  at  x/d  • 17  virtually  no 
correctlcr.  is  required. 


•'  r, 


v^ ) rdr 


(16) 


Substitution  cf  this  result  into  Eq.  (5)  gives  the 
conserratlor.  equatign,  Eq.  (17).  in  terms  of  the 
measured  quantity  C^. 


PulseDetai^ 

In  adaitlon  to  the  time  averages  over  many  cem- 
plete  pulses,  data  were  obtained  at  a given  point 
within  each  pulsa.  The  position  within  each  pulse 
was  determined  by  a fixed  delay  relative  to  a timing 
pulse  obtained  from  the  rotary  valve  drive  shaft. 

The  total  pseudo  turbulence  as  a function  of 


KMHiSS  fAtlOM  SKPWNESS 


the  siewness  ar.d  flatness  data  "ig.  ITia)  and  (b', 
also  ttnpare  -.veil  Tith  steadv  jet  data.  The  r'x 
rather  than  r/(x*a)  r.ornaliiation  is  ecr.sidered 
justified  as  the  effective  origin  for  the  near, 
velocity  half  v’alue  radius  data  is  aorroxiaately  at 
x/d  * 2 (rig.  9).  Inclusion  of  this  ninor  correction 
would  produce  an  even  better  agreeaer.t  between  the 
two  cases. 


i Steady  jet  - Wygnanski  t Fiedler  110] 


ig.  17(a)  Skewness  of  intrinsic  turbulence 


16  r 


rig.  17(b)  Flatness  factor  of  intrinsic  turbulence. 


Spectra 

'ii'r.e  steady  progression  of  the  flow  fron  a low 
furbulenoe  pulse  train  to  a near  steady  jet  flow  is 
t;— ifled  by  the  spectra  of  Fig.  IS. 


For  the  latter  case  the  pulsed  cozponent  foms  a 
less  dominant  part  of  the  low  frequency  spectrum  with 
the  high  frequencies  tending  towards  the  general 
urjversal  spectral  shape  with  its  -5/3  fall  off. 
Comparison  of  the  two  spectra  at  i/d  • 17  also  shows 
that  the  pulsed  component  is  still  evident  in  the 
core  of  the  flow  but  at  the  edge  of  the  jet  it  has 
almost  vanished.  The  fundamental  and  associated 
harmonies  are  only  indicative  in  width  and  relative 
power  as  no  attempt  was  made  to  optimize  the  digital 
data  analysis  for  maximum  definition  of  these  sharp 
peaks.  Spectra  for  other  positions  in  the  flow  are 
available  in  Karch  [^1 . 

COMCLUSION 

The  mean  velocity  field  of  a fully  pulsed  sub- 
sonic air  jet  issuing  into  still  air  can  be  des- 
cribed by  the  same  functional  relationships  used 
for  steady  Jets.  The  main  effects  of  the  Jet 
pulsation  are  to  move  the  effective  Jet  origin  well 
upstream  of  Jet  exit  and  to  significantly  increase 
entrairjnent  rates,  the  higher  pulsating  frequency 
yielding  the  higher  entrainment  rate. 

Length  scaling  for  the  streamwise  turbulence 
differs  significantly  from  that  of  the  mean 
velocity.  This  is  due  to  an  x/d  dependence  of  the 
pulsating  component  whereas  the  shear  generated 
turbulence  has  an  (x*a)/d  dependence,  .results 
indicate  that  momentum  is  not  conserved  in  the  near 
field  of  the  fully  pulsed  Jet.  Assumption  of  a non- 
zero streamwise  pressure  gradient  at  the  edge  of  the 
Jet  yielded  a modified  Integre’  noment’jm  equation 
which  is  consistent  with  the  hot-wire  measurements. 
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ABSTRACT 

Tht  intaraction  of  tbt  lift  j«ts  and  tha  ground  is  an  important  comidtra- 
tion  with  rtgard  to  the  design  of  VTOL  aircraft.  A key  etement  of  this  ground 
effect  problem  is  turbulent  jet  entrainment,  which  causes  otherwise  static  air  to 
be  set  into  motion  and  leads  to  aerodynamic  loads  on  airframe  surfaces.  As  a 
first  step  toward  gaming  an  understar>ding  of  this  phenomenon,  a combined 
theoretical  and  experimental  analysis  of  two-dimensional  turbulent  jet  impinge- 
ment flowfields  has  been  undertaken.  Both  planar  and  axisymmetric  jets  in  close 
ground  effect  have  been  modeled  using  the  incompressible  Reynolds  eouations  in 
combination  with  a orte^guation  turbulersce  model.  Distributions  of  the  flow 
properties  are  computed  as  functions  of  Reynolds  number  based  on  jet  sxit 
properties  and  height  of  the  jet  exit  plane  above  ground.  For  the  planar  imping- 
ing jet.  fiowfteld  properties  are  presented  for  various  flow  configurations,  and 
oomperrsons  arc  made  with  the  computed  distributions. 

INTRODUCTION 

During  the  pest  ten  veers,  a siaeeoie  research  effort  has  been  devoted  to 
the  design  of  jet-  end  fen-powered  vertical-tekeoff-end-lendmg  (VTOL)  aircraft. 
At  the  MeOonneM  Dougles  Corporation,  current  VTOL  aircraft  development 
programs  include  the  AV-8A  artd  AV-88  Harrier  direct-lift  jet  fighter  and  the 
McDonnell  Airaeft  model  260  lift-cruise-fen-eugmented,  multi  purpose  aircraft. 

Major  problems  of  VTOL  flight  occur  during  takeoff  and  tha  transition  to 
cruise.  Prtnapally.  unpredictable  forcae  can  be  produced  on  the  airframe  through 
the  mteriaion  of  the  lift  jets  end  the  ground,  a so-called  ground  effect  problem. 
Theta  forces,  which  occur  as  the  result  of  a fiowfield  induced  by  the  propulsive 
lift  jets,  can  be  either  positive  or  negative.  In  the  former  case,  additional  lift  is 
provided,  but  in  the  latter  case,  a nominally  designed  proouision  system  may  not 
have  Sufficient  thrust  for  an  adequattiy  controlled  takeoff. 

The  task  of  predicting  the  aerodynamic  interference  effects  of  the  lift  jet, 
the  airframe,  and  the  ground  is  not  e simple  one  either  experimentally  or  theo- 
retically. The  numerous  vertebles  which  affect  tht  flowfieid  make  tt  difficult  to 
•conomicaily  study  an  aircraft  configuration  through  wind  tunnel  tests  alone.  On 
the  other  hand,  the  flow  is  so  complex  that  e rigorous  aneiyticel  treatment  is  not 
possible  at  the  present  time. 

The  obfectivt  of  the  VTOL  aircraft  fiowfield  investigation  in  orogress  at 
the  McDonnell  Douglas  Research  Laboratories  IMDRL)  is  to  gem  furvsamtntal 
knowledge  of  the  fiowfield  eisociated  with  a two-dimensionai  lift  jet  in  ground 
effect.  This  includes  a more  complete  undemanding  of  the  effect  of  turbulent 
jet  entrainment  on  the  static  pressure  variation  on  the  upper  surface  from  which 
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the  let  discharges.  Solutions  of  the  two-dimef«ional  flow  equations  are  presently 
tractable,  and  the  kruswledge  gained  may  then  be  applied  to  achieve  a better 
understanding  of  the  more  complex  three-dimensior^al  lift-jet  flowfields  auod- 
attd  with  VTOL  aircraft. 

Toward  achieving  this  objective.  MORL  has  undertaken  a combined 
theoretical  and  experimental  research  effort.  The  analytical  phase  is  a solution 
of  the  two-dimensionai.  time-averaged  conservation  equations,  in  conjunction 
with  a turbulence  model,  to  describe  the  turbulent  fiowfield  associated  with  a 
single,  two-dimensional  lift  jet  emanating  from  a static  upper  surface  and  striking 
the  grour>d.  Tht  primary  configuration  for  theoretical  analysis  is  the  unvectored 
planar  lift  jet.  which  was  selected  since  the  vectored  configuration  can  be  studied 
in  future  work  still  using  e two-dimensionel  approech.  An  unvectored  axisvm- 
metric  lift  jet  hes  also  been  anelyzed  theoretically,  but  when  this  configuration  j 

is  vactored,  the  fiowfield  becomes  thretKlimensional.  The  experimental  Phase  of  \ 

the  MDR  L effort  is  the  acquisition  of  detailed  fiowfield  measurements  for  the  i 

plener  jet  to  establish  the  validity  of  the  computed  flow  vanabies.  Although  data  1 

have  been  repoaed  for  a single  axisymmetric  jet  striking  a ground  plane  (1-4),  an  | 

extensive  set  of  meesurements  for  the  planer  configuration  is  not  available. 

ANALYSIS 

The  Flow  Configuratiora 

J 

The  two-dimensional  impinging-jet  flows  of  interest  in  the  present  paper 
arc  shown  schematically  in  Fig.  1.  For  the  planar  configuration,  the  jet  exits 
from  a slot  of  width  D in  a contoured  upper  surface  a distance  H above  the 
ground  plane.  The  region  of  interest  extends  a distanca  W from  the  jet  centerline. 

For  the  axisymmetric  configuration,  the  jet  luues  from  a nozzle  of  diameter  D 
located  a distance  H above  the  impingement  surface.  The  region  of  interest 
extendi  radially  a distanc.  W from  the  axis. 

For  both  geometries,  tne  jet  fiowfield  can  be  divided  into  three  regions;  s 
free-jet  region  in  which  the  flow  ts  essentially  the  same  at  that  of  s jet  issuing 
into  an  unbounded  medium:  the  impingement  region,  in  which  the  flow  changes 
direction  with  a large  pressure  gradient:  end  the  wqtl-jet  region  m which  the  flow 
spreads  out  over  the  impingement  surface  with  zero  preuure  gradient  The  fluid 
surrounding  the  jet  it  entrained  at  the  boundaries  of  all  thret  regions,  causing 
otherwise  static  air  to  be  set  into  motion.  If  the  jet  discharges  from  a boundir>g 
upper  surface,  this  motipn  results  in  locally  reduced  static  pressures  and  an  aero- 
dynamic load  on  the  surface. 

For  the  configurations  of  Fig.  1,  a vigorous  fluid  dynamic  analysis  cannot 
be  made  using  purely  inviseid-flow  eelculation  techniques,  even  with  the  addition 
of  tmpiricai  or  boundary-lever  corrections.  In  feet,  a turbulent  boundary-layer 
procedure  cannot  simply  be  patched  into  an  inviseid  scheme  since  there  ere 
pressure  gradients  in  both  coordinate  directions  with  no  single  dominant 
direction  of  flow. 

In  the  present  approech.  the  time-evereged  continuity  and  Navier  Stokes 
equations  for  steady,  two-dimensional,  mcompressimt  flow  art  used  to  describe 
the  mean  motion  of  the  fluid  in  the  turbulent  jet  impingement  problem.  As  a 
result  of  tht  evereging  procedure,  unknown  turbulent  stress  terms  arise  m the 
time-evtregtd  momentum  eouations.  To  solve  for  the  turbulent  shear  stress,  a 
turbulent-kinttic-energy  equation  n used  in  combination  with  a constitutive 
equation  that  relates  the  square  root  of  the  turbulent  kinetic  energy  to  tht  tur- 
bulent viscosity  The  resulting  couDied  nonlinear  elliptic  paniel-difftremial 
eouetions  that  describe  the  flow  are  solved  for  the  fluid  prooertits  employing 
finite-difference  orocedurts. 
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with  j ■ 0 for  planar  flow,  and  j ■ 1 for  axisymmatrjc  flow. 

Tht  prtvtous  tauations  were  written  in  dimensioniets  form  oy  mtroduang 
the  normalizing  parameters  D (the  let  width  at  the  entrance  plane  to  tne  solution 
domain).  Vo  (the  jet  centerline  velocity  at  tne  same  station),  and  p (the  constant 
fluid  density).  Dimensionless  variables  were  ootained  by  dividing  lengths  by  0. 
velocities  by  the  effective  and  turbulent  viscosities  by  pV^O,  and  the  static 
pressure  by  I/ZpVq.  This  introduces  the  Reynolds  number  based  on  jet  proper- 
ties at  the  entrance  plarse  to  the  solution  domain.  Re  • VqO/i'. 

In  Eqs.  (2)  and  (3).  the  so-called  Reynolds  equations,  the  Reynolds  strasses 
are  related  to  the  gradients  of  the  mean  velocity  components  through  definition 
of  a turbulent  viscosity.  Uturb-  effective  viscosity.  Meff,  'S  the  sum  of  the 
molecular  and  turbulent  components,  given  below  in  dimensionless  form. 

-»Hurb- 

The  Turbulence  Model  Equation 


Rg.  1 Two-dlinenaiofiel  impinfing  jet  ftowi 


The  Tifne-Avereged  Cuneei  eetion  Equetlons 

The  governing  equetiom  which  form  the  ttertmg  point  of  the  analysis  are 
those  desaibing  tht  conservation  of  mns  and  momentum  for  the  steady,  two- 
dimensional.  ineompressibla  flow  of  a Newtonian  fluid  with  no  body  forces.  To 
write  the  time  averaged  forms  of  these  equations  to  describe  e turbulent  flow, 
tht  usual  Reynolds  decomposition  is  used,  end  the  following  ere  obtained: 
Continuity: 

1 d , dv 

(«‘u)- — "0  ('I 

,i  3v 


There  art  various  turbulence  modeling  techniques  which  can  be  used  to 
compute  Mturb  thereby  close  the  system  of  Eos.  (U  through  (3).  These 
techniques  ere  described  in  detail  by  Reynolds  (5)  in  a recent  review  article. 

The  most  familiar  representation  of  turbulenct  is  tht  zero-equation  model 
in  v#hich  tht  turbulent  viscosity  is  related  to  the  time^veragad  velocity  field, 
generally  using  a mixing  length.  Tht  zero-equetion  model  deteriorates  in  accu- 
racy. however,  for  flows  with  significant  turning,  high  entering  turbulence  levels, 
a stagnation-point  region,  or  boundary-layer  separation,  in  the  jet  impingement 
problem  under  consideration,  all  of  these  flow  phenomena  occur  and  should  be 
taken  into  account.  For  this  reason,  a more  advanced  one-eouetion  model  of 
turbulence  was  adoQted. 

The  essence  of  the  one-equetion  model  is  to  derive  from  the  instantane- 
ous Navier-Stofces  equations  e partial'diffarentiel  equation  dtsciibing  the  kinetic 
energy  of  the  turbulent  fluciuetions  of  the  flow,  which  is  defined  by 

k- - < (u'l^  ♦ (v'l^  + (w|^>.  (51 

2 


The  lener,  which  has  been  normeliied  bv  V^.  is  relited  through  • ohenomeno- 
logical  equation  to  the  turbulent  viscosity. 

In  the  present  analysis,  the  one'^uetion  turbulence  model  of  Woif$htein(6) 
was  selected  to  compute  k:  its  dimensionless  form  is 


where 
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The  turbulent  viscosity  is  computed  from 
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Ir  tht  previous  equatioru.  Cq.  <?k.turb*  are  constants  which  have  oeen 

evaluated  by  WolfshteinlG).  The  variable  icq  is  the  length  seal*  for  dissipation, 
and  Ip  «s  the  length  scale  for  viscosity. 

The  required  length-scale  distributions  depend  on  the  geometry  of  interest 
(2)  Therefore,  it  is  not  poisibic  to  specify  general  relations  which  are  applicable  to 
all  flow  configurations.  This  feature  is  a disadvantage  of  one-equetion  models  of 
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turtHii^nci  and  is  the  reason  more  detailed  two-tduation  models  have  oeen 
oeveloped  m which  a length-scale  distribution  is  computed  with  a partial  differ- 
ential eouation.  in  the  work  described  here,  the  and  variations  used  for 
the  planar  impinging  jet  with  a bounding  upper  surface  are  those  reported  in 
Ref.  7.  and  the  variations  used  for  the  ajusvn'h'etric  impinging  jet  without  a 
confining  upper  surface  are  those  used  by  Wotfshnin  (6). 

The  Vortidty /Stream-Function  Form  of  the  Comemtion  end  Turbuienee 
Model  Equations 


Equations  (1).  (2).  (3).  and  (6)  art  not  solved  in  the  primitive-variable 
(u.  V.  and  p|  form  in  wntch  they  are  written,  but  rether  in  terms  of  the  time- 
avereged  vorticity  w and  stream  function  v.  which  are  defined  by  the  follow- 
ing equations; 


dx  dy 


1 dw 
x' 


U 


(10) 


1 dv 
xi 


nit 


The  vortiaty  is  normalized  by  and  The  stream  function  by  VqO. 

A vortiCity  transport  equation  is  derived  by  differentiating  Eq.  (2)  with 
respect  to  y , differentiating  £q.  '^fh  respect  to  x,  sidatramng  the  former 
from  the  ianer.  and  introducing  the  defining  equation  for  vorticity.  This  eiimi- 
natas  the  static  pressure  as  an  unknown.  Consarvation  of  mass  is  ensured  through 
definition  of  the  stream  function,  which  is  oetermined  from  a Poisson  eouation 
ootained  by  combining  Eqs.  (9)  through  (11).  The  veloaty  components  apoeer- 
ing  in  the  turbulence  model  eouation  are  else  rewritten  in  terms  of  the  stream 
function.  For  brevity,  these  equations  are  not  prteenteo  here  but  can  be  found  in 
Rtf.  7 for  the  case  of  planer  flow. 

The  boundary  conditions  on  w.  \it.  and  k which  art  eophtd  to  tne  govern- 
ing equations  arc  presented  in  subsequent  sections  when  soeofic  geometries  are 
considered. 

Once  the  vortidtv,  stream  function,  end  turbulent  visoositv  variations  are 
computed,  the  vdocitv  component  distributions  must  be  calculated.  The  velocity 
components  are  readily  obtained  from  the  definition  of  tne  stream  function.  The 
pressure  field  is  computed  through  e solution  of  the  Poisson  equation  for  pres- 
sure.  This  equation  is  derived  by  differentiating  Eg.  (2)  with  respect  to  x,  differ- 
entiatng  Eq.  (3)  with  respect  to  y.  and  adding  the  two  equations.  For  planer 
flow  tSis  equation  it  also  presented  in  Rtf.  7.  The  boundary  conditions  that  are 
imooied  are  given  by  the  two  momentum  equations.  Eqs.  (2)  and  (3).  Thus,  the 
pressure  is  determined  to  within  a constant,  the  value  of  which  is  sat  by  fixing 
the  pratsurt  level  at  one  oomt  in  the  flow. 


Conformal  Mapping  of  the  Flowfield  Equetioni 

To  solve  the  governing  equations  for  a flow  with  a contoured  upper  bound- 
ary, which  simulates  the  lower  surface  of  a fuselage,  an  inverse  conformal  map- 
ping procedure  ii  introduced.  In  this  technique,  which  wes  originally  devised  at 
MORL  by  G.H.  Hoffman,  a finite-diffarence  computaTionai  plarte  with  coordi- 
nates ({.q}  IS  specified.  The  distance  between  nodes  in  the  $ direction  is  a.  and 
tht  distance  in  the  n direction  is  b.  where  a and  b art  not  nteaaaerilv  equal.  As 
an  option,  stretching  functions  can  then  be  introduced  in  aach  coordinata 
direaion,  M * f^d)  and  X • f2(q).  and  a mapping  plane  (^.X)  can  be  determined 
which  permits  finer  resolution  of  the  flowfield  where  gradients  of  the  computed 
variables  art  severe.  Finally,  a conformal  maooing  given  by 


U ♦ iX  • Fix  ♦ iyl 


(12) 


It  introduced  which  spectfiei  the  physical  plane  (x.v)  Laplace's  ecuation  is 
satisfied  bv  both  x and  y and  ii  solved  for  each  vanabla  subiact  to  tht  required 
boundary  conditions.  The  latter  follow  from  physical  constraints  when  they  ere 
known  at  the  boundaries  and  from  integration  of  the  Cauchy-Riemann  relations 
for  X and  y when  the  boundary  distributions  art  not  known. 

The  unique  feature  of  Hoffman’s  mapping  scheme  is  that  instead  of  speci- 
fying the  coordinate  distributions  in  the  physical  plane  and  accepting  whatever 
computational  plane  results,  a numerically  convenient  computational  plane  is 


specified,  and  tht  corresponding  computational  plane  within  the  specified  phvsi 
cal  boundaries  is  computed.  For  this  reason,  the  mapping  scheme  is  an  inverse 
procedure. 

Fintte-Oifferenee  Solution  of  the  Governing  Equatiom 

With  conformal  mapping,  the  tiiiptic  partial-diffarcnual  equations  that 
describe  the  flow  can  be  wrintn  in  tht  form 


do  do 


a. 


(13) 


where  a.y.fi.  and  5 denote  the  nonlinear  coeffiaents.  and  o oersotes  the  source 
term. 

For  the  two  Poisson  equations  (o  ■ i/  or  0 ■ p)  Eq.  (13)  can  bt  solved 
numerically  without  difficulty  using  the  conventional  central-differenea  fmita- 
diffaranca  algorithm.  For  the  vorticity  transport  equation,  o • w.  and  for  the 
WolfsMtin  Turbulthce-model  equation,  b ■ k,  this  is  not  the  ease.  The  coetf'- 
dents  7 and  d for  these  equations  contain  tha  Reynolds  number  as  a multiplica- 
tivt  factor,  and.  as  a result,  with  tht  nandard  cantrtl-differenot  algorithm,  tha 
discratizad  systam  of  equations  is  diagonally  dominant  for  only  a hmitao  range 
in  the  roeffictentt  7 arvj  6 Oiagonai  dominanct  is  necaaury  to  obtain  conver- 
genoe  in  the  iterative  solution  of  tne  discretized  system  of  equations. 

Consequently,  in  the  present  work  the  vortioty  transpon  equation  and 
the  turbulent-kinetic-onergy  equation  are  solved  using  the  augmented-ctntral- 
difference  (ACO)  algorithm  davelooad  by  G.H.  Hoffman  at  MORLISI.  Tha 
essence  of  this  method  can  bt  illustratad  by  considering  the  dtrivabve  dq/dt 
of  Eq.  (13).  Using  the  five-point,  finite-difference  sttrKil  shown  in  Fig.  2 and 
poim-of-tha  compass  notation,  this  derivative  can  be  evaluated  at  point  P using 
the  totlowir^g  trur>eatad  Taylor-series  representation  and  standard  central- 
difference  approximation  tu  the  first  derivative: 


dq  dg  - ,2  33^ 

p 2a  ® dt^  p 


a^  d®0  I 
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Fig.  2 Five  point  fwwte-differanca  stendl 


In  the  ACO  scheme,  the  derivative  d^o/df^  is  retained  and  is  expressed  in 
terms  of  lower-order  derivatives  by  differentiating  Eo.  (13)  with  resoect  to 
The  derivetive  do/dq  in  Eq.  (13)  is  reoreiented  in  an  inalogous  fashion  with  the 
ACD  ligorithiTi. 

Tht  finite-difftrence  equations  art  solved  using  point  relaxation.  The  com- 
puting sequence  is  illustreted  in  Fig.  3.  For  each  flow  variable  0 (w.  C.  k.  tnq  pi. 
a local  residual  is  dtfined  by  r^  * | ON-kl  **  N is  the  itaration 

counter.  The  following  maximum  permissible  residuals,  fp**  ••cf' 

variable:  fnax  ■ 10-3,  • TO-*,  rk.max  ■ 10“^  end  fp 

Convergence  is  said  to  be  achieved  when  ro  < rc.max  everywhere  in  tne  flow- 
field. 


RESULTS 

The  Planer  Impinging  det 

Meaiured  Flow  Properties.  The  planar  impinging-iet  flowfield.  shown 
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3 Caleuinins 

schtmaticttly  in  Fig.  1 (a).  ^ racttvtd  ma^  emphasis  in  the  MOR  L experi- 
memai  and  theoretical  research  effort.  Recently  a test  program  to  measure  the 
flow  properties  for  this  configuration  and  a contracted  research  effort  for  the 
Office  of  Naval  Research  to  compute  the  corrM0ondir>g  flows  were  completed. 
Representative  preliminary  results  are  presented  in  this  section. 

In  the  experimental  program  two  basic  geometries,  a flat-plate  model  and 
a curved-plate  model,  virera  tested  in  simulated  close  grour>d  effect  using  an 
adfustable-height  ground  board.  Details  of  the  test  apparatus  arxj  model  hard- 
ware are  shown  in  Fig.  4. 

The  gtnetai  configumion  is  iiiusuattd  in  Fig.  4\a>.  The  width  of  the  jet 
exit  slot  is  38.1  mm  and  the  length  is  1 524  mm,  resulting  in  e jet  slot  aspect 
ratio  of  40:1.  The  large  aspect  ratio  and  the  model  endplates  are  utilized  to 
assure  two-dimensionelity  of  the  turbulent  jet  and  entrained  flowfield  in  the 
region  of  measurement. 

A cross-sectional  view  of  the  curvtd-plete  model  showir>g  the  selected 
outer  contour  is  given  in  Fig.  4(b).  The  nozzle  end  plenum  assembly  can  be 
vectored  to  30  deg  on  either  side  of  the  model  centerline.  The  high-pressure 
Dienum  assembly  is  stTV’ctureliy  mdeoendent  of  the  outer  body  to  facilitate 
changes  in  body  shape.  The  center  lower  panels  of  the  model  are  densely 
instrumented  with  static  pressure  orifices,  end  if  desired  induced  forces  and 
momtms  on  the  simulated  airframe  under-surfece  can  be  measured  directly 
with  a two-comportent  strain  gage  force  belenee.  The  high-oressure  plenum 
arx)  nozzle  assembly  is  suooliad  with  dean  eir  at  e pressure  m excess  of 
Z07  K 103  kPa  (300  psi).  This  results  m a low-velocity  supply  to  the  upper 
chamoer  eliminating  large  lateral  velocities.  The  first  stage  of  pressure  reduc- 
tion occurs  through  e heavy  porous  pitta  with  approximately  4%  open  area. 
Subseduent  pressure  reductions  occur  through  a seeor>d  porous  plate  and  a 
jet  exit  screen  with  approximate  porosities  of  30%  and  60%  rMpectively. 

Extensive  natic  pressure  meaaurements.  jet  plume  total  pressure  surveys, 
and  hot-wire  anemometer  maasurements  wart  eomplatad  during  the  test  program. 
These  data  snow  the  extreme  influence  of  the  ratio  of  distinct  above  ground  to 
jet  exit  slot  width  end  the  surpnsingiy  strong  tignificme  of  body  under -surface 
snepe. 

In  Fig.  5 the  static  pressure  distnbutions  on  the  ur>der-surfaca  of  the  flet- 
piete  model  and  on  the  grovmd  surface  below  the  flat-plate  model  are  shown  for 
three  values  of  H in  close  ground  effect.  From  Fig.  5(e)  the  sensitivity  of  the 
under-surfece  pressure  to  H is  readily  appartnt.  Tha  maximum  induced  r>egetive 
pressure  rnauurtd  was  epproximetelv  6.2  kPa  (0.9  psi),  end  in  ell  other  runs  the 
•nduced  static  preuures  wart  substantially  smaller.  These  smell  oresture  signals 
necessitated  the  use  of  « 1.0  ostd  transducer  m the  scenivalve  pressure  system  for 
model  surface  pressures. 

Ground-plane  static  pressure  orofilet.  Fig.  S(bl , indicate  some  surprising 
results.  For  H < 2.  ground-plane  oressurts  on  either  side  of  the  stagnation  point 
ere  oelow  embient.  This  suggests  a strong  eoceleration  in  the  impingement  flow 
to  either  side  of  the  stagnation  oetnt.  probebiy  e result  of  flow  seoaration  on  the 
upoer  surface  near  the  let  exit.  Prediction  of  these  induced  negative  pressures  on 
the  ground  olene  constitutes  a severe  test  for  any  comoutationai  procedure. 


(a)  Test  eonfiguntion  and  instrucfiantstioo  detail 


am. 


Fig.  4 Description  of  the  plener  liftiet/eirfreme/ 

ground  intececbon  experimentel  eonhguretion 

It  should  be  noted  that  both  the  upper*surface  end  ground-board  static 
pressure  variations  indicate  •ymmetry  about  the  jet  centerline.  Jet  dynamic 
pressure  profiles  measured  at  three  stations  below  the  exit  plane  further  sub- 
stantiate that  • planar  flow  was  in  fact  achieved  during  the  test.  Sptdficaily. 
tpenwise  jet  velocity  venations  were  within  s 10%  across  the  1.5  m (60  in.)  span 
of  the  jet.  In  addition,  these  profiles  revealed  a fairly  well  behaved  core  flow 
persisting  down  to  approximately  four  diemeten  from  the  exit  plane. 

Figure  6 presents  tha  model  under-surface  and  ground-plane  static  pressure 
distributions  in  the  flowfield  of  the  curved-plate  model  in  close  ground  effect. 
The  test  conditions  for  the  data  shown  correspond  to  those  for  the  flat-olate 
model  of  Fig.  5.  The  sensitivity  of  the  iridueed  oressures  on  the  model  under- 
surface to  H,  Fig.  6(a).  ara  of  the  seme  order  of  megnitude  as  tor  tha  flat-plate 
case.  However,  the  magnitudes  of  the  induced  negative  oressures  on  the  Curved- 
plate  model  ere  significantly  lower  (more  than  a faaor  of  two),  which  clearly 
indicate  the  advantages  of  unOtr-surfict  curvature  to  reduce  induced  tuck -down 
loads.  Tfie  below-ambiant  ground-board  prtssures  are  again  evident  in  Fig.  6(b) 
for  H • 1 , but  they  are  of  a greatly  reouceo  megnitude  from  those  of  the  flat- 
plate  model  flowfield. 

Computed  Flow  Properties.  Calculations  of  the  fluid  prooerttes  for  both 
the  flat-plate  end  curved-plate  flowfitlds  have  been  made  using  the  enaivsis 
tech.*iiQue  described  in  the  orevious  section.  The  physical  and  computational 
Dianas  used,  along  with  the  boundary  conditions  imposed  on  the  orimery  flow 
variables  (stream  function,  vorticity.  end  turbulent  kinetic  energy),  are  shown 
in  Ftg.  7. 

Since  only  normal  impingement  it  considered,  geometric  symmetry  about 
the  jet  centerline  exists  so  that  only  half  the  flowfield  need  be  solved.  The  stream 
function  end  vorticity  ere  entityrnmetric  about  the  centerline,  end  the  turbulent 
kinetic  energy  ii  symmetric.  Boundary  conditions  imooeed  on  v.  w,  and  k follow 
from  assumed  orofiles  at  the  jet  exit  plane;  from  the  np-slio.  imoermeebie-well 
constraint  at  the  solid  surfaces:  from  symmetry  at  the  let  centerline,  end  from 
the  essumption  of  deveiootd  flow  at  the  right  boundary.  The  letter  assumotion 
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Fig.  6 Mamurad  prmaura  dittrtbutiom  for  tha  curvad-datt  modal 
in  doM  ground  tffact 


Ul  Pfiyaieal  plana 


Ftg.  7 Soadtication  of  ttia  boundary  aondhiona  for 
tlia  primory  flow  aariabiai 

IS  not  aecurata  for  ralativaty  small  vaiuai  of  W.  and  for  tbii  raaaon  raeontty 
aequirad  axpanmantal  data  will  bt  uaad  in  lubaaouam  work  to  bartar  dafma  tbt 
right*boundary  flow  oroparttas. 

Although  soiutioni  hiya  baan  obtainad  for  various  valuaa  of  H and  At  tor 
tha  flat*olatt  configuration,  only  solutions  comoutad  for  tha  mort  mtaratting 
curvtd-oiata  gaomatry  arc  graatntad  hara.  In  all  caaas  a 41  by  4*  finrtadiffaranca 
^id.  uniform  in  aach  coordinate  diraetion  in  tha  comoutationai  plana,  was  usad. 

For  tha  curvad-platt  configuration  with  H ■ 4 ir>d  W • 4.68.  ^ig.  8 shows 
contour  dots  of  tha  primary  flow  variables  computed  fo  a Reynoldi  number  of 
100  000.  The  stream  function  contour.  Fig.  8(a).  'ha  entrainment  of 

fluid  into  the  |at.  and  the  vortietty  distribution.  Fig.  8«  mows  me  convection 
of  vorticity  toward  tha  right  boundary  and  Tha  davdoomant  of  tha  lower  wall 
lat.  Of  oanicuiar  intarait  is  tha  plot  of  tha  turbulent  kinetic  energy.  Fig.  Bic) 
Throughout  the  impinging  )tt.  k oaoivs  m magnitude  from  the  mammum  imlue 
of  0.04  impostd  at  tha  tat  entrance  plana  to  the  solution  domain. 

Tha  primitive  flow  vanablat  Ivaioeitv  comoonants  and  static  prenure) 
era  shown  m Fig.  9.  Tha  x-valocitycomoonant  distribution.  Fig.  9(a).  further 
shows  tha  entrainment  into  the  tat  and  tha  growth  of  tha  wall  tat  along  the  im* 
pingement  surface.  The  v-veiocitv-componant  profile.  Fig.  9(b).  illustrates  the 
rite  of  decay  of  tha  itt  ctnttrline  vaiocity  as  the  stagnation  point  it  approached, 
and  the  static  prtsiure  profile.  Fig.  9lc).  shows  tha  corrasoonding  nit  in  o. 
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Fif.  8 ^mtry  flow  vanabtw  tor  ih*  cunwA-platm  mocW 
(H  « 4,  W - 4,68.  fto  - 100  000» 

Com0enM«i  of  Mtniirid  and  Comoutod  Flow  Fropartiaa.  Comparison  of 
maaaurad  and  computad  flow  vartablas  of  mttrttt  ara  shown  in  ftqi.  1 0 through 
12  for  tha  curvtd-oiata  gaomatry  with  H • 4.  Tha  distribution  of  cantarlint  tur- 
bulant  kinatiC  arwrgy  as  a function  of  y is  shown  in  Fig.  10  as  oOtamad  txoan- 
mantaily  for  tha  lowest  flaynoldt  numoar  for  which  tha  flow  was  mtasurad 
<Ra  • 1 30  000)  and  thaorcticaUy  for  tha  iargast  Atynolds  numtar  fot  which  tha 
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(el  Static  praatura  distribution 

Fig.  9 Frimitiaa  flow  variabtas  tor  tha  euraad'Plata  modal 
(H  - 4,  W • 4.68.  Ha  - 100  000) 

flow  was  computad  (Ra  • 100  000).  Tha  poor  agraamant  is  attributed  to  tha 
inaccuracy  of  the  prooosad  length  scales  given  in  Raf.  7.  ^ich  ware  formu- 
lated on  tha  basis  of  stmpia  order •of^magnituda  arguments.  With  tha  orasant 
availability  of  the  impinging  fat  data,  thata  length  scale  distributions  can  be 
modihad  to  brmg  the  axpanrnantav  and  theoretical  distributions  m oattr  agree- 


mtnt.  Tf>t  tKcttt(w«  tur&u(«nct  (tvtf  wtthm  tn«  )«t  r«$u(n  in  a dacay  of  the 
magnitudt  Of  tht  lat  ctntarlina  vtloc>ty  which  is  graatar  than  that  obcarved 
axperirnantallv,  as  Shown  in  Fig.  11. 

Tha  computad  and  maasurad  lowar*wali  static  vassura  variations  for  the 
curvtd'Olata  flowfiald  with  H • 4 art  shown  in  Fig.  12-  Tha  thaoraticat  drop 
in  p IS  not  as  savara  as  that  maasurad.  which  may.  m part.  Pa  also  dua  to  mcor- 
ract  turduianea  modaiing  naar  tha  stagnation  point. 


Rg.  10  Cowpamoh  of  oompmad  and  iwanoad  contarlina  turtoutant*4(inatic> 
anargv  dtatributtom  for  tha  cisraad  piata  modal  with  H • 4 


Rg.  1 1 Comparwon  of  aomputad  and  maainrad  eamaHtnt  aalogty  distributions 
for  tha  etiraad*plata  modal  with  H ■ 4 


Fig.  12  Comparison  of  aomputad  and  maasurad  woll  static  prassura 
dntributiora  for  tha  curyad'Plata  modal  with  H ■ 4 

Tha  Axisymmatnc  Impinging  iat 

Tha  axisymmatnc  impingingiat  flowfiald.  shown  schamatically  in  Fig. 

KbI.  has  tsaan  studiad  only  thaoratically  in  tha  MORL  rasaarch  program  on  jat 
impingamant  flowfialdt.  Comparad  to  tha  planar  casa.  a raiativaly  large  numoar 
of  axpanmantal  studias  of  this  configuration  hava  patn  rtportad. 

Tha  configuration  studiad  anaiyticallv  is  tha  same  as  that  shown  m Fig.  7 
except  that  tha  solid  uppar  surfaet  has  batn  raplacad  by  a fra#  bourxiarv  paratiat 
to  tha  lowtr  wail  through  which  a davaiopad  turbulant  iat  enttrs  tha  computa* 
tioful  domain  normal  to  tha  bouixlary  with  no  yorttcitv  or  turbulant  fluctua- 
tions. Thus.  r>o  conformal  mapotr>g  is  raquirad  (|  * x,  h * y).  4^  the  bourxtary 
conditions  art  tha  sama  as  thosa  shown  in  Fig.  7(b).  with  tha  following  t.-noosad 
along  tha  uKWt  boundary  for  x ^0.5:  d^/dy  •'0.  w * 0.  and  k • 0. 

Tha  primary  flew  variablas  and  ytlocny  comporwnts  comouted  on  a 
square  solution  domain  with  H • 1 , W • 1 . and  Ra  ■ 1 0 000  art  shown  in  Fig. 

13.  Tha  profiles  are  vary  pmilar  to  thoaa  computed  by  Woifshtatn(6i  and  Sowar 
and  Kotanskv(7)  for  a planar  itt  with  a free  uppar  boundary  ^ compartson  of 
tha  computad  itt  static  prassura  variation  along  the  axis  artd  that  maasurad  by 
Gray  and  KisialowskiO)  is  shown  in  Fig.  14. 

CONCLUSIONS 

A procedure  for  solving  tha  Rayrtolds  touations  in  con|ijr>ction  with  a 
one-aquation  turbulerKi  modal  has  bean  $pptfd  to  a single  rwO'dimensional 
incompressible  jet  impinging  normal  to  the  ground  This  is  a configuration  for 
which  purely  invtsdd  techniques  do  not  provide  information  on  jtt  tntrammant 
and  for  which  tnvtscid  ar>d  boundary  layer  schemas  cannot  be  patched  together 
sines  the  bourtdary  layer  assumptions  are  grossly  violated 

For  tha  planar  jtt  case,  results  of  a tast  program  are  presented  which  reveal 
a strong  dapandar>ee  of  tha  flowfiald  on  tha  ratio  of  distance  above  ground  to  iat 
exit  slot  width  and  on  body  unoer*surfact  shape.  Fluid  probartias  computed  for 
tha  planar  jet  emanating  from  a curvtd-olatt  uppar  surface  do  not  agree  m mag- 
nitude with  thosa  maasurad.  Tha  differences  are  attributed  to  the  inaccuracy  of 
the  required  turbulence  length  scales  which  were  postulated  on  the  basu  of 
simple  physical  arguments  without  tha  benefit  of  data.  For  the  axisymmatnc 
pt  case,  tha  computed  fiowfields  are  qualitatively  similar  to  those  computed  bv 
Wolfshtain(6l  for  the  analogous  planar  impinging  jtt. 

As  tha  next  step  m tha  current  MDRL  rtMarch  effort,  work  will  be 
directed  toward  modifying  the  length  scale  distributions  in  order  to  provide  a 
more  accurate  prediction  scheme.  Comparisons  with  additional  test  data  will  be 
made,  and  oarametne  studies  will  be  earned  out  to  batter  define  the  role  antrair'- 
ment  oiays  m two-dimensional  pt  impingement  flows. 
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ABSTRACT 


1 . INTRODUCTION 


Results  of  an  experimental  study  of 
local  heat  transfer  under  partially  confined 
turbulent  slot  jets  impinging  on  a moving 
surface  are  presented. 

A photo- fabrication  technique  was  used 
to  deposit  a 0.27  um  gold-film  on  a pyroceram 
substrate  to  act  as  a fast  response  tempera- 
ture sensor.  The  sensor  was  mounted  flush 
on  the  surface  of  a rotating  porous  stain- 
less steel  drum.  Instantaneous  heat  trans- 
fer rates  were  determined  numerically  by 
solving  the  governing  transient  heat  conduct- 
ion equation.  For  slow  rotation,  i.e.  for 
low  surf ace- to- jet  velocity  ratios  the  heat 
transfer  results  were  not  influenced  by  the 
surface  motion,  demonstrating  negligible 
influence  of  wall  motion. 

Finally,  the  results  of  a numerical  pre- 
diction using  a two-equation  model  of  tur- 
bulence for  a stationary  impingement  surface 
are  presented  and  discussed  in  the  light  of 
the  experimental  results  obtained. 

NOMENCLATURE 

b coefficient  in  equation  (1) 

Cp  specific  heat  at  constant  pressure 

H nozzle  to  plate  distance 

k thermal  conductivity 

L nozzle  width 

Tj  jet  temperature  at  nozzle  exit 

Tp  average  drum  surface  temperature 

Uj.  rotational  velocity  of  the  drum 

U suction  velocity  through  the  drum 

^ surface 

X distance  from  stagnation  point  along 

the  impingement  surface 

Non-dimensional  Numbers 

Nu  Nusselt  number  - aL/k 

NUq  Nusselt  number  at  the  stagnation  point 

Re  Reynolds  number  - oU^L/u 

St  Stanton  number  - a/(oC  U^) 

P J 

Greek  Letters 

a heat  transfer  coefficient 

u dynamic  viscosity 

c density 


Impinging  jets  are  commonly  encountered 
in  industrial  equipment  because  of  their 
favourable  heat  and  mass  transfer  character- 
istics. Most  of  their  major  applications 
particularly  in  the  drying  of  paper  and  tex- 
tiles involve  use  of  jets  of  various  config- 
urations impinging  on  moving  surfaces.  One 
such  application  involves  the  use  of  station- 
ary multiple  slot  jets,  separated  by  exhaust 
ports  to  reduce  the  adverse  effects  of  "spent 
air,  impinging  normally  on  the  wet  paper  web 
which  is  supported  on  a large  rotating  roll. 
Mujumdar  and  Douglas  (1)  and  Hardisty  (2) 
among  many  others  have  reviewed  the  general 
literature  with  reference  to  application  of 
impingement  flows  in  paper  drying. 

In  view  of  the  lack  of  published  work, 
experimental  or  analytical, on  the  flow  and 
heat  transfer  cheuracteristics  of  partially 
confined  turbulent  jets  impinging  on  moving 
surfaces,  the  present  study  was  undertaken  to 
assess  the  importance  of  wall  motion  in  deter 
mining  the  transfer  rates.  Although  the 
eventual  goal  of  this  study  is  to  examine  the 
effects  of  suction  applied  at  the  impingement 
surface  on  both  the  flow  and  heat  transfer 
characteristics,  and  the  experimental  set-up 
was  designed  to  study  the  influence  of  this 
additional  parameter,  this  paper  will  con- 
sider only  the  case  of  no  suction  or  blowing 
at  the  moving  surface. 

Experimental  heat  transfer  distributions 
for  the. case  of  "very  alow"  wall  motion  are 
compared  with  the  generally  accepted  data  for 
a turbulent  slot  jet  impinging  on  a station- 
ary plate.  Furthermore,  results  of  a numeri- 
cal prediction  for  the  stationary  wall  case 
are  also  presented  and  discussed.  A two- 
equation  turbulence  model  was  used  to  solve 
the  governing  flow  and  energy  equations  in 
primitive  variables  (velocity-pressure) . 

The  parameters  included  in  the  experi- 
mental study  are: 

Reynolds  number.  Re  13700  - 49100 

Nozzle  to  plate  spacing,  2.6  and  6.0 

H/L 


Velocity  of  impingement 
surface.  Up 
Nozzle  width,  L 


0.45  - 2.74  m/s 
0.62  and  1.41  cm 
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2.  EXPERIMENTAL  SET-UP 

A schematic  diagram  of  the  experimental 
set-up  is  shown  in  Figure  1.  Hot  air  enters 
the  upper  plenum  chamber  while  ambient  air 
enters  the  lower  plenum  chamber  to  maintain 
the  rotating  drum  at  a uniform  temperature, 
i.e.  to  avoid  continual  heating  of  the  drum. 
The  lower  plenum  chamber  (cold-side)  and  the 
cooling  nozzle  were  also  designed  to  acquire 
useable  heat  transfer  data.  Both  chambers 
contain  honeycomb  to  straighten  the  flow  and 
a combination  of  screens  to  reduce  the  tur- 
bulence level  down  to  an  estimated  value  of 
less  than  0.5  percent  at  the  nozzle  exit. 

The  hot  and  cold  air  streams  are  exhausted 
via  a ductwork  designed  to  equalize  the 
pressure  drops  in  each  arm.  Unequal  pressure 
drops  were  found  to  induce  oblique  impinge- 
ment with  the  jet  inclined  towards  the  arm 
with  a lower  pressure  drop. 

Furthermore  to  eliminate  undesirable 
interference  between  the  hot  and  cold  exit 
streams,  teflon  skimmer  plates  positioned 
within  3 mm  of  the  drum  surface  separated 
the  two  streams  (as  shown  in  Figure  1) . 
Although  the  drum  is  made  of  porous  stain- 
less steel  (PSS)  to  allow  application  of 
suction  this  paper  will  be  concerned  only 
with  the  impermeable  wall  results.  Care  was 
taken  to  prevent  air  flow  into  and  inside 
the  drum.  The  drum  surface  was  quite  smooth 
(surface  roughness  of  - 20  ym  rms) , i.e.  the 
results  obtained  are  considered  valid  for  a 
smooth  surface. 

Electrical  signals  from  the  heatflux 
sensor,  thermocouples  and  the  pressure  trans- 
ducer mounted  on  the  rotating  drum  are  trans- 
mitted to  stationary  monitoring  instrument- 
ation via  a low-noise,  14-channel  slip-ring 
assenbly  (lEC  Corp.  Austin,  Texas,  model 
IEC-BX-14)  mounted  on  the  drum  shaft. 

Following  are  the  key  geometric  dimen- 


sions of  the  physical  set-up: 

Diameter  of  the  rotating  drum  483  mm 

Width  of  the  upper  nozzle  6.2  mm 

Length  of  the  rotating  drum  229  mm 

Width  of  the  lower  nozzle  14.1  mm 

Length  of  the  nozzle  (both)  203  mm 

Spacing  between  drum  surface  and  37  mm 
cover  plate 


The  nozzles  conformed  to  the  specifi- 
cations of  the  standard  ASME  long  radius 
nozzle. 

The  thin-film  heat  flux  sensor,  shown 
schematically  in  Figure  2,  was  made  using 
the  photo-fabrication  technique  used  exten- 
sively in  manufacture  of  micro-circuits.  A 
zig-zag  pattern  of  gold  film  is  deposited  on 
the  surface  of  a pyroceram  9606  (Corning 
Glass,  Inc.,  Corning,  N.Y.)  substrate 
(89  mm  X 6 mm  x 3.2  mm) . This  substrate  was 
selected  to  match  the  /kCpP  value  of  the 
porous  stainless  steel  used  (Pall  Canada, 
Montreal)  since  under  transient  conditions 
the  thermal  response  is  governed  by  the  para- 
meter /kCpO  (3) . 

The  thermal  conductivity  of  PSS  was 
measured  using  a simple  apparatus  descrit>ed 
in  Reference  (4).  The  values  for  the 

PSS  and  pyroceram  9606  are  2670  * 110  and 
2820  W respectively.  These  are 

close  enough  to  justify  assumption  of  surface 


temperature  continuity  over  the  sensor-drum 
interface.  Note  that  a discontinuity  will 
make  the  sensor  to  act  like  a skin-friction 
measurement  device  (5).  The  sensor  was  mount- 
ed flush  with  the  drum  surface  and  located 
centrally  with  the  longest  dimension  parallel 
to  the  drum  axis.  The  three  gold  strips, 
shown  in  Figure  2,  are  0.25  mm  x 70  mm  and  are 
0.20  mm  apart  with  a film  thickness  of  0.27 
urn.  To  protect  the  gold  film  a 0.1  um  layer 
of  Si02  was  deposited  by  sputtering  on  the 
active  surface  of  the  sensor.  The  film 
resistance  was  measured  to  be  18  0 .7  at  20°C 
with  a temperature  sensitivity  of  0.278  t 
0.003  n/°C  over  the  temperature  range,  20  - 
lOO^C. 

The  instantaneous  heat  transfer  (temper- 
ature) fluctuation  was  monitored  by  making 
the  film  one  arm  of  a four-decade  Wheatstone 
bridge  circuit  (J.C.  Biddle  Co.,  Cat.  No. 
601022)  fed  by  a 1.35  volt  mercury  battery. 

The  film  can  achieve  a change  of  0.44  mV/®C 
without  appreciable  self-heating.  With  an 
input  noise  level  of  about  2 uV  the  sensor 
can  detect  changes  of  O.OOS^C.  The  film  has 
negligible  thermal  inertia  and  hence  responds 
to  heat  transfer  fluctuations  essentially 
instantaneously . 

The  heat  flux  probe  was  placed  and  held 
flush  with  the  drum  surface  even  at  high 
rotational  speeds.  Care  was  taken  to  ensure 
that  no  flow  separation  took  place  along  the 
edges  of  the  pyroceram  substrate.  A 50  urn 
polyimide  adhesive  tape  (Dodge  Industries, 
Inc.,  Hoosick  Falls,  N.Y.,  Cat.  No.  2345)  was 
used  to  cover  the  small  gap  between  the  su)3- 
strate  and  the  drum. 

To  eliminate  temperature  gradients  in 
the  direction  parallel  to  the  drum  axis  it 
was  found  necessary  to  insulate  the  whole 
assembly  (except  the  drum)  with  a 5 cm  fiber- 
glas  layer.  Also,  the  sides  of  the  drum  were 
blackened  and  heated  each  with  two  250-volt 
infra-red  heating  lamps  to  counter  the  cool- 
ing due  to  exposure  to  ambient  air.  The 
temperature  of  the  black  drum  side  plate  is 
monitored  with  an  IR  pyrometer.  Air  temper- 
ature at  the  nozzles  and  temperature  of  the 
cover  plates  at  various  locations  is  measured 
with  strategically  placed  thermocouples. 
Velocity  and  temperature  distribution  in  the 
exit  ducts  are  measured  wit.h  a .toveable  pitot 
tube  and  thermocouples  respectively. 

Finally,  a calibrated  pressure  trans- 
ducer (Kulite  XTH-190-5)  with  a natural  fre- 
quency of  about  70  XSz  is  mounted  centrally 
and  flush  wit.-:  the  drum  surface  180°  from  the 
heat  flux  sensor. 

Further  details  on  the  experimental  set- 
up and  procedures  are  available  in  Reference 
(6)  . 

3.  DATA  ACQUISITION  AND  REDUCTION 

The  resistance  of  the  heat  flux  sensor 
is  measured  with  a 4-decade  Wheatstone  bridge. 
The  bridge  is  balanced  to  correspond  to  the 
average  resistance  when  the  drum  rotates. 

The  bridge  reading  is  converted  into  temper- 
ature using  a pre-detemined  calibration 
curve.  The  unbalanced  bridge  voltage  is 
amplified  2500  times  (DANA  model  2820,  2 uv 
rms  RTI)  and  transmitted  via  a shielded 
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cable  to  a GE-PAC  4020  digital  computer  for 
data  acquisition,  storage  and  reduction. 

The  signal  is  filtered,  amplified  and 
subsequently  digitised  by  a 9 bit  + sign,  2- 
channel,  high-speed  analog-to-digital- 
converter  (ADC)  before  being  stored  on  a 
disk.  Extreme  care  was  taken  to  reduce  the 
electrical  noise  by  shielding  all  the  wires 
and  grounding  all  instruments  to  a common 
ground.  The  sampling  rate  of  the  ADC  was 
chosen  to  be  about  300  measurements  per 
rotation. 

The  gain  of  the  second  amplifier  is 
adjusted  so  that  the  absolute  value  of  the 
peak  output  signal  would  be  slightly  smaller 
than  5 volt,  which  is  the  maximum  input  of 
the  ADC.  The  filter  is  set  at  a frequency 
range  one  decade  higher  than  the  ADC  sampl- 
ing rate  to  eliminate  extraneous  high  fre- 
quency (>  10  kHz)  noise. 

The  data  stored  on  disk  are  transformed 
digitally  into  heat  fluxes.  The  unsteady, 
one-dimensional  heat  conduction  equation  is 
solved  using  a modification  of  Schmidt's 
method.  There  is  no  heat  loss  from  the  back 
side  of  the  sensor  because  the  temperature 
at  the  back  was  equal  to  the  average  surface 
temperature  as  measured  with  the  gold  film. 
The  penetration  depth  of  the  heat  waves  in 
the  sensor  material  was  always  smaller  than 
the  thic)(ness  of  the  substrace  for  all 
rotational  speeds  considered. 

Further  information  on  the  data  reduct- 
ion of  a thin  film  heat  flux  sensor  is  given 
in  (7).  In  order  to  identify  the  circum- 
ferential location  of  the  sensor  a lever  was 
attached  to  the  rotating  drum  which  activates 
a microswitch  when  passing  and  produces  a 
square  wave  voltage  in  the  microswitch  cir- 
cuit. This  signal  is  transmitted  to  the 
second  channel  of  the  ADC  and  recorded 
simultaneously  with  the  sensor  signal.  The 
start  of  the  square  wave  is  used  to  label 
the  position  of  the  sensor.  This  allows 
averaging  of  the  heat  flux  at  each  circum- 
ferential position  over  several  rotations. 

The  heat  flux  distribution  under  the  hot 
and  cold  jet  are  converted  into  Nusselt  num- 
bers, printed  and  then  plotted  on  a CALCOMP 
plotter.  The  pressure  signal  is  displayed 
on  a storage  oscilloscope. 

4.  RESULTS  AND  DISCUSSION 

Figures  3 and  4 show  a typical  output 
of  the  data  acquisition  and  reduction  system 
for  the  cold  (lower)  and  hot  jet  (upper) 
impingement  heat  transfer,  respectively. 

All  pertinent  information  is  included  in 
each  graphical  output  from  the  CALCOMP  plot- 
ter. These  figures  refer  to  an  essentially 
stationary  impingement  wall  since  the  rotat- 
ional speed  was  only  0.39  revolutions  per 
second  yielding  a linear  surface  velocity  of 
only  0.6  m/s  which  may  be  compared  with  jet 
velocities  of  68  m/s  and  78  m/s.  These 
figures  represent  local  Nusselt  numbers  aver- 
aged over  50  rotations.  Averaging  over  a 
larger  number  of  rotations  did  not  make  any 
measurable  difference  in  the  Nu  distribution 
curves . 

The  instantaneous  Nusselt  number  dis- 


tribution over  the  drum  circumference  for  a 
single  rotation,  however,  displays  the  typi- 
cal turbulent  fluctuations  (Figures  5 and  6) . 
The  heat  flux  sensor  has  an  averaging  area 
of  only  1.15  mm,  and  thus  these  results  have 
spatial  and  temporal  resolution  in  local  heat 
transfer  distributions  not  attained  previous- 
ly for  a turbulent  impinging  jet  situation. 
Even  under  the  worst  case  of  the  lowest 
rotational  speed  the  circumferential  heat 
conduction  in  the  sensor  is  less  than  1 per- 
cent of  the  convective  heat  flux.  Thus  the 
accuracy  and  spatial  resolution  of  the  sensor 
is  unaffected  by  possible  conduction  effects. 

Since  the  jet- to- surface  velocity  ratio 
is  of  the  order  10~^,  the  results  shown  in 
Figures  3 and  4 may  be  compared  with  publish- 
ed data  for  stationary  impingement  plates . 

This  is  supported  by  the  work  of  Popiel  etal. 
(8)  and  Metzger  & Groghows)cy  (9)  who  stuSTed 
the  heat  transfer  between  an  impinging  axi- 
symmetric  jet  and  a rotating  disk. 

It  can  Ise  seen  in  Figure  3 that  the  pre- 
sent results  in  the  impingement  region  com- 
pare well  with  the  data  of  Cadek  and  Zerkle 
(10)  who  used  a 0.90  mm  diameter  Gardon  foil 
to  measure  the  local  heat  flux  distribution 
on  the  impingement  surface.  Cadek  and  Zerkle 
used  an  ASME  long  radius  nozzle  as  used  in 
this  stiidy.  The  greater  differences  between 
Cadek 's  data  and  the  present  data  for  X/L  > 
7.5  may  be  attributable  at  least  partially  to 
the  presence  of  a recirculation  zone  in  the 
present  set-up  owing  to  the  cover  plate.  The 
curvature  of  the  drum  is  expected  to  have 
negligible  effect  on  the  present  results 
siace  its  radius  of  curvature  is  tvro  orders 
of  magnitude  larger  than  the  width  of  the 
nozzle. 

It  is  interesting  to  note  that,  although 
not  shown  in  Figure  4 , the  present  results 
for  H/L  - 6 are  bounded  on  both  sides  by 
Cadek' s data  for  H/L  — 4 and  H/L  - 8.  The 
slight  asymmetry  in  the  Nusselt  number  dis- 
tribution under  the  hot  jet  may  be  due  to 
slightly  oblique  impingement  of  the  jet  which 
could  not  be  corrected  for. 

The  heat  transfer  distribution  curves 
are  characterized  by  a central  peak  (at  stag- 
nation) with  secondary  peaks  on  either  side, 
in  accord  with  Cadek  and  Zerkle  (10)  and 
Gardon  and  Akfirat  (11).  As  pointed  out  by 
Gardon  and  Akfirat  the  central  peak  is  due  to 
the  high  laminar  stagnation  heat  transfer 
while  the  secondary  peaks  are  caused  ijy  trans- 
ition of  the  jet  flow  from  laminar  to  turbul- 
ent regime.  This  hypothesis  is  supported  by 
the  instantaneous  Nusselt  number  distributions 
(Figures  5 and  6) . It  can  be  seen  that  the 
intensity  of  Nusselt  number  fluctuations  is 
relatively  high  in  the  regions  of  the  second- 
ary peaks  and  quite  low  in  the  stagnation 
region.  A further  confirmation  of  this  pheno- 
menon is  obtained  from  the  instantaneous 
pressure  distribution  sensed  by  the  pressure 
transducer.  Figure  7 is  a reproduction  of  a 
typical  pressure  trace  recorded  on  a storage 
oscilloscope.  Strong  pressure  fluctuations 
occur  in  regions  of  the  secondary  peaks  and 
in  the  "wall  jet"  region.  The  incense  tur- 
bulent fluctuations  far  removed  from  the  stag- 
nation region  may  be  associated  with  the  high 
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heat  transfer  values  obtained  in  this  work 
when  compared  with  Cadek ' s data . 

The  influence  of  the  Reynolds  number  on 
the  heat  transfer  distribution  for  the 
nortle-to-plate  spacings,  H/L,  of  2.6  and 
6.0  can  be  seen  in  Figures  8 to  11  together 
with  3 and  4.  The  values  of  the  Nusselt 
numbers  at  the  stagnation  point  over  the 
Reynolds  number  range  studied  are  very  well 
correlated  by 

NUg  - b/Re  (1) 

where  b — 0.49±0.05  and  0.515±0.01  for  H/L  — 
2.6  and  6.0  respectively.  These  values  are 
in  close  agreement  with  the  data  of  Cadek 
Zerkle  (8).  Miyazaki  and  Silberman  (12) 
obtained  analytically  b — 0.45  when  H/L  > 

1.5  for  a jet  with  a flat  velocity  profile 
at  the  nozzle  exit  by  neglecting  the  spread- 
ing and  turbulence  of  the  jet. 

Comparison  of  the  theoretical  and  the 
experimental  values  of  b confirms  that  the 
stagnation  point  heat  transfer  is  reasonably 
well  described  by  the  combination  of  potent- 
ial flow  and  laminar  boundary  layer  flow  if 
the  jet  impacts  before  the  end  of  the 
potential  core.  A better  agreement  is 
expected  when  the  free  stream  velocity  in 
the  boundary  layer  calculation  is  derived 
from  the  experimental  pressure  distribution 
at  the  impingement  wall. 

As  may  be  expected  the  coefficient  b is 
slightly  higher  for  H/L  — 6.0  because  at 
this  nozzle-to-plate  spacing  the  increase  in 
heat  transfer  due  to  turbulence  becomes  more 
important  than- the  decrease  in  heat  transfer 
due  to  the  mean  axial  velocity  decay  of  the 
jet.  The  maximum  heat  transfer  at  the 
secondary  peaks  for  H/L  - 2.6  can  be  correl- 
ated as 

Nu  - (0.00263Z0. 00005)  Re  (2) 

Also,  for  H/L  - 6 the  maximum  heat  transfer 
of  the  secondary  peaks  are  linearly  proport- 
ional to  the  Reynolds  number.  As  a result 
the  secondary  peaks  become  more  dominant  as 
the  Re  number  increases.  The  locations  of 
the  secondary  peaks  were  observed  to  be 
independent  of  the  Reynolds  number  for  a 
given  H/L.  These  occurred  at  X/L  — 7.5  and 

5.5  respectively  for  H/L  ~ 2.6  and  6,  again 
in  agreement  with  Cadek  and  Zerkle  (10) . 

The  average  heat  transfer  for  H/L  — 2.6 
is  maximal  when  averaged  from  X/L  ~ -12.5  to 
X/L  • 12.5  and  found  to  be  proportional  to 
!{•(). 78,  The  influence  of  H/L  can  be  seen 
from  Figures  4 and  9. 

It  is  interesting  to  note  that  the  heat 
transfer  distribution  was  unaffected  when 
the  rotational  speed  of  the  drum  was 
increased  to  1.8  rps  (equivalent  to  a surface 
velocity  of  2.74  m/sec)  over  the  Reynolds 
number  range  considered  here. 

Numerical  Prediction 

Some  preliminary  numerical  predictions 
were  made  of  the  flow  and  temperature  fields 
of  a partially  confined  turbulent  slot  jet 
impinging  on  a stationary  flat  surface.  The 
flow  field  is  confined  by  the  two  cover 


plates  attached  to  the  jet  nozzle  and  mounted 
parallel  to  the  impingement  plate. 

A computer  progr2un  developed  by  Gosman 
et  al . (13)  was  used  to  solve  the  full  Navier- 
Stokes  equations  in  their  primitive  form  to 
compute  the  heat  transfer  under  the  impinging 
slot  jet.  The  turbulent  viscosity  and  the 
turbulent  thermal  conductivity  were  derived 
from  the  turbulent  Icinetic  energy-energy 
dissipation,  two-equation  model  and  a con- 
stant turbulent  Prandtl  number  respectively. 

As  can  be  seen  from  Figure  12,  for  Re  - 
22750  and  H/L  ” 8,  the  predicted  heat  trans- 
fer distribution  at  the  impingement  plate 
compared  favourably  with  the  experimental 
data  of  Geurdon  and  Akfirat  (14)  and  Cadek  and 
Zerkle  (10)  except  for  a deviation  in  the 
stagnation  region.  A better  agreement  with 
the  experimental  data  was  obtained  in  this 
region  when  the  number  of  grid  lines  next  to 
the  impingement  plate  was  increased.  The 
deviation  in  the  stagnation  region  is  thought 
to  be  due  to  the  inapplicability  of  the  "log 
law"  as  a boundary  condition  in  this  region. 

For  smaller  values  of  H/L  the  difference 
between  the  predicted  and  measured  heat  trans- 
fer is  expected  to  increase  as  the  turbulence 
model  used  here  is  unable  to  predict  transit- 
ion from  leuninar  to  turbulent  flow.  However, 
for  the  prediction  of  the  heat  transfer  under 
an  impinging  jet  which  is  fully  turbulent 
before  impact  (say,  H/L  — 8)  the  two-equation 
turbulence  model  was  found  to  be  superior  to 
a previously  reported  prediction  obtained  by 
Wolfshtein  (15)  with  a one-equation  model 
also  shown  in  Figure  12. 

CLOSURE 

Results  of  this  experimental  investi- 
gation show  that  for  low  surface-to-jet  velo- 
city ratios  the  effect  of  motion  of  the 
impingement  surface  on  the  local  heat  trans- 
fer at  the  surface  is  negligible  over  the 
Reynolds  number  and  nozzle-to-surface  spacing 
ranges  considered.  Using  a very  fast  res- 
ponse, photo-faUsricated  thin  film  sensor  high 
resolution  heat  transfer  distribution  curves 
are  obtained  for  a turbulent  jet  impinging  on 
essentially  stationary  and  on  slowly  moving 
surfaces.  Comparison  with  earlier  work  on 
stationary  impingement  is  favourable  in  the 
impingement  region.  However,  considerable 
deviations  are  noted  away  from  this  region 
possibly  due  to  the  influence  of  partial  con- 
finement. Finally,  it  is  postulated  that 
unless  the  jet  is  fully  tiirbulent  (before  im- 
pact, the  commonly  used  two-equation  model  of 
turbulence  fails  to  predict  the  "wavy"  heat 
transfer  distribution  curves  for  H/L  < 8. 

For  H/L  > 8,  the  two-equation  model,  as 
expected,  has  a predictive  capability  super- 
ior to  that  of  the  one-equation  model. 

ACKNOWLEDGEMENT 

The  assistance  of  Dr.  Mahesh  Jain  of  the 
Department  of  Electrical  Engineering,  McGill 
University  and  Precision  Photomasks,  St. 
Hubert,  Quebec,  in  the  fabrication  of  the 
thin  film  sensor  is  gratefully  acknowledged. 


3.12 


REFERENCES 


1 Mujumdar,  A.S.  and  Douglas,  W.J.M. , 
"Impingement  Heat  Transfer:  A Literature 
Survev",  TAPPI  Meeting,  New  Orleans,  I,a. , 

Oct.  3,  1972. 

2 Hardisty,  H. , "Industrial  Drying 
Using  Impinging  Air  Jets  - P2u:t  I and  II", 
University  of  Bath,  School  of  Engineering 
Report  No.  226  and  227,  1973. 

3 Eckert,  E.R.S.  and  Drake,  R.M., 

Heat  and  Mass  Transfer,  McGraw-Hill,  1959. 

4 Biceroglu,  O. , Mujumdar,  A.S.,  van 
Heiningen,  A.R.P.  and  Douglas,  W.J.M. , 
"Thermal  Conductivity  of  Sintered  Metal 
Powders  at  Room  Temperature",  Letters  in 
Heat  and  Mass  Transfer,  Z,  3,  183,  1976. 

5 Van  Heiningen,  aTr.P. , Mujumdar, 

A.S.  and  Douglas,  W.J.M.,  "On  the  Use  of  Hot 
Film  and  Cold  Film  Sensors  for  Skin  Friction 
and  Heat  Transfer  Measurements  in  Impingement 
Flows",  Letters  in  Heat  and  Mass  Transfer, 

3,  6,  523,  1976. 

6 Van  Heiningen,  A.R.P. , "Heat  Trans- 
fer Between  an  Impinging  Slot  Jet  and  a 
Porous  Rotating  Drum",  Ph.D.  Thesis,  McGill 
University,  Montreal,  1977. 

7 Van  Heiningen,  A.R.P.,  Mujumdar, 

A.S.  and  Douglas,  W.J.M.,  "A  Fast  Response 
Transient  Heat  Flux  Sensor",  To  be  published, 
1977. 

8 Pcpiel,  Cz.O.,  Tuliszka,  E., 

Boguslawski,  L. , "Heat  Transfer  from  a 
Rotating  Disk  in  an  Impinging  Round  Air  Jet", 
Paper  NC  5.9,  Vol.  Ill,  pp.  212,  Proceedings 
of  the  Fifth  International  Heat  Transfer 
Conference,  Tokyo,  1974.  ~ 

9 Metzger,  D.E.  and  Groghowsky,  L.D., 
"Heat  Transfer  Between  an  Impinging  Jet  and 
a Rotating  Disk",  Paper  76-WA/HT-2,  97th 
Winter  Annual  Meeting  of  the  ASME,  New  fork, 
1976. 

10  Cadek,  F.F.  and  Zerkle,  R.D. , "Local 
Heat  Transfer  Characteristics  of  Two- 
Dimensional  Impinging  Air  Jets  - Theory  and 
Experiment",  Paper  FC1.4,  Proceedings  of  the 
Fifth  International  Heat  Transfer  Conference, 
Tokyo,  1974, 

11  Gardon,  R.  and  Akfirat,  J.C.,  "The 
Role  of  Turbulence  in  Determining  the  Heat- 
Transfer  Characteristics  of  Impinging  Jets", 
International  Journal  Heat  Mass  Transfer, 

8,  1261-1272,  1965. 

~ 12  Miyazaki,  H.  and  Silberman,  E., 

"Flow  and  Heat  Transfer  on  a Flat  Plate 
Normal  to  a Two-Dimensional  Laminar  Jet 
Issuing  from  a Nozzle  of  Finite  Height", 
International  Journal  Heat  .Mass  Transfer", 

15,  2097-2107,  1972. 

13  Gosman,  A.D.,  Whitelaw,  J.H.  and 
Launder,  B.E.,  "Flow,  Heat  and  Mass  Transfer 
in  Turbulent  Recirculating  Flows  - Prediction 
and  Measurements’,  Short  Course,  McGill 
University,  August  1976. 

14  Gardon,  R.  and  Akfirat,  J.C.,  "Heat 
Transfer  Characteristics  of  Impinging  Two- 
Dimensional  Air  Jets",  Journal  of  Heat  Trans- 
fer Transactions  ASME,  ioi-108,  1966. 

15  wollsntein,  M. , "Convective  Processes 
in  Impinging  Jets",  Ph.D.  Dissertation, 

London  University,  1968. 


Fig.  2 Details  of  heat  flux  sensor 
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Fig.  3 Heat  transfer  distribution  under  the 
cold  jet 


3.13 


UliSiVil  1V)N  IVNilSItJHIO  Nil  'IllSIVil  IVH  iVNilSIlNIi  Nil 


9*  .1 


f 


C:«CUBFEIItllTIAV  •IIITIIN.  J/i 


•11.0  -w.a  .17.5  5.5  •>.;  I«.5 

10.5  ■ ■ ■ I — ■ i 


7>.5  10.5  11.5  M.S  111.1  '«.!  111.5 

CIICJOFIREITIII  Pfil7:il.  S':REti 


Fig.  4 Heat  transfer  distribution  under  the 
hot  jet 
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5 Heat  transfer  distribution  under  the 
cold  jet  for  a single  rotation 
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Fic.  6 Heat  transfer  distribution  under  the 
hot  jet  for  a single  rotation 
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Fig.  7 Stagnation  pressure  distribution 
under  hot  and  cold  jets 
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Fig.  8 Heat  transfer  distribution  under  the 
cold  jet 
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Fig.  9 Heat  transfer  distribution  under  the 
cold  jet 
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Fig,  10  Heat  transfer  distribution  under 
the  hot  jet 
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CHARACTERISTIC  BEHAVIOUR  OF  TURBULENCE  IN  THE 
STAGNATION  REGION  OF  A TWO-DIMENSIONAL  SUBMERGED 
JET  IMPINGING  NORMALLY  ON  A FLAT  PLATE 
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ABSTRACT 

It  Is  further  conflraed  that  the  longitudinal 
vortex-llke  structures  In  large  scales,  in  general, 
should  be  fomcd  In  the  stagnation  region  of  the  two- 
dimensional,  submerged  jet  Impinging  normally  on  a 
flat  plate  placed  In  the  transition  range  between  the 
potential  core  and  the  well-developed  region  of  the 
jet.  It  Is  shown  that  the  characteristics  of  these 
eddies  have  been  made  clear  both  qualitatively  and 
quantitatively  by  using  flow  visualization  techniques. 
These  well  ordered  structures  are  to  be  closely  con- 
nected with  the  three-dimensional  distortions  of  a 
couple  of  shear  vortex  filaments  upstream  and  that 
the  interactions  between  these  vortices  In  both  sides 
predominate  In  the  determination  of  the  flow  patterns 
at  the  stagnation  region.  In  addition,  the  effects 
of  these  eddies  on  the  enhancement  of  the  heat  trans- 
fer race  at  that  region  are  discussed. 

NOMENCLATURE 

B - width  of  slot  nozzle,  m 

D ■ diameter  of  circular  nozzle,  m 

F • frequency,  1/m  s 

H • nozzle- to  -plate  distai.ce,  m 

n • sampling  number 

p • static  pressure.  Fa 

Re^  • UB/'j  • Reynolds  number 

T • average  time  Interval  of  eddy  generation,  s 
U • velocity  at  the  nozzle  exit,  m/s 
u,  V,  w,  • velocity  components  in  x,  y,  z direction, 
m/s 

X,  y,  z • rectangular  coordinates  (see  Fig.  1),  m 
Creek  Symbols 


I ■ average  spacing  of  eddies,  m 
1 • non-dlsMnslonallzsd  speclng,  1/B 
u • viscosity,  kg/m  s 
V • kinematic  viscosity,  m'^/s 
s • density,  kg/m^ 
c - standard  deviation 

INTRODUCTORY  REMARKS 

It  has  been  demonstrated  by  previous  experimental 
Investigations [1-10]  that  the  rate  of  heat  and  mass 
transfer  of  submerged,  plane  or  round  Jet  Impinging 
normally  on  a flat  plate  should  be  remarkably  enhanced 
in  the  neighbourhood  of  the  stagnation  region.  These 
enhancements,  however,  have  been  ambiguously  considered 
mainly  due  to  the  effect  of  the  turbulence  which  Is 
produced  in  the  upstream  free  shear  layer  and  is  trans- 
ported downstream  by  the  mean  flow. 


At  the  University  of  Tokyo,  successive  studies  on  the 
Impinging  jets  have  been  conducted  up  to  the  present. 
Recently  Kuklta  et  al.[2]  performed  the  experiments 
concerned  with  the  structure  of  the  two-dimensional 
stagnation  flow  field  by  using  a flow-visualization 
technique  In  the  air  jet  Impinging  normally  on  a flat 
plate.  From  the  Instantaneous  photographic  records  of 
the  flow  field,  they  concluded  chat  the  unsteady  three- 
dimensional  phenomena  should  exist  In  the  stagnation 
region  of  the  submerged  plane  jet  lisplnglng  normally 
on  a flat  plate  and  chat  Che  scales  of  eddies  accompa- 
nied could  appear  much  larger  than  the  thickness  of 
the  laminar  boundary  layer  which  was  calculated  theo- 
retically. In  addition,  they  discussed  the  important 
relation  between  these  characteristic  turbulence  be- 
haviours and  Che  comparatively  high  heat  transfer  rate 
of  Impinging  jets.  More  detailed  results,  however, 
have  not  been  obtained  because  of  a lack  of  obser- 
vations continuous  In  time,  so  a further  investigation 
on  the  productive  mechanism  of  these  large-scale  struc- 
tures has  been  desired  and  expected  to  contribute  to 
a better  understanding  of  stagnation  flow  structure. 

As  for  fluid-dynamic  Instabilities  In  the  stag- 
nation flow,  various  kinds  of  vigorous  amplifications 
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of  curbulences  in  chat  region  have  been  reported  re- 
cently[7].  For  example.  In  the  forward  stagnation 
flow  on  a circular  cylinder,  more  generally,  on  a 
blunt  body,  the  vortex  streets  have  been  reported[3. 

11]  and  their  existence  has  been  supported  succesful- 
ly  by  the  so-called  "Vorticlty  Amplification  Theory" 
proposed  by  Kestin  et  al.[12].  The  similar  spanwlse 
quasi-perodlc  variation  of  flow  structure  has  been 
observed  in  the  re-attaching  region  of  separated  flows 
[13]  and  treated  theoretically  by  IngerllA].  But  the 
scales  of  turbulence  coherent  structures  which  will 
be  discussed  in  this  paper  are  much  larger  chan  those 
considered  above,  as  indicated  by  Kuklta  ec  al. 

In  the  past  decade  so-called  well  ordered  struc- 
tures in  turbulent  shear  flows  become  of  much  interest 
to  a number  of  reserchers,  since  such  structures  pos- 
sess predominant  roles  on  the  turbulence  production 
as  well  as  the  Reynolds  stress  generation ( c.g.  see 
Laufcr[15]  ).  It  is,  however,  rather  difficult  to  de- 
tect the  unsteady  three-dimensional  fluid  motions 
which  occur  discretely  and  exist  for  their  character- 
istic llfeciises,  if  one  depends  only  upon  Che  conven- 
tional measuring  probes  fixed  in  space.  In  this  paper 
the  flow-visualization  techniques,  namely,  the  Smolce- 
Wlre  method  and  the  Hydrogen-Bubble  method,  arc  ap- 
plied to  investigate  the  structure  of  stagnation  flow 
region  of  a two-dimensional  impinging  Jet  without 
smearing  out  these  structures  in  time  averages.  In 
addition,  the  combination  technique  of  the  Hydrogen- 
Bubble  visualization  and  the  pressure  fluctuation 
measurement  is  developed  and  examined  for  the  purpose 
of  the  detection  scheme  of  large  structures  in  turbu- 
lence , 

PREVIOUS  WORKS  OF  IMPINGING  PLANE  JET 

Many  studies  on  the  plane,  submerged  impinging 
jet  have  made  so  farI2, k, 5, 8,9,10,16,17,18] . Most  of 
the  studies  have  been  performed  with  Increased  demands 
of  heat  transfer  problem.  By  the  successive  studies 
of  Gar don  ec  al.[A,3]  two  conclusions  have  been  re- 
ported that  the  heat  transfer  coefficient  at  the  stag- 
nation point  takes  its  maximum  value  when  the  ratio 
of  H/B  is  about  8 Co  10  and  that  the  second  peak  of 
local  heat  transfer  coefficient  exists  in  the  scream- 
wise  variation  from  the  stagnation  point.  The  former 
results  are  explained  by  the  interactions  between  the 
centre-line  turbulence,  which  increases  with  increas- 
ing H,  and  the  arriving  velocity,  which  decreases  with 
H.  And  the  latter  results  are  recognized  as  the  tran- 
sition from  Che  laminar  to  turbulent  boundary  layer 
inside  the  wall  jet  flow  on  the  impinging  wall.  On 
the  ocher  hand,  various  reserches  on  plane,  submerged 
free  jets  as  well  as  on  impinging  jets  were  also  per- 
formed from  Che  point  of  fluid  mechanics.  Most  of 
them,  however,  resulted  in  the  measurements  of  clmc- 
averaged  characteristics  by  hoc  wire  anemometers  in 
Che  range  of  ac-called  self-preserving  jet  (i.e.  H/B 
is  more  than  10  to  20)  [16].  The  flow  instabilities 
in  large  scales  around  Che  stagnation  region  were  sel- 
dom reported  except  Che  work  by  Kukica  ec  al.l2]. 

On  Che  free  shear  vortex  behaviours,  however,  the  suc- 
cessive reports  by  Rockwell  et  al.[lV,lB]  are  very  im- 
portant, in  which  the  instability  of  Che  whole  pat- 
cams  have  been  suggested. 

EXPERIMENTAL  APPARATUSES 

Two  kinds  of  experimental  apparatus  are  Illus- 
trated in  Figs.  2 and  3,  where  one  is  a loop  for  air 
and  Che  ocher  for  water. 

In  Fig.  2,  air  is  supplied  by  the  axial  blower 
through  Che  settling  chamber  into  Che  two-dimensional 
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Fig.  3 Schematic  of  experimental  apparatus  of 
water  jet 

(I)  Two-dimensional  nozzle  (2)  Impinging  plate 

(3)  Honeycomb  chamber  (A)  Entrance  duct 

(5)  Test  tank  made  of  acryl  (6)  Overhead  tank 

(7)  Plates  for  controlling  wacerhead 

(8)  Tank  (9)  Volute  pump  (10)  Absorber 

(II)  Valve  for  controlling  flow  rate 

nozzle  of  120  mm  in  width  and  1300  mm  in  height.  The 
aspect-ratio  is  10.8  and  the  side  panels  of  2A0  ami 
wide  arc  fixed  at  the  both  ends  of  the  nozzle  exit. 

The  Reynolds  number  baaed  on  Che  nozzle  width  and  the 
exit  velocity  ranges  from  10**  up  to  2x10^  , 

In  Fig. 3,  water  from  a reservoir  tank  is  pumped 
up  through  the  damping  chamber  to  the  overhead-tank  by 
a volute  pump  and  is  supplied  through  the  honeycomb 
chamber  into  Che  nozzle,  which  is  sandwiched  by  two 
parallel  horizontal  places.  The  velocity  at  the  noz- 
zle exit  can  be  controlled  by  varying  the  water  head. 
In  order  to  confirm  the  effect  of  the  nozzle  width  on 
the  flow  pattern,  two  kinds  of  nozzles  are  constructed 
The  width  of  the  nozzles  are  3 and  15  mm  respectively 
and  the  height  is  the  same  as  130  mm,  so  the  aspect 
ratio  beco^ies  30  and  10.  The  most  experiment  has  been 
carried  out  by  using  the  nozzle  of  13  mm  width  for  the 
sake  of  clear  visualization . This  water  loop  is  made 
of  acrylic  resin  so  that  the  detailed  flow  pattern  can 
be  observed  from  any  direction.  The  Reynolds  number 


In  this  closed  loop  ranges  from  10  co  1'^". 

Using  Che  experioencal  apparatus  mentioned  above, 
the  ratio  of  the  distance  between  the  nozzle  exit  and 
the  impinging  place  co  the  nozzle  width,  H/B,  has  been 
varied  in  the  range  of  about  2 to  10. 

E-XPERIMENTAL  PROCEDURES 


3)  Velocity  Measurement 

In  the  air  jet  measurements,  the  velocity  is  meas' 
ured  by  using  a hot-wire  anemometer  as  well  as  Pitot 
tubes.  In  the  water  jet  measurements,  relatively 
higher  velocities  are  measured  by  Pitot  tubes . 
classification  of  flow  field  of  plane  free  jet 


1)  Flow  Visualization  Techniques 

As  flow  visualization  techniques,  the  Smolte-Wire 
method  is  applied  co  the  air  jet,  while  the  Hydrogen- 
Bubble  method  in  the  water. 

In  the  SmoRe-Wire  technique  [19],  a mixture  of 
liquid  paraffine  and  machine  oil  is  painted  initially 
on  a fine  nichromc  wire  of  70um  in  dlamater.  This 
wire  is  placed  at  the  desired  region  co  be  visualized 
without  any  disturbances  co  the  flow  field  and  is  im- 
pulsively baated  by  a hi-h  D.C.  charge  accusilaced  by 
capacitor  banks.  After  a fixed  time  Interval  from 
the  Instance  of  the  smoke  generation  on  the  wire,  an 
instantaneous  photographic  record  of  the  smoke  screaks 
is  taken  by  flashing  a stroboscope.  This  programmed 
sequence  is  automatically  completed  by  the  electric 
circuit  developed  which  is  triggered  by  the  shutter 
of  the  camera.  In  this  technique,  photos  can  be  taken 
from  the  different  directions  at  the  same  time.  This 
method  has  been  used  successfully  co  investigate 
three-dimensional  structures  of  turbulence  in  boundary 
layer  flows  by  the  present  co-authors  [20,21], 

The  Hydrogen-Bubble  method  is  now  well  known  of 
its  useful  advantages  for  flow  visualizations  [22] 
and  has  been  also  used  in  the  visual  studies  on  turbu- 
lence (e.g.  [23]).  Presently  this  technique  is  ap- 
plied CO  Che  water  jet  in  order  to  investigate  behav- 
iours of  large  scale  structures  continuously  in  time. 
Bubble  generating  wires  are  positioned.  In  most  cases, 
parallel  co  the  z-axls,  while  in  some  cases  parallel 
co  the  s-axis,  and  at  moat  three  wires  ace  placed  in 
Che  flow  field  at  a cisM.  In  most  of  the  present  ex- 
periments bubbles  are  generated  continuously  by  a con- 
stant D.C.  charge,  not  periodically  by  controlling  a 
power  supply  as  has  been  demonstrated  in  the  litera- 
ture [26]. 

2)  Measurement  of  Hall  Static  Pressure  Fluctua- 
tion at  Stagnation  Region 

A semi-conductor  pressure  transducer  of  Sam  di- 
ameter la  fixed  into  the  impinging  place,  as  shown  in 
Fig. 4,  in  order  to  detect  the  pressure  fluctuation 


accompanied  with  the 
characteristic  flow  pat- 
tern. In  addition,  the 
Hydroben-Bubb le  tech- 
nique is  combined  with 
this  pressure  fluctu- 
ation measurement  for 
further  coflrmatlon  of 
spatially  convectad 
structures.  The  pres- 
sure hole  is  2mm  in  di- 
ameter and  1mm  in  depth.Stroboscope 
in  which  silicone  oil 
is  filled  up.  The  fre- 
quency response  of  this 
pick-up  is  flat  up  co 
IkHz,  but  in  order  to 
eliminate  the  unwanted 
noise  the  output  signal 
has  bean  passed  through 
a low-pass  filter  under 
28Hz,  which  is  enough 
higher  chan  the  frequen- 
cies of  large  scale  flow 
structures  in  the  water  jet. 


Pressure  Transducer 


stagnation  pressure 

measurements 


Before  the  well-ordered  structures  at  the  stag- 
nation region  of  the  plane,  submerged,  impinging  jet 
are  discussed,  it  is  important  co  summarize  the  gener- 
al feature  of  flow  field  of  the  plane  free  jet.  It 
can  be  classified  roughly  into  three  regions  as  fol- 
lows: 

(1)  Potential  Core  Region 

As  far  as  about  4B  downstream  from  the  nozzle  exit, 
Che  so-called  potential  core  region  exists  where  the 
flow  is  laminar  %rt.thout  vortlclcy  and  is  sandwiched 
by  the  free  shear  layers  which  Include  nascent  stage 
vortices  sheets.  The  length  of  the  potential  core  is 
influenced  by  the  upstream  hiacories  such  as  the  shape 
of  nozzle  exit  and  the  boundary  layer  thickness  in  the 
nozzle,  since  the  development  of  Che  shear  layer  must 
depend  strongly  upon  them.  When  this  potential  core 
region  iaiplnges  directly  on  the  flat  place,  the  flow 
patterns  at  the  stagnation  region  are  almost  laminar- 
like  and  the  large-scale  turbulence  can  hardly  be 
vlauallzed. 

(2)  Transition  Region 

This  region  is  a transition  region  from  the  poten- 
tial core  region  (1)  co  the  well-developed  region  (3). 

In  this  region,  shear  vortices  develop  and  interact  as 
has  been  indicated  by  Rockwell  & Nlccolls  [17,18]. 

When  Che  impinging  wall  is  positioned  within  this  re- 
gion, the  large-scale  eddies  become  most  vigorous  and 
these  eddies  are  observed  very  often  as  a pair  which 
happen  to  look  like  the  Taylor-Gortler  vortices.  The 
spatial  scales  of  eddies  become  large  with  incrasing 
Che  value  of  H/B.  The  typical  photographs  of  these 
eddy  structures  along  Che  stagnation  line  are  shown  in 
Fig.  5,  where  all  photos  have  been  taken  from  the  r- 
dlrection.  These  results  suggest  that  Che  mechanism 
of  Che  generation  of  these  large  eddlcz  can  be  closely 
connected  with  the  behaviours  of  shcar-vorclces  up- 
stream. 

(3)  Well-developed  Region 

In  the  region  more  than  10  co  12B  downstream  from 
Che  nozzle  exit,  the  jet  grows  up  co  the  so-called 
self-preserving  state  with  the  complete  development  of 
the  shear  layer.  Strictly  speaking,  the  self-preserv- 
ing region  is  said  co  be  Che  region  more  than  40B  down- 
stream from  Che  nozzle  exit  [24],  but  from  a wider 
point  of  view  it  may  be  aditltced  co  be  defined  as  above 
mentioned.  In  this  region  the  effect  of  upstream  his- 
tory on  Che  flow-field  can  be  neglected.  When  the  im- 
pinging wall  is  located  in  this  region,  the  wall  or- 
dered vortex-pairs  can  be  hardly  found  in  the  stagna- 
tion region.  But  the  large-scale  eddies  happen  co  ap- 
pear in  a distorted  shape  accompanied  with  the  small- 
scale  turbulence  of  higher  wave  numbers.  This  occur- 
rence, however,  decreases  with  increasing  of  H/B. 

From  the  resiarks  menclond  above,  most  of  Che  ex- 
periments have  been  performed  with  Che  impinging  place 
located  in  the  transition  region  of  Che  jet. 

QUALITATIVE  OBSERVATION  OF  SHEAR  VORTICES  OF  FREE 
JET  REGION 

In  general,  the  flow  fields  of  submerged,  imping- 
ing jets  can  be  classified  into  three  regions  as  shown 
in  Fig. 6,  namely,  Che  free  jet  region,  the  impinging 
region  and  the  wall  jet  region.  Of  these  regions,  the 
free  let  region  is  defined  as  a region  uninfluenced  by 
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Che  time  interval  of  0,25  second.  The  initial  small 
disturbances  generated  by  the  linear  instability  of 
free  shear  layer  grow  finally  into  large  shear-vortices 
which  are  convected  downstream  in  a certain  character- 
istic frequency.  In  these  photos,  it  can  be  recognized 
that  there  occur  randomly  both  the  synetrical  and  asym 
metrical  formations  of  shear  vortices. 

Successively  the  three-dimensional  distortions  of 
shear  vortices  have  been  visualized  em- 
phatically, The  Instantanlous  photograph 
in  Fig,S,  taken  from  Che  x-dlrectlon, 
shows  the  stretchings  of  the  shear-vortex 
filaments.  These  filaments  are  formed  by 
the  mass  concentration  due  to  the  strong 
vortlcltles since  the  bubbles  are  generated 
continuously  on  the  wire.  The  distortion 
of  large  wavelength  grows  downstream  ac- 
companied with  the  generation  of  the  dis- 
turbances of  higher  wave  numbers,  but  this 
large  structure  can  be  identified  clearly 
until  it  rushes  into  the  impinging  region. 
These  behaviours  of  shear  vortices 
have  been  also  visualized  as  shown  in 
Fig, 9,  where  the  photograph  is  takdn  from 
the  backside  of  Che  impinging  place.  In 
the  same  way  as  before,  three-dimensional 
stretchings  of  shear  vortices  can  be  con- 
firmed, Moreover,  from  the  additional  a- 
nalysla  of  the  high-speed  16  nm  movies, 
it  is  observed  chat  the  profiles  of  the 
distortions  of  both  side  shear  vortices 
likely  appear  to  be  in  Inverse  phases, 
even  chough  the  shear  vortices  may  Impinge 
on  the  wall  asymmetrically  as  shown  in 
Fig, 7,  So  chare  exist  both  the  region 
where  the  shear  vortices  approach  consid- 
erably and  Che  region  where  the  vortices 
are  apart,  almost  periodically  along  the 
geometrical  stagnation  line.  In  addition, 
the  trembling  motion  of  the  stagnation 
line  in  Che  x-dlreccion  can  be  seen,  which 
must  be  explained  as  the  result  of  the  a- 

I symetrlcal  impinging  of  upstream  shear- 

gg  vortices.  The  vortex  filaments,  however, 

seldom  appear  to  be  convected  directly  to 
Che  opposite  side  beyond  the  geometrical 
stagnation  line. 


Fig,  7 Visualization  of  shear  vortices 


Che  Individual  values  measured  by  present  authors  from 
some  limited  numbers  of  photographs  taken  by  Kuklta 
et  al.[2]  for  air  jet  experiments.  Present  results 
have  been  obtained  within  an  error  of  5S  by  analyzing 
more  than  100  photographs  and  the  standard  deviations 
are  30  to  AOZ  of  the  ensemble  mean  as  Indicated  by  the 
length  of  the  vertical  lines  on  the  symbols  In  the 
figures.  The  triangular  symbol  In  Fig.  12  is  the  re- 
sult measured  bv  using  the  smaller  nozzle  of  3mm  In 
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Fig.  9 Stretching  of  shear-vortex  filament 
BEHAVIOUKS  OF  LARGE-SCALE  EDDIES  IN  STAGNATION  | 

REGION  OF  UIPINGING  JET  g 

It  Is  confirmed  chat  the  coherent  structures  of 
turbulence  eddies  In  Che  stagnation  region  exist  In 
all  visual  experiments,  where  the  Reynolds  number  I 

ranges  from  10^  up  to  IxlO^  with  water  and  air  loops, 
when  Che  Impinging  place  Is  located  In  the  transition 
region  of  the  jet.  Typical  photographs  are  represent- 
ed In  Fig. 10  In  the  air  and  water  jets.  A series  of 
photos  In  Che  water  jet  have  been  taken,  and  It  Is 
recognized  chat  chase  palr-vortex  structures  appeared 
discretely  In  time  and  space.  At  the  same  time  these 
streamwlse  palr-vortex  structures  change  their  charac- 
teristics, such  as  scales  and  wavenumbers  of  turbulence 
Included,  aocordlng  to  Che  wall-position,  l.e.  H/B,  as 
shown  In  Fig. 7. 

As  a characteristic  length  scale,  the  mean  spac- 
ing of  generations  of  large  eddies  In  Che  z-dlreccion 
have  bean  measured  on  Che  photographs  taken  from  the 
X and  y directions.  The  typical  photograph  of  vortex 
streets  is  shown  in  Fig. 11  In  which  Che  bubbles  are 
generated  on  two  wires.  It  Is  observed  chat  the  vortex 
filaments  of  these  eddies  appear  both  sides  of  the  stag- 
nation line  almost  synsecrlcally  and  this  suggests  the 
continuity  of  Che  vortex  filament  across  the  stagnation 
line.  In  addition  Che  vorcex-llka  structure  must  be 
screched  In  the  streamwlse  direction  by  Che  flow  ac- 
celeration In  Che  stagnation  flow  region.  The  measured 
values  of  the  mean  spacing,  X*,  non-dlmenslonallzed  by 
B,  are  represented  versus  the  Reynolds  number  ip  Fig. 

12.  In  chase  figures,  the  open  symbols  are  present 
results  In  Che  water  jet,  while  the  solid  symbols  are 
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water  jet 
H/B-6,  ReB-3-2«10 

Palr-vortex  structures  in  stagnation  region 


Fig. 11  Palr-vortex  screets 


with.  From  these  results,  the  spsclng  of  vortices 
generation  la  concluded  to  be  a week  function  of 
Reynolds  number,  and  the  empirical  correlation  Is  ob- 
tained from  the  measurements  In  the  water  jet  as  fol- 
lows: 

A*.  X/B  - ReB“-'3‘‘6  (1) 

This  conclusion  might  be  reasonably  understood,  review- 
ing the  findings  chat  the  large  eddy  structures  In 
turbulence  should  be  almost  Independent  of  the  Reynolds 
number  of  the  main  flow  field  as  has  been  discussed  by 
Roshko[25] ■ 

The  dependency  of  the  average  spacing  on  the  noz- 
zle-place  distance  la  shown  In  Fig. 13,  where  the 
Reynolds  number  is  maintained  almost  constant,  the 
non-dlmanslonal  spacing  seems  to  Increase  with  Increas- 
ing H/B  and  this  result  Is  In  accordance  with  the  qual- 
itative obaetbation  In  Fig. 7 that  Che  scales  of  these 
structures  Increase  In  the  seme  way. 

As  a general  deacrepclon,  the  average  value  of 
the  spacing  of  vortex-palr  generations  Is  about  0.8  - 
0.9  times  Che  nozzle  width  and  Is  Che  order  as  same  as 
the  wavelength  of  shear-vortex  distortion  which  Is  men- 
tioned previously. 

Secondly,  In  order  to  examine  the  clzw  scale  of 
these  vortex-llke  structures,  the  frequency  of  their 
generation  per  unit  length  In  the  z-dlrecclon  has  been 
maasured  from  the  high-speed  movies  taken  from  behind 
the  Impinging  wall.  Fig. 14  shows  a example  of  a his- 
tory cable  of  vortices  on  Che  stagnation  line  In  the 
water  Jet  when  Reg  ■ 2.3x10^  and  H/B  • 6.0.  The  cir- 
cle symbol  Is  the  occurrence  of  palr-vortex  structure, 
while  the  cross  denotes  the  collapse.  In  sosie  cases 
lacking  In  either  symbol.  It  has  been  difficult  Co 
Identify  the  occurrence  or  collapse  clearly  because 
of  Che  ambiguity  of  flow-visualisation  movies.  Al- 
though these  phanomena  appear  randomly  In  time  and 


Fig.  13  Dependency  of  spacing  of  vortex-pair 
generation  on  nozzle-plate  distance  ReB-(8'v-9)xlo3 


space,  it  can  be  tlao  recognized  that  there  are  some 
cases  where  they  occur  almost  at  the  same  time  along 
the  stagnation  line.  In  counting  Che  generation  of 
palr-vortax  structure,  the  difficulty  because  of  the 
ambiguity  of  motion  pictures  Increase  with  Increasing 
H/B  and  Reg.  So  there  might  be  Included  some  errors 
In  the  following  quantitative  results  of  the  time 
scales  obtained  In  this  way.  Fig. 15  shows  the  frequen- 
cy of  generation  per  unit  sranwlse  length,  F.  versus 
H/B.  This  frequency  appears  to  have  Its  maximum  around 
H/B  - 7 and  to  decrease  with  increasing  H/B.  By  using 
the  frequency  of  generation  and  the  spacing  In  Fig. 13, 
the  time  scale  of  chase  well-ordered  structure  Is  de- 
fined as  follows- 

T - 1/FX  - 1/?X*B  (2) 

which  can  be  roughly  Interpreted  as  a maan  lifetime  of 
this  phenomenon.  In  Fig.  16,  the  measured  values  of 
this  lifetime  are  represented  In  Che  nondimensional 
form,  TD/B.  The  spacing  of  generation,  X,  Increases 
gradually  In  a monotonous  manner,  so  In  Che  range  of 
large  value  of  H/B,  the  time  scale  increases  more  than 
F decreases.  In  Fig. 17,  the  measurements  of  Che  pres- 
sure fluctuation  at  the  stagnation  point  of  the  water 
jet  are  represented  for  the  various  conditions  of  the 
nozzle-place  distance.  The  traces  of  (A)  and  (B)  cor- 
respond CO  the  case  In  which  the  potential  core  of  the 
jet  Impinges  directly  on  the  place,  and  the  pressure 
fluctuations  sre  comparatively  small.  On  the  ocher 
hand.  In  the  cases  of  (C)  and  (D) , where  the  plate  Is 
located  In  Che  transition  reslon  of  the  jet,  the  fluc- 
tuations appear  to  be  much  Intence  and  vigorous.  From 
a rough  estimation,  the  velocity  fluctuation  Is  consid- 
ered CO  be  at  a level  of  more  than  20  S.  The  consider- 
able dlfferrence  of  pressure  fluctuations  between  (A), 
(B)  and  (C),  (D)  might  be  mainly  attributed  to  the  ex- 
iscance  of  the  large  eddy  structure  at  the  stagnation 
region . 

In  order  to  Investigate  Che  pressure  fluctuation 
pattern  accompanied  with  Che  vortex-llke  structure,  Che 
Hydrogen- Bubble  technique  Is  Integrated  and  the  typical 
exaarples  are  shown  in  Fig. 18,  where  H/B  • 6.0  and  Reg  • 
l.lxlO**.  Since  Che  bubble  generating  wire  Is  located 
downstream  Che  pressure  hole.  Its  effect  on  Che  pres- 
sure messurement  can  be  neglected.  The  pattern  rec- 
ognition of  Che  eddy  structure  In  the  pressure  fluctu- 
ation must  be  much  complicated,  because  the  trembling 
motion  of  the  instantaneous  stagnation  line  as  mil  as 
the  shear  vortices  fluctuation  zilghc  contribute  simul- 
taneously. Presently  Che  visual  analyses  of  Che  pres- 
sure fluctuation  patterns  are  performed  when  the  large 
eddies  exist  right  above  the  presaure  hole  and  also 


Fig.  14  Time  table  of  pair-vortex  along  stag- 
nation line  in  water  jet,  Rej»2.3xl0^,  H/B-6.0 


3.22 


Fig.  16  Tla*  seal*  of  pair-vortex  structure 
in  water  jet,  Re3-2.3xl0^ 

wander  from  the  hole.  The  pattern  analysis  has  been 
carried  out  during  the  time  span  of  the  time  scale  of 
this  phenomenon  which  can  be  estimated  assuming  the 
value  of  TD/B  to  be  5 to  10,  resulting  10  to  5 Hz  in 


Point  of  pressure  measurement 


Fig.  18  Pressure  fluctuation  measurements 


this  case.  As  a qualitative  description  of  pressure 
fluctuation  pattern,  the  stagnation  pressure  tends  to 
decrease  during  the  interval  the  pair-vortex  exists, 
while  it  is  likely  to  increase  in  the  region  between 
the  neighbouring  vortex  structures. 

Considering  the  characteristic  behaviours  of  the 
stagnation  flow  field  of  the  impinging  jet  reported 
here,  the  mechanism  of  the  enhancement  of  heat  and  mass 
transfer  can  be  explained  much  clearly.  From  the  stagna- 
tion pressure  meaauresMncs  in  Fig. 17,  the  turbulence 
intensity  must  be  recognized  very  high  with  the  imping- 
ing place  located  in  the  transition  region,  as  has  been 
reported  elsewhere [ 16} . This  corresponds  to  the  high 
transport  rata  of  heat  and  mass  under  this  condition  of 
impinging  wall  location}  e.g.  i,5].  Moreover. the  en- 
hancement of  transport  race  must  be  based  on  the  occur- 
rence of  streamwlse  pair-vortex  structures  in  the  large 
scales  which  are  more  chan  several  times  the  laminar 
boundary  layer  thickness  calculated  theoretically.  The 
boundary  layer  of  passive  quantities  should  be  extreme- 
ly broken  and  renewed  when  these  phenomena  occur  in  the 
stagnation  region.  Although  the  scales  of  these  struc- 
tures increase  with  increasing  H/B  as  shown  in  Fig. 5, 
fhe  frequency  of  generation  in  time  and  space  decreases 
rapidly  beyond  Che  value  of  This  fact  may  clear- 

ly explain  the  general  variation  of  heat  transfer  coef- 
ficient with  K/3  which  has  been  reported  by  the  several 
researchers}  e.g.  A, 5]. 


combined  with  Hydrogen-Bubble  method 


RELATION  BETWEEN  STRETCHING  OF  SHEAR-VORTICES  UPSTREAM 
AND  LARGE-SCALE  EDDY  STRUCTURE  IN  STAGNATION  REGION 

The  production  mechanism  of  these  well-ordered 
structures  in  the  stagnation  region  is  discussed  in  con- 
nection with  the  three-dimensional  stretching  of  vortex 
filaments  upstream.  The  scales  of  shear  vortices  (see 
Figs.  7 and  19),  which  increase  with  the  development  of 
shear  layer,  affect  Che  whole  flow  field  in  a compara- 
tively long  clmespan,  inducing  the  trembling  motion  of 
the  stagnation  line.  In  addition,  these  developed  shear 
vortices  may  Influence  the  increased  scales  of  the 
streamwlse  pair-vortlces  in  the  stagnation  region  as 
shown  in  Fig.  S,  On  the  ocher  hand,  Che  wavelength  of 
distortions  of  vortex  filaments  (sec  Figs.  8 and  9)  is 
Che  same  order  as  the  spacing  of  vortex-pair  generation 
in  the  stagnation  region,  so  this  fact  strongly  suggests 
Che  connection  between  the  shear  vortex  distortion  and 
Che  pair-vortex  formation. 

Therefore  the  stagnation  region  is  investigated  by 
using  three  bubble  generating  wires  simultaneously  as 
shown  in  Fig.  20,  which  has  been  taken  from  behind  the 
impinging  plate.  In  this  photograph,  it  is  possible  to 
recognize  chat  the  streamwlse  vortices  should  often  ex- 
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Dlacaaca  bacwasn  nozzle  and  ssoka  wire.  x/B-2.0 

Fig.  19  Shear  vortlcea  in  air  Jet,  Re.-l.Ox 

105,  h/B-8.0  ® 

iat  in  the  region  where  the  diatance  between  the  fila- 
menta  of  both  aidea  ahear  vorticea  ia  aaaller.  Theae 
regiona  produced  by  ahear  vortex  diatortion  appear  con- 
aiderably  periodic  in  the  z-dir:cCion  and  the  local  1b- 
pinging  velocity  there  may  be  expected  higher  due  to 
the  approach  of  vortlcea.  From  the  reaulta  of  prea- 
sure  fluctuation  aeasdreaenta  combined  with  the  flow- 
visualization,  the  correapondlng  reaulta  haa  been  al- 
ready aantloned  prevloualy  that  the  stagnation  pres- 
sure tends  to  decrease  during  the  vortex-palr  exiata. 

So  it  is  considered  chat  the  local  increase  of  Che 
stagnation  pressure  potential  would  trigger  the  Insta- 
bility of  Che  flow  field  causing  the  generation  of  the 
pair-vortex  structure  and  this  pressure  potential 
would  decay  rapidly  with  the  developaenc  of  the  vortex 
structure. 

FroB  these  considerations,  a conceptual  aodel  for 
Che  aechanlaa  of  vortex-palr  structures  in  the  stagna- 
tion region  ia  constructed  as  shown  in  Fig.  21.  In 
this  figure  two  kinds  of  configurations  of  shear  vorti- 
cea are  supposed,  l.e.  syaetrlcal  and  asyaMcrlcal 
cases,  and  it  can  be  realized  straight forwards  that 
the  real  stagnation  line  moves  clae-dependently  and 
should  not  agree  generally  with  Che  geometrical  stag- 
nation line.  But  the  fundamental  aiechanlsa  in  both 
cases  is  considered  to  be  the  same  as  is  discussed 
above . 


Fig.  20  Relation  between  screatching  of 
upstream  shear  vortices  and  pair-vortex 
structures  in  stagnation  region,  Re,-3.0x 
10^,  H/B-6.0  “ 


Fig.  21  Conceptual  model  for  mechanism  of 
vortex-palr  generation 


CONCLUSION 

It  is  further  confirmed  chat  the  well-ordered 
large-scale  pair-vortex  structures  generally  exist  in 
Che  stagnation  region  of  the  plane  Isiplnglng  Jet,  when 
Che  impinging  place  is  located  between  the  potential- 
core  region  and  the  well-developed  region.  These  flow 
structures  have  been  extensively  investigated  both 
qualitatively  and  quantitatively  with  Che  aid  of  flow- 
visualization  techniques  as  %>ell  as  Che  measuremenc  of 
Che  stagnation  pressure  fluctuation  combined.  From 
these  experimental  results,  the  production  mechanism 
of  these  structures  Is  discussed  from  various  points 
of  view.  It  is  concluded  chat  Che  generation  of  the 
pair-vortex  structures  has  to  be  deeply  related  with 
the  distortions  of  the  shear  vortex  filaswncs  in  Che 
free  shear  layer  upstream,  and  a conceptual  model  for 
Che  mechanism  of  the  vortex  generation  is  presented. 

In  addition,  it  la  emphasized  chat  these  phenomena 
should  have  an  important  role  on  the  enhancement  of 
heat  and  mass  transfer  of  the  Ispinging  Jet. 
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ABSTRACT 

Measuresents  of  pover  spectra  in  the  stagnation 
region  of  the  azisyimetric  impinging  Jet  were  made  in 
order  to  east  some  light  on  the  vortex  stretching  me- 
chanism in  the  flov  approaching  stagnation.  A loud- 
speaker was  used  to  force  on  the  Jet  a wave  of  a 
predominant  length  and  control  its  amplitude.  The 
development  of  the  oscillatory  motion,  as  the  flov 
approaches  stagnation,  could  then  be  easily  observed. 

The  measurcswnts  were  made  at  lov  speeds.  The  Rey- 
nolds number  based  on  diameter  of  the  nozzle  vas 
12000  ^ He  ^ 60000  and  the  relative  aisplitude  of  for- 
cing vas  changed  from  2%  to  10%. 

A "filter  characteristic"  of  the  Jet  stagnation 
region  vas  determined  by  additional  measurements  vith 
different  forcing  frequencies.  This  function  exhibits 
the  Influence  of  this  region  on  vortices  of  different 
scales.  It  vas  proved  that  the  stagnation  region  func- 
tions as  a lov  pass  filter. 

Forcing  the  Jet  at  a frequency  higher  than  the 
neutral  one  yields  an  increase  in  the  axial  turbulent 
Intensity  vhlch  is  proportional  to  the  level  of  for- 
cing. Forcing  at  a frequency  lover  than  the  neutral 
frequency  yields  higher  increase  in  the  axial  turbu- 
lent Intensity  than  the  previous  one.  The  effect  of 
the  same  forcing  frequencies  on  the  mean  velocity  is 
quite  different.  Forcing  at  the  hignar  frequency  in- 
creases the  axial  mean  velocity  proportionally  to 
the  level  of  forcing,  \rtille  forcing  at  the  lover 
frequency  has  no  effect  on  the  mean  velocity. 

ETRODUCnOS 

This  paper  is  concerned  vith  the  structure  of 
turbtalence  in  turbulent  stagnation  flovs  and  impin- 
ging Jets,  and  the  influence  of  controlled  distur- 
bances on  this  structure.  The  structure  of  turbu- 
lence in  stagnation  region  determines  the  characte- 
ristics of  the  mean  flov  and  heat  transfer  in  this 
region,  and  is  therefore  of  much  interest.  The  in- 
fluence of  turbulence  in  this  flov  vas  initially 
observed  in  heat  transfer  experiments.  Eestin, 

.'.^aeder  and  Sogln  (1)  reported  that  the  heat  trans- 
fer rates  in  the  stagnation  region  rose  oy  nearly 
<•0%  vhen  the  turbulence  level  of  the  free  stream  vas 
increased  from  0.5%  to  2.7%.  The  heat  transfer  co- 
efficient in  the  latter  case  vas  80%  higher  than 
that  theoretically  predicted  for  steady  laminar  flov. 

The  beat  transfer  augmentation  is  most  probably 
caused  by  the  rapid  distortion  of  the  flov  and  the 
concimmltant  stretching  of  vortices  vhose  axes  are 
normal  to  the  plane  of  symmetry.  Sutera,  Maeder  and 
Kestin  (2)  predicted  an  augmentation  of  turbulence 
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level  in  the  flov  approaching  stagnation  as  a result 

of  this  stretching  process.  They  also  shoved  that  the 
augmentation  depends  critically  on  the  initial  scale 
of  the  oncoaiii ng  vortices,  because  those  eddies  vhich 
are  originally  small  may  simply  dissipate  by  the  ac- 
tion of  viscosity  foiloving  the  stretching  process. 
There  must, therefore,  exist  a neutral  scale  belov 
vhich  the  turbulence  dissipates  as  the  flov  approa- 
ches stagnation.  Thus  stagnation  flov  acts  like  a 
lov-paas  filtering  amplifier.  The  impingement  of  an 
axisymuetric  Jet  onto  a flat  surface  vas  studied  ex- 
perimentally by  Donaldson,  Snedeker  and  Hargolis  (3) 
vith  the  explicit  purpose  of  obtaining  the  heat  trans- 
fer coefficient  in  the  vicinity  of  the  stagnation 
point.  When  the  surface  vas  30  diameters  dovnstream 
from  the  nozzle,  the  heat  transfer  close  to  the  stag- 
nation point  vas  120%  higher  than  that  predicted  by 
lami rar  flov  theory.  It  vas  therefore  suggested  to 
introduce  a turbulence  correction  factor  to  the  data. 
Bradbury  (1*)  studied  the  impinging  Jet  in  context 
vith  ground  erosion  vhich  is  caused  by  lifting  Jets 
from  VTOL  aircraft.  He  thus  measiu'ed  the  distribu- 
tion of  pressure  on  the  surface  as  a function  of  the 
distance  from  the  nozzle  and  the  initial  velocity  of 
the  Jet.  Sadeh,  Sutera  and  Maeder  (5)  experimented 
vith  tvo-dimenslonal  stagnation  flov  by  mounting  a 
plate  normal  to  a stream  in  a vind  tunnel.  The  level 
of  turbulence  in  the  impinging  stream  vas  varied  by 
the  Introduction  of  rods  upstream  of  the  plate.  Fur- 
thermore, the  scale  and  orientation  of  the  large  ed- 
dies could  be  altered  by  changing  the  direction  of 
the  rods,  the  spacing  betveen  them  and  the  direction 
of  their  axes  in  relation  to  the  distorting  flov.  The 
results,  hovever,  vere  not  sufficiently  definite  be- 
cause the  experiment  involved  a transfer  of  enera' 
from  a vide  spectrum  of  eddies  vhich  exist  in  a tur- 
bulent flov  to  another  vide  spectra  of  eddies  having 
a somevhat  different  scale.  Bxmt  (6)  applied  the  theo- 
ry of  "Rapid  Distortion"  to  turbulent  flov  around  a 
circular  body.  Assuming  that  the  residence  time  of 
the  particles  is  smaller  than  the  turbulent  time 
scales  he  calculated  the  effect  of  changes  in  the 
mean  velocity  and  the  upstream  spectral  distributions 
on  the  turbulence,  the  r.m.s.  values  of  the  turbulent 
components  and  their  spectral  distributions  in  the 
dovnstream  region  of  the  flov.  Hunt  obtained  tvo 
asymptotic  solutions  for  the  much  smaller  or  much  lar- 
ger turbulence  scale  compared  vith  the  cylinder  typi- 
cal dimensicns,  and  an  approximate  solution  for  the 
case  of  similar  turbulence  scale  and  cylinder  dimen- 
sions. 

Gutoark  et  al  (7)  studied  the  impingement  of  a 
plane  turbulent  Jet  on  a surface,  believing  that  the 
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high  level  of  turbulence  vrtiieh  is  present  in  a fully 
developed  Jet  vill  be  helpful  in  determining  the  me- 
chanism associated  vith  the  stretching  of  vortices 
near  stagnation.  A general  trend  of  energy  transfer 
towards  the  large  scale  eddies  was  identified  as  the 
flow  approached  stagnation.  Yet  it  was  difficult  to 
identify  the  influence  of  stretching  on  different 
frequencies. 

rne  present  experiment  was  designed  in  order  to 
study  the  vortex  stretching  mechanism  in  a flow  ap- 
proaching stagnation.  Following  Crow  and  Chainiagne 
(8),  a loudspeaker  was  used  to  superimpose  a wave  of 
a predominant  length  on  a round  Jet,  and  control  its 
amplitude.  The  development  of  the  oscillatory  motion 
as  the  flow  approaches  stagnation  could  then  be  easi- 
ly observed.  The  measurements  were  made  at  low  speeds 
for  which  the  flow  could  be  considered  incompressible. 

E!CPS2?E<EITAL  APPARATUS 

A schematic  diagram  of  the  apparatus  and  the  co- 
ordinate system  used  is  shown  in  figure  1. 


Fig.  1 A Schesiatic  of  Experimental  Apparatus. 

The  Jet  is  issued  at  the  velocity  -Wj,  from  a 
circular  nozzle  with  diameter  — d and  impinges  normally 
on  a plate  in  a distance  -h  from  it.  The  coordinate 
system  originates  at  the  stagnation  point.  The  z di- 
rection coincides  with  the  axis  of  the  Jet  and  the 
radial  direction,  parallel  to  the  surface  is  r. 

The  air  is  filtered  and  compressed  by  a centri- 
fugal blower.  It  then  passes  throu^  a rectangular 
settling  chamber  in  which  a 12"  loudspeaker  is  in- 
stalled. The  speaker  produces  pressure  fluctuations 
which  are  manifested  as  velocity  fluctuations  at  the 
exit  of  the  nozzle.  The  speaker  is  activater  by  a 
Krohn-Hite  signal  generator  (Model  5100  A)  and  a Dy- 
naco  power  amplifier.  The  settling  chamber  resonates 
at  discrete  forcing  frequencies  which  are  independent 
of  the  exit  velocity  Wg  and  are  therefore  most  sui- 
table as  forcing  frequencies.  For  the  Reynolds  num- 
ber range  of  Interest  the  surging  amplitude  had  a 
maximum  at  a frequency  of  8k  Hz.  The  nozzle  velocity 
was  varied  by  altering  the  r.p.m.  of  the  blower  idiich 
was  driven  by  a DC  motor. 

The  nozzle  diameter  is  25  mm  and  the  Jet  emerges 
with  a uniform  velocity  profile  and  0.2i  turbulence 
level.  The  Reynolds  number  in  which  the  investigation 
was  carried  out  was  varied  from  12000  to  60000.  The 
Jet  impinged  on  a large  plexiglass  plate  idiich  was 
installed  on  a traversing  mechanism  capable  of  moving 
in  all  three  directions.  A hot  wire  probe  was  moun- 
ted on  a plug  at  the  center  of  the  plate.  An  inde- 
pendent traversing  mechanism  enabled  the  probe  to 
move  in  a direction  normal  to  the  surface.  Measure- 
ments in  the  stagnation  region  outside  the  axis  of 
s;nm3etry  were  made  by  traversing  the  entire  plate  in 
the  radial  direction. 

All  data  was  acquired  using  Dlsa  55D01  constant 
temperature  aneiwmeters  together  with  Dlsa  55B10  li- 
near! zers.  The  linearlzers  were  calibrated  at  known 
conditions  in  the  core  of  the  Jet.  The  signal  was 


recorded  on  a digital  tape  and  processed  on  a VARIAII 
620i  coigjuter  with  a memory  of  l6k.  The  accuracy  of 
the  analog  to  digital  conversion  was  12  bit  and  the 
sampling  rate  was  20k  for  each  of  the  two  channels 
used.  The  difference  of  sasipllng  time  between  the  two 
channels  was  lOusec . At  each  point  100  samples  were 
made,  0.3  second  each.  Some  of  the  digitally  obtained 
results  were  checked  using  convnetional  analog  instru- 
mentation. Spectral  measurements  were  made  with  a 
Honeywell  SAICOR,  model  SAI  - 523,  digitsU.  spectrum 
analyzer.  The  smoothes  output  of  the  analyzer  was 
plotted  on  an  X-Y  plotter. 

MEAR  VELOCITY  AMD  FLUCTUATING  COMPONENTS 

All  the  measurements  described  in  this  chap- 
ter were  made  along  the  axis  of  the  Jet,  namely,  along 
the  stagnation  stream  line.  The  stagnation  plate  was 
10  diameters  downstream  of  the  nozzle.  In  order  to 
study  the  effect  of  the  stagnation  region  on  vortices 
of  various  scales  without  the  interference  of  other 
enersf  transfer  mechanisms,  the  loudspeaker  generated 
sinusoidal  oscillations  that  were  superimposed  on  the 
Jet  in  a narrow-band  and  with  no  harmonics.  These 
oscillations  were  of  relatively  high  level  of  ener^ 
referring  to  the  turbulent  fluctuations  in  the  Jet. 
Initially  the  measurements  were  made  in  the  "natural" 
Jet  (without  additional  oscillations)  as  a reference 
to  those  that  were  performed  in  the  "forced"  Jet  (with 
additional  oscillations).  Forcing  frequencies  above 
and  under  the  neutral  frequency  were  used.  (The  neutral 
frequency  is  defined  as  that  frequency  at  which  the 
energy  remains  constant  at  all  distances  from  the  wall) 
Two  levels  of  forcing  amplitude  were  used,  namely  2% 
and  10%  of  the  nozzle  velocity. 

Mean  Velocity 


The  distribution  of  the  non-dimensional 
mean  velocity  along  the  axis  in  both  forced  and  un- 
forced cases  are  shown  in  figure  2. 


Fig.  2 The  Mean  Longitudinal  Velocity  of  Forced 
and  Unforced  Jets. 

At  high  as^litude  forcing  the  mean  velocity  in- 
creases proportionally  to  the  forcing  intensity.  At 
low  intensity  forcing  the  mean  velocity  remains  un- 
altered cospared  to  the  unforced  Jet.  It  may  be  guessed 
that  the  enerQr  lost  from  the  high  Strouhal  number 
forcing  is  transferred  wholly  or  partially  to  the 
mean  velocity,  which  is  therefore  higher,  while  low 
Strouhal  number  forcing  maintains  the  energy  in  the 
oscillatory  flow  and  therefore  do  not  affect  the  mean 
flow.  This  guess  is  only  hypothetical  without  additio- 
nal suppoirt  gained  from  measurements  of  the  whole  flow 
field  and  investigation  of  the  effects  of  different 
forcings  on  the  Jet's  width  and  characteristics  off 
the  axis . 


Fluetuatinc  Conpoatnta  cf  the  Tigbulent  Veloei'iy 


The  distribution  of  the  axial  and  radial  turbu- 
lent intensities  nomalised  with  respect  to  the 
noztle  velocity  is  given  in  Figure  3. 
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Fig.  3 The  Two  Components  of  the  Velocity  Fluc- 
tuations of  an  Unforced  Jet. 

Both  axial  and  lateral  intensities  in  the 
higher  Heynolds  number  flow  have  lover  values  than 
their  corresponding  values  at  lover  Reynolds  number 
in  the  free  Jet  region  and  at  the  outer  edge  of  the 
stagnation  region.  As  the  impingement  plate  is  ap- 
proached, t/h  < 0.08,  these  relations  are  reversed. 
At  Re  > 6.4  X lo'^  the  axial  co^onent  is  intensified 
from  z/h  » 0.1  as  exhibited  by  the  hump  in  the  cor- 
responding curve. 

The  effect  of  forcing  on  the  turbulent  intensi- 
ties of  the  Jet  are  shovn  in  Figure  U. 


Fig.  U • ..I. 

The  Tvo  Components  of  the  Velocity  Fluctuations  of 
a Forced  Jet. 

Both  high  and  lov  amplitude  forcings  at  a fre- 
quency higher  than  the  neutral  one  bring  the  tur- 
bulent Intensity  in  the  free  Jet  region  to  a level 
of  B0%  of  the  mean  nozzle  velocity.  Forcing  the  Jet 
at  St  • 0.298  vhen  Re  • 1,23  x 10“  yields  an  in- 
crease in  the  axial  turbulent  intensity  vhlch  is 
proportional  to  the  level  of  forcing.  Forcing  at 
St  • 0.074  vhlle  the  other  parameters  are  kept  con- 
stant yields  a higher  increase  in  the  axial  turbu- 
lent intensity  than  St  ■ 0.298  at  the  same  level  of 
forcing. 

POWER  SPECTRA 

Axial  Fluctuations  on  the  .ixis  of  the  Jet 

Spectral  analysis  constitutes  the  bulk  of  the 
experimental  effort  because  through  it  one  nay  learn 
hov  the  energy  is  transferred  from  one  scale  to  an- 
other as  the  flov  approaches  stagnation.  In  figure  5 


Fig.  5 Spectral  Distribution  of  the  Longitudinal 
Velocity  Fluctuations. 

the  pover  spectra  of  the  longitudinal  fluctuations 
Fz(St)  along  the  axis  of  the  Jet,  in  the  unforced 
case,  are  plotted  as  a function  of.  the  distance  from 
the  stagnation  point.  In  the  free  Jet  region,  z/h»0.6, 
ziost  of  the  turbulent  energy  is  concentrated  around 
St  • fd  . 0.33. 

As  the  flov  approaches  stagnation  the  energy 
shifts  tovards  lover  Strouhal -number . The  intensity  of 
the  fluctuations  at  St  > 0.09  is  reduced,  while  the 
intensity  of  the  fluctuations  at  St  < 0.09  increases 
monotonlcally  as  the  flov  approaches  stagnation. 

Around  this  value  a node  in  the  pover  spectra  distri- 
bution is  formed.  Of  course  in  the  immediate  vicinity 
of  the  plate  the  amplitude  of  all  fluctuations  decays. 

The  distribution  of  the  enerer  level  of  the  lon- 
gitudinal fluctuating  component  in  different  frequen- 
cies (or  Strouhal -numbers ) is  described  in  Figure  6. 


Fig.  6 The  Longitudinal  Velocity  Fluctuations  at 
Different  Wave-Numbers. 

The  "neutral"  frequency  fo  ■ 2T  Hz  (St(.  «0.09) 
is  clearly  noticed  in  the  graph.  frequency  cor- 

responds to  a vave-length  of  Xq  ""Mi  • 0.1b  m,  vhere 

Wjj^  is  the  mean  velocity  on  the  Jet  axis  at  the 

beginning  of  the  stagnation  region.  Fluctuations  in 
a frequency  lover  than  the  neutral  one  are  intensified 
as  the  stagnation  plate  is  approached  and  those  at 
frequencies  higher  than  the  neutral  deca>’  gradually 
tovards  the  plate.  Forcing  vas  applied  at  tvc  Strouhal- 
numbers  (1)  St  • 0.3  (higher  than  the  neutral)  and 
(2)  St  • 0.07  (lover  than  the  neutral).  The  forcing 
at  the  plane  of  the  nozzle  vas  almost  perfectly  sinu- 
soidal vlth  an  R.M.S.  amplitude  of  2%  i\v'- 

0.02);  In  Figure  7 the  pover  spectra  of  the  axial 
velocity  fluctuations  are  plotted  for  various  distan- 
ces from  the  stagnation  plate,  and  at  forcing  Strou- 
hal number  of  0,3. 
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Fig.  7 Spectral  distribution  of  the  Longitudinal 
Velocity  Fluctuation  of  a Forced  Jet. 

There  is  a very  weah  second  harmonic  oscilla- 
tion risible  at  St  • 0.6.  No  other  harmonics  vere 
risible  in  this  case.  Since  the  flov  vas  forced  at 
3t  ■ 0.3  ■vrtilch  is  the  preferred  mode  of  the  free 
Jet,  there  is  a rery  strong  peak  in  the  power  spec- 
tra at  z/h  • 0.6. At  z/h  ■ 0.4  one  obserres  a shift 
in  the  spectral  energy  towards  the  lower  Strouhal- 
numbers  and  the  disappearance  of  the  second  harmo- 
nic. At  z/h  » 0.15  there  is  no  trace  left  from  the 
original  signal  of  the  forced  oscillation. 

Vhea  the  amplitude  of  the  forcing  was  increased 
to  10%  (Figure  8),  the  turbulence  in  the  free  Jet 
locks  onto  the  forcing  frequency  and  one  can  no  lon- 
ger obserre  a wide  spectral  distribution  around 
St  ■ 0.3  but  rather  a very  narrow  and  extremely 
high  peak  of  the  spectrum.  The  second  harzionic  is 
also  more  pronounced  while  the  Intensity  of  the 
background  turbulence  is  lower  than  the  intensity 
shown  in  Figure  7*  The  results  of  Crow  and  Champagne 
(8)  suggest  that  the  influence  of  forcing  is  negli- 
gible beyond  8 diameters  from  the  nozzle.  In  the 
present  case  the  Initial  disturbance  amplitude  has 
a profound  effect  on  the  spectra.  While  the  peak  in 
the  spectrum  corresponding  to  the  preferred  mode 
(St  • 0.3)  disappears  at  z/h  • 0.2  ■ 8)  for  2% 

forcing  amplitude  (Figure  7)  it  is  stSU  very  strong 
at  the  same  point  on  the  axis  when  the  Jet  was  forced 
at  an  initial  amplitude  of  10%  (Figure  8). 

As  the  flow  approaches  the  plate  the  second 
hanaonlc  disappears  at  z/h  >0.2  while  a trace  of 
the  forced  oscillation  is  still  visible  at  z/h  • 0.05. 


Fig.  8 Spectral  Distribution  of  the  Longitudinal 
Velocity  Fluctuations  of  a Forced  Jet. 

A verj'  different  spectral  distribution  was 
obtained  (Figure  9)  when  the  forcing  frequency  was 
lowered  to  21  Hz  (l.e.  St  ■ 0.07)  while  maintaining 


Velocity  Fluctuations  of  a Forced  Jet. 

There  are  3 higher  order  harmonics  visible  at 
St  • 0.14,  0.21,  0.29.  The  third  harmonic  is  higher 
than  the  second  because  it  is  near  St  ■ 0.3.  Two  of 
them  which  are  above  the  neutral  Strouhal-number  dis- 
appear at  z/h  ■^0.1  while  the  forcing  frequency  and 
the  first  harmonic  are  clearly  visible  even  at 
z/h  • 0.01.  Since  the  forcing  frequency  was  now  at 
St  • 0.07  the  background  turbulence  did  not  lock  onto 
the  forced  oscillations,  Inspite  of  the  fact  that 
their  ai^litude  was  10%  at  the  nozzle.  Moreover,  a 
broad  band  peak  at  St  ■ 0.3  remains . 

It  should  be  emphasized  that  although  the  natu- 
ral augmentation  of  the  Jet  is  most  efficient  at 
St  ■ 0.3,  the  forced  fluctuations  at  St  • 0.07  were 
maintained  in  the  stagnation  region.  This  fact  indi- 
cates that  it  is,  possible  to  distinguish  between  the 
augmentation  produced  by  the  Jet  and  that  which  is 
caused  by  the  stagnation.  Measurements  in  the  wall- 
jet  region  of  the  Inpinging  Jet  showed  that  the 
energy  level  of  the  low  frequency  fluctuation  is 
still  high  and  the  high  frequency  fluctuations 
decay  completely. 
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Filter  Charaeteristiia 

The  sie&surenients  of  power  spectra  which  were 
described  in  the  preceding  chapters  proved  that  the 
stagnation  region  has  a low-pass  filtering  effect 
on  the  eddies'  structure  in  the  flow.  In  order  to 
establish  the  precise  filtering  function  of  the 
stagnation  region,  the  resultant  spectra  of  for- 
cings in  a wide  Strouhal  nunber  range,  were  aea- 
sured  at  two  locations  in  the  stagnation  region. 

The  forcing  anplitude  was  varied  between  5%  to  20%. 

The  power  spectrua  of  the  forcing  wave  was 
aeasured  at  the  exit  of  the  nozzle  for  each  case 
to  assure  that  it  consisted  of  a single  sharp  peak 
at  the  forcing  Strouhal  number.  The  line  Joining  all 
the  peak's  depicts  the  forcing  level.  The 

envelope  of  all  the  end-points  of  the  power  spectra 
peaks,  F2,  measured  at  a certain  point  on  the  stag- 
nation region,  has  been  called  the  "filter  charac- 
teristic" at  this  location.  The  value  of  the  filter 
characteristic  measured  at  z/h  > 0.05  nozBallzed 
with  respect  to  a forcing  level  of  10%  at  the  nozzle 
is  shown  in  Figure  10. 


Fig.  10  An  Example  for  the  Filter-Characteristic 
of  the  Longitudinal  Fluctuations. 


The  filter  characteristics  were  measured  for 
several  combinations  of  parameters:  Two  forcing 
asgilltudes  - 5%  and  10%  maintaining  constant  the 
HeTnolds  number  (Be  • I.IS  x 10*)  and  h/d  ■ 10,, 
then  a higher  Reynolds  number  (Re  • 2.6L  x lO") 

with  10%  forcing  ajsolitude  and  h/d  « 10,  and  fi- 
nally with  the  original  Re  ■ 1.15  x 10**  and  a larger 
plate  to  nozzle  distance  h/d  * 14.5.  The  four 
"filter-chaaracteristics"  which  were  measured  at 
z/h  • 0.05  and  the  two  measured  at  z/h  • 0.15,  with 
different  parameters  combinations  are  given  in 
Figure  11. 


Figure  11.  The  "Filter-Characteristics"  of  the 


Longitudinal  Fluctuations. 


For  the  last  case  the  amplitude  of  the  forcing 
had  to  be  increased  to  20%  in  order  to  obtain  satls- 
factorj'  response  level  at  the  location  of  measurement 
in  the  stagnation  region.  We  tried  to  define  a set  of 
non-dimensional  variables  in  order  to  exhibit  simi- 
larity of  the  results,  but  probably  because  of  the 
non-linearity  of  the  augmentation  process  we  couldn't 
obtain  it.  Therefore  the  "filter-characteristics"  are 
presented  as  a function  of  the  non-dimensional  fre- 
quency ( Strouhal-number ) . In  this  figure,  the  value  of 
the  "filter-characteristics"  are  those  which  were 
measured  above  the  level  of  the  background-turbulence 
level,  i.e.,  the  abscissa  is  overlapping  this  spectral 
distribution.  Each  one  of  the  "filter-characteristics" 
is  related  to  the  forcing  level  at  the  nozzle.  The 
considerable  difference  between  the  "filter-characte- 
ristic" level  which  corresponds  to  the  high  forcing 
level  (10%)  and  that  which  is  the  result  of  the  lower 
forcing  level  (5%)  at  z/h  • 0.05;  0.15  Indicated  that 
the  Jet's  response  to  the  forcing  applied  to  it,  is 
non-linear  with  respect  to  the  forcing  level.  This 
fact  is  attributed  to  the  "lock-in"  effect  which  was 
described  in  the  preceding  chapter.  Comparison  of  the 
forcing  height  in  the  free  Jet  region  of  low  level 
forcing  (Figure  7)  and  hi^  level  (Figure  6)  shows 
that  as  a result  of  the  "lock-in"  at  the  high  level 
forcing,  the  energy  in  that  forcing  frequency  is  al- 
most double  than  that  of  the  low  level.  That  means 
that  in  spite  of  the  fact  that  the  natural  augmenta- 
tion of  the  Jet  brings  the  turbulence  intensity  in 
both  cases  to  the  same  level,  at  the  high  level  for- 
cing a double  amount  of  energy  is  concentrated  as  a 
result  of  the  "lock'in"  process.  It  is  obvious  that 
this  process  la  stronger  at  the  higher  Strouhal-  num- 
bers as  can  be  seen  in  Figure  11.  In  the  sane  figure 
the  Reynolds-number  effect  is  demonstrated  at  the 
high  level  forcing,  where  the  "filter-characteristic" 
level  decreases  as  the  Reynolds  nunber  increases. 

The  related  phenomenon  of  the  weakening  or  disappea- 
rance of  the  orderly  edi^r  structure  in  a free  Jet 
with  higher  Reynolds-number  was  already  reported  by 
Rradshaw,  Ferriss  and  Johnson  (9)  and  was  mentioned 
by  Crow  and  Champagne  (8)  as  well. 

Increasing  the  nozzle  to  plate  distance  to  IL.5 
nozzle  diameters  has  a profound  effect  on  the  "filter- 
characteristic"  level  in  the  stagnation  region.  The 
forcing  level  had  to  be  increased  to  20% (at  the 
nozzle)  in  order  to  maintain  a trace  of  the  forcing 
signal  in  the  spectrum.  Even  at  this  high  forcing 
level  the  "filter-characteristic"  is  more  than  an 
order  of  laagnitude  lower  than  the  other  "filter  cha- 
racteristics".' 

Radial  Fluetuatlons  on  the  Axis  of  the  Jet. 

The  stretching  process  at  the  stagnation  region 
acts  in  a different  way  on  the  axial  and  radial  fluc- 
tuating co:qx>nents.  Measurements  in  the  stagnation 
region  of  a two-dimensional  impinging  Jet  shoved 
high  unisotropy  in  this  region. 

Initiallj’  the  power  spectra  of  the  radial  fluc- 
tuations in  the  unforced  Jet,  were  measured  (Figure 
12) 
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Fig.  12  Spectral  Ulstrlbution  of  the  Radial 
Velocity  Fluctuations. 

Their  average  level  is  lower  than  that  of  the 
axial  fluctuations  and  is  70%  from  their  value  in 
the  free  Jet  region  at  St  ■ 0.3.  The  v'  spectra  are 
much  more  evenly  distributed  at  various  Strouhal- 
numbers  than  the  spectra  of  w'  are  (Figure  5). 

The  energy  variation  of  the  fluctuations  at 
different  Strouhal-nuisbers  as  they  approach  the 
stagnation  plate  is  given  in  Figure  13. 


the  tendency  to  isotropy  nust  of  necessity  be  slow. 

A first' harmonic  at  St  • 0.6  is  also  visible  for 
0.3 < z/h  < 0.52.  It  disappears  at  z/h  » 0.1  while 
no  trace  of  the  fundamental  disturbance  can  be  seen 
at  z/h  « 0.025.  Forcing  at  St  » 0.06  and  maintaining 
the  other  parameters  constant,  had  no  effect  on  the 
radial  fluctuations  at  all.  The  power  spectra  of  v' 
in  Figure  15  are  almost  identical  to  those  of  Figure 
12. 


Different  Wave-Numbers . 

Unlike  the  augaentation  of  the  axial  fluctua- 
tions at  low  Strouhal-numbers  (Figure  6)  and  a neu- 
tral one  which  was  identified  there,  here  there  is 
ao  augnentation  and  all  frequencies  are  decaying  as 
the  plate  is  approached. 

The  effect  of  forcing  on  the  radial  fluctuations 
is  rather  slow  and  not  as  dramatic  as  it  is  on  the 
axial  component  of  the  fluctuations  (Figure  lU). 
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Fig.  lU  Spectral  Distribution  of  the  Radial  Velocity 
of  a Forced  Jet . 

In  the  vicinity  of  the  nozzle  the  peak  in  the 
v'  power  spectra  is  non-existent.  It  increases  slow- 
ly in  the  free  Jet  region  in  the  downstream  direc- 
tion and  attains  a maximum  at  z/h  • 0.3  which  for 
St  • 0.27  amounts  to  20\  of  the  w'  fluctuations  for 
this  case.  This  indicates  that  the  transfer  of  energj' 
from  w'  to  v'  is  cot  a very  efficient  prosess  and 


Fig.  15  Spectral  Distribution  of  the  Radial  Velocity 
Fluctuations  of  a Forced  Jet. 

The  vertical  scale  in  the  last  two  firgures  is 
about  2.5  times  smaller  than  in  Figure  12  to  allow  for 
comparison  with  Fj(st).  One  may  conclude  that  axial 
oscillations  at  low  Strouhal-nisnbers  do  not  transfer 
energy  to  radial  component.  It  is  plausible,  however, 
that  at  larger  distances  from  the  nozzle  v'  fluctua- 
tions would  be  observed  since  the  wave-length  associa- 
ted with  the  forcing  in  the  present  case  is  larger 
than  h. 

Filter  Characteristic  of  the  Radial  Fluctuations. 

The  "filter  characteristic"  of  the  radial  fluctua- 
ting component  is  defined  in  the  same  manner  as  for 
the  axial  fluctuations.  The  measurements  were  made 
at  two  points  in  the  stagnation  region:  z/h*  O.OS, 

O.IS  and  with  two  forcing  levels:  high  (104)  and 
medium  (54) . 

The  radial  "filter  characteristics"  are  given  in 
Figure  16  and  are  compared  to  the  axial  results. 
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Fig.  l6  The  "Filter-Characteristics"  of  the  Longi- 
tudinal and  Radial  Fluctuations. 

Their  value  is  given  above  the  background  fluc- 
tuations spectrum  and  are  related  to  the  forcing  level 
at  the  exit.  Their  profile  is  characteristic  to  a Band- 
Pass  Filter,  whose  center  frequency  is  around  St«0.3. 
The  low  energy  level  of  the  fluctuations  in  the  low 
Strpuhal-numbers  range  is  due  to  the  fact  that  only 
a snail  amount  of  energy  is  transferred  from  the  axial 
fluctuations  to  the  radial  in  this  range.  The  decay 
of  fluctuations  in  the  high  Strouhal-nunbers  range 
is  caused  by  the  strong  action  of  the  dissipation. 

The  maximum  height  of  the  radial  filter  characteri- 
stic is  appreciably  lower  than  that  of  the  axial  one, 
yet  their  values  at  the  high  Strouhal -numbers  range 
(St  > 0.3)  are  similar.  The  Influence  of  the  forcing 
level  on  the  radial  fluctuations  is  stronger  than  in 
the  axial  fluctuations.  In  the  range  of  St  > 0.3  the 
traces  of  the  medium  level  forcing  do  not  exist  while 
those  of  the  higher  level  are  in  their  maximum  value. 
The  absence  of  those  traces  may  result  from  the  strong 
action  of  the  dissipation. 


The  stagnation  region  of  the  impinging  Jet  was 
investigated  concentrating  on  the  vortex  stretching 
mechanism  in  the  flow  approaching  stagnation.  The  non- 
dimensional  parameters  of  this  flow  are  the  Strouhal- 
numbers  - 3t  * - , the  Reynolds  number  and  the 

plate  to  nozzle  distance. 

The  concentration  of  energy  at  the  larger  scales 
was  demonstrated  in  spectral  measurement  and  the  neu- 
tral scale  that  separates  the  range  of  sctU.es  which 
lose  energy  from  the  scales  which  gain  it,  was  deter- 
mined. By  using  a loudspeaker  a wave  of  a predeter- 
mined length  and  amplitude  could  be  superimposed  on 
the  flow.  Waves  vdiose  scales  were  lower  and  larger 
than  the  neutral  scale  were  superimposed  on  the  Jet 
at  the  nozzle  and  their  response  was  checked  in  the 
stagnation  region  at  two  points.  In  this  way  the 
"filter  characteristic"  of  the  stagnation  region  of 
the  Jet  was  determined.  IIiIe  function  describes  the 
influence  that  the  stagnation  region  has  on  vortices 
of  different  scales.  It  was  shown  that  the  stagnat..an 
region  has  lowpass  filter  characteristics  that  allow 
only  scales  larger  than  the  neutral  one  to  survive. 

A conjecture  was  proposed  that  the  enersf  used  to 
force  small  scales  which  cazmot  survive  in  the  stag- 
nation region,  was  delivered  wholly  or  partially  to 
the  mean  flow  and  thus  ausiented  it. 

Additional  measurements  in  the  stagnation  region 
off  the  axis,  along  the  divergent  stream  lines  could 
allow  a better  understanding  of  the  phenomena  dis- 
cussed in  this  work.  Nevertheless,  the  mechanism  go- 
verning the  flow  in  the  stagnation  flow  is  now  suffi- 
ciently understood  to  enable  the  investigation  of  the 
influence  of  the  stretching  of  vortices  on  heat  traizs- 
fer  in  the  stagnation  region.  The  method  of  forcing 
the  Jet  with  a wave  of  predetermined  frequency  and 
asiplitude  can  be  used  to  investigate  the  heat  transfer 
rates  and  perhaps  to  control  them. 
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ABSTRACT 

A turbulent  round  free  jet  with  a noxzle  exit  velo- 
city consisting  of  a conetont  and  a periodic  (sinu- 
soidal) component  impinging  normally  on  a rough  flat 
plate  was  investigated. Measurements  of  instantaneous  aid 
time  overoged  velocities  in  the  flow  field  and  wall  pres- 
sure and  wall  shear  stress  were  performed.  By  correlation 
technique  periodic  and  stochastic  parts  of  fluctuations 
were  sepvoted.  The  behaviour  of  these  pots  was  studied 
in  the  free  jet  region  aid  the  wall  jet  region.  Intvoc- 
tions  between  pulsation  and  turbulence  seem  to  be  pas- 
sible only  within  the  free  jet  region  and  the  free  shear 
layer  of  the  wall  jet  region.  The  wall  boundary  layer  tur- 
bulence is  not  affected  by  pulsation.  The  different  be- 
haviour of  Instantaneous  magnitudes  when  pulsation  is  pre- 
sent is  explained  by  the  troisfer  mechanism  of  kinetic 
energy  of  pulsation  into  turbulent  energy.  From  measure- 
ments it  is  concluded  that  the  transfer  is  easiest  if  eddies 
oe  available  with  frequencies  of  comparable  order  as  the 
pulsation  frequency. 

NOMENCUTURE 

D nozzle 

f pulsation  frequency 

H nozzle  to  plate  distance 

I*  rotio  of  momentum  flux  * M /M__ 

o  op 

k equivalent  sand  roughness 

fiX  momentum  flux  at  nozzle  exit 

pj  woll  pressure 

R correlation 

Re^  nozzle  Reynoidmumber  ■ (7  D/o 

r radial  direction 

u velocity  in  x-direction 

V velocity  In  r-direction 

Sr  Strouhal  number  ■ 

T time  interval  I of  sample 

t time 

X streomwise  direction  (free  jet  region) 

y continuous  time  series 

z wall  separation 

Greek  symbols 

Of  amplitude  of  pulsation  « u^  mox/“o 

i wall  boundory  thickneu  (i- t where  v(z)mV|^) 

' wall  coordinate  in  z-direction  starting  at  z*i 


e time  shift  in  cctrelation 

<1  kinematic  viscosity 

Tl  wall  shear  stress 

Subscripts 

m on  jet  axis 

p periodic 

s stochastic 

t total 

w wall 

0 nozzle 

1 signal  of  probe  at  fixed  position 

2 signoi  of  probe  at  variable  position 

Superscripts 

- time  averaged  value 

e dimensionless 

' turbulent  (stochastic)  port 

INTROtXJCTION 

Impinging  jets  ore  a widely  used  tool  in  the  orea  of  heat 
and  moss  transfer  processes  such  as  tempering  of  glass,  tur- 
bine blade  cooling  and  drying.  Beyond  that  erosion  of 
ground  by  hovercrafts  or  of  beds  of  flumes  caused  by  ship- 
propellers  may  be  treated  as  impinging  jet  problems.  To 
apply  pulsating  jets  seems  at  o first  glance  to  be  of  theo- 
retical interest.  Yet  known  investigations  in  this  field  hod 
real  practice  aims  in  mind.  0)  reports  of  a pulsating  jet 
to  study  improvement  of  ejector  pumps.  (2)  metaured  reac- 
tion and  mixing  proce»es  of  pulsating  jets  in  burning 
chamben,  (3)  investigated  thrust  improvement  by  pulsotion 
of  nozzle  engines,  (4)  report  about  coherent  turbulence 
structures  in  a jet  wTth  periodic  exit  velocity  os  o problem 
of  noise  generation,  v4iile  (5)  studied  the  behaviour  of 
pulsating  jets,  to  be  applied  in  fluidics  (pneumatic  logic 
elements).  The  common  feature  of  these  results  is  that  jets 
with  ai  artificai  periodic  exit  velocity  tend  to  have  o 
faster  spreading  ond  decay  of  mean  velocity  of  the  jet's 
center  line,  while  turbulence  levels  increase.  In  (6)  in- 
creased erosion  rotes  are  described  compering  o puTsoting 
jet  impinging  an  the  loose  sand  bed  with  centinuout  jet. 
The  essential  reason  of  this  effect  could  not  be  explained 
since  no  magnitude  of  turbulence  were  measured.  It  was 
the  aim  of  (7)  to  explain  this  phenomenon.  Main  results 
concerning  the  behaviour  of  time  averaged  aid  instoneous 
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mognltudai  are  reported  here. 

EXPaiMENTAL  SETUP 

The  invertigotions  were  con’ieo  out  at  on  air  jet 
issuing  from  a round  nozzle  of  .03  m diameter  and 
impinging  on  an  artificially  roughened  plate,  the  equi- 
valent sandroughnesi  of  which  was  determined  elsewhere 
(7).  Nozzle  to  plate  distance  could  be  varied  within 
s’*  H/D  « 16.^  (Fig.  1).  The  pulsation  was  produced 
by  o special  rotating  piston  which  superimposed  at  addi- 
tional portion  of  supplying  air  delivered  by  the  fan  to 
the  continuous  port  and  subtracting  a portion  of  the 
latter  one  cyclically  producing  In  this  way  a pulsatirsg 
velocity  ot  the  nozzle.  The  frequency  of  pulsation  could 
be  varied  within  1 $ f $ 45  Hz  and  the  amplitude  with- 
in 0 < < 80  %.  Before  entering  the  fan  the  ambient 

air  posed  through  a heat  exchanger  to  provide  nozzle 
exit  temperature  at  ambient  level.  The  installed  traver- 
sing mechanism  ol  lowed  to  set  the  used  probes  at  each 
point  of  the  flow  field. 


Both  time  averaged  magnitudes  of  the  flow  field 
and  at  the  plate  and  Instantaneous  velocity  fluctuations 
could  be  measured  by  the  measured  equipment  shown  in 
Fig.  2 


tig.  2 Irnny— enwigaMnl 

Averaged  velocities  were  mesured  as  well  by  a 
4-hole-pitot  tube  sensitive  to  flow  direction  os  by  o hot 
wire  anemometer.  Time  averaged  wall  pressures  and  wall 
shear  stres  were  measured  by  a modified  Preston  tube. 
Velocity  fluctuations  were  meonired  by  two  linearized 
constant-temperature  onemometen  with  single  wires  and 
X-wires.  Comlotions  of  both  the  low  pou  filtered 


signols  were  performed  by  a Fourier  analyser  with  a samp- 
ling frequency  of  500  Hz  and  averaging  over  100  samples. 
The  hot  wire  oiemometers  were  colibroted  in  the  nozzle 
when  the  jet  was  blowing  without  pulsation  but  with  a 
background  turbulence  of  .3  %. 

EXPERIMENTAL  RESULTS 

General  Remorfcs 


In  turbulent,  continuous  free  jets  the  exit  momentum 
flux  is  the  only  invariant  magnitude  other  flow  field  mag- 
nitudes con  be  related  to  both  In  the  region  of  flow 
est^lishment  and  the  region  of  established  flow  (Fig.  3). 
To  compere  the  pulsating  jet  with  a continuous  one  both 
must  hove  equal  nozzle  momentum  flux.  If  the  nozzle 
velocity  varies  harmonically  about  a time  mean  value 

U.W- 0) 

equol  momentum  flux  at  the  nozzle  exit  requires; 

Ixj  ■ /«;  rvr  . rr  jy.rdr  Q) 

• * • 

and  with  0 and  0 constant  across  the  nozzle  area: 
op  o 

■v  • V.  (3) 

Hence  In  a pulsating  jet  the  time  independent  port 
of  nozzle  exit  velocity  is  'T'*-®'  times  smoller  thon 
the  nozzle  exit  velocity  of  a continuous  jet.  Based  on 


Time  overoged  velocities 

Free  jet  region.  Fig.  4 shows  the  centerline  velo- 
city 0,^  of  o pulling  jet  (f  “ 15  Hz,  « » 34  %)  end 
of  o continuous  jet  with  on  exit  velocity  of  30  m/s.  The 
faster  decoy  of  the  pulsating  jet  is  evident.  The  "poten- 
tial core"  region  is  shortened  to  3.5  nozzle  diameters. 
After  o certain  transition  region  the  centerline  velocity 
behaves  like  that  In  a continuous  jet  diminuished  by  a con- 
stant factor  (parallel  shifting).  If  impinging  plates  ore 
present  the  decrease  of  centerline  velocity  is  at  small 
nozzles/plate  distances  nearly  the  some  as  In  a continuous 
jet  whilst  for  large  H/D  this  decay  tends  to  be  slower  in 
the  pulsating  jet. 
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In  tha  radial  distribution  tba  streomwis*  valocities 
•xhibit  on  incraosa  in  Iba  outar  ragion  oif  tha  jat.  Tha 
jat  is  broodar  than  a continuous  ono.  Tho  prafilas  show 
o saif-prasarving  bahoviour  for  x/D  ^ 6.  In  Fig.  5 sa- 
varol  valocity  profiias  era  disployad  in  tha  similvity  eo- 
ordinotas.  Tha  maosuramants  group  vary  wall  cround  tha 
curva  for  tha  continuous  profiias,  if  tha  langth  scola 
r^  iy2  incraasad  from  .0648  x for  tha  continuous  jat 
to  .'I  X for  tha  pulsating  jat.  Thosa  rosults  ora  in  good 
ograamant  with  thosa  of  0,  2,  3,  4,  5)  for  pulsating 
fraa  jots. 


• w u w 


tig.  S Radial  diitrlbufion  of  oaiol  valociry  in  Froa  jat  rosion 
fSixiilorily  eowdinalat) 

Woll  jat  ragion.  Of  most  intorost  is  to  study  tha 
bahoviour  of  tha  wall  jat  ragion  undor  tha  influonca  of 
pulsation.  Fig.  6 displays  tha  dovalopnMnt  of  tha  maxi- 
mum valocity  porallal  to  tha  wall,  o.g.  tha  valocity 
on  tha  wall  jet  axis,  both  for  o nozzle  to  plate  distoica 
H/D  > 16. and  for  H/D  > 5.8.  It  is  claorly  to  ba 
soon  that  adjacent  to  the  stagnation  point  and  tn  tha 
impingamsnt  ragion  (r/D  < 3)  the  maximum  velocity  is 
smaller  than  that  of  o continuous  jet  due  to  the  da- 
craosad  orrivol  velocity  u^  (x  H)  of  the  free  pulsating 
jat.  But  for  r/D  > 4 tha  ratio  v^/u^^  raachos  tha  value 
of  tha  continuous  jet  and  bacomos  indapondont  from 
H/D.  Valocity  pr^iles  in  tha  wall  jat  region  wore  mao- 
surad  at  savoral  stagnation  point  distances  r/D,  (H/D, 

(/  , Cg  os  in  Fig.  6).  It  was  found  that  towords  tha 

outar  edge  of  tha  fraa  shear  layer  of  tha  wall  jet  tha 
velocities  7 ve  significantly  graotar  than  in  o conti- 
nuous jat.  This  may  bo  o continuation  of  the  behaviour 
in  tha  fraa  jat  ragion.  In  tha  wall  boundary  layer  of  tha 


PltfiM  fraa  naBwaiii  pumt  r/D 

Fla.  4 Oxxloemnl  of  mmimun  volocity  7^  porallol  to  tho  <m1I 
wall  jet  the  velocity  profiias  of  tha  pulsating  jet  merge 
into  that  of  o continuous  jet  whan  wall  seporotion  z is 
decreased.  In  Fig.  7 tha  valocity  profiles  ora  shovm  in 
tha  "Glouart”  co-ordinatas.  Tha  shift  of  tha  profiles 
away  from  the  wall  is  due  to  tha  rough  wall.  In  tha 
outer  ragion  tha  faster  pulsating  woll  jet  is  evidont. 


Fla.  7 Velocity  proFMoa  <wll  id  tceloo  umilcrity  eoetdinew 


To  find  out  o dapandoncy  of  tho  valocity  on  the 
nozzle  Reynolds  number  Ra^  in  tha  woll  jet  region  os  it 
is  known  for  tha  continuous  jot  - though  a weak  one  - 
valocity  prafilas  ware  moosurod  at  r/D  * 7,  H/D>  5.8 
for  savoral  Roq-  values.  Fig.  8 displays  this  tondortcy 


Pi9.  6 If.fJwenca  valocity  prefiici 
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Corral  ati  on  maouremants 


for  a continuous  end  pulsating  jat  and  tho  most  surpri- 
sing rowlt  Is  thot  for  higher  Rap  tha  valocity  in  o pulsa- 
ting wall  jat  bacomas  highar  than  in  o continuous  woll  jet 
though  the  nozzle  exit  velocity  of  the  pulsating  jet  is 
lower. 

Tima  ovarooad  woll  pressure 

Tha  influence  on  tha  wall  prossura  excess  in  tha 
impinging  region  is  displayed  in  Fig.  9.  Tha  axpariman- 
tal  results  shj^  that  obova  a certain  Sr-numbar 
(Sr  > 6 ■ 10*^  ) wall  prossura  is  docroosad  in  tha  stag- 
nation point  rogion  but  fcr  r/D  > 1 wall  pressure  values 
exceed  that  of  a continuous  impinging  jet.  Tha  Influence 
of  pulsation  amplitude  Is  negligible  within  80 


Time  overoged  wol’  shear  stress 

Wall  shear  stress  is  effected  by  pulsation  in  that 
within  tha  impingement  region  and  at  the  beginning  of 
the  wall  jet  region  (r/D  < 3)  it  is  decreosod  ond  the 
maximum  is  shifted  slightly  away  from  the  stagnation 
point  (Fig.  U).  This  influence  is  measured  only  if 
Sr  ^ 6 ' 10*'^.  The  Influence  of  pulsation  amplitude  is 
small.  For  r/D  > 3 wall  shear  stress  tends  to  reach  the 
value  of  a continuous  wall  jet. 
i 

I 


I 
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Seporotion  of  periodic  and  stochastic  port  of 
By  meons  or  two  correlation  theorems  it  ~ 


0 

was 


signal 

pottible  to  separate  periodic  aid  stochastic  ports  of  the 
signal  of  a hot  wire. 

. Autocorraiotion  of  o continuous  time  series  y (t) 
with  stochastic  y^jt)  and  periodic  y (t)  pot  is 
equal  to  the  sum  of  the  outocorrelcoion  of  these 
ports. 


Rie) 

Tft  Tft 

. Crancorrclation  of  a pur«  poriodic  fimo  %mr\m 
y.Ct)  end  a pure  stochastic  time  series  y^ft)  is 
a^al  to  zero. 

m 

V'9'  • “’.,'>1  y/t'SI  . »C 

''  ' r.w  ^ J 


(4) 


(5) 


With  aquation  (4)  and  (5)  it  can  bo  shown  that  the 
croncorrelatian  of  tha  stochastic  pals  of  two  time 
series  involving  each  a harmonic  port  gives: 


(6) 


with 


In  the  following  correlation  coefFicients  oe  used  In- 
stead of  aquation  (4)  a (5) 


and 


R* 


•t 

(7) 

(8) 

respect  ivoly. 

These  correlation  evaluotions  wore  performed  within 
the  Fourier  analyser  (Fig.  2)  except  of  aq.  (6)  which 
was  avoluotad  "monuolly"  • regarding  the  capacity  of 
the  computer  - by  moora  of  the  auto-  and  crosscorre- 
lotion  signals. 

Auto-  and  spoce-time-correlotions  of  the  oxiol  velocity 
fluctuotion  in  free  jet  region 

In  Fig.  11  autocorrelation  coefficients  of  the  to- 
tal oxiol  velocity  fluctuations  Up-tu'  is  shown  versus 
time  shift  Tu./^both  fa  o continuous  and  pulsating  jet 
Oowa  sequence)  aid  fa  x/D  * 10  and  x/D  * 13.66 
(from  left  to  right).  The  porameta  Is  the  radial  p^ 
sition  r of  the  single  ha  wire.  The  known  behovioa 
of  a continuous  ja  is  choractaizad  by  on  inaeose  of 
time  scale  both  in  radial  ond  in  oxiol  direaion.  In 
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the  pulsating  jat  such  a development  is  not  displayed. 
Pulsation  dominates  the  flow  with  a cerMin  damping  in 
radial  direction.  The  integral  time  scale  seems  to  be 
enlarged  but  not  changed  in  axial  or  radial  direction, 
i To  prove  a possible  increase  of  scale  by  pulsation,  two 

(»int  correlations  of  (Up  + u' ) were  performed  with  two 
single  hot  wire  probes, '^one  of  them  kept  fixed  at  the 
jet's  axis  the  other  moved  towards  the  edge  of  the  jet, 
crosscorrelating  both  signals.  This  leads  to  lateral 
space-time  correlations  (Fig.  12),  where  the  envelope 
of  the  maxima  of  croacorrelation  curves  as  a function 
of  probe  separation  exhibits  the  developmerrt  of  length 
scale.  For  the  pulsating  jet  the  results  seem  to  confirm 
an  increae  of  length  scale. 

It  is  of  greatest  interat  to  persue  the  fiuctuotions 
within  the  impinging  region  to  get  infotmotion  about 
the  interactions  of  pulsation  aid  turbulence  while  axiol 
fluctions  are  transferred  into  radial  fluctuations  within 
this  region.  Yet  is  is  very  difficult  to  measure  with 
single  or  X-wIra  in  this  region.  Therefore  hot  wire 
measurements  were  performed  only  within  the  wall  jet 
region.  The  auto-  and  2-point-catreiations  of  the 
(v  -tv')  fluctuations  (where  in  the  wail  jet  v ae  the 
ojual  fluctuations)  were  performed  only  within  the  free 
shear  layer  of  the  wall  jet.  (Fa  2-point-carTelatians 
the  fixed  probe  was  held  on  the  wall  jet's  axis.) 

Fig.  13  Old  14  show  the  results  of  these  measurements. 
They  confirm  the  results  of  the  free  jet  region.  To 


prove  an  enlargement  of  scale  of  the  stochatic  port  of 
velocity  fluctuations  eq.  (6)  wa  applied  fa  the  corre- 
lation results  to  the  wail  jet  region.  Fig.  15  shows  ob- 
vious an  enlargement  of  length  scale  by  pulsation. 


FI9.  \5  Ificf—  of  lolvol  ipoc>*tiri>»»earr»l»»*oft  of  viol  ttecfioific 
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rig.  14  Lateral  spoee-time-carralotlan  of  the  axial  velocity  fluctuations  in  wall  jet  region  (free  sheer  layer) 


Intensities  of  velocity  fluctuations 


Free  jet  region.  Applying  eq.  (4)  to  the  outo- 
carrelotian  results  at  cero  time  shift  leads  to 

uf  - 

^ » 7^  (9) 

and  the  crosscorrelation  of  X-wire  signals  - under  con- 
sideration of  X-wire  evaluations  after  (8)  - leads  to 

•=  *77  (10) 

in  Fig.  16  the  sepaxdion  of  eq.  (9)  was  performed  for 


-'"S 


« 1^/3.^ 

A t«nl. 


Isefn«»rie  vi«w  of  tore!,  ^iodic  a>J  aoeheitic  ti 

OKiol  fivClWAliont  in  frtt  jtt  rtgion 


the  axial  fluctuations  in  tne  free  jet  region.  They  are 
presented  a intensitia  related  on  the  mean  centerline  ve- 
locity. The  most  surprising  result  is  not  only  that  the  high 
intensity  - impressed  to  the  flow  in  the  nozzle  at  periodic 
intensity  - consists  at  larger  nozzle  distanca  (x/D  « 13.6) 
mainly  of  periodic  intensity  but  also  that  within 
8<xy^'<13.66  the  total  and  the  periodic  intensitia  on  the 
|a  axis  exhibit  a maximum.  Fig.  17  confirms  this  finding 
comparing  it  with  the  results  of  (1 , 3,  4,  From  this 
figure  it  is  to  conclude  that  the  Towa  tfie  pulsation  fre- 
quency the  fortha  downstream  this  maximum  occurs.  The 
occuring  maximum  of  axial  intensitia  is  according  to 
(3,  4,  5)  to  be  interpreted  as  a stimoletion  of  axiol 
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fluctuations  or  as  ai  occurance  of  rasonanc*.  The  moxi- 
tnuRi  shift  downstream  with  decreasing  pulsation  frequency 
con  be  explained  in  that  pulsating  energy  is  transferred 
to  turbulent  energy  mainly  at  eddy-frequencies  adjacent 
to  that  of  pulsation  frequency.  As  in  a free  jet  length 
scale  of  turbulence  increases  with  distance  from  nozzle  the 
frequency  of  energy  contoining  eddies  decreases.  Hence 
the  zone  of  stimulation  migrates  away  from  the  nozzle 
with  decreasing  pulsation  frequency.  This  result  may  be 
seen,  too,  as  confirmation  of  the  frequently  cited  "cas- 
cade proceu"  of  turbulence  decoy,  e.g.  energy  transfer 
only  by  eddies  of  comparable  size.  With  respect  to  the 
limited  space  of  this  paper  the  radial  distribution  of  to- 
tal, periodic  and  stochastic  intensities  of  the  axial  fluc- 
tuation is  not  discussed  in  detail  but  may  be  read  clearly 
from  Fig.  16.  It  may  be  stated  as  a survey  that  the 
stochastic  intensities  behave  in  radial  direction  like  those 
in  a continuous  jet  except  for  a slightly  higher  level. 

In  Fig.  18  the  behaviour  of  the  lateral  fluctuations 
in  the  free  jet  region  is  shown  for  x/D  =*  6 and  x/D  = lOl 
For  the  shorter  nozzle  distance  there  are  no  periodic  la- 
teral intensities  on  the  jet  axis.  They  increase  with  in- 
crease of  r/D  <md  exhibit  a mcKimum  at  r/D  ~ .5.  Fcr- 
ther  downstream  (x/D  ^ 10)  the  intensity  of  the  periodic 
lateral  fluctuations  is  nearly  constant  over  the  jet's 
width.  From  this  result  one  may  conclude  that  there 
exists  no  rigid  linkage  mechanism  to  transfer  axiol  perio- 
dic Into  lateral  periodic  movement.  The  occurance  of 
periodic  lateral  fluctuations  may  be  more  less  due  to  ed- 
dies ready  for  resonance.  In  this  cote  u and  v cannot 
be  in  ph«e  and  hence  crosscorrelations  % V tn6st  be 
small.  Results  of  X-wire  measurements  pr^e^this  (Fig.  19) 
where  the  total  shear  stresses  .11^^  Tree  pulsating 

jet  ere  not  significantly  higher  than  in  a continuous  jet 
and  the  periodic  she*  stress  ur7  are  nearly  zero. 


Fig.  IB  Dbtrtbutlen  of  lalcrol  fluetiMrtana  in  region  n/0  ■ 6 

cmI  k/D  ■ 10 

Woll  jet  region.  As  a result  of  Fig.  17,  the  in- 
tansity*7lTie~perio^  axial  fluctuatioru  is  high  before 
the  jet  enten  the  impinging  region  and  leaves  it  os  a 
wall  jet.  In  the  case  when  nozzle  to  plate  distance  is 
Icrge  (H/D  > 16.66)  the  development  of  total,  periodic 
and  stochortic  intensities  of  the  axial  fluctuations  (v  +v') 
on  the  wall  jet  oxis  eon  be  reod  from  Fig.  20.  Wh^eos 
the  totol  intensity^  v*/7  remain  newly  constant  along 
the  jet  axis  the  periodic  intensity^  v/  decays  mono- 
tonously. The  stochastic  intensity  increases  and 

is  slightly  higher  than  In  a continuous  woll  jet.  The  la- 
teral distribution  (z  - direction)  of  the  axial  intensities  be- 
comes evident  from  Fig.  21  at  the  beginning  of  the  wall 


Fig,  Teeoi,  periodic  end  itechoitie  thov  irron  in  froe  jot  rogion  (x/D  • 10) 


jet  (r/D  “ 3)  and  from  Fig.  22  forther  downstream 
(r/D  = 8).  The  distance  ^ from  the  woll  jet  axis  is  rela- 
te hero  to  ^ „ where  ^ ( ^ . ,-  “ 1/2  r/D*  3 

the  periodic  intemity  is  higher  than  the  stochastic  inten- 
sity of  continue  jet.  Yet  towards  the  edge  of  the  free 
shear  layer  IIvq/v^^  decoys.  The  remaining  stochastic  in- 
tensity Is  high#  over  the  whole  width  of  the  wall  jet 
than  in  a continuous  case.  Farther  downstream  (r/D  ■ 8) 
the  periodic  intensity  has  been  donped  on  the  axis  far  be- 
low the  value  of  the  stochastic  intensity  of  a continuous 
jet.  The  remaining  stochastic  intensity  of  the  pulsating 
wall  jet  is  nearly  constant  for  the  whole  width  of  the  free 
shear  loyer.  In  Fig,  23  the  distribution  of  the  different 
fractions  of  the  lateral  fluctuatioru  are  shown  versus  the 
wall  separation  farther  dowrutream  of  the  wall  jet.  In  this 
figure  a part  of  the  wall  boundary  layer  is  inqiuded  in 

^/v  occur 
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the  measurement  results.  Periodic  Intensities'*  u^/v 
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Fig,  20  Dtvclaomcnt  or  totol,  poriodic  end  iree.aestie  Intoni.tioi 
of  oaiel  fiuetwetieni  on  woM  jot  exit  (H/D  * 16*66) 

only  at  the  maximum  in  the  distribution  of  the  stochastic 
intensity  within  the  free  she#  layer.  There  is  no  markable 
effect  on  total  and  stochastic  intensities  of  lateral  fluc- 
tuatiocu.  Within  the  wall  boundary  layer  there  are  no  la- 
teral periodic  fluctuations.  The  behaviour  of  the  shear 
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rtg,  21  L«*«rol  Dlitribvtion  of  te»«l,  periodic  and  weehottic  htfoniitlog 
of  okIoI  fiwetucoiem  (well  jol  region.-froo  ihoor  loyor;  r/D  ■ 3). 


Intentitioft  V *1^^^  i ^ 

f<8.  22  Lotorei  D!i*riburicft  of  total,  eoriedic  end  itcchostie  intonsiriot 
of  oxlpl  fluctvotionk  fwoil  jot  region;  free  iKoor  layer;  r/D  * 3). 

straa  in  rh«  wall  {at  at  r/D  > 8 i>  domonstrotad  in 
Fig.  24  wW*  th*  loft  holf  W volid  for  Hw  eonVinuous 
wall  jot  wharooi  th«  righf  half  rsprasants  a pulsating  wall 
lot.  Within  th«  froa  shoor  loyar  th«  total  shear  stress 

is  increased  more  than  in  a free  jet  region,  because 
a significant  periodic  shear  streu  v~u'  is  present.  This 
suggests  that  in  the  wall  jet  region^ttft  periodic  axial 
fluctuations  are  more  in  phase  with  periodic  lateral  fluc' 
tuotions  than  in  the  free  jet.  Yet  the  stochastic  shear 
stress  v'o'  in  pulsating  wail  jet  is  slightly  decreased.  This 
result  is  not  plausibly  explainable.  Within  the  wall  bouo- 
dory  layer  the  measurements  exhibit  no  differences  in 
shear  stress  between  continuous  and  pulsating  wall  jet. 

If  the  impinging  plate  is  situated  at  a dlstoice  from  the 
noKzie  which  corresponds  to  the  length  of  the  pot*it'ial 
core  of  a continuous  jet  (os  It  it  usually  applied  in  heat 
or  moss  transfer  processes)  the  intensities  of  the  axial 
fluctuations  of  the  axis  of  the  pulsating  wall  jet  exhibit 
a distinct  maximum  at  r/D  ^ 4 at  well  for  the  total  and 
periodic  Intensities  os  for  the  stochastic  intensities  (FIg.2S). 


0 I > ] t s St  t 

Fig.  23  Infvrulty  diitrihvtlcn  ef  lofcrot  flweruerien  In  woll  [ct  region 
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rig.  2*  Oiirribvtion  cf  totol,  porlodle  and  troehotile  iKotr  iNva  (H/D  ■ '16.C&) 

At  the  begin  of  the  wall  jet  (r/D  * 2)  the  intensities  are 
higher  thon  in  a continuous  wall  jet  whereat  farther  down- 
stream (r/D  * 8)  the  total  intensities  on  the  wall  jet  axis 
are  equal  to  the  stochastic  intensities  of  a continuous  jet. 
The  occuring  maximum  in  Fig.  25  may  be  explained  in  a 
similar  way  like  the  stimulation  procen  in  the  free  jet 
region.  Since  at  H/D  * 5.8  no  large  eddies  could  ^ 
produced  within  the  free  jet  region  these  low-frequent 
eddies  cos  occur  only  in  the  free  shear  layer  of  the  wall 
jet.  Therefore  the  resonance  phenomenon  appears  in  the 
wall  jet.  To  study  the  interacHotts  between  pulsation  and 
turbulence  within  the  wall  boundary  layer  measurements 
of  the  axial  fluctuations  at  H/D  > 5.8,  r/D  * 7 were 
performed  at  a smooth  plate  In  order  to  measure  immedio- 
tely  at  the  wall.  In  Fig.  26  the  stochastic  local  Inten- 
sities (z)  for  a continuous  and  a pulsating  wall  jet 

are  displayed  versus  the  wall  septfotion  z/j  at  three 
different  Reynoldnumbers.  The  nsost  surprising  result  is  that 


OMtdAce  from  »oy»»»«ri  point  r/D 

Fig.  2S  Dovelopmcnf  of  trtsl,  pertodie  and  ttochartle  Sntemity  c'  oxiol 
flwett/otloni  cn  woll  ict  «c7i  (H/D  ■ 5.S) 


stochastic  intensities  ore  not  affected  by  pulsation  within 
the  wall  boundary  layer,  though  within  the  free  shetf 
layer  of  the  wall  jet  this  oecured  markably  (Fig.  20  - 25) 
This  result  confirms  the  conclusiorM  of  the  measurements 
within  the  free  sherr  loysr  in  that  transfer  from  pulsating 
energy  to  turbulent  energy  it  obtainable  if  eddies  of  fre- 
quencies adjacent  to  the  pulsation  frequency  ere  present. 
As  in  the  wall  boundory  layer  the  largest  eddies  ore  one 
oroer  of  magnitude  smaller  than  those  in  the  free  shear 
layer  their  frequencies  ve  too  high  to  interact  with  pul- 
sation. From  this  result  the  unexpected  behoviour  of  the 
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tim«  ovarogad  valocify  in  tha  wall  boundary  loyar  (Fig.  8) 
may  ba  axpioinad  in  that  at  incraoiing  RoQ-numban  tha 
inartio  affacts  of  tho  pulsating  fluctuations  axcoad  and 
support  tha  tima  maon  vaiocity,  so  thot  tha  dacraosa  of 
axial  moon  vaiocity  with  incraosing  r/D  is  slowar  in  a 
pulsating  jat  os  in  o continuous  wall  {at  espaciolly  at  high 
Ra.'numbars  aid  tha  vaiocity  lastly  may  bwoma  higher 
(Fig.  8). 

CONCLUSIONS 

Tha  bahoviour  of  tha  turbulonca  structura  of  o free 
{at  under  tha  influonce  of  pulsation  - that  in  the  anlorge- 
mont  of  lifetime  of  oddies  with  fraquoncias  ad{acent  to 
tho  pulsation  fra^oncy  - con  be  observed  in  the  wall  {at 
region  of  on  impinging  {at  only  within  the  free  shear 
layer  but  not  yet  within  tha  wall  boundary  layer.  As  one 
result  of  tha  dlfforant  influonce  of  pulsation  on  these  both 
types  of  shear  layers  the  dacraosa  of  moon  velocity  in  tha 
wall  boundary  layer  with  increasing  stagnation  point  is 
slowor  than  in  a continuous  wall  {at.  Hence  pulsation 
offon  a tool  to  influence  both  tho  behaviour  of  maoi 
mognitudas  and  turbulonca  structure  by  suitable  choice  of 
pulsation  ujrrmtatars. 
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ABSTRACT 

CoBputatlons  baaad  on  aevaral  aacond-ordcr  Curbu- 
lenet  modala,  Including  full  Reynolds  stress  and  two- 
equation  models,  are  compared  with  a number  of 
boundary- layer  experiments.  In  general,  the  models 
represent  the  data  reasonably  well,  with  skin  friction 
tending  to  be  somewhat  overpredicted  in  the  far  down- 
stream region  of  the  adverse  pressure  gradient  experi- 
ments. A discussion  of  the  behavior  of  the  ARAB  full 
Reynolds  stress  model  in  predicting  the  components 
of  the  Reynolds  stress  tensor  is  given.  It  is  con- 
cluded that  compatibility  at  the  wall  may  necessitate 
the  use  of  more  than  one  length  scale. 

NOMENCLATURE 

a,b  ~ modeling  constants,  ARAB  model 

C.  • local  skin-friction  coefficient,  2t  /c  U^ 

f wee 

c^  a ntodeling  constant,  LRR  model 

T.  — TH 

D ■ u u 

IJ  1 J.n 

~ turbulent  kinetic  or  mixing  energy 

■ shape  factor,  S*/i 
- q2/2 

■ length  scale,  Ng-Spalding  model 
• Mach  number 

■ pressure 


« ur  ♦ ut  + u; 
1 2 3 


i«}. 
,v,w  ’ 


fluctuating  velocity  components 


u',v',w'  • RMS  velocity  components 
U • meen  velocity 
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w • dissipation  rate,  Wllcox-Tracl  model 

x,y,z  • Cartesian  coordinates 

• Kronecker  delta 

5 “ value  of  y for  which  U ■ 0.99  U^ 

6*  • displacement  thickness 

e ■ turbulence  dissipation  rate,  LRR  model 

• dissipation  function,  Jones-Launder  model 

6 • momentum  thickness 

A • algebraic  length  scale,  ARAB  model 

u • viscosity 

V • kinematic  viscosity 

c • density 

T ■ shear  stress 

Superscripts 

• time  average 

' • root  mean  square 

• • derivative  in  tensor  notation 

m • tensor  notation  index 

Subscripts 

, • derivative  in  tensor  notation 

e ■ boundary-layer  edge  condition 

i,j,k,m  • tensor  notation  indices 
w • wall  conditions 

~ ■ free-stream  conditions  upstream  of  pressure 

gradient 

INTRODUCTION 

Modem  highly  maneuverable  aircraft  often  oparete 
at  conditions  where  separated  flows  exist  over  large 
portions  of  their  surface  (1) . Under  the  impetus  to 
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design  aircraft  chat  occasionally  operate  In  this 
) nanner,  methods  of  predicting  the  quantitative  char- 

acter of  these  separated  flov  regions  are  currently 
enjoying  an  accelerated  race  of  development.  These 
methods  exploit  Che  power  of  larger  electronic  com- 
puters and  can  consider  such  enormously  complicating 
factors  as  the  strong  Interaction  between  largely 
i Invlscld  and  viscous  portions  of  the  flow  fields,  Che 

three-dimensional  character  of  Che  boundary  layer  and 
I separated  flow  regions,  Che  presence  of  rotational 

flows  and  vortices,  and  Che  compressibility  of  the 
air.  A major  limitation  In  the  race  of  development 
of  these  cocpucacional  methods  has  been  Che  pace  of 
the  evolution  of  reliable  models  of  the  turbulence 
mechanisms  that  exist  under  these  rather  complex  flow 
I conditions. 

Of  Che  alternative  methods  of  modeling  turbu- 
lence, Che  use  of  single  point,  Reynolds  averaged 
momentum  and  energy  equations  supplemented  by  one  or 
more  differencial  equations  for  establishing  values 
of  Che  Reynolds  stress  and  heat  fluxes  has  proved  the 
most  practical  for  flow  fields  at  Reynolds  numbers  of 
aerodynamic  Interest.  The  literature  Is  replete  with 
methods  of  "closing"  the  turbulence  equations  for 
certain  of  the  second-order  turbulence  quantities  W . 
The  bulk  of  Che  methods,  however,  apply  strictly  only 
CO  Incompressible,  constant  property  flows  and  most 
contain  simplifications,  such  as  Che  concept  of  the 
eddy  viscosity,  that  Impose  rather  gross  assumptions 
when  consideration  Is  given  to  chree-dlmcnslonallcy 
In  boundary  layers  or  to  the  mean  strain  field  In 
separated  regions.  Further,  most  of  Che  numerical 
methods  utilized  Invoke  the  "law  of  the  wall"  for 
boundary  conditions  near  the  surface  to  avoid  Inte- 
grating the  turbulence  equations  all  the  way  to  the 
surface  where  costly  fine  mesh  resolution  Is  required. 
This  manner  of  handling  the  surface  boundary  condition 
Is  not  appropriate  close  to  points  of  separation  where 
Che  "law  of  the  wall"  loses  much  of  Its  meaning. 
Further,  most  methods  also  avoid  making  modeling 
modifications  chat  may  be  required  when  Che  turbulence 
Reynolds  numbers  become  relatively  low  near  surfaces. 

For  application  to  the  separated  flows  Indicated 
earlier  It  Is  necessary  to  relax  some  of  these 
restrictions  In  turbulence  modeling.  Ames  has  for  Che 
past  few  years  been  sponsoring  and  participating  In 
Che  development  and  refinement  of  two  different 
second-order  closure  methods  for  the  single  point 
full  Reynolds  stress  and  heat  flux  equations  for  a 
compressible  fluid.  One  model  Is  an  outgrowth  of  the 
sscend  srdft?~clssur£  SsSdsX  orlglu«Hy 
proposed  by  Donaldson  (2) , that  has  been  developed  by 
Donaldson,  Sullivan,  and  others  of  the  Aeronautical 
Research  Associates  of  Princeton  (£,2)  * uses  Che 
primitive  variables  of  velocity,  density,  and  pres- 
sure, and  their  second  and  higher  order  correlations, 
as  the  dependent  variables  of  the  model.  Because  the 
correlations  Involving  density  and  viscosity  fluctua- 
tions arc  expressed  explicitly  In  the  formulation,  the 
modeling  equations  arc  quite  complex,  chough  complete. 
The  second  model,  developed  by  David  Wilcox  of  DCW 
Industries  lx*  ss  Its  genesis  the  elegantly 

simple  model  of  Saffman  (£) . The  dependent  variables 
In  this  model  arc  mass  averaged  in  the  manner  origi- 
nated by  Favre  (10) , and  the  restilclng  equations  are 
almost  as  simple  In  form  as  chose  for  Incompressible 
flow,  containing  just  a few  new  terms  Involving 
fluctuating  pressure-strain  and  velocity-density 
correlations.  Most  of  the  effects  of  density  fluctua- 
tions are  contained  implicitly  In  the  mass  averaged 
dependent  variables.  Both  of  these  models  have  been 
programed  by  their  originators  Into  boundary  layer 


codes  that  compute  directly  to  the  surface  where  the 
Inner  boundary  conditions  are  applied. 

The  role  the  authors  have  In  this  turbulence 
model  development  program  Is  to  perform  detailed  com- 
parisons of  the  computed  results  with  experimental 
data  with  the  view  of  critically  assessing  the  models 
at  their  current  state  of  development  as  engineering 
tools,  of  identifying  modeling  weaknesses,  participat- 
ing with  the  model  originators  In  devising  modeling 
changes,  and,  finally,  of  expanding  the  models  to 
conditions  more  general  than  exist  within  a boundary 
layer,  such  as  a code  for  numerically  solving  the 
time-averaged  Navler-Stokes  equations.  Because  of 
certain  restrictive  features  In  the  current  turbulence 
models,  the  model  assessment  and  refinement  process 
has  been  restricted  largely  to  boundary  layer  data. 

The  Aeronautical  Research  Associates  of  Princeton 
(ASAP)  model,  at  this  time,  contains  an  algebraically 
defined  turbulence  length  scale  appropriate  only  to 
boundary  layers.  Thus,  comparisons  with  the  fundamen- 
tal experiments  Involving  homogeneous  flows  (11-14) 
cannot  be  made  without  Introducing  a new  length  scale 
equation  appropriate  for  such  flows,  probably  In  the 
form  of  a partial  differential  equation  that  will 
reduce  to  or  be  equivalent  to  the  one  used  In  boundary 
layers  when  boundary-layer  conditions  prevail.  This 
process  Is  caking  place  currently,  but  the  progress 
will  not  be  reported  here.  Also,  the  most  advanced 
version  of  the  Wilcox  model  Is  restricted  to  a cwo- 
equatlon  eddy  dlffuslvlcy  siodel  chat  also  Is  most 
appropriate  In  boundary-layer  flows.  Thus,  although 
Che  models  treated  here  are  applicable  to  more  general 
flows,  Che  date  comparisons  cited  will  be  confined  to 
attached  two-dimensional  boundary-layer  flows. 

In  (15) , Che  authors  compared  Che  computations 
based  on  the  ARAP  Reynolds  stress  and  Wilcox  eddy  dlf- 
fuslvlty  models  with  data  obtained  In  boundary  layers 
at  supersonic  speeds  and  In  adverse  pressure  gradi- 
ents. The  Mach  numbers  at  Che  boundary- layer  edges 
and  Che  magnitudes  of  the  Impressed  adverse  pressure 
gradients  were  such  to  combine  to  give  Increasing 
values  of  local  surface  shear  with  downstream  distance. 
To  gain  Insights  In  the  boundary-layer  mechanisms  as 
separation  Is  approached,  it  Is  necessary  to  examine 
experiments  where  the  local  shear  Is  reduced  with 
downstream  distance.  The  low-speed  experiment  of 
Samuel  and  Joubert  (16)  Is  ideally  suited  for  this 
task  In  Chat  an  Increasingly  adverse  pressure  gradient 
was  applied  Co  the  boundary  layer  and  the  turbulence 
mechanisms  were  accurately  defined  as  Che  data  con- 
tained direct  measurement  of  the  Inclv^^sual  Reynolds 
stresses.  Because  It  Is  dangerous  to  rely  on  a single 
experiment,  comparisons  are  also  made  with  these  tur- 
bulence models  and  other  experiments  containing  direct 
measurement  of  the  Reynolds  stresses,  l.c.,  the  clas- 
sic flat-place  experiment  of  Klebanof f (17) , Che 
adverse  pressure  gradient  experiment  of  Bradshaw  (^) , 
and  the  slightly  favorable  pressure  gradient  data  of 
Acharya  (19) . 

DESCRIPTION  OF  MOTELS 

In  addition  to  the  ARAP  and  DCW  models  which  Che 
authors  are  dealing  with  directly,  several  ocher 
second-order  turbulence  models  will  be  used  In  Che 


"The  Wilcox  code  has  been  particularized  to  an 
eddy  viscosity  version  that  can  be  adapted  to  make 
calculations  based  on  eddy  viscosity  models  other  than 
those  of  Wilcox  or  Saffman.  In  this  form  of  the  code, 
Che  "law  of  the  wall"  Is  used  as  the  Inner  boundary 
condition  In  keeping  with  the  techniques  of  the  origi- 
nators of  Che  ocher  models. 
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conparlsoQs  with  expertmcntal  data.  All  of  these 
codeia  will  txow  be  briefly  described.  Because  the 
esphasls  will  be  on  full  Reynolds  stress  modeling, 
the  full  Reynolds  stress  models  will  be  described 
somewhat  more  fully  than  the  two-equation  eddy- 
viscosity  models,  which  for  the  most  part  will  be 
referred  to  the  literature. 

The  ARAP  model  Is  a full  Reynolds  stress  model 
for  compressible  turbulent  boundary  layers.  The 
dissipation  term  in  the  uTuJ  Reynolds  stress  equa- 
tions Incorporates  the  effects  of  both  anisotropic 
and  Isotropic  dissipation.  It  is  given  by 

^IJ  " + b6^jq^/3.\v  (1) 

where  Is  an  algebraic  length  scale  defined  as  the 
of  C . 65y  and  0.17$. 

The  redistribution  term,  or  the  exchange  between 
the  Individual  Reynolds  stresses.  Is  Mdeled  after 
Rotta  (20) , as 

PUj^  j + puj^j^  - -oq(u^  - 5j^jq^/3)/A  (2) 

Although  ARAP  has  also  Included  another  term  (not 
shown)  on  the  right  side  of  (2)  which  reflects  the 
influence  of  the  mean  strain  term  as  discussed  by 
Chou  and  Rotta,  this  term  will  not  be  Included  In  the 
calculations  which  follow.  More  will  be  said  about 
this  later.  The  velocity  diffusion  of  Reynolds 
stresses  Is  modeled  as 

of  cotirse,  there  arc  many  other  modeled  terms,  mainly 
due  to  compressibility  effects,  but  they  arc  outside 
the  scope  of  this  paper  and  will  not  be  given  here. 

The  incompressible  full  Reynolds  stress  model 
developed  by  Launder,  Reece,  and  Rodl  (21) , and 
hereafter  called  LRR,  will  be  used  at  only  one  Junc- 
ture in  this  paper.  It  presents  an  Interesting 
contrast  to  the  ARAP  model.  Instead  of  an  algebraic 
length  scale.  It  employs  a length  scale  based  on  the 
turbulence  dissipation  rate,  c,  which  is  computed 
from  a differential  equation.  Another  difference  is 
that  LRR  assumes  the  dissipative  motions  to  be  Iso- 
tropic, i.e., 

2vD^^  - . (4) 

This  model  uses  a more  elaborate  modeling  of  the 
redistribution  term  %>hich.  In  addition  to  the  above 
discussed  terms  used  by  ARAP,  includes  the  effects  of 
a special  near-wall  correction  term.  Diffusion  of 
turbulent  velocity  fluctuations  is  approximated  by 

VA  ■ * Vi^Vi^i 

which  also  presents  an  intarasting  contrast  to  the 
ARAP  model.  Finally,  a very  important  difference  is 
that,  unlike  ARAP,  LRR  docs  not  integrate  through  the 
viscous  sublayer,  thereby  necessitating  that  the  Inner 
boundary  values  of  ?,(  and  the  Reynolds  stress 
components  be  preassigned. 

The  remaining  three  oodcls  to  be  used  in  the 
comparisons  are  relatively  well  known  two-equation 
eddy-viscosity  models  which  employ  two  parameters  to 
compute  eddy  viscosity.  The  first  parameter  is  the 
turbulent  kinetic  or  mixing  energy  c and  the  second 
parameter  is  either  a dissipation  function 
length  scale  i,  or  dissipation  rata  w.  The  three 


models,  whose  detailed  descriptions  can  be  found  in 
(22.23  and  ^)  are  the  Jones-Laundcr  e-ej  model,  the 
Kg~Spaldlng  e-i  model,  and  the  Vilcox-Tracl  e-w 
model. 

DISCUSSION  OF  COMPARISONS 

The  data  of  several  boundary-layer  experiments 
will  now  be  used  to  test  the  performance  of  the  models 
and  to  discover  possible  avenues  of  Improvement.  The 
first  experiment  to  be  considered  will  be  that  of 
Samuel  and  Joubert  consisting  of  an  Incompressible 
turbulent  boundary  layer  on  a flat  plate  subjected 
to  an  increasingly  adverse  pressure  gradient.  Figure  1 
shows  the  measured  and  predicted  local  skln-frictlon 
coefficients.  The  measured  values  are  based  on 
Stanton  tube  data  and  Clauser  Plots  of  the  mean 
velocity  data  in  the  wall  region.  The  comparison  shows 
that  the  turbulence  model  calculations  predict  the 
general  behavior  of  the  data  quite  well,  although  they 
do  not  fall  off  as  rapidly  in  the  far  downstream 
region.  In  Fig.  2,  a comparison  is  given  of  the  shape 
factor,  the  ratio  of  displacement  thickness  to  momentum 
thickness.  Again  the  computations  show  the  trends  of 
the  data  quite  well,  the  computed  restilts  being  within 
lOZ  of  the  data.  To  gain  some  Inslgbc  into  the  reasons 
for  increased  differences  between  the  computations 
and  data  with  downstream  distance,  profiles  of  the 
mean  and  fluctuating  data  are  examined  at  a station 
X • 2.89  m In  Figs.  3-5.  The  mean  velocity  at  this 
station  is  shown  In  Fig.  3.  It  is  observed  that  the 
calculated  profiles  are  somewhat  fuller  than  the  data 
and  this  Is  consistent  with  the  lower  predicted  shape 
factor.  The  predicted  and  measured  turbulent  shear 
stress  distributions  are  shown  in  Fig.  4.  The  higher 
predicted  values  of  the  peak  turbulent  shear  are  con- 
sistent with  the  higher  predicted  skln-frlctlon  coeffi- 
cients. However,  the  uverall  agreement  with  the 
turbulent  shear  profile  Is  generally  good.  The  three 
normal  turbulent  velocity  fluctuations  are  shown  in 
Fig.  5 in  comparison  with  the  results  from  the  ARAP 
full  Reynolds  stress  model.  The  ARAP  model  yields 
excellent  values  of  v',  but  underestimates  u'  to 
some  extent,  especially  near  the  surface,  and  com- 
pletely misses  w'  in  magnitude  and  character.  More 
will  be  said  about  this  later  In  the  paper. 

The  next  experiment  to  be  considered  is  Bradshaw's 
"Flow  C”  which  consists  of  an  incompressible  boundary 
layer  Induced  by  a suddenly  applied  adverse  pressure 
gradient  (U^  < x~^"‘''^).  figure  6 shows  the  measured 
and  predicted  local  skin-frlctlor.  coefficients.  Note 
that  the  convexity  of  Bradshaw's  graph  is 

opposite  to  Samuel  and  Joubert 's  due  to  the  former 
being  decreaslngly  adverse  while  the  latter  Is  Increas- 
ingly adverse.  All  the  models  except  one  show 
reasonably  good  agreement  with  the  data.  As  was  also 
observed  in  the  Samuel  and  Joubert  experiment,  the 
predicted  skln-frlctlon  coefficients  do  not  fall  off 
rapidly  enough  in  the  far  downstream  region  (except 
for  Ng-Spaldlng)  but  the  discrepancy  here  is  much  less. 
Apparently,  an  increasingly  adverse  pressure  gradient 
makes  greater  demands  on  the  modeling  than  does  a 
decreaslngly  adverse  one.  In  Fig.  7,  it  is  seen  that 
the  agreement  of  the  model  prediction  of  H vs  x with 
the  experimental  data  is  generally  quite  good,  although 
they  tend  to  be  a bit  low  in  the  far  downstream  region 
just  as  in  the  Sasniel  and  Joubert  experiment.  In 
Figs.  8,  9 and  10  we  have  plotted  profiles  of  various 
quantities  at  a single  station  lying  well  in  the  down- 
stream reg-'on.  Figure  8 shows  the  mean  velocity  pro- 
files of  the  experiisant  and  the  models  at  this  station. 
The  agreemant  is  excellent.  Figure  9 shows  the  turbu- 
lent shear  profile.  All  the  models  again  overshoot 
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Che  peek  experlaieiical  value*  to  varying  extents, 
although  they  all  capture  the  qualitative  trend  of  the 
data.  Figure  10  shows  the  ocasured  values  of  the 
normal  components  of  Che  Reynolds  stress  tensor,  and 
Che  predictions  of  these  quantities  by  the  AR^£^model . 
As  In  Che  previous  experiment,  the  predicted 
shows  good  agreement  tdiUe  Che  u^  and  w^  components 
are  far  lower  Chan  the  data. 

Figures  11  to  15  show  data  from  Klebanoff's 
experiment  consisting  of  an  incompressible  turbulent 
boundary  layer  on  a flat  plate  with  zero  pressure 
gradient.  All  measurements  were  taken  at  a single 
downstream  station.  Figures  11  and  12  show  Che  pre- 
dicted and  maaaured  velocity  and  turbulent  shear 
profile*.  All  the  models  agree  with  the  experimental 
data  CO  within  the  experimental  error. 

Figure*  13  and  14  show  the  profiles  of  the  diag- 
onal components  of  the  Reynolds  stress  tensor  as 
measured  by  Klebanoff  and  as  predicted  by  the  full 
Reynolds  stress  models  ARAP  and  LRR.  While  the  ARAF 
model  again  approximately  duplicates  v^  and  underpre- 
dlccs  U'^  and  It  is  observed  that  LRR  shows  good 
agreement  with  all  three  diagonal  components. 

A possible  explanation  for  the  better  performance 
of  LRR  In  this  regard  may  lie  In  Che  fact  that  LRR 
Includes  the  Influence  of  mean  strain  rate  on  the 
redistribution  term,  while  In  ARAP  we  omitted  this 
Influence.  However,  preliminary  runs  of  Che  ARAP  pro- 
gram which  did  Incliide  this  Influence,  modeled  In  a 
form  roughly  similar  to  that  In  LRR,  show  chat  It  does 
not  correct  the  distribution  of  the  normal  Reynolds 
stresses.  Another  possible  explanation,  which  may  be 
significant.  Is  the  |aet,that  In  LRR  Che  approximately 
correct  values  of  u'‘,  v**  and  r at  the  edge  of  the 
viscous  sxiblayer  are  Input  as  Inner  boundary  condi- 
tions In  .order  to  avoid  Integrating  through  Che  vis- 
cous sublayer.  This  auegests  t^t  the  cause  of  ARAP's 
incorrect  distribution  of  ^ may  be  Incorrect 

behavior  of  the  model  near  the  wall.  This  1*  sup- 
ported by  the  following  argument.  Letting 


u - a^y  + Sjy^  + . . . 
w - b^y  + bjy^  + . . . 

I (6) 

VC 

see,  by  the  continuity  equation  that 

V “ c^y^  + . . . 

(7) 

Hera  a^^,  b^  and  Cj^  are  functions  of  x and  t. 

AC  the  wall,  where  molecular  diffusion  and  dissipation 
are  the  predominant  physical  mechanisms,  Che  equations 
for  the  Reynold*  stresses  In  the  ARAP  model  reduce  to 

3^(u^)/3y^  - laupA^  - 0 

(8) 

5^(03)737^  - 2au^/A‘  " 0 

(9) 

3^(u‘)/37^  - 2*u^/A^  • 0 

(10) 

3^(u^)/3y‘  - laUjU^/A^  “ 0 

(ID 

In 

these  equations  let  A • dy  where  d 

Is  an 

unknown  slope.  Then  substituting  the  power  series 
expansions  (6)  and  (7)  into  (8-11) , and  letting 
y - 0 yields  d • *^/^  • 1.80  from  (8), 
d • (*/6)'/2  - 0.74  from  (U) , d - a^/^  - 1.80  from 
(10)  and  d ■ (a/3)^''^  « 1.04  from  (11)  (her*  w*  have 
set  a ■ 3.25  as  in  Che  program).  This  suggests  chat 
In  order  for  this  model  to  be  consistent  at  the  wall, 
three  different  length  scales  in  the  vic^Blty  of  yhe 
wall  are  necessary,  i.a.,'A  - 1.80y  for  u^  and  w*-. 


A - 0.735y  for  v-  and  A • 1.04y  for  uv.  In  the 
current  ARAP  program  only  one  length  scale  is  used, 
l.e.,  A - 0.65y  (near  Che  wall).  Of  Che  three  length 
scales  computed  above  this  Is  closest  to  the  one  for 
v*^  which  may  explain  why  Che  ARAP  model  correctly 

predicts  v* . The  next  closest  is  Che  uv  length 

scale.  This  and  the  fact  that  v^  and  “uv 

are  Che  only  Reynolds  stress  components  occurring  In 

the  unmodeled  uv  equation  may  explain  why  the  ARAP 
model  agrees  fairly  well  with  'uv.  Perhaps  a general 
conclusion  which  can  be  drawn  from  this  Is  chat  Che 
correct  prediction  of  all  Reynolds  stress  components 
by  a low  Reynolds  number  model  hinges  upon  the  model 
satisfying  the  necessary  wall  compatibility  conditions. 
Klebanoff  also  gave  values  of  Che  dissipation 

terms  Ui^jUj^i,  Uj^^Uj^^  and  Uj  jU^  3.  The  first 
quantity  was  obtained  by  using  Che  Taylor  hypothesis 


/U^ 


e 


(12) 


and  Che  measured  quantities  on  the  right-hand  side. 

The  second  and  third  quantities  ware  obtained  by 
measuring  the  spatial  correlations  In  the  following 
relation  and  Its  analogue  In  the  i direction. 

Uj(y)Uj(y  + 4)/uJ(y)uJ(y  + A)  - 1 - u^—Ju^A'/lU^ 

(13) 

Although  the  relations  (12)  and  (13)  are  not  strictly 
valid  In  a wall  boundary  layer,  Klebanoff  gave  suffi- 
cient supporting  arguments  that  we  may  cake  his 
measurements  of  these  quantities  as  being  accurece,  at 
least  tentatively.  These  measurements  are  of  value 
because  they  provide  the  modeler  with  a direct  test  of 
a modeled  term,  l.e.,  D33.  Figure  15  shows  the  mee- 

sured  values  of  A^D|,/2C^  along  with  Che  values  of 
this  quantity  computed  from  (1) , This  comparison 
suggests  that  the  model  (1)  produces  values  of  D3, 
which  are  coo  high  by  e factor  of  5 or  more  near  the 
wall.  This  observation  can  be  supported  by  the 
following  independent  analytic  argument.  Substituting 
the  power  series  (6)  and  (7)  into  the  right  side  of 
Che  dissipation  model  (1)  and  using  the  definition  of 
A,  and  the  value  of  the  constant  a ■ 3.25,  and  letting 

y * 0 yields  7,7  *^  + O(y^).  Since  ^ " u ,u 

* I i g 1 p 2 

at  y ■ 0,  l.e.,  “ Dll  7 “ 0»  v*  now  see 

that  Che  modeled  Dj  3 yields  a value  at  the  wall  which 
Is  7.7  times  the  actual  at  the  wall.  The  above 

analysis  suggests  Chat  Che  constants  a and  b In  Che 
current  dissipation  model  may  be  too  high,  at  least 
insofar  as  D,.  is  concerned. 

Figures  16  to  18  show  data  from  the  experiment  of 
Acharya.  This  experiment  Includes  effects  of  a slight 
favorable  pressure  gradient  and  mild  compressibility 
(M  • 0.6).  Because  of  the  latter,  only  the  ARAF  pro- 
gram and  a compressible  version  of  the  Ullcox-Trscl 
program  are  shown  in  the  comparisons.  In  Figs.  16  and 
17  we  sac  Chat  the  measured  and  predicted  velocity 
and  turbulent  shear  profiles  agree  very  well.  In 
Fig.  18  w*  sec  chat  of  the  three  normal  components  of 

the  Reynolds  stress  censor,  v^  Is  predicted  most 

accurately.  On  the  other  hand,  the  predicted  v^ 
here  shows  greater  error  when  compared  to  the  experi- 
mental data  chan  the  previous  comparisons  did. 
vniether  this  Is  due  to  a oodellng  problem  related  to 
compressibility  effects  or  to  an  unfortunate  combina- 
tion of  experimental  and  modeling  errors  Is  at  this 


point  an  open  question.  More  data  containing  direct 
meaaurcmtmts  of  Reynolds  itress  components  In  both 
compreaalble  and  Incompressible  boundery  layers  Is 
needed . 

Finally,  in  fig.  19  the  ability  to  model  compres- 
sible flows  Is  Indicated  with  reference  to  the  local 
slcln-frictlon  data  from  the  experiment  of  Lewis,  Cran 
and  Kubota  (24) . This  consists  of  a supersonic 
(M  • 4.0)  turbulent  boundary  layer  with  strong 
adverse,  followed  by  favorable,  preaauca  gradients. 

In  addition  to  the  ASAP  and  Ullcox-Tracl  predictions, 
a O-equation  eddy-vlacoslcy  model  has  been  plotted. 
Based  on  this  and  other  cosipresslble  experiments,  we 
have  concluded  that  higher  order  models  generally  do 
e cactpersble  Job,  and  In  some  cases  a batter  Job, 
relative  to  algebraic  addy-vlseoslty  models  In  pre- 
dicting akin  friction  In  attached  boundary  layers. 

COHCXnOING  BZMARKS 

Several  aecond-order  turbulence  models.  Including 
full  Reynolds  streaa  and  two-equation  eddy-vlscoslty 
models,  were  applied  to  a number  of  boundary- layer 
experiments.  The  comparisons  of  the  model  predictions 
with  data  from  the  adverse  pressure  gradient  experl- 
aanta  of  Sasmal  and  Joubert  and  Bradshaw  and  the  zero 
pressure  gradient  experiment  of  Klebanoff  showed  that 
the  models  yielded  reasonable  predictions  of  skin 
friction,  shape  factor,  mean  velocity  profiles, 
turbulent  shear  and  other  quantities.  In  the  far 
downstream  region  of  the  two  adverse  pressure  gradient 
experiments,  the  models  yielded  values  of  skin 
friction  which  were,  to  varying  degrees,  too  high,  the 
effect  being  more  pronounced  In  the  SassiCl  and  Joubert 
experiment  than  In  the  Bradshaw  experiment. 

The  WUcox-Tracl  and  ABAP  models,  which  can 
handle  compressibility  effects,  were  also  coiapared 
with  the  compressible  flow  experiments  of  Acharya  and 
Lewis,  Cran  and  Kubota  and  were  shown  to  yield  good 
predictions  of  the  above-swntlonad  quantities. 

A direct  cos^arlson,  using  only  experimental 
values,  was  made  of  the  dissipation  quantity  0.,  at 
maasured  by  Klebanoff  and  as  modeled  by  AXAP  In'U). 

In  the  final  analysis,  such  direct  term-by-term 
comparison  of  modeled  terms  Is  the  best  and  most 
rigorous  test  of  any  modeling  assumption.  Unfortu- 
nstely,  the  necesssry  maasurementt  for  such  compari- 
sons are  hard  to  come  by  and  even  harder  to  perform 
accurately.  However,  this  area  of  cxperlamntatlon 
deserves  more  eaiphaais.  Related  to  this  la  the  need 
for  more  direct  measurements  of  components  of  the 
Reynolds  stress  tensor  In  both  Incompressible  and 
compressible  boundary  layers. 

The  discussion  centersd  on  the  ARAP  swdel  because 
It  Is  a full  Reynolds  stress  model  which  Integrates 
through  the  viscous  sublayer.  It  was  seen  that  this 
model  does  a fine  Job  of  predicting  skin  friction, 

mean  velocity  profiles,  'v^,  uv,  etc.  while  Incorrectly 
predicting  two  cos^nents  of  the  Reynolds  stress  ten- 
sor, l.e.,  u'^  and  w^.  It  was  argued  that  this 
behavior  stems  from  the  fact  that  the  modeled  equa- 

tlona  for  u^  and  w^  do  not  satisfy  the  necessary  wall 
compatibility  conditions.  On  the  other  hand,  the 

model  does  yield  reasonable  values  for  v‘  and  thla' 
is  probably  the  most  Important  for  computing  uv, 
thereby  explaining  the  generally  good  performance  of 
this  model  in  other  respects.  However,  the  correct 
prediction  of  all  components  of  the  Reynolds  stress 
tensor  will  probably  nscesaltata  more  Chan  one  length 
scale,  especially  near  the  wall. 


Ue  believe  that  the  comparisons  of  this  report 
along  with  the  results  of  many  other  comparisons  not 
shown  here.  Indicate  chat  higher  order  closure  methods 
can  produce  predictive  models  which  are  valid  over  a 
broad  range  of  flow  situations  and.  In  the  special 
case  of  wall  boundary  layers  with  mild  pressure  gradi- 
ents, are  comparable  in  performance  to  algebraic  eddy 
viscosity  models,  notwithstanding  Chat  Che  latter  have 
been  finely  tuned  for  many  years  to  predict  Just  this 
type  of  flow. 
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Fig.  8 Mean  valoelty  profUa,  axparlaant  of 
Bradshaw  (18) 


Fig.  5 Noraal  turbulanca  Intenslclas,  axperlmanc  of 
Saauel  and  JoubarC  (16) 


Fig.  6 Local  akin  friction  coafflclant,  axpcriaant 
of  Bradshaw  (18) 
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Fig.  7 Shapa  factor,  axparlaant  of  Bradshaw  (18) 


Fig.  9 Turbulant  ahaar  strass  profUa,  axparlaant 
of  Bradshaw  (18) 


Fig.  10  Scalad  diagonal  coaponanta  of  tha  Ravnolds 
atraat  tanaor,  axparlaant  of  Bradshaw  (18) 
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Fig.  13  Noraal  curbulcnct  Intensities , experiment 
of  Klebanoff 
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Fig. 

> 16  Mean  velocity  profile,  experiment  of 
Acharye  (19) 

TEST  OF  SECOND  OPDEF.  OLCS’JRE  MODEL 
IN  A COMPRESSIBLE  7JRBU1ENT  WAr'X 
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Suoerscrints 


Turbulence  measurements  in  the  supersonic  wake 
behind  a flat  plate  held  at  zero  incidence  are  pre- 
sented. A constant  teiroerature  hot  wire  anemometer 
is  used  to  measure  the  u'-,  T'u'  and  T'-  profiles  in 
the  wake  for  several  x stations.  A numerical  study 
is  made  with  a second  order  closure  model  based  on 
the  "invariant  mode^in^"  of  Donaldson  ^ using  trans- 
port equations  of  u,  7,  u'-,  v'-,  w'-,  u'v',  T'‘ , 
T'u',  T'v'.  Adjustment  of  the  model  is  made  by 
comparison  with  experimental  results  in  the  case  of 
incompressible  wake.  The  relative  importance  of 
different  terms  is  studied  on  the  basis  of  numerical 
results.  Some  production  terms  which  are  generally 
neglected  may  be  larger  than  30%  of  the  convective 
terms  and  must  be  taken  in  account  even  in  the  far 
wake.  For  the  supersonic  wake,  the  agreement  is 
good  for  mean  velocity  but  rather  poor  for  turbulent 
quant ities. 

N0XENCLA7JRE 

E - bridge  voltage  of  the  anemometer 
F and  G » fluctuation  sensitivities 
R * Reynolds  number 
P s Prandtl  number 
M * Mach  ntaber 
p < pressure 

u<  (or  u,v,w)  » velocity  component 

(directions  x,  y and  z) 

Xi  (or  x,y,z)  « coordinate  system 
T * temperature 
0 » density 
u * viscosity 

k » thermal  conductivity  — 

0 * ratio  of  mean  density  to  mean  temperature  • - ~ 

* specific  heat  at  constant  pressure  T 

• rat  io  of  specific  heats 

q‘  s u ' lu ' , * kinetic  turbulent  energj- 
A,  X,  macro  and  micro-scale  lengths  of  turbulence 
9 • momentum  thickness 
Cl  . Cj  . . .1 

. . I turbulence  models  parameters 

a,  b 1 

Subscripts 


t tctal  conditions 

p axis  conditions 

* free  stream  conditions  (reference  conditions) 

( ) . derivative  with  respect  to  x.  coordinate 


( ) ' fluctuations  about  mean  value 
7 T time  averaged  quantity 

I - INTRODUCTION 

The  turbulent  wake  behind  a flat  plate  is  a 
strongly  nonequilibrium  shear  flow  and  has  been  used 
by  Launder  et  alii  (1)  and  Rope  and  Vfhitelaw  (2)  as 
a critical  test  to  judge  the  validity  of  numerical 
methods  for  prediction  of  turbulent  flows.  For  in- 
compressible flow  the  most  promising  methods,  which 
have  already  achieved  some  noticeable  success,  are 
based  on  solutions  of  the  Reynolds  stresses  transport 
equations.  In  principle  these  methods  can  be  exten- 
ded to  compressible  flows  but,  due  to  the  lack  of 
exper  ir.ental  res'ults , the  modelizatior.  of  some  terms 
is  very  empiric.  Several  methods  using  the  transport 
equations  for  second  order  correlations  are  currently 
being  eioiored  (See  reviews  by  Bradshaw  (3),  Hellor 
and  Herring  (w),  Reynolds  (5}).  In  an  attempt  to 
test  the  applicability  of  this  class  of  methods  to 
the  study  of  the  supersonic  wake  of  a thin  flat  plate 
we  choose  to  apply  the  models  preposed  by  Donaldson 
et  alii  (6).  This  method  makes  a s^'Stenatie  use  of 
a macro-scale  of  turbulence  which  depends  only  on  the 
flow  geometry  instead  of  using  a length-soale  or 
dissipation  transport  equation.  In  a first  step  the 
choice  of  the  macro-scale  and  the  adjustment  of  seme 
coefficients  of  the  model  was  made  by  comparison 
between  the  numerical  predictions  and  the  experimen- 
tal results  of  Chevray  and  Kovasznay  (7)  for  the 
incompressible  wake  of  a thin  flat  plate.  In  a se- 
cond step,  the  program  predictions  were  compared  with 
experimental  results  for  a supersonic  wake  at  X«  s 2 
and  very  high  Reynolds  number.  A detailed  comparison 
of  all  terms  appearing  in  the  equations  was  made  on 
the  basis  of  the  numerical  results,  and  allowed  to 
draw  conclusions  about  the  iaoortance  of  some  produc- 
tion terms  which  are  generally  neglected  in  thin 
shear  flows  computation. 

II  - MEASUREMENTS  IN  THE  S’JPERSOKIC  WAKX  CF  A FLAT 

RUTE 

1.  Flow  realization 

The  experiments  were  performed  in  a supersonic 
blowdown  wind  tunnel  at  Mach  2 . The  test  section 
dimensions  were  IS'IS  cm  and  the  maximum  running  time 
was  about  one  minute.  The  wake  was  generated  by  a 
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flat  plate  fitted  at  zero  yaw  along  the  nozzle  axis, 
the  leading  edge  being  in  the  subsonic  region  ups- 
tream of  the  throat  in  order  to  ninimize  the  pertur- 
bations. the  plate  was  C.3  cm  thick,  15  cn  wide, 
with  a length  L of  90  cn  in  t.he  supersonic  region. 
The  trailing  edge  was  bevelled  to  a 3 deg.  double 
wedge  angle. 

The  adjustable  walls  of  the  test  section  ena- 
bles to  obtain  in  the  wake  a nearly  constant  static 
pressure  (ip  about  1%).  The  wake  whose  initial 
thickness  was  about  2 cn  can  be  observed  as  far  as 
100  cn  downstream  of  the  trailing  edge.  Two  dinen- 
sionality  of  the  flow  was  checked  by  making  measure- 
ments off  the  center  span  position  and  was  found 
satisfactory.  The  Reynolds  number  R (based  on  the 
length  L in  the  supersonic  region  and  freestream 
conditions)  is  6.5  10^  and  this  high  value  enables 
to  have  a fully  turbulent  boundary  layer  far  ups- 
tream from  the  trailing  edge  and  indeed  a fully  tur- 
bulent wake,  since  its  beginning.  During  the  run 
the  stagnation  pressure  was  held  constant  with  typi- 
cal fluctuations  less  than  1%  but  the  total  tem.pera- 
ture  decreases  at  a rate  of  about .7  K/s.  This  va- 
riation of  temperature  gives  a change  of  the  Rey- 
nolds number  of  *3%  during  the  measurements. 


The  sensitivity  coefficients  were  obtained  by  direct 
calibration  in  a supersonic  free  jet.  Its  snail 
dimensions  (10  mm  diamj  allow  continuous  operations 
with  the  same  dynamical  and  thermal  conditions  en- 
countered in  the  wake.  The  sensitivity  coefficients 
were  determined  by  vart.-ing  tne  stagnation  pressure 
and  temperature  and  using  a least  square  met.hod  on 
about  300  values  of  p,  T-  and  o at  a fixed  Mach  num- 
ber. The  experimental  conditions  are  in  the  range 
1.2  s M s 2 where  the  Mach  number  influence  can  oe 
neglected.  This  calibration  operation  was  repeated 
for  each  wire  overheat  ratio. 

The  profiles  of  E''-  were  determined  for  7 to 
10  different  overheat  ratios  between  1.1  and  2.  The 
values  of  (ou)'-/(ou)2,  (cu)'T{/eu  and  T^-/T,* 
where  then  computed  by  a regression  analysis  from 
the  equat ion  : 
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With  the  assumption  of  small  pressure  fluctuations 
p'/£  with  respect  to  density  o'/:  or  temperature 
T'/T  fluctuations,  one  can  obtain  in  a classical 
way  the  values  of  u' ‘/u^  , T'u'/Tu  and  T'‘/t2  . 


2 . Experimental  tec.hnioues 

For  each  run  the  data  were  collected  along  the 
coordinate  y normal  to  the  wake.  The  displacement 
of  the  probe  in  the  y direction  and  the  data  acqui- 
sition were  monitored  by  an  IBM  1800  computer.  Tra- 
verses are  made  for  several  distances  x measured 
from  the  trailing  edge  along  the  flow  direction.  The 
mean  flow  was  studied  with  pitot  tube,  static  pres- 
sure and  total  temperature  probes.  A special  dual 
support  was  used  for  simultaneous  measurements  of 
hot  wire  signal  and  total  pressure  and,  in  this  case, 
the  distance  between  the  two  probes  in  the  z direc- 
tion was  5 inn. 

The  turbulence  properties  were  investigated 
with  a single  5 urn  diam  Pt-Rd  hot  wire  operating  at 
constant  temperature.  The  choice  of  the  OTA  techni- 
que instead  of  the  constant  current  anemometer  was 
made  on  account  of  the  short  running  time  of  the 
wind  tunnel  and  the  large  total  temperature  varia- 
tion. The  CCA  technique  needs  a compensation  of  the 
frequency  response  according  to  the  time  constant  of 
the  wire,  and,  in  our  situation,  the  necessary  elec- 
tronic adjustments  during  the  run  leads  to  numerous 
difficulties.  It  is  well  known  that  the  CTA  gives 
good  frequency  response  provided  that  the  gain  be 
sufficiently  high  and  the  overheat  ratio  not  too  low. 
In  the  present  ease  the  lowest  overheat  ratio  was 
1.1  and  the  AC  gain  was  sat  at  SCO  on  a EISA  55  HOI 
anemometer.  Both  calculations,  based  on  the  papers 
of  Perry  and  Morrison  (8)  and  Wood  (9),  and  measure- 
ments of  the  effective  time  constant,  using  the 
square  wave  technique,  are  in  agreement  and  give  in 
the  worst  case  a value  of  “.5  10*°s.  Anemometer  out- 
put spectrums  show  low  energy  levels  at  frequencies 
above  200  KHz  in  agreement  with  the  results  of 
Demetriades  (10),  Kistler  {11}  and  Rose  {12}  in  simi- 
lar situations.  A spectrum  was  taxen  for  each  wire 
in  order  to  detect  any  strain  gage  effect  which 
appears  on  the  spectrum  as  peaks  above  100  KHz.  The 
wire  was  rejected  if  not  satisfactory. 

In  a classical  way  the  basic  aquation  cf  volta- 
ge fluctuations  for  a ncrmal  wire  in  supersonic  flew 
can  be  written 


3.  Results 

Some  low  frequency  perturbations  at  about  3 Hz 
were  found  in  the  wake  at  all  downstream  stations. 

A study  with  two  total  pressure  probes  located  sym- 
metrically to  the  axis  shows  a strong  negative  corre- 
lation i.e.the  wake  moves  as  a whole  in  the  y direc- 
tion. This  low  frequency  fl^ping  of  the  wake  inte- 
racting with  the  transverse  displacement  of  the  probe 
gives  rise  to  quasi-periodic  fluctuations  in  the  out- 
put signal.  For  the  total  pressure  these  perturba- 
tibns  were  removed  by  taking  the  measurements  over 
512  or  1C24  points  equally  spaced  in  the  y direction 
and  by  using  later  a digital  filtering  technique. 
Symmetry  of  the  wake  was  found  very  good  either  for 
the  filtered  values  or  for  mean  values  taken  over  a 
long  time.  In  all  cases  the  measurements  were  taken 
on  both  sides  of  the  wake. 

The  measured  total  temperature  in  the  wake  was 
found  nearly  constant.  Cn  the  center  line  near  the 
trailing  edge  the  total  temperature  was  only  5 deg.  K 
below  the  level  in  the  external  flow  and  the  diffe- 
rence decreases  downstream.  This  results  from  the 
fact  that  the  wall  temperature  of  the  thin  flat  plate 
follows  the  evolution  of  the  total  temperature  in  the 
external  flow,  being  only  sligthly  higher  than  the 
recovery  temperature  (i.e.  the  plate  is  coded  by  the 
flow) . 

The  velocity  profiles  given  in  Fig.l  were  issued 
from  the  Mach  number  profiles  with  the  hypothesis  of 
constant  total  temperature.  The  momentum  thickness 
9 was  computed  for  each  x station  as  a test  of  the 
absence  of  any  pressure  gradient.  Differences  as 
high  as  '%  are  observed  but  without  any  significant 
tendency  and  they  are  supposed  due  to  insufficient 
accuracy  in  the  velocity  measurements.  The  mean 
value  cf  9 is  1.28  inr.  which  gives  Ro  * 1.04  10-.  All 
data  are  presented  in  dimensionless  form  using  9 and 
the  undisturbed  flow  velocity  'u..  as  reference  quanti- 
ties. The  temoeratures  are  referenced  to  T = u'/C. . 

— , — * * 

Turbulence  measurements  for  u'-,  T'u'  and 
T'l  are  given  on  figj-es  2 to  4.  The  measured  values 
of  the  total  tenperature  fluctuations  were  found  vern- 
small  so  that  there  is  a strong  correlation  between 
u'  and  T' 
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T’/f  » (y-1)  m2  u'/u 


,c 


-5 
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Mean  velocity  distribution  in  the  wake 
(experimental  data) 

"or  notations  see  fiz.  2 


Fig.  3 Intensity  of  velocity  temperature  correlation 
in  the  wake 

(for  notations  see  Fig.  2) 


10*  T’‘/T^ 


Fig.  w Intensity  of  temperature  fluctuations  in  the 
wake 

(for  notations  see  Fig.  2) 


Intensity  of  streaawise  component  of 
velocity  fluctuations  in  the  wake 
_ experimental  data 
— model  predictions 
x/9  o ue. 

= 92. 

: 13*. 

= 266. 


This  situation,  named  by  Korkovin  the  "strong 
Reynolds  analogs/",  is  explained  by  the  nearly  aiiaba 
tic  flow  over  the  flat  plate  which  gives  a nearly 
constant  total  temperature  in  the  wake.  As  x incre- 
ases the  maximum  moves  away  from  the  center-line.  A 
rather  unexpected  result  is  the  increase  of  the  maxi 
mum  which  occurs  between  x,'9  - -S  and  s,'9  m 13u. 
Clearly  this  does  not  agree  with  the  dynamic  equili- 
brium h^'pothesis  tested  by  Demetriades  {15}  which 


(cu' ')aax  » ; (u  -u,)"  • 

SD  00  0 

Dr.6  Tr.ust  no*ice  *haT  these  results  were  obtained 
using  a RMS  voltmeter  with  a constant  time  of  C.l  s. 
In  spite  of  this  short  integration  time  one  may  sus- 
-'ect  the  inclusion  of  some  low  frequency  extraneous 
comoonent  in  the  rms  values.  This  may  explain  .he 
growth  of  the  maximum  of  turbulent  velocity  and  the- 
se firsts  measurements  need  confirmation. 

HI  - TIST  OF  SECOND  ORDER  CIOSURE  MODEL 


1.  Turbulence  model 

A version  of  the  Donaldson's  invariant  modeling 
technique  applied  to  compressible  flows  by  Varma, 
Beddini,  Sullivan  and  Sonaldson  {6)  is  used.  The 
basic  *c;.ations  expressing  ccnservation  of  massi  mo- 
ment'im  and  energy’  for  the  mean  flow  together  with^ 
the  transoort  ecuations  for  second  order  correlations 
u'iu'i  and  T'u'i  are  derived.  They  involved  second, 
third^and  fcurth-order  unxr.own  correlations  which 
are  expressed  in  terms  of  second  order  ones  and  mean 
flow  pronerties  following  Donaldson's  proposals. 

Keeping  in  view  the  moderate  value  of  the  Mach 
number,  the  divergence  cf  velocity  fluctuations  is 
neglected  (Su'i/Bxf  * 0)  and  the  pressure  fluctua- 
tions are  also  neglected  It  comparison  to  that  of 
density  and  temperature  (oT'  ♦ o'T  = 0).  Fourth  and 
third  order  correlations  involving  u'  or  k'  are  ne- 
glected. Viscosity  and  conductivity  fluctuations 
are  related  to  temperature  fluctuations  by 


with  constant  Prandtl  number  P » .72. 

Diffusion  by  third  order  correlations  is  appro 
xi-mated  with  introduction  of  a macro-scale  A by  ; 

T'u’uj  » -CiAq((u;T'  ),j  + (upF),^]  (Ci  = .1) 

T'T'u’  = -C2.\q(r^),H  (Cj  * -D 

(C3  * .1) 


uluj-u.;  = -C3Aq((u;up,^  7 (ulu^),^ 


Following  most  other  workers  the  pressure- 
induced  diffusion  is  neglected  : 

= 0 = 0 

Dcnaldson's  models  are  adopted  : 

3" 


Uju;  > 5 (uiuiJ.V; 

^ J * * ■* 

T'uJ  j » r in 


:'u'  i 
• t 

The  pressure-strain  correlations  are  approxi- 
mated with  Rotta's  proposal  taking  also  in  account 
the  effect  of  the  mean  rate  of  strain  in  the  sim- 
clest  wav  (see  for  example  ref.  {1)  and  {k)) 
iu;  iu.'  - 2 

5'(t— 7 r— ) * - 1 ' 

«X'k  3Xi  3 . 

iu..  iu, 

7 cq-  (u  " ♦ . ' ) 

9 7 3x.  IX, 


The  modelisation  of  dissipaticn  terns  is  made 
with  introduction  of  a microscale  a considering  ei- 
ther anisotropic  dissipation 

9u;  3ui  iu!  |u;ui/A2  if  i = j 

iXy  ilty  A-  ix,  I C If  1 ^ j 

and  similar  expressions  for  and  T'u' 


The  micro-scale  is  taker,  as  1*  = A^/(a7fcqA/v;  with 
a = 2.5  and  b = -125. 

Using  the  assumptions  of  steady  two-dimensional 
mean  flow  and  boundary  layer  approximation  one 
obtained  finally  a system  cf  10  ecuations  rcr  u, 

V f F-,'w'“,  u'v',  T'",  T'u',  T'V.  Some  dif- 

ferences with  paper  {6}  are  quoted  be..ow  : 

- in  the  equation  for  f the  terms  u 3‘v'-/5y-  and 
yOu/3T)(Cp/P)  3?^/?v-  are  neglected. 

- in  the  equation  for  the  term 
-3/3v(cC2Aq  sF^/ay)  * 3/3y (ov 'T ' )T' - becomes 

-c  373y(C2Aq  3f’^/3y)  on  account  cf,a  direct  use 
of  u'?  s 0 in  evaluation  of  FhT'-),,  0 

- one  keep  some  production  terms  which  are  0*  same 
order  as  convective  terms  and  dit  not  introduce  any 
computational  difficulty  namely  : 


. for  V- 
. f or  u ' v ' 
. for  T ' * 


. for  T'V' 


2 c 3u/3x  u'- 
2 0 3v/3y  v'' 

0 (3u/3x  7 3v/3y)  u'v' 

2 0 3f/3x  T'u” 

0 3f/3x  u' - 7 0 3u/5x  T'u' 

0 3f/3x  u”v'  7 0 3v/3y  T'V 


2.  Numerical  solution 

It  is  well  known  that  for  boundary  layer  equa- 
tions the  discontinuity  in  boundary  conditions  leads 
to  a strong  singularity  at  the  trailing  edge  that  is 
described  by  Goldstein's  near  wake  solution  for  la.t.i- 
nar  flow.  Recent  studies  or  Messiter  {13)  and  Melnik 
and  Chow  {I**}  show  that  interaction  effects  with  the 
external  flow  must  be  taken  in  account  at  the  trai- 
ling edge.  This  problem  is  not  considered  here  and 
all  computations  are  begun  at  a prescribed  x station 
downstream  of  the  trailing  edge  by  using  experimen- 
tal data  as  initial  conditions. 

The  equations  are  integrated  by  a second  order 
implicit  finite  difference  method.  The  domain  is 
covered  by  a grid  with  equal  spacing  in  the  x direc- 
tion and  unequal  in  the  y direction  giving  a ^smaller 
mesh  sice  near  the  center-line.  Discretization  of 
X derivatives  is  made  with  second  order  three  points 
upwind  differences.  Non  linearity  and  coupling  of 
the  ecuations  is  handled  by  a Gauss-Seidel  iterative 
scheme  at  every  x step,  keeping  only  one  variable  as 
unknown  in  each  equation.  _T^‘c®  leads  to_the  s^ces-- 
ve  solution  (in  the  order  u,  v,  T,  u'*,  v'-,  w -, 

r^,  T'u',  T'v')  of  nine  sets  of  linear  equa- 
tions with  tridiagcnsi  matrices  instead  of  using  a 
unique  tridiagor.al  matrix  with  9x9  subnatrlces  as 
elements.  The  test  of  convergence  was  a relative 
change  on  u and  T less  than  10‘“  for  all  nodes . The 
use  of  three  x stations  allows  to  begin  t.he  iterati- 
ve process  at  each  step  with  a third  order  prediction 


4.14 


in  saving 

'.m 


which  is  vary  arrici 
hicn . A icai  run 

ter  X step  rcr  200  tc  JtJ  pcir.ts  in  tne  y tirecticn. 

The  program  was  checxac  in  twc  manners.  First, 
tr.a  constancy  cf  t.-.a  mcmantur  thic.<nass  for  a zarc 
pressure  graciant  was  satisfied  better  than  10  ^ for 
•X  X steps.  Secondly  a special  program  uses  the  so- 
lution vectors  after  the  integration,  in  order  to 
give  energy  oudget  for  each  equation.  The  relative 
importance  of  various  terms  can  then  be  "a  poitt- 
examined. 

3.  Application  to  incomorass ible  flew 

In  a first  step,  tna  numerical  program  was  ap- 
plied to  tha  wake  of  a thin  flat  plate  examined  by 
C.nevray  and  Kovasznay  {T}.  Initial  data  were  taken 
at  X e 20  cm  (x/9  * 3*..4).  In  the  absence  of  data 
for  w'2  we  used  tha  measurements  of  Tsen  et  alii 
{16)  for  tha  ratio  w'*/u’*  ( .35  on  tha  canter-line, 
.wO  for  tha  maximum  value  cf  w ' ■ The  best  results 

were  obtained  with  3u' 3xk  iu'^/3)qc  * 0,  if  i ^ j 
and  03  e .1^  : .05.  The  macro-scale  A was  taken 

as  A e .3|Vi-?2| 

Where  is  the  location  such  that 
|u{Y:)rU-!  * .5|u,-Uoi 

(idem  for  'izT-  6 slightly  better  agreement  is  ob- 
tained if  ope  !ise  for  A a function  of  x and  y such 
A = .2!yi-y2i  * .15ly| 

but  this  is  a quite  empirical  choice  and  it  would  be 
mere  rational  to  use  a transport  equation  for  a 
length-scale  rather  than  refine  its  expression. 

Profiles  of  mean  velocity  are  compared  with  mea- 
surements at  X = 50  cm,  150  cm,  2w0  cm  on  fig.  5, 
and  the  agreement  is  generally  good. 


Fig.  5 - Mean  velocity  orefiles  in  the  symaietric 
incompressible  wake 

Experimental  data  (7)  rnsodel  predictions 

x/'a  = 36.  ▼ Sk*  ~ — 

* 258.  e 

= 41U.  0 


Comparison  for  normal  and  shear  stresses  is  made 
on_figure  6 to  8.  The  result  is  seen  to  be  good  for 
u'v'  but  the  ncrmal  stresses  are  not  well  predicted 
near  the  center  line  u'-  being  too  small  and  v'*-  too 
large.  A similar  discrepancy  was  observed  by 
launder,  Reece  and  Rodi  {1}  using  a dissipation 
transport  equation  and  a mere  sophisticated  mcdel 
for  the  pressure-strain  ccrrelaticr.s. 


Fig.  6 - Intensity  of  the  streanwise  component  o 
velocity  fluctuations 
For  notations,  see  fig.  5 


Intensity  of  the  normal  component  o 
velocity  fluctuations 
For  notations,  see  fig.  5 


10“  u’v'/u‘ 


Fig.  9 - Eistribution  of  .Reynolds  stress 
For  notations  see  fig.  5 


'a  poitex-ijon-L' 


:he  various  terms 
the  following 
; RejTiolas  stres- 
mode  by  inte- 


The  following  conventions  are  used  in  these 
'aphs  : in  the  equations  all  the  terms  are  written 
i the  same  side  of  the  equal  sign, 
the  terms  are  related  to  sum  of  the  positives  ones 
the  values  are  plotted  in  an  additive  manner  (i.e. 
the  value  is  proportionnal  to  the  difference  of  the 
abscissae  of  the  limiting  curves) 

One  can  draw  the  following  conclusions  : 
equation  for  u'^  . 

The  redistribution  plus  dissipation  balance  produc- 
tion terms  apart  near  the  axis  where  they  balance 
diffusion  and  convection.  Even  for  the  last  x sta- 
tion (x/6  - ‘•14)  the  X production  2ou'-  3u/3x  is 
not  very  small  and  can  be  larger  than  10%  of  the 
dissipation  term  near  the  axis.  The  effect  of  the 
mean  strain  rate  in  the  model  for  pressure-strain 
correlation  is  very  small, 
equation  for  v'-  . 

The  redistribution  terms  ensure  energy  production 
balancing  dissipation  plus  diffusion.  Near  the 
axis  diffusion  plus  convection  balance  only  dissi- 
pation. The  production  termi  2c  3v/3y  v'l  is  about 
10%  of  the  dissipation  near  the  axis.  The  contri- 
bution of  the  mean  strain  rate  in  the  model  for 
pressure-strain  correlation  is  negligible, 
equation  for  u'v'  . 

The  production  terms  are  essentially  bailanced  by 
pressure-strain  correlation  . The  effect  on  the 
mean  strain  rate  in  the  pressure-strain  correlation 
is  about  15%  of  the  entire  production. 


itrain  3U/3y  cs  redistricutec  on  the  v'-  anc  w'- 
.one,  by  the  pressure-strain  correlations.  The  loop 
■s  closed  by  production  of  the  shear  stress  u'v' 
rough  interaction  between  v'l  and  3u/3y. 

The  relative  importance  of  the  various  terms 
:ar.  be  appreciated  on  the  figures  9,  10  and  11. 


Fig. 11  - Relative  importance 
port  equation  from  numerical 
X/9  = 414  {7}. 

Fcr  legend,  see  fig.  9. 


Another  confrontation  for  the  incompressible 
case  is  presented  on  figures  12,  13,  14  and  15.  The 
experimental  results  used  are  these  obtained  at 
C.E.A.T.  ef  Poitiers  by  Tsen,  Lemonr.ier  and  Oarer 
(17)  ccnceming  the  dissymetric  wake  of  a flat  plate 
with  strong  adverse  pressure  gradient. 


'ig.  12  - Hear,  velocity  profiles  in  asyroietric 
r.conpressiile  wake  with  adverse  pressure  gradient 
Ixperiir.ental  data  from  Tsen  {17}  ; nodel  predictions 


Intensity  of  the  streamwise  component  o 

velocity  fluctuations 

For  Notations,  see  fig.  12 


Some  characteristic  features  of  this  very  intr 
cate  case  are  predicted  by  the  model.  Vanishing  of 
t.te  ass^-mmetry  is  well  represented  and  a rather  goci 
agreement  is  obtained  between  measurements  and  pre- 
dictions for  u and  u'v'.  The  major  discrepancy"  is 
observed  on  the  v'  component  fcr  which  the  computed 
level  is  25^  to  low  near  the  axis. 


These  results  for  incompressible  flows  seer, 
sufficiently  encouraging  tc  attempt  an  application 
to  the  computation  of  a superscnic  wake,  keeping  the 
values  of  , 2,  and  adoptee  in  the  above  calcul- 


p 
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The  aforementioned  xocei  was  applied  to  the 
computation  of  the  supersonic  wake  under  experiment. 
The  initial  data  were  taken  at  station  x/e  = ‘•S. 

(x  = 6.2  cm).  The  values  of  v'-,  w'-,  u'v',  T'v' 
were  not  available  from  the  measurements  and  it  was 
necessart*  to  introduce  some  assumptions  for  these 
quantities.  First  we  adopted  V-  = w ' - s .3  u'- 
and  constructed  the  initial  profile  of  u'v'  using 
u'v'  = £ q au/av  with  a constant  length  scale  I 
such  that  lu'v' = .16  q‘.  On  the  axis,  the  mo- 
mentum equation  reduce  to 


l^(Su'v') 


1 - 3-u 

~ f Ip 


and  the  previous  assunftions  for  u'v'  give  a value 
of  (ou/3x)yeO  smaller  than  the  e)q>erimental  measure- 
ments of  u.  For  comparison  some  runs  were  made  with 
a greater  value  of  1 giving  I’vH^lmax  - .lS_o£  or 
with  a more  isotropic  initial  state  taking  v'-  = 
w'-  = .75  u’ Taking  into  account  the  situation  of 
strong  Reynolds  analogy,  the  initial  data  for  T'v' 
are  given  by  T'v'  = -u  u'v'. 

In  going  from  incompressible  to  compressible 
flow  we  must  assign  the  values  of  the  constants 
which  appears  in  the  models  for  turbulent  quantities 
involving  temperature  fluctuations.  Following 
Donaldson  {6}  we  adopted  Cg  = .9  (model  for 
p'  (3T'/3xk)).  This  constant  appears  only  in  the 
transport  equations  of  T'u'  and  T'v'  and  an  increase 
of  its  value  decreases  the  level  cf  |T'u'|  and 
It'v'1  downstream.  For  the  diffusive  terms  we  took 
Cj  = C2  = .1.  The  influence  of  the  values  of  C] 
and  C2  is  rather  small.  The  most  important  coeffi- 
cients are  Cu  and  Cs  which  appear  respectively  in 
the  models  for  ( 3T' /3xk) ( 3T' /3xk)  and 
( 3T' /5xk) ( 3u' i/3xk) . The  value  of  C4  can  be  related 
to  the  ratio  of  dynamic  dissipation  e to  thermal 
dissipation  ij.  The  ratio  cT' q^  has  been  in- 
troduced by  Launder  (18)  and  a value  of  .5  s-jggested 
by  Dekeyser,  Beguier  and  Launder  {19}.  If  one  makes 
the  assumption  E v q^/i^  together  with  the  model 
Er  = v/P  C4  T'  ■‘Z*  ^ one  get  P/C4  ''■0.5,  and  we  adop- 
ted C4  = 1.9.  As  an  initial  assumption,  C;  was  set 
e 1.2. 

Cotparison  between  numerical  predictions  and 
experiments  is  given  on  figures  2,  3,  4,  16.  A ra- 
ther good  agreement  is  observed  for  the  mean  velo- 


city but  there  is  a systematic  discrepancy  for  u'-', 
T'*',  and  T'u'.  The  x evolution  of  the  computed  va- 
lues does  not  show  the  increase  of  maximum  observed 
in  ejqseriments.  The  predicted  level  pf  T'u'  seems 
clearly  too  low.  The  initial  situation  of  strong 
Reynolds  analogy  is  not  preserved  dowa^tream  and  the 
correlation  coefficient  T'u'  /(/T'  * i^u'*)  which  is 
initially  nearly  -1,  increases  to  -.2  near  the  cen- 
ter line  and  -.us  near  the  maximum  of  u'^  for  x/S  = 
266.  This  express  a production  of  total  temperature 
fluctuations  which  seems  unlikely  and  was  net  obser- 
ved in  experiments.  One  must  notice  that  some  ex- 
ploratory computations  made  with  differents  values 
fer  Cl , C;.  C...  C^.  Cj  show  that  the  results  for  u, 
u'^,  v''',  w'^,  u'v'  are  not  very  sensitive  to  these 
constants  and  the  dynamical  quantities  are  nearly 
independent  of  quantities  involving  temperature 
fluctuations. 


Fig.  16  - Mean  velocity  profiles  in  supersonic  wake 

— — experimental  data 

— — — model  predictiens 

(b):x/6  = 92  ; (c):x/e  = 134  ; (d):x/e  = 266 

IV  - CONCLUSIONS 

In  the  present  state  it  seems  premature  to  draw 
definitive  conclusions  but  one  can  make  few  remarks  : 

- very  efficient  algorithms  can  be  devised  in  order 
to  solve  the  transport  equations  for  compressible 
turbulence  with  boundary  layer  appreximations . From 
a computational  point  of  view,  it  seems  possible  to 
add  the  transport  equations  for  turbv'lence  length 
scale  without  increase  the  con^iutatior.  time. 

- for  incompressible  wake  even  with  strong  pressure 
gradient,  satisfactory  results  are  obtained  for 
mean  velocity  and  shear  stress.  The  normal  stres- 
ses-predictions  are  less  satisfactory  especially 
near  the  center-line 

- some  production  terms  which  are  generally  neglected 
in  normal  stresses  equations  for  thin  shear  flow 
are  not  entirely  negligible 

- for  the  compressible  wake  under  experiments  the 
agreement  with  numerical  predictions  was  good  for 
the  mean  velocity  but  a serious  discrepancy  exists 
with  the  first  hot  wire  measurements 

- the  strong  Reynolds  analogy  situation  which  occurs 
very  often  in  the  moderate  Mach  nicnber  flows  is  not 
preserved  by  the  model . An  improvement  based  on  a 
direct  use  of  the  total  enthalpy  aquation  is  under 
investigation 
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ABSTRACT 

The  paper  deals  with  the  appllceclon  of  Che 
Reynolds  screes  closure  of  12]  Co  chs  calculaClon  of 
Che  exlsysBacrlc  Jec  in  scegnenc  surroundings  vlch  and 
wlchouc  svlrl.  A cechnique  for  handling  cha  nuBcrlcal 
solucloa  of  Che  equaclona  vlch  Che  Pacankar-Spaldlng 
2-diaeoslonal  parabolic  scheas  is  flrsC  prcsenced 
including  a praccice  for  reducing  cha  senalcivicy  of 
cha  solucloa  Co  che  forward  seep. 

Soluclons  CO  Che  round,  non-swirling  Jec  display  a 
race  of  spread  chac  is  50Z  Coo  large  when  conacanc 
coefficlencs,  opciaized  for  plane  flows,  are  used.  The 
origin  of  Che  discrepancy  is  shown  co  be  che  source 
ceraa  in  che  dlssipaclon  race  equacion,  a 12  change  in 
elcher  of  che  source-cera  coefficlencs  alcerlng  chs 
race  of  spread  by  abouc  42.  Ic  is  found  chaC  in  swirl- 
ing flows  cha  usually  negleccad  shear  scress  W exercs 
a scrong  Influence  on  W and  hence  on  che  race  of 
spread.  With  che  presenc  aodal  of  how  mean  scrain 
effaces  cha  preasure-scraln  correlaCion,  however,  che 
pradicced  TKF  has  che  wrong  sign  and  Chus  che  numeri- 
cal soluclons  display  a reduced  race  of  spread  in 
concrasc  co  che  scrong  augBencatlon  found  in  praccice. 

NOMENCLATURE 

c^,  C2  coefficiencs  in  preasure-scrain  model 

c , c^  diffusion  coefficiencs  in  screas  and 
dlssipaclon  equaclona 

c ^,c^  souree-cem  coefficlencs  in  dlssipaclon 
equacion 

D^j  censor  defined  following  equacion  (S) 

P. , nac  diffusion  race  of  scress  componanc 

u"ir" 

1 j 

k curbulence  klneclc  energy 

p scacic  pressure 

P producclon  race  of  curbulence  energy 

P^j  producclon  race  of  access  componanc  u^Uj 

r radial  coordlnace 

U,  V,  W mean  veloelcies  in  axial,  radial  and  clr- 
cumferencial  dlreccions 


u,  V,  w fluccuaclng  valocicles  in  axial,  radial 
and  circumferenclal  dlreccions 

U^,Uj  mean  and  fluccuaclng  valocicles  (censor 
* nocacion]  in  direcclon  x^ 

u^Uj  klnaaiaclc  Reynolds  access 

X axial  coordlnace 

x^  Carcesian  dlacance  coordlnace 

a,  6,  Y coefficlencs  in  $ model  linearly  relaced 

CO  Cj 

Kroneckar  delca 

e klnamaclc  dlssipaclon  race  of  curbulence 

energy 

dlssipaclon  race  of  scress  componanc  u^u^ 

4.,  presaurc-s Crain  correlaCion  of  scress 
J componanc  u^Uj 

p fluid  danslcy 

u normalized  scream  funcclon 

INTRODUCTION 

The  lose  few  years  have  seen  excenslve  progress 
In  che  developmenc  and  appllcaclon  of  second-order 
curbulence  closures.  In  chase  schemes  che  non-zero 
Baynolds-scrass  componencs  are  chaaisalvsB  che  subjcccs 
of  a sec  approxlmaced  cronsporc  aquaclons  which  are 
solved  almulcaneously  wlch  chose  for  che  naan  flow. 
Models  of  Chls  cype  have  allowed  che  successful  pre- 
dlcclon  of  numerous  Curbulence  phenomena  chac  are  be- 
yond che  scope  of  simpler  schemes  based  on  Sc.  Venanc's 
effecclve  viscosity  concept.  As  examples  we  may  cite 
successful  predictions  of:  the  non-colncldance  of  the 
surfaces  of  zero  shear  scress  and  zero  mean  strain 
IlJi  the  great  sanslclvlcy  of  near-wall  flows  to  sur- 
face curvature  12,3];  the  occurrence  of  turbulence- 
driven  secondary  flows  in  ducts  [4,5];  and  the  affects 
of  gravitational  forces  on  scraelfled  flows  [6-8] . 

Schemes  of  this  kind  appear  co  offer  che  base 
prospect,  over  the  next  decade,  for  practical  com- 
pucaclons  of  complex  shear  flows.  Ic  needs  Co  be 
amphaalzed  however  chat  a good  deal  more  testing  is 
needed  in  various  types  of  strain  field  before  the 
reliability  of  che  available  models  may  be  choroughl" 
assessed. 


HSeSDiNO  PAOX  BLaMC-NOT  fUMD 


Axisymnetric  shear  flows  provide  an  important 
subclass  of  flows  that  have  so  far  received  only 
slight  attention  in  the  context  nf  second-order  clo- 
sures. They  also  provide  two  well-documented  flow 
phenomena  that  effective-viscosity  models  notably  fall 
to  predict.  Measurements  of  the  axlsyimaecrlc  jet  in 
stagnant  surroundings  show  its  race  of  spread  to  be 
20-252  leas  chan  chat  of  the  plane  2-dlmenslonal  jet. 
Two-equation  viscosity  models  (with  empirical  coef- 
ficients tuned  CO  predict  the  latter  flow  accurately) 
predict  virtually  the  same  spreading  rate  for  the  two 
flows  [9,10],  however.  If  swirl  is  Imparted  to  Che 
round  Jet,  experiments  show  a monotonic  and  pronounced 
Increase  in  the  race  of  spread  as  Che  level  of  swirl 
is  raised.  The  same  two-equation  viscosity  models, 
however,  predict  hardly  any  effect  unless  one  (or  more) 
of  Che  coefficients  in  Che  model  is  specifically  tuned 
as  a function  of  the  swirling  flow  Richardson  number 
to  bring  accord  with  measurement. 

Our  initial  aim  in  undertaking  the  research  re- 
ported hare  was  to  discover  whether,  by  adopting  a 
more  soundly  based  closure  of  second-order  type,  these 
anomalies  in  predicting  axisyssBetrlc  flows  could  be 
removed.  The  basic  model  adopted  for  study  was  chat 
applied  by  Launder,  Recce  and  Rodl  [2]  (hereafter 
LRR)  - generally  with  good  accuracy  - to  a range  of 
plane  thin  shear  flows.  The  research  has  gone  through 
a number  of  phases  and  chough  the  conclusions  to 
emerge  at  each  stage  have  tended  to  be  rather  negative 
we  feel  they  are  not  less  useful  for  that.  The  first 
task,  chat  of  obtaining  numerically  accurate  solutions 
Co  the  chlo-shear-flow  (parabolic)  form  of  Che  gover- 
ning equations,  itself  proved  to  be  a far  from  trivial 
cask  exacerbated  by  Che  use  of  the  normalized  stream 
function  as  cross-stream  independent  variable  [11]. 

When  nuawrlcally  satisfactory  solutions  were  obtained 
it  became  clear  chat  the  predictions  were  in  fact 
worse  than  with  a 2-cquatlon  viscosity  model,  the  race 
of  spread  being  fully  SOZ  greater  than  measured. 

Bradshaw  [12]  had  suggested  Chat  small  extra 
strain  races  (generally  neglected  in  chin-shear-flow 
computations)  were  responsible  for  Che  difficulty  of 
predicting  the  round  Jet  and  Che  effects  of  stream- 
wise  curvature.  LRR  had  confirmed  chat  their  model 
was  indeed  sensitive  to  secondary  strains  associated 
with  screaawise  curvature.  It  was  thus  decided  to 
include  all  the  small  (but  non-zero)  terms  in  the 
momentum,  stress  and  dissipation  rate  equations  chat 
had  hitherto  been  omitted.  While  considerably  adding 
to  Che  complexity  of  the  calculation,  Che  overall  ef- 
fect of  Chase  terms  on  Che  spreading  race  was  negli- 
gible - at  least  for  the  round  jet  without  swirl. 
Attention  therefore  shifted  to  identifying  Che  process 
(or  processes)  in  the  LRR  closure  Chat  were  inade- 
quately approximated  and  to  devising  a generally  sat- 
isfactory reswdy.  It  emerges  from  our  study  that  the 
two  poorly  predicted  flow  phenomena  discussed  above 
appear  to  be  due  to  quite  separate  shortcomings  in  Che 
model.  The  Incorrect  spread  in  Che  nonswirling  round 
jet  arises  mainly  from  the  dissipation  rate  equation 
while  Che  failure  to  display  the  correct  effects  of 
swirl  is  largely  due  to  shortcomings  in  the  model  for 
Che  pressure-strain  correlation  in  the  Reynolds  stress 
equations. 

Section  2 of  the  paper  presents  Che  equations  in 
tensor  and  axlsyrmsccrlc  form  and  describes  the  method 
adopted  for  solving  the  equations  in  the  latter  system. 
The  predictions  themselves  - and  their  shortcomings  - 
are  discussed  in  Section  3 while  the  concluding  sec- 
tion draws  together  the  main  findings  to  emerge  and 
with  it  Che  writers'  thoughts  on  directions  for  fur- 
ther development  of  second-order  closures.  4 


THE  MODEL  EQUATIONS  AND  THEIR  SOLUTION 

The  LRR  Reynolds  Stress  Closure 

In  the  f ree-shear-flow  version  of  the  closure 
proposed  in  [2]  Che  kinematic  Reynolds  stresses  are 
obtained  from  Che  following  set  of  transport  equations: 
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where  the  four  terms  appearing  on  the  right  side 
of  equation  (1)  denote  respectively:  stress  creation 
due  CO  mean  shear;  redistributive  or  randomizing  action 
of  Che  pressure-strain  correlation;  direct  dissipation 
by  viscous  action;  and  diffusive  transport.  In 
mathematical  form  the  pressure-strain  correlation  is 
approximated  as 
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and  the  coefficients  a,  S and  y are  uniquely  related  to 
a quantity  C2  by : 


o 5 CS+Cjj/ll;  6 i (80^-2) 11;  y P (300^-2) /55 

In  [2] , two  models  were  adopted  for  Che  net  diffusive 
transport  of  stress,  (^ij . The  version  proposed  in  [1]  : 
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and  Che  simpler  version  proposed  by  Daly  and  Harlow 
[13] 
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Although  equation  (3)  appeared  superior  on  physical 
grounds , LRR  found  in  practice  that  equation  (.4)  pro- 
duced equally  as  saclsfaccoty  results  for  the  flows 
considered.  Thus  because  the  transformation  of 
equation  (31  to  axlsymmecrlc  coordinates  produces  a 
great  many  terms  the  present  work  has  mainly  adopted 
the  simpler  form  given  by  equation  (4) . 

Closure  in  the  LRR  model  is  completed  through 
the  following  equation  for  c,  the  turbulence  energy 
dissipation  rate: 
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7<bla  1:  Strc««  Tranaport  Equations  for  Axisymnietrlc  Thin 
Shear  Flows  with  Swirl 
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The  modal  contains  six  coefficients  that  arc  assigned 
constant  values  as  follovs: 


Cl 

C2 

c‘ 

s 

(c;) 

C 

e.  1 

c 

8-2 

1.5 

0.4 

0.22 

0.11 

1.45 

1,90 

It  should  be  noted  that  P,  the  turbulence  energy  pro- 
duction rate  appearing  in  Equations  (6)  and  (7),  will 
differ  slightly  according  to  whether  or  not  the 
secondary  generation  terms  are  included.  In  all 
cases  P is  half  the  sum  of  the  generation  rates  in 
the  u‘ , v*  and  w*  equations. 


Xransforaatlon  of  Equations  (1)  , (a)  and  (4)  to 
the  case  of  axlsyeiaecrlc  thin  shear  flows  enables 
the  stress-transport  equations  to  be  written  in  the 
form  shown  in  Table  1^.  The  terms  contained  in  the 
broken-line  boxes  are  the  nominally  second-order 
generation  and  pseudo-gancratioo  terms i the  latter 
arising  from  the  modeling  of  the  mean-strain  part 
of  the  pressure-strain  correlation.  These  tenu 
exert  most  effect  on  the  turbulence  structure  near 
the  axis  since  they  rasMln  finite  there  while  the 
primary  generation  terms  vanish.  The  equations  also 
contain  convection  terms  of  a type  not  present  in 
Cartesian  coordinates.  These  need  to  be  retained 
as  they  are  similar  in  form  to  the  primary  production 
terms.  Indeed  in  the  liv  equation  when  swirl  is 
present  the  "additional”  convection  term  u^'/r  is 
usually  the  largest  term  appearing. 

The  diffusion  processes  in  all  the  stress  equa- 
tions except  chat  for  u^  contain  two  types  of  terms: 
one  of  gradient  type  and  the  ocher  of  source-term 
form.  Since  Che  turbulent  shear  stresses  OV  and 
Tier  vary  linearly  with  radius  near  Che  axis  both  the 
gradient  and  Che  source  contributions  to  the  dif- 
fusion tend  to  Infinity  as  the  axis  is  approached. 
They  are  of  opposite  sign,  however,  and  their  dif- 
ference in  fact  goes  to  zero. 


The  dissipation  race  transport  equation  for  an 
axisymmstrlc  chin  shear  flow  takes  Che  form: 


uli  T v|£  - c fp  - C.  1^] 
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Finally,  the  moiaencum  and  continuity  equations  for 
this  class  of  flows  may  be  written: 


Solutions  of  the  Equations 

The  well-known  finite-difference  procedure  of 
Pacankar  and  Spalding  [11]  formed  Che  basis  of  the 
numerical  solution  scheme.  The  application  of  this 
method  to  the  treatment  of  axlsymmecrlc  flows  with 
a second-order  closure  is  not  straightforward , how- 
ever. The  difficulties  had  been  recognized  (but  not 
overcome}  by  Rodi  [10]  and  occupied  many  months  in 
the  present  study  before  a fully  satisfactory  treat- 
ment was  devised. 

The  problems  arose  chiefly  from  the  fact  Che 
method  of  [11]  adopts  a dimensionless  stream  function 
u as  cross-stream  variable.  Variables  such  as  uv  and 
uIF  vary  linearly  with  r near  the  axis  and  hence  as 
u‘‘,  which  conflicts  with  Che  implied  linear  inter- 
nodal  variation  built  into  the  numerical  procedure. 
Further  problems  were  associated  with  achieving 
equality  of  v^  and  w^  at  Che  axis  and  the  Inclualon 
of  the  secondary  generation  terms.  Morse  [14]  pro- 
vides a detailed  discussion  of  the  numerical  treat- 
ment. The  following  sussaary  should,  however,  suffice 
CO  allow  anyone  familiar  with  the  basic  numerical 
scheme  to  introduce  the  appropriate  modifications, 

1.  Dependent  variables  whose  value  goes  to  zero 
at  the  axis  are  multiplied  by  a power  of 
radius  so  that  they  approach  constant 
values  as  r-0.  Thus  quantities  such  as  uv 
which  vary  linearly  with  radius  are  replaced 
by  uv/r  while  W which  varies  as  r^  is 
replaced  by  W/r‘.  Due  Co  Che  non-standard 
form  of  these  equations,  the  diffusion  co- 
cfflclancs  appearing  in  Che  finite  differ- 
ence approximations  involve  ratios  of  the 
radii  of  the  grid  nodes  and  the  adjacent 
control-volume  faces. 
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In  fact  the  value  of  c was  published  as  0.25  in 
error  rather  than  0.217  The  value  0.22  was  arrived 
at  by  Morse  [14]  from  an  independent  opclmlzacloo. 

Morse  [14]  gives  the  more  general  sat  appropriate  to 
non-axlsy«etric  elliptic  flows  in  cyUndrlcal  polar 
coordinates. 


2.  The  only  satisfactory  method  found  to  en- 
sure the  exact  equality  of  v^  and  w^  on  the 
axis  was  to  solve  an  equation  for  (w'-v')  ; 
the  equation  was  transformed  as  indicated 
above  so  that  (u‘-v‘)/r^  was  Che  operand 
of  Che  diffusion  term.  The  individual  nor- 
mal stresses  were  obtained  by  solving  equ- 
ations for  u^  and  for  the  turbulence  kinetic 
energy,  k;  these  were  of  standard  form  and 
presented  no  difficulties. 

5.  The  secondary  source  terms  required  the 

finite-difference  approximation  of  the  axial 
mean  velocity  gradient.  This  was  obtained 
by  assuming  Che  profile  to  be  of  the  same 
non-dimensional  shape  at  the  upstream  and 
downstream  ends  of  a forward  step.  In  this 
way  3U/3x  could  be  expressed  in  terms  of 
the  radial  vcrlatlon  of  U,  the  spreading 
rate  cf  the  shear  flow  and  the  velocity 
changes  at  the  flow  boundaries.  The  pro- 
file of  radial  velocity  (which  ordinarily 
never  appears  in  the  Patankar-Spalding  pro- 
cedure) may  chan  bn  obtained  from  the  con- 
tinuity equation.  The  assumption  of  profile 
similarity  in  computing  3U/3x  does  not,  it 
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Figure  1:  Exploration  of  grid  dependence  and  technique 

for  handling  shear  stress  in  momentum  equation 
equation- 


including  secondary  'production  terms 
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Figure  A:  Normal  stress  profiles  in  round  jet. 

usual  thin  shear  flow  form; 

- - • including  secondary  production  terms- 


Figure  5:  Decay  of  canter-line  velocity  in  swirling  Jet 
in  stagnant  surroundings-  I;  usual  thin 
shear  flow  form;  II:  including  secondary 
production,  effect  of  uw  excluded;  III:  in- 
cluding <3W:  IV:  including  secondary  effects 
in  momentum  equations- 
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Figure  2:  Dependence  of  spreading  race  on  source-term 
treatment  In  dissipation  equations - 
- - - seisl-impllclt  (linearized)  sources; 
upstream  sources; "arith- 
metic isean"  creecment  - 


Figure  0:  Nomsl  stress  profiles  in  swirling  Jet  in 

stagnant  surroundings;  x/D  • 12-  For  legend 
sec  Figure  5- 
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Is  cophaslzsd,  rtscrlct  ths  appllcsClon  of 
chis  approach  Co  salf-prescrvlng  flows.  Where 
changes  In  profile  shape  with  x are  rapid, 
however,  appropriately  small  forward  seeps 
should  be  taken. 

4.  In  Che  momentum  equations  Che  shear  stresses 
were  entered  In  the  difference  equations  as 
Che  produce  of  a turbulent  "viscosity"  and 
the  mean  velocity  gradient.  This  "viscos- 
ity" had  In  fact  merely  been  obtained  by 
dividing  Che  shear  stress  computed  at  Che 
previous  step  by  the  corresponding  velocity 
gradient.  The  practice  was  found  necessary 
CO  prevent  small  saw-tooth  Irregularities 
In  Che  profile  shape  from  developing  as  Che 
flow  developed  do%mscream’ . The  Pacankar- 
Spalding  "hlgh-lateral-fluz"  modification 
was  removed  from  Che  calculation  procedure 
to  avoid  complications  arising  In  regions 
where  the  shear  stress  and  velocity  gradi- 
ent had  the  same  sign. 


be  regarded  as  a cautious  forward  step  size)  pro- 
duces a rate  of  spread  too  low  by  SI  and  6’il 
respectively  for  the  round  and  plane  jet.  To  obtain 
predicted  spreading  rates  accurate  to  11  required 
forward  steps  of  no  more  chan  21  of  Che  half  width  - 
a fraction  we  regarded  as  prohibitively  small.  Com- 
putations were  therefore  made  In  which  all  the 
source  terms  In  the  dissipation  equation  were  eval- 
uated at  the  upstream  end  of  the  forward  step . The 
results,  shown  In  Figure  2,  were  nearly  as  sensitive 
to  forward  step  as  before,  only  now  the  spreading 
rate  rose  as  the  forward  step  was  Increased.  Ac- 
cordingly, the  practice  finally  adopted  was  the 
"arithmetic  mean"  of  these  two  approaches,  l.e,; 


El 


-I 

k‘u 


1 


k!u^"u*"D 


(11) 


Clearly  with  this  formulation  the  sensitivity  la 
much  reduced,  a 52  forward  step  size  (which  was 
adopted  for  most  subsequent  work)  giving  spreading 
races  differing  by  no  more  than  12  from  the 
asymptotic  value'. 


5.  In  order  to  evaluate  Che  axial  pressure 
gradient  In  Che  case  of  swirling  flows  Che 
equations  for  rW  and  (w^-^)  had  to  be 
solved  before  the  axial  momentum  equation 
(thus  reversing  Che  normal  order  of  solu- 
tion) . 

Accuracy  of  the  Numerical  Solution 

Figures  1 and  2 show  numerical  results  pertain- 
ing CO  Che  fully-developed  region  of  the  axlsymmeCrlc 
and  plane  Jets  In  stagnant  surroundings.  From  Figure  1 
the  Implied  profile  shapes  for  15,  30  and  45  cross- 
stream  nodes  are  scarcely  distinguishable.  The  cal- 
culated spreading  rates  were  however  about  l^A  lower 
with  15  nodes  than  for  30  or  45  nodes;  for  this  rea- 
son 30  nodes  were  selected  for  Che  main  part  of  the 
study.  Also  Included  for  the  round  Jet  Is  a profile 
obtained  when  Che  shear  stress  was  Included  In  Che 
momentum  equation  as  a source  term  (rather  than  via 
a pseudo-viscosity;  the  ragged  profile  near  the  axis 
Is  clearly  apparent.  The  spreading  races  were  again 
about  1^)2  lower  chan  whan  a psaudo-vlscoslty  was 
used  in  Che  momentum  aquation.  The  axial  forward 
step  size  for  these  tests  was  taken  as  52  of  the 
local  Jet  half  width. 

The  effects  of  forward  step  on  Jet  growth  are 
shown  In  Figure  2 and  in  fact  display  a rather  alarm- 
ing sensitivity  to  Che  way  Che  positive  and  negative 
sources  In  the  dissipation  race  equation  are  treated. 
The  standard  procedure  recommended  In  111]  la  that 
positive  source  terms  should  be  evaluated  explicitly 
from  known  values  of  dependent  variables  at  the  pre- 
vious step  while  negative  sources  should  be  linear- 
ized and  craacad  seml-lmpllclcly . Thus  Che  terms 
c Pe/k  - c e^/k  from  equation  (5)  are  represented 
nOrkarlcally'^ia : 

■ 'eak  iu  S 


DISCUSSION  OF  NUMERICAL  PREDICTIONS 
Non-Swlrllne  Flows 

Figure  3 shows  the  calculated  mean  velocity 
distributions  for  the  round  and  plane  jets  compared 
with  the  experiments  of  Rodl  [10]  and  Robins  [17]. 
Agreement  with  the  general  profile  shape  Is  very 
satisfactory;  from  Table  2,  however.  It  Is  seen  chat 
Che  predicted  rates  of  spread  are  not.  For  the  plane 
Jet  the  race  of  spread  Is  approximately  IQJ  higher 
than  the  mean  of  experimental  values  for  this  flow. 
The  slightly  higher  numerical  value  obtained  In  the 
present  study  than  In  the  LRR  work  seems  to  be  due 
Co  Che  larger  forward  steps  taken  In  the  latter.  The 
main  discrepancy  brought  out  in  Table  2,  however, 
relates  to  Che  round  Jet.  The  calculated  rate  of 
spread  Is  significantly  larger  than  for  Che  plane  Jet 
while  Che  measured  rate  of  spread  Is  lower.  As  a 
result  the  predicted  growth  race  for  this  flow  is 
approximately  502  coo  large.'  This  deficiency  Is 
similar  to  - but  significantly  worse  chan  - chose 
reported  when  2-equatlon  viscosity  models  have  been 
applied  to  this  flow  [9,  10]. 


< 

ly,/dx  1 

Flow 

seas. 

prad. 

inc. 

small  terms 

Plane 

0.110 

0.123 

(0.116 -LRR) 

0.123  i 

Round  Jet 

0.087 

0.135 

0.136 

Table  2:  Measured  and  Predicted  Spreading  Races 


where  subscripts  U and  D denote  "upstream"  (known) 
and  "downstream"  values  respectively.  It  Is  seen 
that  when  this  practice  Is  adopted  a forward  step 
of  only  102  of  Che  half  width  (which  would  usually 


Recently  we  have  found  chat  by  staggering  the 
Revnolds-stress  nodes  with  respect  to  Che  velocity 
nodes  (as  practised  by  Andre  et  al.,[l5]  and  Pope 
and  Uhltelaw  [16])  the  need  to  construct  pseudo- 
viscosities  is  avoided. 


" It  appears  from  Figure  2 that  by  choosing  an 
unequal  weighting  between  upstream  and  downstream 
values  of  c the  sensitivity  could  be  reduced  sub- 
stantially further.  This  was  not  done  In  Che  present 
work,  however,  for  there  appears  no  guarantee  that 
Che  same  fractional  weighting  would  be  Che  best  one 
for  all  flows. 
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There  seeoed  LlccXe  hope  chec  <uch  e large  dis- 
crepancy could  be  accribucable  to  secondary  strain 
effects.  Nevertheless  all  the  non-zero  secondary 
terns  in  the  stress  and  dissipation  equations  were 
added  to  the  numerical  solution.  The  results  are 
indicated  by  the  broken  line  in  Figure  3 and  by  the 
right  hand  column  in  Table  2:  such  small  effect  as 
there  is  on  the  rate  of  spread  is  in  fact  in  the 
wrong  direction.  The  nomal-stress  terns  appearing 
in  the  mean  momentum  equations  were  also  included 
and  likewise  caused  negligible  effects  on  the  growth 
rates. 

Next,  a comprehensive  study  was  made  of  the  sen- 
sitivity of  the  predictions  to  each  of  the  turbulence- 
modal  coefficients.  The  results  are  susBarlzed  in 
Table  3.  The  entries  show  the  percentage  change  in 
rate  of  spread  brought  about  by  raising  the  value  of 
the  Indicated  coefficient  by  lOZ  with  the  remainder 
held  at  their  standard  value.  For  this  comparison 
the  plana  mixing  layer  in  stagnant  surroundings  has 
also  been  Included,  Che  entries  in  the  Cable  indi- 
cating Che  percentage  change  in  the  width  character- 
ized by  locations  where  the  mean  velocity  was  90Z 
and  IQZ  of  that  of  the  external  stream.  For  this 
flow  predictions  with  the  standard  constants  are 
in  satisfactory  agreeisanc  with  measurement. 


Flow 

c 

c 

2 

c 

s 

=£ 

Round  jet 

-9.4 

-4.9 

-8.2 

-28.6 

+52.0 

-0.2 

Plane  jet 

-5.8 

-4.2 

-3.3 

-32.6 

+43.8 

-0.3 

Mixing  jet 

-5.5 

-4.8 

-0.2 



-32.1 

+31.5 

-1.7 



Table  3:  Percentage  Response  of  Race  of  Spread 
CO  lOZ  Increase  in  Turbulence  Model 
Coefficient 

Broadly,  the  dissipation  sources  control  the  magni- 
tude of  turbulence  energy  and  thus  the  associated 
coefficients  exert  ccnaldarable  influence  on  Che 
rate  of  spread.  The  pressure-strain  coefficients 
Cl  and  C2  affect  the  destruction  and  generation  of 
shear  stress  but  are  not  as  influential  as  Che 
dissipation-source  coefficients.  The  diffusion 
coefficients  mainly  change  the  shape  of  Che  calcu- 
lated profiles.  The  table  suggests  that  a reopci- 
sdzaclon  of  Che  coefficients  could  not  foreseeably 
enable  all  three  flows  to  be  predicted  correctly  for 
the  effects  of  changing  each  coefficient  are  of 
similar  magnitude  in  Che  different  flows.  The 
coefficient  e produces  an  unexpectedly  large  effect 
in  the  round  jac,  but  signlficenc  variations  in  this 
quantity  produce  large  distortions  to  Che  shear 
stress  and,  hence,  to  Che  velocity  profile. 

The  non-dimensional  profiles  of  the  Reynolds  nor- 
mal stresses  for  Che  round  Jet  arc  shown  in  Figure  4. 
Here  the  effect  of  the  secondary  generation  term  is 
more  pronounced  raising  the  levels  of  stresowise 
fluctuations  on  the  axis  and  reducing  the  ocher  two 
components.  Agracmanc  with  the  experimental  profiles 
is  somewhat  worse  for  the  case  where  the  secondary 
strains  ate  Included,  though  considering  experimental 
uncercalotles  Che  agreement  is  probably  satisfactory. 
The  distributions  of  these  normalized  stress  profiles 
is  scarcely  altered  by  changes  in  the  source-term 
coefficients  in  the  dissipation  aquation.  We  may 
thus  conclude  chat  the  defects  in  the  prediction  of 


Che  round  Jet  stem  principally  from  the  source-term 
model  in  Che  dissipation  equation  rather  chan  from 
the  approximations  used  for  the  ptessure-strain  or 
diffusion  processes , 

Swirling  Flows 

The  first  computations  made  of  swirling  flows 
attempted  a simulation  of  the  swirling  Jet  in  stag- 
nant surroundings  studied  by  Fratte  and  Keffer  [18] . 
Although  these  authors  report  initial  profiles  of  all 
six  Reynolds-stress  components,  their  initial  shear 
stress  measurements  displayed  what  appeared  to  be  a 
number  of  spurious  features.  For  this  reason  the 
initial  profiles  of  u?  and  vw  were  estimated  from 
the  mean  strain  field  by  application  of  the  follow- 
ing turbulent  viscosity  formula: 

- 0.06  pk'^r^  (12) 

The  resultant  profiles  of  uiF  and  vw  were  roughly 
in  accord  with  the  reported  data. 

At  first  only  the  primary-generation  terms  were 
included  and  we  did  not  account  for  Che  effects  of 
the  third  component  of  shear  stress,  uw.  The  resul- 
tant decay  of  axial  velocity  shown  as  curve  I In 
Figure  5 is  in  fairly  close  agreement  with  the 
experiment.  It  must  be  remembered,  however,  that 
in  the  absence  of  swirl  the  predicted  rate  of  spread 
of  Che  jet  was  SOZ  Coo  large.  The  relatively  close 
agreement  shown  in  Figure  5 is  therefore  a manifes- 
tation of  a further  weakness  in  the  model : the 
failure  to  display  the  strong  effect  of  swirl  on  the 
race  of  spread  that  experiments  unislstakably  indi- 
cate. The  "small"  terms,  hitherto  omitted,  were  then 
Included  In  three  stages:  first,  secondary  genera- 
tion terms  in  the  stress  equations  were  added  - but 
excluding  any  term  containing  t!tr  (11) ; next  all  terms 
in  which  uv  appeared  were  also  included  (III) ; 
finally  the  secondary  terms  in  the  mean  laomentum 
equations  were  added  (IV) . The  effects  of  including 
these  terms  are  shown  in  Figures  S and  6 , the  curves 
being  labelled  as  indicated  above.  From  these 
comparisons  it  emerges  that : 

(i)  The  first  group  of  secondary-generation 
terms  produces  only  a very  minor  effect  on 
Che  rate  of  decay  of  the  Jet.  They  do  how- 
ever have  a significant  and  beneficial 
effect  on  Che  prediction  of  the  non-dimen- 
sional normal-stress  profiles  shown  in 
Figure  6. 

(il)  The  introduction  of  the  uw  equation  has  a 
dramatic  effect  on  the  decay  of  the  jet  in 
the  initial  region,  Che  mean  race  of  dc- 
creaae  of  center-line  velocity  being 
reduced  by  40Z!  There  are  also  changes 
produced,  again  generally  beneficial,  in 
Che  norzul  stress  profiles. 

The  main  cause  of  Che  slower  decay  for  III  is  the 
eppearance  in  the  uv  equation  (aq(6d))  of  the  term 
(l-a)uwW/r  on  the  right  side  of  the  equation  and 
(especially),  the  extra  convection  term  -TRJW/r  on 
the  left.  The  calculated  values  of  UV  arc  predomi- 
nantly negative;  thus,  since  uv  la  positive,  the 
extra  terms  act  to  reduce  Che  magnitude  of  this 
shear  stress  and  thus  to  delay  the  rate  of  decay  of 
mean  velocity. 
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Figure  7:  Development  of  uw  profiles  In  swirling  Jet  in 

stegoanc  surroundings:  prediction, 

standard  form  for  ^ij;  prediction  with 

aaaa-strain  contribution  to  , for  uw  and 
W reduced  by  60Z:  o o experiment,  Morse  [l^J 


Figure  9:  Development  of  vw  profiles  in  swirling  jet  in 
stagnant  surroundings;  for  legend  see  Fig.  7. 


Figure  10;  Development  of  axial  velocity  profile  in 
swirling  jet  in  stagnant  surroundings; 
for  legend  see  Fig.  7. 


Figure  8:  Development  of  uv  profiles 
stagnant  surroundings;  for 


in  swirling  jet  in 
legend  see  Fig.  7. 


Figure  11:  Development  of  circumferential  velocity 
profile  in  swirling  jet  in  stagnant 
surroundings;  for  legend  sec  Fig.  7. 
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Here  we  should  mention  that  In  practice  the  action 
of  uu  is  opposite  from  that  indicated  by  the 
above  predictions.  The  values  of  this  correlation 
are  found  from  measurements  [l4,  18]  to  be  large 
and  positive.  Thus  the  secondary  generation  in 
fact  makes  uv  larger,  promoting  a faster  rate  of 
decay  in  swirling  Jets  than  in  non-swirling  ones. 
Several  workers  have  proposed  computational  schemes 
for  swirling  flows  in  which  agreement  with  the 
observed  effects  on  the  spreading  race  is  secured 
by  making  the  quantity  c^  or  c^  (or  their  counter- 
parts in  some  ocher  quasi-lengtn-scale  equation) 
dependent  on  tie  level  of  swirl  [19,  20],  In  view 
of  Che  above  results  however  we  can  see  chat  this 
practice  is  physically  very  wide  of  the  mark.  The 
real  sources  of  the  poor  agreement  are  Ci)  the 
great  sensitivity  of  the  uv  correlation  to  the 
presence  of  swirling  velocities  Cbhat  cannot,  in 
any  event,  be  adequately  represented  in  terns  of 
an  effective  viscosity),  coupled  with  (11)  the 
failure  of  Che  present  model  to  give  realistic 
values  of  Che  uw  correlation. 

Evidently  a major  re-chink  is  needed  in  model- 
ing the  mean-strain  contribution  to  Che  pressure- 
strain  correlation.  The  present  work  has  not  pro- 
duced any  general  proposals.  It  has,  however,  ex- 
plored Che  effects  of  various  modifications  to  the 
original  stress  closure  an  example  of  which  is 
displayed  in  Figures  7-11.  The  experimental  data 
are  chose  obtained  by  Morse  [14];  besides  mean  axial 
and  swirl  velocities,  all  six  Reynolds  stress  com- 
ponents were  measured.  Only  Che  shear-stress  com- 
ponents are  shown  here  however  for  it  is  these  which 
exert  direct  effect  on  the  mean  flow.  The  computa- 
tions began  at  x/O  • 0.5  where  a coapltte  set  of 
initial  profiles  was  provided.  Two  sets  of  pre- 
dictions are  shown:  the  broken  lines  indicate 
predictions  obtained  with  essentially  Che  model 
presented  in  Section  2 ; the  solid  lines  are  those 
which  result  when  the  mean-strain  contribution  to 
$ is  reduced  by  60Z  in  the  uw  and  W equations  (by 
reducing  a,  S,  and  y in  these  equations).  From 
Figure  7 it  is  seen  Chat  this  change  entirely  alters 
Che  character,  distribution  and  sign  of  uw,  which 
in  Cum  raises  Che  level  of  uv  in  much  better  agree- 
ment with  Che  experlsMncal  values.  Figure  8.  The 
modification  to  the  pressure-strain  correlation 
also  significantly  improves  Che  profiles  of  the 
shear  stress  W opposing  the  swirling  motion. 

Figure  9.  As  a result,  the  prediction  of  Che  spread 
of  Che  axial  and  swirling  mean  velocity  field  shown 
in  Figures  10  and  11  is  generally  very  satisfactory. 

CONCIUOIMC  REMARKS 

The  present  contribution  has  identified  two 
major  wealuiesses  in  the  second-order  closure  of 
Raference  [2]  when  applied  to  the  prediction  of  the 
round  jet,  with  and  without  swirl.  The  first,  which 
has  previously  been  commented  on  or  alluded  to  by  a 
number  of  workers  (2,  16,  10],  relates  to  Che  mod- 
eling of  Che  source  terms  in  the  dissipation  equa- 
tion. The  Physical  source  of  the  error  is  that 
existing  equations,  based  on  local  values  of  tur- 
bulence correlations,  do  not  seam  able  to  mirror 
the  inherent  time  lag  between  the  input  of  new  tur- 
bulence energy  at  low  wave  numbers  and  Che  occu- 
rence of  a significant  response  in  the  dissipation 
rate.  Although  Che  use,  in  the  £ equation,  of  the 
turbulence  anisotropy  in  place  of  the  energy  pro- 
duction: dissipation  ratio  (as  proposed  by  Lumley 
and  Khajeh  Nourl  [21])  seems  physically  well 


founded,  our  own  experiences  suggest  such  a formula- 
tion CO  be  even  less  satisfactory  in  practice. 

The  shortcomings  of  the  modeling  of  the  pressure- 
strain  processes  emerged  only  towards  the  end  of 
the  present  study  when  the  equation  for  ’JV  was 
added.  Until  Chen  it  had  seemed  probable  chat 
the  dissipation  equation  was  also  responsible  for 
the  failure  to  predict  swirl  effects  correctly.  In 
many  respects  the  identification  of  the  failure  as 
due  to  the  pressure-strain  model  is  encouraging. 

For,  rational  approximations  can  be  devised  for  6 , 
and  the  approximations  refined  in  a systematic 
way.  Lumley  [22]  has,  in  fact,  proposed  a far  more 
elaborate  model  of  mean  strain  effects  chan  used  in 
Che  present  work.  We  have  hitherto  had  no  reason 
CO  adopt  it  because,  on  the  one  hand,  the  scheme 
added  a large  number  of  additional  coefficients  that 
would  need  to  be  tuned  and,  on  Che  ocher,  Che  simpler 
scheme  proposed  in  [2J  seemed  entirely  adequate.  Sov 
that  the  latter  premise  has  been  swept  away  it  is  time 
to  look  for  more  general  formulations. 
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ABSTRACT 

The  paper  la  concerned  with,  the  transport  equa- 
tions for  the  Reynolds  stress  in  incompressible  shear 
flow.  The  various  terms  in  Che  equations  are  analysed. 
A new  model  for  the  two-point  double-velocity  correla- 
tion censor  is  suggested  and  used  to  obtain  approxlna- 
clons  to  the  pressure  interaction  and  decay  terms.  The 
model  is  applied  to  the  three  cases  of  homogeneous 
shear  flow,  aceeleraclng  grid  turbulence,  and  irroca- 
clonal  strain.  The  results  show  good  agreement  with 
experimental  data. 

NGMEMCLATURS 
English  Symbols 

Constants  in  ths  redistribution. 
ScaU.-producclon  function  censor. 
Instantaneous  rata  of  strain  censor. 
Isotropic  functions  in  two  point 
correlation. 

Green  function. 

Turbulence  energy. 

Turbulent  length  scale. 

Micro-scale  tensor. 

Pressure-velocity  Interaction  censor. 
Instantaneous  pressure. 

Two-point  double-velocity  correlation 
tensor. 

Separation  vector,  separation  distance. 
Reynolds  number  of  turbulence. 

Source  terms  in  the  pressure  equation. 
Single-point  and  two-point  Crlple- 
velocicy  correlation  censors. 

Tima 

Turbulent  diffusion  censor. 
Inscancaneous  velocity  vector. 

Reynolds  stress  tensor, 
radius  vector. 

Greek  Symbols 

a Dissipation  constant. 

Kronecker  delta. 

C4'4,c.i  ,€.4  Dissipation  cansor. 

iJ.  J.  Microscale. 

A Dissipation  weighting  function. 

V Kinematic  viscosity. 

( Normalised  aeparaclon  radius. 

0 Density. 

Reynolds  stress  production  tensor. 
Parameters  of  pressure-interaction 
tensor. 


Greek  Symbols  (cont'd) 

7^  Laplaclan  operator  in  separation-radius 

^ coordinates. 

Superscripts 

(”)  Mean. 

( )•  Pluccuaclng. 

INTRODDCTKMl 

A variety  of  cootesiporary  turbulence  models  are 
baaed  on  approximations  to  the  Reynolds  stress  equa- 
tions. Such  approximations  require  specification  of 
the  triple  velocity  correlations,  the  pressure-velocity 
correlations  and  Che  r.m. s.  spatial  velocity  deriva- 
tives, which  represent  turbulent  diffusion,  redistri- 
bution, and  dissipation  respectively.  Wolfshteln  et 
al(^)  used  two-point  double-velocity  correlations  in 
order  to  calculate  the  redistribution  and  dissipation. 
The  "quasl-lsotropic"  model  of  the  cwo-polnc 
correlation^^}  was  used  in  the  calculations.  However, 
this  work  suffered  from  two  deficiencies:  (i)  The 
quasi-lsocroplc  model  cannot  satisfy  the  dynasde  equa- 
tions of  the  two-point  correlation,  as  this  model  has 
three  degrees  of  freedom  only. 

In  Che  present  paper  a new  model  for  the  two- 
point  correlations  is  presented,  which  answers  Che 
above  deficiencies.  This  axMlel  is  used  to  calculate 
the  redistribution  and  dissipation  of  Che  Reynolds 
stresses.  After  some  substitutions  and  maniptilations 
a newer  form  of  the  Reynolds  stress  equations  is  ob- 
tained, and  solved  for  a number  of  simple  cases. 

This  paper  is  restricted  to  stationary,  incompres- 
sible flow.  The  triple  velocity  correlation  is  not 
discussed  in  this  paper. 

THE  REYNOLDS  STRESS  EQUATION 

An  exact  transport  equation  for  Che  Reynolds 
stresses  U^j  is  easily  derlved^^}  and  has  Che  follow- 
ing form: 

5^  > ^ij+Tij+PlJ+eiJ  (1) 

where  Che  terms  on  Che  rlghchand  side  are: 

Production: 

304  5Ui 

’'ij-  - (Oik  Txk  + Ojk  (la) 

Turbulent  diffusion: 
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Pressure  Inceractlon: 


pij-  f iTiE 


-^55  7^'  <“> 

The  pressure  Interaction  Is  very  often  split 
Into  two  terms:  The  pressure  diffusion 
1,3  —I — I . 4 1 — rr  and  the  traceless  redistrl- 

7 (Jxi  P “ J+Ttr  P "i) 

bution  ^ p'ei-(  w..ure  eij  Is  the  rate  of  strain 
3ui/azjv3tj/axi.  The  decay  Is  sometimes  called  dissi- 
pation, although  the  use  of  this  name  Is  Justified 
only  for  the  trace  of  c^j,  Che  dissipation  of  turbu- 
lence energy  to  thermal  energy.  The  first  term  on 
the  rlghchand  side  of  (Id)  has  the  appearance  of  a 
diffusion  term  and  Is  usually  added  to  as  laminar 
diffusion. 

It  Is  clear  that  the  production  term,  Is 

properly  defined  to  allow  Its  calculation.  The  dif- 
fusion term  Is  difficult  to  calculate,  and  Is  usually 
assumed  to  be  represented  by  gradlenc-llke  expressions 
as  laminar  diffusion.  The  pressure  Interaction  and 
the  decay  terms  may  be  calculated  If  Che  cwo-polnt 
double-velocity  correlation  la  known.  Indeed  Che 
present  paper  Is  concerned  with  a new  model  for  the 
twD-polnt  correlation  and  Its  application  to  the  cal- 
culation of  the  decay  and  pressure  Interaction. 

THE  PRESSURE  IKTERACTION  TERM  Py 

The  pressure-velocity  Inceractlon  term  In  the 
Reynolds  stress  equations  Is 

P1I  - - (uV  ^ 1^  (2) 

0 i **J  j 3*1 

Traditionally  this  term  Is  split  Into  two  parts: 

(1)  a gradlenc-llke  part  which  Is  referred  to  as 
pressure-diffusion,  and  (11)  a pressure-strain  corre- 
lation which  has  no  trace,  and  has  therefore  been 
called  redlstrlbuclcn.  It  has  already  been  shown 
chat  this  splitting  Is  not  always  useful,  and  an  al- 
ternative procedure  Is  to  obtain  a formal  solution  to 
Che  pressure  Poisson  equation,  which  .has  been 
discussed  In  the  literature  (Chou(3),  or  Naot  et  al.^) 


correlation  may  be  obtained  from  eqn  (4) . Using  an 
r)  coordinate  system and  applying  the  Gauss 
theorem,  Che  following  expressions  are  obtained: 


i 72p  - - (Si  + Sz) 
1 ^ »Xk  3xi 


where  p and  ui  denote  Che  Instantaneous  pressure  and 
velocity,  u Is  Che  mean  velocity,  and  Ui^ji  7he 
single  point  double  velocity  correlation,  k formal 
solution  of  eqn  (3)  Is  given  by 

4ir  ^ - ///  G SidV  + G SzdV  (4) 

® 7 V 

where  7 is  a control  volume  characterised  by  zero 
fluctuations  on  Its  envelope,  and  G(X,  r)  Is  the 
Green  function. 

It  Is  clear  that  S\  vanishes  whan  Che  mean 
velocity  gradient  vanishes,  while  Sz  resialns  finite 
In  all  turbulent  flows. 

An  equation  for  Che  pressure-velocity 
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(5d) 

where  are  single  and  two  points  triple 

velocity  correlations  and  G Is  Che  Green's  function. 

In  Che  above  splitting  of  eqn  (5)  Into  terms 
no  distinction  Is  made  between  pressure  diffusion  and 
redistribution.  This  practice  follows  Neot  et  al(^). 
However,  Che  model  of  eqn  (5)  recoomended  by  Hsoc  et 
al  could  not  account  for  the  pressure  diffusion,  as 
all  the  terms  In  Che  model  did  not  have  any  trace. 

This  deficiency  will  be  removed  In  the  present  paper. 

Another  conventional  classification  of  eqn  (5) 

Is  obtained  by  noting  that  the  terms  Pijj  and  Pijz 
contain  mean  velocity  gradients.  Therefore  they 
must  vaid.sh  In  homogeneous  flows,  and  have  been  called 
forced  Interaction.  On  Che  ocher  hand,  P^j  ^ ^IJ  4 
do  not  contain  mean  velocity  gradients  and  may  be 
finite  even  In  homogeneous  flows.  They  have  been 
called  free  or  natural  Interaction. 

Classification  of  the  terms  In  P^j  Is  easy. 

Thus  P^j  Is  proportional  to  Che  Reynolds  stress 
generation,  r^j,  which  Is  a given  function  of  the 
Reynolds  stresses  and  velocity  gradients.  Such  a 
term  was  present  In  earlier  models  as  well(3,S),  yet 
In  Che  present  formulation  this  term  Is  exact. 

The  second  term,  Pij.,,  Is  a volume  Integral  of 
the  cwo-polnt  correlac Ions'  This  term  will  be  esti- 
mated In  the  following  section  of  the  paper.  The 
third  part,  P^j , * spatial  derivative  of  the 

triple  velocity ^correlations.  Evidently,  similar 
terms  constitute  the  turbulent  diffusion  of  Che 
Reynolds  stresses,  and  this  term  constitutes  Che 
pressure-diffusion. 

Finally,  P^j^  Is  a voltae  Integral  of  the  triple- 
velocity  two-point  correlation.  This  term  may  be 
approached  In  two  ways.  Firstly,  examination  of  P,, 
suggests  that  It  Is  related  to  the  single-point 
triple-velocity  correlations,  and  must  therefore  be 
considered  as  additional  pressure  diffusion.  Another 
approach  is  to  substitute  a model  for  the  cwo-polnt 
Crlple-veloclry  correlation  In  eqn  (5d).  If  the 
homogeneous  Isotropic  model  Is  used,  the  following 
expression  Is  obtained: 


„ ,,2k,^/^^  f 1 dh  . 


where  h la  the  Isotropic  homogeneous  triple  velocity 
correlation  ftmctlon  and  r Is  the  separation  distance. 
Eqn  (6)  suggests  that  P^j  has  a component  of  the 
form  which  reprtisencs  Isotropic  dissipation. 
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In  suinnry  It  maj  be  assumed  that  ^ij,^  oay  be  divided 
into  dissipation  diffusion  terns,  of  the  form 
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■H 


+ P 


ij 


42 


(7) 


Pij^l-  - A,  ffa  + oizR^)  (7a) 

where  and  02  are  constants.  X is  the  length  scale 
of  the  turbulence,  v'k  X/v,  and  P^j  is  a diffu- 
sion like  term. 


THE  TMO-ponrr  correlation 


As  was  mentioned  above,  may  be  calculated 

by  substitution  of  a suitable  ior  Che  two 

two-point  double-velocity  correlation  in  eqn  (5b) . 
Thus,  Rocca(^)  used  Che  isotropic  homogeneous  two- 
point  correlation  while  Naoc  et  al^^)  used  Che  quasi- 
Isotroplc  model.  The  latter  model  was  based  on  the 
assumption  of  local  isotropy,  and  required  the  pre- 
scription of  three  arbitrary  scalar  functions  in  order 
to  determine  the  two-point  correlation  tensor.  Yet, 
even  if  symmetry  of  the  tensor  is  assumed,  the  six 
differencial  equations  governing  Che  cwo-polnc  corre- 
lation must  be  satisfied.  Moreover,  the  assumption  of 
local  isotropy  does  not  seem  justified  in  shear 
layers,  especially  near  solid  walls.  The  above  two 
deficiencies  were  removed  in  the  present  research  by 
Che  development  of  a now  two-point  correlation  model, 
based  on  the  following  assumptions: 

(I)  The  two-point  double-velocity  correlation 

censor,  is  dependent  on  Che  Reynolds 

stresses  at  the  two  points,  ^Ijg 

(II)  The  two  points  ”A”  and  "B”  are  of  equal 
Importance. 


(ill) 


Qlj  is  a linear  function  of  U^j,,  Dij  , 
and  Oij^  folloM  that  ° 


Qij(5»  2^r8WOp^(x4t)*grsptij(;.r) 

(8) 


r 

+ 'Xmn^6m®n>7pqjepeqeiej  fg 

^ “mnA*ni®n°pqb®P®q  '^ij 

r 

+ Y ^^'^l»A®“*j''^j“A®n®l)'^pqB®p^q 
+(Dlaijem*l)^W4®n*n  1 ^ 1 0 
t“l»A  “a*jB^j«A^'“ 

+ ^ CnpB“mq;^l«p*q«l*i  ^12 

t lUmp^Umqgl  ^ij  ®p«q  ^13 

k ^^X“A^^B®P®j'^JOB'^A*P*l-^^XS  (9) 

Kinematic  conditions  for  Q^j  may  be  obtained  by  its 
dlff erenclaclon,  and  application  of  the  continuity 
equation.  The  following  relacloiu  between  the  f- 
functlons  are  obtained: 

^ (f2+f  j+fu)-  i(f2+2f3+f4) 

^ (fl  + f4)  - - 7(2f 3 + f4) 

^ (fs  + fs)  --^£4 

37  (fll  )--|(£7+fj3)  (9a) 

^ (fy  + £10)-  7 (£7  - £») 

Ip  (fo+2£io+£3)-  7(2£i3+£») 


(iv)  The  sixth  order  tensor  relating  to 
is  isotropic  and  its  components  de- 
pend on  the  generalized  distance 
^•r  /l+oRj  where  a is  a constant.  This 
form  of  C is  so  chosen  as  to  yield  the 
proper  asymptotic  behaviour  of  Che  dis- 
sipation. 

Applying  all  of  Che  above  assuispcions  Q^j  is 
given  by 

Qlj(;.  ^ (°ijA'‘B*"ijB'^A)£l 

(0mnA*m«n'‘B«l«j+«mnB«m«nl^«l«j)£2 
(CmnA*n*n'‘B+'JmnB*»*a‘‘A)£3  «1J 

* (DlmA'‘B«m«J+OlmB'‘A*n®J+UjmA''B«m«l+ 

^ *®j«B'‘A%’l^£-- 

* t"  “a'^*  'I'j  '5 

* ^ *tj  *« 


Ip  (fl2+£l3)  " 7 (2£i3-3£io) 


dr 


(£is) 


• 0 


The  f j^-funcclons  are  dependent  on  the  generalised 
coordinate  ( only.  They  must  satisfy  the  following 
boundary  conditions: 

£l(0)-l 

f2(0)-f3(0)-....-fi4(0)-0 

£1 (•>“£2 (")“. . . .“£ 1 4 (•)“0 

Unlike  the  quasl-lsocropic  model,  the  present  model 
is  not  isotropic,  and  may  be  used  even  in  Che 
Immediate  vlclnltv  of  solid  walls. 


FINAL  EXPRESSION  FOR  Py^ 

Substitution  of  Che  expression  for  Q. j , eqn  (9) 
into  eqn  (5b)  allows  calculation  of  F..  , provided 
that  Che  Green  Ftmcclon  "G"  as  well  as Che  distribu- 
tion of  the  mean  velocity  and  the  Reynolds  stress 
arouiul  the  central  point  "A”  is  known.  The  Green 
function  for  regions  remote  from  solid  walls  may  be 
taken  as  1/r  where  r is  Che  separation  distance  between 
Che  points  A and  B.  When  Che  point  A approaches  the 
wall  (and  Che  macro  scale  is  large  costpared  to  Che 
distance  from  Che  wall)  a "wall-Graen-funcClon"  should 
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be  used  defined  as 


TB£  DECAY  TERM 
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(10) 


where  r*  is  Che  separation  distance  between  B and  the 
mirror  ijmiage  of  A.  Yet,  such  formulations  will  not 
be  discussed  in  the  present  paper. 

The  substitution  in  eqn  (5b)  still  requires  the 
Reynolds  stress  and  velocity  gradient  distribution. 
These  may  be  obtained  by  Taylor  aeries  expansion.  Very 
often,  one  or  two  terms  in  the  expansion  are  sufficient 
(when  the  macro-scale  Is  small  coiopared  to  the  scale 
of  Che  mean  velocity).  If  Che  first  term  in  the  ex- 
pansion is  taken  (this  implies  that  Qij  and  the  velo- 
city gradient  are  assiaaed  to  be  constant  In  the  region 
where  the  two  point  correlation  la  finite)  and  Ol/r, 
Che  following  expression  for  is  obtained: 

"ll  , 2k  T 


The  decay,  as  defined  in  eqn  (Id)  is  readily 
divided  into  two  parts: 

3^U, 
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As  already  mentioned,  docs  not  cause  any  dlffi- 


i1 

culcy,  and  will  not  be  discussed  here  any  more.  The 


second  term,  e^j  , Is  dependent  on  the  two  point 
correlation: 


- A^ij+BDij+C  — j-  «ij+E  -j  ey 
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where  iy  is  given  in  eqn  (12)  and 
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where  7|  is  Che  Laplacian  operator  in  Che  r coordinate 
system,  and  My , the  micro-scale  censor  is  given  by 
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The  qtiancltiea  A,B,C,E  are  dependent  on  Che  local 
structure  of  Cha  turbulence,  and  are  given  in  Table  1 
below,  which  gives  cha  values  obtained  by  other  re- 
scarchars  as  well.  In  all  but  Che  simplest  case  of 
isotropic  homogeneous  turbulence  A,B,C  and  E are  de- 
pendent on  a single  parsmecer,  b.  In  Che  present  case 
three  parameters,  bi,  ^2i  ^3  required.  These 
parmacers  may  be  considered  as  macro-scale  functions, 
and  may  vary  from  ona  flow  to  anochar,  or  even  inside 
a given  flow.  Yet,  some  typical  values  have  been  sug- 
gested for  them  and  the  resulting  A, B,C,E  are  listed 
in  Table  2 below.  It  may  be  seen  that  all  researchers 
recoBsaend  fairly  similar  values  apart  from  the  values 
reconaended  by  Reynolds (^)  for  A and  B. 


The  elements  of  M^.  may  be  easily  calculated  from  Che 
two  point  correlation,  eqn  (9) . The  result  is 
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and  fe  are  the  model  " functions  as  given  in  eqn  (9). 
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Table  1:  Formulae  for  Coefficients  in  P 


♦1  ■ 7 fa  dr/r 

0 


♦2*7  (Jfii+f?)  dr/r 


♦3  ■ 7 (fi3“fiu)  dr/r 

o 
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Parameter 

values 

A 

B 

C 

— 1 

E 

Hem. Iso 

-0.133  1 

Quasi  Iso (7) 

t-  -C.S 

-0.0952 

-0.0952 

0.857 

i 

-0.514  ] 

Launder  ^ ^ ^ 
et  al 

4-  -0.4 

-0.0970 

-0.109 

+0.873 

-0.545 

Reynolds 

*-  -1.5 

-0.550 

0.317 

0.900 

-0.600 

Present 

♦l-  -0.5 

♦2“  1 

43-  0.01 

-0.0969 

-0.124 

0.842 

-0.752 

Tabic  2:  Tjrplcal  mascrical  valuca  for 
coefficients  In 


It  Is  wortb  while  to  note  that  tha  non-lsotroplc 
formulation  of  may  be  Interpreted  aa  a sue  of 
"return  to  Isotropy"  term,  and  a regular  decay  term, 
as  follows: 

"l1 

Mlj-  tA(^  - «y)  + (17) 

In  principle,  may  be  calculated  by  differ- 
entiation of  the  transport  equation  governing  the  two- 
point  correlation.  Tha  resulting  equation  Is 

DM,  3u  3u 

-5^  - Ai  (Mlk  + Mjk  ^)-  .5  (l+e3®t)  aS) 

Aj  » -1,642 

e,*  3,6 

where  pressure-velocity  and  triple  velocity  correla- 
tions wars  neglected. 


FINAL  FORM  OF  THE  EQlV.TlOHS 


The  final  form  of  cqn  (1)  may  now  be  written, 
by  substitution  of  from  eqn  (Sa) , Cll) , (5e) , C7) 
and  e^,  from  eqn  C13a] , (14) . Examination  of  these 
terms  shows  that  the  distinction  between  tha  terms 
made  above  la  not  necessarily  the  only  one.  Apparent- 
ly Py  ^ and  Pjj  are  production  terms,  while  Py  , 

Py  ^^and  ey.''3re  turbulent  terms  and  » 

deca^  term,  and  tha  first  part  of  ul^radlatrl- 

butlon,  or  "return  to  Isotropy”  term.  It  is  there- 
fore conven)[ent  to  regroup  tha  terms  to  transport  , 
production  , and  decay  . These  quantities  are'' 
defined  In  the  following  equations 


TiJ a^r 

’’i}"  ’"it*!)"'’®  ^ ‘Ij 

- IkH 


'Ij  • - °®1J  - «1J 


where 


. iOA 
3 
3A 


(1 

(1 


o Rt)  ^ 

3 

aiRt)t"3a  - A)(l  + 3 Rtl^ 


(19a) 

(19b) 

(19c) 

(20a) 

(20b) 


Contraction  of  the  above  terms  yields  the  corresponding 
terms  of  the  energy  equation: 


* ^®llk 

"11“  - * 

2 ®®lkk  _ - 

3 3X1  *^ll4i'"^ 

(21a) 

'll  • 

(A+&+C+  •|)vii 

(21b) 

^1  ■ 

- 2k(0+H) 

(21c) 

The  problem  la  to  solve  equations  (18),  (1)  and  (19). 
Various  such  solutions  will  be  described  In  the  follow- 
ing sections. 

HOMOGENEOUS  TURBULENT  SHEAR  FLOW 

This  flow  was  experimentally  Investigated  by 
RoseC9),  Champagne  et  alC^*’),  and  Rose(^n.  The  flow 
Is  generated  by  placing  a special  grid  mode  of  parallel 
rods  In  a duct.  The  flow  passing  through  the  grid  Is 
unidirectional  with,  uniform  axial  velocity  gradient. 

Tha  components  of  U^j  are  uniform  In  the  cross  section, 
but  they  vary  In  the  axial  direction.  The  scale  of 
turbulence  usually  grows  In  Che  axial  direction. 

The  governing  equations  for  the  Reynolds  stress 
In  this  flow  nay  be  easily  written.  Neglecting  tij , 

Che  equations  are 


U - 

•dxi 

x>lk 

(22) 

•5k  2l-0 

Dll  H 

D22  i H 

X- 

-G  0 

0 -G 

0 -(l+2A+|;)u’ 

0 -(2B+|c)u’ 

2 , 

D33  H 

0 0 

-G  - C u' 

O12  - |u 

t 

-Bu'-(A+|')u 

'0  -G 

The  solution  of  the  abo'-’e  equation  reaches  an 
jlllbrltss  when 


{111-  G 
^ZZ“  ® 
21,3-  C 


1+3MC__  + „ "/•  I — 

^ “ (A+»K:+  */3)112 


(A+»+0*-‘/3)1i2 
- — + H 

(A+B+C+‘/3)ei2 

C 


->/^-Ah2B 
(A+*+C+  ‘/3)«12 

- + U -'^3-A-B 

(A+»hChV 3)112  (A+b+Ch  */3)s12 


{J.2-  - ^ 


(23) 
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Hovevcr,  this  soXucloa  ta  poaaibla  oaly  vhea  detC^)>Q, 
and  as  chls  condition  Is  aaclsflad  only  for  ona  parti- 
cular valua  of  Rr«0,148  this  solution  Is  of  llad.ted 
Interest.  A fully  developed  solution  say  be  obtained 
for  U,  as  follows: 

3H+4ej^2(3A+C+l)Uj^2 


&3  3- 


3H+  ^ ei2(3A+3W-3C+l)ili2 
3IH^ej^j(3ft+C)i}j^2 

3H+  ■^i2(3A+3W-3C+1)&i2 


(24) 


3 

3»Hi 


c 

1,C  L 


12 


31H-  4;.2(3A+3W-3C+l)ilf 


12 


The  fourth  equation,  for  ifi2,  will  not  be  given  here, 
due  to  Its  cooplexlty.  It  Is  a third  order  polynomial 
equation,  which  has  at  least  ona  real  positive  root 
provided  that  H ^ O.Sl.  The  tensor  H appears  to  reach 
an  equilibrium  condition  at  the  end  of  the  duct  of 
Chaspagne  at  al(^°\  A better  approximation  Is  ob- 
tained when  the  scale  X Is  allowed  to  vary  In  the 
axial  direction.  The  following  equation  may  be  de- 
rived from  eqn  (18): 


ui  ^2AiOi2m-m(G+H+F)+  •|(A+B+C+  ■|)mei23l2  (25) 

where  ? h 2 

m-Mii/h2  ^(^)  (26) 

F-es  ■^T’d  + eaRt)  (27) 

and  h is  the  duct  tri.dth. 

An  asymptotic  solution  of  eqn  (25)  may  be  easily 
obtained.  If  17  Is  assumed  to  be  constant 

B-moexp  ^[2Ai1i2+  |(A+»«:+  i)2;i2lJl2-(IH-F+«)  ] (28) 

The  experimental  data  of  Champagne  et  al  Indi- 
cates that  A2  a-1  and  Aj  • -1.643. 

Finally  eqs  (22)  and  (25)  were  solved  mmerlcal- 
ly,  using  A,B,C,  and  E as  given  In  Table  2,  Ai  and  es 
as  given  In  eqn  (18),  and 

A - 0.6  Al  - -2.0  a - 0.315 
oi«  0.617  »3  “ 1.53 

The  calculated  results  (Fig.  1)  are  In  good  agreement 
with  the  data. 


ACCELERATING  GRID  TUR80LENCE 


Usually,  grid  turbulence  Is  not  Isotropic,  and 
the  straawlse  fluctuations  Un  have  larger  magnitude 
than  the  cross  streast  fluctuations,  U22  and  U33  which 
are  nearly  equal  to  one  another.  The  off-dlagonal 
componants  of  the  Reynolds  stresses  are  zero.  The 
ratio  of  Dll  ^22  XT  8e  changed  by  acceleration  of 
the  flow,  and  such  experiments  were  reported  by  Uberol 
and  Wallla(^2)  Co^te-Bellot  and  Corrslm(^^).  In 
the  experiments  the  acceleration  was  produced  by  Im- 
posing a streaanrlsa  velocity  gradient,  given  by 


Ji . . 1 S . . 1 lEi 

dxi  2 9x2  ^^3 


(29) 


The  experimental  data  suggest  that  the  Influence  of 
the  acceloratlon  on  the  structure  of  the  turbulence 
vary  fast.  Therefore  It  la  reasonable  to  neglect 
Tij  and  c,, . In  this  case  the  following  set  of  aqua- 
tions Is  obtained: 


(30) 


U-  Uii  M-  -2(A+B)-  -1(0+1)+  I 

0.=  -|c-|  _ 

Obviously  specification  of  ui(x)  Is  required^  However, 
by  transforming  the  Independent  variable  to  ui  the 
equation  becomes 


f ,■  « ° 


%d.th  the  solution 
U, 


liJl 


^.C1-V2);72(^)  +(1-V3)W,(^) 

^2->  “1  "l 

(W2-1)W3(^)  +(W,-l)W2(-w^^) 


(31) 


(32a) 


(32b) 


where 


V,- V,. 

''1  3(ui+bi+b3)  ^ 


Wi- 


bi- 


2/  bi--b2‘^ 

3A-<-3B+l  2C-E 
2 3 

- bi-  /bj^  - b2* 


W2- 


2(C+E) 

3(u2+b3-+b3) 

u,+bj+b j 

2/T7^^bP' 


b2 


(C+E)(4C+E) 


3A+3B+1 

6 


“*1“  “ bi-  ''bj*^  - b2*  (1)2  “ - 63+  /bj^-  bj- 

Comparlson  of  these  equations  with  the  data  of  Uberol 
sad  Wallis (^2)  suggests  the  fcllowing  values  for  the 
constants: 


A-  -0.097 


B-  -0.122 


-0.95 


E-  -0.71 


These  values  are  fairly  new  to  those  recommended  In 
the  use  of  the  hoisogeneous  shear  flow. 

Finally  eqn  (1),  (18),  and  (19)  were  run  for  the 
three  experimental  cases  reported  by  Uberol  and  Wallis. 
As  no  scale  measuroients  were  reported  by  these  authors 
the  Initial  scales  were  guessed  In  such  a way  which 
ensured  good  agreement  with  the  data.  The  Reynolds 
stress  and  length  scale  distribution  computed  for 
Uberol  and  Wallis’s  medium  size  mesh  are  shown  In 
Fig.  2,  and  show  good  agreement  with  the  data.  Further 
the  ratio  Ui2A722  1»  shown  In  Fig.  3 for  the  mesh 
Reynolds  numbers.  Again  the  comparison  with  the  ex- 
perimental data  Is  good. 


STRAINED  TURBULENT  FLOW 

Tucker  and  ReynoldsC^'*)  and  Reynolds  and 
Reynolds  and  Tucker 5)  have  studied  the  irrotatloiul 
straining  of  turbulence  In  -variable  geometry  ducts. 
Their  ducts  were  so  constructed  as  to  make  the  diagonal 
components  of  the  rate  of  strain,  cij,  uniform  In  the 


(33a) 


entire  duct. 

Thus 

Is  given  by 

•ij- 

3Ui 

3X1 

0 

0 

0 

3S2 

0 

0 

3x2 

0 

3^ 

3^3 

. *"2 

3X3 

3x3 


aX2 


(33b) 


The  governing  equations  for  chls  case  are  given  below 
(with  neglected): 

ui  R - - M R (34a) 
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wh«r* 

k : M-  C4« 

R“  D2  2C«-E)  (•H“«22) 

D3  2(«-E)  (Sii-Sss) 


•C*^i®22  ■*'C®^C)e33 

G+|«C«ll-2e22)  ■5*®33 

■ 3*«22 

”2633) 
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Naot,  D.,  Shavit,  A.,  and  Wolfshteia,  M. (1973), 
Fhys.  Fluids,  16,  738. 

Chou,  P.T  (1945),  Quart.  App.  Math.  3,  38. 


D2-  Un-U22 


D3-O11-U33  a-A+»*  -j 


(34b) 


As  in  the  case  of  hamogeneous  shear,  conditions  for 
equillbrlus  are  unstable,  but  r>R/^  may  reach  an 
equilibrium.  Analysis  of  this  case  is  difficult. 
Tberefors  only  some  special  cases  were  solved,  as 
suamarisad  la  Table  3 below.  In  these  solutions  it 
was  asstaad  that  Ht«l  and  X/h^.006. 


Wolfshtein,  M.  (1970),  Israel  J,  Tech.,  8,  87. 

S Launder,  B.E. , Reece,  G.J.,  and  Rodi,  W.  (1975), 

J.  Fluid  Mech.,  68,  537. 

^ Rotta,  J.C.  (1972),  Proc.  13th  Int.  Cong.  Theoretical 
App.  Mech. , Moscow. 

^ Naot,  D.,  Shavit,  A.,  Wolfshtein,  M.  (1974), 

Warme  und  Stoff  Ubertragung,  7,  151. 


•m 

•22 

•33 

^22 

h, 

0 

4.45 

-4.45 

1.85 

0.35 

0.70 

2.6 

2.6 

-5.2 

0.57 

0.93 

1.50 

-1.3 

2.6 

-1.3 

Table  3:  Pmynolds 

II 

ft 

• 

• 

II 

distribution  in  plana  strain 

These  values  are  practically  identical  with  the  e]^• 
periamatal  data. 

The  solution  of  the  governing  equations  for 
U2.j  when  2)  is  the  sum  of  three  exponential 
functions  with  the  eigenvalues  of  M as  exponential 
coefflcluta.  KTsmInstiun  of  the  data  of  Tucker  and 
Reynolds (^''7  shows  that  Che  exponential  coefficient 
is  0.7  which  corresponds  to  the  larger  eigenvalue  of 
M for  this  case.  The  ocher  two  eigenvalues  happen 
Co  be  negligibly  small  in  this  case. 

As  in  Che  previous  cases  tha  development  of  the 
turbulence  in  this  flow  %ras  calculated  numerically. 
The  calculated  Reynolds  stresses  are  compared  with 
Che  experimental  data  for  eii~0  in  Fig.  4 and  show 
fairly  good  agreement.  Corner Ison  of  calculated  nor- 
nalla4Kl  Reynolds  stresses  u with  experimental  data 
for  various  strain  parameters  F,  Cas  defined  by 
Reynolds  and  Tucker(^^)^are  shown  in  Fig.  5.  Again 
Che  agreement  is  good. 


° Reynolds,  W.C.  (1975),  Dept.  Mach.  Eng.,  Stanford  U., 
Rapt.  No.  TF-4. 

’ Rose,  W.G.  (1966),  J.  Fluid  Mech.,  25,  97. 

^*7  Champagne,  F.H.,  Harris,  V.G. , and  Corrsln,  S.(1970), 
J.  Fluid  Mach.,  41,  81. 

Rose,  W.G.  (1970),  J.  Fluid  Mech.,  44,  767. 

12  Uberol,  M.S.,  and  WaUis,  S.  (1966),  J.  Fluid  Mech., 
24,  539. 

12  Comte-Belloc,  G.,  and  Corrsln,  S.  (1966),  J.  Fluid 
Mach.,  25,  657. 

1"*  Tucker,  H.J.  and  Reynolds,  J.A.  (1968),  J.  Fluid 
Mech.,  32,  657. 

12  Reynolds,  J.A.  and  Tucker,  H.J.  (1975),  J.  Fluid 
Mech.,  68,  673. 


COHCLnSIONS 


1.  A new  model  for  Che  double-velocity  cwo-polnc 
correlation  is  presented.  This  model  is  not  isotro- 
pic and  nay  therefore  be  used  near  solid  vails.  Fur- 
ther, this  model  may  satisfy  the  dynamic  aquations 
for  Che  two-point  correlations. 

2.  A new  formulation  for  Che  pressure-velocity 
interaction  cam  in  the  Reynolds  stress  equations  is 
presented.  This  formulation  is  based  on  integration 
by  parts  of  the  volioa  integrals  of  P^ , and  on  sub- 
stitution of  the  new  two-point  correlation  modal. 

The  analysis  shows  vary  clearly  tha  contribution  of 
the  pressure-velocity  Incersctlon  to  apparent  diffu- 
sion, production  and  decay  Cams. 

3.  Tha  present  nodal  may  be  used  near  walls,  and 
in  ths  viscous  sublayer. 

4.  Application  of  the  model  to  some  simple  flows 
shows  good  agraasMne  barwaan  thsoreclcsl  and  axnarl- 
mantal  data. 
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In  second  order  turbulence  uodelin^,  one  ic  fscec 
to  tnree  iiinds  of  closure  pronlemc  due  resoectively  to 
ii)  presno-correiations,  (ii)  tissipntive  term,  and 
(ini!  third  oraer  mosents. 

?he  invariant  oodeling  technique  proviaen  a 
rational  method  for  uncrating  approiinatians  to  prescure 
tens  (i):  furthercore,  tnough  there  is  no  general  agree- 
ment about  which  ohe  is  the  "best”,  siaple  versions  of 
these  approTiastiohs  are  now  considered  to  se  valuable 
for  a large  number  of  flows  On  the  otner  nana,  auc:. 
attention  has  been  recently  devoted  to  problem  (ii)  fcr 
wnich,  again,  invariant  modeling  is  a very  efficient 
guide;  as  a result,  a few  ecuations  for  dissipative  terms 
are  now  available  for  practical  use  I'nfcrtunately, 

for  third  order  tens  ^iii)  invcxiant  modeling  alone  is 
not  very  useful,  because  it  results  into  many  undetermi- 
ned constants  (^);  yet,  a good  description  of,  say,  ener- 
gy flumes  is  of  primary  importance  for  a correct  modeling 
of  such  simple  flows  as  the  convective  mired  layer  c: 
asymmetric  shear  flows  I'ioreovcr,  it  is  easy  to  sr.ov 

that  abridged  invariant  proposals  , with  only  one  unae- 
tenined  constant)  ore  unable  to  yield  realistic  third 
order  moments  So,  for  problem  (iii),  one  nas  to 

resort  to  some  icino  of  physical  model,  luch  a msiei  nas 
been  used  oy  leman  (i,;  and  „eman  and  lumley  '^);  here, 
we  propose  another  approach  to  the  prcblsa  of  tnird  oroe: 
moments . 


A new  treatment  of  tnird  oner  moments  is  proposed 
for  the  study  of  inhomogeneous  turbulence:  tne  equations 
for  tne  rats  of  change  of  third  order  correlations 
snould  be  used  in  conjunction  with  the  quasi-normal 
approximation  and  with  tne  enforcement  of  some  generali- 
zed uchwarz  inequalities  ( "clipping”  mechanism)  rela- 
ting tnird  and  second  order  moments,  the  clipping  mecha- 
nism being  intended  to  preserve  realizability.  Togetner 
with  rather  classical  formulations  for  pressure  and 
dissipative  terms,  tnis  approximation  is  used  for  nume- 
rical modeling  of  a penetrative  convection  experiment 
and  of  an  asymmetric  channel  flow  experiment. 


a , c « dimenaioniess  constants 

e s eddy  kinetic  energy  ( per  unit  mass) 
p » pressure  difference  from  reference  state 
? > eddy  kinetic  energy  generation 
. > lieynolds  stress  generation 

a heat  flux  generation 
^ > xi nematic  heat  flux 


:imc 

temperature 

convective  temperature  scale 
u. .u^.u,)  « (u,v,w)  a velocity 
,,w,  a r.m.s.  velocities 
friction  velocity 
convective  velocity  scale 


f'or  a taermally  stratified  flow  at  high  heyr.oldi 
number,  tne  set  of  second  order  ecuations,  as  serive; 
from  tne  Bouseinesq  system,  read  ; see  e.g.  2) 


ihversisn  height 


tt  a I,agrah,;iah  derivative  following  the  mean  motion 
^ buoyancy  coefficient  ( ^ a -g/?^  , with  g * gravity 

acceleration,  7 a standard  temperature) 
c 

a llronecxer  st’mbol 


dar,8: 


nOCEDINO  PAOM  BLMVC-NOT  fllKED 


- ^ (6  u::-  -(3  a-T-; 


"(i)  ■ (ii) 


Jt  OX..  OZ, 

r.  & 

1 _^A^u.!T' 

p Sx” 

(i)  (iii) 


tne  tecperat'ore  variance  T'  , arid  sose  sixaar  ienraa  1; 
hov;ever  1 is  doo  cacii  aeperjest  upon  Pne  particular  f-ou 
vhich  is  considered,  but  current  vork  is  beinr  pericmec 
to  derive  equations  for  the  time-rate  cf  cnange  of  ciosi- 
oative  terms,  sere  ve  use  a rather  classical  approiihsticn 
of  the  t-eouation  {^),  but  ue  tceep  a iimensicna*  icrmuia- 
tion  for  tne  aissipation  of  temperature  variance  £„,  be- 
cause -equations  do  not  seem  presently  as  relitcie  as 
£-ones  ;^) . 

The  equation  we  use  for  C.  reads 
Tt  = a ^ ! T u,'u;  ) - a.  £ u,'u,'  ^*^1 

5T  ’sr  I -^7  "*sr 


„ C.  A u.'T'  - a..  £ 

JT  — Pk  K > “ 


.zTril  -L.  -bZl 


(ii)  (iii) 


The  crincipal  notations  are  defined  in  the  nomenclature 
list’.  The  overbar  is  used  for  averaging,  the  prime  for 
deviation  from  the  mean.  Einstein  summation  over  repea- 
ted suoscripts  is  implied,  while  non  repeated  subscripts 
run  from  1 to  3.  The  closure  problems  an-hounced  in  the 
introduction  are  quoted  below. 


In  t.he  rignt  hand  side  cf  (9),  we  find  the  simplest  mode- 
ling of  the  terms  t-tat  survive  at  high  heynclds  humber, 
namely,  from  left  to  rignt:  diffusion,  shear  production, 
buoyant  production  and  molecular  destruction  of  kinetic 
energy  dissipation.  Eurthermore,  i_t  is  assumed  that  the 
dissipative  time  scale  defined  by  e and  £ i evaluated 
from  (9))  is  also  relevant  for  temperature  variance 
dissipation. 


=2  £ T'^ 


odelinv  the  cressure  terms 


As  usually  done,  we  split  the  pressure  term  appea- 
ring in  the  .Reynolds  stress  equatione  (4)  into  a 
port  tens  and  a leviatcric  tsra;  foliowin^  --aiinder  (^y « 
we  neglect  the  former  arkl  model  t.he  latter  according  to 


• -O''*-) 


- c.  £ ( uru’  - e ) 

4 Z J -- 

-=5(Pij-4SijP) 


where  ?,  . is  the  total  ( dj-namic  and  thermal)  geheration 
of  heynoldo  stress  u.!u'.,  and  F tne  total  generation  of 
eidy  kinetic  energy  e.  Tne  c^-term  is  intended  to  des- 
cribe the  classical  "retum-to-isotro?y”  while  the  C-- 

cne  tends  to  isotropice  tne  turbulence  production  tensor 
( this  last  term  aescribing  shear  and  buoyant  contribu- 
tions to  presso-ccrrelations,. 

In  a similar  way  we  retain,  for  the  pressure  tern 
acrenrinj  in  tne  .heat  fiui  equatio.hs  (a; 


r*&T*  = - C - £ u!T*  — c-  gj-n 

— *•  0 Z A I 

f ^ 

Where  I,-  is  the  net  rensration  of  neat  flux. 


■■cdeli.hm  the  dissichtive  terms 

.•cr  dissipative  terms,  one  can  aoopt  t.he  Kolmogorov 
idea  wnich  allows  to  express  them,  on  dimer.cional  _ 
grounds,  in  terms  of  tne  vurbulent  kinetic  e.herg;.'  e. 


CLi?Fi.’.'3  AFFKO.ni-uTio:;  F0.E  THUET  CHTSF.  ;:ofz:.TS 

Since  we  do  not  use  the  invariant  modeling  technique 
to  express  the  third  order  moments,  we  have  to  consider 
cne  eoualions  for  tneir  rate  of  change.  It  is  easy  to 
derive  these  eq'uations  with  some  algebra:  not  surprisely, 
they  involve  three  kinds  of  new  unJaiown  tesxs,  namely 
rresso-ccrrelations,  "dissipative"  terms,  and  fourth  order 


glosure  --oblems  in  third  order  equations 

Concerning  presso— correlatios.s , if  we  neglect  the 
transport  part  and  drop  shear  and  buoyant  contributions 
( at  least  as  a first  step),  the  moaeling  can  be  dene 
through  an  extension  cf  the  "retum-to-isotropy"  concept. 

In  tne  u^u’u^  and  u^T'  equations,  this  obviously  amounts 
to  a "retum-to-sero"  term  proportional  to  these  variables 
t.hecselves;  for  u!u^T'  - tile  isotropic  value  of  whicn  is 

not  aero  but  ( u.'u^T'  J . , ) / 3 - tne  problem  can  be  nan- 

died  as  follows  ( Launaer  1976,  ^iv&te  cottC'Onioation; . 

One  can  split  the  pressure  tern  ^ minus  its  transport 
part)  into  a ( trace  free)  "redictributior."  term  and  a 
"source”  tera: 


u*T’  N ,<du?r* 

-•  ) * r V _ - 


r , du'T' 
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In  tne  rirht  hand  side  of  ( ' ' ' , the  first  tera  can  then 
he  noaelei  as  a "refom-tcH-isotrcrT"  tem  Mhiie  the  se- 
cond one  can  be  taier.  proportional  to  a/'clT': 


e 


Moreover,  ausicrical  experiaents  have  suggested  that  a 
better  overall  agreeoent  vas  achieved  by  using  a "re- 
tum-to-sero"  nodeling  for  all  pressure  teras,  i.e.  by 
taising  c*  = - 3 . 

In  the  absence  of  sufficient  iooowledge  of  tneir  ef- 
fects, the  "dissipative''  terss  will  be  neglected.  As  a 
tentative  justification  of  this  assuaption,  it  can  be 
noticed  that  in  the  asynaetric  charmel  flow  of  canjalis 
and  Launder  (6/,  tnese  effects  are  indeed  found  tc  be 
negligeable  as  coepared  to  the  "retum-to-isotropy"  ef- 
fects if  Luffiley's  oodel  (j_)  is  retained  for  dissipative 
teras. 

To  aodel  fourth  order  correlations,  the  acre  natu- 
ral way  is  to  use  the  quasi-noraal  apprexiaation: 


a'b'c'd*  « a'b'.c'd'  + a'c'.b'd*  - a'd'.b'c'  (l;) 

where  e,  b,  c,  and  d stand  here  for  u.  or  T. 

1 

Clirtinn  aeeharh.3c  for  third  order  aomects 

it  is  well  known  that  the  quasi-noraal  approiiaa- 
ticn  alone  is  ur.suitable  for  turbulence  modeling,  since 
it  leads  to  the  unphysical  development  of  negative  ener- 
gy and  variances,  and  acre  generally  to  non  realizable 
statistics  ( e.g.  °).  This  defect  car.  be  ascribed  to  an 
excessive  growth  of  third  order  correlatiens,  which  is 
due  to  an  unsufficient  damping  effect  by'  the  fourth  or- 
der correlations.  It  appears  thus  necessary  tc  aid  to 
the  quasi-noraal  approximation  a damping  mec.haru.hm  of 
third  craer  moments;  such  a damping  aecharusa  is  s'ugges- 
teo  below. 

Using  fc.h'warz  inequalities,  it  is  easy  to  show  that 
third  order  correlations  must  verify  (1^5 


E minimum  d.'u.ti.ng  effect  for  thiri  erdsr  ccrrelEticn; , 
since  it  acic  oh..y  to  prevent  t.ne  development  of  impos- 
sibly large  values;  but  numerical  experiaer.to  s.hC'w  it 
proc-uccs  realicible  turbUier.t  flo'ws  in  the  sense  t.tst  th 
oeveiopaent  cf  negative  variances  cr  tne  violaticn  ;f  or 
dinar;.-  Cc.h'warc  ineq-ualities  fer  leyncics  stresses  is  mac 
impossible. 

3A2IC  i£T  CF  EVJATICUC 

Due  to  tne  overwhelming  complexity  bound  tc  tnree- 
diaensiorulity , we  are  mainly  interested  in  turbulent 
flows  which  .have  only  one  direction  of  imomogeneity . le 
noting  by  c t.his  direction  ( t.-.e  gravity  direction  in 
buoyant  problems)  and  ass'uming  tne  mean  velocity  nas  no 
s-component,  the  quasi-noraal  system  moaified  by  the 
clipping  inequalities  can  be  recapitulated  as  follows: 


and  sycmctrioal  conditions  in  a,  b,  e;  using  tne  o.uasi- 
hcrmal  .hypothesis,  tnese  conditions  reac 


However  not.hing  is  the  quasi-normal  ipprcximation  maiies 
it  necessary  t.hst  these  inequalities  be  satisfied.  Cur 
"clipping"  arproiimation  '2^)  ccrsisto  in  erj'orsing 
at  each  time  step  a.hs  at  each  grid  point  by  rutting  off 

t.n*  value  of  a'o'o'  •.'henever  it  exceeds  the  right  .-.ani 
side  of  ''5).  Tnlf  meshanirc  oenstitutes  of  course  only 
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dz  £ 57 


e 


e 


(r 


4.41 


-rr  ■ T?  ■■■  ■!?  -3^ 

. (b;  liTF  ^ IT!^  S,.  - u'/.-'T'  i ) 

* 1 *,  • -v  U 

1^1  < I [u-2(u;^v.2.^5j  ^ 

/ lv’^(u!^.u'^-furu’^1  ' \ (22) 

' -^^'11 

■yT  ^ ^ 

e 

r[u;2(uj2.T'2.^)]  ^ 

|W^1  < < [ul^Cu'^.T-^’-q^)]  ^ 

/ ^?•^(u)^.a•^■^uju^)]  ^ j (23) 
^ ■***•*  ^ . w*?*^  - 2 u*w '?*  - ’a*v' 

d t "b  z * Sz  * 

.2~^;^  * P*-’' -'lol'^r’^ 

® **  e 

u^:’^  ^ [T'‘^(u;^.T'^»a'T'^)]  " (24) 
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rXiP-icAi  £i:';L.\ric::  c?  7rc3'Ji2:rr  Jiovs 

As  prsliiinar?  teste  cf  the  clippi^S  aptroiiaation, 
it  IS  useful  to  consider  tne  particular  cases  of  turbu- 
lence drives  either  by  bucyaney  aione  » set  Uj«C  in  tae 

syctec  >ls/-\2i))  or  by  snear  alone  ( set  T«2  in  this 
eystesf.  As  suer,  case  studies,  we  retained  tne  nunerical 
siaulation  of  two  lacomtory  experiaentc:  tne  *illis  and 
iearaorff  ( ' ' j penetrative  convection  expericent,  ana 
tne  aanjaiic  and  launder  (£)  att'snctric  channel  flow  ex- 


perinent . 

The  r.uaerical  sciienes  and  boundary  conditions  uses 
are  described  with  some  details  in  Andre  et  al.  (j_2).  -e 
use  a staggered  grid  with  first  and  t.nird  order  nocents 
calculated  at  tne  sane  nain  levels  and  oesonc  creer  ones 
at  the  interaediate  levels;  tne  tine  integration  sc.".eoe 
we  retained  is  tne  luler-bacjcward  , Ihtsuno)  one.  Thanws 
to  the  staggered  ^id,  boundary  conditions  ( in  t.ne  vici- 
nity of  the  wallS/  have  to  be  expressed  only  for  second 
order  nooents  and  dissipations.  These  are  tagen  according 
to  the  similarity  theory,  using  as  basic  ingredients:  tne 
( positive)  dinematic  heat  flux  at  the  bottoa  cf  tne 

convective  layer  and  tne  inversion  height  s^  in  the  con- 
vection experiment  (jj.),  or  the  friction  velocities  u,  in 
the  shear  driven  experiment  (^). 

Initial  conditions  differ  from  case  to  case  for  the 
mean  quantities  ( ■nr  and  T,';  for  simtlicity,  all  second 

and  third  order  correlations  are  initially  set  to  zero 
( except  at  the  bo'undary  levels  w.oere  they  are  taicer.  ac- 
cording to  the  initial  values  of  Sj^,  u, ;.  As  a res'ult 

the  model  needs  some  time  interval  to  b'uilc  up  realistic 
values  of  turbulent  quantities  ( of  t.de  order  of  5CC  time 
steps). 

The  free  constants  of  the  model  were  determined  cr. 
the  basis  of  experimental  data,  existing  litterature  and 
computer  optimisation  ( with  “feed-bsek”  between  the  two 
experiments);  tne  values  retained  presently  ( admittedly, 
this  is  not  tne  final  word)  are  the  following: 


=2  • 2.7  : 0^  - 4.5  : Cj  • 

c.,  = C.2  : Cg  = Cg  = c,„  = 9. 


a^  = 1.44  i . 0.7  : a,  . 2. 


C ; c - * 0.4 
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simulation  of  the  penetrative  convection  exseriaent 

In  this  laboratory  experiment  i see  *illis  and 
Oeardorff  1 1 ) . a layer  of  water  is  heated  from  below.  The 
initial  conditions  for  mean  temperature  are  a constant 
temperature  { T * 21  C)  in  the  first  5C  cm  e.-.d  an  cver- 
Ij'ing  stable  layer  with  a lapse  rate  of  0*16  O/'em  ( case 
Si)  or  of  C.36  C/cm  ( case  S2).  At  tne  lower  boondar;.-  we 
impose  the  kinamatio  heat  flux  w ' T ' » 'g ' “ ^ c.hosen  so  as 

to  fit  the  experimental  conditions.  The  tine  step  used  is 
C.3  sec.  As  suggested  by  willis  and  Daardcrff  (^  , the 
profiles  of  the  various  quantities  should  be  steady  if 
made  dimensionless  by  t.he  proper  scales.  Our  model  was 
found  to  be  consistent  with  this  hc.'pothecis  and  t.hat  is 
the  reason  wny  we  s.aall  present  O'ur  results  in  aimension- 
less  form. 

Figure  1 compares  the  computed  ana  enperimentai  pro- 
files of  mean  tempera  fore  for  case  32.  It  can  be  noted 
that  the  model  recovers  the  t.hersally  'unstable  layer  near 
the  lower  bcundar;-,  the  nearlj'  adiabatic  layer  .higher  up, 
with  increasing  stability  as  the  inversion^ level  is  arpro- 
ac.ied,  and  t.he  cooling  of  the  upper  layer  ( "overshso-."). 

Fi.-ure  2 snows  the  vertical  profiles  of  the  turbulent 

heat  fl'ui  w^  for  oases  31  and  32;  the  heig.ht  is  seaiea 
With  a,,  and  the  neat  flux  with  its  surface  value  As 

was  to  be  expected,  t.-.e  negative  value  of  w'7'  in  the 
"overa.'.oot"  is  fo'und  to  be  larger  for  case  31  t.han  for 
case  32.  __ 

The  vertical  velocity  variance  w'^,  maae  diaenaion- 
less  by  tne  square  of  t.ne  convective  velocity 


w.  .((b-,  t,  )' 


. is  plotted  in  figure  3 as  a f-unstic 
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risrare  4 snows  the  verticai  profiles  s:'  the  teacera- 


tjre  variaase  , scales  vita 


vaere  = i. 


Tne  auaerical  aclel  gives  the  sane  chape  and  order  of 
aapTiitade  as  the  laboratory  measureaeats . It  can  be  seen 
that  in  case  22  tne  teiperature  variance  reaches  a higner 
naxisua  value:  inis  was  to  be  expected  since  a larger 

gradient  of  T iaplies  a larger  heterogeneity  for  T which, 

in  t'um,  inplies  a larger  variance  

The  coaputed  eddy  iinetic  energy  flux  w’e,  scaled 

with  vl,  is  ooapared  in  figure  5 to  its  aeasured  values 
for  cases  and  22.  The  good  agreement  one  can  observe 
for  this  physically  important  t^rd  order  correlation 
can  be  tauten  as  an  argument  to  justify  the  use  and  the 
validity  of  the  clipping  aptroximation,  as  discussed  by 


with  friction  velocities  differing  by  less  than  IC  jo 
from  tne  measured  values,  figures  c to  ‘C  s.now  measured 
and  computed  profiles  ( experimental  aata  nave  been  dec. 
ced  from  the  diagrams  snovn  in  Hanyalic  i'l)].  The  dis- 
tance c to  the  smooth  wall  is  made  aimencionless  by  tne 
distance  D between  tne  two  plates,  and  velocities  by  tn: 
rough  friction  velocity  u^_ . 

Figure  5 shows  t.he  mean  velocity  profile  ! scaled 
with  tne  maximum  value  of  velocity  u^)  toget.her  vitr.  tnt 

shear  stress  profile,  for  wnich  t.-,e  model  prediction  is 
indistinguisnable  of  the  measured  values. 


Figure  6 i Profiles  of  computed  mean  velocity  ( conti 
ous  line)  and  snear  stress  ( dashed  line).  Points  and 
triangles:  experimental  data. 


In  this  exceriment  v see  Hanjallc  vJJ,)  and  Hanjalic 
and  Launder  [S'l) , air  is  drawn  between  twc  plates,  one  of 
wnich  is  roughened  by  sticking  small  square  sectioned 
ribs,  the  ctr.er  being  soaotn;  this  asymmetry  leads  to  a 
shear  stress  ratio  of  about  5 to  ' between  the  walls.  *e 
s.hall  be  interested  only  in  the  fully  developed  flow. 

In  tne  numerical  experimant,  the  friction  velocities 
u..  and  u,.  . 2 for  amocth,  K for  rough)  are  deduced  at 

each  time  from  the  mean  velocities  at  tne  corresponding 
near  wall  levels  by  means  of  logarithmic  laws,  shown  to 
Be  valid  by  Hanjalic  and  Launder  (^).  The  mean  pressure 
gradient  is  then  related  to  u,,  and  u,f_  througn  an  inte- 
gration ' with  respect  to  s)  of  tne  steaay  mean  velocity 
equation  ('b).  A constant  mean  velocity  is  cnsser.  as  tne 
initial  conditicn.  The  fieynolds  number  based  on  maximum 
velocity  and  naif  distance  between  t.ta  walls  is  typically 
5oCIC.  The  tine  step  used  is  C.ICCCq  sec.  After  about 
'ICC  time  stepc,  the  "numerical  flow"  becomes  steady. 


Figure  7 : Profiles  of  computed  eddy  hinetio  energy 
( continuous  line)  and  diasi nation  cesned  line).  Points 

and  triangles:  experimental  data. 


■'irore  , compare?  me  coscutea  ana  exnerisenpax 
prcfiles  of  near,  eddv  iiinetic  energj’  and  of  i:s  aissipa- 
tion  rate.  For  iisaioatior.,  data  were  obtainea  oy  a oa- 
iance  m the  energy  oucoet,  and  also  oy  other  aetnods 
Both  predicted  profiles  appear  quite  satisf actor;.', 
thoai.p,  as  shoviT.  by  figure  S whicn  displays  diaansioniess 
r.a.s.  velocities  v„,  •<>,,  kir.e.ic  ener£r  is  not  well 

distributed  aaon^  its  coaponents.  One  can  nope  to  reaed;' 
to  this  nifficulty  by  taiar.g  into  account  near-wall  ef- 
fects in  tne  model  for  presso-correlations  v^).  This  is 
presently  being  done,  along  the  semi-empirical  way  propo- 
sea  by  launder  et  al.  (^J. 


my 

\ 
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Figrare  S : Profiles  of  coaputed  r,o.s.  velocities  ( con- 
tinuous, dasnel,  and  dotted  lines).  Points,  triar.gles, 
and  squares:  experimental  aata. 


.-liureo  y and  'o  sno'w  tne  toiei  results 
order  correlations,  namely  the  kinetic  energy 
gure  9)  and  the  cnaar  stress  flux  figure  1C 
see  t.nat  tne  computed  profiles  are  in  rather 
sent  'With  experimental  data. 


for  r.'o  tn 


gooa  agree 


Figure  10  : Profile  of  computed  shear  stress  flux. 
Paints:  exserimsntal  data. 


COSCLOSION 

Tne  clipping  approximation  has  been  shown  to  be  able 
to  give  good  predictions  of  second  and  third  order  momantt 
in  fwo  very  different  types  of  turb-ulent  flows,  if  source, 
much  work  reaairu  to  be  done,  particularly  in  the  fiels 
of  pressure  effects  ( inciuding  near-'wal.  effects)  ana 
dissipaticn  paremetrisations.  /.oreover,  further  testing 
has  to  be  done  for  other  type  of  flows,  specially  fcr 
those  where  buoyancy  and  snear  play  a comparable  rcle. 
ueTart.aeless,  this  approximation  appears  S'ui table  for  rea- 
listic modeling  of  turbulent  flows,  and  particularly  those 
of  geop.hysieal  interest,  as  was  shown  by  tne  successful 
numerical  simulation  of  the  diurnal  part  of  Bay  PJ  from 
Clarke  et  ai.  langara  experiment  (j_£)  ( see  inirf  . 
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ABSTRACT 

A raviaw  is  nada  of  racant  advancas  in  tha  com- 
putation of  ttaraa-diiBansional  turbulant  boundary 
layars.  Ssmhasis  is  placad  upon  thosa  araas  which 
hava  racaivad  tha  praatast  attantion,  but  problem 
areas  ara  also  idantifiad  whara  further  research  is 
most  urgently  needed. 

lUTRODOCTIOM 

in  19B7,  Spalding  [1]  proposed  a Reynolds  number 
to  characteriza  research  effort 

(Sira  of  team)  (spaed  of  worlc)  (density  of  effort) 
(viscosity  of  subject) 


boundary  layer  is  just  as  complax  as  its  turbulant 
counterpart,  and  both  demand  a considerable  amount  of 
ingenuity. 

DEVELOPMENTS  IN  THE  THEORY 

In  the  conventional  traaoiont  of  a thin  boundary 
layer  developing  on  a surface  of  small  curvatures  tha 
aquations  of  momentum  and  continuity  ara  written  in  a 
coordinate  system  (x.y.z)  such  that  lines  of  constant 
z and  z form  an  orthogonal  net  on  the  surface,  ywO, 
and  y is  measured  normal  to  it.  Denoting  the  pressure 
is^reasad  by  tha  external  flow  on  the  boundary  layer 
by  p(x,z)  and  the  velocity  components  in  tha  (x,y,z) 
direction  by  (D,V,H) , the  boundary-layer  equations 
for  incompressible  flow  arai 


and  surmised  that  this  must  attain  a critical  value 
before  tha  augswntation  and  spread  (turbulent  mixing) 
of  information  becomes  appreciable.  It  can  be  safely 
said  that  for  thrae-dimanslonal  turbulant  iMundary 
layars  the  critical  value  has  not  been  reached  since 
there  is  little  evidence  of  any  instability!  Thera 
is  little  doubt,  however,  that  the  subject  it  highly 
viscous  and  that  the  size  and  density  of  effort,  as 
well  as  the  spaed  of  tha  prime  wor)car,  tha  co^uter, 
are  all  on  the  increase.  Our  European  colleagues 
)iave  huddled  together  in  two  recent  conferences  on 
this  topic  (Euromeeh  33,  Berlin  1972,  and  Euromech 
60,  Trondheim  1975)  and  reached  similar  conclusions. 

Since  tha  publication  of  our  review  of  three- 
dimensional  turbiilent  boundary  layers  [2]  in  1972 
soma  progress  has  been  made  on  tha  modeling  of  tur- 
bulence on  the  one  hand,  and  on  the  cemputation  of 
complex  turbulent  flows  on  the  other.  For  the  pres- 
ent purposes  we  shall  confine  our  attention  largely 
to  tha  computational  aspects.  Although  a number  of 
fundamental  studies  are  being  conducted  on  the  rel- 
atively well  deeumantad  case  of  thin  two-dimensional 
boundary  layars,  the  main  thrust  in  boundary- layer 
research  appears  to  be  shifting  towards  more  complex 
flows.  In  two  dimensions  this  has  led  to  wor)c  on  the 
development  of  turbulence  models  with  wider  applica- 
bility, interacting  shear  layers,  viscous- inviscld 
interactions,  and  even  separated  flows,  although  some 
of  these  cannot  really  be  treated  within  the  frame- 
wor)c  of  boundary-layer  theory  alone.  The  three- 
dimensronal  boundary  layer  is  a complax  flow  of  a 
somewhat  different  variety.  Here,  tha  problems  of 
arbitrary  surface  geometry  and  tha  specification  of 
tha  relevant  initial  and  !9oundary  conditions  are  just 
as  coovlicatad  as  the  preblmi  of  tha  solution  of  tha 
mean-flow  aquations.  Indeed,  from  a purely  computa- 
tional point  of  view,  the  three-dimensional  laminar 
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Here,  h.(x,z)  and  h.(x,z)  are  the  metric  coefficients 
assoeia.ad  with  the^x-  and  z-direction,  respectively; 
Kj^3  and  Xji  are  the  geodesic  curvatures  of  the  lines 
of  constant  x and  z,  respectively;  0 is  the  fluid 
density;  t and  are  the  shear  stresses  in  the  x- 
and  z-diraStions . The  two  curvatures  are  related  to 
the  metric  coefficients  by 


^3 
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Equations  (1)  through  (3)  apply  directly  to  laminar 
flows,  but  also  to  turbulant  boundary  layers  if 
(0,V,H)  are  regarded  as  tha  time-averaged  velocities 
and  the  shear  stresses  are  written  as  the  sums  of 
the  viscous  and  Reynolds  stresses,  i.e. 
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wham  (u,v,w)  ara  cha  valocisy  fluctuations  in  tha 
(x,y,z)  dlractions. 

Bafora  dasczibing  tha  racant  davalocaants  in 
tna  traatmant  of  tha  aquations  listad  abova  it  is 
usaful  to  raviaw  hriafly  savaral  aspacts  of  mora 
qanaral  natura.  Thasa  ooncacn  tha  salaction  of  a 
ooordinata  systan.  sooa  spacial  classas  of  flow  foe 
which  tha  aquations  hacona  sostawhat  simplar,  and 
tha  nodals  availabla  for  tha  closura  of  tha  aquations 
of  tha  turbulant  boundary  layar. 

Coordinata  Svstams 

In  tha  calculation  of  boundary- layar  davalop- 
nant  on  arbitrary  thraa-dinanaional  bodias,  such  as 
finita  wings,  fusalagas  and  ship  forms,  an  important 
problam  that  has  to  ba  rasolvad  first  is  tha  choica 
of  a convaniant  coordinata  systsm.  Tha  locally 
orthogonal  systan  considarad  abova  is  quits  ganaral 
insofar  as  it  offars  a wida  variacy  of  choieas  in- 
cluding tha  intrinsic  or  straamlina  eoordinatas. 
Howavar,  savaral  racant  uorkars  hava  suggastad  tha 
usa  of  tha  avan  mora  ganaral  nonorthogonal  eoordin- 
atas although  only  a faw  isolatad  attampts  hava  baan 
aada  to  incorporata  than  in  a computation  procadura. 
In  aithar  casa,  tha  fraadom  of  choica  of  a coordin- 
ata  systan  for  a particular  problam  is  rastrietad 
somawhat  by  tha  natura  of  tha  gaoraatry  undar  consid- 
aration  and  by  tha  availability  of  tha  nacassary 
boundary  conditions.  A convaniant  coordinata  systan 
can  usually  ba  idantifiad  for  cartain  classas  of 
problama,  wbila  for  othars  it  nay  not  ba  IrDadiaealy 
obvious. 

In  calculation  nathods  basad  onintagral  aquations 
of  tha  boundary  layar,  it  has  baan  customary  to 
adopt  tha  straanlina  coordinata  system.  This  is 
largaly  dua  to  tha  fact  that  tha  physical  ii^uts 
concaming  tha  valoclcy  proflla  shapas,  friction 
fomulaa  and  othar  auxiliary  ralations  raquirad  for 
closura  of  tha  aquations  ara  bast  fomulatad  by  raf- 
aranca  to  tha  straaislinas  outsida  tha  boundary  layar. 
Tha  aajor  drawback  of  this  approach  is  that  tha 
coordinata  systsm  changas  whanavar  tha  axtamal  flow 
it  altarad  by  changas  in  tha  oriantation  of  tha  sur- 
faca  or  tha  cbaractarittics  of  tha  oncomi.ng  straan. 
Svan  with  intagral  aquations,  howavar,  it  it  pottibla 
to  ravart  to  tha  nora  ganaral  coordinata  sysemns 
discuasad  aarliar  providad  suitabla  transformations 
ara  mada  prior  to  tha  solution  of  tha  aquations. 

On  tha  basis  of  our  coUactiva  axparianca  to 
data  it  la  possihla  to  Idantify  cartain  ganaral 
guidalinas  for  tha  salaction  of  a coordinata  systan 
and  also  point  out  thosa  araas  tdtleh  naad  furthar 
attantion.  First  of  all,  parabolicity  of  hyparbol- 
Icity  of  tha  govaming  diffarantial  aquations  sug- 
gasts  that  ona  sat  of  coordinata  lines  should  be 
pointed  roughly  in  tha  "downstraan*  dlraetlon.  For 
nose  practical  purposas,  downstraan  nay  ba  takan 
as  tha  ganaral  dlraetlon  of  tha  flow  outsida  tha 
boundary  layar.  Secondly,  an  attsmpt  should  ba 
mada  to  anaura  tha  coincidanca  of  coordinata  linas 
with  linos  or  geomtrical  boundaries  along  which 
tha  flow  charaetaristies  ara  kno%m  or  can  ba  in- 
vanead  with  some  physical  justification.  Finally, 
as  a favor  to  tha  potential  user,  it  is  desirable  to 
Include  the  construction  of  tha  coordinate  system 
as  a part  of  the  boundary- layar  computation  pro- 
cedure and  ensure  that  the  pressure  distribution  on 
tha  surface  can  be  prescribed  readily.  It  is  un- 
likely that  all  of  the  abova  raquirsawnts  can  ba 
mat  by  a coeiputation  procadura  which  is  at  the  same 
time  general  enough  to  be  used  for  a variety  of 
surface  configurations  of  interest.  Howavar, 


substantial  progress  can  ba  aada  in  this  direction 
by  laarning  and  making  use  of  the  large  body  of  know- 
ledge in  differential  geomatrv.  :c  is  worth  noting 
that  most  calculation  procedures  far  thraa-dimansional 
boundary  layers  currently  undar  development  utilize 
ad  hoc  coordinata  systems.  On  tha  othar  hand  tha 
solution  should  properly  ba  independent  of  tha  coor- 
dinate system  used  to  generate  it.  It  is  thar afore 
intarasttng  to  surmise  on  the  influence  of  the  choice 
of  coordinates  on  the  final  results  irraspactiva  of 
tha  other  numerical  and  physical  contants.  Suitable 
checks  hava  simply  not  baan  applied  to  ascartjUb 
this  affect,  but  it  is  i^arativa  that  such  investi- 
gations ba  carried  out  to  establish  tha  credibility 
of  the  computation  procadures. 

Quasi-Two  Dimensional  Flows 

Although  tha  equations  of  the  ganaral  thraa- 
dimansional  boundary  layar  can  ba  found  in  many  early 
papers  and  textbooks,  thair  complexity  deterred  tha 
early  investigators  from  tackling  them  with  completa 
generality.  There  has  thar afore  been  a continuing 
interest  in  identifying  types  of  flow  for  which  the 
aquations  taka  soma  simple  forms  by  virtue  of  gao- 
matric  symacrias,  and  also  types  of  flow  where  valid 
approximations  can  ba  mada.  notable  exaisplas  of  such 
spacial  casas  in  tha  first  category  arai  two-dimen- 
sional flows,  axially  sysmetric  flows,  infinita-yawad- 
cylindar  flows,  tha  flow  along  an  attachment  line,  and 
tha  flow  along  a plana  of  sysnatry.  In  the  second 
cataogzy  arc  the  wall  known  approxismtion  of  small 
crossflow  and  tha  flow  naar  a stagnation  point.  Tha 
particular  Soraa  of  the  aquations  for  these  spacial 
casas  hava  baan  discussad  alsawhare  [2] . Hare  we 
shall  sisgply  consider  their  ralavance  to  the  solution 
of  the  CQs^lata  thraa-dimansional  boundary-layer 
aquations.  Continuad  axperimantal  and  thaoratical 
studies  of  these  casas  ara  obviously  important  not 
only  bacausa  they  provide  valuable  information  for 
tha  understanding  of  tha  complete  problam  but  also 
supply  the  naeossary  initial  and  botindary  conditions 
for  its  solution.  Thus,  for  exampla,  tha  solutions 
of  Howarth  13],  Squire  [4}  and  Oarey  {SI  for  the 
boundary  layar  naar  a stagnation  point  can  ba  used 
to  initiate  tha  complete  solution  of  tha  boundary 
layer  on  a blunt-nosed  body,  while  the  attachment- 
line  flow  investigated  by  Cb^sty  and  Read  [6,7] 
datarminas  the  initial  conditions  along  tha  leading 
edge  of  a swept  wing.  On  tha  other  hand,  tha  flow 
along  a plana  of  sytssatry,  which  can  ba  computed  in- 
dependently using  tha  simpler  equations,  can  provide 
the  bounded  conditions  for  calculation  on,  say, 
ship  forms,  bodias  of  revolution  at  incldanea,  and 
fusalagas,  all  of  which  contain  at  least  ona  plana 
of  sysnatry.  This  particular  casa  is  tharafora  of 
great  practical  significance.  This  is  amply  damon- 
stratad  by  the  recent  computations  performed  by  Kang 
(81  for  the  laminar  boundary  layers  on  the  planes  of 
sysssatry  of  prolate  spheroids  at  incidence.  Hang's 
work  suggested  that  a considerable  amount  of  infor- 
sution  on  the  overall  behavior  of  tha  boundary  layer, 
including  saparation,  could  bo  extracted  by  examining 
the  results  of  these  ralatlvaly  simple  computations. 
Secondly,  chase  plane-of-sysoatry  solutions  proved  to 
be  of  great  value  in  formulating  tha  methods  required 
to  calculata  t9,10,ll]  tha  boundary-layer  development 
over  tha  entire  body.  Although  some  data  exist  [12; 
13,14]  on  the  behavior  of  a turbulant  boundary  layar 
along  a plana  of  symmetry,  additional  detailed  studies 
ara  needed  to  iaprova  our  understanding  of  this 
special  casa.  Sosta  progress  has  baan  made  in  this 
direction  in  tha  recant  study  of  Head  and  Frahlad  [IS] 
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It  should  ba  .totad  that  tha  basic  di2£aranca  bacwean 
tha  plana-oi-synBatr>'  flow  and  tha  much  axplorad  two- 
cistansional  flow  is  tha  axiscanca  of  convar;enca  or 
divarganca  of  straaelinas  on  aithar  sida  of  tha 
svEziatr^'  plana,  although  tha  crossflow  itsalf  is 
zero. 

Turbulanca  Modals 

A considarabla  amount  of  affort  has  baan  davotad 
in  racant  yaars  to  tha  davalopsant  of  coaprahansiva 
turbulanca  modals.  Most  of  tha  racant  work  has  baan 
raviawad  in  soma  datail  by  laundar  and  Spalding  [16] 
and  Raynolds  (17] . wa  do  not  proposa  to  rapaat  this 
affort  hara  avan  for  tha  casa  of  tha  thraa-dimansion- 
al  turbulant  boundary  layar.  Instaad,  wo  shall 
axamina  tha  modals  that  hava  actually  boon  utilizad 
in  throa-dimansional  boundary-layar  computations 
and  susssariza  soma  of  tha  important  similaritios  and 
diffaroneas  in  tha  rasults  that  hava  boon  obtainad 
to  data. 

3y  fax  tha  most  common  turbulanca  modal  that 
has  baan  amployad  so  far  is  tha  isotropic  sddy- 
viscosity  modal  (saa,  for  axampla,  [18,19,20,21,2:, 
23,24,25])  or  its  half-bsothar,  tha  mixing  langth 
siodal.  Whilo  thara  ara  a groat  many  concoptual  ob- 
j actions  to  this  so-callad  zaro-aguation  modal,  thara 
ara  soma  justifications  for  its  peasant  widaspraad 
usa,  tha  most  obvious  ona  boing  simplicity.  It  was 
initially  thought  that  tha  modal  offarrod  a distinct 
advantaga  sinca  tha  basic  nusarical  procaduros  could 
also  ba  usad  to  study  laminar  and  transitional 
boundary  layars.  Howavar,  such  possibilitias  also 
oxist  with  avan  tha  most  advancad  turbulanca  modals 
sinca  tha  turbulanca  can  ba  "switchod  off"  if 
dosirod.  Tha  parfomanca  of  tha  addy-viscosity  and 
mixing-langth  modals  has  baan  ccoiparod  against 
savaral  sats  of  wall  known  axparlmontal  data.  Thosa 
includa  tha  obstacla  flow  of  Sast  and  Hoxoy  113] , 
tha  curvad-channal  axparimants  of  Vazaaulan  [26] 
and  tha  infinita  swapt-wing  maasuramants  of  Brad- 
shaw and  Tarrall  [35]  and  van  dan  Barg  at  al  [24] . 
Among  tha  main  conclusions  to  ba  drawn  from  thasa 
studias  ara  tha  following:  (a)  Although  tha  pracisa 
variations  of  tha  addy-viscosity  and  mixing-langth 
across  tha  boundary  layar,  and  tha  numaric^  mathods 
usad  to  solva  tha  aquations,  diffar  frost  ona  in- 
vastigator  to  anothar,  tha  basic  pradictions  of  tha 
mathods  ara  quita  similar.  This  is  indaad  a tasti- 
mony  to  tha  incrsaslng  numarical  axpartisa  in  this 
businass.  (b)  Thasa  modals  giva  raasonably  accurata 
pradictions  of  tha  flows  considarad  insofar  as  tha 
aaan  wloeity  profilas  and  tha  ganaral  davalopsiant 
of  tha  boundary  layar  is  concamad  providad  tha 
ragions  naar  saparation  ara  axcludad.  (c)  As  avi- 
dancad  by  tha  Stanford-styla  cospatition  at  Trond- 
haim  [28]  and  othar  attaopts,  nona  of  tha  turbulant- 
flow  sMthods  has  suceaadad  in  t.ha  pradiction  of 
flow  saparation  with  any  dagraa  of  accuracy  avan 
for  such  spacial  casas  as  tha  infinita  swapt  wing. 

Tha  pradiction  of  saparation  linas,  such  as  thosa 
obsarvad  in  front  of  obstaclas  or  on  bodiaa  of  rav- 
olution  at  incidanca,  appaars  avan  mora  ramota.  Tha 
difficulty  is  cOBipoundad  by  tha  lack  of  a ganarally 
accaptad  dafinition  of  saparation.  (d)  Tha  sema- 
what  ancouraging  rasults  obtainad  with  tha  addy- 
viscosAty  modals  hava  lad  to  thair  axtansion  to 
computation  of  flows  ovar  quita  cemplicatad  gao- 
aatrias  such  as  cos^lata  wings  [29]  and  ship  hulls 
[18,21].  Soma  caution  is  advisad  in  tha  intarpra- 
tation  of  thasa  rasults,  howavar,  in  vlaw  of  tha 
obsarvation  that  tha  modals  hava  baan  tastad  against 
data  of  a somawhat  limltad  .natura.  Tha  ovarall 


raliability  of  tha  mathods  for  parforamg  routins 
calculations  in  aarodynaiaic  and  hydrodynamic  appli- 
cations tharafora  naads  to  ba  damonstratad  by  compar- 
ison with  a much  widar  variaty  of  axparimantal  data. 
It  appaars  that  such  data  may  soon  bacoma  availabla. 

In  tha  mora  advancad  turbulanca  modals  tha 
Raynolds  strassas  ara  daducad  from  additional  diffar- 
antial  aquations  whic.h,  in  cum,  ara  obtainad  from 
tha  transport  aquations  of  ona  or  mora  of  tha  follow- 
ing quantitias  i tha  ^^bulant  kinacic  anargy 
1 2 2 2)^'^ 

(k  • q<u  + V * w , tha  rata  of  anargy  dissipa- 


tion (c),  and  tha  Raynolds  strassas  thamsalvas.  Tha 
various  tarns  in  tha  axact  transport  aquations  ara 
approximatad  (modalad)  by  making  suicabla  hypochasas, 
justifying  tham  on  tha  basis  of  axparimantal  data  and/ 
or  physical  reasoning,  so  that  tha  and  result  is  an 
aquation,  or  sac  cf  aquations,  which  ralata  Che 
Reynolds  strassas  occurring  in  tha  mean-flow  aquations 
to  tha  rest  of  tha  unknowns,  namely  the  mean  velocity 
components.  In  tha  context  of  two-dimansional  bound- 
ary layers,,  whara  uv  is  the  only  'inknown  Reynolds 
stress,  tha  resulting  models  ara  classified  as  ona- 
aquaCion  or  two-aquation  modals  [16,17],  dapanding 
on  tha  nuabar  of  additional  diffarential  equations 
ganaracad  to  affect  tha  closure  of  the  mean-flow 
equations.  Such  a classification  is  randarad  sema- 
what  meaningless  in  the  casa  of  threa-dimansional 
turbulent  boundary  layars  whara  thara  ara  two  un- 
known Raynolds  strassas  (uv  and  vw) , and  tha  addition- 
al relationships  may  consist  of  combinations  of 
dlffarancial  and  algebraic  aquations. 

Tha  genaology  of  tha  modals  based  on  the  tur- 
bulant kinecic-anargy  aquation  and  tha  transport 
aquations  for  tha  Reynolds  strassas,  as  chav  relate 
to  the  problem  of  threa-dimansional  turbulant  bound- 
ary layars,  was  outlinad  in  our  previous  review  [2]. 
Tha  earliest  attasipt  to  generalize  the  than  flourish- 
ing turbulent  kinetic-energy  method  of  Bradshaw  at  al. 
[30]  to  the  casa  cf  threa-disMnsional  boundary  layers 
was  made  by  Nash  [31].  Thera  it  was  shown  that  tha 
two-dimensional  version  of  tha  modal  could  easily  ba 
adopted  to  thraa  dimensions  by  making  appropriate 
modifications  in  tha  convection  and  production  tarms, 
leaving  the  diffusion  and  dissipation  tanas  unchanged. 
This  results  in  an  aquation  for  feia  ugnituda  of  the 
Reynolds  stress,  T [ S c (uv"  ♦ vw^)^'  *],  :dtich  is 
assoaed  to  ba  proportional  to  Che  turbulent  kinatic 
anargy: 
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Bara,  2a,  (8  T/ok  • 0.30)  is  a constant,  and  a.  and  I, 
ara  tha  lama  functions  of  y/t,  as  in  tha  two-dimen- 
sional casa;  a^  is  a diffusion  parameter  and  I,  is 
identified  wiefi  tha  dissipation  langth.  In  order  to 
close  tha  naan-flow  aquations.  Mash  increduesd  tha 
additional  assumption  that  tha  resultant  turbulent 
shear  stress  acts  in  tha  sane  direction  as  tha  resul- 
tant aaan  raca-of-strain; 


vw 


30/., 
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Tha  corresponding  rasulc  for  laminar  flow  is,  of 
course,  axact. 

In  tha  subsequent  work  of  Bradshaw  [32] , the 
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last  sss'jaption  was  avoids^  by  considsration  of  tha 
transport  tquations  of  tha  cwo  Raynolds  strassas, 
MuBarlcal  axparimants  parforsiad  to  compara  tha  two 
assuoptions  showad  littla  dlffesenca  In  tha  pre- 
dlotions  of  tha  aaan-flow  parasiatars  for  savaral 
raprasantatlva  casas.  Although  soma  doubt  has  baan 
cast  on  this  obsarvation  in  sona  racant  publications, 
thara  is  as  yat  no  dafinitiva  avidanea  to  indicata 
that  tha  diractional  rasponsa  of  tha  shaar  strass  has 
a significant  affact  on  tha  computation  of  tha  maan 
flow. 

Tha  third  turbulanca  modal  wa  shall  conaidar  is 
that  dua  to  Laundar  and  Spalding  [33]  which  is  a gan- 
aralization  of  an  aarliar  two-dimansional  modal  daval- 
opad  at  Imparial  Collaga.  Hara,  tha  turbulant  Ray- 
nolds  strassas  ara  ralatad  to  tha  corrasponding 
maan  rata-of-strain  by  an  isotropic  addy  viscosity, 

Uf,  in  tha  usual  mannar,  namaly 
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Howavar,  instaad  of  spacifying  tha  distribution  of 
vx  across  tha  boundary  layar  as  in  tha  convantional 
approach,  it  is  ralatad  to  tha  turbulant  kinatic- 
anargy,  k,  and  its  rata  of  dissipation,  e,  via  tha 
wall  known  ralation 


(9) 


whara  c^  is  a constant  (>0.09).  In  turn,  k and  c 
ara  obtainad  from  tha  modalad  transport  aquations 
(in  Cartasian  coordinatas) 
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whara 


e,  (-1.44) 
^ k^ 
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Cj  (-1.92),  (-1.0)  and 

' 1.1)  ara  all  as^irical  constants 
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(saa,  for  axampla,  [16]).  It  will  bo  notad  that  this 
modal  also  Isqplias  tha  coincidonca  of  tha  shaar 
strass  and  rata-of-strain  vactors. 

Tha  throo  transport-aquation  modals  listad 
abova  apply  only  to  tha  fully-curbulant  ragion  of 
tha  boundary  layar.  Tha  sublayar  and  transition 
zonaa  ad j scant  to  tha  surfaco  raquira  spacial  traat- 
mant.  This  usually  takas  tha  form  aithar  of  matching 
tha  fully- turbulant  flow  solution  to  tha  conditions 
at  tha  wall  using  soma  ganaralizad  form  of  tha  law 
of  tha  wall,  or  of  intr^ucing  furthar  ampirical 
modifications  into  tha  turbulanca  modal  and  con- 
tinuing tha  calculation  down  to  tha  surfaca.  Sig- 
nificant uneartaintias  ara  prasant  in  both  approachas. 

Of  tha  thraa  advancad  turbulanca  modals  dis- 
cussad  abova,  tha  most  widaly  tastad  and  utilizad  is 
that  of  Nash  and  Ratal  [2] . Tha  ganaral  laval  of 
agraanant  with  axparlmantal  data  obtainad  with  this 
modal  is  wall  illustratad  by  Figura  1,  takan  from  sav- 
aral such  comparisons  shown  in  [2] . Naithar  of  tha 


othar  two  modals  has  baan  tastad  sufficiantly  to  indi- 
cata its  supariority.  It  will  ba  racallad  that  tha 
modification  of  Bradshaw,  as  incorporatad  in  our  modal, 
doas  not  giva  significant  improvamants  in  parformanca. 
Tha  Launder-Spalding  modal  was  usad  racantly  by 
Spalding,  Singhal,  Rodi  and  Rastogi  to  computa  all  of 
the  seven  test  cases  at  tha  "Trondheim  Trials."  How- 
ever, its  performance  was  judged  to  ba  somewhat  in- 
consistent insofar  as  its  results  daviatad  consider- 
ably from  the  various  integral  euid  differential 
methods  tastad  there  [34] . Tha  test  cases  at  Trond- 
heim consisted  of  four  hypothatical  cases  for  which 
no  expariaantal  data  exist i of  the  remaining  three, 
two  were  of  tha  infinlta-swept-wing  type  [3S,27], 
Moreover,  only  ona  differential  method  (Spalding, 
at  al.)  was  able  to  cosiplata  tha  confutations  for  all 
savan  cases.  Conceptually,  the  advancad  turbulence 
modals  represent  an  isfrovament  upon  the  usual  eddy- 
viscosity  approach.  Howavar,  it  is  clear  that  only  the 
eddy-viscosity  methods  of  Cabaci  [21]  and  Chang  and 
Fatal  [18]  and  the  turbulent  Icinetic-anargy  method 
of  Nash  and  Fatal  [2,36]  have  computationally  pro- 
gressed to  a laval  vdiere  meaningful  comparisons  can 
ba  made  with  axparlmantal  data  gathered  from  quite 
different  and  general  flow  geometries. 


rrSDET  1.  COMPARISON  WITH  THE  .MEASUREMENTS 
OF  VERMEDLEN 
Nash  and  Fatal  [2] 


DEVEIOFMENTS  IN  SOLUTION  METH0D0L03Y 

The  development  of  appropriate  methods  for  solv- 
ing tha  partial  differential  aquations  describing 
turbulent  boundary  layers  has  run  parallel  to,  but 
not  always  in  step  with,  tha  development  of  the  under- 
lying theory.  Often,  particularly  in  tha  early  days 
of  boundary  layers,  a great  volume  of  theory  has 
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•xistad  wi:hcuc  ad«qu*t*  nMns  for  translacino  is 
inso  soiusions.  On  th«  oth«r  hand,  nor*  racentiy 
thara  saam  so  hava  baaa  yarioda  whan  sha  sophiati- 
casion  oi  aolssion  nashoda  ousatrippad  sha  aophisti- 
casion  of  sha  shaory.  Furshamora,  at  any  ona  sioa, 
is  haa  usually  baan  possibla  to  idantify  inapprop- 
riata  cotabinatuona:  of  a good  thaory  and  a poor 
computation  aathod,  or  a poor  thaory  and  a suparior 
computation  aathod.  Cartainly  thara  asa  axamplaa 
of  both  in  axistanca  today. 

In  tha  aarly  days  of  turbulant  boundary  layars 
tha  naad  was  for  aathoda  for  solving  tha  aquations 
in  a two-diaansional  domain.  This  was  trua  both  for 
cwo-diaanaional  flows,  as  such,  and  also  for  axi- 
synDOtric  flows,  boundary  layars  with  small  crossflow, 
and  boundary  layars  on  inf ini ta  yawad  cylindars.  Tha 
last  two  classas  of  flow  involva  coi^nants  of 
valociey  and  shaar  stxass  normal  to  the  domain,  tut 
not  darivativas  normal  to  tha  domain;  hanca  a two- 
diaanslonal  domain  sufficas. 

This  factor,  togathar  with  tha  ralativaly  high 
ratio  of  inganuity  to  coaiputar  faeilitias,  provokad 
tha  amarganea  of  intagral  mathoda  of  solution  [37] . 

Tha  objactiva  in  thasa  aathods  was  to  raduca  tha 
boundary- lay ar  aquations  to  a tat  of  ordinary  dif- 
farantial  aquations  which  could  bo  intagratad  in  tha 
dewnstraam  longitudinal  diraetion.  A furthar,  and 
aasontial  practical,  objactiva  was  to  kaap  tha  numbar 
of  rasulting  aquations  to  a minimum.  In  tha  casa  of 
incoivrotaiblo  two-dimoasional  or  axisymnatric  flows 
this  provod  ralativaly  aasy.  Hhathor  or  not  tha 
ordinary  diffarantial  aquations  wars  darlvod  formally 
by  taking  moaiants  of  tha  original  partial  diffarantial 
onas,  and  whathor  or  not  profila  familias  wara  ax- 
plicitly  spacifiad,  it  amargad  that  raasonabla  pra- 
cision  could  ba  achiavad  using  only  sswll  nutobors 
of  dapandant  variablas  and  an  squally  small  numbar 
of  rasulting  aquatioiu.  Thasa  aquations  would  usually 
ba  solvod  by  hand. 

COB^rassibility  prasantad  a complicating  factor 
to  which  tha  proponants  of  intagral  methods  raspondad 
with  soma  maasura  of  succass.  Particularly  in  tha 
casa  of  adiabatic  walls  cartain  Integral  methods 
could  ba  extended  to  eompresslbla  flow  without  undue 
difficulty.  Flows  with  hast  transfer,  however, 
prasantad  major  problems.  Thraa-dijsansionalicy 
prasantad  even  more  serious  cosiplications.  Ona 
reason  for  this  lay  in  the  difficulty  of  raprasant- 
ing  the.  vector  velocity  profile  by  a suitable  func- 
tional form.  It  bacasie  apparent  that  larger  and 
larger  nusdsars  of  disposable  paramaters  would  ba 
raqulrad  in  order  to  provide  tha  nacassary  general- 
ity (21 , and  for  each  additional  paramatar  an  addi- 
tional governing  aquation  is  required.  Other  reasons 
Involved  tha  rapresantation  of  the  turbulant  shaar 
stress  in  tha  thraa-dimanslonal  flow. 

Concaptually,  the  intagral  approach,  in  its 
broadast  sansa,  can  ba  used  to  solve  sets  of  aqua- 
tions of  almost  any  dagraa  of  complexity.  However 
a point  of  coonlaxlty  occurs  beyond  which  this 
approach  caasas  to  provida  an  economically  eos^ati- 
tlve  mode  of  solution.  Thareaftar,  at  least  as  tha 
issue  is  judged  at  this  time,  direct  numerical 
solution  of  tha  partial  diffarantial  aquations 
offars  sera  prospect  of  success.  Actually,  thara 
is  not  a sharp  dividing  line  between  intagral 
methods  and  direct  niaarical  aathoda.  Rather  tha 
two  approaches  lia  towards  opposite  ends  of  a con- 
tinuum. Intagral  aathods  involva  tha  usa  of  compli- 
cated functional  forms  to  approximate  tha  solution 
over  significant  portions  of  tha  doamin.  Direct 
numerical  methods  involve  division  of  tha  dosmin 


into  a much  larger  numbar  of  alamants  over  which  tha 
solution  is  approximated  by  more  primitive  functional 
forms.  3y  far  tha  most  popular  method  of  direct  numer- 
ical solution:  tha  finite-difference  method,  seeks  to 
datarmina  tha  solution  at  discrete  node  points  in  the 
domain.  This  is  tha  approach  that  we  shall  concen- 
trate on  here,  but  it  is  worth  mantioning  that  it  is 
not  tha  only  approach;  possibly,  in  tha  last  analysis, 
it  may  not  turn  out  to  be  tha  bast  ona. 

Introduction  of  the  boundary-layer  approximations 
into  tha  original,  more  general,  set  of  partial  differ- 
ential equations  produces  a new  set  of  equations  which 
ara  non-elliptic : they  may  ba  parabolic  or  hyperbolic, 
depending  on  details  of  the  turbulence  modeling.  3e 
that  as  it  may,  tha  non-allipticity  offars  the  possi- 
bility of  integrating  tha  aquations  by  means  of  a for- 
ward-marching  procedure.  In  flows  to  which  a tvo- 
dimansional  intagration  domain  is  appropriate  (see 
above)  tha  forward  marching  procedure  advances  "down- 
straaB"  relative  to  tha  major  velocity  components 
parallel  to  tha  domain.  A solution  is  sought  along 
a normal  to  tha  body  surface,  at  a station  soma  dis- 
tance downstream  of  another  station  where  tha  solution 
is  already  kno%m  from  an  earlier  stage  of  the  calcu- 
lation or  from  spacifiad  initial  conditions. 

In  terms  of  tha  finita-differanee  framework,  tha 
solution  sought,  at  tha  downstream  station,  is  rap- 
resantad  by  values  of  a vector:  F,  say,  at  discrete 
node  points  along  tha  normal  (Figure  2)  , Tha  elaoiancs 
of  F will  generally  be  tha  principal  dapandant  varia- 
bles: the  velocity  components  (excluding  the  normal 
ona,  V,  which  is  usually  calculated  ratrospactivaly 
from  tha  continuity  aquation),  tha  local  static 
tar^aratura,  certain  turbulence  parameters,  and  so 
forth.  Somatimas  transformed  versions  of  some  of 
tha  variables  ara  used,  e.g.  stream  function.  In 
tha  simplast  case  of  two-dimensional,  incos^ressible, 
lasiinar  flow,  tha  vector  may  dagenarata  to  a scalar: 
in  other  cases  it  contains  two  or  more  alamants. 
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FICnSE  2.  FORT'(ARD-‘!AaCHi::f;  PROeSDUSE 

Finita-differanee  methods  can  bo  divided  into 
two  classes  according  to  vdiothar  the  vectors,  for 
diffarant  node  points  along  tha  normal , ara  calculated 
individually  (axplicit  methods) , or  collectively 
(implicit  methods),  Mora  spacifieally  the  difference 
between  tha  two  classas  can  ba  stated  as  follows. 

If  tha  solution  along  the  normal  is  itself  repreaantad 
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by  a vaccor  Q,  whoaa  alaoanc*  ara  cha  r'l,  than  tha 
forvard-oarching  proeadura  laads  to  an  aquation  for 
3 of  tha  fora 

PQ  - a (12) 

whara  p it  a tquara  aatrix  and  R is  a vactor  of  tha 
tana  ordar  as  S.  Tha  solution  is,  of  coursa, 

3 ■ (13) 

(ast«ainq  that  ? has  an  invaxsa) . Explicit  aathods 
ara  such  that  p is  a diagonal  aatrix,  which  has  a 
trivial  invarsai  iopUcit  aathods  ara  such  that  in- 
varsion  of  p is  non-trivial. 

In  plaea  of  tha  sii^la  concapt  of  i^ttraaa  and 
downstraaa,  first-ordar,  thraa-diaansional  boundary- 
layar  thaory  offart  zonas  of  dapandanea  and  influanca 
[38,21.  Oatarmination  of  tha  solution  along  a normal 
to  tha  body  surfaea,  at  soma  station,  involvas  a cal- 
culation axtanding  ovar  tha  zona  of  dapandanea  of 
that  station,  and  oarchi.tg  towards  it.  Ona  of  tha 
most  important  proportias  of  zonas  of  dapandanea  is 
that  conditions  at  nora  chan  ona  station  on  tha 
body  affact  tha  solution  at  tha  station  to  which 
tha  zona  rafars.  Tha  forward-narehing  procadura 
oust  consaquantly  doal  with  a saquanea  of  two-diaan- 
sional  arrays  of  solution  vactors  (P)  rathar  than 
with  a saquanea  of  ona-diaaitslonal  arrays  (G)  of 
thosa  vactors.  It  tharafora  bacoaas  naeaasary  to 
scan  tha  zona  of  dapandanea.  in  soaa  oannar,  to 
captura  tha  lataral  passaga  of  information  from  ona 
vactor  solution  to  another.  Tha  suceaaa  of  this 
scanning  procass  is  a strong  datarmining  factor  in 
tha  success  of  tha  method  os  a whole. 

Ona  method  of  scanning  would  consist,  simply, 
of  a succession  of  pasaas,  through  tha  zone  of 
dapandanea  from  ona  and  to  the  other:  i.a.  always 
in  cha  same  diraccion.  This  machod  would  be  adequate 
so  long  as  tha  ooa^nont  of  mean  velocity  in  cha 
fraction  of  scan  wara  everywhara  positive.  Bac]c- 
ward  diffarancaa  could  bo  used,  to  rapresanc  cha 
lacaral  derivatives,  providing  a stable  numerical 
sehmoa,  and  information  would  be  eonvactad  through 
tha  zona,  progressing  ona  nods  point  further  for 
every  pass  through  tha  zona,  ona  disadvantage  of 
tha  nathod  is  tha  relatively  slow  rats  of  propagation 
of  information  through  tha  domain,  landing  to  a 
potentially  large  number  of  iterations  bafora  convarg- 
anca  it  achieved.  Another  ia^ortanc  disadvantage 
lias  in  tha  difficulties  which  arise  whan  tha  lacaral 
componant  of  velocity  changes  sign. 

A nora  satisfactory  approach,  which  has  been 
adopted  by  Sybucon,  is  to  use  an  altamating-diraction 
tac.hniqua  in  which  tha  domain  is  scannad,  not  only 
Intarally,  but  on  altarnata  iterations,  in  tha  var- 
tlcal  direction  also:  i.a.  normal  to  tha  body  surface 
(figure  3) . Locally  upwind  diffaranees  ara  used  to 
raprasant  first  derivatives,  but  these  ara  computed 
from  tha  results  of  tha  previous  iteration  to  as  to 
avoid  stability  problmns  whan  tha  direction  of  scan 
is  "upstream"  relative  to  tha  lataral  valoeittas. 

An  important  advantage  of  tha  altamating-diraction- 
iaplict  (ADI)  method  is  tha  fast  eonvarganca  achieved, 
and  a major  contributing  factor  is  tha  provision  of 
a numarical  mechanism  - tha  vertical  scanning  iter- 
ations, during  which  tha  solution  is  sought  along 
a lataral  line  - for  cha  rapid  lacaral  transfer  of 
information. 
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FIGURE  3.  ALTERtlATIIIC-DIVECTI(5N-I.MPLICIT  (ADI)  SCHETIE 


APPLICATIONS  OF  THRES-DIMDJSIONAL  CALCULATION  METHODS 

In  this  section  wa  propose  to  survey  the  appli- 
cations of  tha  threa-dijaanalonal  boundary- layer 
calculation  procedures  t.hat  have  bean  discussed.  Tha 
emphasis  will  be  placed  on  illustrating  tha  types 
of  probloma  chat  can  be  handled  in  aaronaucics  as 
wall  as  naval  hydrodynamics  rathar  than  on  a compar- 
ative evaluation  of  different  methods.  Illustrative 
examples  ara  drawn  largely  from  the  voik  at  tha 
authors  and  thalr  collaborators  over  tha  past  few 
years. 

Applications  in  Aeronautics 

Ona  of  the  first  applications  of  tha  older  ex- 
plicit oaChod  of  Nash  and  Patel  [36]  for  calculating 
thra*-dinai»lonal  turbulant  boundary  layars  was  to 
tha  sv^ercritical  wing  of  tha  NASA  modified-F8  re- 
search airplane  [39].  The  wing  geometry  was  highly 
zhrao-dimenslonal,  but  was  approximated  by  two  seg- 
ments which  could  ba  described  by  polar  coordinate 
systsms  (tea  Figure  4) . A boundary-layer  calculation 
was  performed  first  for  tha  inboard  togmant,  and 
chan  a subtaquent  calculation  was  performed  for  tha 
outboard  segment.  Interfacing  of  tha  solution  was 
prascribod  along  a line  connon  to  both  segments.  A 
considarabla  amount  of  hand-worl:  was  nacassary  in 
the  calculations  bacausa  only  primitive  methods  of 
handling  tha  geomatry  and  prassura  distribution  ware 
available  at  chat  time.  Haverthalass , much  was 
laamad  from  Che  axareisa,  and  the  axperienca  gained 
provided  cha  groundwork  for  later,  more  satisfactory 
wing  programs. 

Tha  first  sarias  of  calculations  on  tha  NASA  F-8 
wing  ware  dons  using  wind-tunnel  pressure  distribu- 
tions. soma  additional  ones  wara  performed  using 
pressures  maasurad  in  flight,  and  tha  original  intan- 


?IGURE  4.  COIJICAL  COORCIJaTES  TOR  FIOTTE  STOTT  WING 
Kash  and  Scruaga  [39] 


tion  was  to  coopara  tha  raaults  witb  boundary- layar 
aaasuTMants  £roa  tba  flight  tasts.  Onf ortunataly . 
only  prallalnary  boundary- layar  data  war a naasurad 
bafora  tha  flight  pregraa  was  eancallad. 

A latar  sariaa  of  calculations  was  nada  for  tha 
lockhaad  CS  wing,  using  an  isprovad  varsion  of  tha 
axplicit  aathod.  This  latar  aathod  was  arxangad  to 
handla  a larga  nwbar  of  sagnants  of  tha  wing,  aach 
boundad  by  stcaaoMisa  cuts.  Tha  calculation  started 
with  tha  inboard  sagnant  and  procaadad  outboard,  ona 
sagsant  at  a tiaa,  with  appropriate  intarfacing.  A 
significant  faatura  of  this  oathod,  which  also  proved 
useful  la  subsequent  work,  was  tha  use  of  a non- 
rectangular  grid  (placed  on  tha  planfora  of  the  wing) 
combined  with  a rectangular  coordinate  system  for 
describing  tha  velocities  and  shaar-strass  ccenonants. 
Such  a schema  allows  tha  use  of  yawed  panels  but 
avoids  tha  complexities  of  a fully  non-orthogonal 
coordinate  systim.  Tha  results  of  the  calculations 
made  for  tha  cS  wing  wars  comparad  with  flight  bound- 
ary-layer swasursBients,  and  tha  cosg>arlsona  were 
good,  bearing  in  mind  the  difficulties  of  making 
reliable  observations  under  flight  conditions.  The 
comparisons  certainly  lay  claim  to  be  tha  ones  made 
at  tha  highast-ever  Reynolds  number. 

Another  application  of  tha  axplicit  nmthod  was 
to  the  rotor  of  a helicopter  in  forward  flight  [40] . 
Tha  rotor  is,  of  ceursa,  a high-aspect-ratio  config- 
uration, but  significant  radi^  momentum  transport 
occurs,  partly  because  of  tha  changing  conditions 
along  tha  blade  (tha  inboard  sections  may  be  in  a 
locally  reversad-flow  anvironmant)  and  partly  because 
of  centrifugal  affects,  Ona  of  tha  objectives  of 
the  series  of  calculations  perfermed  «fas  to  deter- 
mine tha  praclsa  iaportanca  of  these  spanwisa  phe- 
nomena. This  objectiva  was  partially  achievad,  but 
tha  calculations,  as  a whole,  ware  of  littla  use 
because  they  ware  based  on  tha  assu^tion  of  quasi- 
staady  flow,  it  was  baliavad  naively,  at  that  time, 
that  tha  affects  of  tlma-dapandanca  would  ba  small 
at  raprasantativa  advance  ratios.  However  it  soon 
amargad  that  the  calculations  pradictad  extensive 
boundary- layer  separation  under  conditions  where  tha 
actual  rotor  was  unstallad.  Tha  lessons  laamad 
provided  tha  Incentive  for  tha  extension  of  tha 
method  to  unsteady  flows . 


Tha  newer  inplicit  methods  for  thraa-dimansional 
boundary  layers  are  likely  to  oe  applied  much  more 
extensively  because  of  thair  lower  computation  times, 
and  also  because  more  sophisticated  caometry-  and 
pressure-handling  schemes  have  been  built  in.  The 
implicit  method  developed  at  Sybucon,  which  treats 
both  laminar  and  turbulent  boundary  layers  in  steady 
coaqiressibla  flow,  has,  so  far,  bean  applied  tb  air- 
plane wings  and  fuselagas. 

Ona  of  tha  features  of  tha  method  is  the  use  of 
a local  orthogonal  coordinate  system  erected  on  each 
of  many  panel  elements  into  which  tha  body  surface  is 
sagmantad.  In  tha  case  of  a wing,  tha  panels  art 
formed  by  first  dividing  tha  wing  into  strips  by  means 
of  vertical  cuts,  parallel  to  tha  canter-plane  of  the 
aircraft  (Figure  5) , and  then  dividing  each  strip  into 
an  equal  number  of  sagments  by  means  of  lines  of 
roughly  constant  parcentaga  of  local  chord.  In  the 
case  of  a fuselage,  tha  initial  saries  of  vertical 
cuts  is  made  at  right  angles  to  tha  longitudinal  axis 
of  tha  aircraft,  and  tha  subsequent  segmentation  along 
lines  of  roughly  constant  angular  position  around  the 
pariphary  (Figure  6).  in  both  cases,  tha  panel  elements 
consist  of  warped  quadrilaterals  whose  geometry  can  ba 
described  readily  by  the  local  coordinate  system. 


A wing  calculation,  which  illustratas  the  applica- 
tion of  tha  method  is  shown  in  Figurss  7 through  9. 
Figure  7 shows  tha  wing  gaosiecry;  a thick,  tapered 
swept  wing,  with  a leading-edge  sweep  of  approximately 
26*.  Flight  pressure  data  exist  for  the  wing  in  ques- 
tion, consisting  of  measurements  along  four  stream- 
wise  rows I designated  rows  A,  9,  C,  and  0 (with  Row 
A closest  to  the  tip,  and  Row  a closest  tc  the  wing 
root) . Figure  8 shows  the  pressure  coefficient 
along  tha  four  rows,  for  a Mach  ntanber  of  0.94,  at 
which  a shock  of  significant  strength  exists  over  the 
two  interior  rows  and  a bifurcated  shock  over  the 
outboard  row.  Figure  9 shows  an  overview  of  the 
results  of  the  calculation.  Separation  is  predicted 
to  occur  over  part  of  the  span,  as  indicated  by  the 
boundary  plotted  on  the  planform  sketch.  Inset  are 
three  representative  velocity  profiles,  plotted  in  the 
form  of  streamwise  and  crossflow  components.  Two  of 
tha  profiles  exhibit  a small  degree  of  skew  (of 
opposite  sign  in  tha  two  cases) ; the  third  profile  is 
almost  coplanar.  Substantial  streasillne  rotations. 
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and  vortex  foxaatdon  remain  essentially  the  some. 
The  hovindory  layer  aspects  con  now  he  handled  with 
the  available  calculation  procedures. 


tpaciSf 


> 3*9  •tA|n«UM 

Aw 


riSUSE  6.  PEPRESETTATIOM  OF  FUSELAGE  GECMETRT 


leading  to  large  aisounts  of  skew,  would  not  be  ex- 
pected to  occur  - except,  perhaps,  in  the  isssadlats 
neighborhood  of  separation  - on  a wing  of  relatively 
low  s%reep. 


figure  7.  GEOMETRICAL  DETAILS  OF  A 26-OEGREE 
SWEPT  WIMC 

Apollcations  in  Maval  Rvdrodvnsaics 

The  shapes  of  basic  interest  in  naval  hydro- 
dynanics  are  of  course  different  froei  those  in  aero- 
nautics and  therefore  require  scaewhat  different 
geoaetry-hondling  techniques  in  the  computation 
procedures.  Of  the  few  configurations  of  coanon 
interest,  however,  the  one  that  poses  challenging 
problems  in  three-dimensional  boundary- layer  theory, 
as  well  as  general  viscous  flow  phenomena,  is  the 
flow  post  bodies  of  revolution  at  incidence.  The 
interest  in  navel  applications  stssis  from  the  need 
to  predict  the  performance  of  underwater  vehicles, 
while  that  in  aerodynamics  relates  to  missiles  and 
projectllas.  Although  the  speed  ranges  are  quite 
different  in  these,  the  basic  viscous-flow  phenanena 
of  bou.Tdarv-layer  development,  transition,  separation 


FIGURE  8.  t-msG  PRESSURE  DISTRISUTIOU 


FIGURE  9.  TTPICAL  BOUNDARY  LAYER  RESULTS 


Three-dimensional  boundary  layers  on  surface 
ships  ore  also  receiving  increased  attention.  The 
ship  problem  possesses  certain  paculiarities  [41) 
which  are  not  encountered  in  aeronautical  applica- 
tions. The  presence  or  a free  surface  and  the 
characteristic  geometry  ore  the  main  sources  of  t.he 
differences. 

Methods  for  the  calculation  of  the  potential 
flow  on  a ship  hull  have  not  reached  the  level  of 
sophistication  achieved  by  those  in  current  use  in 
the  aeronautical  industry  due  largely  to  the  difflcul 
ty  of  accounting  for  the  free-surface  affects.  Sol- 
utions employing  linearised  free-eurfaca  boundary 
conditions  and  thln-ship  theory  do  not  provide  the 
level  of  accuracy  needed  for  boundary- layer  computa- 
tions, while  methods  developed  for  the  idealised 
saro-Froude-nusiber  case,  in  which  the  free  surface 
is  regarded  as  a rigid  plana,  serve  a liavitad  purpose 


and  ignora  :h*  influanca  ot  surdaca  wavea  alcoaathar. 
In  viaw  of  thii  , tha  cooputacion  of  ship  boundary 
layars  can  procaad  only  with  soma  inharant  uncartain- 
ir>'.  It  should,  howavar,  ba  ramarkad  that  rasaarch 
on  hiqhar-ordar  wava  thaory,  with  boundary  conditions 
on  tha  hull  satisfiad  axactly  and  tha  prasanca  of  tha 
boundary  layar  and  tha  waJca  taJcan  into  account,  is 
activaly  uadar  way. 

Tha  surfaca  wavas  influanca  tha  boundary- layar 
davalopoant  in  two  ways  [43,43],  Tha  locally  stronq 
prassura  qradiants  aasociatad  with  tha  wavas  may 
laad  to  rapid  chanqas  in  tha  boundary-layar  thicknass 
and  avan  localizad  pockacs  of  saparation.  Sacondly, 
tha  straaalina  curvaturaa  dua  to  tha  wmvaa  produca 
cooplax  pattams  of  sacondary  flows  which  ara  known 
to  significantly  influanca  tha  flow  furthar  banaath 
tha  fraa  surfaca.  Thasa  posaibilitias  ara  of  coursa 
not  ancountarad  in  aaronaueical  applications. 

Tha  ecBgutation  of  tha  boundary  layar  ovar  most 
of  tha  hull  (tha  parallal  aiddla-body)  can  ba  handlad 
quits  adsquataly  using  tha  usual  tachniquas.  Spacial 
attantion  is  howavar  naadad  in  traating  tha  flow  ovar 
tha  bow  and  tha  stam.  Tha  boundary  layar  ovar  tha 
bow  is  known  to  ba  highly  sansitiva  to  gaoaiatry.  At 
tha  bow,  larga  changas  in  straaallas  curvaturaa  laad 
to  larga  changas  in  tha  crossflow  within  tha  boundary 
layar  and,  undar  cartain  circuBstancas , tha  boundary 
layar  rolls  up  into  a pair  of  so-callad  bilga  vorticss 
[44] . It  has  baan  obaarvsd  that  tha  bilga  vorticaa 
can  ba  alisunatad  by  attaching  a bulb  to  tha  bow  [4S] . 
Soma  of  tha  availabls  thraa-diaanaional  bounds ry- 
layar  computation  nathods  can  ba  usad  to  study  thasa 
intarasting  and  important  phanomana. 

Tha  boundary-layar  thicJcnass  ovar  tha  starn 
oftan  bacomas  of  tha  sama  ordar  of  magnituda  as  tha 
local  radii  of  curvaturs  of  tha  surfaca,  and  local- 
izad  flow  saparations  and  vorticss  indocad  by  tha 
rapid  changas  in  surfaca  gaomatry  and  tha  fraa  sur- 
faca introduca  additional  complaxitisa . Tha  usa  of 
convantional  thin  boundary-layar  thaory  la  tharafora 
quastionabla  ovar  this  ragion.  Furthar  study  of  tha 
boundary-layar  charactaristics  ovar  tha  stam  it  bow- 
avar  rsquirad  in  ordar  to  davalop  nathods  for  tha 
pradictlon  of  viscous  raalstanea  and  tha  design  of 
appandagas. 

Tha  initial  attsopts  at  calculating  thraa-diman- 
sional  boundary  layars  on  ship  hulls  [46,47,48,49] 
utilirad  intagral  nathods,  with  the  additional  asstm^- 
tlon  of  small  crossflow.  Tha  two  attempts  made  so 
far  to  adopt  differential  nathods  are  those  of  Chang 
and  Fatal  [18]  and  Cabael,  Kaups  and  Hosar  [31] . In 
both  cases,  howavar,  attantion  was  restricted  to  the 
zaro-Frouda- number  ease.  In  tha  fomar,  tha  full 
thrao-dlmansional  boundary-layar  aquations  ware  solved 
in  a convaniant  surface-orthogonal  coordinate  systam 
[SO]  for  a hypothetical  parabolic  ship,  whlla  tha 
latter  calculations  wars  performed  in  straamline  coor- 
dinates with  tha  aasut^tioa  of  msall  crossflow  for 
the  raflax  model  of  a cargo  ship  tastad  in  a wind 
tunnel  by  Larsson  [SI] . Tha  relative  success  of  these 
exploratory  coaputatlons  suggests  that  it  is  now 
possible  to  parfom  maaningful  ship  boundary-layar 
calculations  at  least  in  regions  where  tha  boundary- 
layar  rnains  thin. 
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ABSTRACT 


x,y 


Cartesian  co-ordinates. 


In  this  Paper  the  nimerical  accuracy  of  a finite- 
difference  technique  typical  of  many  used  for  the  cal- 
culation of  elliptic  turbulent  flows  is  discussed.  The 
size  of  the  inevitable  truncation  terms  are  investi- 
gated both  analytically  and  by  direct  comparison 
between  predictions  and  experiment.  A classic  turbu- 
lent shear  flow  is  considered  first  and  it  appears 
that  although  local  errors  can  be  large  the  general 
features  of  the  flow  are  well  predicted.  Flow  down  a 
rearward  facing  step  and  over  a two-dimensional  fence 
are  investigated  next.  It  is  clear  that  inadequate 
turbulence  models  are  not  the  sole,  or  even  perhaps 
the  major,  cause  of  discrepancies  between  prediction 
and  experiment.  In  particular,  it  is  concluded  that 
numerical  errors  in  regions  of  difficult  geometry 
(e.g.  sharp  comers)  can  be  severe  so  that  it  seems 
naive  to  suppose  that  the  more  common  numerical  methods 
using  'blanket'  grids  of  the  size  often  used  are 
capable  of  accurate  predictions. 


NOMFNCLATURF 


*E.W,N,S 


■ il' 

■ J (u‘»V-*W^) 
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Convective  coefficients  in  finite- 
difference  equations. 

Turbulence  model  constant. 

Specified  by  grid  geometry,  see  Figure 

1. 

Turbulence  energy. 

Constant  in  the  conduction/diffusion 
equation. 

Dissipation  length  scale. 


Ax,iy 

z 

V ■ u/c 
c 


“e'-t'-h 


Mesh  spacings,  see  Figure  1. 
Turbulence  dissipation  rate. 
Kinematic  viscosity. 

Density. 

Laminar  viscosity. 

Effective,  turbulent  and  numerical 
viscosities,  respectively. 


INTRODUCTION 


Numerical  prediction  of  turbulent  thin  shear  flows 
is  now  conmonplace.  There  are  a number  of  accurate 
numerical  procedures,  mostly  finite-difference  tech- 
niques, which  have  been  shown  to  be  successful  and  most 
of  the  difficulties  associated  with  such  predictions 
relate  directly  to  the  lack  of  total  physical  under- 
standing and  consequent  inadequacies  in  Che  various 
turbulence  models  used.  However,  in  Che  case  of  complex 
turbulent  flows,  defined  loosely  as  those  which  fail  to 
satisfy  the  boundary  layer  approximation  and  which  are, 
therefore,  in  general  elliptic,  the  situation  is  not  so 
clear.  Not  only  are  Che  problems  of  providing  realistic 
turbulence  models  greatly  increased,  but  the  numerical 
techniques  are  also  severely  tested.  In  recent  years 
a number  of  programs  for  solving  complicated  fluid  flow 
problems  have  been  developed  but  it  is  unfortunate, 
although  perhaps  inevitable,  that  there  is  a general 
dearth  of  accurate  and  sufficiently  detailed  experi- 
mental data  against  which  to  test  calculation  methods. 
This  is  particularly  true  for  isothermal  complex 
turbulent  flows  and  whilst  this  situation  remains  the 
accuracy  of  prediction  methods  must  clearly  remain  in 
some  doubt. 


?.P 


=^m 

r 

So 


u,v,w 


uv 


.Mean,  fluctuating  parts  of  the  static 
pressure. 

Mesh  Reynolds  number. 

Stokes  radius. 

Source  term  in  finite-difference 
equations. 

Diffusion  coefficients  in  finite- 
difference  equations. 

Mean  velocities  in  x and  y directions 
respectively. 

Fluctuating  components  of  velocity  in 
X,  y and  z directions. 

Turbulent  shear  stress. 


The  problem  which  leads  to  the  greatest  discussion 
among  fluid  dynimicists  concerns  the  modelling  of  the 
turbulence.  The  fact  that  extra  rates  of  strain, 
additional  to  the  basic  shear,  9U/dy,  can  lead  to  large 
charges  in  the  Reynolds  stresses,  much  larger,  in  fact, 
than  the  explicit  extra  terms  in  the  transport  equations 
would  suggest,  is  by  now  well  established  (Launder  et 
al.  (^) ; Bradshaw,  (^)).  It  is  generally  recognised 
therefore  chat  only  methods  based  on  modelled  forms  of 
the  full  transport  equations  are  likely  to  have 
sufficient  physical  content  to  be  able  to  cope  with 
complex  flows.  Although  such  mod '.Is  are  now  being 
developed  (e.g.  Hanjalic  A Launder  (2);  Launder  et  al . 
(i,))  they  have  as  yet  only  been  extensively  tested  for 
the  calculation  of  thin  shear  flows  or,  at  least,  flows 


which  are  essentially  parabolic;  their  adequacy 
more  complex  flows  remains  to  be  demonstrated.' 


for 
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The  accuracy  of  a numerical  prediction  rests, 
however,  not  only  on  the  excellence  or  otherwise  of 
the  turbulence  model  but,  even  more  basically,  on  the 
accuracy  of  the  numerical  techniques  used  to  solve 
the  equations  which  embody  the  model.  It  is  this 
aspect  of  complex  turbulent  flow  prediction  which  is 
the  main  concern  of  this  Paper - 

One  of  the  main  questions  that  has  arisen  in  the 
past  concerns  the  importance  of  numerical  viscosity 
errors.  Nearly  all  elliptic  finite-difference  tech- 
niques use  upwind  differencing  for  Che  convective 
terms.  This  is  often  defended  on  physical  grounds, 
with  some  justification,  but  is  anyway  usually 
necessary'  at  quite  moderate  Reynolds  numbers  to  ensure 
proper  convergence.  The  significance  of  the  consequent 
first  order  errors  in  laminar  flows  has  been  demon- 
strated in  Che  licerature  (Roache  (^,  Blowers  (D) 
buc  relatively  little  attention  has  been  paid  to  the 
possible  importance  of  such  errors  in  turbulent  flows. 
It  is  often  stated  (Gosman  et  al.  (^))  or  just 
implicitly  assumed,  that  since  typical  turbulent  eddy 
viscosities  are  much  larger  than  the  laminar  viscosity, 
numerical  viscosities  will  not  be  important.  However, 
there  seems  to  be  no  convincing  evidence  that  this  is , 
in  fact,  generally  the  case.  In  addition,  since  the 
calculation  of  turbulent  flows  usually  necessitate  a 
non-\iniform  grid  there  are  inherent  in  most  of  the 
common  numerical  techniques  errors  proportional  to  the 
difference  between  consecutive  mesh  spacings.  In 
laminar  flows  these  (mathematically  first  order)  errors 
are  usually  less  important  than  numerical  viscosity 


He  have  investigated  these  problems,  not  by 
rigorous  mathematical  analysis  of  the  finite-difference 
equations  - this  has  been  done  in  the  past  (Cheng  (7,)) 
but  does  not  necessarily  lead  to  direct  insight  into 
Che  likely  importance  of  such  errors  in  an  engineering 
calculation  - but  rather  by  the  application  of  a well 
known  and  typical  finite-difference  procedure  to  a few 
carefully  chosen  turbulent  flows. 

The  particular  method  used  was  similar  to  that 
described  by  Pacankar  & Spalding  (£) , Harlow  & Welch 
(9)  and  others  for  solving  two  or  three-dimensional 
elliptic  equations  using  velocity  and  pressure  as  the 
main  dependent  variables;  it  is  a much  used  method  and 
was,  for  example,  employed  by  Pope  & Whitelaw  (^)  in 
their  recent  calculations  of  near  wake  flows.  A 
straightforward  two-equation  eddy  viscosity  turbulence 
model  (Rodi  CU) ; Launder  & Spalding  (12))  "as  used 
since  the  basic  aim  was  to  investigate  Che  performance 
of  Che  numerical  method.  Whilst  it  was  not  thought 
Chat  Che  model  contained  sufficient  insight  to  enable 
it  to  cope  with  complex  flows,  the  use  of  a more  soph- 
isticated approach  was,  for  our  purpose,  not  necessary. 
The  relevant  details  of  the  turbulence  model  and,  more 
particularly,  Che  numerical  techniques  are  described 
in  the  following  section. 

THE  CALCULATION  METHOD 

The  equation  expressing  conservation  of  momentum 
in,  say,  the  x-direccion  for  a turbulent  flow  is 

v72u  (1) 

ox  3y  0 »x  ay  3x 

with  Che  usual  notation.  Closure  is  effected  by  the 
well  known  'eddy  viscosity'  method,  in  which  the  shear 
stress  is  related  to  the  local  mean  rate  of  strain  by 
a turbulent  eddy  viscosity,  i.e. 


.oU  3V. 

- puv  . ut  137  ♦ IJ)  • (2) 

Ug,  defined  as  the  effective  eddy  viscosity,  is  given 
by  Ug  “ Uj  O’  u,  where  u is  the  laminar  viscosity.  ’Jt 
is  specified  by 

Ut  “ ck^.Lj.  ■ Cpak^/c  (3) 

where  k is  the  turbulent  kinetic  energy  and  Lj  is  Che 
length  scale  related  to  c,  Che  rate  of  energy  dissip- 
ation by  viscosity.  L^  is  typical  of  the  size  of  the 
larger  (buc  not  the  largest)  eddies  in  the  flow.  Exact 
equations  expressing  transport  of  k and  c can  be 
derived  from  the  Navier-Stokes  equations  and  modelled 
forms  of  these  (as  in  Launder  & Spalding  (L2)),  Are 
used  to  calculate  k and  c for  insertion  in  equation 
(3).  This  two-equation  model  is  undoubtedly  better 
than,  say,  a simple  mixing  length  type  prescription 
for  Ug  since  it  Cakes  convection  and  diffusion  of  k 
into  account.  However,  the  basic  limitation  is  imposed 
by  (2),  which  implies  chat  Che  shear  stress  responds 
immediately  to  changes  in  the  mean  strain  race; 
inspection  of  the  exact  shear  stress  transport  equation 
shows  chat  it  does  not. 

The  normal  stresses  are  determined  by 

- - 2wg—  - 30k  . - ov^  - 2u^3^  - 3ck 

which  is  clearly  better  chan  Che  simple  form  directly 
analogous  to  equation  (2) , 

- pu*^  “ 2u  T—  , etc. , 

eox 

although  Che  (2/3)ok  terms  are,  in  Che  momentum  equat- 
ions, simple  scalars  which  can  be  included  in  the 
pressure  terms  and  subtracted  out  after  a solution  has 
been  obtained.  The  triple  velocity  correlation  terms 
occurring  in  Che  exact  equations  for  k and  t are  all 
modelled  by  simple  gradient  diffusion  hypotheses.  Piis 
is  a widely  used  approach,  although  it  takes  no  account 
of  Che  experimental  observation  chat  transport  proc- 
esses tend  Co  be  dominated  by  large  scale  eddy  motions. 

In  addition  to  Che  continuity  condition, 

3x  sy 

there  are  then  four  partial  differential  equations 
which  can  all  be  written  in  the  form 


* l^(pv.o) 


|_(r  |i)  + |-(r  |i) 


where  i is  Che  particular  variable  of  interest  (U,V,k 
or  c),  Tjf  V are  Che  exchange  coefficients  (involving 
Prandtl  outers  in  the  k'  and  c cases)  and  Sq  is  a 
'source'  containing  all  the  remaining  terms.  The 
convective  terms  are  written  in  their  'conservative' 
forms  although  note  that  U,  for  example,  is  not  a 
conserved  quantity  in  the  sense  chat  vorcicicy  is  in  a 
two-dimensional  flow.  Note  also  chat  in  Che  case  of 
Che  momentum  equations  the  source  term,  Sq,  contains 
Che  pressure  gradient.  The  joint  problems  of  deter- 
mining Che  pressure  field  and  satisfying  continuity  are 
dealt  with  by  deriving  and  solving  a pressure  perturb- 
ation equation,  as  described  by  Pacankar  & Spalding 
W ; the  important  point  to  note  here  is  chat  although 
this  process  is  in  many  ways  the  core  of  the  whole 
technique  and  injudicious  setting  up  of  the  pressure 
equation  can  lead  to  severe  difficulties  in  obtaining 
convergence  of  the  whole  system  of  equations,  from  the 
point  of  view  of  solving  the  individual  momentum 
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cquacions  Che  pressure  gradients  are  created  simply  as 
■mown  sources. 


Generally  equations  like  (4)  are  replaced  by  their 
differencial  form,  or  by  integrating  over  finite  areas. 
The  present  method  employs  the  latter  technique;  the 
important  sources  of  numerical  error  are  not  essent- 
ially different  in  either  scheme.  To  identify  these 
truncation  errors  attention  is  concentrated  on  the  U 
aomencuffl  equation,  for  which  the  finite-difference 
equation  is 

(oU.-Jiy)®  ♦ (oV.U4x)“  - (Wg-f.iy)®  ♦ 


♦ Sg.ixdy  , (5) 

where  the  limits  of  integration  are  the  boundaries  of 
the  cell  surrounding  the  central  node.  Figure  1,  and 
the  source  term,  which  in  this  case  ie  the  analogous 
finite-differenced  equivalent  of  the  volume  integral 
of 


1 9P  3 , 3U, 

0 ix  * 3x^“e3x^ 


3 , 3V, 

3y^'‘«3x^ 


is  taken  as  constant  over  the  cell.  Note  chat  the  k 
terms  in  the  normal  stress  simulation  have  here  been 
absorbed  into  the  pressure  term.  Linear  variations  of 
the  flow  parameters  are  assumed  and  since  the  cell 
boundaries  arc  placed  half-way  between  adjacent  nodes, 
equation  (3)  becomes 


AeC*  - A^L’^  ♦ - S^ixAy  - T,(Cj  - Up) 

- VS- V -■'s^s-s> 

where  the  A's  are  convective  flow  rates  across  cell 
boundaries  givsa  A,  • oU,4y,  etc.  and  the  T’s  arc 
diffusive  flow  race  coefficients  given  by 
Ue,-iy 


The  above  aquation  is  recast  in  Che  form 
A^C  - J AU  ♦ S 

O « ^ »i  • 


P P 


EWKS 


and  solved  for  Up  everywhere  using  a standard  Alter- 
nating Direction  Implicit  (ADI)  scheme. 


In  cosoon  with  previous  workers  (Froso  & Harlow 
(L?);  Lilly  (^);  Gosman  at  al.  (^);  Deardorff  (^) , 
etc.)  Che  program  uses  a staggered  mesh  in  which  veloc- 
icies  are  defined  at  cell  boundaries  and  pressures  and 
ocher  variables  at  cell  centres. 


In  evaluating  the  convective  terms,  the  U values 
on  the  cell  boundaries  are  related  to  the  values  at 
adjacent  nodes,  so  chat  when  central  differencing  is 
used  L'e  • (Ug  ♦ l'p)/2,  etc.  sec  Figure  1.  Since  only 
Che  four  points  adjacent  to  the  central  node  arc  used, 
there  are  on  a non-uniform  swsh  inevitable  truncation 
errors  (in  the  double  differencial  terms)  which 
Blowers  (^)  calls  'Ij'  order  errors.  They  arc  propor- 
tional to  the  difference  between  adjacent  mesh  inter- 
vals, as  a simple  Taylor  scries  expansion  shows,  and 
there  is  no  way  of  avoiding  this  type  of  error  short 
of  using  at  least  a /-point  replacement  of  theLaplacian 
or  of  creating  the  inner  first  differencials  as  add- 
itional variables  and  to  increasing  the  number  of 
equations  (as  in  the  Keller  Sox  method  used  by  Cebcci & 
Smith  (Ijl).  As  Blowers  (j)  has  pointed  out,  this 
source  ol  error  on  a non-unifom  math  is  often 


Fig.  1 Geometry  of  control  cell  around  node  P 

entirely  ignored;  chit  may  be  because  it  is  often  a 
less  significant  source  of  error  than  the  true  first 
order  errors  which  can  occur  even  on  a uniform  grid. 
Attention  is  turned  to  these  next. 


It  is  well  known  chat  if  Che  mesh  Reynolds  number 
defined  as 

oC  4x 

Da  a 


exceeds  2 at  any  one  of  the  grid  nodes  Che  finite- 
difference  matrix  obtained  by  central  differencing 
ceases  to  be  diagonally  dominant  so  chat  Che  usual  tech- 
niques used  Co  solve  it,  typified  by  ADI,  are  unstable 
and  will  not  converge.  The  common  way  of  avoiding  this 
problem  is  to  use  upwind  differencing  for  Che  convection 
terms,  or,  at  best,  a hybrid  scheme  in  which  central 
differences  are  used  wherever  possible  (Re^  < 2)  and 
upwind  differences  arc  used  elsewhere. 


By  consideration  of  the  simple  advection-diffusion 
equation  in  one-dimension,  i.e. 


.3b 

3x 


0 


(7) 


where  b is  a scalar  and  U is  taken  as  constant,  it  is 
sometimes  argued  chat  at  high  Feclet  (Reynolds)  numbers 
upwind  differencing  leads  to  more  accurate  results  and 
is,  anyway,  more  physically  realistic.  The  usual  cent- 
ral difference  (CD)  scheme  for  (7)  is 
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*i*l 


b. 


2Ax 


4x^  ^'7*1 


*j-l’ 


where  Ax  is  Che  (uniform)  mesh  spacing  between  Che 
nodes  j-1,  j,  j«l,  etc.  With  the  boundary  conditions 
bi*i  • 0 and  • 1,  sj  is  thus  given  by  bj  • 

i(l  ♦ IRCn),  where  RCj,  • (UAx)/K.  In  the  corresponding 
case  of  the  usual  upwind  difference  (LD)  scheme,  bj  is 
given  by 

bj  - (1  ♦ ♦ R«n).  > 0) 

The  analytic  solution  is  ■ jd  * Tanh((Rc^)),  and 
these  three  results  arc  plotted  against  Rc^  an  Figure 
2a.  Clearly  for  Rcq  > 21  the  errors  from  CD  arc  less 
than  Chose  from  CD,  although  only  for  Rc^  > 20  are  I'D 
errors  lass  chan  about  5*.  In  Che  high  Reynolds  number 
limit  CD  does  give  the  correct  solution,  bj  ■ 1. 
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Fig.  2 Accuracy  of  flnice~dlf ference  schemas  for 

(a)  the  one-dimensional  convection/diffusion 

equation 

(b)  Burgers  equation 

Similar  considerations  apply  to  the  Burgers 
equation 

ax 


The  CD  scheme,  with  che  non-linear  term  vricten  as 

leads  to 


.mil 

’ 5x  * ’ 2ix 


Cj  - 1(1  ♦ IRe^)  . 

where,  in  this  case,  the  velocity  scale  in  Rem  is 
defined  as  half  che  sum  of  che  boundary  values 
1,  ” 0)*  Th*  common  UD  version  of  the  conveitiv 

tenrl  is 


Tu.  (u. 


2Ax 


-i<"i  * ‘'’i-i’i 

-Mtt— ^1.  u > 


(8) 


and,  with  the  same  boundary  conditions,  this  leads  to 


^ Rem  * 


The  analytic  solution  is  Uj  - aTanh(aRem} , where 
aTanh(2aRag)  ■ 1.  These  are  compared  in  Figure  2b. 
Again  it  is  clear  that  che  CD  scheme  is  inappropriate 
for  large  Re,,  but  in  this  case  che  UD  scheme  does 
not  give  che  correct  result  either:  indeed,  at 
Rem  - Uj  - 1.618.  Although  this  is  the  UD  scheme 
usually  used  (and  it  it  therefore  che  one  employed  in 
che  present  work)  it  is  not  che  only  possibility. 

An  obvious  alcarnacivc  is 


L 


U.'  - u. 


■I  S ^ (U...  - 2U.  + U. 

2-x  ix-  J*1  J J-1 


) - 0 


leading  to 

'•■j  "i*  ’ 

which  does  have  che  correct  behaviour  as  Re  - •>. 

In  Che  actual  solution  procedure,  of  course,  the 
convective  term  is  effectively  linearised  since  Uj  and 
Uj_i  multiplying  the  bracketed  parts  of  (8)  are  replaced 
by  the  'old'  velocity  values  provided  by  che  previous 
iteration,  but  this  in  no  way  alters  che  arguments 
above,  since  there  we  are  in  effect  considering  che 
final  converged  solution  - always  assuming  chat  such 
convergance  is  possible. 

The  most  important  aspects  of  the  above  consider- 
ations are,  firstly,  that  Central  Differencing,  if  it 
were  possible,  would  not  necessarily  lead  Co  more 
accurate  results.  This  has  been  demonstrated  rigorously 
by  Cheng  (7).  For  a scheme  of  formal  numerical  accuracy 
of  0(Ax)°  the  site  of  the  truncation  errors  is  O(Ax.Re)'' 
so  chat  for  mesh  Reynolds  numbers  greater  than  unity 
'difference  schemes  of  higher  order  formal  accuracy  do 
not  promise  smaller  truncation  error'.  Secondly, 
however,  although  upwind  difference  schemes  as  usually 
applied  to  che  convection-diffusion  scalar  equation  do 
lead  to  asymptotically  correct  predictions  at  high 
Reynolds  numbers,  che  analagous  scheme,  when  applied 
to  the  non-linear  Burgers  equation,  does  not.  In  che 
simple  one-dimensional  case  above,  the  error  is  only 
less  chan  lOZ  for  mesh  Reynolds  numbers  below  about  SJ. 

It  can  be  readily  shown  that  che  size  of  che  first 
order  truncation  term  arising  from  upwind  differencing 
is  at  least  as  large  as  the  real  viscous  diffusion  term. 
A cosaaon  modification,  first  proposed  by  Spalding  and 
used  by,  for  example,  Gosman  ec  al.  (^  is  therefore  to 
ignore  che  latter  term  altogether  when  using  upwind 
differencing  and  this  does  lead  to  reduced  errors.  In 
che  case  of  the  U-momencum  equation  che  numerical  tech- 
nique, based  on  such  a ondified  hybrid  scheme,  then 
solves,  in  effect: 
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where  un^  ■ a|uUx  if  (o{u{ax)/u«  > 2 and  it  2u, 
ythervise  and  similarly  for  uny.  Note  that  since  Ug 
is  in  general  a function  of  x and  y che  errors  art  not 
sisiply  ()Re-l)  times  che  real  diffusion  terms,  at  they 
would  be  in  che  laminar  flow-equivalent  of  equation  (9). 

Now  in  the  cate  of  the  transport  equac'^-ns  for  k 
and  c,  che  convection  and  diffusion  terms  a often 
small  compared  with  che  source  terms,  particularly  in 
flows  which  satisfy  the  boundary  layer  approximation. 

It  would  seem  reasonable  therefore  to  suppose  chat  the 
error  terms  corresponding  to  those  in  equation  (9)  are 
small,  except  possibly  in  regions  where  transport  terms 
are  comparable  with,  or  greater  Chan,  the  source  terms. 
However,  such  arguments  cannot  necessarily  be  applied 
to  che  momentum  equations  in  which  the  convection, 
'pseudo-diffusion'  and  'pseudo-source'  terms  are  all 
invariably  of  similar  order.  Indeed,  in  zero-pressure 
gradient  boundary  layer  type  flows  the  x-component 
source  and  'diffusion'  terms  in  the  U-momer.cum  equation 
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are  insignificant.  It  is  therefore  quite  possible 
that  truncation  errors  in  the  upwind  differenced 
equivalent  of  the  momentua  equations  are  significant. 

The  only  positive  way  of  detensining  the  truth  of 
such  a statement  is  to  malie  careful  checks  of  the  site 
of  truncation  errors  arising  in  particular  cases  and, 
of  course,  to  make  detailed  comparisons  of  prediction 
with  experiment  wherever  possible.  In  complex  flows 
the  latter  procedure  is  not  easy  since  it  is  not 
always  possible  to  'unscramble'  the  effects  of  numer~ 
ical  errors  from  the  effects  of  inadequacies  in  the 
turbulence  model.  The  following  sections  describe  the 
results  of  some  numerical  computations  using  the  cal- 
culation procedure  outlined  above  (with  the  modified 
hybrid  differencing  scheme)  for  a few  carefully  chosen 
f lows . 

THE  PLANE  MIXING  LAYER 

To  Che  usual  boundary  layer  approximation  and  for 
sufficiently  high  Reynolds  numbers  Che  plane  two- 
dimensional  mixing  layer  is  an  exactly  self-preserving 
flow.  It  is,  of  course,  not  usual  to  use  an  elliptic 
scheme  for  predicting  this  flow,  but  such  a procedure 
has  the  particular  advantage  (for  the  present  purpose) 
of  highlighting  any  numerical  errors  specific  to  such 
schemes;  it  is  generally  recognised  that  a two-equation 
eddy  viscosity  model  is  adequate  for  flows  of  this 
kind. 


It  is  possible  in  this  case  to  estimate  the  size 
of  the  numerical  viscosity  errors  from  first  princip- 
les. Taking  the  U-nomentum  equation  as  an  example  and 
assuming  that  the  lateral  grid  spacings  are  suffic- 
iently fine  to  ensure  that  the  only  numerical  viscosity 
errors  are  the  longitudinal  ones,  equation  (9)  becomes 
CO  Che  boundary  layer  approximation 
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where,  since  it  is  insignificant  compared  with  the 
ocher  terms,  we  have  ignored  Che  3/3x{uc(3U/3x)}  term, 
and  the  x-step  (Ax)  has  been  taken  as  uniform.  For 
the  real  flow  to  be  self-preserving  U • Uof(n), 
uv  ■ Uo-g(n)  and  r\  • y/x  . If  the  error  term  is 
normalised  by  the  maxissiu  value  of  Che  shear  stress 
gradient  it  can  be  shown  that 
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and  dashes  denote  differentiation  with  respect  Co  n. 
Standard  data  can  be  used  to  calculate  a across  Che 
mixing  layer. 


The  program  predicted  Che  self-preserving  nature 
of  Che  flow  quite  well;  normalised  profiles  of  mean 
velocity  and  turbulent  energy  are  shown  in  Figure  3, 
compared  with  standard  experimental  results  (Liepmann 
i Laufer  (iJ);  Castro  (^8)).  However,  inspection  of 
Che  U-momencum  equation  revealed  significant  errors. 
After  Che  converged  solution  had  been  obtained 
(converged  in  the  sense  chat  the  residuals  of  each  of 
the  equations  were  no  larger  than  the  rounding  error 
limits  of  Che  computer)  the  various  terms  in  the 
momentum  equation  ware  calculated,  to  second  order 
accuracy.  The  resulting  'out-of-baiance' , or  numer- 
ical error,  term,  normalised  by  Che  maximum  shear 
stress  gradient,  is  shown  in  Figure  A together  with 
Che  analytic  estimate  of  E derived  above.  Clearly 


Fig.  3 Plane  mixing  layer  predictions  versus  experi- 
ment 

Che  errors  can  be  locally  quite  large,  particularly  at 
the  front  end  of  the  grid  where  Ax/x  is  necessarily 
larger,  and  the  actual  errors  are  close  to  those  antic- 
ipated by  Che  analysis.  It  is  notable  that  the  integ- 
rated error  over  the  whole  mixing  layer  is  small  and 
that  despite  the  locally  large  values  of  E at,  say, 

X • 0,23  units,  the  basic  mean  velocity  profiles  do 
not  seem  Co  be  seriously  affected.  It  is  not  obvious 
why  this  should  be  so,  although  errors  in  Che  turbulent 
energy  balance  are  rather  lower  since  the  source  terms 
arc  dominant  over  most  of  the  flow. 

As  expected  Che  errors  reduce  as  x increases  and 
Ax/x  decreases.  This  procedure  of  comparing  results 
at  different  downstream  stations  amounts  in  this  self- 
preserving  flow  CO  a grid-dependency  check  and  it  seems 
that  Che  basic  results  are  virtually  grid-independent, 
despite  the  fact  chat  local  imbalance  in  the  V-momentum 
equation,  at  least,  can  be  quite  large. 

THE  REARWARD  FACING  STEP 

Although  by  our  definition  flow  down  a rearward 
facing  step  is  comolex  it  is  considerably  simpler  Chan 
many  of  the  flows  that  are  currently  being  calculated 
by  methods  such  as  the  present  one.  Even  in  this  case, 
however,  there  is  little  reliable  experimental  data 
for  the  cavity  flow  region,  although  its  length  and  Che 
subsequent  flow  development  are  rather  better  documented 
(Bradshaw  A Wong  (1^)). 

For  flows  like  this  the  only  way  of  performing 
grid-dependency  checks  is  to  actually  refine  Che  grid. 


:.)7 


■ ^ 


k It 


•0  V 


X ; e I)  e It  3 


£ 


I 


Fig.  i Plane  mixing  layer  U-momentum  balance  and 
numerical  viscosity  errors 

To  maximise  the  possible  variations  in  mesh  spacing  in 
the  region  of  greatest  flow  variation,  the  step  was 
placed  at  X • 0 and  its  height  was  1/3  of  the  height 
of  the  grid.  Moat  of  the  tests  were  designed  to 
investigate  the  effect  of  y-grid  (lines  of  constant  y) 
variations  in  the  region  of  the  separated  shear  layer; 
the  smallest  y-mesh  spacing  ranged  from  2;  of  the  step 
height  in  Grid  1 (40  x 39)  to  lOZ  in  Grid  3 (40  x 16) 
and  for  all  grids  the  x-mesh  (40  nodes)  was  identical. 


Fig.  Sa  Step  flow  predictions  for  various  grids; 
uniform,  laminar  flow  at  inlet 
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Figure  5 shows  typical  variations  of  mean  velocity 
and  turbulent  energy  in  cates  where  the  upstream  flow 
was  uniform  and  laminar  (Figure  5a)  or  turbulent  and 
sheared  (Figure  Sb).  In  the  latter  case  the  input 
profiles,  at  x ■ 0,  defined  an  ordinary  zero  pressure 
gradient  turbulent  boundary  layer  with  a thickness 
equal  to  the  step  height.  The  effect  of  SMsh  spacing 
on  mean  velocity  teems  fairly  small  to  that  the 
reattachment  point  was  only  about  16Z  further  down- 
stream for  the  finest  grid  than  for  the  coarsest, 
although  this  figure  increased  to  20Z  in  the  cate  of  a 
uniform  upstream  flow.  The  largest  differences  are  in 
the  turbulence  quantities,  like  the  turbulent  energy, 
within  the  recirculation  zone.  Although  these  differ- 
ences may  not,  from  a practical  engineering  point  of 
view,  seem  at  first  tight  very  significant  they  are 
generally  symptomatic  of  numerical  viscosity  effects, 
since  the  mesh  spacings  in  all  cases  were  kept  as 
uniform  as  possible  to  reduce  the  order  to  a mini- 
mum. It  was  thought  at  first  that  within  the  recirc- 
ulation region  at  say,  x/h  ■ 2,  longitudinal  convect- 
ion and  diffusion  may  well  be  important  so  chat 
numerical  viscosity  errors  could  be  large  even  in  the 
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Fig.  Sb  Step  flow  predictions:  turbulent  boundary’ 
i.3vtT  at  inlet 

k and  t equations.  Figure  6 shows  the  momentum  balance 
at  this  location  for  Grids  1 and  3 (with  a boundary 
layer  upstream  flow)  and  whilst  the  general  form  is 
similar  in  both  cases  it  is  clear  chat  the  shear  layer 
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Fig.  6 Moiuntum  balanct  at  x/h  • 2.0  for  atcp  flow  with  boundary  laytr  at  inlec  (Fig.  5b)  for  various  grids. 
Ignoring  viscous  diffusion,  the  censs  should  sum  to  zero. 


is  omch  thicker  for  the  coarse  grid  run.  However, 
close  inspection  of  the  mesh  Reynolds  number  and  con~ 
sequent  errors  in  this  region  revealed  that  they  were 
broadly  no  worse  than  in  the  plane  mixing  layer  pre- 
diction discussed  previously  and  practically  independ- 
ent of  the  grid.  It  became  evident  that  the  increased 
shear  layer  thickness  originated  almost  entirely  from 
the  much  larger  errors  arising  close  to  separation  at 
the  comer  of  the  step. 

In  predictions  of  laminar  flow  situations  similar 
to  the  present  case  Blowers  O)  found  that  grid  detail 
in  the  region  of  sharp  comers  was  very  critical.  Some 
of  hit  difficulties  arose  because  he  was  solving  the 
vorticity-stream  function  equations  but  it  was  quite 
clear  that  any  nusmrical  errors  arising  at  the  separ- 
ation comer  were  convected  downstream  and  had  an 
almost  overwhelming  effect  on  the  rest  of  the  flow 
field.  Figure  7 shows  profiles  of  turbulent  energy 
just  downstream  of  the  step  at  x/h  ■ 0.055  and  0.175 
and  it  is  obvious  that  the  differences  first  occur 
very  close  to  the  step.  By  increasing  the  maximum 
expansion  ratio  from  1.5  to  2 (3  at  one  point)  it  was 
possible  to  rearrange  Grid  3 (10  x 16)  so  as  to  reduce 
the  mesh  spacing  near  the  comer  to  22  of  the  step 
height,  the  same  values  as  in  the  larger  and  finer 
Grid  1.  Results  of  a prediction  with  this  arrangement. 
Grid  3b,  are  included  in  Figures  5 to  7.  Despite  the 
fact  that  the  li  order  truncation  errors  must  be  con- 
siderably larger  for  Grid  3b  than  Grid  1,  the  predic- 
tions with  these  two  grids  are  very  close,  so  it  is 
certain  that  the  larger  numerical  errors  near  the 
comer  on  Grid  3 are  the  major  cause  of  the  discrep- 
ancies between  the  latter  prediction  and  those  with 
Grids  1 and  3b.  Blowers  (5)  concluded  chat,  with  the 
vorticity-stream  function  Tormulation,  the  mesh 
spacing  near  the  comer,  h,  had  to  be  of  Che  same 
order  as  the  Stokes  radius,  r,  refined  by 

r ■ -/oU 

where  U is  a typical  velocity  near  Che  comer.  For 
laminar  flow  at  high  Reynolds  numbers  r becomes  ver>’ 
small  and  it  is  impractical  to  reduce  the  mesh  spacing 
CO  0(r),  but  in  a turbulent  flow  u is  replaced  by  ue* 
which  is  usually  considerably  larger  chan  u.  In  the 


Fig.  7 Turbulent  energy  profiles  just  downstream  of 
separation,  for  the  boundary  layer  upstream 
flow  case 

present  case  h/r  was  estimated  to  be  about  2 for  Grid 
3 and  0.»  for  Grids  1 and  3b  so  it  does  seem  that  this 
ratio  must  be  no  larger  than  unity,  at  least.  Fortun- 
ately it  it  often  possible  for  this  to  be  arranged  but 
if  the  expansion  ratios  are  to  be  kept  low  this  may 
require  a grid  with  a large  number  of  nodes,  parcic- 
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ularly  in  the  main  flow  direction.  These  considera- 
tions', incidentally,  may  go  some  way  to  e:£plaining  why 
the  grid  dependency  was  less  for  the  case  of  a turbu- 
lent boundary  layer  at  inlet  (compare  Figures  5a  and 
5b).  For  a laminar  upstream  flow  h/r  would  presumably 
be  rather  greater,  so  that  the  differences  in  the 
energy  profiles  near  the  comer  would  be  correspond- 
ingly greater  than  those  for  a turbulent  upstream 
flow,  shown  in  Figure  7.  This  was  indeed  found  to  be 
the  case. 

Provided  that  careful  choice  of  the  grid  paramet- 
ers is  made  it  does  therefore  seem  possible  to  obtain 
sufficient  resolution  to  ensure  that  numerical  errors 
are  small  for  this  flow.  It  must,  however,  be  emphas- 
ised that  the  critical  region  is  around  the  separation 
corner.  The  x-mesh  spacing  in  this  region  was  only  2* 
of  Che  step  height  - increases  in  this  value  led  to 
effects  similar  to  those  caused  by  increases  in  the 
y-spacing  - so  even  if  a constant  expansion  ratio  as 
large  as  2 were  considered  reasonable  about  13  nodes 
would  be  required  to  reach  x/h  • 10. 

SCRFACF  MOL'N'TED  FE-NCE  FLOWS 

Flow  over  a fence  in  either  a laminar  or  a sheared 
turbulent  scream  is  obviously  a rather  more  complex 
flow  chan  the  rearward  facing  step.  Not  only  is  there 
a separated  region  upstream  of  the  fence  but  the  bound- 
ary layer  separating  from  Che  tip  is  initially  in  a 
direction  normal  to  the  free  scream  so  that  a partic- 
ularly fine  grid  is  required  over  a larger  area  of  Che 
flow  field  chan  was  necessary  for  Che  step  flow. 
Although,  intuitively,  such  a flow  presents  serious 
problems  for  a numerical  method  (let  alone  Che  turbu- 
lence model)  there  appear  Co  be  an  increasing  number 
of  workers  attempting  to  calculate  such  flows  with 
methods  - as  far  as  Che  differencing  techniques  are 
concerned  - little  more  sophisticated  chan  chose 
described  above  (Hire  A Cook  (20)).  We  have  used  the 
numerical  program  to  predict  flow  over  a fence  for  a 
variety  of  upstream  conditions  and  using  various  diff- 
erent grids.  Simulations  of  Che  experiments  of  Arie  A 
Rouse  (21) , Good  A Joubert  (22)  and  recent  work  of  our 
own  (Castro  A Fackrell  (23)),  have  been  undertaken. 
Whilst  it  would  be  premature  to  present  detailed 
results  at  this  stage,  Che  major  conclusion  of  the  work 
thus  far  is  significant.  It  was  consistently  true  chat 
however  refined  Che  grid  was  made  in  the  region  of  Che 
fence  the  length  of  the  downstream  separation  zone  was 
underpredicted  by  at  least  50Z  and  sometimes  by  as  much 
as  a factor  of  two.  As  Che  mesh  spacings  were  reduced, 
Che  reaccachmenc  point  moved  further  downstream.  With 
a 40  X 40  grid  we  could  not  sensibly  reduce  the  finest 
grid  spacings  near  the  tip  to  much  less  than  IT  of  Che 
fence  height  without  using  excessive  grid  expansion 
ratios  and  in  that  case  the  mesh  Reynolds  numbers  in  both 
directions  were  0(10)  to  0(100)  near  the  tip  of  the 
fence.  Unlike  Che  rearward  facing  step  case,  the 
transverse  V-velocities  are  of  course  of  the  same  order 
as  Che  longitudinal  velocities  and  it  appears  chat  Che 
resulting  numerical  errors  near  separacior  are  unavoid- 
able unless  special  techniques  are  employed.  Rimon 
(24)  found  very  similar  problems  in  his  calculations 
oT~ low  Reynolds  number  flow  round  a disc.  Even  though 
he  was  able  to  use  central  differencing,  Che  high  body 
curvature  at  the  edge  of  the  disc,  leading  of  course 
Co  extreme  gradients  of  vorticicy,  had  profound  effects 
on  Che  numerical  accuracy  and,  incidentally,  the 
stability  of  Che  numerical  scheme. 

CO.'WENTS  AND  (MNaUSIONS 

It  has  been, shown  that  commpn  methods  of  diffqr- 
encing  the  equations  governing  elliptic  turbulent  tlow 


lead  to  truncation  errors  which,  although  they  do  not, 
from  a practical  point  of  view,  seriously  affect 
accuracy  for  flows  w'nich  satisfy  the  boundary  layer 
approximation,  can  nevertheless  be  locally  quite  signi- 
ficant, particularly  in  the  case  of  Che  momentum 
equations.  Furthermore  in  regions  of  complex  flow,  in 
particular  near  sharp  comers,  the  size  of  these  trunc- 
ation errors  cannot  easily  be  reduced  to  insignificance 
and  they  can  be  simply  convected  downstream  leading  to 
bad  predictions  over  Che  rest  of  the  flow  field.  It  is 
significant  that  recent  authors  using  elliptic  calcul- 
ation techniques  (and  hence  upwind  differencing)  often 
resort  to  the  'crick'  of  only  starting  the  calculation 
just  downstream  of  Che  'difficult  part'.  For  example. 
Pope  A Whicelaw  (10)  in  their  predictions  of  near  wake 
flows,  did  not  attempt  to  include  the  flow  upstream  of 
Che  body  but  located  Che  start  of  the  x-grid  downstream 
of  the  trailing  edge.  The  necessary  inlet  boundary 
conditions  Chen  have  to  be  supplied  by  reference  to 
experimental  data,  if  it  exists,  or  intuition.  This  was 
in  fact  one  of  Che  main  problems  in  their  work  and  they 
demonstrated  very  effectively  the  extreme  sensitivity 
of  Che  downstream  flow  field  to,  particularly,  the 
transverse  velocity  profile  used  at  Che  inlet.  Provided 
sufficient  experimental  information  is  available,  this 
technique  is  perhaps  acceptable,  but  the  fact  chat  it 
is  now  being  used  at  all  is  itself  an  indication  of  the 
problems  that  exist  with  'blanket'  type  grids  which 
cover  the  whole  flow  region. 

What  is  equally  clear,  however,  and  is  well  known 
in  Che  literature,  is  chat  the  use  of  simple  central 
differencing,  if  it  could  be  achieved,  would  not  nec- 
essarily improve  the  overall  accuracy.  Numerical  ana- 
lysts (Phillips  (25) ; Fromn  (26);  Roache  Wi  Hire  (27). 
etc)  have  shown  that  the  non-linear  computational 
instabilities  which  arise  have  their  origin  in  space- 
Crunction  errors  - we  are  not  concerned  here  with  the 
similar  problems  in  time  differencing.  The  only  way  to 
avoid  Che  difficulty  is  to  ensure  chat  Che  finite  diff- 
erence scheme  satisfies  all  Che  integral  constraints  on 
quantities  of  physical  importance  such  as  mean  kinetic 
energy  and  mean-square  vorticicy  (Arakawa  (28)).  The 
only  well  known  difference  methods,  appropriate  to  Che 
vorticicy/scream  function  formulation  of  Che  equations 
of  motion,  which  obey  at  least  some  of  the  conservation 
laws  are  due  Co  Arakawa  (28) , His  second  order  scheme 
can  be  used  on  a staggered  grid  (Lilly  (14) ) and  in  that 
form  is  similar  to  the  'marker-and-cell'  method  used  by 
the  Los  Alamos  group  (as  is  Che  method  used  by  Hire  A 
Cook  (20)) . Although  the  stability  of  the  second  order 
Arakawa  scheme  is  usually  greater  chan  that  of  centred 
difference  approximations  with  no  conservation  proper- 
ties, 'psuedo-viscosicy'  does,  in  practice,  have  to  be 
added  to  maintain  stability  at  high  Reynolds  numbers. 

On  the  ocher  hand,  finite-element  approximations 
usually  satisfy  Che  conservation  lavs  automatically  - 
indeed,  .Arakawa 's  (28)  method  has  recently  been  shown  to 
be  directly  related  to  finite-element  methods,  Jesperson 
(29).  In  addition,  Orszag  (30)  has  convincingly  demon- 
strated that  Calerkin  (spectral)  methods  are  much  more 
accurate  chan  even  Arakawa 's  fourth-order  finite  differ- 
ence scheme.  It  is  no  doubt  considerations  of  this  sort 
chat  are  leading  some  workers  to  consider  these  methods 
as  viable  alternatives  to  finite  differencing,  but  the 
development  of  such  methods  for  complex  turbulent  flows 
is  likely  to  be  slow. 

At  an  engineering  cool  finite-difference  methods 
will  clearly  be  usee  for  some  time,  and  the  main  message 
of  Che  present  work  is  that  particular  caution  must  be 
exercised  in.  applying  such  methods  to  complex  flow 


probleot.  Whilst  it  is  possible  to  use  many  of  the 
available  tecnniques  to  predict  a vide  range  of  complex 
fluid  flow  phenomena,  numerical  accuracy  can  be  a 
serious  problem  if  simple  upwind  or  even  central  diff- 
erencing is  used. 

Unless  special  treatment  of  the  complicated 
areas,  particularly  separation  comers  and  the  like, 
is  incorporated  (embedding  a much  finer  mesh  in  such 
regions,  whilst  retaining  a coarser  mesh  elsewhere, 
for  example)  large  numerical  errors  can  occur  and 
spoil  the  accuracy  of  the  predictions  downstream. 

Whilst  doubt  about  numerical  accuracy  remains 
there  is  little  point  in  detailed  discussion  on  the 
necessary  physical  input  for  a particular  coisplex 
flow:  it  is  essential  to  demonstrate,  in  any  compar- 
ison with  experiment,  that  numerical  errors  are 
insignificant  before  blaming  all  the  differences  on 
inadequate  turbulence  models. 
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ABSTRACT 

A nathod  is  dascribad  of  caleulatlng  tha  flow 
and  tanparatura  fialda  producad  by  tha  cyclic  coo- 
pxasslon  and  axpanslon  of  a gas  by  a rapidly  oscilla- 
ting piston  contalnad  In  a cyllndac.  Tha  asthod  opar- 
ataa  by  solving  tha  govamlng  diffacantlal  conaar- 
vatlon  aquations  on  a coaputstlonal  oash  which  axpands 
and  contracts  with  tha  notion  of  tha  piston.  An  la- 
pllclt,  Itaxstlva  flnlta-dlffaranea  proeadura  Is 
asployad,  a noval  faatuza  of  which  Is  a two-stago  pro- 
caaa  for  adjusting  tha  taapara Curas  and  pcasauxas  so 
as  to  procusa  rapid  convarganca.  Tha  af facts  of 
tuxbulanca  ara  charactarlsad  by  solving  additional 
conaarvaclon  aquations  for  tha  klnatlc  anargy  of  Cur- 
bulanea  and  its  dissipation  rata.  Applications  of 
tha  aathod  ara  dascrlbad  to  tha  problaas  of  an  axlally- 
syaBatrie  piston  oscillating  In  a cylinder  which  Is 
althar  closed  or  equipped  with  a centrally-located 
valve.  Certain  features  of  the  predictions  of  tha 
tlaa-'^'scylng  flow  and  tuxbulanca  fields  are  displayed 
and  ara  shown  to  bar  In  qualitative  agraaaant  with  tha 
few  svallabla  axparlaantal  aeasuzaaanta . 


instantaneous  distance  between  cylinder 
and  piston  heads 


(Jo/3T^ 

(3o/3p) 


affective  viscosity 
tins  Incrsnant 

dissipation  rata  of  tuxbulant  kinetic 
anargy 

any  dependent  variable 

viscosity 

density 

tuxbulant  'Rrandtl/Schaidt'  nuabars 
assigned  valuas  0.9,  1.0  and  1.2 
raspactlvaly 
crank  angle 

non-disMnalonal  axial  co-ordinate 

(-x/i„) 

P 


Subscrlots 


."OHEilCLATURE 

Ag  ccafflclar.ts  of  flnlta-dlffaranea  aquation 

a coll  boundary  araa 

C ,C^  constant  pressure  and  constant-voluDa 

' specific  heats,  raspactlvaly 

constants  of  the  tuxbulanca  aodal, 

^ assigned  valuas  0.09,  1,44  and  1.92 

raspactlvaly 

f spatial  dlffaranclag  weighting  factors 

r boundary  haat  flow 

w generation  of  turbulent  klnatlc  anargy 

h stagnation  enthalpy 

k tuxbulant  klnatlc  energy 

d nasa  flow  rata 

H eoafflelant  of  flnlta-dlffereneo  equation 

P pressure 

Re  call  Poclat  nuabar 

r radial  co-ordlnata 

s,S  source  tarn  in  differential  and  flnlta- 

dlffaranea  aqns  raspactlvaly 
t tlaw 

T teaporaturo 

u axial  velocity  in  Euler lan  fraaa 

ti  axial  voloelty  relative  to  noving  co- 

ordinate fraaa 

*4*  turb'Hant  fluctuation  in  naan  flow  velocity 

V radial  velocity 

V call  volvae 

x axial  co-ordlnata 


c seaber  of  grid  cluster 

?.N,s,E,w  nodal  points  of  flnlta-dlffaranea  grid 

n,t,t,w  cell  boundary  locations  of  flnlta- 

dlffaranea  grid 

b external  boundaxy  of  grid 

aff  effective 

f flald 

P piston 

t turbulent 

Supers  crlots 

- veluas-aaan 

' correction 

* approxlaate  or  toaporary  value 

n new  tlaa  level 

o old  tlaa  level 

1 . ruTRoctjcnoN 

1.1  Background 

Tha  often-conflicting  raquiraaants  of  irprcving 
aconoay  and  reducing  pollutant  aalasiont  have  prompt- 
ed daalgners  and  raiaarthars  in  tha  flald  of  recipro- 
cating Intarnal  combustion  anginas  tc  turn  to  eompu- 
tstlonsl  proesdurss  as  an  additional  aid  for  deter- 
al.hlng  tha  nature  of  the  in-eyllndar  procasaas.  This 
paper  is  conesmsd  with  a phase  In  tha  davelcpnant 
of  such  s proesdurs. 


Thtt  authors  osaxsncsd  work  in  this  ares  in  1973. 
whtr.  a asthod  was  davelcssd  ot  prsdictin;  lasinar 
Jlow  in  a piston/eylinder  assaatly  using  a iinita- 
iijfsranos  tschniqus  whidh  aaployad  a novsl  com- 
cutaticnal  a«sh  wnioh  expands  and  contracts  with  the 
ootisn  oi  the  piston:  details  of  the  oethod  iwhich 
we  nave  called  RPH,  standing  cor  reciprocating  oiston 
^tticn)  and  sooa  applications  are  provided  in  *1 ] and 
3 2 . Subsequently  laprcveoents  and  extensicns  were 
ude,  the  foraer  Including  a way  of  enhancing  econoay 
by  aaking  block  adjustaents  to  the  pressure  and  teap- 
erature  fields  based  on  overall  conservation  require* 
cents,  and  the  latter  the  incorporation  of  a mathe- 
satlcal  sodel  of  turbulence,  so  as  to  allow  the  sore 
practically-interesting  turbulent  flows  to  be  siau- 
lated.  Some  prellainarY  calculations  of  turbulent 
flows  are  described  in  (_3j  and  J • An  early  vari- 
ant of  the  laaiinar  RPM  was  also  used  by  Chong  et  al 
[Sj  in  an  independent  study. 

Other  aethods  have  subsequently  emerged  far  pre- 
dicting In-cylinder  flows  including  those  of  Slwakar 
et  al  , who  use  an  e^^liclt  fltilte-dlfference 
procedure  to  solve  the  equations  for  invlseid  or 
laminar  flow  on  an  expanding/ contracting  grid,  and 
aoni  [7^  who  employed  the  seoa-lapllclt  'Arbitrary 
I,agrangian-Eulerlan  (ALE)'  method  of  Blrt  et  al  f9] 
to  solve  for  combusting  flow,  with  a constant  eddy 
viscosity  representation  of  turbulence  effects. 

All  of  the  foregoing  studies  have  focussed  on 
rwo-dimensianal  flaws  of  either  plane  or  axlsytsaetri- 
cal  kinds,  although  the  methods  used  are  all  capable 
of  being  extended  to  three  dimensions.  The  reasons 
why  the  extension  has  not  been  made  are  probably  the 
very  large  increase  in  computing  time  and  storage 
rsquiremeRts  which  it  would  enteil,  coupled  with  u.v- 
certalnties  about  the  accuracy  of  pre^ction  attain-  • 
able  for  turbulent  flow. 


axial  (z)  and  radial  (r)  directions  respectively;  the 
pressure  p;  and  toe  stagnation  enmOalpy 
h 9 C^T  - p/o  * (u"  * v‘)/2,  where  C^,  T and  c are 
respecti'/ely  the  cons  tan  t-voi'ume  specific  heat,  temp- 
erature and  density  ef  the  fluid.  Whan  the  flow  is 
laminar,  these  assumptions  are  unarbiguous,  as  are  t-ha 
apprepriate  forms  of  the  equations;  but  turbulence 
brings  with  it  problems  of  both  interpretation  (see 
for  example  |_9j  and  'ic'  ) and  formulation,  topics 
to  which  we  can  scarcely  do  Justice  here.  Instead, 
we  shall  simply  confine  ourselves  to  the  following 
statenents:  firstly,  it  is  ir^ractical  to  attempt  to 
calculate  all  the  details  cf  the  turbulent  motion 
because  of  the  axcessively  fine  grids  which  would  be 
required.  Secondly,  if  the  process  of  ensemble 
averaging  [ll]  a*  applied  to  the  equations , they  then 
assume  a form  closely  similar  to  the  time-smoothed 
equations  of  a 'steady'  turbulent  flow  [l2]  , the 
effects  of  turbulence  appearing  in  the  form  of  corre- 
lations of  fluctuating  quantities,  which  are  often 
referred  to  as  turbulent  fluxes.  Finally,  we  may 
assume  (but  without  ouch  justification)  that  the  tur- 
bulent fluxes  of  momentum  (i.e.  the  Reynolds  stresses) 
and  thermal  energy  can  be  calculated  through  scalar 
eddy  dlffusivities  which  are  in  turn  determined  by 
solving  additional  differential  conservation  equations 
for  the  (ensemble-averaged)  kinetic  energy  of  turbu- 
lence k and  its  dissipation  rata  £.  This  'tu^ulence 
modelling'  approach,  which  was  originally  developed 
and  applied  to  steady  turbulent  flows  [ij]  has 
achieved  soma  success  for  them  [li]  : however  uncer- 
tainties exist  about  its  validity  for  the  quite  diff- 
erent circumstances  of  in-cylinder  flotn. 


Within  the  a)3ove  framework,  the  conflate  equation 
set  may  bo  compactly  represented  in  terms  of  a single 
general  equation  for  an  arbitrary  dependent  variable  h 


II  ♦ * i ^,„ve)  - -jlCj  If) 


1.2  Contents  _ 

This  paper  is  intended  to  describe  the 
essentials  of  the  present  method  and 
soma  representative  results  of  turbulent-flow 
co^tations,  giving  about  equal  weight  to  both 
topics.  Section  2 below  presents  the  differential 
aquations  of  the  mathematical  model  in  terms  of 
conventional  Sularian  co-ordinates  and  than  in  the 
axpandlng/cor.tractlr.g  co-ordinate  frame.  Section  3 
outlines  the  method  of  solution,  including  the 
block  adjustment  pxecadura  mentioned  above.  In 
section  4 we  show  and  discuss  predictions  for  the 
two  situations  illustrated  in  Fig  1,  namly  an 
oscillating  piston  contained  in  either  a closed 
cylinder,  or  in  one  whose  head  is  equipped  with 
a centrally-located  valve  operating  in  a simulated  ■ 
four-stroke  cycle. 


r 3r’  * 


- O 


(1) 


and  the  accompanying  table  1 below,  which  gives  the 
definitions  of  the  'effective  dlffusivicy'  coeffici- 
ents Tj  and  'source/sink'  terms  s^  for  the  indivi- 
dual conservation  equations.  The  new  quantities 
appearing  in  this  table  include  the  'effective  vis- 
cosity' which  is  defined  by: 

- u * - U ♦ (2) 


where  C and  the  quantities  and  o are 

'constants'  of  the  turbulence  isodal  whose  values, 
which  we  have  taker,  from  [is] , are  given  in  the 
Nomanclature.  The  quantities  s'  stand  for  additional 
terms  containing  density  fluctuations,  whose  modelling 
is  the  subject  of  current  research. 


2.  MATBEMATICAL  !«3DE1. 


2.2  The  coordinate  transfermaticn 


2.1  Conservaticn  eouations  in  Eulerian  form 

The  flow  it  assumed  to  be  governed  joy  the 
differential  conservation  equations  of  mass,  monan- 
tum  and  energy  which,  for  the  axially-sysasetrical 
situations  considered  here,  may  ba^axpreasad  in 
terns  of:  the  velocity  componenta*  u and  v in  the 

'We  do  not  consider  hare  flows  which  may  have  a 
third  cos^onent  w in  the  eireumferentlal  direction, 
commonly  referred  to  as  'swirl'.  Calculations  have 
however  been  performed  with  twirl  simulation,  which 
will  be  reported  elsewhere. 


The  purpose  of  the  coordinate  transformation  is 
to  avoid  the  inconvenience  that,  in  Eulerian  space, 
the  size  of  t.he  calculation  domain  varies  with  time. 
It  was  demonstrated  in  j that  this  can  be  circum- 
vented by  replacing  the  axial  coordinate  z by: 

Z 5 Z/Zp  (3) 

where  z^  is  the  ( time-varying)  distance  between  the 
cylinder  head  and  piston  surfaces  (see  Fig  1) . The 
transformation  is  straightforward  and  leads  to  the 
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TabI*  1 n«gmitlon«  off  th«  eo<ffici*ntj  T,  and  of  «cn  (1)  for 

' ■■■■  ~ — — o— ■■■  a — — ^— 

aquation* 


th*  dlifarant  eon«*rvaticn 


following  variant  of  aqn  (I)  : 

t~3t*®*p^’  ♦■j=-^(ouo)  * 7 
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whcr*  a 3 a * 5->  i'Ocal  ralatlv*  v*locity  b*- 

c«**n  tb*  flald  Snd  th*  coordlnat*  frasta,  a^  balng 
tb*  Instantanaou*  piston  valoelty.  Ibis  aquation, 
it  should  b*  notad.  looks  vary  similar  to  Its  Eularlan 
countarpart,  a fact  wbieb  graatly  facllltatas 
solution . 


3.'  SOLCmON  78OCE0CBE 


3.1  rinlta-dlffaranca  acaatlons 


For  tb*  puxpos*  of  darlvlng  tba  flnlta-dlffar- 
anc*  aquations  (fdaa)  tb*  transforaad  coordlnat* 
spac*  Is  overlaid  with  a grid  of  nodas  foraad  by  tb* 
Intarsactlons  of  arbltrarlly-spacad  coordlnat*  llnaa 
(Fig  2)  at  which  tb*  scalar  variables  p,  h,  k and  e 
ar*  calculatad)  while  tb*  velocities,  shown  as  arrows 
In  tb*  diagram,  ar*  located  aid-way  b*t»**n  tb*  praa- 
suroa  which  drive  tbaa.  Each  of  the  ’/arlablaa  Is 
Imagined  as  balng  surroistdad  by  Its  own  control 
voluD*  or  'call*  over  which  aqn  (4)  Is  Intagratad, 
with  tba  aid  of  approxlmatlena.  In  both  spac*  and  time. 
Th*  desirable  features  which  we  sought,  and  which  have 
guldsd  our  choice  of  approximations,  have  been 
accuracy  and  stability  to  arbitrary  specifications  of 
tha  grid  and  tlma  Intervals. 

In  tarn  of  th*  notation  of  Fig  2 for  a typical 
grid  nod*^  7 ancloaad  In  its  call  and  surroundad  by 
Its  neighbours  N,  S,  E and  w,  th*  flnlta-dlffaranca 
approximation  to  aqn  (4)  is  written: 


In-th*  caa*  of  th*  va loci tie*  th*  tame  notation 
applies,  the  convention  baing  that  they  taka  th* 
label  of  th*  grid  nod*  at  which  thay  point. 
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where:  th*  superscripts  'o'  and  'n'  danota  'old'  and 
'naw'  values  at  tlsws  t and  t + it  respectively,  it 
being  tha  tlma  increment!  th*  summation  Is  over  tha 
nodas  H,  S,  E and  W of  th*  cluster!  and  th*  coeffi- 
cients ar*  defined  by: 


3 (DVlp/it!  A„  3 (ouaf)^!  Ag3  ((Jvaf)^! 


Aj  3 -(ouafl^i  Aj^3-(ouaf)j 


(6) 


Tb*  subscripts  n,  s,  a and  w in  tha  above  definitions 
refer  to  th*  call  boundaries,  values  of  tha  quantities 
required  at  these  locations  balng  obtained  by  linear 
interpolation  where  nacassary.  Th*  f's  ar*  weighting 
factors,  whose  specification  follows  from  the  choice 
of  spatial  diffaranclr.g  approximations,  which  in 
turn  Influanc*  both  accuracy  and  con^utational  stabili- 
ty. Tba  latter,  and  to  some  extant  th*  former,  is 
enhanced  [l6l  by  th*  fallowing  spaclflcatlon: 

f(l  ♦ 2/7*  )/2  , for  !7*  ! 4 2 

1 . Ps„  > 2 t'l 

0 , 7*  <-2 

w 

where  7*^  3 (ou)^tpi^y/  and  similar  formulas  exist 
for  tha  ramalnlng' f's. 


Finita-dlffarsnca  equations  for  th*  Individual 
variables  of  Table  1 may  ba  ganaratad  from  eqn  (S^ 
by  Insertion  of  the  appropriate  axpresslcns  for  tha 
aasoclatad  T and  Sp:  th*  3p's  ar*  given  in  Table  2, 
albeit  in  an  abbreviated  form  (th*  full  expressions 
ar*  lengthy)  in  which  soma  of  the  terms  era  either 
swept  Into  th*  quantities  S'  or  left  unexpanded.  Since 
eqn  (5)  is  of  Irpllclt  form, 'the  fdes  for  each  variable 
consist  of  a simultaneous  sac.  Solution  Is  possible 
by  a variety  of  naans,  but  our  differencing  practices 
give  rise  to  equations  which  ar*  suitable  for  solution 
by  Iteration,  which  Is  our  current  preference. 
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Tabl«  2 3«ilnltiop.«  of  th«  quantity  for  th« 
inaividvai.  v»rnLal»« 


3.2  Tti*  ealeul«ticn  of  or««8ur« 

In  ozdar  to  conplata  tha  forauiatlon  wa  raqulra 
a aathod  of  calculating  praasura.  Hara  wa  follow 
tha  laad  of  Oiorin  [17]  and  othacs  in  vsin?  a (juaaa- 
and-corract  prasauza  which  involcaa  tha  continuity 
aeuation,  whoaa  finita-diffazanca  zapzasantatlon  las 


- di 


a - 4 >0 
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and  than  suoain?  ovaz  tha  antiza  fiald  to  yiald: 


1^1 


(10) 


Baza  tha  * auparacript  danotaa  a valua  baaad  on  tha 
cuzzant  itazata,  tha  final  taro  rapzaaanta  tha  natt 
outward  aaaa  flow  aeioaa  tha  houndaziat  (which  is 
of  couzaa  zazo  if  tha  cylindar  is  elossd)  and  tha 
quantitias  tp  and  Yp  ara  dafinad  asi 


i (3o/3?) 
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(11) 


and  avaluatad  fzcn  tha  aquation  of  stata  for  tha  qas. 
Tha  qlobal  anazqy  aquation  is  chtalnad  from  a sltpli' 
fiad  vazslon  of  tha  finita-diffazanca  anarqy  aqua- 
tion, tha  sis^lificatlons  bainq  allowad  by  tha  fact 
that  tha  global  adjustaants  tand  to  zazo  as  tha  solu- 
tion is  approachad.  Thus,  with  tha  aid  of  aqn  (5) 
and  Tabla  2 wa  writs: 
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whare  r^,  is  tha  outward-diractad  heat  flow  frsn 
boundary  calls.  Equaticr.s  (10;  and  (12)  ara  easily 
solved  siaultaneously  for  p'  and  T'  , this  calculation 
heinc  izseddad  in  the  overall  calculation  cycle,  as 
will  be  described  below. 

The  sacond-stace  local  taiperature  adjustments 
are  obtained  sicply  by  solvxn;  tha  fees  for  h.  As  for 
tha  local  prassuzas,  following  tna  practice  of  .ISJ  we 
obtain  equations  for  these  by  replacing  the  sass  flows 
in  (3)  by,  for  exaople: 

at. 
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wh«r«  t.h«  p*s  ar«  local  prassurt  ccrrec^isns  and  w* 
approxiaata : 
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whera  the  a'sazasass  flow  ratas,  e.g.  □ £ (oual  , 

m 3 (ova)  , ate.  In  the  present  application  howavar 
it  IS  nacassazy  to  taJta  into  account  a nuigbar  of 
special  faaturas,  notably  tha  strong  coupling  which 
say  exist  betwaan  tha  prassuza  and  tasparatura  fialdsi 
and  tha  soisetifflea  disproportionate  influences  cn 
thaaa  fields  of  both  tha  cos^zass/ai^ansion  pzocass 
itself  and  tha  fluid  ootions  which  it  inducaa.  wa  do 
this  by  oaans  of  a rwo-staga  procadure,  in  which  tha 
prassuzas  and  tagpazatuzas  ara  first  globally  adjust- 
ed by  sDounts  7'  *nd  ?'  raspactivaly  to  allow  for 
cospraasion/axpansion  and  than  local  adjusts-  •:m  are 
loads  to  allow  lor  tha  affects  of  fluid  aotion. 

Tha  global  adjustaants  ara  obtainad  fzoa  global 
continuity  and  anargy  aquations.  Tha  foroer  is  ob- 
tained by  replacing  in  aqn  (81  by: 


whera  tha  right-hand  side  cosas  froa  tha  u soioantua 
equations.  Wa  obtain,  after  also  raolacing  fron 
C91: 

MJ  - ♦ |a.  tp^  - p^)  + ♦ YJT'  ■*$),  0 

(15) 

which  is  the  raquirad  equation:  its  fora,  it  should 
ba  noted,  is  similar  to  that  of  aqn  (5) . 

3,3  Suoaoarv  of  solvlnc  oirecedura 

Stazting  from  a pzaacribad  variation  of  tha  pis- 
ton position  with  tiaa  and  initial  praseziptions  of 
the  flow  and  taapazatura  fields,  tha  B?M  sathod  gan- 
azates  predictions  at  each  succeeding  tioa  intarval 
in  tha  following  sequence  of  steps:  (i)  a first 
approximation  to  tha  prassuza  and  tanpazatuza  fields 
is  obtained  by  solving  tha  global  aqns  (10)  and  (12)  ; 
cm  taaporazy  fields  of  u and  v ara  than  obtained  by 
solving  thair  raspactiva  aomantua  aquations: 

Ciill  solution  of  tha  pzassura  correction  aqn  (15) 
allows  tha  local  pressures  to  ba  adjusted  and  tha 
velocities  to  ba  brought  into  continuity  balance 
Clvl  tha  fields  of  h,  ]c  and  e are  Chen  updated  by 
solving  thair  raspactiva  aquations.  This  saquanca  is 
rapaacad  Irani  step  (i)  until  tha  current  solution 
satisflas  tha  diffaranca  aquations  to  the  required 
dagraa.  Normally  tha  calculations  are  carriad  through 
as  cany  siaulacad  piston  cycles  as  ara  required  to 
allainate  'start-:^'  affects,  i.a.  Co  produce  a solu- 
tion which  is  periodic.  Tha  results  which  ara  des- 
cribed below  ware  obtainad  in  this  way. 

3.  SOME  APPLICATIOMS  OF  TBE  PKCSOVn 

3.1  Flow  in  a closed  cvli.ndar 

Tha  first  turbulent- flow  predictions  ganeratad 
with  tha  RFM  procadure  ware  for  a closed  cylindar 
(diagram  (a)  of  Fig  1)  , but  with  conditions  ochar- 
wisa  Similar  to  those  which  ml^t  prevail  in  a 
practical  angina  or  cospressor.  The  results  about 
to  l3a  described  wars  CaJean  from  a oarraatric  study, 


rape read  in 


r 


in  which  quantities  such  as  angina 


spaed,  compression  ratio  etc.  ware  varied. Hara  wa  show 
just  one  sat  of  results,  for  a spsad  of  2000  rps, 
cosprassion  ratio  of  14:1  and  boraiscrOca  ratio  of 
1.0.  Thay  wars  obtainad,  after  grid-rafinaoant 
tests,  on  a 21  X 21  non-uniformly-spacad  grid  at 
6^  cranJt  angle  intervals. 


3.26 


Altftoagh  sr*(iiccions  contain  infonaation  on 
cha  instancanaous  oa^araoura  ditcri^ucion  and  local 
haat  transfar  racaa  co  tha  walls  (prascri^ad  as  iso- 
tnarsalj  wa  snail  focus  nara  on  tha  hydro dynaaic  as- 
pacos.  Tha  saquanca  of  diagrams  of  cig  3 show  ths 
pradictad  valocity  fialds  iin  ona  fora  of  vactors)  and 
oha  corrasponding  tuijsuianca  inoansirv  distriiurions 
'in  tha  fora  of  contours  of  /lk/2/u_  wnera  ij 

tha  aaan  piston  valocitj')  at  various  crank  anglas , 
aaasurad  froa  BOC.  ‘Tha  plots  ara  to  scala  and  tha 
diraction  of  tha  piston  aotion  is  indlcatad  hy  tha 
supari^osad  arrows. 

Tha  vactors  raveal  that  ovar  tha  graatar  part  of 
tha  cycla  tha  flow  is  assantially  in  a stata  of  uni- 
fois  cooprassion/axpansion,  with  a small  paak  in  tha 
naar-wall  valocitiaa  which  is  charactariatic  of  osci- 
llating flows  at  high  fraquancias.  Racirculation 
occurs  at  BSC  and  fSC,  but  tha  singla  toroidal  vor- 
ticas  which  ara  forasd  ara  vary  waak  and  tha  vactors 
hava  baan  drawn  largar  chan  scala  to  show  tham. 

fha  cu^ulanca  Intansity  contours  indicsta  small 
spatial  variations  in  tha  cantral  ragion  and  sooa- 
whac  staapar  gradiants  naar  tha  walls:  not  surpris- 
ingly, tha  paak  lavals  ara  ganaratsd  naar  tha  oomar 
whara  tha  piston  slidas  along  tha  eylindar  wall.  Two 
parhaps  unaxpaccad  faaturas  ara  obsarvad:  firstly, 
apart  from  tha  fora-oancionad  maximum,  tha  cuiAulanca 
lavals  within  tha  eylindar  ara  tha  sama  ordar  as  or 
graatar  than  choaa  naar  tha  walls:  and  aacondly,  tha 
laval  tands  to  incraasa  as  tha  fluid  is  cos^rassad  and 
dacraasas  whan  it  expands.  Tha  axplanaclon  of  chasa 
faaturas  appaars  to  lia  in  tha  ganaration  of  turbu- 
lanca  by  normal  strasaas;  at  laast  chair  axistanca 
can  ba  actributad  to  this  within  tha  contaxc  of 
tha  prasanc  turbulanea modal . .‘lora  datailad  consid- 
aracions,  which  wa  shall  raporc  alsawhara,  ravaal 
chat  although  tha  trands  which  wa  pradict  may  ba 
corract  (no  axparimancal  data  has  baan  found  to  aithar 
eonflm  or  rafuca  thaaj  tha  magnicudas  ara  probably 
ovarpradictad.  Forcunataly,  as  wa  shall  saa  balow, 
this  'comprassion-ganaratad  turbulanea*  as  wa  shall 
tarm  it,  is  probably  ovarshadowad  by  othar  sourcas 
in  raal  anginas. 

3.2  Flow  in  a eylindar  with  a eantrallvlocatad  ■■■slva 

Following  tha  abova  study,  tha  computar  modal 
was  'aqulppad*  with  a singla  inlac/axhaust  valva 
cantrally  locatad  in  tha  eylindar  haad  (diagram  (b) 
of  Fig  1)  and  opanad  and  eloaad  in  a saquanca  simula- 
ting a typical  four-stroka  angina  cycla.  Faramatric 
a:qploratlons  wara  mada  of  tha  affaee  of  angina  spaad, 
comprassion  ratio,  ace.  on  tha  flow  and  haac  transfar 
eharactaristics,  la  tha  abaanca  of  combustion.  Tha 
results  ara  dascribad  in  a pralininary  way  in  [i]: 
bare  wa  shall  show  tha  flow  pradictloos  for  just  cna 
sat  of  conditions,  for  which  the  spaad,  comprassion 
ratio  and  bora;atroka  ratio  wars  2000  rpa,  14  si  and  1 
raspactivaly. 

Tha  valva  was  raprasantad  In  tha  computer  modal 
as  an  annular  orifice  of  tima-varying  araa,  wit.*:  a 
praseribad  discharge  coefficient  and  axtamal  prai- 
sura. 

Curing  the  intake  ttroka  tha  following  charact- 
eristics of  tha  incoming  flow  ware  ascribed  constant 
values t tha  flow  angle  and  velocity  distribution: 
tha  turbulanea  Intansity  snd  langth  scala:  and  tha 
gaa  tai^ratura.  Soma  effort  waa  mada  to  asalgn 
'raalistic*  valuaa  to  those  quantities,  but  there  is 


littla  data  aveilabla  for  guidance  '.a  point  tc  wnicn 
wa  shall  raturr.  later)  . Tha  gric-indapencar.t  results 
reported  herein  wara  cbtai.nad  -with  a 21  x 21  non-'ini- 
fcrcly  spaced  grid  and  with  time  intervals  correspend- 
ing  tc  6^  of  crank  angle.  Tha  periodic  state  was 
achievad  in  about  3 comclaca  cycles,  starting  from  rest. 

A series  of  plots  sho'winc  the  pradictad  flow  pat- 
terns at  various  stsgas  in  tha  four-stroke  cycla  are 
shown  in  Fig  4:  t,**.#  crank  angle,  meeaured  from  TOC 
of  tha  inlet  stroke, is  shewn  basida  aacn  plot  as  is  tha 
fractional  opan  area  f.  of  tha  valve.  Baca 'use  the 
range  of  velocity  in  tnasa  circumstances  nay  ba  very 
large,  soma  of  the  vectors  ara  drawn  out  of  scala  to 
avoid  obscuring  the  diagram:  such  vactors  are  narked 
thus  C^)  . Tha  number  of  diagrams  which  esn  ba  s.hown 
is  necessarily  limited,  but  wa  have  attesptad  to  select 
ones  which  ate  raprasantativa.  Tha  saquanca  cczmer.ces 
with  the  inlet  stroke,  where  tha  i.nccming  fluid,  which 
enters  at  an  angle  of  30°  with  tha  cylinder  head,  pro- 
vokaa  a large  toroidal  vorttx  rotating  in  a clockwisa 
sense;  tha  velocities  art  large,  axcaeding  t.hat  at  t.ha 
piston  over  nost  of  tha  voluat.  The  '^rtex  persists 
throughout  tha  entire  intake  and  coi^reision  phasas, 
although  its  strength  diminishes  during  co^ression. 

Tha  vortex  motion  it  very  quickly  supprassad  early 
In  tha  expansion  stroke  (which  saaos  tc  ba  a c.*iarsct- 
ariscic  feature  of  t.-iasa  flows)  and  the  velocity  field 
reverts  to  tha  nearly  ons-dimanaional  bahavicur  obsar- 
vad in  tha  eloaad  case.  Finally,  during  t.*:#  exhaust 
phase  a sink  flow  pattam  in  ebservad,  although  more 
detailed  plots  raveal  tha  axistanca  of  small  vortices 
adjacent  to  the  haad  of  tha  valve  and  to  t.hs  junction 
of  tha  cylinder  haad  and  wall. 

Tha  cortamponding  fitbulanea  intansity  contours 
are  alsc  shown  In  Fig  4.  It  is  imaadiataly  noticaaol* 
that  the  levels  ara  vary  large  Indeed^,  being  far  in 
axcaas  of  tha  values  ebaarvad  in  tha  elesad  case.  Tha 
turbulence  is  claarly  ganaratad  during  tha  inlet  stroke, 
where  it  mainly  aminatas  from  tha  shear  layers  on 
aithar  side  of  tha  conical  jet  of  incoming  air  and  is 
than  eonvacted  and  diffused  throughout  the  cylinder. 
Presumably  it  is  thasa  transport  procassas  tfhich  ara 
responsible  for  tha  appearance  of  tha  tone  of  high 
energy  naar  tha  centra  of  tha  vortex.  As  the  fluid  is 
comprassad  tha  turbulence  decays,  ths  contribution 
of  comprassion-ganaratad  turbulence  evidently  being  too 
small  to  prevent  this,  and  tha  decay  parsltts  through- 
out most  of  tha  axpansic  i phase.  Finally,  thara  is 
an  Incraasa  In  turb'clan.-^  level  naar  ths  valva  when 
It  opens  for  tha  exhaust  process , tha  shear  ganaratad 
by  tha  outgoing  flow  being  rasponslbla  for  this. 

Bow  wall  do  thasa^pradictiona  accord  with  reality? 
Fortunataly,  wltza  1.9.’  has  lacar.tly  mada  hot-wlxa 
anaiBomacar  maaaunmants  in  a similar  configuraticn 
which  allow  soma  ataetsmsnt  to  bo  mads,  albeit  with 
important  qualifications  whl^  wa  shall  discuss  balcw. 
Figs  5 snd  6 show  raspacti'valy  paas-iranants  of 
□aan  resultant  velocity  (=  / u-*v-)  irbulanca 

intansity  (defined  in  this  instance  as  at  a 

point  naar  tha  valva  (tha  approximate  locatidn  is 
indicated  in  Fig  1(b))  together  with  tha  .VM  pre- 
dictions for  sama  point  and  another  nearby  ont. 

(In  deducing  u'jj  from  k for  t.'us  comparison  'wa  have 
assumed  isotropy) . If  wa  focus  first  on  tha  maasura- 
mants  and  pradletlons  at  tha  same  location,  it  can 
raaaonably  ba  claimed  that  there  is  soiaa  maasura  of 
agraamant,  aapaclally  for  the  mean  valocitj",  but  dur- 
inc  certain  stagoa  of  ths  cycla  tha  trands  era  totally 

^'.ntan  asaasting  thasa  values  it  should  be  boma  in 
mind  that  t.‘\a  local  fluid  velocity  is  tomstimis  ouch 
graatar  than  u_. 


Mp^cialiy  around  9 • 360®  v>»ich  is  TOC 
oi  rha  cosprtssion  scroica.  Tiia  aaasurau’.nts  indicata 
a paaX  in  both  valocity  and  intanslty  at  this  stage, 
tfhartas  tha  pradleticns  show  thasa  as  falling  and  the 
%"aiocity  as  raaching  its  3u.r.i3naB  valua.  It  is  diffi- 
oult  tb  say  which  bahavioux  ts  correct,  although  it 
is  egually  difficult  to  concaiva  of  a tachanisa  for 
ganarating  tha  axparlaantally-indicatad  incraasa  in 
-.'alocity.  As  for  tha  risa  in  tuxbulanca  intanslty, 
although  it  is  tamting  to  identify  this  as  coo^ress* 
icn-ganeratad  turbulence,  tha  aaasurad  levels  ara 
auch  higher  than  these  which  ware  pradictad  to  occur 
in  tha  closed  case. 

Tha  second  sat  of  predictions  in  tha  abova 
figures  has  bean  providad  to  show  how  tha  large  spa- 
tial gradients  within  the  cylinder  volume  giva  risa 
to  appraciabla  changes  in  aagnltuda  when  tha  monitor- 
ing location  is  shifted  radially  outwards  by  a small 
amomt  ( ' 1/15  of  tha  cylinder  radlusl  . Alternative- 
ly, and  parhaps  more  significantly,  tha  sane  affect 
might  wall  be  producad  by  small  differencas  between 
tha  assumed  and  actual  inlat  conditions.  Tha  likeli- 
hood that  such  diffarancas  actually  existed  is  large 
(for  axampla,  tha  flew  angle  probably  varies  with 
valva  lift,  rathar  than  staying  constant  as  wa  have 
assiraad)  and  points  to  tha  need  for  detailed  specifi- 
cation of  inlet  conditions. 

Although  wa  have  bean  unahla  to  uncover  any  other 
source  of  data  for  cwo-dlaanslcnal  configxirations , 
it  is  of  intarast  to  note  that  tha  measurements  obtain- 
ed by  iancastar  ^lo]  in  a similar  configuration 
to  that  of  Witza,  but  with  a conventional  head  eguip- 
pad  with  saparata  inlet  and  exhaust  valvas,  exhibit 
trends  which  ara  reproducad  by  tha  RPM  predictions, 
for  axas^la,  tha  gualitativa  behaviour  of  the  mean 
velocity  is  tha  same,  as  is  tha  tendency  for  tha  tur- 
bulence intensity  variation  to  follow  that  of  the  oaan 
valodcy.  Also  pradictad  la  tha  observed  proportion- 
ality between  the  (absolute)  turbulence  intensity  and 
tha  angina  speed.  A detailed  account  of  these  com- 
parisons will  appear  elsewhere. 

3.3  Discussion 

Tha  results  described  herein  should  suffice  to 
demonstrate  that  the  RPH  procedure  is  capable  of  sol- 
ving the  strongly-coupled  equations  of  motion,  energy 
and  tha  turbulence  model  in  a time- varying  domain.  No 
especial  difficulties  ware  encountered  in  obtaining 
the  solutions,  although  it  should  be  said  that  tha 
simultaneity  and  non-linearity  of  the  equation  set 
necessitated  tha  use  of  wider-ralaxaticn.  Tha  coa- 
pfitlng  times  required  were  typically  about  7 min  on  a 
CSC  6600  machine  for  180®  of  piston  motion,  using  the 
grid  and  tias  Intarvals  specified  abova,  but  there  is 
ample  scope  for  redxxring  the  times  by  optimisatior.  of 
tha  algorithm  and  coding.  As  axpectad,  the  method  was 
stable  to  auch  larger  grid  and  time  intervals,  which 
enabled  very  short  run  times  during  tha  setting-up 
of  new  cases. 

As  for  tha  accuracy  of  prediction,  it  is  clearly 
too  early  to  make  an  assessment,  although  tha  compari- 
sons thus  far  are  encouraging,  Much  work  remains  to 
be  dona  in  assessing  and  iiqgroving  the  turbulence 
modelling  and  in  making  comparisons  with  experimental 
data.  Both  of  these  activities  are  currently  hamper- 
ed by  the  paucity  of  data  available)  indeed  it  is 
probably  true  to  say  that  this  is  a limiting  factor  to 
the  further  development  of  cos^utsr  models.  Ideally, 


measurements  are  required  which  possess  t.ne  following 
features:  firstly,  they  s.hould  focus  on  co.nfiguratior.s 
whic.t  are  two-dimensional,  for  apart  from  being  more 
econoaucal  tc  measure  and  calculate,  success  in  pre- 
dicting these  is  a necessary  prerequisite  tc  the  ore- 
dicticn  of  mbrce-dlmensional  cases,  with  which  they 
share  many  featiires-  Secondly,  the  boundary  conditions 
should  be  well-defined,  especially  those  during  intake: 
and  thirdly,  the  cylinder  volume  should  be  more  exten- 
sively mapped  than  hitherto,  for  it  is  now  clear  that 
tha  spatial  variations  are  too  large  to  be  character- 
ised by  just  a few  measuring  locations. 

Notwithstanding  the  current  uncsrtainciei , it 
seems  worthwhile  to  extend  the  range  of  phenomena 
ancospassad  by  t.ha  modal,  as  we  are  now  dsing.  .*1sn- 
tion  has  already  been  made  of  the  incorporation  of 
swirl  simulation,  which  Is  done  by  solving  an  addition- 
al momentum  equation  for  tha  tangential  direction. 
Simultaneously  the  grid  specification  has  been  gener- 
alised to  allow  more  flaxibility  in  gaometrical  con- 
figuration and  thasa  two  developmants  have  been  com- 
bined in  calculations  of  swirling  flow  in  tha  type  of 
'howl  in  piston'  arrangement  which  feacurca  in  soot 
dasigns  of  Diasal  and  stracified-idiarge  anginas.  A 
report  ia  currancly  being  prepared  on  this  work.  A 
further  extension  which  is  currently  in  progress  is 
the  modelling  of  combustion,  but  this  is  still  at  an 
early  stage, 

4.  CONO.  (SIGNS 

1.  A calculation  procedure  )ias  been  developed  for  sol- 
ving the  differential  consarvaticn  equations  for 
turbulent  flow  and  heat  transfer  in  piston/cylindar 

assa^lies, 

2.  Predictions  for  an  oscillating  piston  in  a closed 
cylinder  indicate  essentially  cne-dimer.slonal  flow 
and  tha  existence  of  cot^ression-generated  turbu- 
lence, produced  by  the  action  of  normal  stresses. 

No  experimental  data  has  been  found  for  cdt^arison. 

3.  Cslculscions  with  s cantrally- located  valva  indi- 
cate that  the  Induction  flow  strongly  influences 
tha  velocity  and  turbulence  structure  throughout 
tha  entire  four-stroke  cycle.  The  intake-generated 
turbulence  is  predicted  to  be  auch  more  intense 
than  that  generated  by  cci^ression,  at  least  for  the 
the  present  piston/cylindar  configuration, 

4.  Coeparisons  with  the  maasuremants  of  Witza  '9  ] re- 
veal qualitative  agreement  in  many  raspectsT  but 
quantitative  comparisons  and  c.hs  pinpointing  of 
sources  of  discrepancies  are  both  hindered  )3y  un- 
certainties in  the  experimental  condltlona. 
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ABSTRACT 

For  laminar  flows,  higher-order  differ- 
encial methods  derived  from  polynomial  spline 
interpolation  and  Hermitian  collocation  have 
significantly  reduced  the  numbers  of  mesh 
points  required  to  achieve  accuracy  equal  to 
that  of  conventional  second-order  finite- 
difference  methods.  This  study  is  intended 
to  evaluate  the  applicability  of  two  of  these 
techniques  for  simulating  the  thicker,  higher- 
shear  turbulent  boundary  layer  on  a flat 
place,  with  and  without  mass  transfer. 

Coupled  velocity-stream  function  solutions 
are  obtained  with  displacement  thickness 
normalized  and  transformed  boundary  layer 
variables.  The  fourth -order  spline  4 and 
sixth-order  Hermice  6 formulations  are  con- 
sidered. Single  layer  and  two-layer  eddy 
viscosity  models  are  used  for  closure.  The 
results  obtained  here  with  relatively  coarse 
meshes  compare  favorably  with  experimental 
data,  and  lead  us  to  believe  that,  with 
appropriate  closure  modelling,  more  general 
turbulent  shear  flows  can  be  simulated  with 
comparable  reductions  in  computer  requirenenta. 

NOMENCLATURE 

a,b  ■ interval  boundary  points 
A a damping  length 

a boundary  layer  variable  related  to 
''  stream  function 
F a Van  Driest  damping  function 
G.  a defined  by  equation  (2f) 
hj  a mesh  width  across  Che  boundary  layer 
I^.  a transition  intermictency  factor 
Xj  a defined  by  equations  (2d)  and  (2a) 
i a turbulent  mixing  length 
mj  a (V.) . first  spline  derivative 
.Mj  a (V._j^  second  spline  derivative 
N4-1  a grid  points 

Re  a Reynolds  number  based  on  characteristic 
length 

t a ( — n.  j^)Aj 

u,  a velocity  at  the  edge  of  boundary  layer 
Vj  a longitudinal  velocity 
X a coordinate  along  the  flow 


y a coordinate  across  the  flow 

1 a exponent  in  the  transformation 

3 a pressure  gradient  parameter 

i a displacement  thickness 

1 a parameter  appearing  in  spline  4 

€ a eddy  viscosity 

V a kinematic  viscosity 

e a hj^j^/hj  characteristic  of  non-uniform 
grid  and  equals  1 for  uniform  grid 
; a independent  boundary  layer  coordinate 
along  the  flow 

n a coordinate  across  the  boundary  layer 
I a transformed  variable  defined  by 
equation  (6) 

Subscripts 

w a wall  values 

e a values  at  the  edge  of  boundary  layer 
1 . INTRObUCTION 

The  numerical  evaluation  of  turbulent 
shear  flows  has  been  limited,  in  many  cases, 
by  both  the  availability  of  appropriate 
closure  models  and  the  significant  increase 
in  computer  storage  and  calculation  time  over 
that  required  for  laminar  flows.  Generally, 
large  numbers  of  mesh  points  must  be  speci- 
fied in  order  to  accurately  describe  the 
thick  turbulent  shear  layer,  the  thin  laminar 
sublayer,  and  the  large  gradients,  near  the 
edge  of  the  viscous  sublayer,  associated  with 
typical  eddy  viscosity  behavior.  In  this 
paper,  we  are  concerned  only  with  the  latter 
difficulty,  i.e.,  computer  storage  and  time; 
we  rely  on  existing  closure  models,  which 
are  reasonable  for  the  simple  geometries 
considered  here.  The  present  anslysis  repre- 
sents a series  of  numerical  experiments  to 
test  the  applicability  of  two  higher-order 
collocation  (differential)  methods  (1-5) 
that  have  previously  been  very  successful  for 
the  evaluation  of  laminar  boundary  layer 
flows  with  and  without  mass  injection  (2.)  > 
potential  flows  (2)  , Burgers  equation  (2.) 
and  the  incompressible  laminar  Navier- 
Stokes  solution  for  the  flow  in  a driven 
cavity  with  Reynolds  numbers  of  up  to  1000 
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and  relatively  coarse  grids  (4, S) . 

These  earlier  analyses  were  concerned 
with  the  development  of  a variety  of  second, 
fourth  and  sixth  order  numerical  procedures 
as  obtained  by  polynomial  (spline)  interpola- 
tion or  by  Kernitian  collocation.  Two  of 
these  methods,  the  fourth-order^  accurate 
Spline  4 (2)  and  the  sixth-order^  accurate 
Hermite  6 ( 3-5)  formulations  will  be  tested 
here  and  assessed  relative  to  second-order 
accurate^  central  finite-differencing.  In 
the  earlier  laminar  studies,  it  was  generally 
found  that  Spline  4 required  one-quarter  the 
number  of  mesh  points,  in  each  coordinate 
direction,  as  did  the  finite-difference 
method  in  order  to  achieve  equal  accuracy. 
This  led  to  reductions  of  from  50%  to  75%  in 
computer  storage  and  time.  Hermite  6 re- 
quired even  fewer  points  than  Spline  4 to 
achieve  equal  accuracy  and  led  to  even  further 
computational  efficiency.  The  purpose  of  the 
present  study  is  to  determine  the  applica- 
bility of  higher-order  collocation  as  a tool 
for  calculating  thicker,  higher  shear  turbu- 
lent boundary  layers.  The  incompressible 
flow  over  a flat  plate  with  and  without  mass 
injection  will  be  considered.  The  single 
layer  eddy  viscosity  model  used  previously 
by  Michel  (6}  or  the  two-layer  Cebeci-Smith 
(7}  formulation  are  applied  for  closure. 

The  equations  are  solved  in  (1)  normalized 
laminar  boundary  layer  coordinates,  (2)  dis- 
placement thickness  normalized  coordinates, 

(3)  a transformed  laminar  coordinate  frame 
and  (4)  a combination  of  (2)  and  (3).  The 
second  system  limits  the  boundary  layer 
growth;  the  third  procedure  leads  to  the 
desirable  accumulation  of  mesh  points  in  the 
laminar  sublayer,  with  a uniform  mesh  in  the 
transformed  plane.  For  procedures  (1)  and 
(2)  this  can  be  accomplished  only  with  a 
variable  mesh.  For  procedure  (1)  the  turbu- 
lent boundary  layer  thickness  must  also  be 
monitored  in  order  to  maintain  the  accuracy 
of  the  solution,  but  complex  transformations 
are  avoided.  The  procedure  (4)  has  the  ad- 
vantages of  both  (2)  and  (3)  . 

For  the  spline  4 formulation,  the  re- 
sulting boundary  layer  problem  leads  to  a 
3x3  block  tridiagonal  system  for  the  coupled 
momentum  and  continuity  equations.  For 
Hermits  6 the  system  is  4x4,  but  solutions 
can  be  obtained  by  an  unconditionally  stable 
and  rapid  iterative  procedure  that  involves 
a pair  of  2x2  block  tridiagonal  systems. 

This  procedure,  which  will  be  described  in 


Fcr  uniform  meshes. 


detail  in  a future  paper,  can  also  be  applied 
to  Spline  4 so  that  the  3x3  system  is  replaced 
by  a combined  2x2  and  simple  tridiagonal 
formulation^.  Finite  difference  calculations 
involve  a single  2x2  block  system. 

2.  COLLOCATION  ANALYSIS 

Higher-order  collocation  formulas  are 
derivable  from  polynomial  (spline)  interpola- 
tion or  Hermite  (Taylor  series)  expansion 
techniques.  The  accuracy  of  the  resulting 
procedure  depends  on  the  order  of  the  poly- 
nomial or  the  truncation  error  in  the  series 
expansion.  In  References  (1-5)  , the  com- 
plete derivations  for  a variety  of  methods 
are  described.  These  will  not  be  repeated 
here  and  only  the  relevant  equations  for  two 
procedures,  Spline  4 and  Hermite  6,  will  be 
described. 

Consider  the  domain  Ca.b!  in  the  l- 
coordinate  direction.  Divide  the  domain  into 
N intervals,  so  that  at  the  mesh  points 
j»l,  N*l:  ij_*a  and  Ijj+1“'®*  width 

hj«Cj-^j-l,  and  i7"hj^j^/hj  is  the  ratio  of 
successive  mesh  widths.  At  the  mesh  points, 
the  function  V(? , ;) ■V(I, ;^) -Vj  and  the  deriv- 
atives (V')j  and  (V'-)j  afe  denoted  by  Hj  and 
Mj,  respectively,  in  conventional  (differen- 
tial) finite-difference  methods,  the  govern- 
ing system  of  equations  involves  only  the 
unknown  functional  values  V^,  All  deriva- 
tives are  given  as  functions  of  V..  In  the 
higher-order  spline  or  Hermite  methods,  col- 
location at  the  mesh  points  couples  Vj,  mj 
and  . The  higher  the  order,  the  stronger 
is  the  coupling.  The  couplings  for  the 
three  methods  to  be  considered  here  are 
given  below,  see  References  (1-4)  for  more 
complete  derivations. 

Finite-Differences 

mj  . (Vj^j_+(c^-l)Vj-7^Vj_j_)/(.-(l+r)hj) 


Mj  - 2(Vj^j^-(l+:)Vj+iJVj_j^)/(o(l+t)hj) 


Spline  4 


*33^j+l*‘’33*'j'^'33*'j-l**3l'^j*l 


‘if  the  continuity  and  momentum  equations  are  uncoupled.  Spline  4 reduces  to  a pair  of  tri- 
diagonal equations  and  Hermite  6 bacomea  a 2x2  block  plus  a single  tridiagonal  equation. 
This  approach  is  not  desirable  however  as  it  requires  an  excessive  number  of  iterations, at 
each  streamwise  location,  to  converge. 
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Th«  coefficients  are  tabulated  in  Table  1. 
In  addition. 


ti.»h.  (2:<.*K.  ,)/6-..(v.-V.  .)/h. 
j3  Jj*i  j 

and 

K^-2m^  _j^/h^+4ra^/h^  -o  (V.  ~V.  _j^)  /h^ 


(2b) 

(2c) 

(2d) 


K .-4n.  ./h  .^^-2n.  .^^/h  .^^.6  (V  .^^-V . ) 

(2e) 


where 


i-(l+a^)/(c(l+c)^)  . 


Also,  on  any  interval  Lj-l,j!.  we  obtain  the 
following  interpolation  polynomial  for  V(?.t) 


(l^-:)V__-(-:,*(-^  ,ff4^f,)V_*;  (lV).5  V/, 

(4a) 

f_-  V (4b) 

where  V (f , -) «Vmu/u^ : u is  the  streamwise 
velocity  and  e denotes  conditions  at  the 
boundary  layer  edge.  5-6^ (u^)  ^^u, ; for  the 
flat  plate,  i«0.  f«f(I,'')  is  a nortnalired 

stream  function  and  lim  f(;,'^)---S  . f«x: 

0 

•u, 

'•yRgVir  R “U^/v:  x,y  denote  the  axial  and 
normal  coorSinate  directions;  >.  is  the  molec> 
ular  viscosity  and  e is  the  turbulent  eddy 
viscosity,  i is  a modified  displacement 
thickness  defined  as 

-1  h ■® 

V J ‘‘5 

0 


V(;.n)-K^_^(l-t)  \^/6+K^t^h^/6 

* (l-C)-f  (V^-K^h^/6)  t 

-MS^h^t^d-t)  V2-hG._j^h^t^(l-C)  V2  , (2g) 


where  t«(;-; 
integral  of 


j_l)  Aj. 

(2g)  over 


With  laiO,  from  the 
[j-l,j]  we  also  obtain 


,7vd;-f.-fj.^-(V^.V..i)h^2.(K^*K,.,)h]/24 

(2n) 


This  is  a more  accurate  formula  for  f,,  than 
that  used  in  earlier  studies  (3-5) . ^ 


The  constant  *g  depends  on  the  pressure  gra- 
dient parameter  s.  For  laminar  flow  over  a 
flat  plate,  Sg-l. 21678,  since  the  turbulent 
boundary  layer  thickness  is  approximately  six 
to  eight  times  the  displacement  thickness. 

In  this  coordinate  frame,  the  boundary’  layer 
is  confined  to  the  region  -<8. 

3.  Laminar  Boundary  Layer  (or  Gortler  (8,)) 
Variables 

These  ar.e  recovered  from  (4a)  simply  by 
setting  i«(2f)*5:  this  is  the  laminar  value  of 
(S) . Equation  (4b)  is  unchanged.  Since  y 
grows  approximately  as  in  this  coord- 

inate frame  " grows  as  i®*®. 


Hermits  6 

*33Vl*^33«j‘'33”j-l**3l''j*l"'’3l'^j*'=21^j-l 

**34"'j^l*‘’34"'j**34”j-l-  ° 
^3-'‘j^l^^3«3*^3”j.^*4l^j.^^l''j"'4l'^j-l 


*•44Vl^^4"j♦®44■'j-l■  ° 

The  coefficients  ars  given  in  Table  1. 


(3b) 


C.  Transformed  Laminar  Variables 

with  i«(2;)*^,  we  transform  the  - or 
normal  coordinate  such  that 

r-a„:/(l+b^:)  * (6) 

o o 

The  boundary  layer  edge  **,  is  prescribed  as 
;«1:  therefore,  ao«“,(l+bQ) '.  For  the  oresent 

calculations  o«-109,  b >0.05  and  -.>60.^ 

o • 


The  truncation  errors  for  each  of  these 
formulations  are  given  in  References  i^)  and 

(i). 

2 . GOVSRKISG  SQUATIOSS 

A.  Disolaeenent  Thickness  Hermalired 
Coordinates 

After  appropriate  normalization  and 
transformation,  the  governing  boundary  layer 
equations  become 


The  governing  aquations  (4)  become 
(1+0  ((Uc)  ; *Ce_*f*2!f.]:,)v. 

-5  (1-V^)-?(V^)  , (7a) 

and 

f.;.-V  . (7b) 

* 

This  transformation  allows  for  an  accur  ila- 
tion  of  mesh  points  in  the  laminar  sublayer 
when  a uniform  mesh  is  prescribed  in  the  ;- 
plane;  however,  the  boundary  layer  edge  is 

o us  by  3r.  Stephen  wornom 


'This^ transformation  and  the  associated  constants  ware  sugcasted 
of  the  NASA  Langley  Research  Center. 
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i TABLZ  I;  MATRK  COEr FICIEOTS 


Finita-Diffarancas  (2x2^  wi» 

V.  w,-f,  dp-O. 

a^^-(2=3+h^a^)/(r(U5)hj) 

*12*° 

*21*°  *22*° 

b^l-<i^-(2A3/5h2)*(o-l)=^/rhj 

^12*=2 

Cj_^-(2i3-ch.l^)/(l-Kj)h^ 

= 12*° 

=2i*hj/2  '22""^ 

Solina  4 (3x3)  w^«V.  w.-f.  w 

a -c  /tt(Uc)h. 

11  4 3 

3-K.  d^-Oj.  dj-O,  d3-0 

*12*° 

(031(1+0) -.-h,?^) 
*13*  6(1+0) 

a^i-O 

*22*° 

a *0 

23 

*31*® 

*32*° 

*33*-oV 

^11*V‘"'^’ V'^ 

^12*=2 

bi3*a3(l-l(l+o)/®) 

b21.-h./2 

‘’22*^ 

b33*h2/24 

bji— 6(1+?) 

b mO 

32 

b33— 2o(l+o)h^ 

<ja^/(Ua)h^ 

=12*° 

c(4a3(l+5)+h^o^) 
=13*  6(1+0) 

C2i-h^/2 

=22-1 

=23*-*'j/24 

031-60 

= 32*° 

=33*-=*'j 

Harmita  6 w^^-V.  w_-f.  W3-M. 

w.«m,  d, ■a,,  d-«0,  d-»0 
4 15  2 3 

0 d aO 

4 

*11*°  *12*° 

• a^3-0 

*14*° 

•21*°  *22*° 

*23-° 

*33*h2/®c 

*24*° 

-h^(5o+4) 

*31  .3,,  , *32  ° 

s (1+c) 

30^ (1+0) 

a^l*6(o2-o-l)/c2  *42*° 

a^3-h^(c+l)  (s-2)/5 

a.  .-h  . (14+10o-10o^)  /5o 

44  j 

^11*=^!  '’12*'‘2 

^13-=3 

^4-=4 

b2i*-2h^/5  bjj-l 

b23— h^/®° 

b24-hj/l° 

'’31*-31-=31  '*32*° 

b33— hj(l+c)  V3C 

b3^-5h^(o-l)  (1+0)  V3o^ 

’’41*-*4l'*41  ^2*° 

b^3— 3h^(er-l)  (Uo)  Vs 

b^-h.  [32+4(0-1)  (4.-'‘+9o^+4o 
44  j 

“11*°  =12*° 

=13*° 

=14-° 

C2i*-3hj/5  =22*"^ 

=23*° 

=„.-3h>/!0 

. -'5*3?)  . 

C33-ohJ/6 

oh^(5+4o) 

= 31*  U?  =32*° 

*■34"  3(1+0) 

=41-®=' <='"=-!)  =42*° 

A 

=^3*0 (20-1)  (?*l)/5 

c^,-o^h. (14o^+10c-10)/5 

44  j 

4 

Sa«  aquationi  (10)  £or  valuaa  of  a^. 


not  confir.«d  and  grows  with  I. 


Outer  region; 


0.  Transformed  Sisolacement  Thickness 
Coordinates 

If  the  displacement  thickness  normalized 
equations  are  used,  with  i prescribed  by  (3) , 
and  the  sane  mapping  (6)  is  applied,  (7a)  be- 
comes 

;^(1+€)V^„-  ((!+«):..+  [((V^  + 

*3(1.v2).4  2^,  (Ba) 

In  this  system,  we  achieve  mesh  point  accumu- 
lation as  well  as  growth  control.  The  edge 
value  of  ~^alO  ’ applies  for  all  values  of  f. 

4.  EDDY  VISCOSITY  MODELS 

Two  closure  models  that  have  been 
reasonably  successful  in  approximating  sur- 
face boundary  layers  have  been  given  by 
Michel  (6)  and  Cebeci-Smith  iJJ  . These  have 
been  used  for  the  present  calculations.  In 
the  latter,  which  is  a two -layer  model,  the 
slope  of  the  eddy  viscosity  is  discontinuous 
at  the  juncture  of  the  inner  and  outer 
regions.  This  did  not  lead  to  any  apparent 
difficulty  with  the  higher-order  formulations. 

Single  Laver  With  In-*action 

where 


.0.01631^ 


(l-V)d- 


P«l-exp[-r/Al  , -rmyR^/i 
A-26[r^^5  (u^)  ^_Q;"^exp(-5.9v*)  , 

v*-jiR,’5V(uJ._Q'‘‘  , J-vyu^ 
•t-0.085ii'^R^[tanh(0.41V0.085-^)  3 
- is  the  boundary  layer  thickness. 


/er  With 


Injection 


rransition 


is  the  transition  intermittencv  factor 


given  as 


Itr-l-»x?(^(l-itr)  ) 


>(2?)’’;  y-CI!)**- 


G-(R^/1200) (R  ^t- 

where  transition  is  initiated.  Calculations 
were  considered  with  1^^  from  .(9)  and  with  a 
step  transition  from  laminar  conditions,  so 
that  ltr“l»0.  After  a short  distance  down- 
stream of  the  solutions  were  undistin- 

guishable  so  that  fully  turbulent  conditions 
ware  virtually  unsensitive  to  the  transition 
modelling. 

3.  COUPLED  BOUNDARY  LAYER  EQLTATIOKS 

The  governing  equations  (4)  or  (7)  are 
coupled  with  the  collocation  formulae  (1)  for 
finite-differences,  (2)  for  Spline  4 or  (3) 
for  Hermite  6.  This  leads  to  a coupled  (2x2) 
or  (3x3)  or  (4x4)  block  tridiagonal  system, 
respectively.  The  unknowns  are  V , f^  and, 
whan  necessary,  M^  and/or  m^.  ^ ■' 

In  order  to  obtain  these  coupled  systems , 
we  first  apply  quasi -linearization  for  the  non- 
linear terms  in  (4a)  or  (8a)  . The  viscosity 
coefficients  are  treated  iteratively.  The 
streamwise  (;)  derivatix'es  are  approximated 
by  either  bacltward  (first-order)  differencing, 
or  Crank -Kico Ison  (second -order)  differencing, 
or  a higher -order  formulae  described  in  Refer- 
ence (3) . All  of  these  procedures  are  implic- 
it and  except  for  the  latter,  they  are  uncon- 
ditionally stable.  For  the  boundary  layer 
problems  considered  here,  the  streamwise 
gradients  are  much  less  significant  than  the 
surface  normal  variations  and  therefore  the 
choice  of  streamwise  differencing  is  not  im- 
portant. For  purposes  of  simplicity,  the 
coupled  systems  shown  herein  use  first-order 
bac)cward  differencing.  The  quasi-linearized 
collocation  form  of  (8a)  becomes 


Inner  region: 

_T  r2»3/2, 


tm{  ml  I 

1 tr 


L-0.4l-R'^(2I)’’Cl-exp(— /A)  ] 


t,— 2V^  (5+4^2^!) 

"2“  2if  ^ ■‘"j 


A-26L (2R 


e'’  ''*-5-. 


exp(-5.9v  ) 


In  some  calculations  the  Mj  contribution  from 
in  was  Included  directly  in 


The  constant  z in  the  transformation  of  case  (C)  is  now  more  appropriately,  ta-90.  The 
solutions  are  quite  sensitive  to  the  choice  of  the  constants  t and  3. 
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1 


t2 


- --  • T2  . - 

*•  « * 4.  • f 4.  ■)  * ^ * -f  1 J 


-id^vp-  (vj) ") 

r ^2  , , 2.  n- “ 5 
* 277  -34  -(4  ) 


(10«) 


(lOf) 


Tha  supar script  n danotas  tha  pravioua 
straanwisa  (;)  location.  Variablas  without 
suparscripta  ara  tha  unknown  quantitias  at 
tha  naw  location  n-t-l;  tha  suparscript  tilde 
(~)  denotes  tha  latest  iterative  value  at 
n-t-1.  Two  iterations  are  generally  required 
at  each  straanwisa  location. 

Tha  straamfunction  aquation  Ob)  is  o£ 
the  form 


"r' j -r'’21^  j"=21^  j .l"‘’23  V'=23«  j -1 

*‘’24”j*=24"j-l-'^2 


(10b) 


Tha  final  systems  for  flnita-diffarancas 
(2x2) , Spline  4 (3x3)  and  Harmita  6 (4x4) 
are  of  tha  form 


For  Spline  4,  this  leads  tc  the  following 
expressions  for  : 

r^'l  : K^— r-_(K,-(l*c)K2-hrK^)/6 

:•!  ; /12 
or  for  general 

Ki— S-h2(u*'')  j_/12  . 

Vna  temar  are  obtained  by  extrapolation.  The 
latter  uses  the  aquation  (4a)  at  tha  wall  and 
is  more  desirable  for  coarse  grids.  For 
finer  grids  near  tha  surface  tha  two  condi- 
tions lead  to.  similar  results. 

Tha  value  m^  is  given  by 
^2 

mj^--  -^(Kj_+.SK2)+U2A2  (Spline  4) 

and 

“l“  3hJ  “l"  J ”^2*  12  **‘2"^”l^ 


(12) 

(Harmita  6) 


AW^^^+BW^+CW^_j^-  d (11) 

where  A-{a^}  . are  tha 

matrix  coefficients  of  the  vector  W«w^.  d 
is  the  vector  d^.  The  matrix  and  vector 
coefficients  are  given  in  Table  1 for  each 
of  the  formulations.  The  simple  displace- 
ment thic]cness  normalized  form  is  recovered 
with  The  laminar  vuiables  are  recov- 

ered with  and  5«(2;)*5. 

The  appropriate  boundary  conditions  for 
each  of  the  formulations  are  given  below. 

The  truncation  errors  associated  with  these 
and  other  higher-order  developments  are 
given  in  (3}  and  (4)  . 

6 . aOOHDARY  CONDITIONS 


u___  can  either  be  obtained  by 
extrapolation  or  by  differentiating  the  gov- 
erning equation  at  the  wall.  In  the  present 
paper  this  derivative  is  simply  obtained 
from  equation  (4a)  and  has  bean  applied  for 
the  calculations  shown  herein. 

7.  SOLUTION  PROCEDURE 

The  block-tridiagonal  system  (11)  is 
solved  by  a now  standard  two-pass  inversion 
procedure  (9) . In  view  of  the  large  numbers 
of  zeros  appearing  in  the  matrices  A,  B,  C, 
it  should  be  possible  to  optimize  the  inver- 
sion formulae.  This  was  not  considered  here, 
so  that  the  higher-order  calculations  can  be 
made  more  efficient  and  thereby  further  en- 
hance their  advantages  over  conventional 
lower -order  procedures. 


The  general  boundary  conditions  for  all 
the  methods  are  as  follows s 

Uj^«u(0)-0j  fj^-f(0)»f^  and  Ujj^j^«u(ti^)  ■!, 

where  f >0  for  a non -permeable  surface.  The 
additional  spline  boundary  conditions  are 
obtained  from  the  governing  boundary  layer 
equation  and  the  two  point  relationships  of 
the  type  given  in  equations  (2b) -(2a) . The 
derivations  are  given  in  more  detail  in  (4) 
and  (^ . In  the  present  paper,  the  boundary 
condition  for  M.  is  obtained  from  the  aqua- 
tion aa 

Mj^-u__(0)— 9 . 


Tha  Harmita  6 (4x4)  bloek-tridiagonal 
system  was  actually  solved  by  an  iterative 
unconditionally  stable  predictor-corrector 
method.  In  this  solution  procedure,  a pair 
of  (2x2)  block  systems  must  be  evaluated. 

This  leads  to  a significant  reduction  in 
computer  operation  counts  and,  therefore, 
time.  The  details  of  this  procedure  will  be 
the  subject  of  a future  paper.  Tha  (3x3) 
Spline  4 system  was  solved  by  both  the  coupled 
and  predictor -corrector  procedures.  For  the 
latter,  only  simple  tridiagonal  equations  need 
be  inverted  and  the  calculation  times  are 
less  than  that  required  for  the  coupled  solu- 
tions. The  results  are,  of  course,  identical. 
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3 . RESULTS 

Til*  calculaclons  for  a flat  place  geom- 
ecry  wish  and  without  surface  niass  transfer 
are  presented.  The  Cebeci-Smith  two-layer 
closure  modelling  with  transition  intermit- 
tency  was  used  with  the  Gortler  transformed 
and  displacement  thickness  coordinates.  The 
si.ngle  layer  eddy  viscosity  without  transi- 
tion modelling  was  used  with  all  other  coord- 
inate systems ; solutions  were  obtained  with 
and  without  mass  transfer.  The  results  are 
virtually  insensitive  to  the  transition 
modelling  after  a very  short  distance  down- 
stream of  the  transition  point.  It  is 
significant,  however,  that  the  numerical 
formulations  described  herein  do  provide 
accurate  turbulent  results  even  with  a step 
change  from  laminar  to  turbulent  flow  condi- 
tions. or  a step  change  from  zero  to  finite 
uniform  surface  injection.  The  higher-order 
procedures  do  not  suffer  any  apparent  loss  of 
accuracy  or  stability  with  these  discontin- 
uous flow  conditions. 

Our  goals  for  this  numerical  experiment 
are  to  evaluate  the  calculated  resluts  as  ob- 
tained with  finite-difference.  Spline  4 and 
Hermite  6 formulations,  and  to  assess  the 
merits  of  the  transformed  coordinate  systems 
described  herein,  in  order  to  forecast  their 
utility  for  more  complex  geometries  to  be 
considered  in  future  studies.  Of  particular 
interest  are  computer  times  and  storage  to 
achieve  equal  accuracy,  ease  of  application 
for  other  configurations  and  three-dimen- 
sional flows,  and  a conclusion  as  to  the 
minimum  mesh  point  requirements,  with  the 
optimum  procedure  considered  here,  to  achieve 
$%  accuracy  for  the  flat  plate  geometry. 

Typical  solutions  for  the  skin  friction 
coefficient  C;«2m(0,  5)  the  veloc- 

ity profile  V(!,-,)  and  in  certain  cases  the 
displacement  thickness  i are  shown  in  figure 
1 for  laminar  or  Gortler  variables;  i.e., 

'•4.  figure  2 with  the  displacement 

thickness  normalization;  i.e.,  6 from 

equation  (5) , and  figure  3 with  the  trans- 
formed (see  equation  (6) ) displacement  thick- 
ness normalization.  The  effects  of  surface 
mass  transfer  are  depicted  in  figure  4.  The 
surface  velocity  gradient  m(0,;]am. (;)  la 
evaluated  from  the  spline  formula  (2)  for 
spline  4,  the  expansion  formula  (12)  for 
Hermite  6 and  the  following  second-order 
accurate  three-point  end  difference  formula 
(13)  for  the  finite-difference  calculations: 

m^(;)-:(l+c)  -V^(f)  :/r(l+.-)h2  (13) 

In  certain  cases  the  two-point  formula  (14) 
derived  in  Reference  (^)  , 


"j,  (?)-V2(ryh,--h2/2 

provides  more  accurate  finite-difference 
results.  This  condition  will  be  described 
more  fully  in  an  expanded  version  of  this 
paper  to  be  published. 

The  solutions  with  Gortler  variables  and 
the  Cebeci-Smith  eddy  viscosity  model  allow 
for  transition  intermittency.  All  other 
solutions,  with  either  single  or  two-layer 
closure,  assume  a step  change  from  laminar  to 
turbulent  flow  conditions.  The  results  indi- 
cate that  a short  distance  downstream  of  the 
transition  location  43x10^,  transi- 

tion modelling  is  no  longer  important.  Solu- 
tions are  shown  in  the  range  0.  SxlO°<^Rei< 
2x10°.  The  profiles  are  shown  at  Ra,«loS^  and 
the  Cf  values  at  this  location  are  tibulated 
in  Table  II.  The  experimental  data  at  this 
location  is  in  the  range  Cf»3.45-3.55  (7. 1C) . 
The  displacement  thickness  normalization  con- 
trols the  numerical  growth  of  the  boundary 
layer,  and  as  seen  with  the  velocity  profiles 
on  figure  2 a quasi-similarity  for  V(?,')  as 
a function  of  y/-  is  achieved  for  Revi.^®^* 

As  X increases,  changes  in  the  profile  are 
confined  to  the  sublayer  region  very  close  to 
the  surface.  Based  on  these  results  it  ap- 
pears that  with  this  normalization  the  turbu- 
lent boundary  layer,  even  for  very  large  R,  , 
can  be  described  with  a minimal  number  of 
mesh  points.  The  Spline  4 solutions  with  21 
and  even  11  mesh  points  are  remarkably  accu- 
rate. Similar  conclusions  apply  to  the 
Hermite  6 calculations,  although  these  have 
not  been  as  extensive  and  further  study  is  in 
progress.  The  finite-difference  calculations 
require  upwards  of  61  mesh  points  to  achieve 
comparable  accuracy.  Therefore,  as  in  earlier 
laminar  studies,  it  appears  that  factors  of 
three  to  six  in  the  number  of  mesh  points  can 
be  saved  by  use  of  the  higher-order  inter- 
polation procedures.  This  translates  into 
savings  of  from  23%  to  73%  in  computer  times 
for  two-dimensional  flows. 

The  solutions  with  Gortler  variables 
(figure  1)  and  transformed  variables  (figure 
3)  also  lead  to  a significant  mesh  point  re- 
duction with  the  Spline  4 formulation  (Hermite 
6 was  not  considered  In  the  transformed  var- 
iables) . The  latter  solutions  are  quite 
sensitive  to  the  transformation  constants, 
e.g.,  see  Table  II,  and  therefore  extreme  caie 
is  required  with  the  use  of  coordinate  trans- 
formations. For  the  format,  boundary  layer 
gro%<rth,  i.e.,  ••,(x),  requires  either  large 
numbers  of  mesh  points  or  large  values  of  t 
and  therefore  increased  truncation  errors. 

In  view  of  these  experiences  we  tend  to 
favor  the  displacement  thickness  normalization 
without  transformation  and  with  moderately 
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TABLE  II:  TYPICAL  SOLUTIONS  FOR  AT  . 014x10° 


N 

^2 

a 

F.O. 

S4 

H6 

Closure  Model 

G.V. 

141 

0.001 

1.063 

3.46 

3.46 

- 

* 

C-S 

61 

0.2 

1 

5.43 

3.89 

3.48 

C-S 

61 

0.2 

1 

4.32 

3.75 

- 

* 

M 

21 

0.05 

1.5 

5.14 

3.16 

- 

M 

S* 

61 

.00363 

- 

3.59 

3.47 

- 

M 

21 

.005 

1.4 

4.44 

(4.44)* 

3.39 

3.52 

M 

11 

.1432 

1.4 

12.05 

(8.67)* 

3.21 

- 

M 

4—90 

21 

0.05 

1 

3.31 

(3.62)* 

3,50 

M 

bg-.OS 

11 

0.1 

1 

2.43 

(4.05) 

3.40 

- 

M 

z— 109 

21 

0.05 

1 

- 

3.66 

- 

M 

O' 

o 

1 

o 

Ul 

11 

0.1 

1 

- 

3.68 

- 

M 

Q.V.  ij  Gortlar  Variables;  i Is  displacement  thickness  normalization;  iip  is  i 
normalization  with  transformation;  C-S  is  Cebeci-Smith:  M is  Michel  without 
transition  intermittency. 

* 

Finite-difference  values  using  equation  (14) . 


large  o values;  i.e.,  r^l.S.  This  approach 
would  also  be  moat  desirable  for  three-dimen- 
sional calculations  where  ! may  vary  signif- 
icantly in  the  secondary  or  azimuthal  direc- 
tion. Coordinate  transformations  may  be 
highly  sensitive  to  flow  variations  in  this 
direction. 

Finally,  a typical  solution  with  surface 
mass  transfer  is  shown  on  figure  4,  The  in- 
jection is  started  discontinuously  and  this 
does  not  lead  to  any  difficulties  with  the 
Spline  4 calculations.  The  free  stream 
Reynolds  number  is  1.2x10^  and  injection  is 
started  at  xaO.65.  The  velocity  profiles 
and  friction  coefficient  agree  quite  well 
with  the  data  (7) . It  is  important  to  note 
that  arbitrary  laminar  or  turbulent  initial 
conditions  have  been  assumed  and  that  ex- 
perimental data  has  not  been  used  at  any 
point  in  the  calculation.  With  Gortler  var- 
iables, Spline  4 solutions  with  21  mesh 
points  and  ~,b25  appear  to  be  quite  accept- 
able for  the  range  of  R^^  depicted,  i -trans- 
formed solutions  (not  shown)  are  comparable 
to  those  found  with  zero  mass  transfer.  As 
a final  experiment,  the  injection  was  dis- 
continuously  terminated  at  R,jj-1.229xlo6. 

The  boundary  layer  thins  down  rapidly,  eg 
increases,  and  the  solutions  are  quite 
reasonable.  There  is  no  data  for  these  flow 
conditions. 

In  conclusion,  it  has  been  possible  to 
numerically  simulate  turbulent  boundary 


layers,  with  and  without  discontinuous  mass 
transfer,  with  large  reductions  in  the  numbers 
of  mesh  points  typically  required  for  finite- 
difference  calculations,  with  a displacement 
thiclcness  normalization  that  stems  the  boun- 
dary layer  growth,  as  few  as  11  points  pro- 
vide 5-7%  accuracy,  and  with  21  points  the 
results  are  well  within  the  experimental 
scatter.  Future  studies  will  include  other 
coordinate  transformations,  additional  Hermite 
6 calculations,  a consideration  of  conserva- 
tion form  equations  and  applications  to  free 
shear  flow. 
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ABSTRACT 

Enplrlcel  constants  In  a second  moment  closure 
model  centered  on  hypotheses  by  Rotta  and  Kolmogorov 
were  established  from  laboratory  experiments  on  flows 
of  engineering  Interest.  The  same  model  has  now  been 
applied  to  laboratory  experiments  of  geophysical 
Interest,  and  a number  of  simulations  In  atmospheric 
and  oceanic  fluid  dynamics.  The  latter  Include:  the 
near-surface,  atmospheric  boundary  layer;  the  entire, 
dlumally  varying  atmospheric  boundary  layer;  disper- 
sion of  a point  source  pollutant  in  the  atmospheric 
boundary  layer;  development  of  oceanic  surface  mixed 
layers  and  bottom  layers;  global  atmospheric  simula- 
tions. 

The  model  and  the  basis  for  the  necessary  emplr- 
cal  constants  .111  be  -ravlewad  critically;  simula- 
tions and  data  comparisons,  some  of  iriilch  have 
previously  been  described  In  the  literature,  vlll  be 
collected  and  reviewed. 

1.  INTRODDCTION 

Our  experience  at  Princeton  University  with 
second  moment  turbulence  modeling  began  at  the  time 
of  the  1963  Stanford  Conference  on  Turbulent  Boundary 
Layer  Computation  (Kline  et  al,  _^)  with  a simple 
Prandtl  type  model  based  on  the  solution  of  the 
turbulent  Kinetic  energy  equation.  At  chat  time,  this 
model,  Bredshav's  model  and  our  older  eddy  viscosity 
model  did  vary  well  In  predicting  all  of  the  data 
compiled  for  the  conference.  Thus  It  was  not  clear 
that  more  complicated  models  based  on  hypotheses  by 
Rotta  ( 2 ) and  Kolmogorov  (_2,)  and  requiring  consid- 
eration of  all  components  of  the  Reynolds  stress 
tensor  could  be  justified  on  Che  basis  of  isiprovlng 
predictions. 

The  first  results  from  the  second  moment  calcu- 
lations of  Donaldson  and  Rosenbaum  ( 4 ) (using  Rotta' s 
energy  redistribution  hypothesis  but  not  the 
Kolmogorov  Isotropic  dissipation  hypothesis)  whan 
applied  to  wakes  and  jets  and  subsequent  studies  by 
Hanjalle  and  Launder  ( 5 ) were  encouraging  but  the 
newer  models  Involved  more  empirical  constants  chan 
did  the  older  models  which,  on  this  basis  alone, 
would  facilitate  agreement  with  data. 

Our  interest  In  the  Rocca-Kolmogorov  model 
(Mellor  and  Herring  was  greatly  enhanced  by  data 

obtained  by  So  and  Mellor  which  demonstrated 

Che  effect  of  wall  curvature  on  turbulent  flow.  On 

• 


stable,  concave  walls  the  Reynolds  stress  was  virtu- 
ally extinguished  In  the  outer  half  portion  of  a 
turbulent  layer  and  reduced  significantly  In  Che  inner 
portion.  With  no  eaiplrlcal  adjustment  Involving 
curvature,  the  model  quanclcaclvely  predicted  this 
rather  dramatic  occurrence  (So  _9.,  Mellor  J^) . The 
saise  model,  when  extended  In  - It  now  seems  - a rather 
straightforward  manner,  predicted  the  observed 
stabilizing  and  destabilizing  effect  of  density  gradi- 
ents in  a gravity  field  (Mellor  according  to  data  by 
Bualnger  et  al  (12) . All  empirical  constants  ware 
obtained  from  neutral  flow  data  where  turbulent 
energy  production  Is  in  balance  with  dissipation. 
Numerical  solutions  are  not  needed  for  this  purpose. 

Yamada  and  Mellor  (13) , Lewellen  et  al  (14)  and 
others  ^ve  now  made  persuasive  predictions  of  strat- 
ified laboratory  flows  and  atmospheric  boundary  layers 
which  are  strongly  Influenced  by  dlumally  varying 
density  stratification. 

The  empirical  concent  of  these  models  resides  In 
various  turbulent  length  scales;  a major  assumption 
lb  chat  all  of  the  scales  ace  proportional  to  a* 
single  master  length  scale.  The  experience  generated 
thus  far  Indicates  that  this  Is  a viable  assuaipclon. 

Surprisingly,  although  Che  length  scale  propor- 
tionality constants  are  lsq>ortant,  many  results  are 
cither  Independent  or  not  very  sensitive  to  willful 
variations  In  the  master  length  scale  Itself.  Thus, 
we  have  tried  to  separate  our  study  of  the  turbulence 
model  Into  two  psrts:  first,  the  study  of  the  single 
point  moment  equations,  thalr  various  length  scale 
constants  of  proportionality  and,  second,  consideration 
of  the  master  length  scale  Itself. 

We  have  bean  uncomfortable  In  dealing  with  a 
master  length  scale  equation  (closure  assumptions  seem 
lass  rational  and  empirical  constants  are  not  as 
directly  related  to  data  as  are  the  length  scale 
proportionality  constants)  and  for  some  time  ware 
concent  with  algebraic  prescriptions.  However,  follow- 
ing Rotta  once  again,  a turbulence  length  scale 
equation  can  be  approached  via  the  equations  for  the 
turbulence  spectra  or  the  aquations  for  the  evo-point 
correlation  functions.  Whan  Che  separation  distance, 
r,  approaches  zero  ire  obtain  the  single  point,  moment 
equations  discussed  previously  and  lose  all  length 
scale  Information.  Thus  the  approach  suggested  by  Rotta 
was  Co  consider  the  integral  of  the  correlation 
functions  over  r-spacc.  Conceptually  complicated 
aasusiptlons  are  required  Co  close  the  resultant 
equations.  Neverth^eas,  we  believe  it  best  to  proceed 
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03  this  tact  rather  than  adopt  an  equation  for  the 
dissipation  In  the  manner  of  other  currently  active 
models;  our  reasons  vlll  be  discussed  below. 

2.  THE  BASIC  MODEL 

If  one  writes  down  the  single  point  equations 
for  the  moments  of  velocity  and  temperature,  unknown 
higher  moment  terms  appear.  The  model  we  have  adopted 
(Mellor  and  Herring  6 ) to  determine  these  unknowns 
Is  based  on  the  energy  redistribution  hypothesis  of 
Rotta  In  the  form 


and  the  Kolmogorov  hypothesis  of  local,  small-scale 
Isotropy  such  chat  the  dissipation  Is  modeled  accord- 
ing to 


2 aL 
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(2) 


In  the  above,  Is  Che  mean  velocity,.  ui  and  p the 
turbulent  velocity  and  pressure,  q^  - u^Z,  auH 
arc  length  scales  and  Cx  Is  a non-dimensional 
constant.  The  above  model  was  then  extended  (Mellor 
II)  CO  Include  temperature  (or  any  scalar)  such  that 


Ju  50 
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and  the  temperature  variance  dissipation  Is 
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where  is  the  teiQ>araturs  variance  and  I2  and  A2 
arc  length  scales.  It  Is  an  intrinsic  part  of  ths 
model,  and  ultimately,  perhaps.  Its  greatest  weak- 
ness, that  all  lengths  arc  assumsd  to  be  propor- 
tional to  a single,  master  length  scale. 

Higher  order  terms  (see  definition  of  "order" 
below)  can  be  added  to  the  above  (Launder  ec  al 
Launder  Wyngaard  J^):  to  (1)  one  could  add 
Cl  ffikki  + Plkkl  • (2«ij/3)  + C3  (Pikjk 

Piklk  - (262473)  Piklk)  C<,6(giCT  + gju^  - 
(262i/3)gvcap)whsre  Pijta,  * - HTIj  3Uk73SB.  6 Is  the 
coefficient  of  thermal  expansion  and  gx  is  the 
gravity  vector;  to  (3)  one  could  add  C5  gjSi^  * 
Suk9U^/3xj  * C7  ?uj^31]j/3x)x.  In  a rotating  flow 
other  terms  containing  the  rotation  vector  can  be 
added  along  with  other  higher  order  terms  (Lumley  33) . 
However,  we  have  resisted  sddad  complexity  for  the 
following  reasons:  (a)  In  ref.  (10) . the  above 
nodal  mat  with  instant  and  rathar  surprising 
success  In  predicting  the  vary  dramatic,  stabilizing 
or  destabilizing  effects  of  density  stratification 
In  a gravity  field.  Similar  effects  of  flow  curva- 
ture were  equally  well  predicted;  (b)  It  Is  not  at 


all  clear  that  In  the  vicinity  of  walls,  terms  In- 
volving a unit  vector,  normal  to  a wall  should 
not  be  Included  In  the  list  of  additional  terms.  One 
would  wish  It  not  be  thus  but  wishes  do  not  govern 
turbulent  flow,  (c)  The  data  base  Is  not  sufficient 
or  accurate  enough  to  determine  many  constants,  (d) 

We  are  motivated  to  minimize  complexity  and  the  number 
of  empirical  constants. 

Thus,  the  model  represented  by  (l)-(S)  Is  rela- 
tively simple.  Our  expection  of  the  model  Is  chat  It 
will  accurately  predict  mean  velocity  and  temperature 
fields  and  do  a reasonable  Job  of  estimating  turbu- 
lent moments. 

To  complete  Che  model  we  must  add  closure  expres- 
sions for  uxxuiuj , ^Hj,  uluJS  and  The  choice  is 
amh  iguous  as  discussed  In  (^)  and  (11) . 

However,  we  choose 
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and  have_chus  far  sec  puj  • ^ • 0.  Expressions  for 
and  p6  could  be  Invented  but  It  would  be  difficult 
Co  discriminate  them  from  Che  expressions  in  (6)  and 
(7).  This  will  be  particularly  true  when  Che  model  Is 
further  simplified  below.  Sq,Su0,S6  are  empirical  numbers. 

We  now  cite  Che  equations  for  Che  mean  velocity 
Ui  and  temperature  9.  They  are 


DU, 
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where  D()/Dt  5 Uk6()/3x)x  + 3()/3t  and  fjj  Is  the 
Coriolis  vector. 

Now,  if  the  closure  assumptions  arc  Inserted  into 
Che  mean,  turbulent  moment  equations  we  have  the 
complete  model  as  follows: 
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oodaj..  What  wa  tiava  callad  a "Laval  3"  oiodal^  it  at 
fallows: 
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3.  THE  ssmims  MODEL 

Although  wa  hxva  usad  tha  coaplaca  aodal  ta  cha 
auBtrleal  solueloB  of  problaaa  '(Mallor  and  Taaada 
Briggs,  Mallor  sad  Taa^a  ^S)'  atill  too 

conpllcstsd  for  prseticsl  application  to  gaophysieal 
fluid  dpsaaics  problaas.  It  will  ha  appraeiatad  that 
tha  nodal  nust  ba  axtandad  to  iaeluda  othac  scalar 
quantitiaa  basidas  taparatura  (ta  tha  ataosphars, 
wstar  vapor  aad  liquid  watsr  aloag  with  othar  ehaaleal 
eoaatituaats:  ia  tha  oeaaas,  aalialtp  aad  othar 
chssical  cosstltuaats)  sad  cha  maarieal  affort  caa 
quickly  gat  out  of  haad. 

A proeass  of  slapliflcacloa  has  baaa  dascribad 
by  Mallor  aad  Taaada  (18)  ia  scan  dacail.  Briefly  it 
tnvelvoa  avsluaciag  all  cams  la  cha  aodal  aquations 
as  a noduct  of  q^/A  aad  pomrs  of  a wham  A * 0(Ai) 
aad  a^  ■ O(aij^).  aij  is  cha  aoB-diaaasioaal  aaasura 
of  anisotropy  la  tha  axprassiaa 


Slailar  paraaacars  ars  iacroducad  for  cha  caaparacura 
vsriablsa.  Wa  than  ovsluacad  cams  la  (12),  (13)  and 
(14)  ia  pownrs  of  a aad  allart nacad  cams  of  ordar  a^> 
All  of  this  is  suggascad  by  cha  kiaaclc  chaory  of 
gaaos  wbarala  a is  ralacad  to  tha  Knudson  mobar  and 
is  (oaarally  a vary  snail  ambar.  For  turbulaac  flows 
aij'‘  0.13  aad  is  not  ovsrly  saall.  Novarcholaas  cha 
procadura  eoacrlbucas  aoaa  diaclpliaa  to  tha  proeass 
of  tlapliflcacloa  and  provtdas  a aalf  coaslscant 
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A Furthar  SI 


wa  hava  aada  oaa  furthar  slnpllficacion  which  is 
not  diraetly  jusclfiad  by  our  ordarlng  analysis  and 
chat  la  CO  aaglact  Cha  aatarial  darivacivs  and  dif- 
fusion cams  in  (17)  so  chat  a balanca  batvaan  cap 
paracura  varlaaca  jad  dissipacioa  rsBalns  (tha  rosulc- 
aat  nodal  has  baaa  tamsd  a "Laval  two  and  half”  nodal 
by  usars).  This  is  nocivsead  by  practical  natters ; 
ocharvisa  if  one  iaeludos  othar  scalars  Ilka  wstar 
vapor,  for  axanpla,  oaa  finds  a naad  to  writs  a dif- 
farancial  aquation  for  cha  vsrionca  of  wstar  vapor, 
tha  varlaaca  of  caaparacura  aad  ,aa  squacloa  for  cha 
cross  corralacloa  of  caaparacura  aad  wstar  vapor.  Tha 
situation  quickly  gats  out  of  hand  if  nora  scalars 
ara  sddad  to  cha  list  to  ba  cosputad. 

A close  maxoaiaacioa  of  our  ordering  analysis 
Indleacos  chat  this  further  slapllf Icacion  night  ba 
justified  for  all  stable  flows  aad  slightly  unscabla 
flows:  arror  is  nora  likely  as  oaa  approachos  the 
free  eoavsccioa  Umc.  Thus,  this  ia  a cautionary 
nota  on  a problan  which  furthar  oxparianea  nay  or  say 
not  oUaviaca. 


If  now  cha  boundary  layer  approxlaacloa  is  nada 
aad  giv(0,0,-g),  our  nodal  reduces  further  to 


‘la  raf  (18)  a niscaka  was  aada.  The  last  Cara 
in  aquation  (2TT  of  chat  paper  and  subsaquancly  all 
cams  labeled  iq^  or  f should  ba  purged  since  chay 
are  of  ordar  a^.  The  niscaka  is  anbarasslag  slaea  cha 
original  purpose  of  cha  ordarlng  analysis  was  to 
alininaca  cams. 
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4.  THE  EMPHUCAL  CONSTAHTS  FROM  SECTSAL  DATA 

It  is  fxindaacttCAl  co  cucrcnc  sAcoad  ooniAac  inodelj 
that  all  langth  scalaa  ba  avtryvhart  proportional  co 
each  ocher.  Iharacore  we  sec 

(ll. Ai ,i2,A2,)  “ (Ai,Bi,A2.B2)i  , (28) 
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where  P^j  3 3nj/3s.  To  staplify  Che  dlseussion 

below,  Che  Coriolis  cans  bav«  boaa  ascludad.  They 
aay  be  shown  co  bo  sasll  In  the  aeaospharlc  boundary 
layer  and  the  ochor  flows  discussed  below. 

For  eoapueacional  purposes  equations  (22),  (23) 
and  (24)  may  be  greedy  sl^lifled  to  reed 


(^,  ^)  - i,  Sm  (|2,  il) , 


- tfl  Sg  II 


(26a,b) 


where  i is  cba  master  turbulent  lengch  scale.  The 
constants  Aj,  Bj,  A2,  B2  and  Cj  muse  be  dacemlnad 
from  daCa.  This  be  accoispllshad  without  resort  to 
a trial  «nd  error  process  (sometimes  termed  "computer 
opclaizaclon")  by  appealing  to  data  where  curbulanc 
energy  production  and  dissipation  are  balanced.  This 
occurs  in  the  overlap  (law  of  the  wall)  region  near 
walls  and  in  homogeneous  shear  flow  data  where 
diffusion  is  zero  and  where  at  some  downstream  point 
in  Che  flow,  it  happens  that  3q*-/3x  ■ 0. 

Previously  (11),  we  had  determined  that  (Ai,  Bj, 

A2.  B2,  Cl)  - (0.78,  15.0,  0.79,  8.0,  .056).  In  this 
paper,  wo  have  ezarcad  more  effort  in  collecting  and 
Intaprecing  data;  hopefully  these  results  will  also 
be  useful  to  other  modelers. 

Interpretation  of  wall  data- requires  some  care. 

Ue  wish  to  correctly  Identify  the  outer  asympcoces  of 
Che  "inner",  viscous  well  functions  (Isw  of  the  wall 
coordinates)  which  describe  the  various  turbulent 
flow  properties  and  which  will  match  with  the  innar 
asymptotes  of  the  "outer"  functions.  It  is  Che  latter 
which  our  model  is  supposed  to  simulate.  The  large 
Reynolds  nu^er  asymptotic  bahsvior  of  turbulent  wall 
flows  has  been  discussed  by  Tajnik  (20)  and  Mallor 
(21).  Perry  and  Abel  {21)  have  provided  a nice 
experimencal  illustration  of  the  natter  which  we  re* 
peat  here  in  Fig.  1.  It  is  seen  that  we  need  to 
decarmina  a quantity  1 Iks  u'/ue  whan  yy>80.  In  general, 
data  is  not  as  well  resolved  in  the  near  wall  regions 
as  in  Fig.  1.  Therefore  chare  is  error  la  intarpre* 
cacioa.  However,  it  is  believed  Chat  this  kind  of 
error  is  consldwably  smaller  Chan  the  variations 
among  tba  different  data  sets  related  co  maasuranaac 
error  and  systematic  departures  for  small  Reynolds 
umibara. 

The  values  for  curbulanc  velocity  variances  are 
collected  la  Table  I and  for  curbolaat  thermal  vari- 
ances la  Table  II.  In  Table  I,  aside  from  Reynolds 
number  and  ut/Oq,  the  Indepondeac  data  aay  be  thought 
to  be  u'/ue,  v'/vt  and  w'/ut,  the  remaining  two 
quaaticiaa  are  derived.  In  Table  II,  -w3/Uo49,8'/Ae 
and  P^t  are  Indapendaac  whereas  the  remaining  two 
variables  are  dertved. 

If  we  now  turn  to  the  model  as  reprasaatad  by 
equations  (22),  (23)  and  (24)  and  slaplify  the  equa- 
tions CO  the  conditions  governing  the  data  la  Table 
I and  II,  namely  that  the  flow  is  two-dimensional, 
bouyaacy  effocta  are  negUgible  and  production  equals 
dissipation  so  that  q^/Aj  “ -W  30/Jt,  chan  the 
following  relation  nay  be  obtained  from  (22) , (23) , 

(24)  and  (28): 


3Ai(i?-Ciq^)/q^  + 9AiA2iBgwS/q^ 

5 

1 9AiA2l^8g  (3e/»*)/q2 

2A2W^/q* 

S„  , 

l+3A2B2l28g(3e/3z)/q2 

end  w*  is  given  by  (22e). 


3z  t • 

V?  " (l-2Ti)q^  , 

^ - w*'  » Tiq^  . 
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(29d) 


I 

I 


1 

I 


T 


t 


Bi  “ (q/u.)^, 

Ai  • Bj(1/3-yi)/2  . 

Ci  - Yi  - (3Aib1^’‘ 

IS.  m - S 

3*  " ” Of  I ’ 

Az  ■ Ai(ri-Ci)(YiPrt)“*, 

®2  “ (“^9^  /w5^)Bi^9prt”* , 


(29*) 

(29f) 

(30*) 

(30b) 

(30c) 


Fl(.  1.  Longleudln*!  curbulmc  tstanalcy  In  a pip* 
*»  obaarvad  by  Parry  and  Abal  (22).  lb*  horiaoatal 
llna  la  th*  aacliMcad  oucar  anyapcota  of  th*  laaar 
fuaccloa  (law  of  ch*  wall  coordlnataa) . Tba  Baynolda 
nuabar  la  baaad  on  th*  pip*  dlaaatar. 


Va  flric  not*  that  (29a}  and  (30a)  when  istetratad, 
ylald  th*  lofarlthale  law  of  wall  tihaa  t ■ kz.  For 
hoaocanaoua  ahaar  flow  1 doaa  not  vary  la  cha  a- 
diractloB.  Takaa  togathar,  (29a)  aad  (30a)  tacluda  a 
daflaltloa  of  th*  turbulaat  Praadtl  nuabar,  Prt.  Not* 
that  tha  turbulaat  Praadtl  atabar  will  vary  with 
atratlfleation;  la  thia  dlacuaaloa,  only  tha  aaucral 
valu*  la  eoaaidarad, 

U*  Buat  ehooaa  valuas  of  yj,  Prt  aad  B2  froa 
Tabla  I aad  II.  It  la  not  a alapl*  cholea  aad  parhapa 
cha  prlaclpal  valua  of  cha  cablaa  la  to  ahow  c^c 
coaaldarabla  uaeartalaty  axlaca;  If  w*  blaa  our 
cholc*  coward  ona  aac  of  data,  chac  aac  will  ba  pro- 
dletad  wall  but  anochar  aac  any  aoc  b*.  For  aaaapla, 
char*  la  an  obvioua  dlffaraac*  bacwaan  cha  vail  data 
aad  cha  hoaogaaaoua  ahaar  flow  data. 

Th*  first  eholcaa  w*  hav*  aada  ar*  Bi  ■ 16.6  and 
Yj  ■ .222.  Froa  (29*,f)  w*  obtain  Ai  ■ 0.92  and 
Cl  ■ 0.08.  Froa  (29b, c.d)  chi*  ylalda  q/uf  • 2.33 
u'/uT  • 1.9  and  v' /ut  “ w’/ut  " 1.2.  Th*  fact  chat 
v'  and  w'  ara  net  aqnal  la  not  wall  aupportad  by  cha 
data  aad  as  dlscuaaad  aarllar,  ch*  aodal  could  ba 
coapUeacod  co  paralc  v*  ^ w* . Tha  cholca  of  ad- 
ditional cocaa  la  not  claar,  howavar,  and  Cha  furchar 


cholca  of  ch*  additional  conacaacs  ebay  would  laczo- 
duca  would  ba  laaa  claar. 

Tha  cholca  of  curbulanc  Praadtl  nuabar  la  quit* 
aoblguoua  froa  Tabla  II.  Thla  quantity  ha*  baan  aaaa- 
urad  by  ocbar  basldas  choa*  liscad  In  Tabla  II.  A 1962 
survay  (raf  23)  Infars  chac,  naar  a aaooch  wall,  0.74 
< Prt  < .92.  Sowaa  and  Saleh  (24)  obtain  .8  < Prt  < 

1.0  for  aaooch  plpaa  and  1.0  < Prt  < 1.2  for  rough 
plpaa  at  a radlu*  Baynolds  nuabar  of  20,000.  (For 
larga  anough  Raynolda  nuabar,  Prt  ahould  aoc  dapand 
on  roughnaaa).  Acaoapharle  boundary  layar  data,  co  b* 
dlacuaaad  balow,  indleacaa  Prt  ■ 0.74  in  ch*  aaucral 
can*.  Bara  wa  chooa*  Prt  ■ 0.80  *0  chat  (30b)  ylalda 
A2  ^74.  Finally  w*  chooa*  B2  " 10.1^.  Thla  ylalda 
uT^  ■ 3.1,  which  aay  b*  coaparad  with  ch* 

corraapottding  data  la  Tabla  II.  Parhapa,  It  Is  baccar 
CO  consldar  cha  corralatlons  (-(S)/(u'w')  and  (-^)/ 
(v'9')  which  can  b*  calculaCad  froa  cha  abova  constaaCa 
aad  aquations  (29b, c.d)  aad  (30c);  wa  obtain  0.44  and 
0.42  for  coaparlaon  with  chat  data.  It  should  also  b* 
notad  chat  ch*  ratio  B2/BX  ■ 0.61  aay  b*  coaparad  with 
cha  slailarley  pradlcclon  of  B2/BX  • 2/3  for  dacaylng, 
hoaogaaaoua  taaparacura  and  valoclcy  flalda  (Hinza, 

25)  which  apparaatly  agraas  wlch  cha  aaasuraaanca  of 
Gibson  aad  Schwartz  (26).  Howavar,  chasa  aaasitraaancs 
covar  a raehar  short  dacay  hlscory. 

SuaBarizlng,  w*  find  now  Chat 

(Ai,Bi,A2,B2,Ci)  - (0.92,  16.6,  0.74,  10.1,  0.08) 

which  dlffar  Just  a bit  froa  Cha  valuas  dead  pravl- 
oualy  on  cha  basis  of  aora  Ilaiead  inforaaclon. 

Stabilization  bv  Flow  Curvatur*  and  Dansltv  Stratifi- 
cation 

Tha  1^*1  has  not  yac  baan  daacrlbad  coaplacaly, 
but  anough  has  baan  dacaralnad  to  daaonacraca  cha 
surprising  capability  of  cha  aodal  co  pradlcc  cha 
stabilisation  of  curbulanc  flalda  by  curvacura  and 
danslcy  stratlficatini.  Th*  data  obcalaad  by  So  aad 
Mallor  ( 7 ) was  a claar  daaonstraclon  of  cha  fact 
that  cha  aeablllzlag  curvatur*  could  llcarally  aztln- 
gulsh  Curbulanea.  Tha  affaet  of  curvacura  aa  pradlctad 
by  tha  aodal  has  baan  daacrlbad  In  raf  ( 7 ) . ( 9 ) and 
(10)  aad  was  our  first  ladlcaClea  chac  tha  aodal  could 
pradleclvaly  anaad'far  bayond  cha  aautral  data  on 
which  It  la  basad.  Howavar,  this  papar  la  aaant  to 
aaphaals*  gaophysleal  fluid  problaas  for  which  w*  cum 
CO  cha  naar  surfaca,  acaospbarlc  boundary  layar  data 
of  Bualagar  at  al  (12) . 

For  cha  purpoaa  of  dlraec  eoaparlson  of  data  wlch 
aodal  pradlcclon  wa  aaglace  cha  aaearlal  darlvaclv* 
aad  diffusion  earns  In  (21),  ylalding 


Sl 

Al 


(31) 


Thla  should  ba  a valid  slapllflcacloa  naar  surfaca*, 
at  laaae  for  aautral  and  scabla  flows.  Tha  raaulc  la 

^althar  cha  naucral  data  nor  chs  danslcy  scrac- 
Ifleal  data  dlscussad  balow  justify  third  slgnlfleanc 
flgura  accuracy.  Bowavar,  It  will  appaar  that  th* 
curbulanc  Prandtl  nwbar  at  ch*  critical  Richardson 
nuabar  la  about  unity.  With  B2  ■ 10.1  tba  aodal  will 
ylald  chla  valu*  azaccly.  Howavar,  any  valua,  say 
82*  AO  0.3,  would  b*  jusclflad  by  cha  naucral 
data  aad  adaquaealy  pradlet  ch*  straclflad  data  of 
Bualngar  at  ^ (12). 


6.S 


1 


1 


chat  cha  scablllcy  coatflclancs,  and  Sy,  In  (27a, b) 
oay  ba  wrlccan. 


f i-Cj-(6AiV3A2)r/Bi 
Yi-Y2r+3Air/Bi  (’a-Y:*) 


(32a) 


Sg  - ykzCfi-yzn. 


(32b) 


whara 

Yi  s (l/3)-(2Ai/Bi),  Y2  5 (B2/Bi)  + (BAj/Bi) , (33a,b) 
rsRj/d-Rj),  (34a) 

and 

Rj  5 - agSe/(Pj^4?^)j  (34b) 

Is  cha  flux  Richardson  nuabar.  tha  gradianc  Richardson 
nuabar  Is 


(30/3*)^  + (3V/3*)2  * 


(35) 


Fig.  2 Is  a ploc  of  S»(  (Rj,)  and  Sy  (Rj,).  A critical 
Richardson  nuabar  Is  dacaralnad  by  cha  condlclon, 

Y;  - Yj*  • 0,  or  using  (33a,b)  and  (34)  ylalds 


Yj  Bi-6Ai 

“ Bi+3B2+12Ai  • 

For  (Ai,  Bi.  Bj)  - (0.92.  16.6,  10.1)  «a  hava 
Rfe^  ■ 0.19  and  also  Ri^r  * 0.19  as  cha  critical 
Richardson  niobars  bayend  uhleh  curbulanca  and  alx- 
Ing  caaaa  ce  axlae. 

For  coapar'son  vieh  cho  naar  surfaea  layar  daca 
«a  now  assuaa  I • kx.  Tha  daca  ara  case  In  Honln- 
Obukhov  slBllarlcy  fora,  6^(0,  ^(C)  whara 


♦h  *■ 


n p •l/A 

[bi(1-11,)S,VS^]  (37b) 


C 1 


I 

nt^/{ieg8H) 


’M*f 


(38) 


whara  u^^  ■ (TO^+W^)  ^ and  H ■ - w6  naar  cha 
surfaea. 

Figs.  3a  and  3b  coopara  cha  aodal  rasulcs  with 
cha  daca  of  Bualngar  at  al  (12).  Doca  chac  cha  point 
Rf  ■ Rfcr  ” lo  2 Is  aappad  Into  cha 

scralghc  llnas  ay  * 9h  " C/Rfer  ^ i * “•  Noca  froa 
(36)  chac  cha  pradletloa  of  Rf„  doaa  noc  dspand  on 
Hz). 

Lawallan  and  Taaka  (27)  hava  also  shown  a favor- 
abla  coapartson  of  chair  aodal  with  this  daca.  Thay 
Includad  Cha  diffusion  cara  and  did  gat  bactar 
agraaaanc  chan  wa  did  for  ay  In  cha  unacabls  raglon 


whara  diffusion  is  Ilabla  to  ba  iaporcanc.  Howavar, 
thay  had  Co  Insarc  a specific  Richardson  nuabar  para~ 
aatarlxaclon  into  chair  aodal  to  obtain  tha  correct 
critical  Richardson  nuabar. 


5.  TE£  rjRBULErr  lESGTd  SCAlE  EQUATIOS 

We  hava  postponed  considaraclon  of  Che  aquation  for 
Cha  aascer  length  scale  t so  chac  the  ochar  eleaancs 
of  Che  aodal  ware  first  jusciflad  on  Cha  basis  of 
neutral  daca  and  a direct  cast  of  the  cxidal's  pradlc- 
tlve  power;  l.e.  the  predlcclon  of  turbulent  scabi- 
llzaclon  in  a dansicy  scraclfiad  flow.  The  factor 
Sq  in  (21)  ausc  also  now  ba  dacaralnad. 

Following  Rocca  ( 2) , wa  appeal  to  Che  Incagral 
of  cha  cwo-poinc  correlation  function.  Tha  closure 
assuapeions  ara  coapllcacad  and  wa  consider  the 
result  less  convincing  chan  cha  previous  assuapeions 
and  acre  likely  co  ba  aaandad  In  cha  future.  Tha 
version  we  use  as  of  this  vrlcing  is 

• h [*^®1  ll 

■ ^ El 

-fr!l*E2  (^)^j  (39) 

Tha  Cara  In  curly  brackacs  is  quits  ad  hocB.  L la 
supposed  CO  ba  a aaasura  of  cha  dlscance  away  froa 
walls.  For  naucral,  hoaogenaoua,  decaying  grid 
curbulanea  whara  1 is  auch  saallar  chan  L.  Equaclon 
(39)  along  wlch_(21)  pradiccs  cha  Iniclal  period 
decay  law,  q2«t“l.  • 

wa  specify  L according  co 


(40) 


and  is  siallar  to  ideas  offarad  by  Shir  (28)  and 

Launder  at  al  (15) . x polnc  in  cha  fluid 

doaain  bounded  by  solid  wall  ac  x«i  6a(xo)  is  an 

alaaancal  wall  araa.  For  a boundary  layar  flow  naar 

an  inf  ini  ea  plus  %iall,  L • x;  for  channel  flow,  L~1  i 

* x~l^  (2h-x)~‘  where  2h  is  cha  dlscance  saparaclng  ^ 

cha  channel  walls.  Ic  can,  by  the  way,  ba  shown  chac 

a third  cara  at  cha  right  of  (39)  - here  raprasancad 

By  E2(q^/Bi) (1/kL)2-  is  absolutely  necessary,  but  Cha 

ona  chosen  hera  is  ona  of  several  alcarnaclvas  (Hg 

and  Spalding  21t  Wolf stain  JO,  Mellor  and  Barring  6 . 

Lawallya  ac  al  J4,  Rocca  JJl  All  can  say  in  tha  pras-  | 

ant  eaaa  is  chac,  as  we  will  see,  Ic  works  well. 

Whila  ona  cannot  assart  great  confidence  in  i 

aquation  (39)  wa  prefer  it  rather  chan  the  dlf-  - 

farenclal  aquation  for  dissipation  (Daly  and  Barlow 
32,  Banjallc  and  Launder  Lualay  and  Khajah-Bourl 
33) , Slnea  cha  dlsslpaclon  is  laodalad  hara  according 
Co  (2),  cha  dlsslpaclon  transport  aquation  could 
supply  cha  needed  langth  scale.  Tha  dlsslpaclon  | 

tcanaport  aquation  is  an  aquation  for  tha  curvature 
of  Che  two  point,  velocity  correlation  function  as 
cha  separation  distance  approaches  xaro.  Alternately 

^a  hava  also  used  (K~^3t/3xj,)2  in  placa  of 
(t/KL)2  which  also  worked  well  escape  in  cha  near 
vicinity  of  nixed  layer  interfaces. 


6.6 


6.  30UNSARY  CONDITIONS 


ic  !•  an  aquation  tor  tbt  Incagral  of  cho  spoccral 
danalty  function  after  oultiplication  by  the  square 
of  the  wavenuabar,  thus  weighting  the  integral  so 
that  large  wave  nuaber  and  ssmII  scale  turbulence  is 
eaphaaiiad.  Thus,  it  seeas  fundaaantally  wrong  to  us 
to  use  an  equation  which  deacribet  the  saall  scale 
turbulence  to  deteraine  the  required  turbulaat 
aacrosocala.  Operationally,  bowavar,  tha  teraa  in  the 
dissipation  transport  aquation  and  equation  (39)  ara 
spacial  caaas  of  a aora  ganaral  langth  scale  equation 
(Mallor  and  Herring  Lewallan  at  al  14). 

In  subaaquant  discussions  wa  will  aantton  soaa 
calculations  using  sn  algebraic  axpraasion  of  tha 
fom,  i ■ io<s/(<s+to)  tdiara  tg  * 

is  used  in  placs  of  aquation  (39).  For  boundary  layers: 
this  works  very  wall,  but  it  is  llaitad  to  boundary 
layers  and  tha  asvlrlcal  constant,  a,  would  depend  on 
tha  type  of  layer,  a conventional  Layer  or  an  Ekasn 
layer,  etc. 

t**U  :i  TalaM  af  tiMUaM  aaUattr  wuSUa  ahaca 

araaactiaa  ia  kalaac^  kr  Uaataaclaa.  kruMa  rapraaaaa 
r.e.a.  aaiaaa  aaS  a,:  i -Si.  u,  la  aleaar  etaa  caacar 
Itaa  aaiaatcT  at  cka  aauattaaa  aaUatcr.  > U alaa 
taaias  aaa  a u Uw  tiait  ekaeaal  atau. 


For  Che  oean  velocity  and  cesq>eracuce  boundary 
conditions,  one  either  specifies  scrass  and  heat  flux 


-OT^(x,y,io)5Toi»^qiSjj  ~j 

-^(x,y,to)iH-4tSg-ff] 

\ /t«r 


r-to 


o 


(41) 


(42) 


or,  near  solid  surfacas  at  rest,  tha  nvaarical  solution 
is  aacchad  to 


Oj^(x,y,s)  - 

e 

9(x,y,t)-a(x,y,t^)» 


(43) 

(44) 
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where  u,^  * (foi^)^  i *»<*  tMS  *HS  “a  tha 

roughness  paramscars:  for  soooch  surfaces  zms  • 
exp(-4.9K)  whsrsas  zhs^^MS  * function  of  Prandtl 
nu^ar.  Also  wo  have 


q^(*.y.*o) 


(45) 


Rf 


Fig.  2.  Tha  stability  functions,  and  Sg,  of 
aquations  (26a,b,c)  whan  curbulanc  production  Is 
balanced  by  dlsslpstion.  Inset  is  a detail  near 
If  ■ 0. 
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Fig.  3a.  Coaparlaon  of  eba  valoelty  proflla  data  of 
Biialngar  at  al  (12)  vlch  pradietad  valuas  (solid 
eurtra).  Insart  la  dacall  aaar  ( ■ 0* 


1 : 1 I I 1 I . I I 

-2.5  -2.0  -1.5  -1.0  -05  0 0.5  1.0  1.5  ZJO 

c 

Fig.  3b.  Coaparlaon  of  cba  caaparacura  proflla  data 
of  Buaingar  ac  al  (12)  vlch  pradietad  valuas  (solid 
eurtra).  laaart  la  dacall  naar  C ■ 0* 
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on  solid  surfscaa.  For  fraa  straaa  conditions,  cha 
— valoclcy  and  caaparacura  ara  spaclflad.  If  cha 
fraa  acraaa  curbulaaea  la  kaovn,  chat  la  spaclflad. 
Ocharvtaa,  a vary  aaall  valua  la  uaad.  Soluclona  ara 
qulca  Inaanalciva  to  fraa  acraaa  valuaa  of  q^t. 

■ Baaeral  Channal  Flow  and  Boupdatr  Layar  Flow 

Caleulaclona  vara  nada  for  channal  flov  and  a 
eenataat  prasaora  botadary  layar  co  aaaaaa  Sq,  St 
and  El,  Ej.  Ic  baeaaa  apparanc  that  ona  should  sac 
St  ■ Sq;  ocharvlsa  Cha  bahavlor  of  t In  cha  c«car  of 
cha  channal  or  at  cha  adga  of  cha  boundary  layar  vara 
unraallaclc.  To  Inaura  chat  aa  z - o.  It  nay  bo 

sbovn  chat  Ej  • r^BjSi  ♦ Ei-1.  If  ona  aaca  Sa  " 0.2 
and  El  • 1.8  ona  obtalna  (Sq,  St>  Ci,  Et)  “ l0.2, 

0.2,  1.8,  1.33)  and  cha  pradlceioaa  sbovn  in  Fig.  4 
snd  S.  In  both  easas  chars  is  naar  parfact  agraaMnc 
with  asaaurad  valuas  of  -S(a)  and  q(z);  for  cha 
channal  flov  eaaa,  cha  Baynolda  acraaa  dlatrlbucion 
la  llnaar  and  la  nov  shovn. 

Tha  otttsr  fraa  straaa  curbulaaea  loval  has  baan 


sat  at  q/uT  • .07  aa  asclaacad  fron  raf  (38)  but  this 
may  bo  a bit  lov.  Tvo  boundary  conditions  for  q^l  hava 
baan  spaclflad  and  corraspond  co  cba  solid  and  dashed 
lines  In  Fig.  S. 

Tha  saparaca  coaponancs  u' , v'  and  v'  ara  not 
shown  slnea  they  do  not  ancar  Into  cha  dacamlnatlon 
of  El.  AgrassMnc  with  data  la  qulca  good  In  this  ra- 
■spaet  axcapt*  chat  va  pradiet  vW  as  dlaeussad  aarllar. 
Away  from  walls  this  la  In  agraaaanc  with  cba  decs,  but 
naar  walls  chars  la  soas  dlsagraaaanc  la  accordanca 
with  Tabla  I. 

Fraa  Convactlon 

Ulch  no  alcaraclon  In  cha  modal,  calculations  wars 
parforsad  co  conpars  with  cha  free  convactlon  azparlaanc 
of  WUlls  and  Daardorff  (42)  wharaln  a hast  flux  was 
laposad  ac  cha  bottom  surfaea  of  a rank  of  watar  afear 
a linear  taaparacurs  gradient  had  baan  ascabllshad  la 
cha  rank-  Sines  ebara  la  no  shear  producclon  cha 
Richardson  number  changes  abrupcly  from  -4  * to  ac 
zvtt,  cha  Invar Sion  halghc. 

Tha  calculated  caaparacura  and  hast  flux  vary 
nearly  ovarlla  cha  data  in  Fig.  6 and  hava  not  bean 
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;lacc«d.  A posslbl*  ueapclos  la  chac  cha  lull, 
Ditaciva  iliix  avarsbooc  Qur  la  undaraiciucad  by 

a factor  of  4 or  5.  Noca  chat  cba  axparioaacal  hut 
flux  wai  dataroinad  by  Incairating  cha  taoparacura 
candancy  and  night  ba  subjact  to  arror. 

Fradlctlona  of  u' , «'  and  9'  ara  ahown  In  Flga. 

7 and  3 and  agraa  lurprlalngly  wall  with  cha  data. 
Rudara  night  wiah  to  coaq)ara  chua  pradicciona 
with  choaa  by  lawallyn  at  al  (14)  and  Zaaan  and  Lualay 
(44). 

It  should  ba  nocad  chac  Uillia  and  Durdorff  alao 
I obcalnad  data  for  If  ^ warn  zaro,  ona  could 

I coopara  chat  data  %fich  cha  diffuaion  rapruancad  by 

qi  Sq9(4^/2)/3s  in  (21)  (avan  chough  wa  foraally 
aaglaecad  prauura  diffuaion,  Ic  oaiat  ba  conaidarad 
a part  of  cha  diffuaion  can  of  (21)  if  obiarvacion 
indicacaa  that  pw  4 0}  in  which  cau  cha  nodal  appaara 
CO  vmdarucluca  cha  aauurad  w^.  Howavar,  a vary 
racant  papar  by  Chaapagna  at  al  (43)  indieatu  chac 
fit  la  largar  and  of  cha  oppoalca  algn  of  wq‘/2  for 
I uucabla  flows.  Now,  it  la  raaaonabla  to  azpaet  chac 

I Sq  ia  Richardaon  nunhar  dapandant  aa  is.  analogously, 

S((  and  Sg.  Bowavar,  it  appura  coo  urly  fro*  cha 
point  of  vlaw  of  avallabla  data  to  naka  a usaful 
dacarBluclon  of  Sq  (Ri).  In  any  aranc,  it  doas  not 
I appur  chac  pradicclva  accuracy  would  bo  grucly 

I affaccad. 


rig.  4.  Channal  flow.  Coaparlaon  of  prodlecad  aaan 
vnloclty  and  curbulant  lataulcy  (solid  Unu)  with 
data  by  Lauffar  (36)  and  Ranjallc  as  roeordad  in 
rof.  (13).  Tha  elrclu  ara  Lauffar 'a  data. 


rig.  3.  Boundary  Layar.  Coaparlaon  of  cba  prodlecad 
— — valoclcy  and  curbulant  Intaulcy  with  data  by 
Klobanoff  (38) . 


rorcaSConwaction 

Tha  axpariaant  wharaby  a shaar  scrus  wu 
iapulslvoly  appUad  to  tha  cop  aurfaca  of  stabla, 
salinity  acratlflad  wacar,  charaby  nixing  cha  cop 
layer,  has  boon  parfocaad  by. Race  and  PhlUlpo  (43). 
Qu^lClvaly,  cba  nixing  procus  is  Inhlblcad  by  cha 
straclflcaclon  such  chat  aa  abrupt  dauity  chaaga 
occurs  across  cba  intarfaca  saparaciag  strongly 
curbulant  and  quluconc  fluid.  Oalng  a alaplar  vorslon 
of  cha  peasant  nodal  (aa  algobralc  laagth  scala  racipo 
and  naglaec  of  cha  curbulant  klaacle  anorgy  candancy 
and  diffuaion  earu) , bailor  and  Durbin  (46) 
prodlecad  this  data  quits  wall  and  wa  axpact  chac 
pradiccion  will  prowail  whan  this  latast  warslon  jf 
cba  nodal  is  appliad.  In  raf  (46) , othar  axanplas 
of  nlxad  layar  dynaaics  ara  axplorod  and  a favorablo 
conparlaon  with  ocaan  obsarvaciona  ia  cba  North 
raelfle  ia  Includad. 
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Tig.  6.  Mun  caapa>-:ar*  and  hue  flux  profUu 
froa  eh*  Laboraeorr  •xparimane  of  WlUla  and 
Oaardorff  (42).  Calculaead  profila*  v*r*  aanrlp 
eolncldane  wleb  chia  data.  Opan  daea  polne*  ar* 
aeaospharle  alrcrafe  oaaauraaanca  la  condielons 
chougbc  CO  b*  aialUar  co  cha  laboracory  azpariaaac. 
Saa  raf.  (42)  for  dacalls. 
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3.  AraOSPHERIC  SDflJLATIOKS 
The  Wanaara  Daea  Sat 

Th*  prasanc  modal  ha*  baan  coopacad  wlch 
acaoipharlc  boundary  layar  data  of  Clarba  (47)  - 
which  is  callad  eh*  "Vangara  Daea".  Xh*  eemparacura 
varlablaa  la  eh*  pravloua  aquaclons  muac  now  be 
iacerpracad  as  virtual  potanclal  campaescur*. 

Comparison  of  slaulacloas  and  obsarvacions  by 
Yaoada  and  Mallor  (13)  ar*  shown  In  Fig.  9,  10  and 
11.  Iha  calculaclona  shown  in  thas*  flguras  usad  an 
algabralc  langch  seal*  aquaclon  buc  hav*  baan  rapaacad 
using  (39)  wlch  Uccla  changa  in  the  rasulc.  Iha 
calculations  assuma  horizontal  honoganalty  so  that 
alcicuda  and  tin*  ar*  th*  only  indapandant  verlablas. 

A faacura  of  th*  valoclcy  flald  prediction  is 
tha  appaaranca  of  "th*  nocturnal  Jet"  around  midnight 
and  naac  z*200m.  Baewaan  midnight  and  Q6QQ  hours  tha 
cooling  of  naar  surfac*  air  is  undarastlmatad.  This 
may  b*  attribucad  co  a small  amount  of  mixing  du*  co 
Incamal  wavas;  currancly  cha  modal  doas  not  includ* 
non-linaar  wav*  affaecs.  Th*  major  affact  of  cha 
diurnal  surfac*  haaclng  cycla  can  base  b*  saan  In 
Fig.  12  whar*  w*  show  contours  of  calculaead  curbulanc 
binaclc  anargy.  Fur char  dacalls  are  providad  in 
raf  (13). 


Fig.  7.  Horizontal  and  vortical  Curbulant  anargy 
compomants  (solid  symbols)  from  raf.  (42).  Opan 
data  symbols  ara  aircraft  maaauramanta.  Solid  linas 
ar*  calculaead  pradictions.  w^  s (gaHzi)l/3. 
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Fig.  9.  Obsarvad  and  calculaead  acmoapharic  boundary 
layar.  Varcical  and  camporal  variation  of  moan  virtual 
pocantlal  tamparacur*.  Units  ara  *C. 


Fig.  8.  Taaiparaeur*  varlane*  (solid  symbols)  from 
raf.  (42).  <}p*a  data  symbols  ara  aircraft  naasuraaancs 
Solid  linaa  ar*  calculaead  pradictions.  9,  i H/w*. 
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rig.  10.  0b««r»«d  aad  emlcuUcad  ataosphcrie  boiaidarr 

Layar.  Vartical  and  taaporal  variationa  of  cha  aaat- 
uard  — ««  wind  coapoaaat.  Onlca  ara  a aac~l. 
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?1|.  U.  ~0baarTad  aad  calenlatad  aCBoapharle  boundary 
layar.  Vortical  and  tasperal  rarlaeion  of  cha  norch- 
uard  aaan  vtnd  coaponane. 
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Fig.  12.  Tloa  and  apaca  variation  of  coapucad 
(Cwlca  cha  cucbulonc  Iclaoclc  anargy,  unlci  ara 

Tba  sclpplad  araaa  indlcaca  raglona  whara 

10- Va-i<q*<10-^  V* . 


Pollutanc  Dlaoaralon 

Modal  aquaclona  davolopad  for  caaparacura  aay  alao 
ba  appllad  Co  any  scalar  such  as  a chaalcally  inure 
pollutanc. 

Ualng  cha  horizontally  hoaoganaous  vind  flald 
gaaoracad  for  cha  Uangara  data,  Yaaada  (43)  haa  aada 
a fully  chroa  diaanalonal  calculaclon  of  cha  dlaparaioa 
of  a pollutant  point  sourca  locatad  at  various 
distancas  froa  cha  ground.  Fig.  (13a,b)  iUuscratas 
dlsparslon  of  a sourca  locacad  at  z«40b  during  cha 
aarly  aoralng  and  afeamoon  hours.  Tha  Doming,  low 
laval  Invorslon  conflnas  poUutanca  to  naar  surfaca 
alcltudaa  wfaoraas  vortical  aixing  In  cha  afeamoon 
is  vigorous  as  would  bo  daducod  froa  Fig.  12.  Ochar 
calculations  which  includa  an  assassaant  of  ground 
laval  concancraClon  as  Influancad  by  sourca  baight 
will  ba  found  in  rof.  (48). 

Ona  finding  of  incarasc  la  chat  cha  affact  of 
lacoral  diffusion  cams  in  Cha  moan  concancratlon 
aquation  la  nogliglblo  ainapc  vary  closa  Co  cha 
sourca.  Lacaral  dlsparslon  la  doalnacad  by  vartical 
variabllley  of  aaan  wind  spaad  and  dlraccion.  Hor- 
izontal tsaan  advactiva  dlsparslon  croacaa  aaan 
vartical  concantraclon  grsdlancs  which  ara  subsaquantly 
alzad  through  vartical  diffusion. 

Global  Ataesoharlc  Siaulatlona 

Tha  prasant  oodal,  with  cha  algabralc  langch  scala 
aquation  doscrlbad  praviously',  has  now  baan  incorpo- 
atad  into  cha  Ganaral  Circulation  Models  of  MOAA's 
Caophyaical  Fluid  Dynaaics  Laboratory.  Currantly, 
ona  such  aodal  raprasants  the  global  acaosphara  with 
horizontal  rasoluclon  of  about  4*  lacltuda  aad 
longleuda  aad  18  vartical  lavala;  cha  first  S lavals 
ara  assigaad  Co  cha  lowar  2ka. 

Thasa  calculaclon  produea  an  aaomous  aaouat  of 
nuabora.  Calculations  asetraetad  froa  a paper  by 
Mlyakoda  (49)  ara  shown  la  Fig.  14,  15  aad  16.  Thay 
ara  tonally  avoragod  plots  of  caaparacura,  zonal 
voloclcy  and  i tq  Sh.  Synoptic  daeall  is  tharafora 
averaged  out  of  cha  plots.  Mavarchalass,  ona  can 
identify  Cha  troposphara,  cropopausa  and  scratosphora 
in  Fig.  14;  In  Fig.  15,  cha  Jat  straaas  ara  avldaac. 

Thus  far  the  aodal  only  includes  cha  efface  of 
water  vapor.  Liquid  wacar  and  cloud  structure 
(Soasarla  and  Daardorff  Mallor  i]^)  is  a aacear  of 
currant  rasaarch. 
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?lg.  13a.  Slsulaclons  of  PoUuCanc  dlaparalon  froo 
a sourea  ac  40b  abova  {round  laval.  Tha  aaan  wind, 
eaesaracora  and  curbulanea  flald  la  cha  aaaa  aa  in 
FIs.  10  and  U at  1300  houza  on  dap  33.  Tha  box 
rapraaanta  a lOka  x 40ka  x 1200b  doaaln. 


Fig.  13b. 
on  dap  34. 


aa  Fig.  13a  axcapc  tba  tlaa  is  0600 


Tig.  14.  Zonal  avaragad,  virtual  potantlal 
tanparatura  contours  froB  a global  ataoapharle 
slaiilatlon  bp  Hlpakoda  and  Slrutla  (49) . Tha  tlaa 
la  In  March.  Units  ara  *K. 
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Fig.  16.  Contoura  of  cha  log  of  tha  addp  alacoaltp. 


Fig.  13.  Eaatwacd  valocltp  contours.  Units  ara 
a sac“l. 


Ocaan  Surface  and  Botloa  Boundary  Lavars 

Tha  prasant  aodal  has  baan  (raf.  and  it 
currantlp  balng  appUad  to  fullp  chraa-dlaanslonal, 
coastal  ocaan  problaas.  Unllka  cha  daap  ocaan,  boccoa 
lapars  ara  laportanc  to  coastal  ocaanographp.  In  Fig. 
17,  wa  show  cha  rasulc  of  a alapla  ona  diaanalonal 
calculation  wfaaraln  a surfaca  mixod  lapar  has  fornad 
after  laposltlon  of  a surfaca  wind  ttrass  whlla,  ac 
tha  saaa  tlaa  a boccoa  boundarp  lapar  has  foraad. 
(Kota,  chat  la  a chrea  diaanalonal  application  with 
horlsoncal  danalcp  gradlanct  cha  interior  valocltp 
flald  will  not  be  uniform) . One  of  cha  iapraatlva 
faacuraa  of  cha  length  tcala  aquation,  (39),  It  that 
a length  scale  distribution  appropriate  to  the  surface 
lapar  develops  while  siaultanaoutlp  providing  a 
length  scale  appropriate  to  Che  boccoa  layer.  In  tha 
region  between  layers,  Che  value  of  cha  length  tcala 
raaains  equal  to  chat  which  was  inltlallp  specified. 
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FIs.  17.  lUuslrstloa  of  th«  d«v«loTMnC  of  surfaco 
curruca  aftar  a U knot  wind  haa  blown  for  ewe 
daya.  Ac  cha  saaa  claa,  a boeeoa  bouadarr  layer  la 
allowad  Co  dawalop.  The  daahad  cuevaa  art  cha  Initial 
condlelona  while  cha  aolld  Unaa  art  two  daya  lacar. 

9.  COHCtUSION 

A curbulane  aodel  haa  bean  devalopad  which  la 
ralaclvaly  alopla  and  which  can  ba  applied  to  a wide 
variety  of  anglnaarlag  and  geophyalc^  flowa. 

Wa  taparace  cha  acudy  of  cha  nodal  laco  cha 
group  of  cloaura  aaauapclona  propoaad  by  Rocca  - and 
here  axteadad  co  Include  canparacure  (or  any  other 
scalar)  and  danaley  straclflcaclon  ■>  and  cha  mascar 
length  scale  equaclon  . The  lactar  Inspires  the  least 
confidence  buc  parforas  exceptionally  well. 

The  rulas  of  the  gaae  wo  are  playing  - at  Isaac 
for  cha  presanc  - are  eo  obcaia  all  aapirlcal  conscaocs 
iron  naueral  data  and  chan  sea  If  cha  nodal  can 
predict  scablliuelon  or  daacablUxatloo  of  eurbulanc 
flalda  due  co  density  scraclfleacloo  In  a gravity 
field  and,  la  saparaea  scudlaa.  dua  co  flow  curvature 
and  other  body  force  Ilka  affaeca.  The  constants  In 
equation  (28),  ana  of  which  la  not  ladapandsnc,  are 
unanblguoualy  related  co  siapla  neutral  flow  data 
and  conputer  solutions  are  not  required  to  Identify 
chase  constants.  The  raaalning  conacaacs  are  von 
Karaaa's  eonscanc,  <,  and  Che  four  conscaacs  In 
equation  (17);  one  of.  chase  la  not  Indapendenc 
(we  have  an  Intuitive  feeling  chat  a nachaclcal 
constraint  also  exists  for  cha  condition,  buc, 

thus  far.  It  haa  not  bean  revealed  to  us).  Trial 
and  error  coapucar  solutions  have  dacermlnad  these. 

The  aodel  and  the  fixed  set  of  constants  seaas 
co  perfom  wall  In  predicting  diverse  neutral  flows. 

The  saaa  nodal,  with  no  alteration,  appear  to 
predict  density  scrsclflad  flows  In  a nannar  which 
far  exceeds  prior  expectation. 
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ABSTRACT 


nondimana local  maan  tamparatura  gradlant 


Raeanc  rasaareh  haa  shown  that  carrying  rata 
aquatlona,  rathar  than  paraaatarlzatlona , for  third 
oomanta  In  turbulanca  modals  givas  Improvad  Simula- 
tlona  of  buoyancy-drlvan  flows.  Llttla  la  known 
about  thaaa  rata  aquations,  or  budgats,  so  wa  preaant 
an  analysis  for  tha  caaa  of  tasgiaratura  fluctuations. 
Data  from  tha  convacclsa  atmospharlc  boundary  layar 
show  tlaarly  how  tamparatura  skawnass  la  malncalnad. 

Tha  budgat  bahaaas  aich  Ilka  that  for  tampara- 
tura varlanea,  with  molacular  dastructlon  Important; 
this  rafucas  racant  assumptions  In  tha  lltaracura 
that  It  la  nagllgibla.  tha  Corrsln  argumants  for  tha 
Inartlal  ranga  of  tha  tamparatura  spactrum  ara  ax- 
tandad  to  tha  third  momant,  giving  a cospaetral  pra- 
dletlon  which  la  eonslacanc  with  tha  data,  tha  third 
momant  flux  la  shown  to  ba  approidmataly  Gaussian. 

NOMESCLATDIZ 

C eospactrta  of  8^  and  9 
Co  ona-dlmansional  form  of  C 
D tharmnl  dlffuslvlty 
f fraqoaney,  Hz 

F ona-dlmanslonal  tamparatura  spactrua 
g aceal.  of  gravity 
k von  Karman  constant 
I turbulant  Intagral  seals 

L Monln-Obukhov  langth  

M molacular  dasemetion  rata  of  ^1/3 
N molaenlar  dastructlon  rata  of  9^/2 
Qo  surfaca  tamparatura  flux 
S tamparatura  skawnass,  9*/(^)^'^ 
t tins 

T«  surfaca  tamparatura  seals  • -Qq/u* 
u turbulant  valoeity  seals 
u«  surfaca  friction  valoeity 

u^  turbulant  valoeity  vaetor  • (u^,U2,uj)v(u,v,w) 
naan  valoeity  vaetor  • (D^,  ^2,  D^) 
z dlstanea  from  surfaca 
z^  boundary  layar  ehieknaas 

Graak  symbols 

S ona-dlmanslonal  spactral  constant 
Y ona-dlmanslonal  cospaetral  constant 
e dissipation  rata  of  turbulant  klnatlc  anargy 

9 fluctuating  tamparatura 

3 maan  potantlal  tamparatura 
< wavanuabar 
o'  fluctuating  danslty 
Og  background  danslty 
d tamparatura  spaetrum 


INTRODDCTION 


Tha  sacond  momant  turbulanca  aodals  which  hava 
baan  davaloped  for  calculation  of  shaar  flows  usually 
do  not  parform  as  wall  In  buoyancy-drlvan  turbulanca. 
Whan  typical  modals  ara  applied  to  the  convactlva  at- 
mospheric boundary  layar  (ABL) , for  axampla,  tha  naan 
flald  pradlctlons  often  seam  raasonabla  but  Important 
features  of  tha  turbulanca  flald  ara  often  strikingly 
Incorract.  Uhlla  this  situation  Is  not  wldaly  dis- 
cussed in  tha  turbulanca  comunity  (buoyancy  affects 
ara  unmantlonad  In  Raynolds*  (1)  survey  of  computa- 
tion of  turbulent  flows,  for  axsmpla) , It  has  strong 
ImpUcatlons  for  gaophysleal  turbulence  modeling. 

Flows  mat  In  natura,  outside  tha  laboratory,  ara 
apt  to  hava  relatively  large  length  sealas  I and  small 
valoeity  scales  u,  so  that  small  density  fluctuations 
p*  hava  large  dynamical  affacts.  tha  ratio  of  charac- 
teristic buoyancy  and  Inertia  forces  for  tha  turbu- 
lence Is  apt  to  ba  of  order  one: 


In  tha  convective  ABL  wa  mi^t  hava  uvl  m/sac, 
l'v300  a;  then  from  Eq.  (1)  buoyancy  and  Inertia 
effects  will  ba  equal  for  a cemperatura  fluctuation 
level  of  only  0.1  C. 

Strong  buoyancy  affects  ara  the  rule  la  the  ABL. 
the  convactlva  case,  which  occurs  In  the  daytlma  ovar 
land  and  can  also  ba  driven  by  the  molstura  flux  ovar 
water,  la  typically  capped  by  a stably-scratlflad 
(Inversion)  layer  which  cannot  support  turbulanca  and 
thus  determlnaa  the  ABL  depth.  Stable  stratification 
typically  axtands  to  tha  surface  at  night  ovar  land, 
and  In  flow  ovar  cooler  water. 

Sacond-momant  modals  for  gaophysleal  turbulence, 
as  for  shaar  flows,  require  paramaterlzaclons  for 
three  types  of  tarns:  tha  molecular  destruction 
ratsa,  tha  turbulant  praasura  covariances,  and  tha 
third  moment  dlvarganca  (transport)  tarns.  Racant 
ABL  applications  (a.g.  Wyngaard  (2),  Zaman  and  Lumlay 
(3))  have  shown  tha  need  for  Including  buoyancy 
affacts  In  tbasa  paranatarlzatlons.  tha  Zaman-Lumlay 
work  Is  particuxarly  significant;  In  their  study  of  a 
buoyancy-drlvan  ABL  they  abandon  tha  usual  gradient- 
diffusion  paramatarlzation  for  transport,  which  Is 
known  to  ba  a poor  model  In  buoyant  flows  (Wyngaard 
(A)).  Instead,  they  carry  rata  equations  for  chase 
third  tsoisancs.  these  now  aquations  hava  buoyant 
terms,  also  third  moisaots,  and  thus  buoyancy  affects 
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: 


on  cransport  ara  explicitly  includad*  The  Zeman- 
Lumlay  approach  gives  a renarkably  good  simulation  of 
turbulence  structure  in  the  convective  ABL. 

The  lack  of  high-quality  turbulence  data  from 
buoyant  flous,  very  apparent  before  these  recent  de- 
velopments, can  be  only  more  conspicuous  now.  Thlrd- 
aoment  budgets  were  discussed  in  the  context  of  turbu- 
lence modeling  by  Hanjalic  and  Launder  (3)  and  by 
Andre  et  al  (6,7).  However,  there  were  no  data 
available  for  testing  their  hypotheses  about  these 
budgets . 

Ulth  this  background,  we  present  here  measure- 
ments of  a particularly  simple  third  moment  budget, 
that  for  temperature,  and  examine  some  of  its  impli- 
cations for  turbulence  modeling. 

THE  SnDGET  m LARGE  RE  TURBULENCE 


Neglecting  phase  changes,  radiation,  and  dissi- 
pative heating,  the  temperature  fluctuation  6 satis- 
fies (Lueley  and  Fanofsky  (S)) 


3.t  + e.ju^ 


S.jUj  . 9.^Uj 


9, 


i i 


D 9, 


Jj 


(2) 


where  U, , u, ; 9,  9 are  mean  and  fluctuating  parts  of 
Che  velocity  and  tasgiecatura,  D is  the  therm^  dlffu- 
slvlcy,  a comma  denotes  differentiation  and  repeated 
indices  are  summed.  In  Che  ABL  we  interpret  9 as  the 
mean  pottntiai  tempezacure.  Multiplying  by  9^  and 
averaging  gives  the  9^  budget: 


^9>).^.  -e,j  u^s^  .^F).^u^  -i(9^).^ 

+ 9*(9^),^  + D 9,^^ 9*  (3) 

The  molecular  term  can  be  written 

D 9.jj9'  - i - D(^),j9.^  W 

The  first  term  on  Che  right  of  Eq.  (4),  repre- 
senting molecular  diffusion,  la  negU^ble  compared 
to  ocher  terms  In  Eq.  (3)  In  turbulence  of  large 
Reynolds  and  Peelst  number  (Tennekas  and  Lumley  (9)). 
Thus  the  budget  becomes 


- -e.j  - ^F).jU^  - i(9^).^ 

(a)  (b)  (c) 


+ 9^(9u^).^  - D(9‘),^9.j  (5) 

(d)  (e) 

The  terms  are  (a)  production  by  camparacure  gradlanc; 
(b)  naan  advactlon;  (e)  curbulant  transport;  (d)  pro- 
duction by  hast  flux  gradlanc:  and  (a)  molacular 
dastrucclon.  Wa  will  now  exasdna  tha  budgac  In  two 
flows. 


a)  Atmosohartc  surfaca  lavar 

In  a horlxontally  homogenaous  surfaca  layar  term 
(b)  In  Eq.  (3)  vanishes,  while  (d)  Is  of  order  z/r. 
times  the  leading  terms,  with  z the  distance  from  the 
Surface  and  the  ABL  depth.  Thus  It  radueas  to 

^F),j  - -e.j  ^ - ^9^). 3 - D(F)T^  (6) 

(«)  (c)  (a) 


Here  we  use  the  nocaclon  Z3*t,  U3>w. 

The  surface  layer  6 fie^d  positively  skewed; 
Fig.  1 shows  data  on  S-9^/(5‘)^' Here  z is  aon- 
dimansionalized  with  the  Monin-Obukhov  length  L (see 
Haugen  (10)  for  dlscnasion  of  this  scaling).  Because 
S is  positive  we  interpec  ccrtm  which  make  a positive 
contribution  to  Che  right  side  of  Eq.  (6)  as  gain 
terms,  and  negative  ones  as  losses. 


Fig.  1 Temperature  skewneae  In  the  surface  layer. 

Data  from  1968  Ransaa  experiment. . 

Surface-layar  data  on  Cams  (a)  and  (c)  In  Eq.(6) 
are  presented  In  Figs.  2 and  3.  He  have  used  Monin- 
Obukhov  sealing,  with  u«T*>-0g,  tha  surfaca  teavera- 
cure  flux.  Tha  data  wars  taken  in  daytima  (unstable)  , 
eandleiaat,  vieb  Qg  potlelvt  (upward).  Fig.  2 thovt 
the  nondlmansionalized  (multiplied  by  -kz/(u«T*’)) 
term  (a).  It  is  positive,  indicating  (a)  is  also 
positive  and  hence  a gain  term. 

The  data  on  wd*  are  presented  In  Fig.  3.  Each 
line  connects  data  from  (usually)  three  levels  (3.7, 
11.3  and  22.6  m)  during  the  same  60-nln  run.  Note 
chat  Che  slopes  are  fairly  conaiscenc,  with  a sign 
chat  indicates  chat  term  (c)  la  also  a gain.  A more 
subtle  feature  of  Fig.  3 is  the  apparent  departure 
from  Monin-Obukhov  similarlcy.  Ac  fixed  z/L  (-0.3, 
say)  there  la  a consistent  run- to- run  spread  in 


fig.  2 Production  rata  by  temperature  gradient; 

Kansas  data. 
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valuaa  of  w^Vu*I,’,  ladlcaclng  Ic  doponds  on  aon 
chan  z/L.  Uhlla  Inctrtaclng,  chii  la  bayond  cha 
scopa  of  our  papar  and  will  not  ba  pursuad  hara> 


Fig.  3 Varclenl  flux  of  9^;  Kansas  data. 

Sines  both  csias  (a)  and  (e)  in  Eq.  6 ara  gains, 
it  follows  chat  (a)  is  cha  loss  which  balaness  cha 
budgat,  which  suhscsnelacaa  our  aarliar  inearpraca- 
tlon  as  selaeular  dasecuetlon.  Thus 


(9‘).^9.j  - 29,^9.^9  - 2(9,j9.^  - 9,^8, ^>6  (7) 

is  posiciva,  to  chat  aetlvley  in  cha  fluccuacing  csik 
paracura  gradianc  fiald  in  cha  unscabla  surfacs  layar 
cands  co  ba  concaneratad  in  cha  hoe  spots.  Viawsd 
anothar  way. 


(9‘),^9,^  - - 97^  (8) 

is  posiciva,  which  indicates  chsc  locally  high  cool- 
ing races  (9,<4  nagaciva) , due  co  conduction  in  cha 
hot  spots,  donlnaca  cha  warning  af facta  in  cooler 
regions. 

Thara  is  an  analogy  bars  with  cha  budget  of 
caavaracura  variance,  which  in  cha  surfacs  layar  is 


-6,3  wd  - - D9,j9,j  (9) 


For  T*  wa  dafina  a aolacular  destruction  race  H: 

M - D(6‘) ,^9,^  - D / d£  (13) 

P”  •fc(K)<i£  (14) 

with  C the  cotpaccrum  of  9^  and  9.  Extending 
Corrsin's  arguaancs  co  cha  inertial  range  of  C,  wa 
have  C*C(M,£,<) , which  gives  for  cha  one-diaanaional 
cospaccrua 

Co  - Y M (15) 

Tha  linear  dapandancS  on  M aaaas  assancial  on  physi- 
cal grounds.  Clearly  P in  a Jat,  for  azaapla,  can 
ba  nada  co  change  sign  by  changing  cha  Jat  campara- 
eura,  while  heaping  cha  canperacura  fluecuacions  dy- 
naoically  passive.  Thus  M and  Co  should  change  sign 
cogachar,  as  chay  do  in  Eq.  (15).  Siailar  sealing 
has  bean  proposed  for  higher-order  curbulanca  spectra 
(Van  Acca  and  Uyngaard  (13)). 

Before  leaving  cha  surface  layar.  we  briefly 
consider  the  behavior  of  S in  cha  liidting  case  of 
vary  unscabla  eondicions  (large  -t/L) . There  a scare 
of  "local  free  conveccioa”  is  obsarvad;  buoyancy 
effaces  doainaca,  and  u«  is  no  longer  an  inporeanc 
paraaacer.  Si^larity  sealing  chan  baeoaaa  vary 
sinple  (Uyngaard  (4)).  In  our  case,  wa  should  find 
S^conscanc.  This  is  cescad  against  data  in  Fig.  A; 

S does  saaa  to  approach  a conscanc  under  very 
unscabla  conditions. 


Tha  cams  have  cha  saaa  Incarprataclon  as  chose  in 
Eq.  (6),  and  hava  bean  neasurad  (Uyngaard  and  Coci 
(ID).  Tha  aolacular  dastrucelon  rata  baa  cha 
proparty 

a - 06, • 0/ c’  ♦(£)  dje  (10) 

where  t is  cha  caaparatnre  spaetnaa, 

P - / ♦(£)  dx  (U) 

Corrsln  (12)  proposed  chat  in  an  inartlal  ranga  $ dw- 
pands  only  on  x,  N,  and  e,  cha  disslpaclon  rate  of 
turbulent  kinacle  energy.  Thus  on  dlaansional  grounds 
cha  ona-diaensional  caaparatnra  spacerua  F has  tha 
fora 

F • S a x"*^^  (12) 

which  agrees  with  aaasurananta . Tha  constant 
3 'y  O.^l.O,  according  to  data. 


Fig.  4 A east  of  cha  local  free  convection 
predlcCion  S-*conatanc. 

b)  Tha  aid-rations  of  the  ABL 


Tsaparacura  fluctuations  are  poslcivaly  skawad 
throughout  aoat  of  cha  convacciva  boundary  layar. 

Fig.  5 shows  data  taken  during  cha  1973  Mlnnasoea 
axparlasnta;  the  individual  prof lias  ara  averages 
over  several  hours  during  the  quaal-staady  aid-day 
period.  Each  profile  la  conslscanc  with  an  S value 
near  1 la  tbs  surfacs  layer,  a decrease  co  a ainlaua 
near  aid-layer,  and  an  incraasa  at  graacar  heights 
due  CO  antralnsMnc  effaces  naar  cha  invarslon  base 
at  t^. 

Above  Cha  surface  layar  in  cha  convacciva  ABL 
9,3  is  so  snail  chat  cam  (a)  in  cha  budget,  Eq.  5, 
beconaa  nagligibla.  Tha  approprlata  fom  here  is 

|(P).t-  - •^T^).3-t-P(9J),3-  0(9‘),j9.j  (16) 
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S I 

Ftg.  3 S profllu  la  ch«  convacclva  ABL; 
MtnaMoca  data. 


Fig.  7 Maaaurad  Inartlal  raaga  eospaccra  of 
6^  and  9,  Mlnnaaoca  data. 

SOME  IMPUCATIOMS  FOR  TURBULENCE  M3DELI.NC 


Wa  hara  aaaaurad  (c)  and  (d)  at  L32,  30S,  aad  610  a la 
rua  6A1  of  cba  1973  Mlnnasoca  axparlaants  (Kalaal  at 
al  (14)),  with  cha  rasulea  ahown  la  Fig.  6. 


Pig.  6 Tatw  la  cha  budgac,  from  Mlaaaaoca 
data. 


Our  aaaauraaanca  ahow  chat  oolacular  daacruc- 
clon  haa  a doalnant  rola  la  tha  budgac.  Thla 
concradleca  cha  aaauapclon  by  Andra  at  al  (6,7)  chat 
It  la  aagllglbla.  It  alao  eaaca  doubt  on  cba  naglact 
of  viacoua  affacca  by  Hanjallc  and  Lauadar  (3)  la  cba 
u^IJu^  budgac. 

Zaaan  aad  Lualay  (3)  lacludad  aolacular  daacruc- 
clon  la  cbalr  budgac,  and  parasacarlzad  It  aa 

M - 2 — N (17) 


which  la  aquivalaat  Co 


M 

h(F)^^* 

Our  raaulca,  although  not 
chla  encle^ly,  Indlcata 
undaraaclnaca  h aa  ahowa 

azcaaalva  anough  to  taac 
chla  can  algnlfleaatly 
la  Tabla  1. 

Tabla  1. 

Taac  of  Zaaan-Lualay  M paraaacaclcacloa 

t,n 

M 

n(F)^'^ 

2S  ratio 

132 

1.88 

1.30  i.:s 

303 

1.45 

0.69  2.1 

610 

0.92 

0.45  2.0 

Tara  (a) , M,  waa  obcalaad  froa  cba  laarclal 
raaga  ot  tha  9^-9  eoapaecnia  ualag  Eq.  (IS)  with  y 
aaauaad  to  ba  1.0.  Fig.  7 abowa  thaaa  coapactra  la 
cha  fora  f^^^  claaa  cha  fraquaaey  eoapaecnia  for  cha 
7S-aln  run.  Tbay  ahow  eeaacaat  laarclal  raaga  lavala, 
which  agraa  with  Eq.  (15)  If  wa  eaa  taka  <^>2if/U| 
by  Taylor' a hypothaala. 

Both  tha  tlaa  darlvaclva  tara  aad  tha  produc-' 
cion  taia  (a)  wara  aa  ordar  of  aagaltuda  laaa  than 
cha  othara,  juatlfying  thalr  naglact.  Thua  cha 
right  alda  of  Eq.  (16)  ahould  balaaca,  and  Fig.  6 
ahowa  It  doaa  ao  raaarkably  wall. 


A pocantlal  adwaacago  of  carrying  third  oonaat 
aquatloaa  la  a Curbulanea  aodal,  la  addition  to  cba 
advaacagaa  thay  bring  through  cha  axpllelc  laclualon 
of  buoyancy  af facta,  la  chat  chair  cranaport  cama, 
baing  fourth  moaanca,  al^c  ba  aaanabla  to  tha  "quaal- 
Causalan"  approxlaatioo.  Aa  appllad  to  cba  budgat, 
chla  aaya 

wd’’  • 3 w9  F"  (19) 

which  la  taacad  agalnat  Kanaaa,  Hinaaaoca  and  owar- 
aaa  (AMTEZ)  data  la  Fig.  8.  Tha  data  acatcar  about 
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th«  quaal-G«usslan  pridicclon,  balng  sUghtly  louar 
a«<r  ch«  surface  and  graaear  aloft. 


t« 

!t 


VI, 

Fig.  S k cast  of  eba  auMt-<laussi«i 
approslaaclon  wd'  « 3 w?  9^. 
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ABSTRACT 

A second-order  nodellng  technique  is  used  to 
investigate  the  structure  of  turbulent  boundary  layers 
under  stable,  neutral  and  unstable  conditions. 

Special  attention  is  paid  to  the  evening  transition 
from  a convective  to  a stable  regime  of  an  atmospheric 
entraining  boundary  layer  capped  by  an  inversion. 

The  second -order  closure  scheme  utilizes  the 
turbulent  transport  model  which  incorporates  buoyancy 
effects  (Caman  and  Lumley,  1976).  The  importance  of 
the  buoyancy  contributions  in  the  turbulent  transport 
model  for  the  process  of  entrainment  and  for  the 
turbulence  decay  during  the  evening  transition  is 
discussed. 

1.  I.NTROOUCTION 

A planetary  boundary  layer  undergoes  diurnal 
oscillations  which  are  a consequence  of  the  variabil- 
ity of  solar  radiation.  Typically,  on  a sunny  day  a 
convective  mixed  layer  develops  and  grows  as  it 
entrains  stable  air  from  above.  Sometimes  during  the 
afternoon,  the  convective  activity  weakens  as  the 
insolation  diminishes  in  magnitude  and  the  entrainment 
ceases  at  the  mixad-laye.'  top.  Later,  at  sunset,  the 
turbulent  heat  flux  at  the  ground  reverses  direction 
and  the  boundary  layer  transits  into  a stable  regime. 
The  transition  from  the  unstable  to  the  stable  regime 
is  a complex  event  whereby  the  structure  of  the 
boundary  layer  undergoes  drastic  changes  (see  for 
example  Businger  (1973)).  The  stable  layer  often 
generates  internal  gravity  waves  and  the  interaction 
of  buoyancy  and  Coriolis  forces  with  turbulence  may 
lead  to  oscillatory  notion  with  eltemating  periods 
of  turtulenea  and  calm  daring  the  night  (Gifford 
1952). 


3 we  shall  describe  modeling  of  the  pressure  terms, 
energy  dissipation,  and  destruction  of  temperature 
variance.  Section  4 describes  the  model  for  the  third- 
order  fluxes  (or  transport  terms)  and  the  way  buoyancy 
affects  the  transport  of  second-order  quantities  in  a 
stably  stratified  atmosphere.  In  section  5 we  discuss 
some  aspects  of  modeling  stably  stratified  turbulent 
flows.  In  section  6 we  present  preliminary  results  of 
simulation  of  the  evening  transition  in  an  ABL. 

2.  MODEL  EQUATIONS 

We  are  concerned  with  a barotropic,  horizontally 
homogeneous  dry  ABL  in  which  radiative  effects  are 
neglected.  In  the  Boussinesq  approximation  the  rate 
equations  for  the  second-order  quantities  at  high 
Reynolds  number  (Wyngaard,  1975)  reduce  to 

SUjUy  

— ’ -“l“j“k,j  - ’•*k“j“i,)  * 

• 2‘ipq“qV;  ♦ **kpq°q^ 

- y-r  ■ 3**lk  • 

®®“i  — T — _ 

“It '^j“i.j  - "l"j®*j  * ®i*  * 

- (u^).j  - Rj  , C) 

-28uja,j  - (e‘uj),j  - 2t,  , (3) 

and  the  equations  for  the  mean  wind  components  U,  ■ 
(U,V,0)  and  the  mean  potential  temperature  6 are^ 


This  paper  is  a preliminary  report  on  the  appli- 
cation of  the  second-order  technique  to  the  evening 
transition  of  the  atmospheric  boundary  layer  (AIL). 
The  purpose  of  the  paper  is  to  shed  some  light  on  the 
details  of  the  ABL. during  the  transition  and  also  to 
outline  some  of  the  problMS  that  modelers  face  when 
attempting  to  nodal  the  stably  stratified  turbulence. 
The  second-order  model  described  here  is  an  extension 
of  the  shear-free  convective  model  (Zaman,  1975; 
laman  and  Lumley,  1976)  to  horizontally  tprbulent 
shear  flows  in  a stratified  atmosphere.  In  the  past, 
Wyngaard  (1975)  successfully  used  a somewhat  similar 
model  for  modeling  the  stable  ABL. 

In  the  following  section  we  shall  outline  the 
basic  equations  pertaining  to  the  problem;  in  section 


9U 

Jt 

3V 

9t 

59 

5t 


*(W*3 

-(^'3 

-(?U^),j 


fCV  - V^)  , 

f{U  - U^)  , 


(<) 


where  we  make  the  standard  assumption  concerning  the 
geostrophic  equilibrium  which,  in  turn,  allows  us  to 
eliminate  the  mean  pressure  gradients.  In  (4)  U-  and 
Vj  are  the  prescribed  components  of  the  geostropic  wind 
and  f is  the  Coriolis  parameter  taken  to  be  I0~*sac*  . 

In  equations  (1)  through  (3)  u^u., , iuj  and  9‘  are 
ensemble  averaged  one-point  second  moments  of  the 
fluctuating  velocities  u^  « (u^.uj.uj)  and  temperature 
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a;  T ind  rr  are  the  mean  rates  of  rurbolence  energy 
dissipation  -jid  of  the  destruction  of  a-/C  respec- 
tively. Although  not  entirely  justified  in  stably 
stratified  turbulence,  we  take  t to  be  Isotropically 
distributee,  among  t.he  component  energies.  Wc  shall 
^iscuss  t.he  soundness  of  the  isotropy  assumption  for 
T later  in  this  paper.  The  term  I,,  represents  the 
deviatoric  part  of  the  pressure  ten  (Lumley  and 
rChajeh-Nouri  19741,  which  is 

^ik  ■ * T^ik^p^^'j^  • 

Similarly,  2^  in  equation  (21  is  the  pressure  gradient- 
temperature  Correlation  term 


Here,  p is  fluctuating  pressure.  The  parameter  ilp  is 
the  angular  velocity  of  the  frame  of  reference  and 
3i  • (0.0  g/Oo)  !■*  ^y»ncy  parameter.  The  mean- 
temperature  9g  is  taken  to  be  273*K. 


"k 


- -=iirV  ” f-ki=“j 


|(ii.eu^  * 


j 1 ik 


(61 


Here,  bj^.  (■  Uju.j/q‘  - the  departure-fron- 

isotropy"^ tensor',  Sjj  is  fne  mean  strain  rate  tensor 
defined  as 


il 


K.i 


and  the  skew- symmetric  rotation  tensor  Re ■ is  defined 
as  ^ 

S - H.i - *^iik‘\  . 

The  terms  on  the  right-hand  sides  of  equation  (SI  and 
(61  are  respectively  the  tetum-to-isotropy  terms 
(Rotta's  termsl,  "rapid"  terras  due  to  mean  shear  (in 
square  bracketsl,  and  "rapid"  terns  due  to  buoyancy 
(terras  associated  with  S.l.  The  numerical  values  of 
the  constants  in  (51  and^  (61  are  as  follows: 


Equations  (11  through  (31  contain  unknown 
quantities  T,  Cj,  the  pressure  terms  and  and  the 
third-order  fluxes.  The  second-order  closure  technique 
consists  in  approximating  these  unknown  quantities  in 
order  to  close  the  system  of  equations.  The  next  two 
sections  deal  with  the  problem  of  closure. 

3.  THE  MODELS  FOR  PRESSURE  TERMS  AND  VISCOUS  TERMS 

The  pressure  and  viscous  term  models  used  in  the 
present  study  have  been  developed  earlier  by  leman  and 
Tennekes  (197S1,  2eman  (197S1,  Lumley  (197S1,  and 
Zeraan  and  Lumley  (19761.  The  pressure  terras  can  gener- 
ally be  divided  into  two  parts:  the  non-linear  return - 
to-isotropy  part  which  is  associated  with  inertial 
Interactions  within  the  turbulence  field  and  the 
"rapid"  part  which  reflects  the  interactions  between 
turbulence  and  the  mean  field  quantities,  such  as  laean 
shear  and  Coriolis  and  buoyancy  forces.  Apart  from 
the  usual  syMetry  and  incompressibility  constraints 
(Eli  • 0,  • n](^l,  in  a hosMgeneous  Isotropic 

approximation  it  is  convenient  to  utilize  the  integral 
constraint  (see  e.g.  Zeman  19751.  This  enables  us  to 
eliminate  almost  all  the  free  constants  in  the  "rapid" 
part  of  the  pressure  terra  model,  asstaing  that  we  keep 
only  terras  linear  in  second-order  quantities.  In 
strongly  inhomogeneous  and  anisotropic  flows  such  as  a 
nocturnal  ABL  we  may  disregard  the  homogeneous  approx- 
imation and  resort  to  matching  the  model  to  a known 
flow.  Recently  it  has  become  evident  that  non-linear 
terms  may  have  to  be  added  in  the  rapid  pressure  terras 
to  satisfy  the  so-called  realizability  conditions. 

This  aspect  of  modeling  will  be  discussed  later. 

The  pressure  teira  model 

The  following  are  the  pressure  term  models  ^ik 
and  used  in  this  study: 

“Ik  • <=1^^  - * “ifSijbjk  » 

* 'J®ji*’iJ*ik^  * ^l^’^ij^’jk  * ''jk’’lj^' 

* * '^^Ji  ■ iS'^lk^  • 


C,  • 3.5  a ■ i,  a,  » 0.31,  y,  » 0.22 
* I 0 d I X 

Cb  • 7.S  a„  . -0.56 

Briefly,  the  set  of  constants  Cj,  aj  and  yj  were 
deterained  by  the  methods  outlined  by  Zeisan  and 
Tennekes  (1975):  if  in  the  neutral  surface  layer  the 
Reynolds  stresses  are  known,  with  certain  assumptions, 
we  can  foira  three  independent  stress  equations,  where 
the  only  unknowns  are  C^,  a^  and  y^.  Similarly,  there 
are  two  independent  heat  flux  equations  which  enable 
us  to  determine  Cb  and  a^  (Zeman  1975).  The  set  of 
constants  in  (7)  corresponds  to  the  surface  layer  data 
from  the  Kansas. experiment  (hyngaard  et  al,  1974).  It 
is  to  be  added,  that  the  strictly  invariant  homogeneous 
approximations  to  the  "rapid"  part  due  to  mean  shear 
yield  Og  • 1/5,  • 3/4,  y,  « 0 and  a^  * 1.0,  (these 

make  the  rapid  part  independent  of  the  rotation  part 
R^](  of  the  mean  deformation  tensor) . These  homogeneous 
values,  however,  force  the  turbulence  field  to  take  on 
unrealistic  values  of  Reynolds  stresses  and  heat  fluxes. 


Modifications  to  the  forms  of  and  ni]( 
necessitated  by  the  realizability  conditions  and  the 
recently  advanced  retum-to-isotropy  model  of  Lumley 
and  NeMun  (1977)  are  discussed  in  section  5. 


Viscous  terras  _ 

The  models  for  c and  ca  used  in  this  study  are 
those  described  by  Zeman  (1975)  and  Zeman  and  Lumley 
(1976).  The  following  forms  reflect  the  recent 
findings  of  Newman  and  Warhaft  at  The  Pennsylvania 
State  University  (personal  communication): 


1^  • -3.8^^  * -V{-aUj  ,UjUj  ♦ — * 
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Table  I.  The  eddy  coefficient  matrix 

« 

(8  I 8j). 

H«r*.  th*  flrlt  ttias  on  the  right  hand  side  of  (8)  and 
(9)  are  the  Isotropic  decay  tens,  r in  (9)  is  the 
ratio  of  the  thermal  to  mechanical  time  scale  (r  • 
C9*/ejy  Cq£/t^).  The  presence  of  the  mechanical  time 
scale  q>/c  in  the  tj  equation  (through  the  ten  0.2Sr) 
provides  a weak  but  necessary  coupling  between  the 
mechanical  and  thermal  fields  in  isotropic  turbulence. 
The  second  ten  in  (8)  reflects  the  production  of  T 
Cor  the  cnstrophy^  due  to  deformation  of  the  turbulence 
field  by  the  mean  field  (tens  involving  the  mechanical 
production  of  the  kinetic  energy  q*/ 2,  Ui  jU^u^,  and 
the  buoyant  production  of  fAe  effect  of 

the  large*scale  anisotropy  on  the  rate  of  ? is 
reflected  by  the  ten  involving  the  second  invariant 
II  of  the  anisotropy  tensor  bji  (II  • b^jb^j).  In 
analogy  with  the  c-equation,  the  Te-equation  contains 
the  9^2  production  ten  SujS,,,  aM  the  ten  9Uj  Suj 
which  is  a measure  of  anisotropy  of  the  thermal  flelS. 
Matching  the  model  to  experimental  data.  Zeman  (1975) 
found  the  constants  in  equation  (3)  to  be  a ■ 0.9S  and 
b • 30.0,  Nenan  (personal  coHuaicatlon)  found  the 
constants  c ■ 0.97  and  d ■ 30.0  in  equation  (9). 

There  has  been  some  discussion  in  the  literature 
(e.g.,  Reynolds  1976)  as  to  which  fon  of  the  t model 
(or  Ta)  is  more  appropriate:  the  model  containing  the 
mean  field  quantities  (Ui.jf  0,j)  or  the  turbulence 
quantities  which  are  the  resulf^of  the  deformation  by 
the  mean  field,  i.e.,  II  and  8u^  9u<.  It  has  now 
become  evident  that  both  the  mean  field  and  the  large* 
scale  turbulence  field  have  to  be  represented  in  the 
models  of  7 and  Cg.  The  models  in  equations  (8)  and 
(9)  were  verified  in  a wide  range  of  disparate 
turbulent  flows  and  la  this  respect  they  are  univer*  ■ 
sally  valid. 


damped  approximation  to  the  fourth-order  terms,  and 
neglecting  the  temporal  terms  and  the  terms  containing 
mean  shear  and  mean  temperature  gradient  (with  the 
exception  of  the  d^u^  where  9,j  is  retain^).  We  then 
arrived  at  approximate  solutions  which  allowed  us  to  ’ 
express  explicitly  the  third-order  quantities  in  terms 
of  turbulence  scales,  the  Brunt -VSisdlS  frequency 
(3j0,j)^'*  and  the  gradients  of  the  second-order 
quantities.  The  final,  tensorial  form  of  the  transport 
model  for  the  ABL  is 


’'i  * 

where,  Fj^  is  the  colisan  vector  of  the  vertical  fluxes 
of  the  second  moments  and  Kij  is  the  eddy  coeffi- 
cient tensor.  We  need  vertical'* fluxes  of  all  compo- 
nent of  Reynolds  stresses  uiu<,  all  three  flux  compo- 
nents  of  the  heat  flux  vector  Soi  and  the  scalar  flux 
TmIT.  The  fluxes  cut  and  CaUi  are  treated  separately. 
We  designate 


F 


i 


u.^. 


r*3' 


9uj,  eUjUj,  BUjUj,  9 Uj) 

and  correspondingly 

Gj  ■ {u^.  Uj,  ...  etc.)  , 

and  obtain  the  eddy  coefficient  matrix  as  shown  in 
Table  1.  The  first  three  components  of  the  vector  F^, 
^3^9^  are  the  fluxes  of  the  components  of  energy; 
these  include  the  pressure  fliK  2/3  puj/e. 


4.  TRANSPORT  MODEL 

Due  to  the  complexity  of  the  transport  model,  we 
resort  in  this  paper  to  merely  showing  the  specific 
form  of  the  model  for  the  dry  horitontally  homogeneous 
ABL.  The  interested  reader  is  referred  to  papers  by 
Zeman  and  Lumley  (1976)  and  Lumley  (1975)  which  deal 
with  the  transport  nodal  in  some  detail. 

Briefly,  In  order  to  form  a rational  transport 
modal  we  approximately  solved  the  rate  equations  for 
the  third-order  fluxes  (required  in  equations  (1)  and 
(2))  by  applying  the  so-called  quasi-Gausslan  eMy- 


The  fundamental  coefficients  in  Table  I are 
defined  as  follows: 

''n  ‘ ^3^^  * 0.318jTg97p  , 

S * %ff *'^3®*3Veff^' 

S * '^3^''^^  * K®'3Veff5  • 

•=13  ■ • 

and  Kjj  • Tj (u«u j * SjTjluJ)  , 
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. 1/(1/T.  ♦ :.0/T^)  and  . 

Here  T,  • xq*/^  is  th*  relaxation  tiae  scale 
pertaining  to  the  third-order  moments  of  the  tur'oulent 
field.  The  constant  x relate  T3  to  the  fundaaental 
time  scale  of  turbulence  q*/c.  We  find  that  values  of 
X in  the  range  of  0.10  to  0.13  yield  realistic  levels 
of  the  third-order  fluxes  in  a convective  ABL  (lenan 
and  Lualey  1976).  Hanjalic  and  Launder  (1972)  used 
X • 0.07.  This  value  is  consistent  with  our  results 
because  we  model  molecular  terns  and  the  pressure  flux 
term  pui/e  (•  - Iq-ui).  Inclusion  of  the  latter  terns 
has  the  effect  o^  reducing  the  tiae  scale  T3. 

For  flux  CU3  and  cguj  we  used  simple  scalar 
model s 

^ * -V’3  . 

The  existence  of  the  off-diagonal  terms  in  is 
an  indication  that  the  third-order  fluxes  are  coupled 
primarily  through  the  buoyancy  paraaeter  3^;  hence  a 
flux  of  one  quantity  can  be  affected  by  a gradient  of 
another  one.  The  contributions  of  the  off-diagonal 
terms  have  been  shown  to  be  of  isiportance  in  convec- 
tive ABL's  (Zeaan  1975);  this  is  not  necessarily  true 
for  the  nocturnal  layer,  where  the  vertical  fluxes  are 
suppressed  and  the  turbulence  state  is  more  or  less 
determined  by  the  local  properties  of  the  turbulence 
field.  The  inplicit  buoyancy  contributions  to  the 
eddy  coefficients  in  equation  (11)  have,  however,  a 
physical  significance  in  stably  stratified  inhomo- 
geneous turbulence.  It  may  be  shown  that  the  eddy 
coefficients  in  equation  (11)  have  approximately  the 
same  functional  dependence  on  t/L  as  the  quasi-  < 

hosmgeneous  eddy  coefficients  and  Kjf  which  relate 
the  second-order  fluxes  U3U3  an'd  603  to  their 
respective  mean  gradients  11,3  an4  9,3.  The  general 
fora  of  the  eddy  coefficent  K as  a function  of  z/L  is 

IC(z/L)  ■ f(z/L)  (1-0  t/L)  , (12) 

for  z/L  « 1.  Here,  L is  the  Monin-Obukhov  length 
and  the  nuaerical  values  of  o range  between  3.0  and 
7.0 

It  follows  that  the  generation  of  both  the  second 
and  third-order  fluxes  by  turbulent  mixing  will  cease 
at  about  the  sane  value  of  the  paraaeter  z/L.  This 
particular  property  of  the  transport  model  is  the  key 
to  understanding  why  isolated  patches  of  ttirbulence 
may  develop  from  an  initially  continuous  turbulence 
field.  A discussion  of  the  structure  of  stably  stra- 
tified turbulence  is  the  subject  of  the  next  section. 

S.  PECULIARITIES  OF  STABLY  STRATIFIED  TURBUIENCE- 
_ >CDIfICA'nON  TO  THE  )<0DEL 

Turbulence  under  the  influence  of  strong  negative 
buoyancy  forces  is  unlike  the  well-behaved  turbulence  that 
we  encounter  in  neutraiand  convective  boundary  layers. 
There  exists  some  evidence  (Uteods,  1969),  that  isolated 
patches  of  turbulence  can  exist  in  a stably  stratified 
fluid  and  assuae  after  a long  tine  a two-dimensional  struc- 
ture with  the  vertical  motions  virtuallynonexlstent  (the 
so-called  fossil  turbulence).  Evidently,  the  buoyancy 
force  field  and  the  resulting  large  anisotropy  alter  the 
mechanisa  of  the  return- to-isotropy  tendency  and  the 
spectral  cascade.  Although  modeling  of  the  direct  effect 
of  buoyancy  on  the  internal  aechanisas  of  turbulence 


is  presently  beyond  our  capabilities,  it  is  plausible 
to  appeal  to  the  large  scale  anisotropy  parameters  as 
an  indirect  measure  of  the  buoyancy  effects.  It  is 
therefore  desirable  to  subject  to  careful  scrutiny  the 
behaviotir  of  the  model  equations  in  the  limit  of  snail 
vertical  fluctuations  as  measured  by  the  variance  u«. 

In  this  context,  Schumann  (1976)  advanced  the  notion 
of  realizability  for  the  Rexmolds  stress  models;  he 
showed  that  as  a cosiponent  of  the  Re\-nolds  stress  tensor 
u^uj  approaching  zero,  the  tiae  derivative  3/  9t(uiU'i)~ 
approaches  zero  as  well.  He  also  intiaated  that  the 
linear  pressure  ter.  model  such  as  that  in  eouation 
(S)  does  not  assure  realizability.  Lualey  and  Newman 
(1977)  constructed  a retum-to-isotropy  model  which  is 
realizable  for  neutral  homogeneous  turbulence. 


Inspection  of  the  second-order  model  proposed  here 
indicates  that  the  model  is  not  realizable  in  the  jense 
of  Schuunn  for  small  vertical  turbulence  energy  U3. 

To  illustrate  this  we  shall  analyte  the  shear  stress 
and  vertical  heat  flux  equations.  In  the  limit  of 
vanishing  vertical  turbulent  velocity  U3,  all  the 
second  order  moments  containing  U3  are  negligible 
compared  to  their  horizontal  counterparts.  Neglecting 
Coriolis  and  transport  effects  we  obtain  from  equations 
(1).  (2),  (S)  and  (6) 


1 ^ 1 5 

-U,3[-^*  * aj(ui  - •^^) 

♦ (1  - 0.3a,) a.9u^  , 


(13) 


and 

39u.  , —r  a 

(1  .^)s.a2  --f  eu^,-  . (14) 

It  is  evident  that  since  9uj‘/euJ  < 0,  in  stably 
stratified  shear  turbulence,  the  strictly  invariant 
model  (in  which  ag«ag*l,Cp*l,  aj*  3/4  and 
Yi  • 0)  may  lead  to  unphysical  results  or  nonrealiza- 
bility  in  the  sense  of  Schumann.  Apart  ^fr^m  the 
buoyancy  terms,  for.t^ical  values  of  “j/u;  • 2.0  we 
obtain 20^03/ 3t  « * sq*U,3  which  is  not  admissible. 

The  realizability  is, however, substantially  iisproved  by 
using  the  model  discussed  in  section  (2)  of  this  paper 
where  vj  > 0. 


As  it  appears  now  the  most  troublesome  equation 
from  the  viewpoint  of  realizability  is  the  heat  flux 
equation  where  the  buoyancy  tern  has  a tendency  to 
maintain  a spurious  positive  heat  flux.  Nyngaard 
(1975)  presented  a plausible  physical  argument , sug- 
gesting that, the  rapid  part  of  the  pressure  term 
II^_«  Of  ^33~  <13  should  counteract  the  buo'mncy  term 
338*  in  (14)  in  such  a manner  that  in  the  liait  of 
lar^e  positive  Richardson's  nuaber  R^,  the  effect  of 
S3S-  be  entirely  eliainated.  He  proposed  an  ad  hoc 
formula  ■ C'^(Rj^)  with  the  limit  •*  3 as  Rj^  * «. 


There  are  many  ways  to  modify  and  we  can  only 
guess  at  some  plausible  fora.  It  is  e\'ident  that  in 
some  way  !!?  has  to  be  a function  of  anisotropy  of  the 
thermal  turbulence  field,  with  2^  departing  from  its 
isotropic  value  1/3  836-8^3  as  anisotropy  increases. 
Ne  ctese  to  make  2^  a function  of  large  scale  aniso- 
tropy rather  than  a function  of  the  mean  field 
quantities.  In  this  paper  we  used  the  interim  model 
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which  yields  approximately  the  limit  n|  ->1.0  as  u>  -•  0. 
ijj  frep  coTwection  (IS)  assures  that  !l|  - 0 as 
u*  " q*.  The  decrease  of  with  increasing  intensity 
or  vertical  motion  makes  sense  physically;  the  tem- 
perature variance  spectrum  H^CIO  in  wavenumber  space 
k • (kj,  kw,  kg)  becomes  distorted  with  more  variance 
Residing  in  horicontal  wavenumbers  kj  and  k^  as  the 
eddies  become  elongated  in  the  vertical  direction  and 
the  integral 


.3 


4lf®3  -• 


■7 


E3(V)dk 


becomes  smaller  compared  to  its  isotropic  value 
The  same  argument  was  put  forth  by  Wyngaard  (197S)  to 
justify  the  effect  of  stable  stratification  on  nf.  We 
note  that  the  model  in  (IS)  also  generates  terms 
and  in  equations  for  3ux  and  3U2.  These,  however, 
are  sull  compared  to  nf. 

The  models  for  t*  and  cg  are  always  realitable; 
however,  for  a strictly  two-dimensional  turbulence 
(29),  with  u>  identically  zero,  we  arrive  at  a few 
paradoxes.  First,  in  2D  tur^lence  at  large  Reynolds 
number,  the  kinetic  energy  c|*,ij^spproximately 
invariant  and  th^  quantity  -»  -•  and  the  inter- 

nal time  scale  q-/7  becomes  meaningless.  Secondly, 
the  rate  equation  for  T (eq.  (8)]  cannot  "know" 
whether  the  turbulence  field  is  in  a 2D  or  3D  mode. 


In  view  of  the  foregoing  the  second-order  model 
in  the  present  form  presupposes  the  existence  of  a 
three-dimensional  inertial  subrange  and  the  model 
realizability  in  the  2D  limit  may  not  bo  physically 
meaningftil;  navortheless  the  realizable  model  leads 
to  better  numerical  stability  and  it  prevents  genera- 
tion of  spurious  second-order  moments.  Furthermore, 
Uailey  and  Noiaan  (1977)  have  shown  that  a realizable 
retum-to- isotropy  model  leads  to  a better  agreement 
with  experimental  data  in  anisotropic  homogeneous 
turbulence. 


6.  THE  SUMERICa  EXPERIMENT 


Hera,  we  present  seme  preliminary  computations 
of  the  ABL  structure  during  the  evening  transition. 

Ne  begin  with  a weakly  convective  nixed  layer  capped 
by  an  inversion  (the  inversion  strength  y ■ 002S*C/m) 
one  hour  before  sunset.  During  the  convective  regime 
the  prescribed  surface  heat  flux  is  approaching  zero 
shortly  before  sunset.  From  that  point  on  It  is 
assumed  that  the  radiative  cooling  produces  a constant 
cooling  rate  of  the  air  at  the  lower  boundary,  i.e., 
in  the  stable  regime  the  surface  heat  flux  is  deter- 
mined rather  than  prescribed. 


At  the  upper  boundary  of  the  computation  domain 
all  second  order  quantities  and  mean  wind  shear  were 
set  at  zero.  The  potential  temperature  gradient  was 
set  at  33/3Z  ■ v.  At  the  lower  boundary  (at  the 
height  X3  ■ Sm)  the  second-order  quantities  were 
specified  in  agreement  with  the  surface  laver  values 
given  by  Wyngaard  (1973).  The  boundary  values  in  the 
convective  regime  were  modified  to  handle  the  free 
convective  limit  described  by  leman  and  Usslsy  (1976). 
The  geostropic  wind  was  fixed  at  Uj  ■ ll.Sm/sec  and 
V.  ■ 0.  The  coordinate  xi  was  aligned  in  the  West- 
East  direction  at  the  latitude  of  IS*  North,  and  X2 
in  the  South-North  direction.  The  finite  difference 
sc.heme  maployed  for  the  numerical  solution  is 
described  in  leaan  (197S).  Since  the  magnitude  and 


direction  of  the  wind  at  the  lower  boundary  varied, 
the  values  of  the  ReN-nolds  stresses  and  heat  fluxes  at 
the  lower  boundary  had  to  be  readjusted  during  the 
computation.  This  was  done  every  10th  time  step  (or 
10  seconds) . 


Fig.  1 Profiles  of  th«  kinematic  heat  flux  603  in 

Cm/ sec  during  the  evening  transition  shown  at 
30  min.  intervals  beginning  one  hour  before 
sunset  (curve  1).  The  height  is  nomalized  by 
the  initial  height  h.  • SSOmofthe  convective 
ABL. 


In  figure  1 we  present  the  development  of  heat 
flux  profiles  during  the  evening  transition  at 
intervals  of  approximately  30  minutes  beginning  one 
hour  before  the  transition.  We  note  that  the  initially 
positive  heat  flux  (cunre  1)  has  a small  region  of 
negative  heat  flux  at  the  top  of  the  mixed  layer  which 
signifies  the  entrainment.  As  the  surface  flux  moves 
through  the  transition  (curve  3)  the  upper  regions 
with  larger  time  scales  tend  to  maintain  their  convec- 
tive structure.  As  the  cooling  at  the  ground  advances 
the  heat  flux  eventually  approaches  an  equilibrium 
with  the  upper-region  flux  decaying  to  zero.  The  xj- 
component  of  the  horizontal  heat  flux  is  annroximatelv 
a mirror  image  of  the  vertical  heat  flux  9u^.  The  Xj- 
component  of  the  Reynolds  shear  stress,  U3U3  is  shown 
in  Figure  2.  After  the  transition  ujUj  decreases 
rapidly  in  magnitude  as  the  momentum  flux  in  the 
boundary  layer  is  curtailed. 


, u,U3  in  m^/sec^.  The 

same  as  in  Fig.  1. 
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The  developncnt  of  the  stable  layer  is  accompa- 
nied by  a build-up  of  the  Xi-component  V of  the  mean 
wind  (shown  in  Figure  3)  and  the  corresponding  shear 
stress  U2U2  in  the  x->  direction.  The  wind  vector  at 
the  surface  rotates  trom  3 to  26  degrees  (with  respect 
to  the  coordinate  x, ) during  t.ne  period  of  1 1/2  hours 
after  the  sunset,  the  rate  of  rotation  does  not 
appear  ;o  vanish  although  the  total  surface  stress 
((ujUjJj  ♦ (u-uj}5)^^-  apprcaches  an  equilibrium  value. 
This  is  depicted  in  Figure  4 which  shows  the  develop- 
ment of  the  friction  velocity  u«  and  the  surface  heat 
flux  for  two  different  cooling  rates,  l*C/hr  and 

2*C/hr  (the  profiles  in  Figures  1 through  3 are  for 
the  rate  l*C/hr]. 


Fig.  3 Profiles  of  the  Xj  component  of  wind  velocity 
in  m/sec.  The  same  as  in  Figure  1. 


Of  l.p  i.S  2J3 

f'ourt  -rwwitrar 


Fig.  4 The  developewnt  of  the  friction  velocity  u,  in 
m/sec  (dashed  line)  and  of  the  surface  heat 
(8Uj)g  in  cm/sec  (solid  line)  after  sunset  for 
two  cooling  rates. 

The  final  projected  values  of  the  Monin-Obukhov 
length  L ■ u;/a3k(luj)g  for  the  cooling  rates  I*C/hr 
and  2*C/hr  are  3S  a and  IS  a respectively.  These 


values  are  in  approximate  agreement  with  the  results 
of  Wyngaard  (19TS). 

For  cooling  rates  above  2*C/hr  the  numerical 
scheme  exhibited  instability  in  the  upper  regions  of 

the  computation  domain.  This  we  suspect  is  due  to 

nonrealiiabi] ity  of  the  shear  stress  components  UjUj 
and  u-uj.  We  note  that  equation  (13)  contains  the 
buoyancv  term  SSu^  iidiich  has  an  effect  analogous  to  the 
term  36-  in  the  vertical  flux  equation  (equation  (14)). 
The  nonrealisability  of  U1U3  (or  U2U3)  leads  to  nega- 
tive energy  production  and  eventually  to  a numerical 
instability  in  the  regions  where  turbulence,  in 
effect,  cannot  exist. 

Hence,  the  pressure  term  model  has  to  be 
modified  in  such  a manner  as  to  make  the  components 
U|U3  and  U2U3  realisable  in  the  limit  uj  - 0.  This 
however  involves  both  the  rapid  distortion  term  due  to 
mean  shear  and  the  rapid  term  due  to  buoyancy.  At 
present  we  have  little  guidance  as  to  a plausible  form 
of  the  modification. 

CONCLUSION 

In  this  paper  we  have  demonstrated  the  feasibility 
of  a generalized  second-order  model.  The  model 
presented  covers  a wide  range  of  flow  conditions  from 
a free  convective  ABL  to  a stable  ABL.  The  stable 
ABL  presents  perhaps  the  most  severe  test  for  the 
model  and  the  problems  of  modeling  stably  stratified 
turbulence  are  far  from  being  resolved. 
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' ABSTRACT 

I The  paper  presents  an  application  of  the  alge- 

braic streas  modeling  (ASM)  technique  to  the  predic- 
tion of  the  flow  in  a turbulent  round  buoyant  jet. 

In  the  ASM  approach,  algebraic  formulae  are  obtained 
for  the  Reynolds  stresses,  ujUj,  and  for  the  compon- 
ents of  the  titrbulent  heat  flux,  tu^.  In  the  model 
used  here,  transport  equations  are  solved  for  the  tur~ 
bulence  kinetic  energy,  k,  its  dissipation,  e,  and 
the  mean  square  temperature  fluctuations,  g.  The 
study  shows  that  buoyancy  increases  the  rate  of  dis- 
sipation of  g above  the  values  indicated  by  previous 
recosBsndations  for  the  modeling  of  that  quantity. 

As  a possible  explanation  for  this  result  it  is  sug- 
gested that  buoyancy  Introduces  anisotropy  in  the 
fluctuations  at  the  dissipation  scale.  With  reference 
to  Che  production  of  k,  the  contribution  from  the  sec- 
ondary components  of  the  strain  censor  is  found  to  be 
non-negligible.  Finally,  it  is  observed  chat  the  mod- 
eling of  buoyant  flows  still  presents  uncertainties 
and  that  additional  work  is  necessary  to  properly  ac- 
j count  for  Che  effect  of  buoyancy  on  the  production  of 

I e and  the  dissipation  of  g. 


NOMENCLATURE 


a!!.a,.b 


acceleration  of  gravity,  m/s 
. ,J  ,B  • constants  in  eqs  (19)  and 
■ iipeclfic  heat,  joulas/kg  C 


(20) 


• model 


• convection  cam 

• diffusion  cam 

- "memory"  factor  ^ eq  (14) 

m buoyancy  flux,  2 

■ mean  square  temperature  fluctuations, (deg  K)^ 

- enthalpy  flux  defined  by  eq  (21),  joules/s 

• turbulence  kinetic  energy,  m^/s^ 

" entrainment  coefficient  defined  in  eq  (22) 

- total  mass  flux,  kg/s 

••  rata  of  production  of  y per  unit  mass  of  fluid 

- radial  coordinate,  m 

■ mean  and  fluctuating  cemparatura,  dag  K 


C 

D 

t 

H 

k 

K 

M 

Py 

r 

T.C 

0 


^,u,»  mean  and  fluctuating  valocity  components 
Che  l-direction,  m/s 


in 


W ‘Jet  momentum,  kg  m/a2 
X • longitudinal  coordinate,  m 
X.  ,X.  • functions  defined  in  eqs  (5.3)  and  (6.3)  in 

• Table  1 

Y • dummy  variable,  represents  k,e  or  g 
AT  ■ excess  temperature  above  ambient  (T-T^) ,deg  K 
c ■ dissipation  of  turbulenca  klnatlc  energy, m^/s^ 
c " rata  of  dissipation  of  y per  unit  mass  of  fluid 


U ■ viscosity,  kg/m  s 

p ■ density,  kg/m^ 

a “ Prandtl  number 

Subscripts 
c ~ centerline 

l,j  - indexes  referring  to  coordinate  axes 
is  ~ isotropic 

x,r,6  • longitudinal,  radial,  tangential  component 

T " turbulent 

1 a noxxle  fluid  conditions 

0 ~ room  conditions 

Superscripts 

— indicates  time  average 
' indicates  flucttiatlng  component 

INTRODUCTION 

Over  the  past  ten  years  significant  progress  has 
been  made  in  the  development  of  turbulence  models 
which  are  suitable  for  engineering  applications [1] . 

In  most  such  models  the  turbulent  transport  of  momen- 
tum and  energy  is  evaluated  by  introducing  the  effec- 
tive turbulent  viscosity,  y , and  the  turbulent  Prandtl 
number,  o . While  the  latter  quantity  is  customarily 
assigned  a constant  value  or  .evaluated  through  an  em- 
pirical fonula  to  account  for  wall  effects,  the  mod- 
eling of  u has  seen  Increasing  sophistication. 

In  the  early  mixing  length  epproach,  y is  ob- 
tained as  Che  product  between  e length  scale  (Che  mix- 
ing length)  which  is  prescribed  as  a constant  frac- 
tion of  the  scale  of  Che  flow,  and  a velocity  scale, 
which  is  inferred  from  the  mean  velocity  profile. 

With  the  edvenc  of  so-called  cwo-equaclon  models  of 
turbulence,  the  mean  flow-related  prescription  for  the 
two  scales  has  bean  replaced  with  an  algebraic  expres- 
alon Involving  two  properties  of  the  turbulence,  which 
in  Cum  are  obtained  by  finding  the  solution  to  a mod- 
eled form  of  their  transport  equations.  The  turbulence 
kinetic  energy,  k,  and  its  dissipation,  e,  are  often 
selected  as  the  two  properties  to  characterize  the 
turbulence  field[2]. 

The  k-e  approach  represents  an  improvement  over 
the  mixing  length  technique  because  it  la  more  general 
and  relaxes  the  assumption  of  local  equilibrium  of  the 
turbulence  by  allowing  for  diffusion  of  the  quantities 
(k  and  e)  determining  Che  magnitude  of  y-.  If  one 
needa  to  make  estimates  of  Che  level  of  fluctuations 
of  a scalar  quantity  as  in  the  case,  for  exampla,  when 
chemical  reaction  is  involved,  an  additional  model 
transport  equation  is  used  for  the  mesn  square  fluctu- 
ations, g,  of  temperature  or  concentrations. 

A limitation  common  to  the  mixing  length  and  the 
cwo-equaclon  seheMS  is  that  they  both  postulate  iso- 
tropy of  Che  turbulent  fluctuations.  When  buoyant 
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force*  interact  with  the  flow,  larger  level*  of  aniso- 
tropy are  expected  and  the  modeling  of  the  turbulence 
require*  evaluation  of  the  Reynold*  stresses  and  the 
components  of  the  turbulent  energy  (or  mass)  flux. 

The  drawback  of  this  approach  Is  in  the  increased  com- 
plexity of  the  model  and  the  larger  amounts  of  comput- 
ing time  required  to  solve  the  transport  equations 
for  the  second  order  correlations  which  are  taken  in- 
to account [ 2 , 3 ] . 

In  this  study  we  have  preferred  to  follow  a sug- 
gestion for  algebraic  stress  modeling  (ASM)  made  by 
Rodl[4].  As  implied  by  its  name,  this  technique  in- 
volves finding  algebraic  solutions  for  the  Reynolds 
stress  equations  by  Introducing  an  additional  model- 
ing assumption  for  the  terms  representing  convection 
and  diffusion.  The  final  scheme  aauunts  to  an  im- 
proved version  of  the  k-e-g  formulation:  the  improve- 
ment is  represented  by  the  fact  that  the  large-scale 
anisotropy  of  the  flow  is  taken  into  account  through 
Che  replacement  of  some  of  the  constants  of  the  stand- 
ard k-e-g  model  with  known  functions  of  gradients  of 
Che  mean  velocity  and  temperature  fields  and  ratios 
of  production  snd  dissipation  of  k and  g.  Meroney[51 
has  shown  that  Che  ASM  approach  is  much  mors  econom- 
ical chan  a full  Bleynolds  stress  model,  while  sacri- 
ficing little  in  terms  of  accuracy. 

In  this  paper  we  discus*  Che  application  of  Che 
technique  to  the  case  of  axisymmetrlc  thermal  plumes. 
First,  a brief  presentation  is  made  of  Che  model  equa- 
tions, followed  by  a discussion  of  the  experimental 
data  with  tdtlcb  the  model  predictions  have  been  com- 
pared, and  an  assessment  of  the  model  performance  as 
well  as  a detailed  examination  of  the  character  of  the 
turbulence  in  the  flow.  Finally,  areas  in  which  the 
modeling  needs  to  be  Improved  are  discussed. 

THEORZnCAl,  MODEL 

The  equations  used  by  the  model  ace  listed  in 
Table  1;  details  on  their  derivation  can  be  found  in 
Ref*ranes[6] . A complete  list  of  symbols  is  given  in 
the  nomenclature:  it  should  be  noted  chat  capital 
letters  or  overbars  indicate  mean  quantities,  while 
lower  case  letters  or  primes  refer  to  fluctuating  coib- 
ponents.  We  now  proceed  to  discuss  the  less  obvious 
aspects  of  the  theoretical  formulation. 

Coneervation  of  Mass,  Momentum  and  Energy 

Equations  (l)-(3)  express  conservation  of  isass, 
longitudinal  isomencum  and  energy  for  a boundary  layer 
flow.  These  equations  have  bean  obtained  neglecting 
turbulent  correlations  which  involve  density  fluctua- 
tions. As  can  be  noted,  the  turbulent  shear  stress  in 
the  momentimi  equation  and  the  radial  turbulent  heat 
flux  in  Che  energy  equation  are  left  in  their  exact 
form,  in  anticipation  of  the  fact  that  we  will  derive 
oiodal  expression*  for  all  second-order  correlations. 

In  what  might  appear  to  be  Ineonslscant  with  the 
boundary  layer  assumption,  we  have  retained  the  longi- 
tudinal gradients  of  the  quantity  uE-^  in  aq  (2) 
and  of  Che  longitudinal  heat  flux,  tu~,  in  eq  (3) . 

The  reason  for  this  wiH  be  further  dfscuased  later: 
at  this  point,  it  is  sufficient  to  state  chat  in  a 
thermal  plume  the  term  cu  gives  a non— negligible  con- 
tribution CO  Che  total  energy  flux.  Even  chough  Che 
corraapondlng  term  in  Che  momentum  aquation  is  not  as 
Important,  overall  consistency  of  the  isodel  motivated 
its  retention. 

Turbulent  Correlations 

Transport  equations  are  solved  for  three  turbu- 
lence quantities:  turbulence  kinetic  energy,  k,  dis- 
sipation of  turbulence  kinetic  energy,  c,  and  mean 


square  temperature  fluctuations,  g=C^.  The  structure 
of  the  sudel  equations  is  the  same  for  all  three  quan- 
tities and  is  given  by  eq  (4)  in  Table  1 (with  y>k,c, 
or  g) . The  terms  appearing  in  chat  expression  repre- 
sent convection,  diffusion,  production  and  dissipa- 
tion of  Che  quantity  in  question  (k,  E or  g) . 

The  nujdellng  of  turbulent  diffusion  (second  term 
in  brackets  in  Che  right  hand  side  of  eq  (4))  relies 
on  a proposal  for  gradient-driven  diffusion  made  by 
Launder  eC  al[7].  We  believe  chat  this  choice  is  ap- 
propriate for  Che  flow  modeled  in  this  study,  even 
though  it  is  tmderstood  chat,  for  more  complex  situa- 
tions, the  direct  effect  of  buoyancy  on  turbulent 
transport  may  have  to  be  included  [3]. 

With  regard  to  the  terms  representing  production 
(Py)  and  dissipation  {Ey) , some  require  modeling, 
while  some  can  be  treated  exactly.  Let  us  now  exam- 
ine these  terms  separately  for  the  three  quantities 
k,  e and  g and  introduce  Che  algegraic  stress  model- 
ing  assumptions  for  the  second-order  correlations 
u^Uj  and  tu^. 

Turbulence  kinetic  energy  (k) . The  dissipation  of 
k is  e by  definition:  the  problems  related  to  its 
modeling  are,  therefore,  shifted  to  Che  c-equacion. 

The  production  is  also  created  exactly  because  it 
Involves  calculable  correlations  and  isean  field  grad- 
ients. The  source  Fj^  is  evaluated  by  the  model  as: 

where  the  sources  of  Che  Reynolds  stresses 

. X C u 

are  givan  by: 

30  30  , 

P --2  IF  - 2 u u T—  - z a.  P'u,  (9.1) 

XX  x3x  xr3r  * 


P - - 2 u' 
rr  r 3r 


Note  the  presence  of  C^  last  term  in  eq  (9.1)  repre- 
senting production  of  7 due  to  buoyanev. 

Equations  (9.1)-(9?3)  are  written  by  neglecting 


the  component  30  /3x  of  the  strain  censor.  In  a de- 
parture from  ths’^comiBon  practice  of  boundary  layer 
treatments,  we  have  kept  the  Cerme  involving  30]c/3x 
and  30  /3r  even  chough  they  should  bs  small  wltn  re- 
spect Eo  30  /3r.  It  will  be  shown  chat  some  of  Che 
quantlcles  Eclated  to  these  terms  give  rise  to  pro- 
duction of  k which  1*  by  no  smans  negligible. 

Because  of  Che  cylindrical  geometry,  the  third- 
order  correlation  2 u ul/r  should  appear  in  P and, 
with  the  opposite  *lgE,°in  P...  Ue  have  neglected 
these  higher  order  correlacio&a  but  %rlcbout  being  coo 
confident  chat  it  is  appropriate  to  do  so.  A clari- 
fication of  chi*  issue  should  not  be  postponed,  par- 
ticularly considering  the  fact  that  the  k-c  model  is 
known  to  require  special  adjustments  when  applied  to 
axisymmetrlc  forced  jecs[2]. 

Dissipatien  of  turb:ilenc*  kinetic  energy  (e) . In 
dealing  with  Che  term*  F^  and  Eg  representing  produc- 
tion and  dissipation  of  c,  both  of  which  require  mod- 
eling, we  follow  standard  k-c  praccic*[2,7]  and  write: 


6.30 


Table  !•  Conservaclon  Equatlona  and  ASH  Fornulas  Uaed  by  Che  Model 


The  above  axpresalons  are  baaed  on  Uccle  aorc  than 
dioanalonal  analyela;  cherelore,  one  ahould  not  be 
exceaelvely  optlalatie  In  aatlaaclng  chair  perfora- 
anee  In  a buoyant  flow. 

The  eonatant  c , waa  Introduced  for  the  aaka  of 
generality,  alnca  Chare  la  no  a priori  arguaenc  aay- 
Ing  chat  cha  aoureea  of  k aaaoclaced  with  mean  acraln 
and  buoyancy  ahould  be  equally  effective  aa  aoureea 
of  c.  In  fact,  Hoaaaln  and  Rodl[8]  have  obaarved 
chat  different  valuaa  of  are  required  to  match 
axperlaantal  data  on  horlxoncal  and  vertical  buoyant 
Jeta.  The  choice,  made  In  Chla  atudy,  to  aec  c 
ahould  be  regarded  aa  eubjacc  to  poaalble  ravlalon  aa 
more  Intonation  becomat  avallabla  on  cha  performance 


of  the  model  In  different  alcuaclona  Involving  buoyant 
flowa. 


‘Maan  aquare  temperature  fluctuatlona  (z).  The 
lourca  of  cemperacure  flucttiaclona  la  given  by: 


P 

8 


2— |I-2— |I 

X tfx  r dr 


(U) 


Aa  for  the  caaa  of  F.  , no  modeling  la  neceaaary  alnce 
cha  terma  appearing  L:  the  definition  of  P are  all 
calculable.  Note  that  the  contribution  frSm  the  longi- 
tudinal component  of  the  turbxilent  heat  flux  la  taken 
Into  account. 

In  the  modeling  of  cha  dlaalpaclon,  Cg,  we  follow 
the  acandard  k-c-g  approach,  which  waa  flrit  proponed 
by  Spaldlng[91  aa: 


(13) 
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Than  la  Indlcaclon  that  aq  (13)  nay  not  ba  adaquate 
to  modal  e.;  tha  unoaually  high  valua  (2.80)  uaad  1q 
this  work  tor  the  constant  c.2  tends  to  conflm  that 
opinion.  In  Reference [6]  ve'suggeat  the  possibility 
that  the  Increase  In  the  value  of  c 2 <iue  to  the 
fact  that  buoyancy  distorts  the  turbulence  all  the 
way  down  to  the  dissipation  scale.  To  account  for 
such  effect  we  propose  to  write: 


Irl'lM?)' 


where  the  constant  Cg2,ia  can  be  obtained  from  data 
on  the  decay  of  temperature  fluctuations  In  Isotropic 
turbulence.  The  functlona  f^  (for  l-x,r,8)  are  "mem- 
ory" factors,  which  are  as  yet  unknown,  but  probably 
depend  on  the  flux  Richardson  number,  R^,  and  the 
redos,  P. /e  and 

The  proposal  of  eq  (14)  la  still  at  an  early 
stage  of  development;  It  might  turn  out  that  the  mod- 
eling of  the  functions  f^^  la  so  complex  as  to  make 
the  solution  of  a separate  transport  equation  for  Cg 
a more  attractive  alternative.  It  should  be  men- 
tioned that  Zeman  and  Lumley[3]  and  Meroney[5]  have 
already  undertaken  the  lattet  approach  and  that 
Launder [10]  also  argues  for  It. 

Reynolds  stresses  (u^u. ) . The  starting  point 
for  tha  modeling  of  the  Reynolds  stresses  Is  repre- 
sented by  the  transport  equation  for  u.u,  developed 
by  Launder  et  al[7].  Rodl's  proposel[4]  for  algebra- 
ic stress  iBodellng  eliminates  from  the  equation  the 
terms  containing  derivatives  of  u^Uj  by  assuming: 


where  the  quantity  In  tha  left-hand  side  represents 
tha  net  balance  between  convection  (C)  and  diffusion 
(D)  of  the  Reynolds  stress,  UjTlT.  Rodl[4]  has  shown 
that  eq  (13)  can  be  obtained  by^ neglecting  gradients 
of  TI7trr/k  across  the  flow.  In  the  case  of  k,  convec- 
tion minus  diffusion  equals  production  minus  dissipa- 
tion; with  e little  algebra  one  can  sec  chat  intro- 
ducing Che  above  essu^tlon  In  tha  model  equation 
for  u.u.  leads  to  the  algebraic  expressions  given  as 
aqs  (5.i)-(5.3)  In  Table  1. 

As  anticipated  In  the  Introduction,  Che  model 
can  now  account  In  soma  approximate  way  for  the  an- 
isotropic distribution  of  turbulence  kinetic  energy 
among  Its  components  (eq  (5.2))  as  well  as  for  the 
direct  effect  of  buoyancy  on  the  shear  stress  (eq 
(5.1)).  The  constants  c^  and  c,.  which  appear  In  the 
final  expressions,  arise  from  the  modeling  of  the 
praasure-veloclcy  correlations.  The  values  selected 
for  these  constants  are  1.5  and  .6  respectively [7] . 


Turbulent  heat  flux  components,  In  order 

CO  obtain  expressions  for  the  correlations  tu^  we  use 
the  model  transport  aquation  for  these  quantities 
proposed  by  Launder [11] , and  apply  Rodl's  concept  for 
algebraic  stress  modeling  in  the  form: 


( C-D) - tu^  (C-D)  _ + ( C-D) . 

tu.  2uT  uT  It'  I 


After  Introducing  eq  (16)  In  Che  transport  equation 
for  and  caking  advantage  of  eq  (15)  It  Is  pos- 
sible CO  obtain  the  algebraic  expressions  for  tu^  and 
tlT'  given  as  eqs  (6.1)-(6.3)  In  Table  1.  This  opera- 
clSn  uses  Che  fact  chat  the  terms  representing 


production  ana  dissipation  of  g=t‘  can  be  substituted 
for  chose  indicating  convection  and  diffusion  of  g In 
the  right  hand  side  of  eq  (16) . 

The  values  of  3.5  and  .5  are  assigned  to  the  two 
constants,  c^^  and  c.2>  appearing  In  Che  ASH  formulas 
for  the  two  components  of  the  turbulent  heat  flux, 
c<'^  and  cu^.  These  two  constants  are  similar  to 
Cl  ^2,  arising  in  the  u^Uj -equation,  since  they 
appear  In  the  modeling  of  che''pressure-temperacure 
correlations.  For  the  correlations  Involving  density 
fluctuations,  we  assume  that  Che  flow  follows  Che  per- 
fect gas  law  and,  tnerefore,  adopt  Che  relationships 
given  as  eq  (7)  In  Table  1. 

As  a consequence  of  the  extension  of  Che  ASM  ap- 
proach CO  Che  modeling  of  cu^,  there  Is  no  need  to 
prescribe  separately  Che  value  of  the  turbulent  Prandtl 
number,  0^.  Instead,  can  be  calculated  from: 


u u (■--I  / fiV  \ 
5 - _5_£  / _i 


Choice  of  Model  Constants 

The  model  outlined  In  the  preceding  sections  con- 
tains 11  constants,  for  which  values  must  be  selected. 
In  our  earlier  work  [6]  we  have  not  undertaken  a sys- 
tematic optimization  effort,  since  we  have  considered 
only  a limited  number  of  flows,  namely,  forced  and 
buoyant  axlsyanecric  jets.  As  a general  rule,  we  have 
adopted  the  values  which  users  of  k-e-g  or  Reynolds 
stress  techniques  seem  to  agree  upon  and  ve  have  made 
changes  only  where  strictly  necessary.  The  final  set 
used  for  the  calculations  performed  In  Che  course  of 
this  study  Is  shown  In  Table  2.  The  laminar  Prandtl 
numbers  Cj^,  Cg  end  in  the  three  versions  of  eq  (4) 
for  k,  e and  g do  not  significantly  affect  the  results 
of  the  prediction.  In  any  case,  their  values  are  not 
subject  to  choice  elnce  the  exact  equations  for  k,  c 
and  g show  that:  Og“  1 and  o ■ 0 (“  .7). 

Of  the  constants  In  Table  2,‘e.2  Is  the  only  one 
caking  a value  significantly  different  from  those  chat 
have  appeared  In  the  literature.  Spaldlng[9]  for  his 
predictions  of  concentration  fluctuations  In  a round 
forced  jet  adopted  c 1.79  and  recently  [8,11]  there 
has  been  a tendency  toward  the  use  of  values  as  low  as 
1.23.  He  have  already  commented  on  the  possibility 
that  small-scale  anisotropy  Is  responsible  for  the 
spread  among  Che  values  for  0.2;  however,  we  did  not 
make  use  of  eq  (14)  in  this  study. 

A related  question  arises  In  connection  with  the 
choice  of  the  constant  c the  turbulence  Is  Iso- 

tropic at  Che  scale  at  wElch  dissipation  cakes  place, 
c.-  must  be  equal  to  zero  [6].  The  fact  chat  our  pre- 
dictions indicate  c^^*  2.44  may  mean  that  Che  as- 

sumed. small-scale  Isotropy  does  not  exist  or  Chat  In- 
adequate modeling  of  some  ocher  term  requires  a "wrong" 
value  for  c^^  offset  that  error.  Whatever  the  fin- 
al conclusion.  It  Is  clear  Chat  this  point  needs  to 
be  resolved. 

Boundary  and  Initial  Conditions 

Five  differencial  equations  for  U^,  T,  k,  c and  g 
are  solved  using  Che  Facankar-Spaldlng*mechod[12]  for 
parabolic  flows.  Tha  transverse  velocity  Is  ob- 
tained from  tha  continuity  equation.  In  Che  case  of 
tha  round  buoyant  jet  predicted  here  the  dependent 
variables  assume  the  ambient  values  «}]^-k>e*g«0, 

T ~ Tq~  302  K)  at  Che  outer  edge  of  the  Initial  shear 
layer^and  the  nozzle  values  (0^^"  .674  m/e,  T*!^* 

373  R)  at  Che  Inner  edge.  When  che’lnnsr  edge  reaches 
the  jet  axis,  Che  symmetry  condition  Is  Imposed  on  Che 
redial  derivatives  of  the  variables. 


w 
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Tabic  2.  Modal  Conatancs 


If 

formulas/k-aquaclon 

cu^-formulas 

g-aquaclon 

e-cquaclon 

'1 

'2 

=k 

“^tl  't2 

c c ,, 

g 

'el  'c2 

'e3 

1.5 

.6 

.21 

3.5  .5 

.3  2.8 

.15 

1.44  1.92 

1.44 

Eacabllahlng  a sac  of  inlclal  conditions  la  aasy 
for  valoclcy  and  tamparacura  (top— hat  profiles  %rera 
salactad  in  cha  nozzla  flow)  but  praaancs  problams 
with  regard  to  tha  turbulence  quantities.  Tba  curbu- 
lanca  oodal  used  hare  cannot  copa  <rith  low-Reynolds 
nuaber  turbulanca,  much  lass  transition.  Thacafora, 

CO  ba  rigorous  ona  should  use  cha  model  starting  sc  a 
station  where  Cha  turbulanca  Is  fully  developed  and 
where  radial  profiles  of  k,  e and  g ara  available.  Wa 
follow  cha  practice  to  begin  cha  calculation  at  the 
nozzla  lip  by  aasusdng  i flow.  Turbulence  Is 

than  "turned  on"  at  an  arbitrary  distance  from  cha  noz- 
zla by  aalacclng  Initial  profiles  for  k,  c and  g given 

(18.1) 

(18.2) 

(18.3) 


k - lO"* 


g - 10 


T)(T  - Tp) 


whara  r^(-  .0318  a)  la  Che  nozzla  radius.  Tha  loca- 
tion for  the  beginning  of  tba  turbulent  calculation 
la  then  adjusted  so  chat  the  virtual  origin  of  cha 
caaq>uced  flow  macehes  chat  given  by  cha  ezparlmanc. 

Kota  chat  tha  racanclon  of  laminar  diffusion  In 
aqa  (2)-(4)  does  not  raprasant  an  accampt  to  account 
for  low  turbulanca  Reynolds  number  affect,  but  Is  re- 
quired to  Insure  sufficient  diffusion  In  cha  first 
steps  of  cha  turbulent  calculation,  when  cha  flow  la 
still  aasanclally  laminar. 

EXFEXIMSnAL  DATA 

Racantly  chars  has  baan  renewed  Incarasc  In  cur- 
bulanc  buoyant  jets  and  axparlmancal  Invastlgaclons  of 
tha  scructura  of  the  turbulanca  In  axisymmatrlc  plimss 
hava  finally  appeared [13, 14].  This  follows  a 20-yaar 
Intarval  during  which  Tlh's  maasuraments [ 13 ] for  tha 
profiles  of  mean  camperatura  and  vartleal  velocity 
hava  ramalnad  practically  tmchallangad . In  cha  pea- 
sant study  wa  have  used  tba  data  by  George  at  al[13], 
since  wa  ballave  ebam  to  ba  mora.rallabla.  To  Justify 
this  cholca,  however,  wa  will  describe  cha  points  on 
which  tha  three  cited  scudlaa  agree  and  try  to  ex- 
plain cha  dlffarancas. 

Tha  profiles  of  mean  axcass  (over  cha  ambient) 
camperatura  (AT)  and  vartleal  valoclcy  (D  ) ara  usual- 
ly prasantad  In  dimanslonlass  form  by  giving  chair 
Gaussian  fits: 


1/3 


A azp 


fx*  1^^^  AT 

•g  [72J  - - \ ‘“P 

'0 


(r/x)  = 


(19) 


(20) 


whara  cha  buoyancy  flux  Fq  la  ralatad  by 

Fq"  a.  H/(c  pqTq)  to  tha  enthalpy  flux,  H,  which  In 

cum  la  glvkn  by: 


H - 2tT  c oU  AT  1 + r dr  (21) 

P J * U^ATJ 


Tha  following  values  ara  reported  for  cha  four  con- 
stants By,  A^  and  by  Rafarancas  [13]-[15]: 


George  at  al[13] 
Nakagoma  and  Hlrata[14] 
Yih[15] 


*u 

3.4 

4.7 


®u  ^ 
55  971 

39 

96  11 


ll 

63 

71 


The  Chrea  sacs  of  data  ara  In  substantial  agraa- 
mant  only  with  refaranca  to  cha  rata  of  spread  of  cha 
tezq)eracura  profile  (constant  B^).  Parc  of  cha  dif- 
ference baewaan  cha  values  for  A^  reported  by  George 
at  al[13]  and  Ylh[13]  Is  dua  to  Cha  fact  that  Che  for- 
mer evaluated  H and,  therefore,  Fq  Including  tha  tur- 
bulent contribution  (cf  aq  (21))  while  tha  latter  did 
not.  If  tUj  la  naglsctad,  tha  Fg  aasoclacad  with 
Gaorga  at  al's  data  Is  reduced  by  17  percent  and  the 
fit  CO  tha  tamparacura  data  requires  A^~  10.3  Instead 
of  9.1.  Ona  can  conclude  chat  cha  maan  tamparacura 
profile  Is  wall  astablishad. 

Tha  situation  Is  quite  different  for  cha  velocity 
Bwasuramancs.  Ylh's  maasuramants , which  ware  obcainad 
using  a fan  anamomatar,  imply  that  cha  velocity  pro- 
file la  narrower  chan  cha  camparatura  profile.  The 
ocher  two  studies  [13,14]  coma  to  cha  opposite  result. 
In  our  opinion  chase  ara  closer  to  cha  truth,  since 
they  involved  a more  reliable  tachnlqua  based  on  hot- 
%flra  anamomacry  with  a procedure  for  cha  Intarpraca- 
tlon  of  Cha  signal,  which  accounts  for  cha  Inscancana- 
ous  value  of  cha  taaq>eracura.  Kota  chat  what  la  glvan 
by  Gaorga  at  al[13]  for  By  Is  a "racosaiandad"  value, 
which  takes  into  account  Cha  possible  ovaresclmata  of 
the  one-wlra  probe  near  cha  edges  of  tha  plume.  A fit 
through  Cha  actual  data  points  would  give  By>  45, 
which  Is  In  good  agreamanc  with  tha  value  raporcad  by 
Nakagoma  and  Blraca[14]. 

Evan  though  a final  Judgment  probably  must  wait 
for  maasuramants  obcainad  with  a velocity  probe  which 
doas  not  suffer  directional  ambiguity,  cha  above  con- 
alderaclona  are  the  basis  for  our  cholca  of  Gaorga  at 
al's  rasqlcs  for  tha  comparisons  with  tha  model  pre- 
dictions dlscussad  In  cha  following  section. 

NUMERICAL  PREDICTIONS 

The  model  predictions  for  the  radial  profiles  of 
maan  and  fluctuating  componancs  of  vertical  velocity 
and  tamparacura  ara  shown  in  dimanslonlass  form  In 
Figs  1-4.  As  can  ba  seen,  there  Is  overall  good  agree- 
ment baewaan  chaory  and  axparlmanc  for  all  four  quan- 
tities. Tha  calculated  profiles  of  maan  varlablas  es- 
sentially raach  cha  self -preserving  state  at  about 
eight  diameters,  while  choae  of  the  fluctuating  compon- 
ents raqulra  more  tlma.  Tha  modal  predicts  that  at 
Cha  last  station  at  which  maasurasMnes  wars  made  by 
Gaorga  at  al[13],  l.e.,  16  dlamecara  from  the  source, 
all  profiles  arc  salf-prasarvlng.  Howavar,  since  tha 
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th«ory  K not  capobl*  of  accurataly  oodaling  tha  ini- 
tial growth  of  tha  turbulanea,  tha  daparture,  which 
wa  baliava  to  ba  aaall*  of  tha  condltlona  of  tha  ax- 
parimaot  froo  aalf-praaarvation  ahould  ba  judgad  on 
tha  baala  of  tha  data  Itaalf  and  not  on  the  results 
of  the  prediction. 

The  calculated  profile  of  shear  strast  shown  In 
Fig  S laplies  chat  the  turbulent  transport  of  moman- 
cua  la  greater  chan  chat  calculacad  and  aaasurad  for 
a round  forced  Jet  by  about  45  and  90  percent  raspac- 
Clvaly(6].  This  result  Is  contrasted  by  Che  observa- 
tion chat  the  longitudinal  coaponanc  of  the  turbu- 
lence Intensity  Is  of  slallar  aagnltude  In  the  two 
cases  on  the  axis  of  both  flows 

and  Che  rest  of 'the  radial  profiles  are  also  vary 
slallar) • It  Is  reasonabla  to  Infer  chat  the  action 
of  buoyancy  probably  does  not  have  a vary  strong  af- 
fect on  the  level  of  tha  components  of  the  turbulence 
kinetic  energy. 

The  situation  is  quits  different  with  reference 
CO  the  taaq>arscura  field.  The  relative  intensity  of 
csaparacura  fluctuatloaa,  Is  SMssured  by 

George  cc  al[131  as  being  about  .38  on  the  axla, 
while  forced  jet  data  for  the  sasw  quantity  seem  to 
Indicate  a much  lower  value  (>.22,  cf  Kaferencalb]) . 
This  result  Is  particularly  remarkable  since  buoyancy 
does  not  enter  directly  In  the  g-equatlon  and  should 
be  evaluated  by  ramambaring  tbs  unusually  large  value 
of  dissipation  (Cg2'  2.8  in  eq  (13)),  which  la  re- 
quired CO  obtain  a predicted  level  of  campecacuce 
fluctuations  In  llna  with  the  azparlaanc. 

The  turbulent  Frandtl  number,  o-, gives  an  Indi- 
cation of  Che  relative  Intensltiaa  of  heat  and  momsn- 
cua  transport.  Tha  values  plotted  In  Fig  5,  which 
wars  calculated  using  aq  (17),  are  In  the  range  .7-. 8 
usually  raeonandad  for  computing  hast  transfer  in 
nod-buoyant  round  jets. 

A further  Indication  of  the  fact  that  tha  buoyant 
jet  has  more  vigorous  lateral  transport  chan  the 
forced  jac  Is  given  by  the  entrainment  data  plotted 
In  Fig.  6.  Ue  have  chosen  to  present  these  results  by 
using  the  entrainment  coefficient  K,  defined  by  Rlcou 
and  Spalding [16]  as: 

where  M Is  Che  mass  flinc  In  the  plums  and  V Is  the 
total  momentum,  given  by: 


f f u*-  u‘ 

) 

W - 2r  0 cMl  + -= 

r dr 

(23) 

J X 1 uJ 

0 X 

J 

The  value  of  K calciUaced 

for  the 

thermal  pluma 

la  about  .55,  as  Indicated  by  the  dashed  line  In  Fig  6. 
If  one  neglected  the  turbulent  contribution  to  V, 
which  amounts  to  8,3  percent  of  the  total  momentum, 

Che  asynpcoclc  value  of  K would  be  ebouc  .57.  The  re- 
sults for  the  forced  jet,  taken  from  Baference  [6]  and 
also  shown  in  Fig  6,  Indicate  In  chat  caae  a much  low- 
er value  of  K-.29  a^,  therefore,  a difference  of  al- 
most a factor  of  two.  This  result  points  to  the  fact 
chat  alterations  of  chs  turbulanea  structure  due  to 
buoyancy  can  have  e profound  Impact  on  overall  charac- 
teristics of  the  flow,  evsn  chough  ochsr  Indlcscors  of 
the  Intensity  of  the  fluctuations  arc  less  dramstlcal- 
ly  affected. 

Since  turbulence  Is  "stretched'  by  gravity  In  the 
longitudinal  dlraeclon,  ona  would  expect  temperature 
and  velocity  fluctuations  In  that  direction  to  be  high- 
ly correlated.  Therefore,  a quantity  of  Interest  Is 
the  longitudinal  component  of  tha  turbulent  heat  flux. 
Tha  prediction  of  the  model,  presented  In  the  form  of 
a correlation  coefficient,  la  shown  In  Fig  7.  The 
data  by  George  et  al[13]  Indicate  chat  this  coeffi- 
cient la  roughly  constant  and  equal  to  ..67,  while  the 
data  by  Nskagoma  and  Hlrata[14],  which  have  more  scat- 
ter, l^ly  a value  of  about  .5.  As  can  ba  seen,  the 
numerical  predictions  fall  somawhers  bstveen  these  two 
secs  of  data.  Selecting  a valtie  of  .3,  Instead  of  .5, 
°t2  v°*>2.d  make  the  calculacad  correlation  coeffi- 
cient agree  alMst  exactly  with  George  at  al's  maas- 
uremsnts.  This  indication  Is  In  agreement  with  the 
recommandaclons  contained  In  the  recant  ravlaw  by 
Launder [10]  and  suggests  chst  only  30,  Inscasd  of  50 
percent,  of  the  heat  flux  generated  by  mean  strain 
and  buoyancy  Is  directly  removed  by  chs  prsssure 
fluctuations. 

Note  that  Che  numerical  modal  predicts  that  12 
percent  (the  data  of  Gaorga  at  al  wtnUd  Indicate  17 
percent)  of  the  total  longitudinal  heat  flux  Is  con- 
tributed by  the  turbulent  fluctuations.  If  tha  cor- 
responding turbulent  term  In  chs  energy  equation  (cf 
eq  (3)  in  Table  1)  were  neglected,  tha  calculacad  naan 
cemparacuras  would  be  coo  large  by  10-20  percent,  be- 
cauaa  the  total  heat  flux,  H,  Is  conserved  In  the  ther- 
mal pluma  and  chera  Is  no  contribution  to  B due  to 


Fig.  5 Calculated  radial  profiles 

of  turbulent  shear  stress  and 
Frandtl  number 
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Fig.  6 Calculmtad  variation  of  tha  ancralnaant 

coafflelant  with  dlttanca  from  tha  aourca 
for  forcad  [6]  and  buoyant  Jata  (d-nozzla  dla) 


turbulanca  at  tha  baginning  of  tha  calculation,^  idiara 
tha  flow  la  aaauaad  to  ba  laminar. 

Bafora  concluding.  It  la  appropriate  to  conaldar 
tha  ralatlva  nagnltudaa  of  tha  dlffarant  taraa  antar- 
Ing  In  tha  tranaport  aquatlona  for  k and  g.  Wa  will 
do  ao  by  dlacuaalng  tha  profUaa  In  Flga  8 and  9 and 
by  making  rafaranca  to  tha  forcad  Jat  caaa,  atudlad 
alaawfaara(6].  With  regard  to  tha  balance  for  the  tur- 
bulence kinetic  energy  (Fig  8) , the  reaulta  In  Rafar- 
anca  [6]  ahow  that  tha  normalized  magnitude  of  the 
dlaalpatlon  In  the  thermal  plume  la  very  cloaa  to  that 
obtained  for  the  forced  Jet.  The  production  tarma, 
however,  are  quite  different:  tha  total  k-productlon 
la  aoma  20  percent  lower  than  tha  total  dlaalpatlon 
for  the  forced  Jet,  30  percent  higher  for  the  buoyant 
Jat. 

Tha  Intareatlng  raault  la  that  dlract  buoyancy 
affeeta,  through  tha  term  -ag  p^uj^/?,  era  only  par- 
tially reaponalbla  for  the  azcaaa  production  of  k;  tha 
raat  of  thla  azcaaa  comaa  from  higher  lavala  of  ahetr. 
In  addition,  thera  la  a non-nagllglble  affect  dua  to 
the  aacondary  eoaaionanta  of  the  attain  tanaor. 

The  term  - u^  azampla,  haa  an  ovar- 

all  negative  contribution  which  amounta  to  17  parcant 
of  tha  total  production  of  k.  VIhan  one  conaldera  that 
tha  contribution  dua  to  buoyancy  la  of  tha  order  of  23 
parcant.  It  la  clear  that  It  la  not  appropriate  to 
dlacrimlnata  agalnat  the  contrlbutlona  from  the  aec- 
ondary  componanta  of  attain  by  naglactlng  then.  Thla 
la  true,  even  chough  chaaa  componanta  almoac  cancel 
each  other  out.  If  one  la  Intareatad  In  making  a mora 
accuraca  aaclMta  of  Che  repartition  of  k among  Ita 
componanca. 

The  profUaa  of  the  tarma  entering  the  balance  In 
tha  g-equatlon  era  ahown  In  Fig  9.  Tha  plot  la  analo- 
goua  CO  the  one  referring  to  tha  forced  Jat  caaa  az- 
cape  for  two  dacalla.  Tha  magnitude  of  tha  production 
and  dlaalpatlon  of  g In  Che  buoyant  flow  la  almoat  2.5 
clmaa  larger  chan  In  tha  forcad  caaa.  Furthermore, 
the  production  of  g dua  to  the  longitudinal  componant 
of  tha  turbulent  haat  fluz,  whlla  negligible  In  tha 
forcad  Jet,  glvaa  a more  algnlflcant  contribution  In 
tha  buoyant  caaa.  It  ahould  be  pointed  out,  chough, 
chat  tha  ovarall  magnlcuda  of  auch  contribution,  which 
la  b.3  parcant  of  tha  total,  la  not  aa  large  aa  ona 
might  Infer  from  Fig  9,  alnce  the  largaat  valuaa  occur 
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near  the  azla.  Daaplte  thla  raault,  which  ahowa  tha 
ovarall  effect  not  to  be  coo  important,  we  would  argue 
chat  the  term  ahould  be  Included,  alnce  Ita  magnitude 
may  be  much  greater  In  buoyant  flowa  other  chan  Che 
one  examined  here,  particularly  conaldering  that  the 
term  in  queaclon  can  ba  evaluated  ualng  the  ASM  ap- 
proach %rlth  very  little  effort. 

CONCLUSIONS 

Wa  have  preaanted  theoretical  pradlcclona  of  an 
azlaymmetrlc  buoyant  Jet,  which  are  baaed  on  an  Im- 
proved veralon  of  Che  k-£-g  technique.  Tha  Improve- 
ment waa  obcalnad  by  finding  approximate  algebraic 
aoluclona  to  model  aquatlona  for  Che  Raynolda  acraa- 
aaa  and  for  the  componanta  of  the  turbulent  haat  flux. 
Thla  algabraic  acraaa  modeling  (ASM)  approach  allowa 
for  departuraa  of  the  large-acale  eddlea  from  laotropy, 
without  requiring  the  aolutlon  of  a large  number  of 
differentia  aquatlona.  In  addition,  the  pr  ducclon 
of  turbulence  kinetic  energy  directly  aaaoc..ated  with 
buoyancy  can  ba  evaluated  with  no  further  aaaumpclona. 

Since  the  formulation  of  the  model  waa  auch  chat 
cerma,  which  are  uaually  neglected  in  boundary  layer 
creacmenta,  could  be  evaluated  with  little  additional 
effort,  aoma  of  theae  tarma  ware  included  in  the  com- 
putatlona.  Aa  a raault,  we  found  chat: 

1 The  longitudinal  component  of  the  turbulent 
haat  fluz  accounta  for  12-17  percent  of  the  total  heat 
fluz  In  the  plume; 

2 The  aecondary  componanta  of  Che  acraln  tanaor 
give  a algnlflcant  contribution  to  the  production  of 
turbulence  kinetic  energy; 

3 The  aourca  of  temperature  fluccuatlona  aaaoci- 
ated  with  Che  longitudinal  turbulent  haat  fluz,  while 
only  6.3  percent  of  the  total  in  the  caae  conaldered, 
can  be  of  greater  Importance  la  other  alcuatlona. 


AttM  OMW.  r/i 


Fig.  7 Radial  profile  of  vertical  component  of 
turbulent  heat  fluz 
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Fig.  8 RAdlal  dlatTlbutios  of 
production/dlsalpatloii 
term*  Is  tha  k-aquation. 
Tha  radiua  r c^j  lapraaants 
tha  dlatanca  croc  tha  axis 
at  which  tha  vartlcal 
valoclty  0^  raachaa  half 
Ita  cancacllna  valua. 


Fig.  9 Radial  diatrlbutlon  of 
productlon/dlatlpaclon 
taraa  In  tha  g-aquatlos. 

Tha  radiua  r rapraaanta 
tha  dlatanca 'IroB  tha  axla 
at  which  tha  axeaaa  taopar- 
acura  AT  raachaa  half  ita 
cantarllna  valua. 


Sonawhat  unaxpactad  waa  tha  naad  to  Incraaaa  tha 
aagaituda  of  tha  dlaalpacion  of  taaparatura  fluetua- 
tiona  by  chooalng  a larga  valua  (2.80)  for  tha  con- 
atant  c ..  Ua  poatulata  that  part  of  auch  Incraaaa 
la  dua  Co  buoyaney-lnducad  aaiaoctopy  at  tha  acala, 
whara  dlaalpation  takaa  placa.  Ralatad  to  thla  quaa- 
tlon  la  tha  oodaling  of  tha  tan  rapraaantlng  pro- 
duction of  e dua  to  buoyancy;  If  turbulanca  wara  lao- 
troplc  at  tha  dlaalpation  ac^a,  auch  a tars  ahould 
ba  nagUglbla.  Tha  fact  that  our  caleulationa  indi- 
cate that  it  cannot  ba  naglactad  aaaaa  to  further 
challanga  tha  aaaunptlon  of  aaall-acala  laotropy.  We 
realize  that  thla  raault  la  not  conclualva;  howavar, 
it  ralaaa  aone  quaatlona  aa  to  the  extant  of  tha  la- 
provaaanta  of  the  aodallng  technique  which  ara  re- 
quired whan  buoyancy  la  preaent. 
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ABSTRAg 


NOMENCLATURE 


In  thit  popar  a mathamotieol  modal  it  pratantad  for 
rha  pradlcfion  of  ipraoding  and  rising  of  submoigad  round 
buoyant  jati  ditchargad  into  a itratiriad,  flawing  ombiant 
fluid.  This  is  tha  typa  of  flow  that  axists  in  tha  amission 
of  hot  chimnay  gosat  into  tha  otmosphara  or  of  coaling 
watar  into  tha  ocaon  or  lokas. 

Tha  modal  it  basad  on  tha  diffarantial  aquations  for 
tha  eonsarvatien  of  man,  momantum,  eoneantration  and 
thormal  anorgy.  Thata  ora  trontfarmad  by  vactor  oparationt 
in  o ttroamwisa  coordinota  lyttom  and  intagrotod  in  tha 
angular  and  radial  diroetions  using  lymmatry  and  similarity 
assumptions.  Tha  ratulting  sat  of  non>linoarf!rtt>ardar 
diffarantial  aquations  diffors  from  tha  aquations  dovalopad 
by  othor  outhen  who  havo  alto  oppliod  tha  intagrol 
mathod  (toe.  2). 

In  ardor  to  oehiava  datura  a now  antrainmont  hjnc* 
tien  is  dorivod  by  combining  tha  moan  kinotic  anargy 
aquation  with  tha  intogral  form  of  tha  s -momantum  aqua- 
tion (sac.  3).  This  function  contains  flvo  ompirieally  fitted 
coafficiantt,  hold  constant  evor  oil  subsaquant  pradietiont. 
Adding  tha  aquation  of  state  for  air  in  a potential  attnot- 
phara,  the  sat  of  aquations  con  ba  solved  numerically. 

At  0 consaquanca  of  tha  assumptions  used  in  tha 
darivotion,  the  simulation  modal  it  rostrietad  to  initially 
round,  buoyant  or  non-buoyont  jets  with  two-dimensional 
tra|actariat  ditchargad  continuously  into  non-racirculating 
flmas  with  opprastimataiy  uniform  bockgreund  velocity. 
Hovmvar,  ombiant  turbulonca  and  density  stratification  due 
to  noft-unifarm  tanporotura  or  salinity  distribution  ora 
parmittad,  even  if  the  density  grodiont  chongat  leyerwita, 
in  contrast  to  ether  medals.  Furtharmcra,  the  density  dlffa- 
ranca  batwaan  [et  ond  ambient  flew  may  ba  large  bacousa 
tha  common  Boussinatq  onumption  wot  not  usad. 

Tha  mathomotical  modal  wot  tatted  by  comparing  tha 
results  with  published  data  for  about  80  diffdrant  fat  flows. 
Theta  flows  rongo  from  tha  simple  momantum  fat  to  buoyant 
plumes  in  stratified  erott-winds  with  tamparatura  inversion. 
Section  5 gives  soma  axomplat  of  tha  good  ograamant 
batwaan  prodiction  and  axparimant. 


A. 

1 

antrainmont  coafficiantt 

b 

nominal  jet  radius  (oqu.  2.  IT) 

C 

circumforonca  of  the  fat 

c 

eoneantration  (e  ■ c + c') 

'0 

drag  eoaffieiant 

c 

p 

specific  hoot  at  constant  pressura 

D 

fat  diomator 

E 

antrainmont  rata  (aqu.  2.2S) 

F 

local  dansimetrie  Frouda  number 

Fr 

Froude  number  (sac.  5} 

1 

grovity  vector 

^ 

i.  i,  k 

unit  v«ctori  (xp  y,  i->s/tt«n) 

V 

[ unit  vocters  (i,  r,  .^tystam) 

L 

00 

moero  scale  of  the  onargy-eontaining  eddies 

P _ 

prostura 

r' 

local  fat  radius,  R ■ fT*'  b 

half-width  of  tha  moon  axcast  velocity  profile 

tt  r,  > 

coordinates  of  tha  ttroamwisa  tyttom 

T 

absolute  tamparatura 

u,  V,  w 

local  velocity  components  in  tha  t,  r,  ^ 

directions,  raspactivaiy^  (u  ■ u u'  ■ 

u + u . ♦ u',  ate.) 
g a 

u 

fraa-straom  velocity 

OD 

“g'  Vl 

fraa-straom  velocity  eomponants  in  tha 

'-g  J 

1 t,  r,  directions,  raspactivaly 

“d'  Vl 

1 axcast  velocity  eomponants  in  tha  t,  r,  ^ 

'IsL  J 

r directions,  raspactivaly 

fraa-straom  turbulonca  intomity 

7.  * 

eoerdi nates  of  the  Cortotian  tystom  located  at 

tha  jot  exit 

i 
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c 

t 


x>  y. 


z 


“mox 
^ z 

C 

3 

X 

s 


p 

{ ) 

( )' 


coordlnatai  of  th«  Cartatian  syitam  located  1 . INTRODUCTION 


ot  point  P (»  , 0) 
o 

maximuni  hoight  of  riso 

local  [ot  dionwtar,  ^ z * 2 ■ R(s) 

dlmoroionlMi  ontrainmont  function  (aqu.  3.19) 

angle  of  tfta  jet  trajectory  (fig.  2.1) 

spreading  ratio  (equ.  2.17) 

density,  9*J 

ot  diffuser  outlet  (s  ■ 0) 

at  end  of  flow  establishment  zone  (s  * s ) 

o 

free  stream  value 

quantity  of  the  potential  system  (see.  4) 

time  averaged  value 

fluctuating  component 

asscess  component,  a.g.  u . > 0 ■>  u 
d 9 

ffee-straom  component,  e.g.  u^  ■ u - u^ 

excess  compottant  at  the  jet  canter  line, 
a.g.  u*  ■ ujCs,  0) 


The  amission  of  noxious  gases  into  the  atmosphere 
or  of  sewage  into  rivers  ond  lakes  is  often  unavoidoole  for 
rechnicol  reasons.  Furthermore,  it  would  be  very  wasteful 
not  to  use  naturol  recycling  processes.  However,  to  B'-^ecf 
our  environment  it  is  necessary  that 

• only  such  pollutants  are  exhausrad  which  ore 
degradable, 

- the  total  amount  of  eoch  pollutant  is  matched  to 
natures  ability  to  degrade  these  pollutants, 

- the  local  concentrations  of  each  pollutant  remains 
below  a tolerable  value. 

To  fulfill  these  requirements  interdisciplinary  research  is 
needed.  Biologists  and  chemists  must  investigate  the  affects 
of  certain  concentrations  of  pollutants  on  human  life  and 
the  ecological  system  in  general.  Fluid  mechanics  engineers 
and  physicists  have  to  predict  the  plume  path  and  the 
dilution  to  os  to  design  optimal  discharge  equipment  and  to 
give  the  bosis  for  ecological  assessment. 


Fig.  2.1;  Definition  sketch 
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2.  OERIVATION  OF  THE  INTEGRAL  FORM  OF 

STATIONS  governin6  the  jet  behavior 

From  o mathamotical  point  of  viaw  tho  iprooding  of 
o jot  is  on  initial  voluo  problam,  which  is  axoctly  das' 
cribod  by  tho  basic  oifforontiol  aquations  of  fluid  mecha- 
nics and  the  appropriate  boundary  conditions-  By  applying 
the  principles  of  eonsiHvotion  of  mass,  momentum  and 
thermal  energy  to  o turoulent  flow  which  is  steady  with 
respect  to  the  mean  motion,  the  following  equations  in 
general  vector  form  are  obtained  /16/; 


continuity  aquation  of  mass 
” jTai5*5iiv'7 

continuity  equation  of  momentum: 

continuity  equation  of  o scalar  quontity: 

”.jrac.(5c)'t-j-c-i.v'v  —O' 

continuity  aquation  of  thermal  energy: 

T— O’ 


(2.1) 


(2.2) 


(2.3) 


(2.4) 


with  velocity  vector  7,  density  g , concantrotion  e, 
temperature  T,  pressure  p and  gravity  vector 
(see  fig.  2. 1). 

After  resolving  the  local  prassire  gradient  into  the 
hydrostatic  pressure  gradient  and  the  remaining  diffaranea 
gradient,  grad  p .,  introducing  a system  of  orthogonal 
curvilinear  coomnates  (s,  r,  ^ as  done  by  Hint  /)!/ 
it  follows 


continuity  aquation  of  moo: 

s[T5fc4iC~)4|f-, 


T «,J 


(2.5) 


momentum  aquation  in  s-dlreetion: 


(2.6) 


momentum  •quotion  !n  y-dir*crion: 

-^.<'*i-iJ-sino»v.||J.^rt^.sin.y'»>j..S*.cotors^S^'lw^cose 

♦v-w-^^tycos^vt^l^cose 

«— ^-cos8*^.^v).sin^un.0*4^'V^)’“*?**^®  (2.7) 

momentum  equation  in  z-d!rection: 

-U.-V.  K]|.itn0 

*VAw.(/W<Be**«f9^.co»elMDS0 

c .jp"  (2.8) 

fin  0-^.^i»^.dnf.c«s6-4^f^(wyot^.Oi.0 


continuity  equation  of  a scalar  quantity; 

continuity  aquotion  of  thermal  energy: 


(2.9) 


(2. 10) 


The  unknowns  u,  v,  w,  g , p^,  c ond  T are  dependant 
upon  s,  r and  p,  os  is  the  shorthand  notation 
s(w  r ■ sin  p • dO/ds  resulting  from  the  coodinota  trans- 
formation. 

Although  the  aquations  become  more  complleotad,  the 
field  quantities  must  be  reselvad  into  their  mean  and  turbu- 
lent ports  (u  V u 't  u'  etc.)  and  the  mean  quantities  into 
their  background  and  excen  cempenents.  If  the  system  is 
to  be  Integrated,  this  is  the  only  way  to  insert  the  boun- 
dary conditions  correctly.  We  define  (sea  fig.  2.2): 

u ” u + u . 
g d 


g d 

w * w + w , 
g d 

8 - S + 8 , 

Od  9 

f - T + T . 
at  d 

= " ^ ‘d 


a.ii) 
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Rg.  2.2:  Splitting  of  th*  maan  quantitio  into  oxcan 
and  background  compononts 

Suppoiing  tha  fraa-ttraom  valocity  uo  it  opprOKiniatal)' 
uniform,  using  tha  common  Morkovin-Hypothotot  for  flows 
of  small  Mach  nuirbors  /14/,  assuming  axial  tymmatry  for 
tha  moan  axcass  and  turfaulant  quantitios  and  substituting 
tha  unknown  prassuro  grodiant  grad  py  by  on  ampiricol 
function  for  tha  prastura  forcas  par  jat  tagmant  ds,  tha 
following  tat  of  aquations  is  obtoinod  oftor  intagrating 
with  raspaet  to  fi  from  x Q to  ^ > 271  /Id/: 

continuity  aquotion  of  mass: 

s.  12) 

s-fflomantum  aquation: 

(2. 13) 


y-momantum  aquation: 

>-^U,.St7lQ.[^(T.a.V^-Vi.^].SUia  -O' 


z-momantum  aquation: 


continuity  aquation  of  a tcolar  qtsontity  (aithor  c or  T); 


-O' 

In  addition  usa  has  baan  moda  of  tha  boundary  loyar 
approximation  of  Prondtl  and  tarms  of  small  mognituda 
hova  baan  droppad.  Introducing  Gauuian  similarity  profTlos 
for  tha  maon  axcass  quantitias,  that  it 

T-i:.-Ti  C«.t)  -TS). 

C -e,-  c^(s,t) 
and  opproximataly 

i-s.-SjC».T)  -s  c»)-e 

tha  variablat  dapanding  on  t and  r con  ba  tubstitutad  by 
a product  of  two  saporata  functions  dapanding  aithar  on 
t or  r.  Using  tha  Laibnitz-Aula  for  tha  difforontiotion  of 
on  integral  with  variable  limits  / 4/ 

X(U  <(N 

(2.18) 

tha  oquotiora  can  ba  integrated  from  r ■ 0 to  tha  assumed 
outer  edge  of  tha  jat  R “ i7' • b or  to  R— »«,  If  tha 
value  of  the  intagri^  bacomos  zero  at  tha  edge,  raspac- 
tivaly. 


Using  the  boundary  conditions 


7iZ  (R) « 7?'(R)  - ^(R)  - C 
^(U)  - ^ mtt  R -TT- 0 


th«  following  tquatiom  oro  obtoinod  /^^/: 
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canfinuity  •quation  of  mow 

(2.20) 

i»^**^*^*^  "2  J.-E 

s-mom*ntum  •quotion: 

(2.21 ) 

--AJ-'o-s*  j-tui9 


O-oquorion; 


centinuily  of  o scalar  trocar; 


(2.23) 


continuity  aquation  of  thormal  onorgy; 


Tha  quantity  X > 1.16  accounts  for  tha  difforont  rotas  of 
sprooding  of  man  and  momontum,  b is  tha  oondnal  fat 
rodius  dafinod  by  aquation  (2. 17)  and  E roproMnts  tha 
voluma  of  ombiont  fluid  vrhich  antroins  into  tha  fat  dua 
to  turbulanca.  E it  dafinod  by 

— «!  CR)-^  (2.25) 

Tha  ft-oquation  rosultt  from  tha  eombinotion  of  tha  momon- 
tum  aquations  in  tha  y and  z diroctlens  ond  doteribos  tha 
voriotien  of  tha  angla  of  inelinotion  with  rasoaet  to  t. 

Thot  tha  craa>corralotiam  v'u',  v'e'  ond  v'T'  vanish 
uutsida  tha  fat  (oqu.  2.19)  it  t^  logical  eontoquanea  of 
tha  attumod  thoar-froa  condition  uq  ■ const  and  of  tha 
additional  suppositian  that  tha  tompototura  and  conean- 
trotion  grodionts  in  tha  ombiont  stroom  ora  ttnoli.  Bock- 
^ound  turbulanca,  howovor,  it  not  oxcludod  providod  it 
it  producod  boyortd  tha  diroct  vicinity  of  tha  jot,  ot  a.g. 
in  tha  cota  of  o plum#  oxhouttod  to  tha  otmoiphara  by  a 
tail  chimney. 

It  it  quita  intorotting  to  neta  that  in  tha  oquotiont 
thora  it  no  ebvioui  indication  of  tha  stota  of  turbulanca 


within  tha  jot,  but  it  would  ba  wrong  to  concluda  that 
tha  fat  bohaviour  would  not  ba  otfoctad  by  turbulanca. 

Tha  dominant  influanca  of  turbulent  motions  on  tha  dova- 
lopmant  of  tha  fiaid  quantities  is  hidden  in  the  entrain* 
mont  axprouion  £,  which  dopendt  totally  on  the  state  of 
salf-ganarotod  and  ambient  turbulanca. 

With  (2.20)  to  (2.24)  o set  of  five  ordinary  difforentiai 
oquotiora  is  obtained  for  the  seven  unknowns:  oxcou  velo- 
city u'*(s),  nominal  jet  radius  b(t),  angle  of  inclination 
0(s),  oxcoa  density  or  density  defect  g *(s),  excess  tom- 
poroture  T*(s),  oxests  concentration  c'^s)  ond  eniroinmont 
E(s).  In  order  to  achieve  cloture,  two  additional  functions 
must  be  speeifiad: 

• an  equation  of  stare  g * g (T,  c)  ond 

• an  entroinmont  hypothetil 

E - E(u*,  b,  8,  g'»,  r*.  c*) 

After  defining  the  initial  conditions  u*(so}/  b(so),  8(so} 
3*(»o)»  T^*o)  “'’9  c*($g)  the  system  of  equations  con  be 
solved  numerically  (sq  Indicates  the  end  of  the  zone  of 
establishment).  If  information  is  required  about  the  jet 
dovalopmant  with  respect  to  y and  z,  the  integrals 


and 


— y^ees  9cs).Jjs 

s. 

I — y* stn.0Cs).ds 


(2.26) 


(2.27) 


must  also  be  solved. 


Using  temporarily  the  common  Bouuinosq  approxi- 
mation and  oswming  the  ambient  fluid  to  be  free  of  turbu- 
lanca and  of  density  stratifieotion,  the  equations  above  con 
be  compared  with  those  published  by  Abraham  /)  /,  Qton 
ond  Kennedy  /5/,  Fan  / 7/,  Hoult,  Foy  and  Forney  /12/, 
Keffer  ond  Baines  /i3/  or  Hirst  /li/,  who  also  applied  the 
integral  method.  Contrary  to  expectations,  however,  their 
oquotiora  are  not  identical  with  the  formulae  developed 
here.  This  difference  is  due  to  the  following: 

- Hint,  in  deriving  his  mathematical  model,  infringed 
the  Leibnitz  rule  for  the  differentiation  of  an  inte- 
gral with  variable  limits  (tee  equ.  2.  18) 

- ail  other  above-mentioned  investigaton,  who 
derived  their  equations  by  using  a control  volume, 
balanced  the  fluxes  incompletely. 

Both  erron  lend  to  the  tome  results.  For  example,  the  inte- 
gral form  of  the  continuity  equation  of  moss  becomes 


jy^e,*m)  T.ir  (2.28) 


instead  of  the  exact  relation 


(2.29) 
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Fig.  2.3  show*  th«  physical  plousibitify  of  (2.29)  far  s 
simple  round  jet  in  o eoflowing  stream.  The  flu*  of 
ambient  fluid  E ■ -vd(R)-R  ■ vd(RK).R<,  which  flows  into 
the  control  volume  due  to  turbulent  fluctuotioru  inside  the 
jet,  only  increoses  the  excea  velocity  section,  morked  oy 
A.  On  the  contrary  equation  (2.28)  calculates  purely 
the  volume  flux  within  the  jet,  dO/ds,  which  yields 


(3.1) 


For  substituting  the  unknown  shear-stress  term,  another 
equation  is  required  which  also  contains  only  mean 
quantities  and  the  cross-correlotlon  v'u'(s,  r).  This  relo- 


tion  is  obtained  by  indefinitely  integrating  the  i-momen- 
tum  equation  with  respect  to  r or  its  dimensionless  form 
H = r/b,  respectively 


♦[i=C^p-si:i0-b-^+£-r(riy>£.cosQ].^ 


(3.2) 


The  hjnctioru  F;  ore  dependent  onti  , Fis  the  locol  densi- 
tTMtric  Froude  number,  defined  by: 


(3.3) 


Fig.  2.3:  Entrainment  for  a round  jet  in  a coflowing 
stream 

uniquely  in  the  special  ease  of  u®  ■ 0 the  correct  con- 
tinuity equation  of  moa.  As  a consequence  "entroinment" 
tokes  another  meaning.  The  entrainment  hypothesis  now 
has  to  exprea  not  only  the  amount  of  ambient  fluid  mixed 
into  the  jet  by  means  of  turbulertce  but  also  the  increase 
of  moa  flux  ^ to  convection  (flow  section  B). 

The  analysis  of  turbulent  jet  flows  requires  a turbu- 
lence or  entrairwnent  hypothesis.  This  empirical  input  to 
the  mathematical  model  together  with  skilful  doto-fitting 
in  order  to  fix  the  constonti  moy  explain  why  Hirst,  Fon 
etc.  neverthelea  obtained  reasonable  agreement  between 
theory  arxi  experirrwnt.  It  is  to  be  expected,  however, 
that  the  use  of  more  accurate  equations  will  diminish  the 
amount  of  empirical  input  necessary  and  will  Improve  the 
accuracy  of  the  predictions. 

3.  DERIVATION  OF  A NEW  ENTRAINMENT  FUNOTON 

Integrating  the  differentiol  form  of  the  mean  kinetic 
ertergy  equotion  in  the  some  way  os  the  equotions  deve- 
loped in  tec.  2 yields: 


In  order  to  facilitate  the  derivation,  Bouainetq  opproxl- 
moted  equations  hove  been  used. 

Combining  (3.1),  (3.2)  and  (2.20)  o differential 
equation  for  the  dlmenslonlea  entrainrrant  function  It  oo- 
tained 


where  I;  are  dimeruionlea  integration  constants. 

From  o mathemotical  point  of  view  t “ -Vjj(R)-R/u*-b 
it  o bourdary  condition;  since  for  n-th  order  differential 
equations  boundary  conditions  of  order  n-l  are  required,  it 
is  necessary  to  specify  the  gradients  In  this  equation.  This 
will  be  carried  out  succeaively  from  the  simplest  to  the 
most  difficult  flow  configuration  by  using  empirical  infor- 
mation. 

Beginning  with  the  momentum  jet  discharged  Into  a 
quiescent  ambient,  equation  (3.4)  reduces  to 


£- 


JL 


(3.5) 


As  it  it  known  from  experiments,  the  jet  width  inereotes 
proportional  to  the  streomwise coordinate  s,  that  Is: 


dft 


(3.6) 


Fallowing  the  dote  of  Albertson  et  ol  / 2/ , the  constants 
ore  db/ds  « 0,114  and  A]  ■ 0.057.  Thus  the  integral 
coratant  most  be  1)  * 1/12  which  can  be  confirmed  by 
calculating 


(3.7) 


For  o timole  buoyant  jet  (u®  ■ 0,  9 ■ it  /2^  the 
basic  form  of  the  entrainment  function  becomes 
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(3.8) 


Sine*  a univanol  c -ralation  is  dcsirad,  •quarion  far 
a mar*  difHculf  flow  configuration  mutt  always  inciud* 
rtioM  for  timplor  cas«t,  i.*.  for  IF— *00  th*  c ~fannula  for 
a buoyant  jot  should  raduc*  to  (5.  U).  Th«r*far*  it  shotld 
hov*  th*  following  form 

a 


ug  * uag-cotO  chongos  in  th*  con*  of  inclination.  Sine* 
th*  *nrrainm*nt  rot*  it  th*r*fay  «ff*cr*d  only  tocondorily, 
th*  t*rm  has  b**n  n*glect*d.  Instood,  on  additional  t*rm 
must  b*  farmulotoo  which  accounts  for  th*  iner*m*nral  in- 
flow of  ambiont  fluid  du*  to  th*  action  of  th*  crou-flow 
inducad  countar-rotating  vortax  pair.  This  vortax  pair, 
typical  of  this  kind  of  flow,  hot  baan  supprassad  by 
applying  th*  symmatry  assumption  in  th*  darivotion  of  th* 
shaor-stran  ralation  (3.2).  Sinca  th*  tiza  of  th*  vortax 
pair  mutt  b*  proportional  to  th*  jot  width,  and  its  inton- 
tity  must  dapand  on  th*  magnitud*  of  th*  vaioeily  compo- 
nant  Vg  * ueg-tin  Q,  th*  following  approach  has  baan  moo* 


and  th*  alraody  wall  known  antrainmant  hypothatis  of 
Fox  /9/ 

(3.10) 


is  thoraby  obtainad. 

In  th*  casa  of  o jat  in  a c^flowing  ttraom  (3.4) 
bacomai 


£' 


a» 


(3.11) 


Maowramantt  of  Fink  /S/  suggast  thot  th*  grodiant 
db/di  could  b*  lubstitutad  by 


(3.12) 


which  whan  non-dimansionalizad  raodt  as  followr 


(3. 16) 


Numorieol  axparimants  showed  that  tha  most  suitobl*  combi- 
nation  of  th*  c -function  ond  (3. 16)  it: 


£ 


(3.17) 


If  in  oddition  to  tha  jat  flow  th*  ombiant  fluid  it 
alto  turbulent,  onothar  additional  antrainmant  tartn  mutt  b* 
spacifiod.  Invastigations  on  chimnay  plumat  mod*  by  Slowton 
and  Gonody  /18/  show  thot  background  turbulanc*  offaets 
abova  all  th*  fdr-fiald  of  a jet,  whor*  tha  anargy-contai- 
ning  eddies  of  otmo^iharic  turbulanc*  con  interact  with  th* 
lorga  teal*  structures  of  th*  jat  turbulanc*.  From  uimansio- 
nal  roasoning  this  suggests  th*  following  ralation; 


Howavar,  renouncing  pouibl*  bettor  soiutiens  in  favour  of 
finolly  obtaining  a ganarolitad  antrainmant  htnetion,  this 
approach  will  not  ba  followad.  Instead  tha  first  gradient 
in  tha  numarotor  of  (3.11)  was  again  raplaead  by  2‘Ai 
and  th*  tacond  on*  wot  dalatad,  this  yields: 


(3.18) 

Howavar,  du*  to  a lock  of  sufficient  axparimantal  infor- 
mation, this  approach  has  not  yat  bean  tasted. 


(3,13)  Adding  (3.17)  and  (3.18),  th*  final  form  of  th*  ao' 

troinmant  hinctien  is  obtained: 


Th*  cooffieiant  A3  was  datarminad  in  on  optimization 
proeoss  by  comparing  th*  thaoratieol  predictions  with  ax- 
parimantal data  of  coocial  jats. 


^ (3. 19) 


Extending  th*  proeadur*  obov*  to  a momanlum  jet 
in  a crou  flow  yields: 

(3.14) 

The  term  containing  th*  gradient  dO/ds  takas  into  account 
that  th*  straomwis*  camponont  of  th*  fraa-stroam  valoeity 


and  this  has  baan  usad  for  all  subsaouant  prodietions.  The 
five  empirically  fitted  coafflciants  ora: 

Ai  - 0.057 
A2  ■ -0.67 
A3  - 10.0 
A4  - 2.0 
A5  ■ ? 

For  mora  data!  Is  so*  /16/. 
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(4.6) 


4.  THE  EQUATION  OF  STATE  IN  A POTENTIAL 

atmosphere 

Sine*  air  is  a comprassibl*  fluid,  the  pressure  p^Q 
in  the  atmospherie  boundary  layer  becomes  smaller  with 
altitude.  This  has  the  additional  complication  that  the 
temperature  of  a rising  plume  not  only  decreases  due  to 
mixing  with  the  cooler  surrounding  air,  but  also  due  to 
expansion.  In  order  to  ovoid  those  difficulties  caused  by 
the  compressibility  of  air,  it  is  very  common  to  introduce 
a fictious  "potential  temperolur"  Tggp,  which  is  defined  os 
the  temperature  a parcel  of  air  of  temperature  Tgg  otkI 
pressure  pg,  would  have  if  it  were  brought  adiabotically 
to  a certain  reference  pressure  p^  o /IS/ .This  then  leads 
to  a so-colled  potential  atmosphere  of  uniform  pressure 
distribution  ond  mokes  pouible  the  calculation  of  jets  in 
both  compressible  and  incompressible  fluids  using  the  some 
mathematical  model. 

For  an  atmosphere  in  hydrostatic  equilibrium  the  po- 
tential temperatur  gradient  dToof/dz  can  be  derived  from 
the  real  temperatur  gradient  dTco/dz  by 


i 

i 


ITU 

^ . 


TL®  ''<1*  ‘py 


(4.1) 


where  the  quotient  of  potential  and  real  temperature 


is  nearly  unity  for  x<S00  m /16/.  The  adiabatic  tempera- 
ture gradient  of  the  real  system  dToq/dz  >-g/cp  * 

-0.0097S  ^/m  is  called  "the  odiobotic  lapse  rate".  By 
applying  (4.1),  the  potential  density 


as  'wo+l-a  Vos  02.  y aZ 


z 


Fig.  4.1;  Modelling  of  otmospheric  boundary  conditions 
5.  RESULTS 

Finally,  the  system  of  equations  has  been  extended  by 
using  the  chain  rule,  nondimensionalising  and  then  solving 
numerically  by  opplying  the  method  of  Runge-Kutta. 

Reformulating  the  equations  in  dimensionless  form 
yielded  the  following  initial  dimensionleu  numbers  which 
determine  the  development  of  oil  jet  properties: 


“ Swpes’ 


arid  its  gradient 

e.*  I— o 4* 


(4.3) 


(4.4) 


e«n  be  obtained,  where  9®P01  TeopQi  (see  fig.  4.1) 
we  reference  values.  The  computer  program  can  aceomo- 
dese  en  eminqihere  in  which  different  temperature  gradients 
enisr  In  different  layers. 


*1w  deroity  defect  at  the  jet  axis  con  be  obtained  by 
,ew<g  **«•  v^versel  gas  low.  This  yields 


(4.5) 


- the  Froude  number  Fr*  u*j/ "j^g  • D 

- the  velocity  ratio  Uco/u'*j 

- the  angle  of  discharge  0j 

- the  potential  temperature  ratio  T^pi/Toopj 

- the  potential  temperature  gradient  dfTcop/Toopj)  / 
d(z/D) 

- the  relative  intensity  of-  background  turbulence 

- the  relative  scale  of  energy-containing  eddies  L^/D 

Dernity  differences  due  to  concentrations  hove  been  simu- 
lated by  varying  odequotely  the  initial  temperature  ratio. 
The  densimetric  Froude  number  F is  a dependent  variable, 
composed  of  the  Froude  number  IFr  and  the  potential  density 
ratio  g'pj/goopj  • fCP'pj/TaBpi). 

Table  5. 1 contains  dato  of  a selection  of  about 
80  diferent  jet  flows  which  hove  been  used  to  test  the 
accuracy  of  the  predictions. 


L 


I*  antb  '•epect  to  s becomes 
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TabalU  5.1:  Summary  of  asporimantal  data  utod  far  vorificarion 

Tha  following  flguroi  giv*  tom*  axomplot  of  th*  good  Rgura  5. 1 prosonti  fha  valoeity  ond  coneanlration  docoy 

ogroomant  botwoon  thoorotical  ond  axporimantal  rotulh.  of  rh«  cantor  lino  of  timpla  momontum  jott. 


Rg.  5.1:  Cantor  lino  valoeity  and  coneontrotion  docoy  Coneontrotion  docoy  for  round  buoyont  iott 

for  tho  timpio  momontum  jot  (ito  from  rof.  /2/,  /3/,  /7/, 

/I’/). 
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Figur*  S.2  shows  fh«  concantration  dacoy  for  buoy- 
ant jats  disehorgad  into  uniform  quiaseant  ombiant  fluids 
with  dansimatrie  Frouda  numoars  ranging  from  2.3  to  167. 
Tha  axparimantol  data  ora  dua  to  Hoyoshi  and  I to  /10/. 

Tha  maosurad  and  pradietad  trajactorias  and  half- 
widths for  buoyant  jats  disehorgad  at  various  anglos  to 
stably  stratifiod  ombiants  ora  comporad  in  figura  3.3. 


Fig.  3.3:  Buoyant  jots  disehorgad  at  various  onglas  to  a 
stobly  strotifiad  ombiant  fluid  (data  from  raf.  /7/) 


Fig.  3.4  shows  tho  doeraosa  of  tha  eantar  lina 
oxeass  valoeity  and  tha  incraosa  of  tha  momantum  half 
width  for  a nan-buoyant  jat  dischogad  into  o oo-flowing 
straom.  Tha  aj^orimantal  ^ta  ora  obtainod  from  tha  work 
of  Fink  /3/.  Bacousa  of  tha  ossumptions  usod  in  dariving 
aquation  (3.13)  tha  undorasti motion  of  tha  caleulotad 
half-width  voluas  is  to  ba  axpactad. 


Fig.  3.4:  Momantum  jat  disehorgad  into  o eo-flowing 
straom  (data  from  raf.  /B/). 

Prodictions  and  axparimantol  data  for  non-buoyont 
ond  buoyant  jats  aisehorgod  to  uniform  crosi-fimwt  ora 
eompmad  in  figura  3.3  and  3.6,  rospoetivaly.  Again  tha 
pradietions  for  both  flows,  maosurad  by  Qiu  at  ol  /6/ 
and  Fan  /7/,  ora  quita  aeeurota.  Eqsiolly  good  agraamant 
has  boon  obtoinad  for  othar  valoeity  ratios  and  dansimatrie 
Frouda  numbars  (saa  /16/). 


Rg.  3.6:  Trojaetorias  ond  cantor  lina  concantrotion 
dacoy  for  buoyant  jots  disehorgad  normally  into  uniform 
cross-flows  (data  from  raf.  /7/). 

Rguro  3.7  and  5.3  show  comparisons  batwoan  tha 
trojaetorias  of  ehimnay  plumas  obsorvod  by  Slawson  ond 
Ganody  /17/  and  thoso  pradietad  with  tha  prasant  matha- 
matical  modal.  Tha  prodictions  oro  good,  avan  if  tha 
tamparotura  gradiant  chengos  loyarwiso,  os  fig.  3.8  indi- 
cotas. 


Slawson  at  al  /17/). 
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Ti-el 


Fig.  j.8;  Trajactory  for  a buoyant  eiiimnay  plum*  di<- 
enargad  into  a itrotifiad  erou-wind  with  ramparotura  invar- 
sion  (fiaid  maoturamanti  by  Slowton  at  ai  /IT/). 

AOCNOWLEDGEMENT 

Tha  author  ii  gratahil  to  OFG  ond  SFB  SO  for  tha 
financial  lupport.  Tha  camputaiions  ware  parformad  on  tha 
UNIVAC  1108  eomputar  of  tha  Univartity  of  Kcrlsruha. 

REFERENCES 

/I/  Abraham,  G.:  Tha  Flow  of  Round  Buoyant  Jats 
louing  Vortically  into  Ambiant  Fluid  Flowing  in  o 
Horizontal  Diroction.  Oalft  Hydraulics  Laboratory, 

Pufal.  Nr.  81,  1971 

/V  Albartion,  M.L.,  Day,  Y.B.,  Jonton,  R.A.,  and 

Routo,  H.:  Diffusion  of  Submorgad  Jats.  Trons.  Am. 

* Soc.  Gv.  Eng.,  Vd.  115,  pp.  639-697,  1950 

/)/  Bockar,  H.Y.,  Hottal,  H.C.,  and  Williams,  G.C.: 
Tha  Neszla-Fluid  Coneantrotion  Fiaid  of  tha  Round, 
Turbulont,  Frao  Jat.  Joum.  of  Fluid  AAaeh.,  Vol.  30, 
pp.  285-303,  1967 

/K/  Bronstain,  I.N.  and  Samandjajow,  K.A.:  Toschon- 
buch  dor  Mothamatik.  Toubnor-Varlog,  Laipzig, 

S.  349,  1966 

/3/  Oion,  T.L.,  and  Kannady,  J.F.:  Turbulont  Non- 
buoyont  or  Buoyant  Jats  Dischorgad  into  Flowing  or 
Quioicant  Fluids.  Iowa  Inst,  of  Hydr.  Rosoorch, 

Roport  No.  140,  1972 

/6/  Omi,  V.H.,  and  Goidbarg,  M.B.:  Buoyant  Forcad 
Plumas  in  Cron-flaw.  Joum.  of  tha  Hy^.  DIv., 

Proc.  ASa,  HY9,  pp.  10805-10808,  1974 

/7/  Fan,  L.N.:  Turbulont  Buoyant  Jats  into  Strotifiad 
or  Flawing  AnAiont  Fluids.  California  Institut  of 
Tachnology,  Roport  No.  KH-R-15,  PoMdona,  1967 

/8/  Fink,  L.t  Oar  axialiymmotriseho  Strohl  in  ainar 

turbulonron  GrundstrOmung . Sondorfenehungibaraich 
80  on  dor  Univorsitat  Korlsruho,  Borieht  Nr. 
SFB80/tT/20,  1974 

/9/  Fan,  O.G.:  Forcad  Pluma  in  a Strotifiad  Fluid. 

Joum.  of  Gaoph.  Ras.,  Vol.  75,  pp.  6818-6835, 

1970 


/10/  Hoyoshi,  T.,  and  Ito,  M.:  Initial  Dilution  of 

Effiuant  Discharging  into  Stagnant  Saa  Watar.  Int. 
Symp.  on  Disch.  of  Sow.  from  Soo  Outfalls,  Papar 
No.  26,  London  1974 

/ll/  Hirst,  E.A.:  Anolytis  of  Round,  Turbulont,  Buoyant 
Jats  Dischorgad  to  Flowing  Strotifiad  Ambiants.  Oak 
Ridga  Notional  Laboratory,  Roport  No.  ORNL-4685, 
Oak  Ridga,  1971 

/12/  Houit,  D.P.,  Fay,  J.A.,  and  Fomay,  L.J.: 

A Thoory  of  Pluma  Risa  Comporad  with  Fiaid  Obsor- 
vations.  Journ.  of  Air  Poll.  Contr.  Ass.,  Vol.  19, 
pp.  585-590,  1969 

/13/  Kaffar,  J.F. , and  Bainas,  W.O.:  Tha  Round  Turbu- 
lant  Jat  in  o Cross-Wind.  Joum.  of  Fluid  Mach., 

Vol.  15,  pp.  ■«l-496,.  1963 

/14/  Markovin,  M.V.:  Effacts  of  Comprossibility  on 

Turbulont  Flows.  Colloquas  Intomat.  C.N.R.S.  108, 
Paris  1962. 

/15/  Plata,  E.J.:  Aorodynomic  Choractaristics  of  Afmos- 
phoric  Boundary  Loyors.  US  Atomic  Energy  Commission, 
Division  of  Tochnical  Information,  Oak  Ridga, 
Tannossaa,  1971 

/16/  Schotzmann,  M.:  Auftriobsstrohlan  in  netUrlichan 
Strpmungan  • Entwicklung  ainos  mathamdtischon 
Modalls.  Sondarforschungsbaraich  80  on  dor  Univar- 
sitdt  Korlouha,  Baricht  Nr.  SFB80/T/B6,  1976  , 

/17/  Slowson,  P.R.,  and  Csonody,  G.T.;  Tha  Effect  of 
Atmosphorie  Conditions  on  .Pluma  Rise.  Joum.  of 
Fluid  Mach.,  Vol.  47,  pp.  39-49,  1971 

/18/  Slowson,  P.R.,  ond  Csonody,  G.T.:  On  the  Moon 
Path  of  Buoyant,  Bant-Ovar  Qiimnay  Plumas.  Joum. 
of  Fluid  Mach.,  Vol.  28,  pp.  311-322,  1967 

/19/  Wygnanski,  I.,  and  Fiodlar,  H.:  Soma  Moosuromants 
in  tha  Soif-Prasorving  Jot.  Journ.  of  Fluid  Mach., 

Vol.  38,  pp.  577-612,  1969 


6.  49 


AS  EXPEMMESTAL  E»\'ESTIGATIOS  OF  A rjMULEST  TKEEMAL 


PLOIE  ALONG  AN  ISOTHEBMAL  WALL 
!>r 

■J.  A.  Llburdy 
Mcnphls  Scat*  Uoivarsity 

and 

G.  M.  Faacb 

Tha  Fannsylvanla  Scacc  Unlvarslcy 


ABSTSACT 

Mnaauraaaacs  wart  oiada  on  a cucbulanc  chacmal 
plu»  rasulting  from  a lina  aourea  of  haac  along 
cba  baaa  of  a varclcal  Isocharmal  wall.  Rasulca 
wara  obeainad  for  varioua  valuaa  of  charaal  anargy 
flux  in  tha  pluaa,  and  dlacancaa  abova  cha  aourea, 
within  tha  waakly  buoyant  raglon  of  tha  pluma.  Tha 
raaulta  Ineluda  profllaa  of  naan  valoclty  and  ta^ 
paratura  yecaaa  and  tha  twbolant  quantltlaa  u’,  v', 
w',  t',  u'v' , u't',  and  v't’ . Haan  and  turbulant 
quantltlaa  axhlbltad  local  alallarlty.  In  tama  of 
tha  local  pluaa  tharnal  anargy  flux  and  tha  halght 
abova  tha  aourea.  In  cha  raglon  away  froa  cha  wall. 
Tha  oaaauraaanca  ara  coaparad  with  aarllar  raaulta 
for  natural  convaeclon,  cha  adiabatic  wall  pluaa. 
and  tha  fraa  llna  pluaa.  Tha  raaulta  ara  alao 
axaalnad  In  taraa  of  propoaad  mixing  length  and 
higher  order  curbulaaca  models. 

NOMENCIATUKZ 

. -•  curbulenea  modeling  eonacanca 

Sl-V'S*  S 

C apaclfle  haac 

Cr^  local  Craahoff  numbar.gdx^dT  /v 

g acealaraclon  due  to  gravlcactonal  force 

fc  turbulant  kinetic  energy 

L nomantum  mixing  langch 

Fr^  turbulant  Prandcl  nu^ar 

0^  thatmal  energy  flux  In  pluaa, Eq.(l) 

q T** 

Bx’y’  corralaelon  coafficiaae,x*y'/(x'*)^^^(y'^)^^^ 
T caaparacura 

c claa 

t'  taaparature  fluctuation 

C naan  vartleal  valocley 

u',v',w'  fluceuaelng  valocley  eomponaaea, vertical, 
normal  to  wall,  borlaoneal  and  parallel 
to  wall 

X halght  along  wall 

y dlataaca  normal  te  wall 

S coefficient  of  tharnal  axpanalon 

AT  taaparature  axcaaa.T  - T^ 

i pluaa  width, U • .01  U 

6^/2  pluaa  half  width,  U C 
e rata  of  dlaalpaclon  of  k ° 

turbulant  vlscoaity 
V klnaaaelc  viaeoalty 

S danaley  ^ 

9k>^e>^,  turbulent  Prandtl  nuabara  for  k,  p't 
‘ and  t 


Subacrlpca 

m naflnuw  value 

w ambient  condition 

INTRODUCTION 

Turbulent  tharnal  wall  pluaaa  ara  produced  by  a 
llna  source  of  heat  along  cha  base  of  a vertical 
or  inclined  surface.  Wall  plumes  ara  encountered 
abova  fires  spreading  up  a surface,  abova  baseboard 
heating  eleiaancs,  and  In  ochar  confined  natural  con- 
vection procasaea.  Tha  prasane  Investigation  consl- 
darad  cha  charaal  plume  along  a vertical  wall  during 
cha  initial  scagas  of  wall  heating,  when  cha  wall 
cemparacura  Is  equal  to  cha  ambient  taaparature  (the 
Isochemal  wall  pluaa). 

The  structure  of  cha  pluaa  was  examined  axpari- 
oencally.  Maasuremancs  were  made  of  mean  valoclty, 
mean  cesqieracura  excess,  turbulant  valoclty  compon- 
ents, Reynolds  stress,  camparacura  fluctuations,  and 
caaparacura-valoclcy  correlations.  Various  source 
scrangchs  and  poalclans  above  tha  source  wars  con- 
sidered; however,  experiaencs  wara  limited  to  cha 
fully  turbulent  raglon  far  above  cha  source,  where 
property  variations  (aside  from  cha  buoyant  contri- 
bution of  cha  density  change)  and  gaseous  radiation 
can  be  Ignored. 

Tha  aaaauremencs  ara  examined  In  cha  context 
of  various  machods  of  turbulence  sndallng.  This 
includes  Incsgral  machods  (^-2),  mixing  langch 
models  C^) , and  sacond-ordar  closure  models 
chat  have  bean  applied  to  natural  convection  ^r^ces- 
sas  and  plumes. 

Existing  curbulancs  data  on  well  plumes  ara 
limited  to  measurements  of  scraamwlsa  turbulant  velo- 
city lacsnaicias  la  a charnel  plume  rising  along  a 
vertical  adiabatic  surf aca  <2) , mean  velocity  and 
taaparature  excess  data  ara  available  for  both  cha 
fres  llna  pli«e  (1)  and  tha  adiabatic  wall  pluma  (2). 
More  Infomacion  on  mean  quantities  and  turbulsnea 
characteristics  Is  available  for  related  flows,  and 
the  present  results  will  be  compared  with  these 
maasuremancs,  e.g. , natural  convaeclon  froa  a heated 
vertical  plats  and  wall  Jets  (10). 

AFFABATDS  AMD  PROCEDURE 

Figure  1 la  a skatch  of  cha  test  wall,  along 
with  its  dimensions.  Tha  rear  wall  of  the  apparatus 
was  cooled  by  water  circulation.  The  noncooled  tide 
walls  and  floor  panel  were  employed  to  minimise  the 
effect  of  drafts  and  to  provide  a region  of  two- 
dimensional  flow  near  the  centerline  of  the  cooled 
wall. 
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Iht  chcnui.  sourca  u**  provided  by  an  array  of 
diffusion  flaass,  locacsd  along  chs  front  lower  edge 
of  the  wall.  The  flaocs  were  fueled  with  carbon 
Boncxlde  In  order  to  avoid  water  condensation  on  the 
Instrumentation.  The  heat  source  strength  was  varied 
by  adjusting  the  fuel  flow  rate,  using  a pressure 
regulating  valve  In  conjunction  with  a critical  flow 
orifice  for  metering  and  stability. 


Fig.  1 Sketch  of  the  experimental  apparatus 

The  cooling  passages  were  attached  to  the  rear 
side  of  the  test  wall.  Wall  taoperaturas  wore  moni- 
tored with  charBocouples  mounted  In  recesses  cut 
from  the  back  of  the  wall  at  the  posltlona  Indicated 
in  Fig.  1.  By  rapidly  circulating  the  coolant  from 
a large  storage  drum  In  the  vicinity  of  the  test 
area.  It  was  possible  to  maintain  the  wall  ^.3K 

of  Che  ambient  caaperatura  at  all  tharmoeoupla  loca- 
tions. 

Mean  tamparaturas  within  tha  pluaa  ware  measured 
with  a chroswl-alumal  tharmoeoupla  eonstrueced  from 
0.0234  m dlaaatar  wires.  All  other  naaaurasMnts 
were  made  with  tungsten  hot  wire  sansors,  0.00308  mm 
la  diameter  with  approximately  1 an  of  exposed  length. 
The  hot  wires  ware  calibrated  for  tha  gas  tenperature 
range  at  all  overheat  ratios  used  la  the  tests.  In  a 
heated  air  stream.  The  calibrations  ware  correlated 
using  a tenperature  dependent  Susaelt  number-Reynolds 
number  relationship  similar  to  that  proposed  by 
Coins  and  WUllsma  (U). 

The  hot  wire  measurements  employed  two  Thermo 
Systems,  Inc.,  Model  1050  anaaomaters,  e Model  lOlSC 
correlator,  and  a Modal  1060  true  r.m.s.  mater.  All 
signals  wars  processed  with  a Hewlatt-Fackard,  Modal 
0T2401B,  Integra -.Ing  digital  voltmeter,  using  one 
minute  Intervals  of  Integration,  timed  with  a Model 
Z309A,  digital  clock. 

Tha  quantities  chat  ware  measured,  and  the  pro- 
cedures used  for  each  messuremenc  era  suaaarlsed  In 
Table  1.  In  order  to  establish  confidence  In  the 


measurements,  tests  were  repeated,  various  overheat 
ratios  were  used,  and  results  were  crosschecked 
using  different  methods.  Within  Che  range  of  test 
conditions  reported  here,  all  measurements  ware 
repeatable  within  132. 


TABLE  1.  MEASURQIENT  TECHNIQUES 


Technique 

Quantity 

Single-wire,  constant 

temperature  at  various 
overheat  ratios 

Fine-wire  thermocouple 

AT 

Slngle-vlre,  constant  current 

AT,?^ 

Single-wire,  conatant 
temperature  at  three 
overheat  ratios 

I’pU'^gU'C* 

Cross-vlrt,  conscanc 
tasparatura 

U , AT , , vP^  ,wP^ , u ' v' 

Cross-wire,  constant  current 
at  low  overheat  ratio 

v' t’ ,c'^ 

The  cvo-dlsMnalonallcy  of  the  flow  was  also 
examined.  Within  0.14  a on  either  side  of  the  center- 
line, temperatures  varied  leas  chan  12  and  velocities 
varied  leas  than  102,  in  no  systematic  way,  for  all 
test  conditions. 

EXFEKIMENTAL  RESULTS 

Test  Conditions 

The  teat  conditions  are  suznarlzed  In  Table  2, 
along  with  the  property  values  used  to  reduce  Che 
dara.  Vertical  distances  are  measured  from  the  base 
of  Che  wall,  which  corresponds  to  the  axle  plane  of 
tha  fuel  Jets.  Tha  thermal  energy  flux  in  the  plume 
was  determined  by  numerically  Integrating  the  velo- 
city and  cesqiaratura  excess  profilas,  using  the  fol- 
lowing expression 

Q - I DOC  AT  dy  (1) 

» Jo  P 

In  the  region  considered  In  the  tests,  the  maximum 
temperature  excess  was  only  13.2  K,  which  mlnimiaed 
the  corrections  of  tha  hot  wire  measurements. 

Mean  Quantities 

■ The  mean  velocity  and  tamparacure  excess  pro- 
files are  plotted  as  a function  of  y/x  in  Figs.  2 and 
3,  where  x Is  measured  from  tha  base  of  the  wall  and 
Includes  no  virtual  origin  correction.  For  compari- 
son, the  figures  also  Include  profilas  obtained  by 
Rouse,  at  el  (1),  for  free  line  plumes;  Grella  end 
Feeth  (2)  for  The  adiabatic  wall  plume;  and  Chaeae- 
wrlght  J9)  for  natural  convection  on  a vertical  iso- 
thermal surface  for  the  range  Gr^  • 3-8.7  x lO^ 

(which  agree  with  more  recent  measurements  by  Smith 
(6)).  Cheesewright  (9)  presents  his  data  In  terms 
0?  (y/x)Gr*i,  however,  y/x  alone  is  nearly  as  satis- 
factory over  his  test  range,  for  the  outer  portions 
of  tha  flow. 

The  plumea  era  wider  than  the  natural  convection 
flow,  with  the  Isothermal  wall  pluaa  profllea  falling 
between  thoaa  of  the  free  line  pluaa  and  the  adia- 
batic wall  plume.  In  tha  outer  regions.  It  appears 
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:hat  ch*  surface  tends  to  stabilise  lateral  ootion 
and  slxlng.  causing  flows  with  the  region  of  niaxlinua 
buoyance  concentrated  neerer  to  the  wall,  by  virtue 
of  their  boundary  conditions,  to  be  narrower.  The 
velocity  profiles  for  the  isotheraal  wall  pluoe  are 
very  siallar  to  the  profiles  measured  for  radial 
wall  jets  by  Foreh,  at  al  (10),  although  the  y/x 
coordinate  system  does  not  provide  the  best  corre- 
lation of  the  well  Jet  data. 


TABLE  2.  SDMMAinr  OF  TEST  COHDITIONS 


Test 

X 

(a) 

(w7m) 

'■m 

(m/s) 

1 

.47 

59.8 

.349 

5.29 

2 

.47 

156.4 

.463 

9.74 

3 

.47 

283.8 

.575 

13.20 

4 

.94 

116.2 

.429 

3,91 

5 

.94 

239.2 

.520 

6.38 

6 

.94 

325.1 

.516 

8.54 

7 

1.82 

130.9 

.400 

2.58 

3 

1.82 

305.7 

.594 

3.90 

Nominal  asdilanc  conditions:  306K,97.3kN/n^ 


Properties:  Q ■ l.llkg/m^,g  • 9.S01m/s  , ^ 

Cp  • 1.004IcJ/kgK,u  - 16.9  x 10"®n*/s 

Aastimlng  similarity  of  mean  and  turbulent  quan- 
tities, Rouse  ec  al  (^)  determine  a simple  correla- 
tion for  the  variation  of  and  AT^  with  dlstpnce 
from  the  source  for  a free  line  plume.  Similar  to 
the  freo  line  plume,  thermal  energy  flux  In  the 
plums  la  conserved  In  the  adiabatic  wall  plume,  and 
Sralla  and  Faath  (2)  found  that  a similar  expression 
was  valid  at  the  hTgh  Reynolds  number  limit,  whare 
Che  wall  friction  factor  can  be  aasosMd  to  be  con- 
stant or  small  but  varying.  The  same  approach  can 
be  applied  for  the  Isothermal  wall  plume,  if  it  is 
also  aaetimad  that  the  Stanton  ntaber  is  constant  or 
small  but  varying  (12).  However,  since  Che  thermal 
energy  flux  varies  for  the  Isothermal  wall  plume. 
Instead  of  complace  similarity  of  naan  quantities, 
local  similarity  Is  obtained,  based  on  Che  local 
thermal  energy  flux  in  the  pluma.  The  variation  of 
Che  local  thermal  energy  flux  la  the  Isothermal  wall 
pluma  auat  be  decarminad  by  evaluating  the  race  of 
heat  transfer  to  the  wall,  the  procedure  for  this  la 
described  alsawhere  (12) . 

The  variation  in  maximum  maaa  quaacltias  with 
distance  from  the  source  Is  suamarlxad  la  Table  3 
for  Che  three  plumes.  The  tiexlmom  velocity  and 
temperature  parameters  are  reasonably  constant  over 
Che  present  test  range,  when  is  taken  as  the 
local  thermal  energy  flux.  Parameters  for  the  adia- 
batic wall  pluma  and  free  line  plume  ere  also  given 
in  the  cable,  and  exhibit  ebout  Che  same  degree  of 
variation  over  the  test  range.  For  a given  thermal 
energy  content  and  position,  the  maximum  velocity 
and  campecacura  excess  are  greatest  for  the  adia- 
batic wall  pluma,  and  least  for  the  free  line  plums. 
Therefore,  although  the  wall  provides  a momancum 
and  energy  sink,  reduced  mixing  as  a result  of  wall 
stabilisation  of  the  flow  more  chan  offsets  this 
loss. 

The  provlous  results  Indicate  that  chase  flows 
spread  la  a more  or  lass  linear  fashion  with  dls- 


Fig.  2 Mean  velocity  profiles 


TABLE  3.  SCMMART  OF  FLOW  PARAMETERS 


Test  ^ 

8Bx0T„ 

Crx 

(gSQ^/OCp)^^^ 

(gSQ^/oCp)^^^ 

X 10"* 

1 2.91 

5.55 

.62 

2 2.80 

5.38 

1.14 

3 2.86 

4.91 

1.55 

4 2.87 

5.27 

3.67 

5 ' 2.73 

5.31 

5.98 

6 2.45 

5.80 

8.01 

7 2.57 

6.22 

17.56 

8 2.88 

5.34 

26.5 

Averages : 

2.76  i .17 

5.47  + .39 

Adiabatic  Wall  Plume  (2) : 

3.09  + .07 

7.91  ♦ .25 

Free  Line  Plume  (p*: 

2.27 

4.12 

* For  Che  free  line  pluma. 

0 Is  one-half 

the  total 

energy  flux  in  the  pluma. 

cance  from  the  source.  The  free  line  plume  and  the 
adiabatic  wall  pluma  have  a constant  issTlmiM  velocity 
and  Che  temperature  is  proportional  to  x~^. 

The  laochermal  wall  plume  has  nearly  the  same  char- 
acclscics,  except  since  Q,  decreases  with  distance 
from  the  tourca,  Cg  decreases  slowly  (approxlmetely 
proportional  to  x'-O^),  and  AT®  decreases  more  rapidly 
chan  Che  adiabatic  flows  (approximately  proportional 
to  x*i.l*) (12) . For  natural  convection  on  an  Iso- 
thermal surTaca,  AT,  is  constant  by  definition  and 
Ug  Is  proportional  to  xl/2(2). 

Turbulence  Measureswnts 

The  turbulence  maasuraaants  were  limited  to  test 
conditions  2,  3,  4,  and  S.  Figure  4 llluacratas  the 
fluctuating  velocity  components,  normalised  by  the 
maximum  streamwise  velocity.  The  data  is  plotted  In 
tents  of  y/x,  and  y/£i/2>  ''hlch  simplifies 
comparisons  with  other  flows.  The  results  are  simi- 
lar for  the  dlffarent  test  conditions.  The  velocity 
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fluccuaciocs  ara  surly  constant  across  tha  bulk  of 
tba  flou,  dacraaslng  naar  tha  wall.  In  tha  outar 
portions  of  tha  flou,  tha  streanuisa  fluctuations 
ara  about  twlcaaa  large  as  tha  other  two  coaponanta; 
nur  tha  uall  > w'-  > which  Is  typical  of 
boundary  layers.  Tha  struswlsa  velocity  fluctua- 
tions for  tha  adiabatic  uall  plume  O)  are  also 
plotted  for  comparison,  the  results  In  this  casa 
are  very  close  to  tha  present  musuramants. 


Fig.  3 Maan  temperature  ucass  profiles 

Figure  1 also  illustrates  natural  convection 
results  for  Gr^  * i.93  z 10^^,  reported  by  Smith 
(in  this  case  the  plot  is  in  tanas  of  jl&l/l)- 
measufesMnts  have  similar  trends  as  the  present 
results,  but  tha  Intensitlu  are  higher  in  compari- 
son to  Cg.  Although  not  directly  coetparabla,  the 
wall  Jet  musuramants  of  Foreh,  at  el  (10) , are  also 
shown,  these  valuu  ara  still  higher  than  tha  buo- 
yant flows. 

Turbulent  klnatlc  energy  profiles  are  illus- 
trated in  Fig.  5.  In  the  outer  port  jus  of  the  flow 
k is  approziaataly  constant  and  u* ^:v'*:w' ^ " 

(1.2A:  .42:  .3A)k.  Smith  did  not  datamina  w' , how- 
ever, if  it  is  usimed  that  w*  • v',  tha  ratios  for 
natural  convection  in  tha  outar  region  are  u'^tv'^. 
7"-  - (.94:.S3:33)k  . 

Profiles  of  Reynolds  strus  ara  pruented  In 
Fig.  6 along  with  results  for  natural  convection 
and  the  radial  wall  jet.  The  present  values  are 
nearly  constant  across  much  of  tha  flow,  with  a 
small  peak  naar  the  inflecclon  point  of  tha  velocity 
profile.  In  kaaping  with  the  lower  values  of  k for 
tha  present  flow,  the  Reynolds  strasaas  are  lower 
than  tbs  other  two  cues  illustrated  in  the  figure. 
The  strusu  do  not  change  sign  at  the  tea zi mum  velo- 
city position,  and  this  characteristic  is  also  obser- 
ved for  the  wall  jet.  The  ausuramants  for  natural 
convection  do  not  extend  to  the  velocity 

position,  however,  these  ruu^ts  also  show  little 
tendency  to  approach  taro  at  • 0.  Tha  uall  jet 
results,  and  the  present  maasd^eaents  extrapolated 
suggest  that  sign  reversal  occurs  between  • 0 
and  Che  wall,  dua  to  the  uynucrie  mean  ’^velocity 
profile.  The  buoyant  flows  have  additional  buoyant 
generation  of  u'v'  naar  the  wall,  which  further 
impedes  Che  Reynolds  stress  from  approaching  zero  as 
the  sign  of  tha  velocity  gradient  changu,  chan  is 
tha  cue  for  the  wall  Jet  which  exhibits  a more 
pukad  Reynolds  stress  profile. 


Fig.  4 Fluctuating  velocity  components 

Tha  temperature  fluctuation  incansicias  are 
illustrated  in  Fig.  7,  along  with  the  meaauresMncs  for 
natural  convection  obtained  by  Smith  (_6) . For  the 
wall  plume,  temperature  fluettiaclons  reach  a maximum 
naar  the  wall,  and  slowly  decline  in  Che  outer  region. 
Tha  natural  convection  valuaa  show  a much  sharper  peak 
in  the  temperature  fluctuation  profile,  and  ara  gener- 
ally lower  chan  the  present  values. 

The  correlation  coefficients  Ru'v',  Ru't't  and 
Rv’t'  ata  illustrated  in  Fig.  8,  along  with  results 
for  natural  convection  and  tha  radial  wall  Jet.  Tha 
velocity  correlation  coafflclenc,  Ru'v',  is  nearly 
constant  across  much  of  the  present  flow  and  the  values 
ara  generally  somewhat  lower  chan  tha  natural  convec- 
tion aeasuramancs , which  also  exhibit  llccla  variation 
with  position.  The  present  values  of  R^'y'  are  similar 
to  those  reported  by  Porah.  at  al  ,(^)  for  the  wall 
jet  in  the  outer  regions  of  the  flow. 

The  scraamwlsa  velocity  correlation,  Ru'c',  1* 
very  high  near  tha  wall  for  Che  present  flow.  This 
behavior  has  also  been  observed  near  Che  centerline 
Of  free  plumes,  where  valuaa  of  Ru't'  range 

.6-J  have  been  reported.  For  most  locations  Ru'c' 


(6) 

These 
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generally  lower  chan  Che  nacural  convection  oeasure- 
aencs,  calling  in  Che  range  .4-. 6. 


Fig.  S Turbulent  kinetic  energy  prof ilea 


10  »/«. 


Fig.  6 Reynolda  acreae  profUaa 

The  valuea  of  Kv'e'  pluse  and 

natural  convection  are  generally  aloller.  Again, 
due  CO  Che  aavBetrlcal  ceaperacure  profile,  the 
correlaclon  doea  not  change  algn  ac  che 
ceoperacure  poalclon. 

For  the  praaenc  aaaaurannca , che  fact  chac 
Ru'v'  ^'c'  change  algn  near  che  wall, 

and  show  little  tendency  to  do  ao,  and  vary  high 
valuea  of  Su'c'  vara  obaarvad,  ahould  be  created 
with  care;  the  aean  gradlenca  are  large  In  chia 
region  and  wall  affacta  are  praaaat  ao  chac  aaaaure- 
■anca  are  laaa  reliable  chan  choae  In  the  outer 


porclona  of  the  flow.  These  aeaauremencs,  however, 
suggest  potential  difficulties  with  eddy  viscosity 
sodels  of  this  flow,  since  these  sodels  cannot  siau- 
lacc  che  behavior  of  u'v'  and  v' c'  observed  in  che 
present  tests. 


Fig.  7 Fluctuating  ceaperacure  Intensities 


Fig.  3 Correlation  coefficient  profiles 
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tig.  9 Turbulinc  Frandtl  suabar  profile* 

Figure  9 Is  a plot  of  Che  ratio  of  atonancua 
CO  heac  cransporc  by  curbulenca.  This  raclo  Is  an 
effecclva  Prandcl  misiber  defined  as 


scrcss-oean  gradlenc  relaelonshlp  (IJ^) , as  follow* 


— • - 

lay  ay 


(3) 


yielding  a cucbulcnc  vlscoslcy 


U 


c 


(i) 


where  che  alxlng  lengch,  L,  busc  be  prescribed.  An- 
ocher  approach  Involves  che  use  of  Che  square  rooC  of 
Che  curbulenc  klneclc  energy  as  an  approprlace  velo- 
clcy  scale 


(5) 


vh«r*  L Is  prescribed  end  k is  decersiined  by  solving 
e differencial  equation  describing  its  transport  pro- 
cesses. 

The  gradlenc  mixing  length  from  Eqs.  (3)  and  (4) 
Is  ploctsd  for  che  pressnc  resulcs  In  Fig.  10,  along 
wlch  sta< 1 ar  values  for  natural  convection  from  che 
data  of  Smith  (,6)  (Cr^  “ 4.93  x 10^®)  and  the  wall  jet 
from  the  data  of  Porah,  eC  al  (10) . The  values  for 
Che  wall  plums  were  similar  for  che  various  cast  con- 
ditions and  the  present  mixing  lengths  are  averages 
for  Tests  2-3.  Mixing  lengths  are  plotted  for  che 
whole  width  of  che  flow  but  between  the  wall  and  che 
maximum  veloolcy  position  the  square  of  the  mixing 
length  calculated  from  Eq.  (3)  Is  negative  and  a mix- 
ing length  Is  not  properly  defined.  The  mixing  length 
Is  also  Infinitely  large  at  che  naxlmiim  velocity  posi- 
tion for  che  wall  plums  and  wall  jet,  and  large  values 
ar*  encountered  In  the  vicinity  of  this  region. 

Escudler  (19)  has  proposed  a mixing  lengch 
relationship  from  a compilation  of  data  for  flows  near 
walls  as  follows 


Pr.  ■ u'v' 


3U 

1? 


(2) 


US  - .41  y/i;  y/5  < .22  * (6) 


The  scatter  In  the  data  la  appreciable,  hoi  ver,  the 
values  are  approximately  coostanc  over  much  of  the 
flow,  falling  generally  la  the  rang*  0.4-.6.  Near 
the  wall,  Prj  tends  to  increase,  however,  the  values 
are  questionable  In  this  region  since  both  u'v'  and 
v't'  do  not  exhibit  expected  sign  changes  between 
cb*  and  the  wall.  The  natural  convection 

values  are  not  shown,  but  are  generally  dominated  by 
the  mean  profiles;  high  Prsndtl  number  values  occur 
near  Che  maximum  velocity  position,  e.g. , Pr^  • 4 at 
y/£x/2  * wULla  the  values  In  the  outer  region 

decrease  monoconlcslly  since  the  mean  velocity  pro- 
file Is  much  wider  than  the  mean  tamparatur*  profile 
for  natural  convection  (.9). 

MOOELIMC  CONSIOEItATIOHS 

Method*  of  modeling  turbulent  flows  ar*  evolving 
rapidly,  therefore,  modeling  conalderationa  were 
limited  to  method*  which  have  bean  applied  to  buoyant 
flows  along  vertical  surfaces.  This  Includes  mixing 
length  models  for  natural  convection,  e.g.,  Kabeci 
and  Khattab  (£) , Mason  and  Ssban  (^) , and  Noco  and 
Matsumoto  (IST.  A h-c  model  has  also  been  applied 
to  natural  convection  by  Plumb  and  Kennedy  (^)  and 
this  modal  Is  considered  as  wall.  Mors  recent  models 
proposed  by  Launder  (16)  and  Slbson  and  Launder  (17) 
have  thus  fsr  been  only  applied  to  horizontal  flow* 
far  from  surfaces,  and  while  these  methods  are  of 
Interest,  they  have  not  been  considered  In  the  fol- 
lowing. 

Mlxlnx  Lenith  Models 

A mixing  length  model  can  be  developed  using  a 


US  - .09;  y/6  > .22 


(7) 


where  S Is  the  width  of  the  layer  where  the  velocity  Is 
IZ  of  the  free  stream  or  maximum  velocity.  Cebecl  and 
Khattab  (4)  employ  a correlation  for  mixing  length 
which  Includes  a Reynolds  number  correction  near  the 
wall,  but  yield*  L/6  • .075  In  the  outer  region.  Both 
of  these  fcrmula*  are  plotted  In  Fig.  10  for  comparison 
wlch  the  data.  For  che  Cebecl  and  Khattab  equation, 
two  curves  are  presented  for  che  wall  correction  in 
order  to  represent  the  bounds  of  the  present  data. 

The  plume  data  generally  falls  between  the  two  models 
In  the  outer  region,  with  higher  mixing  lengch  values 
observed  for  natural  convection  and  the  wall  Jet, 
although  quantitative  comparison  Is  difficult  due  to 
problems  in  accurately  determining  5 for  all  three 
flows. 

The  mixing  length  based  on  the  square  root,  of  the 
turbulent  kinetic  energy  was  also  evaluated.  The  trends 
are  the  same  as  those  observed  In  Fig.  10,  however,  the 
value*  are  20-30Z  lower.  Thermal  mixing  length*  have 
similar  characteristics,  except  the  values  are  larger 
In  the  outer  region,  as  dictated  by  Pr^. 


Higher  Order  Models 

In  their  analysis  of  turbulent  natural  convection 
along  an  Isothermal  wall.  Plumb  and  Kennedy  (5)  employed 
transport  equations  for  k,  e,  and  q,  as  follow 
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Uj  • C.,ok^/s 


(10) 


Tollovlng  u agrumsnc  givan  by  Laundar  and  Spalding 
(18) , Plumb  and  Kaonady  (^)  also  propoaad 

- CjCqk)^''^  (11) 


Prom  cha  data  obcalnad  In  cha  praaanc  invaatlgaclon, 
1:  la  poaslbla  to  asctmaca  valuas  for  C , C^,  C . , 
and  Cq2.  In  this  craacmanc,  uall  affaccs  ara  " 
not  conaldarad  and  It  should  ba  notad  that  dissipa- 
tion ratas  and  diffusion  quantltlas  ara  not  yat 
avallabla  for  this  flow.  Tha  constant  C4  can  ba 
datarminad  dlraeely  from  tha  prasant  data,  computa- 
tion of  tha  ramalning  parasMtars  Is  conaldarad  In 
tha  following. 

Tha  rasults  shown  In  Fig.  5 Indlcata  tha  Vc/Uq,^ 
Is  approxlmataly  constant  for  a good  portion  of  tha 
flow.  Furtharmora,  tha  anargy  loss  from  tha  pluma  to 
tha  uall  Is  not  vary  larga  ovar  tha  prasant  tast 
rsnga  (12) . and  Q,  doas  not  vary  to  graat  dagraa  with 
halght  abova  tha  sourca.  In  thasa  clrcuautancaa , 
tha  rasults  givan  In  Tabla  3 Indlcata  that  Ug,  and 
tharafora  k,  doas  not  vary  significantly  with  position 
along  tha  uall.  Sines  diffusion  and  convactlon  of  k 
Is  small,  tha  valua  of  Cy  can  ba  astlmatad  by  nag- 
lactlng  thasa  tarms  In  Eq.  (7)  to  obtain 

Cy  ■ C;  [1  - gfi^'/(^^’  ||)|  (12) 

whara 

- (IT^’/k)^  (13) 


Tha  paraaatsr  C'  raprasants  tha  nonbuoyant  contribu- 
tion to  Cy  la  tha  prasant  flow.  j 

Flgura  7 Indlcatas  that  q/AT^  Is  naarly  con- 
stant for  much  of  tha  flow.  Howavar,  from  Tabla  3, 
AT^  a x~^  If  tha  small  raductlons  In  Q,  with  halght 
abova  tha  sourca  ara  Ignorad.  Tharafora  cha  avalu- 
acion  of  Cqi  and  Cq2  must  consldar  convactlon, 
although  diffusion  affaccs  hava  baan  Ignorad.  Tha 
earm  Involving  Cq2  In  Eq.  (9)  raprasants  production 
of  q,  as  follows 

V' If* 

Assolng  chat  Q,  is  constant,  Eq.  (14)  may  ba  solvad 
for  Cqi  to  ylald 


Cql'^t 

2 


(13) 


whara  tha  last  carm  in  this  axpraaslon  Is  dua  to 
convactlon.  Equation  (9)  can  bo  solvad  for  C.2  to 
ylald  ’ 


ProfUaa  of  C’,  C^,  C^,  C^j^,  and  ara  lllus- 


ersted  In  Fig.  11;  tha  valuas  shown  arc  averages 
for  Tests  2-5.  The  naxlmum  cemperatura  and  velocity 
locations  are  close  to  one  another,  and  Cu,  Cqi,,  and 
Cq2  arc  large  In  this  region.  Satwaan  the  wall  and 
the  Taxlaiin  velocity  position,  Cu  Is  gcnarallv  small, 
but  it  Is  negative  since  the  turbulent  shear  stress 
did  not  change  sign  at  tha  maximum  velocity  position. 
In  cha  same  region,  C4,  Cq^,  and  Cq2  exhibit  larga 
variations.  Expcrlmantal  errors  in  the  near  uall 
region  may  ba  a factor  in  this  behavior,  but  tha 
rasults  also  suggest  basic  problems  with  an  eddy 
viscosity  modal  for  the  present  flow,  which  it  typi- 
cal of  asysBccric  flows  in  general. 


Fig.  10  Mixing  length  profUat 
TABLE  4.  MODELLING  (MJNSTA.NTS 


Isocharmal  Wall  Natural  Convactlon 
Pluma  Plumb  and  Rannady  (^) 


.123 

.09 

1 

u 

.06 

— 

4- 

.3 

.3 

ql 

4.5 

2.8 

q2 

2.6 

1.7 

ql^^'ql 

1.73 

1.63 

Tha  results  shown  In  Fig.  11  indlcata  chat  cha 
■odallng  paramatart  tend  to  approach  constant  values 
In  cha  outer  portions  of  cha  flow.  Thasa  values  ara 
ausBurlzad  In  Tabla  4,  along  with  cha  valuas  used  In 
cha  Sana  region  by  Plumb  and  Rannady  (3^)  during  chair 
natural  convactlon  calculations.  Plumb  and  Rannady 
cloaa  Cy  based  on  a valua  recommended  by  Jonas  and 
Launder  (20)  for  nonbuoyant  flows,  Che  valua  mea- 
sured in  cha  present  study  is  about  402  higher, 
while  tha  nonbuoyant  contribution,  raprasantad  by  C.^ 
is  lower  by  a sisLllar  amount.  Plumb  and  Rannady 
chose  C4  from  tha  natural  convection  maasuramantt  of 
Smith  (6) , cha  prasant  maaauramants  glva  assenclally 
cha  sama  valua  of  this  paramatar.  ' Tha  valuas  for  Cg^ 
and  Cq2  ussd  In  Raf.  3 wars  salaccad  on  cha  basis  of 
ciirbulant  pluma  rasults  for  axisynmatric  flows.  Tha 
values  of  thasa  paramatart  found  In  Che  prasant  study 
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ara  hlghtr.  This  Is  dut  :o  cha  fact  chsc  both 
and  Cq2  ara  proportional  to  which  approaches 

2.0  in  cha  prasanc  flow  but  is  generally  lower  In 
axisyoBetric  flows  (IS) . The  ratio  Cqi/Cq2  1*  nearly 
indapendanc  of  Pr^  and  the  present  value  of  this  ratio 
is  nearly  equal  to  the  value  found  in  the  earlier 
work  (^) . 


Pig.  11  Profllaa  of  nodal  constants 
C0N(XUDING  SZMABKS 

The  present  oeasureaants  for  an  Isotharoal 
wall  plume  were  conducted  sufficiently  far  from  the 
source  so  that  weakly  buoyant  approximations  could 
be  applied  to  the  flow.  In  this  region,  mean  quan- 
tleies  in  the  isothermal  wall  plume  exhibited  local 
similarity  based  on  height  above  the  source  and  Cha 
local  thermal  energy  flux  in  the  plume  to  about  the 
same  extent  chat  similarity  has  been  observed  for 
other  plumes.  The  isothermal  wall  plume  is  thicker 
chan  natural  convection  boundary  layer  and  the  adia- 
batic wall  plume,  since  its  point  of  maximum  buoyancy 
is  displaced  from  the  wall.  The  flow  is  thinner  chan 
the  half  width  of  a free  line  plume,  however,  since 
the  presence  of  the  wall  scabilltas  lateral  mixing 
and  meandering  of  the  flow.  When  compared  to  the 
free  line  plume,  the  isothermal  wall  plume  has  greater 
velocities  and  cemparacuras  at  a given  condition,  due 
to  its  reduced  entrainment,  in  spice  of  direct  losses 
to  cha  wall. 

The  local  similarity  integral  modal  provides 
s reasonably  good  correlation  of  cha  naan  properties 
of  cha  flow.  Tamperacura  and  velocity  distributions 
can  be  datemlnad  from  Figs.  1 and  2,  and  Ug  and  2,Tg 
can  be  determined  for  Table  2 for  given  values  of 


and  x. 

Turbulence  quantities  exhibited  similarity ^ 
over  the  test  range.  The  values  of  u'-ZU^*-,  k/L’^*, 
etc. , were  lower  than  those  measured  by  Smith  (^T 
for  natural  convection,  but  q^''‘-/lTg  was  somewhat 
higher.  In  the  outer  regions  of  the  flow  u'-iv''^: 
w'-  had  the  ratios  1.21:. 12: 34,  rather  than  the 
values  .91:33:33  that  have  been  found  for  nonbuoyant 
shear  layers  (16)  suggesting  a buoyant  contribution 
which  increases  the  screamwise  velocity  fluctuations. 

The  modeling  parameters  chat  could  be  calcula- 
ted from  the  present  data  ware  relatively  constant  in 
the  outer  portions  of  the  flow,  but  exhibited  changes 
near  the  wall  and  near  the  maximum  velocity  position, 
since  Reynolds  stresses  did  not  approach  zero  at 
i£  • 0.  Mixing  lengths  in  the  outer  region  agree 
oy  reasonably  well  with  values  in  current  use,  and 
Che  turbulent  Prandcl  number  approached  0.3  which  is 
typical  of  plane  flows  not  influenced  by  a wall. 

Since  Che  present  mixing  length  parameters, 
and  modeling  constants  are  reasonably  normal,  it  is 
expected  that  mixing  length  models  (^,  ^)  and 

k-e-q  models  (5)  should  be  about  as  successful  for 
the  present  flow  as  they  were  for  natural  convection. 
However,  u*v'  and  v'c'  were  not  observed  to  approach 
zero  at  the  velocity  and  temperature  maxima,  and  an 
eddy  viscosity  model  cannot  properly  represent  this 
behavior.  Present  experimental  errors  are  highest 
near  the  wall,  and  this  behavior  could  be  the  result 
of  experimental  difficulties,  however,  it  would  be 
desirable  if  models  based  on  Che  transport  equations 
for  uj^'u. ' and  Uj^'c',  similar  to  those  used  for  buo- 
yant horizontal  flows  (^,  i?) , were  employed  for 
this  flow.  Notably,  Smith  (^)  completed  some  prelim- 
inary  calculations  along  these  lines  which  indicate 
chat  u'v'  reaches  zero  quite  close  to  the  wall  for 
natupal  convection. 
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ABSTRACT 

Measurawants  of  tha  scalar  diffusion  and  mixing 
batMaan  tha  Inner  and  outer  streams  of  a co-ax1a1  Jet 
have  bean  made,  and  a modification  of  the  k-e  turbu- 
lence model  has  been  used  to  model  the  fluid  dynamics, 
diffusion  and  mixing.  Data  was  also  obtained  from 
which  tha  distribution  of  reaction  conversion  of  one 
of  the  mixing  componants  was  dcterarlnad.  The  reac- 
tion was  also  simulated  with  the  modified  k^-e  model. 
Neasuraments  of  the  average  velocities  and  turbulence 
were  made  to  validate  comparison  with  other  Investi- 
gations. 

NOMENCUTURE 

7^  concentration  at  center 

average  concentration  of  component  - 1 

— 7 

c^  segregation  of  component  - 1 

Sj  distance  In  direction  - J 

* stream  function 

turbulent  viscosity 
0 density 

turbulent  Scimildt  niaaber  for  property  - a 
K average  reaction  rate  constant 

k fluctuating  reaction  rate  constant 

k^  turbulence  energy 

c turbulence  energy  dissipation  rate 

T average  temperature 

S reactant  ratio 

reaction  heat 
E|  activation  energy 

F conversion  of  reactant 

A degree  of  mixedness 

IT  average  velocity 

Uj  annular  velocity 

Uj  center  Jet  velocity 

r radius 

•ie>w  at  Lewrooco  Livermore  Lab.,  Livermore, Ca. 


— T 

u^  turbulence 

Y Interdiffusion  of  reactants 

Cf  lieat  capacity 

^ molecular  diffusivlty 

P creation  rate  term 

D decay  rate  term 

Ng  molecular  Schmidt  number 

R gas  constant 

r^  outside  radius  of  Jet  nozzle 

Re  ReynaUe  number 

INTRODUCTION 

Of  the  devices  for  promoting  mixing  between  com- 
ponents of  fluid,  the  simplest  and  most  studied  Is  the 
turbulent  Jet.  Much  has  been  done  to  measure  the  flow 
dynamic  variables  (related  to  momentum  transport)  of 
turbulent  Jets  of  various  geometries.  References  1-15 
represent  only  a sample  of  the  useful  flow  dynamic  data 
available  for  free  and  confined  Jets.  Less  has  been 
done  to  measure  the  variables  related  to  scalar  trans- 
port in  such  Jets,  particularly  the  fluctuating  com- 
ponents of  the  scalar  quantities  needed  to  gain  In- 
sight Into  the  mechanism  of  turbulent  transport.  Ref- 
erences 1.  2,  4,  6,  12,  16,  and  17  are  among  the  few 
known  to  the  authors  where  both  average  and  fluctua- 
ting scalar  quantities  were  measured  in  mixing  Jets. 

Of  greatest  Interest,  of  course,  is  the  mixing 
Jet  with  chemical  reaction  between  the  mixing  compon- 
ents. That  1s,  however,  a very  complex  systmn  and  no 
studies  are  known  to  the  authors  where  experimental 
data  have  been  obtained  for  both  the  average  and  fluc- 
tuating concentrations  of  the  scalar  components.  A 
few  Investigations  where  average  concentrations  and/or 
temperatures  were  measured  In  a Jet  with  reacting  com- 
ponents are  represented  by  References  18-21.  Besides 
the  simultaneous  large  scale  turbulent  diffusion  and 
small  scale  mixing  processes,  measured  by  the  average 
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concentration  and  fluctuating  concentration  Ch«re- 
after  called  segregation)  profiles,  occur Ing  In  a 
mixing  jot,  there  are  also  the  creation  of  segrega- 
tion by  large  scale  turbulent  diffusion,  the  destruc- 
tion of  segregation  - as  moII  as  average  concentra- 
tion - by  the  reaction,  the  generation  of  both  large 
scale  and  snail  scale  tenperature  gradients,  measured 
by  the  average  tenperature  profile  and  fluctuating 
tenperature  profile,  and  effects  of  both  tenperature 
and  conpositlon  on  density  and  viscosity.  Experi- 
mental measurenents  and  attanpts  to  model  these  vari- 
ous aspects  of  the  mixing  jet  with  reaction  trill  be 
discussed  In  what  follows. 

TURBULENT  DIFFUSION  AND  MIXIN6 

In  this  paper,  turbulent  diffusion  refers  to 
transport  fron  points  of  higher  average  concentration 
or  tenperature  to  points  of  lower  average  concentra- 
tion or  tenperature  as  treated  by  Zakkay,  et  al.  (22), 
Flint,  et  al.  (23),  Baldwin  and  Ualsh  (24),  and  He<taan 
and  Snoot  (2S).  Nixing  refers  to  the  reduction  of  the 
local  level  of  a fluctuating  quantity  by  the  conbi na- 
tion of  fluid  elanent  stretching  and  molecular  diffus- 
ion as  described  by  Corrsin  (26,  27),  Brodkey,  et  al. 
(2B,  29),  Hlby  (30),  and  Rosensweig  (31,  32). 

Turbulent  diffusion  has  been  modeled  through  use 
of  the  Lagranglan  approach  to  the  spread  of  the  mix- 
ing co^ranents  by  randan  turbulent  motion  (23,  24,  33) 
but  most  often  by  assialng  a gradient  transport  mech- 
anlsn  with  an  eddy  diffusivlty  (34-38)  to  account  for 
the  combination  of  nolecular  diffusion  and  turbulent 
convection  represented  by  the  u^-correlat1ons.  This 
approach  has,  of  course,  long  been  used  for  turbulent 
heat  transport  but  most  often  with  a constant  eddy^r* 
fuaivity  or  a prescribed  distribution  of  eddy  dlffu- 
slvltles. 


For  the  modeling  work  reported  here,  the  follow- 
ing form  of  two-dimensional  scalar  component  conser- 
vation equation  was  used: 


1*  the  production  term  (negative  of  the  re- 
action rite).  The  two  diffusion  terms  account  for  the 
molecular  and  turbulent  fluxes  mentioned  above. 


The  rate  of  mixing  Is  sonatlmes  called  the  decay 
of  segregation  and  relates  to  the  rate  of  decrease  of 


the  amplitude  of  concentration  fluctuations.  Both 
Corrsin  (26,  27)  and  Rosensweig  (31,  32)  proposed 
equations  for  relating  segregation  decay  rate  to  the 
turbulence  properties.  Since  segregation  may  be  con- 
vected  (diffused)  by  the  large  scale  turbulence, 
Spalding  (1971)  has  proposed  that  a gradient  diffusion 
model  be  applied  to  the  segregation  of  a component  in 
the  same  manner  as  to  the  average  concentration  of  the 
component.  If  the  transport  equation  for  Instantan- 


eous concentration Is  first  multiplied  through  by 
fluctuating  concentration  c^,  the  equation  may  be  re- 


arranged and  simplified  to  (written  for  c,): 
— T — T 

3C.  3C,  _ « ~~y  3C. 


decay  of  ^ by  mixing  decay  of  c^  by  reaction 

The  two-dimensional  conservation  equation  for  segrega- 
tion would  then  take  the  following  form  If  written 
similarly  to  Equation  1: 


- °T1  - °R1  * "Ol  (3) 


where  0^^  and  0^^^  are  the  rates  of  segregation  decay 
caused  by  mixing  and  by  chemical  reaction,  respect- 
j Ively,  and  Is  the  creation  of  segregation  brought 
about  by  large  scale  (gradient)  turbulent  diffusion  of 
the  component. 

CREATION  OF  SEGREGAHON 

The  definition  of  segregation  Is  hl^ly  scale- 
dependent.  If  streams  of  A and  B are  completely  sep- 
arated, small  regions  In  each  stream  are  considered 
to  contain  zero  segregation  In  terms  of  either  compon- 
ent. If,  however,  a region  covering  both  streams  Is 
considered,  the  segregation  In  terms  of  either  com- 
ponent Is  non-zero,  since  both  components  exist  In  the 
region.  According  to  the  derivation  by  Brodkey  (39), 
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the  product  of  the  overall  concentration  of  each  com- 
ponent. when  separation  Is  conpleta.  equals  the  seg- 
regation. Put  another  way,  a mixture  of  two  compon- 
ents which  are  totally  Isnlsclbla,  would  have  a seg- 
regation equal  to  the  product  of  the  average  concen- 
trations of  the  two  components.  If  more  than  one 
component  Is  present,  then  the  segregation  of  each 
co^wnent  Is  determined  as  If  It  were  mixed  with  only 
one  other  component  (the  other  components  are  lunped 
together]. 

Creation  of  segregation  occurs  when  the  scale  of 
separation  of  components  (scale  of  segregation  (39}] 
becomes  smaller  than  the  region  of  consideration. 

That  occurs,  for  Instance,  when  ambient  fluid  Is  en- 
trained Into  a Jet  of  fluid.  At  the  Jet  outlet  the 
segregation  In  terms  of  either  fluid  Is  zero  If  the 
region  considered  Is  significantly  smaller  than  the 
Jet  radius  or  half-width.  As  ambient  fluid  Issitrelned 
downstream,  segregation  Is  created  at  a rate  determined 
by  the  entrainment  rate.  The  rate  of  segregation 
creation  may  be  determined  from  a conservation  equa- 
tion for  average  concentration  product  as  follows: 


3x^  Jxj  Sxj  Jxj 


(4] 


Of  course,  no  diffusion  terms  are  Included  because 
this  Is  not  a true  transport  equation. 


OESTRUCnON  OF  SEGRESATION 

The  rate  of  decay  of  segregation  by  turbulent 
stretching  of  fluid  elements  combined  with  molecular 
diffusion  may  be  represented  by  the  Corrsin  equation 
for  the  Isotropic  mixer:, 
for  Nj  » 1 

Oj  - 20c,/8xj]^  - 2 ^/[4(k,/e]  ♦ 

(v/c]’^*  tn  Nj  3 (5] 

for  Nj  < 1 

- 3 ^ e/4k,  (6) 

Equation  5 applies  to  liquids  and  Equation  6 to  gases. 

SENEMTION  OF  TEMPERATURE  GRADIENTS 

Generation  of  temperature  gradients  by  endo-  or 
exothermic  reaction  leads  to  enhancement  of  local, 
small-scale  gradients  which  may  have  a controlling 
effect  on  local  reaction  rates  (40-42].  This  has  not 
yet  been  conclusively  demonstrated,  because  the  en- 
hancement level  depends  on  the  degree  of  correlation 
between  concentration  and  temperature.  Fora  second- 


order  reaction  this  may  be  expressed  as  follows 
(written  for  C^): 

c^Cj)  - kc.|C2  ■ Cj-  kc^Cj  (7) 

where  K • f(T). 

Positive  values  of  each  of  the  last  three  terms 
of  Equation  7 will  enhance  the  reaction  rate  and  vice 
versa.  Since  exothermic  reaction  causes  local  temper- 
ature Increases  which  usually  Increase  K.  there  Is  a 
tendency  to  drive  the  correlation  kcj’  toward  negative 
In  the  small  scale  (reaction  Interface  thickness)  but 
toward  positive  In  the  Intermediate  scale  (scale  of 
segregation).  Which  of  these  terms  dominates  and  the 
Importance  of  kc^c^  Is  not  yet  known. 

Here  It  Is  assumed  that  the  opposite  kc^-effects 
are  compensating  and  that  Is  of  smaller  Importance 
than  the  average  terms.  The  reaction  rate  Is  then  com- 
puted from: 


» -IC„  exp(-E,{T-T„)/KTr^)(r,r2  ♦ (8) 

where  Tf  ■ Kg  •*P(-Ej(T-T|j]/RTrQ).  Considerable  experi- 
mental work  will  be  required  to  adequately  define  the 
IcT-  correlations  In  order  to  use  Equation  7. 

If  In  Equation  8 Is  large,  many  methods  of 
numerical  solution  will  become  unstable  because  of  the 
product  of  a very  large  and  a very  small  nunber.  In 
that  case  the  equilibrium  reaction  assumption  (20,37), 
which  corresponds  to  Infinite  reaction  rate  must  be 
made. 

The  turbulent  diffusion  of  the  thermal  energy 
geMrated  by  the  reaction  Is  modeled  by  a transport 
equation  of  the  tame  form  as  Equation  1 as  follows: 


1 3 /V  3T^  \ 1 _3/“t  3T.,,_ 


(9) 

where  Is  the  heat  of  reaction. 


The  effects  of  temperature  on  density  and  viscos- 
ity for  gases  are  given  approximately  by 

P " Pof''‘o^ 

Fluctuations  of  p and  u are  not  considered  here.  Changes 
In  composition  during  reaction  can  alto  affect  density 
and  viscosity,  but  In  many  reactions,  such  at  combustion 
In  air,  a diluent  renders  overall  composition  change 
effects  minor.  Such  effects  can  frequently  be  Ignored 
with  care. 
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RELATIONSHIP  BETWEEN  SEGREGATION  ANO  CORRELATIONS 
In  order  to  make  use  of  the  conservation  Equa- 
tions 1,  2,  and  3,  some  form  of  closure  is  needed  to 
connect  the  correlations  of  fluctuating  concentrations 
c^Cj  and  Ci^Cj  to  the  segregation  c^^  Clf  component- 
1 1s  to  he  considered].  O'Brien  and  coMorkers  (40. 
43,  44)  have  done  considerable  mork  toiMrd  obtaining 
the  needed  closure  through  the  development  of  a theo- 
retical probability  density  distribution  for  the  con- 
centration fluctuations.  Locknood  and  Nagib  (37]  used 
a truncated  normal  density  distribution  for  concentra- 
tion In  their  model  for  combustion  which  makes  use  of 
the  equilibrium  reaction  asswptlon  for  fast  reaction. 
Donaldson  (41]  considered  effects  of  various  types  of 
simplified  probability  density  distributions  on  reac- 
tion rate,  but  comparisons  with  experimental  data  were 
not  made.  A more  simplified  approach  was  developed 
by  Patterson  (45]  using  a very  crude  probability  den- 
sity distribution  as  shown  In  Figure  1.  The  assumed 
concentration  profile  Is  compared  In  Figure  2 to  a 
more  realistic  one.  This  distribution  corresponds 
to  the  case  for  almost  complete  segregation  of  the 
components. 
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Figure  1.  Illustration  of  pdf  for  segregated  com- 
ponents. 

As  shown  In  Figure  2.  diffusion  of  the  mixing  com- 
ponents during  segregation  decay  wes  simulated  by  sim- 
ply allowing  the  regions  of  each  component  to  overlap. 
That  should  be  a good  approximation  only  when  reaction 
between  the  components  Is  very  fast.  Actually,  through 
comparison  with  the  data  of  Vassllatos  and  Toor  (4<] 
for  second-order  reaction  In  a turbulently  mixed  tubu- 
lar reactor.  It  was  shown  that  even  for  relatively 
slow  reactions  good  simulation  was  achieved  (45). 
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Figure  2.  Illustration  of  simple  model  of  Inter- 
diffusion . 

For  the  concentration  distribution  of  Figure  2. 
the  closure  relationships  are  as  follows: 

(1  - Y]/(a(l+Y))  (11a] 

c^^cj  ■ 2(cJ^]^^2  y(1-y]’^^/(B(1+y)^'^)  (11b] 

where  3 • T ■ (8C,C‘2^^/(8r^r2  * 

Best  results  were  obtained  when  c^^C2  vms  assumed  zero 
Instead  of  using  the  above  relationship,  even  though 

that  was  Inconsistent  with  the  model.  Equation  11  was 
11 

tested  for  585<K<10  t/mo1e«sec  and  for  1.0<B<S.75. 

Equations  1,  3,  4,  5 or  6,  9,  9,  10,  11  combined 
with  the  usual  equations  for  stream  function,  vortlc- 
Ity,  turbulence  energy  and  dissipation  rate  now  con- 
stitute a closed  model  for  second-order  reaction  be- 
tween turbulently  mixing  components. 

NUMERICAL  SOLUTION  OF  THE  MODEL 

The  model  described  above  was  solved  for  a number 
of  conditions  both  for  a free  Jet  of  component  -1  with 
entrainment  of  component  -2  and  for  a coaxial  Jet  of 
components  -1  and  -2  with  entrainment  of  the  annular 
fluid,  component  -2.  The  solutions  were  obtained  for 
cylindrical  and  plane  Jets  by  use  of  a two-dimensional 
relaxation  routine  as  described  by  Gosman,  at  a1.  (47] 
for  steady  state  flow. 

EXPERIMENTAL  WORK 

Measureawnts  of  , c^.  tLj  and  uj^  were  made 
using  a co-axial  air  Jet  with  and  without  reaction  of 
dilute  components..  The  Jet  geometry  Is  shown  In  Figure 
3 and  the  electronic  Instrumentation  In  Figure  4.  The 
ratio  of  outer- to- Inner  Jet  velocities  was  about  1.5. 
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The  average  velocity  in  the  inner  Jet  ms  650  cm/sec. 
Measurements  of  velocity  which  were  mde  by  laser- 
Doppler  anamometry  using  the  differential  mode,  were 
obtained  in  order  to  assure  normal  Jet  development. 

The  average  velocity  and  turbulence  profiles  are  com- 
pared with  the  results  of  Ourao  and  Mhitelaw  (8) 
in  Figures  5 and  6.  The  suspended  particles  Mre 
NaC1  made  by  atomization  from  a 1.0  N solution.  The 
concentration  measurements  were  made  with  the  same 
light  source  as  for  laser-Doppler  anamometry  by 
measuring  the  intensity  of  scattered  light  from  the 
measurement  volume,  with  the  exception  that  salt 
particles  Mre  produced  from  a 0.05  N solution.  The 
technique  is  similar  to  that  described  in  References 
1 and  2.  Recently  Nailing  (48)  hat  analyzed  the 
scattered  light  technique  for  concentration  measurement 
in  detail  and  discussed  difficulties  for  measurement 
of  u^  - correlations. 
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Figure  6.  Turbulence  profiles  for  the  co-axial  Jet. 


Figure'  3.  Diagram  of  co-axial  Jet  used  in  these 
experiments . 


Figure  4.  Schaamtic  of  electronic  instninentation 
used  for  velocity  and  concentration 

measurements . 


In  the  cate  of  reaction  between  mixing  components, 
the  co-axial  Jet  ms  used  with  hydrogen  chloride  in 
the  axial  Jet  and  mneonia  in  the  annular  Jet.  The 
scattered  light  intensity  from  the  generated  particles 
MS  used  at  an  indication  of  reaction  completion.  The 
relationship  between  scattered  light  intensity  and 
ammonium  chloride  formed  ms  obtained  by  integration 
of  a far  downstream  profile  where  reaction  ms  assimwd 
complete. 


RESULTS  OF  MODEL  MD  EXPERIMENT 

Figures  7 and  8 show  comparisons  between  the  av- 
erage concentration  and  segregation  data  of  Becker. 
Hottel.  and  Williams  (1)  and  the  computed  results  using 
the  model  for  a single  round  free  Jet.  The  results 
are  presented  in  the  reduced  variables  and 


=1  ^1c 


versus  r/(x^  - 4.8rQ). 


The  values  of  the 
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r/(Xj-4,  Sr^) 


Figura  8.  Raducad  sa^ra^atlon  proflla  for  singla, 
round  Jat. 

CoMpaHson  of  disparslon  In  pipa  flow  naaturad 
by  Backar,  Rosanstwlg,  and  GmozcU  (2)  with  rasults  of 
tha  nodal  Is  shown  In  Figuras  9 and  10.  Tha  Sana 
valuas  of  9^  wart  usad  In  tha  modal  at  abova.  Tha 
Jat  of  disparting  fluid  was  at  tha  sana  avaraga  yal- 
oclty  as  tha  main  straa*  in  tha  pipa.  Tha  concantra- 
tlon  profllas  and  rata  of  dacraasa  on  tha  cantarllna 


Figura  10.  Raducad  sagragatlon  proflla  for  disparslon 
In  a pipa. 

Disparslon  without  raactlon  batwaan  tha  ttraa«s 
of  an  annular  mixing  Jat  with  (T^/lTj  • 1.5  at  tha  out- 
lat  of  tha  nozzia  Is  shown  In  Figuras  11  and  12. 
Entralnmant  was  as  for  tha  singla  round  Jat.  Figuras 
S and  6 show  comparisons  of  simulatad  valoclty  and 
turbulanca  with  axparlmantal  data.  Tha  axparlmanul 
data  wara  obtalnad  as  dascribad  abova.  At  shown  In 
Figura  11,  tha  cantarllna  concantratlons  agraa  clotaly 
(axcapt  for  x^/r^  ■ 4.6)  with  tha  axparlmantal  data, 
but  tha  curvas  ara  not  of  tha  sama  shapa.  Tha  modal 
appaars  to  davalop  a normal  distribution  proflla  too 


rapidly.  Figure  12  shows  that  the  model  predicts  the 
segregation  profiles  with  the  correct  qualitative  be- 
ha\UAr  and  again  the  centerline  levels  are  close  to 
correct.  The  skewness  of  the  experimental  data  is 
probably  caused  by  unaccounted  for  exit  conditions. 


Figurt  11.  Concmtratlon  profiles  for  the  co-exlel 
Jet  with  no  reaction. 
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Figure  12.  Segregation  profiles  for  the  co-axial  jet 
with  no  reectlon. 

SlNilatlon  of  second-order  reaction  In  an  annu- 
lar mixing  jet  with  the  same  nozzle  sizes  and  outlet 
velocities  at  above,  was  done  for  reduced  kinetic 
rate  constants  of  10  and  1000  sac*\  corresponding  to 
? ?2o*  13  shows  the  concentration  profiles 

and  Figure  14  the  segregation  profiles  for  If  ^20  * 
10.  Alto,  In  Figure  13  are  shown  curves  for  concen- 
tration profiles  for  assumed  perfect  local  mixing 
(segregation  ■ 0).  A significant  difference  may  be 


Figure  13.  Concentration  profiles  in  co-axial  Jet 
with  reaction;  K f-.  ■ 10  sec'1. 


Figure  14.  Segregation  profiles  In  co-axial  Jet  with 
reaction;  K Cjg  ■ 10  sec"'. 

Figure  IS  ccmpares  simulation  results  for  the 
same  annular  Jet  and  ^^20  ■ 1000  sec"'  with  the 
concentration  data  for  the  aeaoni a -hydrogen  chloride 
reaction,  where  hydrogen  chloride  concentration  Is 
given  as  Qualitatively  the  model  predicts  the 
correct  behavior  as  compared  to  the  data,  but  dis- 
persion deviates  at  In  the  case  of  no  reaction.  The 
reason  for  the  deviation  Is  probably  the  same. 

Only  preliminary  work  has  been  done  to  apply  the 
model  presented  here  to  strongly  exothermic  reactions 
such  as  flames,  but  Figure  16, gives  one  comparison  of 
computed  and  experlmental^^^or  T'ttiJin^t-alr  tur- 
bulent diffusion  flame  produced  by  a single  Jet  Into 
air.  The  reaction  conversion  was  calculated  by  using 
the  equilibrium  assumption  and  the  relationship 


Figure  15.  Concentration  profiles  for  co-axial  jet 
with  reaction;  K C'jq  ■ 1000  sec*'. 

between  concentration  of  the  fuel  and  segregation  in 

which  ^ . The  concentration  of  oxygen 

fuel 

could  then  be  coaiputed  through  its  conservation  egua- 
tion  using  a source  term  derived  from  the  conservation 
equation  for  fuel,  based  on  the  stoichiometry  of  the 
reaction.  The  temperature  profiles  far  from  the 
nozzle  were  close  to  the  experimental  profiles,  but 
dose  to  the  nozzle  the  temperature  peaked  too  far 
from  the  jet  center.  Many  further  refinements  will 
be  necessary  both  in  the  hydrodynamic  and  turbulent 
diffusion  and  reaction  parts  of  the  model  to  accurate- 
ly simulate  flames.  The  problem  seems  tractable, 
however,  from  these  preliminary  results. 


0 0. 1 O.Z  0. 3 


Figure  16.  Comparison  of  model  results  with  tempera- 
ture profiles  in  a town  gas  diffusion 

flame. 


COMPLEX  REACTIONS 

The  most  difficult  problem  in  modeling  turbulent 
mixing  with  reaction  Is  how  to  handle  multiple  simul- 
taneous reactions.  The  relationships  of  the  type  of 
Equations  8 and  11  which  result  from  a single  second- 
order  reaction  become  excessi>.«ly  complicateo  for 
complex  reactions.  A number  of  investigators  have 
attempted  various  schemes  for  handling  complex  reac- 
tions with  mixing  (49,  SO,  51,  52).  Defiance  and 
Johns  (SO,  51)  investigated  a proposed  relationship 
between  selectivity,  reaction  rate  constants,  and 
diffusivities.  They  did  not  apply  the  relationship 
to  higher  than  first-order  reactions  or  to  complex 
flow  patterns. 

The  random  coalescence-dispersion  simulation  of 
mixing  (52)  presently  offers  the  most  promising  method 
for  modeling  very  complex  reactions  with  mixing  ef- 
fects. The  modeling  technique  is  based  upon  the 
merging,  mixing. reacting,  then  separation  of  sites 
which  represent  portions  of  the  turbulent  fluid.  The 
technique  was  used  to  model  a competitive-consecutive 
second-order  reaction  in  a mixing  tank  with  both  pro- 
peller and  turbine  impellers.  The  sites  for  the 
coalescence-dispersion  were  moved  to  simulate  the 
flow  pattemsin  the  reactors.  The  technique  was  suc- 
cessful in  predicting  the  experimentally  observed 
selectivity  to  a desired  product,  when  the  proper  re- 
lationship between  rate  of  coalescence-dispersion  and 
turbulence  level  was  used.  (S3). 

For  use  in  a reactor  with  significant  turbulent 
diffusion,  such  as  a mixing  Jet.  the  scheme  for  moving 
the  coalescence-dispersion  sites  must  simulate  both 
the  convection  flow  and  the  turbulent  diffusion  - 
somewhat  more  complicated  than  the  mixing  tank  where 
turbulent  diffusion  may  be  Ignored.  Future  develop- 
ments should  show  that  a combination  of  k^  - c model- 
ing of  the  turbulent  flow  and  turbulent  diffusion  as 
described  above  with  the  random  coalescence-dispersion 
method  will  make  the  modeling  of  complex  reactions 
with  turbulent  mixing  quite  feasible.  If  strong 
temperature  effects  on  the  flow  field  occur,  itera- 
tion between  the  coalescence-dispersion  computation 
of  reaction  conversion  and  the  k^  - t flow  field  com- 
putation will  be  necessary.  It  must  also  be  recog- 
nized that  the  method  will  require  long  computer  run- 
times. 
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SDWIARI 

A raal  tuH  laaar  valociaacric  ayitam  baa  baan 
davalopad  uain|  a light  fraquancy  shifting,  a alae- 
tronic  eountar,  and  a raal  tiaa  alactronic  clock 
having  a tiaa  rasolution  of  0.77  u aac.  Tha  ovarall 
velocity  raaponaa  of  tha  anaaanaatric  aystaa  waa 
invaatigatad  using  a velocity  aynthasisar  and  was 
found  to  ha  battar  than  1000  Ra.  Tha  naturally 
oceuring  thraa  diaanaional  tiaa  dapandant  instability 
callad  praeesaing  vortaz  core  aaaociatad  with  stro- 
ngly swirling  flows  have  baan  invaatigatad  in  tha 
isotharaal  and  coabustiva  conditions  using  the  raal- 
tiae  L.D.V.  The  present  aaasuraasnts  show  good 
agraasant  with  those  obtainad  using  hot  wira  anaao- 
aetry  under  isotbazaal  conditions.  Tha  frequency  of 
tha  FVC  under  coadtuativa  conditions  waa  found  to  oe 
ganarally  higher  than  chat  found  under  isotharaal 
cendiciona. 

B0(gHri.ATD8E 

A,^  tangaatial  inlac  area. 

f frequency 

G flux  of  axial  aoaantia 

flux  of  angular  anasncia 
L*  length  of  swirlar 

M^  input  aass  flow  of  air 

p prassura 

Ap  cecal  prassura  drop  across  swirl  generator 

Q flow  rata 

r radius,  radial  distanca 

R swirl  ganarator  radius  at  tha  azic. 

S.F.  tins  dapandant  swirl  nubar:  fraquancy  baaed 

S.F.  tiaa  dapandant  swirl  nuabar:  prassura  drop 

based. 

,$2  acrasB  surfaces 

tiaa  aaan  sveraga  swirl  nabar 

t tiaa 

u axial  velocity 

V radial  valoeicy 

w tangancial  or  swirl  valoeicy. 

p dansity. 

0 inlet  flux  of  angular  noaanf 

e polar  co-ordinata 

IMTRODPCnOH 

Swirl  is  eowonly  usad  for  flsaa  stabilisation 
in  high  incahsity  eoabustors.  Thara  is  now  enough 
evidence  to  suggast  that  assunptions  of  flew  axi- 
sjiiMSl  I j aada  with  nany  types  of  swirling  flews  ara 
true  only  for  low  swirl  and  Reynolds  niabar  (1,2,3, 


3,4,5),  AC  a swirl  nvabar  greater  chan  0.6  (so  as  to 
causa  local  racirculscion)  as  the  Reynolds  nuabar  is 
increased  an  instability  develops  callad  the  vortex 
breakdown  phenotMnon;  it* it  first  ruvaaled  as  a snail 
closed  bubble  of  circulating  fluid  on  tha  burner  axis  (3j61 
At  tha  Reynolds  nuabar  it  further  increased,  a large 
three  disMnsional  tiaa  dependent  instability,  called 
the  pracessing  voreax  core  (hereafter  F.V.C.)  develops. 
In  chit  tha  central  forcad  vortex  region  of  flow  it 
displaced  froa  the  axis  and  starts  to  precast  about 
the  axis  of  tyasetry.  This  phanoatnon  is  vary  regular 
in  nacura  and  can  causa  ocher  instabilities  to  arise 
(5,7).  This  transition  has  considarabla  iaplicacions 
not  only  for  the  stability  of  twirl  burners  but  also 
for  the  rates  of  nixing,  hanee  coabustion  intensity 
and  flaaa  length.  Tha  PVC  in  diffusion  flaaes  can 
extend  the  ranga  of  stable  burning  wall  into  the  reg- 
ion of  fuel  lean  aixture  racioa  (1) . Betides  tha 
flasn  stability  and  coabustion  intensity  tha  large  PVC 
in  coabustion  systaas  it  undesirable  as  resonant  coup- 
ling between  tha  PVC  frequency  and  tha  furnace  or 
cavity  can  easily  occur  (2).  In  general,  under  ito- 
tharaal  conditions,  previous  studies  with  a hot  wire 
aneaoaeter  and  the  frequency  aq>litude  spectral  anal- 
ysis in  a reverberant  rooa  showed  that  the  frequency 
of  the  PVC  increases  linearly  with  Reynolds  nuabar  (8) . 
Alto  there  only  appears  to  be  one  PVC  present  in  aost 
swirl  burners  (1,7).  Tha  spatial  distribution  of 
pressure  fluctuations  aeasurad  with  a probe  coupled 
condenser  aicrophone  at  the  burner  exit  showed  a sharp 
peak  towards  tha  centra  of  the  PVC  (4) . The  peak  fre- 
quancy  of  tha  f'.xidaaental  haraonic  was  found  to  inc- 
rease linearly  with  the  air  flow  race.  In  aany  swir- 
ling flows,  therefore  the  PVC  doainatas  the  flow  and 
causes  very  high  levels  of  velocity  fluctuation 
(previously  thought  to  be  turbulence). 

Tha  PVC  frequently  occurs  in  isochetaal  flows, 
particularly  inside  long  devices  L/j)  > 1)  or  at  the 
axit  (6,9).  Coabustion  has  signifielnt  effect  upon 
the  FVC  and  aay  be  strongly  characterised  by  the  ande 
of  fuel  introduction  into  tha  burner  (1,2,7): 

(a)  Pre-aixad  Coabostion  excites  tha  frequency 
and  aaiplicude  of  the  PVC  sobatantially,  the  aaplifi- 
cation  depends  principally  upon  the  aixture  ratio. 

(b)  Diffusion  type  flaaas  produced  by  axial  or 
tangential  fuel  antry  (at  ainure  racioa  around 
scoichionscrie)  daap  the  frequency  soae  what  (at  high 
Ra)  and  aaplicude  by  aere  Chan  sn  order  of  aagnituda. 
This  ilsaqisil  PVC  does  not  greatly  affect  the  aerodyn- 
aaics  of  the  swirling  flew.  The  frequency  and  aapli- 
tude  of  tha  PVC  are  net  greatly  affected  by  the  air/ 
fuel  aixture  ratio.  At  very  weak  aixture  ratio  (>50) 
there  is  a sudden  transition  or  vertex  braakdown(t) 
to  a eotijufsce  state  with  a large,  virtually  undanped 
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?VC  pruanc. 

HaaauraiMocs  of  cha  rotating  taoparatura  fiald, 
aaaociatad  with  tha  PVC,  undar  cooditiona  approaching 
vortax  braakdown  sbowad  high  taaiparaturaa  naar  to  tha 
cancra  of  tha  PVC  1250°C)  (1).  Praeaaaing  vortax 
coraa  cauaa  larga  ragular  fluctuaciona  in  praaaura 
(typically  0.12  atsxiapharca)  accoopaniad  by  larga 
taagiacacura  fluctuationa  (up  to  llOO^’C  in  3 o sac.) 

Pravious  raporcad  rasulta  wara  oada  with  a hot 
wira  anaaenatar  in  tha  non-raacting  (isothariDal) 
swirling  flows  and  a pitot  proba  eouplad  to  a praaaura 
tranaducar  in  cha  coabuaciva  caaa.  This  can  giva 
erronaoua  ras\tlcs  dua  to  cha  praaanca  of  a physical 
proba  in  particular  whan  cha  diaaacar  of  cha  proba  is 
similar  to  cha  dimanaiona  of  tha  PVC.  In  addition  to 
tha  problam  of  diaturbanca  to  cha  flow,  cha  pitot 
proba  also  auffar  fro*  (a)  low  fraquaney  raaponaa, 

(b)  low  anplicuda  raaponaa,  and  (c)  tha  praaanca  of 
a standing  waiva  undar  cartain  flow  conditiona. 

In  a racanC  papar  by  chardron  at  at  (10)  aaym- 
matric  flows  with  suddan  axpanaion  gaomatriaa  wara 
studiad  using  a flow  visualisation  Cachniqua  and  lasar 
dopplar  anasKimacry.  Thaaa  salf-inducad  disturbancas 
ara  ganaracad  at  cha  adga  of  axpanaion,  and  aaplifiad 
in  cha  shaar  layars.  Tha  fraquaney  apactra  of  valo- 
cicy  was  obtain^  by  using  a Fast  Fouriar  Analysar 
(Hawlatc  Packard  S410A)  in  conjunction  with  a crackar 
(BBC  - (k>arz  LSE  01).  Tha  rasulcing  output  could 
aichar  ba  displayad  on  a x-j  ploctar  or  punchad  onto 
papar  capa  for  aubaaqunne  conpucar  procaasing.  Tha 
spaccral  coocant  of  cha  fluctuations  in  valociey  wara 
ralacad  to  tha  dimanaiona  of  cha  two  unequal  ragions 
of  flow  racireulation.  It  was  shown  that  tha  intan- 
sicy  of  fluctuating  anargy  in  tha  low  Kaynolda  nunbar 
flows  studiad  can  ba  larger  chan  cha  corresponding 
turbulent  flows. 

This  papar,  charafore,  invaacigacas  cha  naturally 
occuring  chraa  dimensional  time  dapandanc  instability 
aaaociatad  with  strongly  twirling  flows  in  tha  iseth- 
amal  and  combuativa  cases  with  a nawly  developed 
Baal  Time  Laser  dnamomecer.  A real  cIm  LOA  has  baen 
specially  davelopad  using  a light  fraquaney  shifting, 
alactronic  partiela  pulse  counter  and  a real  time 
slaccronic  clock  having  a cima  resolution  of  0.76778 
u sac.  Baaulcs  are  also  reported  from  chat  carried 
out  on  a Baal  Tima  Lasar  Aaemomatzy  (BILA)  oacillating 
velocity  aynchasiaar  and  an  oscillating  pipa  flow. 

Tha  results  show  chat  affaccivaly  any  ragular  parcur- 
bacion  present  in  tha  flow,  in  cha  presence  of  a high 
leval  of  backgroimd  noiaa,  can  ba  extraccad. 

2.  EZPCRIiainAL  APPAHATUS  AND  TECBNIQDES 
Tha  Swirl  Burner 

The  axparimantal  swirl  bumar  consisted  of  a 
cylindrical  tuba  34  am  diamatar,  and  100  am.  long. 

Fig.  1.  Air  was  supplied  through  aighc  1.04  m wida 
cangancial  inlet  slica  in  the  wall.  Natural  gas 
was  used  as  cha  fual:  coaposlcioa,  94. 4Z  OBt,  3.22Z, 
C2H2,  0.6Z  038^,  1.46Z  N2>  rasMindar  being  higher 
hydrocarbons.  Tha  aoda  of  fual  injection  into  the 
bumar  could  bo  varied  from  axial  at  tha  base  of  tha 
bumar  to  tangential  half  way  up  cha  burner. 

The  dafiniclon  of  swirl  ausdiar  used  (11),  was 

S - 0^/C,R 

whara  cha  axial  flux  of  angular  aomancum 


' R 

o 

and  cha  axial  flux  of  linear  momentum 
R R 

r 2 '■ 

0^  “ I 2im  ordr  ♦ 2rordr 
o o 

However  in  cha  present  study  as  cha  detailed  experi- 
aantal  maaauramancs  of  various  valociey  profiles  and 
static  pressure  ware  not  available,  Che  swirl  number, 
based  upon  geometrical  parameters  for  this  particular 
bumar  was  obtained  as  follows: 

Input  axial  flux  of  angular  momancum 

=d  ■ '‘i  »/oi  V 

Input  axial  flux  of  linear  momentum 

°x  ■ h 

C 2 

Thus  - d vR^  1 It  r .1.  • , 

S • rr-r  • 1 — "1.56  for  tha  swxrl 
G^R  Aj 

burner  used  hare. 

Tha  Real  Tima  Laser  Anamosatric  System 

Tha  anamomacric  system  shown  in  Fig.  2 consists 
essentially  of  two  major  parts  - An  alactronic  conva- 
rear  unit  which  processes  rsw  phocomul tip liar  signals 
into  batchas  of  digital  inforucion  and  a digital 
procassor  which  is  assantially  capable  of  storing  or 
processing  data  from  tha  convarter.  In  the  peasant 
apparatus  cha  latter  is  a Digital  LSl-11  PDF  11/03 
mainframa  with  8K  of  Masury  in  16  bits  and  a parallel 
Una  interface  Oi.  Vll  through  which  electrical  conna- 
ction  is  made  to  tha  converter. 

Tha  Electronic  converter  is  essentially  a pulsa- 
counting  anamomacar  which  has  capability  of  processing 
thrae  raw  phocomnltipliar  signals  simulcanaously. 

Each  signal  is  anq)lifiad  and  gacad  against  a high 
fraquaney  oscillator  which  in  affact  times  cha  usable 
portion  of  cha  input  burst.  Each  of  the  three  channals 
charefora  prassnea  its  output  as  two  pulse  trains  which 
ara  counted  and  stored  on  a pair  of  16  bit  binary  rag- 
istara.  Tha  leading  adga  of  cha  first  channal  to  ex- 
cite is  also  used  to  provide  a pulse  which  updates  a 
latch  linked  to  al.3MHz  real  cima  clock.  This  allows 
each  avant  to  ba  timed  to  cha  nearest  micmsacond,  and 
CO  be  prasanced  on  two  16  bit  latchas  as  cha  most  and 
least  significant  paints  of  a 32  bit  word. 

As  soon  as  an  avant  has  tarminatad,  data  is  pre- 
sanc  as  a total  of  aighc  16-bic  words  in  sppropriaca 
cagistars.  Thaaa  words  ara  chan  cransfarmd  to  cha 
co^ucer  via  a short  coucina  which  accepts  as  many 
words  as  raquirad  via  a mulciplaxar  whosa  select 
sddrass  is  saquancad  by  the  program.  Data  peasants  in 
cha  order  Z,  teal  Time,  T and  Z,  so  chat  curtailmonc 
of  tha  program  can  ba  used  to  transfer  lass  chan  cha 
full  complamanc  of  available  data. 

Velocity  Synthesiser 

This  daviea  has  bean  assembled  in  ordar  to  source 
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• coaplact  through-fyscia  •zccrciic  to  £acllit>t*  both  bution. 
progm  and  hardvara  davalopaant.  Fig.  3.  In  effact 

tba  daaiea  raplacaa  ona  convartar  board  allowing  Tha  program  vaa  aquippad  with  a graphic  routina 

aynthaaia  of  ona  channal  ratponaa  plua  tha  raal  tiaa  for  tha  talatypa  ao  that  tha  aya  could  ba  uaad  to  judge 

clock  funetioo.  The  modula  containa  an  oaeillator  the  lynaatry  or  otberwiac  of  tha  raaulta.  In  addition, 

to  prowida  a baaia  for  tha  raal-tima  clock,  (nomin-  the  program  waa  made  to  reiterate  by  atopping  up  the 
ally  1 {Sa)i  one  to  aource  aventa  at  about  1 KBz  with  aaarch  fraquancy  by  a fixed  increment  ao  that  the  eye 

an  approximate  10  per  cent  duty  cycla,  and  a further  could  ba  uaad  to  detect  the  appaarance  of  a coherent 

voltage  controlled  oaeillator  which  produced  a fra-  waveform  in  the  aeriea  of  grapha  ao  produced, 
queney  around  1 tSa  which  could  ba  modulated  by  an 

audio  frequency  aignal  aupplied  from  an  external  3,  THEORETICAL  CHARACTERIZATION  OF  SWIRLINC  FLOHS 

aignal  generator.  The  whole  arrangamant  developed 

a regular  aariaa  of  aignala  with  a varying  cycle  count  For  twirling  flowt  with  FTC  a nondimenaional 

which  waa  interpreted  by  the  reat  of  tha  tyttem  at  a frequency  parameter  timilar  to  that  tuggetted  by  Caatidy 
particle  ttraam  with  velocity  modulated  in  amplitude  and  Falvay  (6)  can  be  derived  (ignoring  viacout  termt 
fraquancy  and  waveform  identical  to  the  aignal  applied  and  conaidering  momenttm  equation  parallel  to  the  naan 
by  the  external  aignal  generator.  flow)  aa  followa: 


The  Oaeillator  Pin 


A predatermiaed  regular  perturbation  in  axial 
velocity  waa  obtained  by  oaing  aa  oaeillating  dia- 
phra^driven  by  aa  eccentric  3-phaaa  motor.  Fig.  A. 
The  coltan  of  air  iaaide  the  ca^ty  oaeillatea  at  a 
frequency  depending  upon  Che  motor  apaed.  The  motor 
apeed,  which  waa  nominally  1000  r.p.m. , waa  detected 
uaing  a photoelectric  detector,  a trigger  unit  and 
a counter.  Fig.  4.  Tha  Amplitude  and  ahape  of  the 
waveform  in  the  pipe  flow  could  be  controlled  by 
adjuacing  the  air  flow  through  the  pipe.  High  freq- 
uency oacillationa  in  the  pipe  flow  ware  obtained 
uaing  a loud  apeaker  driven  by  a power  amplifier. 
Thia  arrangamant maa  able  to  produce  oacillationa  in 
the  pipe  flow  upto  about  350  Hz.  The  ahape  of  the 
regular  parturbacion  in  aipal  to  the  amplifier. 


^_9w.l  9w._  Sw^wv. 
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With  the  continuity  equation,  integration  over  an 
arbitrary  control  volume  and  tha  uae  of  Ganaa'a  •'heom 
givea 

TTjro-3v|  ptw  (v|£*wr  ||♦v|i)^S  ♦fov-3T 

VS  - V 

• / ^ ... 

V 

ehooaing  the  control  volume  V,  the  tube  length  L,  and 
diameter  D,  Eqn.  (2)  becomea 


level  Program  for  Beta  Reduction 


Raw  data  acquired  via  the  multiplexer  from  the 
conventer  unit  waa  atorad  in  Che  cere  memory  of  the 
nt  11/03  aa  a aeriea  of  16  bit  binary  nuAera.  Since 
thia  machine  doea  net  yet  have  a direct  pfayaical  con- 
nection with  the  main  PDFS  machine,  it  waa  naceaaary 
to  duiv  thia  data  on  paper  tape  after  each  run.  Tha 
tVt  11/03  waa  equipped  with  bin aiy» decimal  convert 
routine  which  allow^  all  acquired  data  to  be  punchad 
aa  a punctuacad  aeriea  of  5-digit  decimal  numbart. 

Thaae  tapea  were  then  cranaferrad  by  the  PDFS  ayetem 
to  a aeries  of  Files  identifiable  by  OS/8  Baaic,  thr- 
ough which  all  results  were  subsequently  calculated. 

The  hi^  level  program  firat  reduced  all  data  of  an 
input  group  Co  aa  iaacantanaoua  velocity  and  a real 
cima  value  in  milliaeconds  with  Che  first  tima  reading 
equal  to  aero.  The  program  then  selected  a time  in- 
terval which  was  sat  at  ewica  Che  cycle  time  of  a 
frequency  which  was  rather  smaller  than  chat  expected 
from  circmsstaacial  evidence.  The  raal  time  reading 
associated  with  each  velocity  value  was  Chen  divided 
by  the  preselected  interval  and  the  remainder  Ceken 
aa  aa  indication  of  where  in  that  cycle  (or  pair  of 
cycles)  the  particular  velocity  reading  would  lie. 

Each  velocity  reading  would  then  be  used  to  update  one 
of  40  aecumnlator  registers  so  chat  each  register 
would  always  contain  Che  mean  of  all  those  velves  Chat 
had  bean  assigned  to  it.  In  Chit  way,  allocation  of 
every  item  of  raw  data  would  lead  to  population  of  the 
40  slots  which  would  reconacruet  two  coepleta  cycles 
of  a periodic  input  velocity  wave  only  if  the  selected 
cycle  time  was  exactly  equal  to  the  period  of  that  wave. 
In  all  ocher  cases,  the  distribution  within  the  40 
registers  would  be  more  or  leas  incoherent  giving 
rise  to  essentially  random  pactatn  of  velocity  discri- 


-/  ^ •••<« 

V 

The  second  integral  is  the  flux  of  angular  moswntum  in- 
to Che  tube.  This  is  an  independent  veriable-O. 

Forming  dimensionless  quantities  from  all  variables 
ersntfome  eqn.  (3)  to 

V 

[ I w<u  ♦ I 

’ V 

(4) 

The  dimensionless  parameters  fS  /Q,  APO  /O,  QO/oq^ 
with  tha  L/q  ratio  may  then  be  used  to  correlate  ex- 
perimental frequency  data. 

If  we  define  our  second  swirl  parsmeter  as  the 
ratio  of  frequency  and  aomencum  parameters 
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This  swirl  psrsascar  (12)  was  shoini  to  ba  constant 
ovar  a wida  raaga  of  diffarant  flow  ratas  ind  L/D 
ratioa  (1.6  ^L/o  $ 7.2) . Siailar  conants  apply  to 
tba  prasaura  paxasMtar  i.a.  tba  ratio 


suggasting  that  aithar  paraaatar  nay  ba  uaad  for 
charactarixation  of  such  swirling  flows. 

4.  RESULTS  AND  DISCUSSION 

Undar  isotharwal  conditions  a hot  wira  was  plsead 
at  tha  bumar  azit  at  about  >0.67;  a signal  as 
shown  in  fig.  S(a)  was  obtainad.  Tha  fraquaney  of 
this  PVC  was  found  to  incraasa  linaarly  with  flow 
rata  tsa«antially  through  tha  buznar.  Whan  fual  was 
introduead  axially  to  tha  bumar.  it  was  antrainad 
iimsdiataly  into  tba  PVC.  A photograph  of  tha  flaaa 
vaadar  fual  laan  eonditiona,  as  shown  in  Fig.  S(b), 
sbowad  that  tha  burning  aasantially  occurs  in  and 
arotad  tha  PVC.  It  has  bass  shown  bafora  (9)  that 
tha  non  diaansionaliaad  fraquancy  parawntaz  fD,3/qQ 
tands  to  a constant  walua  at  high  Rsynolds  ntabar  both 
for  tha  coahustiva  and  isothazaal  flows.  A pitot  tuba 
couplad  to  a prossura  transduear  was  usad  as  sanaor 
undar  conboatiwa  conditions  (9)  which  can  hawa  a poor 
fraquancy  and  a^lituda  rasponaa  particularly  at 
high  fraquancias. 

ValocitT  Synthasisar 

To  chack  tha  fraquancy  raaponsa  of  tha  Isaac 
anaaoaatxy  hardwara  a valocity  synthasiiar  was  dawi~ 
sad.  Both  tba  fraquancy  and  tha  a^plituda  could  ba 
wariad  in  this  synthasisar.  Tba  input  wavafons  to 
tha  synthasisar  wars  wariad*  froa  faw  Hz  up  to  1000 
Hz  sad  tha  corraspondiag  wawaforas  obtain^  using  tha 
BTLA  systaa  dascribad  in  saction  2.  Tba  rasultiag 
output  wavafona  ara  dapictad  in  Pig.  6 and  corms- 
pond  to  tha  input  fraquancias  of  50  Hz,  101.6  Hz, 

202.9  Hz,  and  1000.7  Hz  which  wars  aaasursd  using  a 
countar  tiaar.  Howavar,  sc  low  fraquancias,  whan 
tha  tiaa  cut  fraquancy  in  tha  conpucac  prograa  did 
not  natch  azaccly  with  tha  input  fraquancy,  to  tba 
valocity  synthasisar  tha  pcasanca  of  a ragular  wsva 
fom  could  still  ba  obsarvad  as  saan  in  Fig.  7.  At 
higbar  fraquancias  a aora  aecucaca  tiaa  cut  is 
raquirad  to  aztract  tba  wavafora.  For  axaapla  at 
500  Hz,  ona  a sac  diffaranca  in  tiaa  cut  givas  a 
wavafora  co^lacaly  out  of  pbaaa.  Undar  isothazaal 
or  conbuaciva  conditions  in  swirl  bumars  tharafora 
ona  raquiras  an  approziaaca  idaa  of  tba  fraquancy. 

Onca  an  approziaaca  wsvafora  is  aztraetad  froa  tha 
raw  data,  a cxua  wavafora  cm  chan  ba  obtainad  by 
ra-analysing  tha  data  closar  to  tha  approziauca  wava- 
fozB  fraqumcy  in  saall  ataps. 

Oscillatory  Pipa  flow 

Oscillations  in  valocity  wara  obtainad  using 
aithar  a loud  spaakar  drivm  by  a powar  saglifiar  or 
by  m oscillating  diaphra^  drivan  by  a ancor. 

Oscillatory  fraqumcias  of  about  16  Hz  in  tha 
pipa  flow  with  tha  aocor  drivan  diaphragn  md  about 
350  Hz  with  tha  loud  spaakar  arrmgswant  could  aasily 
ba  obtainad.  Tha  shapa  of  tha  wavafoxa  could  ba 
alcarad  by  adjusting  tha  air  flow  rata  through  tha 
pipa.  Tha  rasulca  ara  dapictad  in  8 md  9,  and 
rapraamc  tha  wavafocas  prasmc  la  tba  flow  using  a 
oscillating  diaphra^  Fig.  8 and  a loud  spaakar. 


Fig.  9.  As  ezpactad  a good  wavafora  is  obtainad  at 
low  fraqumcias.  Fig.  8.  At  high  fraqumcias,  howavar, 
tha  rasponaa  is  poor  and  cm  ba  dua  to  nuabar  of  arrors 
a.g.  aggloisaracioa  in  saedad  partielas  giving  low  fra- 
quancy rasponaa  md  also  aaplicuda  md  phasa  lag,  er- 
ror in  tins  cut  fraqumcy,  md  tha  arrors  due  to  tha 
variation  in  frequency  ovar  Che  tiaa  duration  of  the- 
aaasucaiunc.  Ocher  sources  of  arrors  ara  amcionad 
in  raf.  13.  Oaspice  the  various  arrors  so  introduced, 
a raasonabla  shapa  of  tha  wavafora  cm  ba  aztraetad. 

Swirling  Flow  with  PVC  - isothamal  Casa 

The  PVC.  signal  obtained  using  hoc  wira  maaoaacar. 
Fig.  5,  showed  the  prssmca  of  a low  frequency  wave- 
fora,  A high  fraqumcy  low  aaplicuda  signal  supac- 
iapoaad  on  the  low  frequency  cm  also  ba  sem.  With 
tba  RXLA  one  would  expect  to  see  a basic  low  frequency 
PVC  signal  supariaposad  on  a low  aaplicuda  high  freq- 
uency signal.  This  is  indeed  what  was  obtained  hare. 
Fig.  10.  The  masuresNne  control  voluaa  in  Fig.  10 
was  6 aa  away  froa  the  bumar  azit  md  at  ^/K  ^ 0.7. 
Tha  emtra  of  the  PVC  was  found  by  locating  Che  posi- 
tion of  the  zero  velocity.  As  tha  MCV  tns  aoved  rad- 
ially outward  or  inward  at  the  bumar  exit  random 
fluctuations  (i.a.  no  characcariscic  wavafom)  wara 
found,  as  azpaccad.  Mazinua  solitude  of  velocity 
oscillations  warn  found  with  tha  MCV  at  tha  emcra  of 
Che  PVC. 

Swirling  Flow  with  PVC  - Cortustiva  Casa 

Tha  influmca  of  combustion  upon  the  PVC  was  in- 
vascigacad  by  inCroducting  natural  gas  aithar  axially 
at  tha  base  of  the  Burner  or  tangmcially  half  way  up 
tha  burner.  Tha  amplitude  of  the  PVC  was  damped  with 
axial  mods  of  fual  injection  in  ageeamme  with  tha 
previous  findings  (1,7).  However,  with  cangmeial 
fual  mccy  high  a^>litude  of  oscillations  of  PVC  wara 
found.  Fig.  11.  The  type  of  flame  obtained  with  this 
is  m incarmadiata  baewem  tha  axial  fuel  mcry  at 
the  base  of  the  burner  md  the  pre-mized  swirling 
type.  The  flaaa  aztanded  typically  about  1-2  bumar 
azit  diaaacers.  Tha  measuresancs  Cakm  with  the  STLA 
with  MCV  at  6 m downsemm  of  the  bumar  exit  showed 
Che  prasence  of  Che  azpaccad  waveform. 

5.  CONCLUSIONS 

Tha  naturally  occuring  three  dimensional  time 
dapmdanc  instability  called  the  preeassing  vorcaz 
core  (PVC)  associated  with  strongly  swirling  flows 
in  Che  isocharml  md  coabusciwe  eases  have  bem 
invaacigaead  with  a newly  developed  real  time  laser 
anemomacric  systm.  The  overall  fraqumcy  rasponaa 
of  tha  mamomatric  systm  was  found  to  ba  better  chm 
1000  Hz.  This  caefaniqua  has  many  advmcagas  over  Che 
convmtional  type  of  probes  md  invascigaca  the  incec- 
accion  of  combustion  md  thePVC.  Tha  data  obtained 
cm  ba  usad  to  design  combustion  systm  to  mismatch 
Che  fraqumcy  of  the  PVC  and  the  natural  fmqumcy  of 
tha  coohuscion  chamber  this  avoiding  low  fmqumcy 
high  amplitude  oscillations  in  the  bumar-combuscion 
chaaber  installation.  The  pmsme  aeasurammes  showed 
a good  agraammt  betwam  the  hot  wire  masurammcs  md 
tba  real  Cim  LOV  in  tha  isothermal  scaca.  The  fmq- 
umey  of  tha  PVC  under  combusciva  conditions  was  found 
CO  bo  ganarally  high. 
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rBDXCTXON  AMD  SXPBBZUBITAL  VBBZFICATXOH  OP  TWO^XUSNSXOIUL 
TCUDUBIT  PLOW  WXm  COUBOSTXON 


A.  PBZBCKAS  ud  U.  ZSUBaXDSXX 


Xutltat*  of  Poiwor  tactB*«rlas  oad  Plnid  Moobaaloo,  Tootaalool 
UalToroitp  of  WrooXaw,  Polaad 


- axial  ooordiaato 

•>  dlstaaoo  froa  tbo  vail 

- rolaxatlaa  factor 

- tarbaloaeo  oaorgr  dlsoipatloa  rato 

- Tlsooaltp 

• gaa  daaalty 

- tbaraoooaplo  tiao  ooBOtaat,  sboar 

stroaa 

- goeoral  dapaadaat  Tarlablo 

• otroaa  fuaotioa 

• ▼artieitp 


Bio  papor  doaoriboa  tbo  aatbaaatloal 
Bodal  oaloalatioaa  of  tarbulaat  flov 
vttb  ooabaatioa  aad  tbo  axporiaoatal  aa- 
aaaroaoata  of  Talaolty,  oaaeaatratlaaa 
aad  toi^orataraa  ia  tbo  tarfealaat  partial- 
ly proalxAd  tavB  caa  /air  flaaa  la  oylla- 
drloal  ooabaatioa  obaaboul 

Bm  probloa  of  oaloalatloa  of  a tiaa- 
avaraco  raaotloa  rata  of  oea-atap  raa- 
otloa  ia  torbalaat  praalxad  flaaa  waa 
traatad.  Aa  applloatloa  of  blaalaoalar 
Arrbaaloa  - typo  fuaotioa  of  tba  local 
tiaa-avoraga  prapartiaa  to  tba  oaloala- 
tloa of  ooabaatioa  rata  givaa  aay  aatio- 
faotory  raaulta.  Bm  rigaroaa  oaloala- 
tioaa aaad  oaob  a ooabaatiaa  aodal  vblob 
iaoladaa  a torbalaat  Tolooity,  taoparato- 
ra  OBd  oaaaaatratiooa  flaotoatloaa.  Aad 
ta  tbla  aad  tbara  vara  dooa  tba  ialtial 
axpariaoBtal  oaaaoroaoata  of  tba  ta^ara- 
tara  flaotoatiaoa  la  praalxad  ooafiaad 
flaaa.  Bm  aaaaaroaaat  of  taoparataro 
flaotoatloaa  la  oalaotad  aaaaariag  aaatloa 
of  ooabaatiaa  obaobar  ora  raportad. 


MOMOICLABIBB 


a.byO  - faaotlaaa  appaarlag  ia  ooaaarra- 
tioa  awuatloa 

A - oaaataat  ia  Anbaalaa  Lav 
C • oaoataata  ia  torbalaaoa  aadal 
■ - aotlvatioa  oaargy,  oaaataat  ia 

vail  faaetioa 
f - Bixtara  fraotioa 

g - tiaa  aaaa-awBara  of  flBotaatiaa 

b - OBtbalpy 

i - ataabiooatrio  ratio 

k - klaatio  aaargy  of  tarbaloaoa 

B - oaaa  fraotlM  of  apaeioa 

p - praoaoro 

B - oalvaraal  gaa  oaaataat 

r - radial  diataaoo  froa  tba  baraar 

axia 

S - aaoroa  tara  la  ooaaarratiaa 
aqaatiOB 

T - tiaa  Boaa  taoparataro 

B.T  - tiaa  aaoa  valooitiaa 


sabaorlpta  aad  auparaorlpta 

aff  - affaotiva 
fu  - foal 
ox  - ojqrgaa 
\ - tarbulMt 

- torbalaat  flaotoatiag 
— - tioa-araragad  valaa 


XHTBODOCTXOM 

Torbalaat  flaid  flova  vitb  oboaloal 
raaotloa  ia  ooabaatiaa  obaabara  ora  ooaaoa 
ia  Vida  roaga  of  iadaatrial  praotiBOaCoa 
boatioa  praoaoaaa  of  gao-foolo  oooaar  ia 
gaaaooa-rookad  oagiaoa,  glaao-oakiag  aad 
oatal  iadoatrioa  aad  ia  ooabaatioa  obaabara 
of  ataoa  bollara.  Xa  oaOboatioa  davioao,  it 
la  baooaiag  laoroaolagly  iapartaat  to  bava 
a kaavladga  of  tba  valaolty,  taoparataro 
aad  oaaaaatratiooa  dlatribatiooa  ia  a tar- 
baloat  raaotiag  flov  ia  oaaboatioa  obaobar. 
At  tba  praaoat  tiaa  aoay  papara  traat  tba 
aaaarleal  aatbada  of  torbalaat  flov  vitb 
oboaloal  raaotloa  ia  opplioatiaa  ta  pradl- 
otioB  of  oaoMoatioa  obaabara. 

Xa  tbo  aoaorioal  oaloalatioaa  of  a 
oo^liaatad  pbjraioal-oboaioal  flov  proaaoa 
vitb  ooabaatioa  iaportaat  ia  oo  vail  phyai- 
oal  aadala  o.g.  torbalaat  traaaport  of  flav 
prapartiaa  ood  obaoiaal  klaatio  , aa  aaao 
rleal  probloao  ooaaaotad  vitb  baaodary  aoa- 
dltiOB  daaoriptiaa,  opraxyaatioa  aad  otabi- 
llty  ooaditiaoa. 

Tba  diaooaaad  prablaa  ia  oaaoanad 

vitb  tba  aataro  of  torbalaat  add 

tba  qoaatioa  of  daaoriptiaa  of  tba  tiaa- 
avaragod  rata  at  vbiob  oboaloal  raaetiaa 
prooaad  batvaao  tba  foal  aad  axydaat  vboa 


mCEDlNO  PA(a  blamc-not  pumkd 


til*  turbuluit  tluotuatioBS  oooonr.  Expcrl- 
MOtal  kaovladc*  about  tha  local  straotora 
of  tbo  flaaa  xooa  ubaro  tha  ooabustloa  of 
praalzad  fnal/alr  actually  takoa  plaoa  la 
ToxT  Halted.  Iba  pradlottoa  and  tha  ooapu- 
tatloB  of  tha  ooaaaaptloa  of  fuel  la  rather 
difficult  baoauao  tha  latomotlon  batwaaa 
tha  turbulauoa  aad  raaotloa  phauoaaua  la 
oapaotad  to  ba  atronc,  apaolally  in  tha  ae- 
ro praotloal  oaaaa. 

In  thla  papar  a nuaorloal  aodalllac 
approach  la  daaorlbad  and  axparlnantal  in- 
▼aatlgatlon  of  partially  praaUcad  toan  gaa/ 
/air  fuel  ooabuatloa  la  oylladrloal  ooabu- 
atloa  ohaabar  with  roar  aad  forward  faolnc 
atapa.  Uaaauraaaat  arc  reported  of  tha  aaaa 
Toloolty,  toaparaturo  and  ooaoontratloa  of 
fuel. 

Th^tha  praolaa  oaloalatloa  of  ooba- 
atloa  rata  la  tarbalaat  praalxod  flaaa  naoaa  . 
aary  ara  lanraatlcatloaa  taada  towarda  ua- 
darataadlac  tha  ooabuatloa  prooaaa  iaolu- 
dla<  tarbuloat  fluotaatloaa.  HowoTar,thla 
axparlaaatal  Inroatlcatleaa  ara  rary  dlf- 
fioult  daa  to  tbo  look  of  a praotloal  aaa- 
aurlac  dawloa.  Suoh  darloo  auat  ba  aaall 
oaouch  to  aaaaura  loeal  ooadltioaa.  It  aunt 
hawa  a good  fraquaaoy  roapoaaa  and  firat  of 
all.  It  auat  ba  abla  to  aurrlTO  la  high  taa- 
parataraa  la  ooabuatloa  ohaabar.  Tha  rary 
proalaalag  iaatruaaat  far  aaaanrlag  aaaa 
aad  fluotuatlng  ralooltlaa  aad  taaparatu- 
raa  la  laaaar.  But  Ita  daralopaoat  la  atlll 
la  a early  atago. 

la  tha  papar  Initial  aaaaaroaaat  ro- 
aalta  of  toaparaturo  fluetuatloaa  la  flaaa 
la  a aalaotad  aaotloaa  of  ooahuatloa  ohaa- 
bar ualag  tha  tharaaooupla  ara  roportad. 

lUtHBliknCAL  MODBL  OF  nCTSICdL  PBOCISS 

A awlrllaaa  flow  with  roolroulatlon 
aad  ohaaloal  raaotloa  la  a ooabuatloa  ehaa- 
bar  la  daaorlbad  with  alllptlo  dlfforontlal 
oquatioaa  of  aoaaatua,  aaaa  aad  aaargy  ba- 
laaoa.  To  tha  daaorlptlea  of  two-dlaaaalo- 
aal  flow  tha  aeaoataa  o^uatloaa  ohaagoa 
awaillag  tha  atraaa  fuaotloa  aad  Tortlolty 
daflaltloaa.  Hew,  whoa  tha  aathodo’  of  pra- 
aaura  oaloalatloa  ara  known  It  la  poaalbla 
to  uaa  the  ao  oallad  prlaltlTO  varlablaa 
/u,T,p  or  p/  aalTlag  dlrootly  aoaantua  ogu- 
atloaa  /lA 

lha  aathad  of  auaarloal  aolrlag  of  two- 
-dlaoaaloaal  alllptlo  dlffaroatlal  oduatloaa 
daaorlbad  by  Spaldlag  aad  oo-workara  /2/  la 
wall  kaowB  aad  wlda  oaployad.  Tha  baalo  nodal 
oquatloa  las 

whara  dapoodaat  warlabla  ataada  forT  tha 
atraan  fuaatloa  y , Tortlolty  n/r,  atavia- 
tlOB  aathalpy  V , rapraaaatatlTO  fuaotloa 
ipm  Mfu  ^ aaaa  fraotloa  of  fuel 

Mfv  • turbnlaioa  tnmrtr  k aad  tarbulaaea 
aaargy  dlaalpatloa  rata  & . Coafflolaata 

a,b,o  oaaarlag  la  aguatloa  aa  wall  aa  aour- 
oa  taraa  are  daaorlbad  la  awallabla  blblbe- 
graphy.  Balow  ara  dlaoaaaad  only  tha  aourea 
tamo  of  tha  tarbulaaea  oguatloaa  aad  of 


the  aaaa  fraotloa  of  fuel  oduatloa,  whara 
tha  ooabuatloa  nodal  oooour. 

Daaorlbad  aboTO  tha  dlffaroatlal  oqu- 
atleaa  aaoaaaltataa  tha  apaolfloatloa  of 
bonadaxy  ooaditloa  at  oaoh  aurfaoa  of  tha 
aolutloa  doaaia.  Tha  flow  doaala  taken  to 
tha  oaloulatloaa  la  a balf-aootloa  of  axial 
ayaatrloal  adlabatlo  aoabuatloa  ohaa- 

bar. Ob  tbo  ayaatry  axla  ▼arlablaa  /oxopt 
m/r  aad  y/  hawa  aaro  neraal  gradlaata.  At 
tha  exit  all  axial  gradlaata  waa  aaauaa  to 
ba  aaall.  At  tha  fuel  aad  air  ontraaoa  all 
qaaatltltaa  ara  kaowa.  Tha  apoolflo  heat 
waa  oaloulatad  la  dopaadaaoo  oa  tha  taapo- 
raturo  and  gaa  ooapoaltloa  /fn-ox-ooab.gaa/, 
aad  the  daaalty  froa  parfaot  gaa  oquatioa. 
Hoa-laetbomality  and  gaa  oonpoalton  laflu- 
aaoaa  oa  flow  only  through  tha  daaalty, and 
tha  offaotlTo  vlaooalty  Inoludaa  tha  lafln- 
'•teaa  of  turbuloBoa  oa  aaaa  flow. 

Tnrbalaaoa  nodal 

Cloauro  of  tha  tlaa-naaa  equation  ayataa 
la  offootad  by  aoaaa  of  a turbulaaoa  l-a  ao- 
dal  /3/  which  laTolToa  tha  aolutloa  of  two 
ooBaarratloB  oquatloaa  of  turbalaat  klaatlo 
aaargy  aad  oaorgy  dlaalpatloa  rata.  Soaroa 
taraa  for  thaaa  oquatloaa  are  raapaotlTolyi 
for  ki  ft'P 
far  e t fC«p£  -CaP)t/k 

whara 

Tha  Taluoa  of  tha  ooaataata  uaad  la  tarba- 
Imea  aodol  oaloulatloaa  ware  Idoatloal  aa 
la  the  papar  /!/.  Bauadary  ooadltloaa  of  k 
aad  a with  tha  aaauaptlon  of  logarythalo 
Toloelty  dlatrlbutloa  near  tha  wall  wa  oaa 

Whara  point  H la  looatad  at  a aoda  ty 
away  froa  tha  point  oa  tha  wall .Coaataat 
B ■ 9.0  la  a fuaotloa  of  wall  ronghnaaa, 
aad  a ■ 0.43. 

Oa  tha  baala  of  oaloulatad  dlatrlbu- 
tloaa  of  klaatlo  oaorgy  aad  dlaalpatloa 
rata  and  aaauaa  turbulaat  Tlaooalty  laotrophy 

wa  oaa  aay 


CojAuatlmjMdj)^ 

Tha  oaloalatloa  roaulta  of  turbulaat  I'l 
flow  with  ohaaloal  raaotloa  pxtaalpalls  ia^ 
paad  oa  aaauaad  ooabuatloa  nodal. 

Uaaally,  It  la  auppoaad  la  ooabuatloa 
oaloulatloaa,  that  tha  ooabaatloa  rata  of 
foal  par  unit  toIubo  la  gowaraad  by  tha 
Arrhaalua-typa  rolatloa  for  alapla  oaa-atap 
ohaaloal  raaotloat 

Thla  rolatloa  glraa  goad  raaulta  for 
atoady  or  laalaar  ooabuatloa  but  for  turbu- 
lant  oaa  la  rather  rough.  Za  turbulaat  both 
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Skateh  or  fozBMO  , prolMo  aad  oohoao  mt  otroolt 


diftiuloa  aod  proaKod  flmoo  roootioa 
rato  lo  Mlaly  dotoralaod  by  tho  pbyoioal 
prooaaa  of  broalMip  of  oddloo  aad  rolatad 
flaotaatioaa  of  ooaoaatratloaa,  taaparato» 
ro  aad  fXoa  Tolooltloa. 

Xaoladlag  tha  oquatloa  of  ooaontra« 
tlOB  flaotaattoao  lata  tho  oaloulatlaao  of 
tho  fXoa  with  ooabaatloa  waa  oaggaatad  by 
•paXdlag/d, S/  la  oo  oaXXad  oddy<^raafe-ap 
aadoX  /XBO/,  Iho  aodoX  lawoXwoo  tha  oaX» 
oaXatloa  of  turbaXoat  proporty  tlaotaatloa 
g.  Za  a oaao  of  torbuXoat  dlffaalaa  fXaao 
oaXoaXatloaa  with  laflaltoXy  faat  raaotloa 
fwaatlty  g atatao  for  aoaa  ogwarad  fXuoto- 
atloaa  of  auttaro  fraotloa  r*-.  Zf  a flalto 
raaotloa  rato  la  aaaaao,  g la  faoX  ooaooa* 
tratloa  fXaotaatlaa.  Iho  faadaaoataX  KBD» 
BodoX  aaawaptlaa  la  praaaaao  that  tho  rato 
of  ooabaatloa  of  faoX  la  proportloaaX  to 
tha  rata  of  dylag  away  of  tha  faaX  ooaooa- 
tratlaa  fXaotaatlaa,  aad  that  tho  fXaota- 
atloaa  of  toagarataro  aad  aiygoa  oaaoaatra» 
tlaa  aro  porfootXy  ooroXatad  with  tha  fuoX 
oaaooatratloa*  lha  oddy-broalMp  aaaroo 


ton  Bay  bo  wrlttoa  aa 

Za  tho  oaao  of  ooaboatlea  la  a proalxod  fXa~ 
BO  aaar  tho  baraor  axlt  tha  raaotloa  nta 
la  Xlaltad  la  tha  oaao  ardor  of  aagaltado 
by  AaaloaX  klaotlo  waehaalaa  aad  by  tho 
tarbaXoat  dooay  of  oddloo  aad  ooaaootod 
with  It  fXaotaatlaaa.  At  proaoat  thoro  lo 
aay  adoqaato  aad  rorlfloatod  aodaX  of  tur- 
buXaat  eoabnatlaa  la  praalsod  fXaaoo,  apo> 
olaXXy  for  hydrogoa  rloh  faoXa. 

PnotloaX  aad  thaontloaX  ocparlaoata  toad 
towardo  nadontaadlag  tho  ooabaatloa  aooha- 
alaa  la  tarbaXoat  proatxod  fXaao  aro  roqal- 
nd. 

Thoroforo  la  tho  papor  to  tho  awongo 
ooabaatloa  nto  datonlaatloa  tho  roagh 
ooabaatloa  aodoX  aalag  tho  Arxhoalaa  roXa* 
tlaa  waa  aaaaaod. 


Solutlrajgreoadnr* 


T— pratuf  ■—gar— Bf 


Th*  aolTlac  ot  ooaplloatad  aqaatloaa 
ayataa  at  ooaplloatad  ooaboatloiial  fluid 
Slow  prooaaa  aaadad  aaar  taa«a  of  aalaotad 
parta  of  uadal.  Bia  taala  aadal  grid  ayataa 
aaa  ooapaaad  of  tdzlS  nodaa. 

Xo  our  taat  maa  ubaa  wo  did  aot  allow 
ooataiatioa  to  ooonr  ooaTorgoBoo  waa  aahio— 
rod  witbout  to  anob  diffioultioa.  Bat  la> 
oludlag  of  tba  oboaioal  kiaotio  aaoroo 
tons  iato  tba  oaloulatioaa  oaaaad,  that 
tba  itaratioa  proaaaa  dlTorgoat  rary  qnlok. 
tba  aablaToant  of  ooaTorgaaaa  waa  poasiblo 
aftar  usiag  tba  uador-ralaxatiaaa  ia  tba 
font 


tba  aaalloat  valuoa  of  uadar»ralaaatioa 
faotan  wars  naad  for  tba  daaaity  /0.2S/ 
aad  yisaaslty  /0.3/,  baaauaa  tboy  aaosod 
aaap-liaaarity  of  dlffaroatial  oquatioaa. 
Par  tba  otbar  Tarlablos  rolaxatioa  faoton 
wars  aasuaad  la  a raagoa  0.6  *■  0.9  aad  wa- 
rs sat  ts  iasraasa  with  tba  aaabar  of  Ito- 
ntioaa. 


tba  axparlBaatal  ooabastioa  obaabar 
is  pnaaatad  oa  flg.i.  Zt  ia  oowpoaad  of 
air-asolod  staialoas  atoal  oyliadar  of 
0.24  a ia  dlaaatar  aad  0.58  a loag.  tba 
oyliadar  af  0.145  ai.d. aad  0.2  a i.l.  was 
asuatad  at  tba  obaabar  asit.  4 tawa-gas 
faol  proalaad  with  oaatnl  air  wars  adait- 
tad  witbout  awlrl  lata  tbs  furaaoa  tbrougb 
tba  oaatnl  bunar  pipa  of  0.022  a i.d. 
tba  aabiaat  air  witbout  swirl  too,  was  lad 
ia  tbrougb  tba  aaaalar  pipa  of  0.05/0.046 
a i.d.  Cbaabar  work  ooadltioas  want 
tJoaatr.  • Oa/s,  0 aab  ■ 13  a/s.  a. 

* 0.6  /a^Q^  0.4/,  air/fual  ntlo  -*fl70, 

Ba  naaba^ntasad  oa  ialat  ooadltioas  aad 
fttraaoa  dlaa.  So  ■ 12.000. 


Volooity  Baaaaroaoata 


Uaasuroaaata  wars  parforaad  by  aaaaa 

of  3^olo  wator  ooolod  iapulaa  proba  /6/ 
of  6 aa  i.d.  /for  3-dlaaasloaal  flows/. To 
prwToot  aottliag  of  soot  aad  outdropplag 
of  wator  tba  proba  baad  fig.l  waa  aot  oo— 
olod.  tba  proba  lat  to  aaasun  tba  flow 
Toloaity  to  oa.  2b/s  wltb  satisfy  59  pro- 
aisiaa.  tba  raloaltlaa  wan  oaloalatad 
froa  tbs  aassuraasat  data  wltb  a kaowladga 
of  tba  ooaaaatntioaa  aad  taapantan  dls- 
tribotioua. 


tba  aaaa  aad  fluotuatioa  towparataros 
aaasnroaaats  wars  parfonod  usiag  tbis  oaaa 
tbsnoooupla  Pt/Pt  159  Bb,  wirs  of  O.i  aa 
Olaaator.  Tbo  Boasurosaat  iaatruaoatatioa 
aad  tba  proba  oad  aro  prosaatad  oa  fig.i. 
tba  tbanoooupla  wlroa  wars  aot  ooatat  to 
aoblTs  a ndaotloa  of  tbaraal  iasrtla.  But 
uaooatiag  of  wlras  aad  tba  tbanoooupla  wald 
was  ooaasotad  with  oatalytio  iaflusaoa  of 
platlaua  oo  ooubuatioa  kiastlos  /oapaoially 
oa  taydrogoB  atoua  aad  hydroryl  rsdloala  kl- 
oatios/  arouad  tba  wlroa.  Tboroforo  it  was 
tbo  nasoa  of  aaasunaaot  orrors  aa  wall  of 
aaaa  aa  fluotuatlag  toaparatora.  la  noasura- 
aaata  both  tba  aaaa  aad  fluotuatlag  oataly- 
tio.arror  was  aot  dataniaod. 

tba  aaia  diffioulty  ia  taaparatun  flu— 
otuatioB  aaaauroaaots  ia  tba  groat  tbaraal 
iaartia  of  tbonoooaplo.  Oinot  aaaaoroaaats 
of  toapanturo  fluotuatioa  la  poasiblo  oaly 
for  low  fraquoaoy  /oalyfow  Ra/.  Tba  prlaol- 
plo  of  froquoBoy  baad  axtooaioa  and  aaaau- 
roant  toobaiquo  baa  baaa  dosorlbad  by  Kuagl 
aad  Jiaao  /?/.  tba  tbanoooupla  tiaa  ooaataot 
- V oaa  ba  auab  dooraasad  naiag  tba  B-C 
ooapaasator  astwark  to  doonasa  tbo  lapodaa- 
oo  of  a aatwork  wltb  a aiBoltaaaous  fnqu- 
OBoy  rlslag  at  tba  aaaa  rata,  as  that  by 
wbiob  tba  raapoaso  tlao  falls  of. tba  ooa- 
staat  dapaodsBS  raago  output/laput  ntio 
T.a.  fraquaaoy  was  aaar  to  200  Ha.  Tba 
tiaa-aTaragod  ralua  of  tbaraoooaplo  tiaa 
ooaataat  was  dataniaod  usiag  tba  tastrn- 
aaatatloB  aad  tbo  aotbod  dasoribad  ia  /?/. 
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Pig.B*  Badlal  pnfll  of  aaaa  axial  Tolooity  ' 
isotboraal  flow 


SOMI  BBSOLTS 


CoaaaatratioB  aasaaroBaBta 

tba  ararags  spaaias  ooaaaatntioaa 
wan  aaaaurod  using  a gas  olwoastograpb 
wltb  Hai  as  a oarzylag  gaa  aad  aolaoular 
aiowas  /la.Sa.ZaoV  dstsmlalag  B^.O^.H^. 

CS.,  CO  aad  CO.,  lbs  gaa  saaplas  wan  ool- 
laatod  wltb  aa^iaaoolad  quarts  aikropnba 
at  partioular  positioaa  ia  tbo  ooabnatioa 

obaabar. 


Tbara  wars  aay  diffioultlaa  ia  tba 
turbuloat  ooabnstioalass  flow  oaloulatioaa, 
aad  tba  aban  dasoribad  aatbod  oaloulatioa 
nsults  an  aaoordiag  to  tbs  axpariaaatal 
aaaaoroaaats.  Ptg.2  shows  tba  oaloalatad 
axial  walooity  profllas  aad  aaaaaraaaats  of 
aaaa  Tolooltioa.  Zt  osb  ba  aaaa  that  ia  ‘I 

oaatnl  atraaa  sobs  tbo  roaults  an  Ib  good 
agnoaaat.  Zb  tbo  raairoulatioa  ragioa  it 
waa  aot  poasiblo  to  aaasuro  uaaiatalBaBly 
aad  pnolssly  tbo  rooiroulatioa  flow  rolooity. 
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Flg.3.  Badial  proflloa  of  aoaa  axial  toIo* 
olty,  toi^arataro  aad  aaas  fraotioa 
of  fool. 


Oaleolatad  oaluoo  of  axial  Tolooity, 
toaporataro  and  faol  ooBooatratloa  aro 
ooaparod  with  aaaaaroaMto  oa  ris.3.  /ia  ' 
oolootod  aaaaaroaoat  sootioaa/.  Iho  oxaai* 
aatioa  of  tho  oaloalatioa  aad  aoaaaroaoato 
rasalta  obaoo,  that  tharo  aro  oicBifioaat 
difforoaooa  ia  a aacaitado  of  tho  too  ooto 
of  Tolooity,  toaparataro  aad  faal  ooaoaa» 
tratioa  roaalta.  /a^  - io  tho  oaaa  of  ooa- 
haatihlo  faal  oaapoAaata/.  Iho  raaaoa  of 
tho  roaalta  dioartoaaaa  ia  tho  oaatral 
flaao  loao  /ooahaotioa  oooara/  oaa,  that 
ia  tarhalaat  ooahaatioa  oaloalatioaa  tho 
aaaa  oolaaotrio  raaatioa  rato  baa  haaa 
datxBiaad  by  tha  Anhaaiao  ralatioa.  Tho 


oddltiaaal  roaaoa  of  dioorgaaoao  oao  roagh 
ohoioo  of  tha  ohoaieal—hiaatio  ooaataato  ia 
ooabuatioa  rato  rolatioa.  la  tho  turbalaat 
ooabaatioa  oalealatioao  aoro  adagaato  ooald 
bo  doooribad  aboro  tho  CPU  aadal,  or  taolo- 
diag  tho  ooaooatratioB  aad  to^aratara  flo- 
otMtiaaa  dirootly  ia  Arrhaaias  rolatioa. 


Fig.4.  Badial  profilofl  of  aoaa  and  flaota- 
atiag  toaparatarao 


Thbraforo  tho  ialtial  ta^porataro  flaotaa* 
tioas  aaaaaraaaato  oaro  parforaad  ia  oala- 
otad  aaaaaroaaat  aootioaa  of  ooBbaatioa 
ohoahor.  It  oaa  doaa  to  aohbaoa  aoaa  a gua> 
ll^atioa  iafoxaatiaa  aboat  tha  atnotara  of 
tarhalaat  praaixad  flaaa.  Tho  aaaaaroaaat 
raaalta  of  tho  no  toaparataro  flnotaatioaa 
aad  tho  aaaa  toaparatarao  aro  ahooa  oa  Fig. 

dliko  tho  aarliar  papara  o.g.  /g/  traa- 
tiag  of  toaparataro  flaetaotioa  aaaanroaoato 
ia  roaad  fraa-jat  flaaaa  it  oaa  roaarkod, 
that  tha  aaxiaaa  taaparataro  flaotuatioaa 
along  tha  radiaa  la  oaotioa,  ia  ohioh  tho 
oaatral  ooaa  ooabaatioa  aoao  ia  riaablo. 
ooear  Jaat  oataldo  tho  rogioa  of  aoaa  ton. 
parataro  aaxiaaa.  Za  tha  farthar  part  of 
ooabaatioa  ohaabor  poaitioa  of  thoao  aaxiaa 
oara  foaad  aaarly  tho  ooahaatioa  ohaabor 
axia.  Tha  aaxiaaa  toaparataro  flaotaatioaa 
Taluaa  oa  tho  ohaabor  axia  oooar  oataido 
tho  oaatral  lighting  flaaa  aoaa. 

OOVCLBSIOMS 

1.  It  aaa  praaaatad  aa  attoapt  of  applioatioa 
pf  aathaaatioal  aodal  to  tho  oaloalatioaa 
of  tarhalaat .partially  pacaixad  flaaa 
with  raoiroalatioB  ia  ooahaatioa  ohaabor 
■xi  axpariaaatal  aaaaaroaaat  roaalta. 

2.  Tha  adaptad  ooahaatioa  aodol  to  tho  ra- 
aotioa  rato  ia  tarbaloat  flaaa  glToa  any 
paaitiTo  raaalta.  Tho  ooatiaaatioa  of 
■Fhtoaatioal  aad  aoro  praoiao  axpariaoata 
of  ooabaatioa  aaohaaiaa  ia  tarbaloat  pra- 
aixad flaaoa  oro  roguirad 

'3.  Baaiag  oa  ialtial  gaalltatlTo  aaaaara- 
aaata  tho  toaparataro  fluotaatiaao  ia 
o ooafiaad  flaao  it  ia  poaaiblo  to  aotioo 
^ira  aigaifioaat  iaoraaao  ia  tha  ooaba- 
atioa  aoaa.  Tho  praoiao  aoaaBraaaata  of 
taaparataro  flaotaatioad  will  bo  tho 
aabjoot  of  farthar  axparlaoatal  worka. 
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ABSTRACT 


INTRODOCTIOH 


This  papor  ayaainas  io  datail  tha  eoabuscion 
aorodynaaicf  aad  burning  babaviour  of  a eyelona 
coabuscor  with  tha  llmt  atabilisad  intamally,  cloaa 
to  tha  walls  by  tha  eoabinad  procaasas  of  aarodynaaie 
raeirculaciaD  of  hast  and  activa  rhaaieal  spacias,  and 
aztrsaaly  long  raaidanea  tiaaa  aad  aoaa  hast 
ra-rsdiation  froa  tha  walls.  This  aoda  of  burning 
has  applications  in  burning  aichar  poor  quality  fuals 
waak  aixturas  of  rich  fuals  such  as  natural  gas  and 
*aa  a part  of  a aulti-staga,  low  pollution  eoabustor. 

This  work  shows  that  tha  awin  flow  pattam 
consists  of  a swirling  flow  which  slowly  dascands 
down  tha  davica,  is  daflactad  radially  inwards  by  tha 
baaa  and  than  slowly  aacands  up  tha  davica.  Batwoan 
thasa  two  layars  a long  thin  annular  raeirculation 
sons  is  fomad  on  idiosa  bowdary  tha  flaas  is 
stabilisad.  Maasuraaants  of  spacias  eoneantracioa, 
■aan  taaporstura  and  velocity  sra  prasantad. 

NOICHCLATDRE 


a.r.s. 

c.r.z. 
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Annular  recirculation  sona 
Central  raeirculation  zona 
Diaaetar  of  eoabustor  exhaust 
Dianatar  of  nain  section  of  eoabustor 
Diaaatar  of  each  of  the  eight  taagantial 

inlets. 

Precasting  vortaz  corn 
Radius 

Radius  of  aain  saetion  of  coabuscor 
Reynolds  noabar  based  on  axbausc  diaaatar 
aad  aaaa  velocity  in  this  region 
Swirl  nuihar  based  on  input  and  outlat 

conditions 

Tap^rature  °C 

Axial  voloeity 

Tangential  velocity 

Axial  discanea  froa  base  place 

Mixture  Ratio  -Vol. Flowrate  of  Air/Flowrsca 
of  Fuel  x Scoiehoascric  Mixture  Ratio 
(at  S.T.P.  conditions). 


Superscripts 

’ • Indicates  fluctuating  quanticias 


Although  eyelona  eoabustors  have  been  in 
operation  for  aany  years,  principally  for  the  eoabuscion 
of  low  quality  solid  fuels,  tha  widascala  use  of  such 
devices  has  bean  rescriecad  by  the  probleas  of  ash 
slagging  and  rapid  erosion  of  tha  furnace  walls  by 
chaaical  reaecions  with  tha  refractory  linings (1-13) . 
Hosrever,  in  recant  yaars  there  has  been  a revival 
of  incaresc  in  these  coebuscors  for  such  diverse 
applications  as 

(a)  Tha  burning  of  low  calorific  value  gas  (5-7,15) 

(b)  Enhancing  tha  output  of  caaant  kilns  (16). 

(c)  Tha  burning  of  wot  vegetable  refuse  such  as 
cotton  husks  or  grape  pressings. 

(d)  Incinaration  of  such  products  as  car  tyres,  used 
lubricant  oil,  pungent  fuass  froe  industrial 
processes  and  doeestic  refuse. 

(a)  As  part  of  a ailci-staga  low  pollution  eoabuscion 
ays  tea. 

A nuaber  of  differing  types  of  eyelona  coabustors 
are  in  use,  as  raviewad  in  mfarenee  1.  They  have  ona 
basic  characteristic  which  distinguishes  than  froa 
swirl  burners,  in  chat  the  flaas  front  is  locatad 
inside  tha  davica  close  to  tha  outer  walls.  Flaas 
stabilisation  occurs  doc  to  a cosbination  of  three  aain 
factors :- 

(a)  Heat  re-radiation  froa  tha  chasbar  walls  (often 
enhanced  by  tha  refractory  nature  of  the  walls). 

(b)  Aarodynaaie  raeirculation  of  heat  and  active 
chaaical  species  by  a long  thin  annular  raeirculation 
region  located  close  to  the  walla. 

(c)  Tha  axcepcionally  long  residence  tiac  of  fluid 
particles  in  tha  device. 

Conversely  the  swirl  burner  produces  a large 
corroidal  recirculation  zona  in  the  exhaust  region 
around  which  the  flaas  is  stabilised.  Thus  the 
differentiation  between  tha  mo  type  of  eoabustor  aay 
be  considered  to  tha  difference  beewoan  burning  in  tha 
exhaust  region  (swirl  burner)  and  in carnal  burning 
close  CO  tha  wall  (cyclone  eoabustor).  Novertha?ass 
the  eyelona  eoabustor  is  quits  eapcbla  of  producing 
a large  corroidal  recirculation  zone  in  the  axhauat 
region  (providing  this  region  is  centrally  located  and 
unobstructed)  dua  to  tha  high  level  of  swirl  generated 
in  Che  davica. 

Tha  work  reported  in  thit  papar  it  coneamed  with 
a fundabsntal  study  of  tha  eoabuscion  procaasas 
occurring  inside  a eyelona  coabuscor  using  natural  gaa 
as  fuel.  Tha  design  of  this  eoabustor  it  based  upon 
that  of  a eyelona  dust  separator  nodifiad  to  enhance 
flow  stability,  reduce  pressure  drop  aad  is^rove  flat 
stability. 
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THE  COMBUSTOR 

The  coobuacor  tued  la  shoim  in  Flg.l  and  cooaisca 
baaically  of  a long  qrlindrical  Cuba  2 diaoecera  long 
conaccucted  ouc  of  welded  steel  sacciona.  A premx 
of  air  and  natural  gaa  entara  near  the  top  of  the 
coa]buator  through  eight  circular  tangential  inlets. 
These  gaaaa  are  prevented  from  leaving  the  combustor 
by  an  annular  sleeve  surrounding  the  exit,  and  are 
deflected  downwards  towards  the  base  of  the  device. 

At  the  base  of  the  device  the  swirling  flow  is 
deflected  radially  inwards  along  the  baseplate,  then 
separates  from  the  base  forming  a vortex  core  region 
which  Chen  leaves  the  device  through  Che  annular 
sleeve.  Thus  the  flows  in  Che  combustor  consist 
essentially  of  two  concentric  swirling  flows  moving 
in  different  axial  directions.  Between  these 
concentric  swirling  flows  s long  chin  annular  region 
of  recirculation  is  formsd  which  permits  flasas 
stabilisation  to  occur  close  to  the  wall. 

Ralavanc  diomnsions  of  the  burner  are  as  follows 


Diameter  of  Combustion  Chamber 

Do 

153 

OB 

Diameter  of  BxiC 

Dm 

78 

OB 

Diameter  of  each  tangential 
inlet  (18  in  total) 

Dt 

18.7 

an 

Length  of  Combustion  Chasber 

309 

OB 

Length  of  Outlet  Sleeve 

i-S 

125 

n 

The  swirl  number  besed  on  inlet  conditions  of 
this  device  wsa  4.21.  A full  scale  perspex  model  of 
this  combustor  was  also  conscruccad  for  the  flow 
visualisation  experiments. 


Water  model  studies  using  2 mm  disaster 
polystyrene  beads  and  a thin  colliaacsd  light  source 
were  used  to  qualicstively  assess  the  various  flow 
patcams  obtained.  Velocity  levels  ware  obtained 
with  a laser  Doppler  anaaoaacar  using  2 watt  Argon 
laser  and  a particle  counting  signal  processing  unit. 
Mean  caaparacures  were  measured  with  a small  diaaecar 
bare  wire  thermocouple  coated  with  haxaasthyl- 
iisiloxana  to  reduce  catalytic  affects.  Species 
concentration  maasuraaentt  ware  taken  from  the 
combustion  chaaber  using  peristaltic  ptop  and  a saall 
diameter  quartz  probe  designed  to  give  a sonic  throat 
velocity,  thus  quenching  any  reactions.  Analysis 
of  these  samples  was  than  carried  out  an  a Pya 
Unicaa  gas  chroaatograph.  The  teaparatura  and 
concantration  laaaureaencs  were  taken  through  a 
series  of  closely  spaced  ports  in  the  main  body  of 
the  combustor. 


BE5ULTS  AND  DISCUSSION 

A schaaatic  diagrsa  of  the  aarodynsaies  of  the 
combustor  derived  from  the  water  nodal  sttidies  and 
vistial  observation  of  the  co^ustion  processes  are 
reprasantad  in  Fig. 2.  'hao  distinct  regions  of  twirl 
are  evident  - a wall  flow  rotating  slowly  sbout  a 
fast  moving  loner  vortex.  Between  these  conjugate 
rotating  flow  lies  a long  thin  annular  region  of 
recirculation  in  which  high  levels  of  heat  and  mass 
transfer  occur.  This  annular  recirculation  zone 
(henceforth  a.r.z)  is  in  the  fora  of  a thin 
cF-lindrical  wedge.  Fig. 2 and  appears  to  be  non 

continuous  langthMsa,  with  low  frequsney  eddies 
and  mixing  processes  continually  causing  heat  and 
mass  transfer  across  this  region.  This  is  furthar 
lllustratsd  by  the  water  model  photograph  in  the 
axial  radial  plana  shown  in  Fig. 3.  Near  to  the  exit. 


at  the  lip  of  the  sleeve  a slight  escape  of  Incoming 
fluid  occurs  due  to  its  entrainment  into  the  central 
vortex  Figs. 2 and  3.  As  the  inner  vortex  passes 
through  the  annular  aleeve  towards  the  exhaust  a largo 
central  torroidal  recirculation  zone  is  formed  on  the 
axis  in  a oanner  analogous  to  chat  which  occurs  with 
swirl  burners  Fig. 2 and  4 (1).  This  central 
recirculation  zone  (henceforth  c.r.z)  is  quite  capable 
of  supporting  natural  gas  cosbuscion,  the  result  being 
virtu^ly  identical  Co  chat  produced  by  swirl  burners 
of  similar  swirl  number.  This  c.r.z.  reduces  the 
effective  outlet  area  of  Che  device  and  increases  Che 
residence  time  of  the  flow  inside  the  combustor.  The 
c.r.z.  only  extends  to  the  rear  of  the  outlet  sleeve. 
Inside  the  combustor  the  water  models  reveal  Che 
existence  of  a "dead"  zone  of  low  turbulence  inside 
Che  inner  vortex  region  close  to  the  axis.  Associated 
with  Che  c.r.z.  formsd  in  the  exit  is  the  formation  of 
a precess'ing  vortex  core  (henceforth  P.V.C.)  which 
tocacas  about  the  boundary  of  the  c.r.z.  Fig. 2, 4 i 5. 
Outside  Che  burner  under  certain  conditions  an 
instability  associated  with  Che  P.V.C.  occurs  called 
the  radial  axial  eddy  Figs. 2 (17). 

The  formation  of  the  P.V.C.  is  iaportanc  in 
premixad  combuscioa  systems  owing  to  the  capacity  for 
resonant  coupling  with  various  acoustical  and  other 
modes  of  combustion  instability  (20).  Msasursmencs 
of  Che  frequencies  of  the  P.V.C.  undas  isothermal 
conditions  showed  a near  linear  increase  with  Re 
and  Che  non-diaansionalisad  results  so  obtained  ace 
shown  in  Fig. 6 where  they  are  coaqiared  with  results 
obtained  from  ocher  syscaas  and  the  present  coadiustor 
operated  with  only  two  and  four  inlets  open  so  as  to 
increase  the  swirl  nudiar.  As  may  be  seen  the 
frequency  parasacar  soon  tends  to  a constant  value 
at  high  Ra  for  all  syscaas  considered.  The  results 
from  this  system  seem  to  be  clearly  consistent  with 
chose  obtained  froa  ocher  swirling  flow  systems.  When 
combustion  occurred  in  the  exhaust  region  at  near 
scoichosacric  mixeum  ratios  the  frequency  of  the 
P.V.C.  was  nearly  doubled  at  high  Re,  a mode  of 
behaviour  similar  to  that  which  occurs  with  swirl 
burners  (18).  Under  conditions  of  weak  burning 
(i^>1.3),  Che  combustion  conditions  considered  in  this 
paper,  Che  frequency  of  the  P.V.C.  was  only  affected 
by  co^riiuscion  at  low  Re,  thus  correlating  with  ocher 
msasureaencs  made  which  showed  chat  Che  combustion 
process  was  fully  collets  by  the  exhaust  sleeve 
region  and  gases  encaring  this  region  ware  of  near 
uniform  radial  ceisperacure  and  conce  xracion  profiles. 

The  combustion  case  considered  i this  paper  occurs 
when  a weak  mixture  of  natural  gas  is  burnt  in  this 
combustor  (d"  1.68),  and  is  considered  to  represent  a 
combustion  state  which  could  occur  in  the  incineration 
of  low  calorific  value  waste  gases  (it  has  bean  shown 
in  reference  7 chat  the  burning  processes  of  Carbon 
Black  Waste  Gas  in  cyclone  combustion  may  be  simulated 
by  burning  weak  mixtures  of  natural  gas  and  air  of 
equivalent  overall  heat  output  in  the  tame  combustor). 
The  flame  bums  in  the  expected  position  in  a long  chin 
annular  flame  front  located  close  to  the  outer  walls 
and  extending  from- Che  inlets  down  to  the 
base  place  of  the  device.  Under  Che  conditions  at 
which  measurements  %rere  taken  the  flams  was  close  to 
blow  off.  Blow  off  did  not  occur  in  Che  conventional 
aense,  but  the  flame  collapsed  radially  inward  at 
weaker  mixture  ratios  to  form  a chin  annular  flame 
front  with  poor  burning  characteristics  on  the 
boundary  of  the  inner  vortex  core  region  in  a oanner 
analogous  to  chat  found  in  references  6 and  7. 

Temperature  and  concentration  profiles  were  taken 
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ac  the  six  zonal  indicacad  on  Fig. 2.  Tha  taaparacurc 
profiXas  Fig. 7,  thow  chat  aaxiiw  ca^aracura  . ^vals 
of  up  CO  1100°C  ara  obcainad.  Tha  flaaa  front  la 
Xoeacad  about  25  at  froa  tha  wall  along  tha  Xangth 
of  tha  baznar  at  t/zq-  0.67.  Coabuacion  la 
initiacad  in  tha  amuXar  ragion  baoiaan  tha  axit  aXaava 
and  tha  outar  waXX  juat  baXow  tha  cangandaX  inXaca. 

In  chia  ragion  tha  fXaaa  aaaaa  to  axtand  to  tha 
aXaava  boundary.  In  tha  ■aio  body  of  tha  conbuacor 
tha  fXaaa  front  poaicion  acareaXy  aaaa  to  aXtar 
uneix  at  diacancaa  Xaaa  than  about  50  n of  tha  baaa 
Plata  flow  (cXaarly  abown  by  tha  wacar  aodaXa)  finaX 
burnout  of  tha  fXaxM  occurring  at  r/xo-  0.28  around 
tha  cantral  vortax  cora  ragion.  Ovar  much  of  tha 
main  body  of  tha  eoabuacor  from  X/Dg'  0.2  to  tha 
axhauat  aXaava  a ragion  of  naar  uniform  ex^aracura 
axiaca  bacvaon  0.67<  r/ro<0.28  dua  to  tha  eXoaa 
ra^aX  poaicion  of  tha  daacanding,  burning, 
awirXing  fXou  and  tha  apeonding,  burnt  out 
avirling  flam  tovarda  tha  axhauat,  tha  two  fXowa  onXy 
baing  aaparacad  by  tha  Xong,  diin  aanuXar  racireuXacion 
zona.  For  aiaplieicy  in  Xaboratory  axparimanta  thia 
eoabuacor  waa  not  linad  with  rafraetory  and  chua  tha 
contribution  of  haat  ra-radiacion  to  tha  fXana 
acabiliaation  procaaa  ia  virtualXy  nagXigibXa  ovar 
tha  ufaoXa  Xangth  of  tha  eoabuacor  aa  ahown  by  tha  Xow 
waXX  caaparacuraa  racordad.  Pig. 7,  typicalXy  bacmaan 

” 500  C.  Tha  flama  front  ia  Xoeatad  furthar  avay 
from  tha  walla  of  chia  eoabuator  chan  found  ia  ochar 
work  with  diffaring  cypaa  of  eyelona  eoabuator  (6,7). 
Ihia  ia  dua  to  two  main  affacca: 

(a)  Tha  lack  of  a rafraetory  wall  which  would  hava 
iaprovad  tha  flama  atabiliaacion  procaaa  on  tha 
outaida  of  tha  flM,  haa  movad  tha  tlam  radially 
outwards  aomawtaat  and  i^rovad  tha  blow  off  Ximict  by 
ineraaalng  aubacamtiaXly  dia  boat  ra-radigeion  to  the 
outaida  of  tha  flama. 

(b)  Tha  Ximicad  aiza  and  atrangth  of  tha  annular 
ravaraa  flow  zona.  It  ia  fait  ctiat  tha  aiza  and 
atrangdi  of  chia  ragion  can  ba  aubaeantiaXXy 
incraaaad  by  fairly  ai^iXa  combustor  modi fi cations. 

Spacias  concancracion  maasuramants  along  tha 
langth  of  tha  butaar.  Pig. 8 1.68)  show  that 

tw^lota  burnout  of  all  dia  fual  has  baan  achiavad 
by  tha  axhauat  slaava.  In  lha  flama  front  ragion 
elosa  CO  tha  wall  a high  machana  concancracion  axisca 
( * ^^X)  porsisting  all  tha  way  down  tha  eonbuscor 
CO  tha  baaa  plata.  Cloaa  to  tha  baaa  pXata  tha  hi^ 
nachana  coneantracions  in  tha  ragion  froa  1.0 < r/ro < 
0.36  indteata  bow  tha  final  burnout  procaaa  is 
occurring  in  this  rogian  and  alao  around  tha  cantral 
vortax  corn  ragioo  as  tha  outar  flow  raachaa  tha  baaa 
plate  and  la  daflaetad  around  towards  tha  axit 
slaavm.  It  is  apparant  that  final  bnmout  of  machana 
in  tha  cantral  vortax  corn  ragion  doas  not  occur  nneiX 
Z/I>o~l>l'  Only  vary  small  eoncancrationa  of  CO  and 
maaaurad  in  tha  flama  front  ragion,  typical 
vaXuas  baing  of  tha  ordar  of  0.1  to  0.3Z  Fig. 8.  Tha 
highaat  coneantracions  of  CO  wara  usually  fovaid 
batwaan  0.7 <1/0^,  tha  paak  of  tha  CO  coneantracions 
lying  just  outaida  tha  flaaa  front  position  ganarally. 

A similar  rasulc  was  obcainad  with  tha  Bj 
coneantracions.  Nanrto  tha  baaa  plata  at  Z/Do<0.2 
aich  aora  uniform  coneantracions  of  CO  axist,  typically 
around  O.IZ  (H2  coneantracions  ara  bars  nagligibla) 
dua  to  the  eonvaccion  of  CO  down  tha  annular  gap 
batwaan  tha  wall  and  tha  flaaa  front.  Final  burnout 
of  tha  00  chan  occurs  in  tha  vortax  cora  ragion. 

Tangancial  and  axial  volocicy  profilas  inaida 
tha  eoabuator  ara  ahown  in  Fig. 9(a)  and  (b)  ia  tha 
isotharmal  acata.  Tha  caagantial  valoeity  profilas 
ara  vary  mich  aa  to  ba  axpaecad  in  showing  that  tha 


profilas  arc  typically  a free /forced  vortex 
combination  with  the  boundary  of  the  vortax  cora 
region  moving  from  about  r/rp=0.33  at  a point  naar 
the  e:diauac  (X/D^-  1.1)  to  x/xg-  0.14  at  a point 
near  the  base  place  (X/Do  * 0.6). 

The  ragion  of  highaat  tangancial  velocity, at  the 
vortax  cora  boundary, ia  nearly  double  that  close  to  the 
wall.  The  axial  recirculation  zone  (Fig.9(b))closcly 
corrasponda  to  tha  point  of  inflexion  of  the  tangential 
velocity  profilas  batwaan  the  wall  and  cantral  vortax 
cora  flow.  The  flame  front  boundary  ragion  also 
cloaaly  corresponds  to  this  region. 

The  axial  velocity  profiles  confirm  the  water 
modal  results  and  show  a alow  moving  downward 
descending  flow  and  a central  faster  moving  flow. 
Batwaan  chase  two  regions  a recirculation  zone  axiaca 
with  modaracely  high  levels  of  turbulence  (typically 
20-40Z) . Turbulence  lavals  are  not  as  high  aa  in  the 
axit  region  of  a swirl  burner  dua  to  tihe  high  level 
of  mean  swirl  velocity  existing  in  this  region. 

In  the  central  vortax  core  ragion  axial  velociciaa 
are  vary  low, and  no  regions  of  reverse  flow  on  the  axis 
axiaca  inside  tha  cyclone  chamber. 


CONCLDSIOHS 

Thia  paper  haa  demonstrated  the  co^lax  intaraccion 
problems  occurring  batwaan  combustion  and  tha 
aerodynamic  flow  pactaroa  occurring  in  cyclone 
coabustors.  The  mode  of  coabuacion  considarad  here, 
basically  a wall  burning  noda,ia  stabilised  principally 
by  the  aachaniam  of  a long  thin  annular  recirculation 
zone  and  vary  long  residence  times.  Thia  study  has 
indicated  chat  conaidarable  room  for  improveaant  exists, 
particularly  in  tha  strangchaning  of  the  annular 
recirculation  zone. 

Dependant  upon  the  application  tha  eidiaust  flow, 
associated  c.r.z.  and  P.V.C.,  may  ba  superfluous 
(i.a.  where  only  a wall  burning  mods  is  desired)  and 
thus  it  is  sensible  to  aliminata  chase  flows  where 
possible  due  to  instability  problems  aasoeiacad  with 
the  P.V.C.  It  is  significant  chat  certain  Russian 
designs  of  cyclone  coabustors  fit  da-swirl  vanas  in 
tha  exhaust  region  to  eliminace  such  problams  (12). 

The  author  has  also  encountered  instability  problams 
in  large  designs  of  multi-inlet  cyclone  coAustor 
(2.03  m diamacar  by  6.4  a long)  for  burning  Carbon 
Black  wasca  gas  (21).  Similar  ramadies  were  adopted. 
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lrig.7.  Oistribucioa  of  tcaparatur*  throughout  Cyclone  Coubuetor  when  burning 
week  Natural  Caa/Air  Niituraa  (4~  1.68) 


Fig. 8.  Diatribution  of  Spociu  Coacracration  at  Dlffariag  Axial  Stacioaa 

chrougbouc  Crelona  Coabuacor  whan  buniag  Vaak  Hatnral  Gaa/Air  Mizturaa 
(«-  1.68). 
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HUHERICAL  ABD  EZTStIMEmL  STOSISS  OF  AB  AXISn«miC  COMBUSTOR 


A ductad  axisTOMtric  eombnatioc  flow  st«bll- 
is«d  b7  • Hat  diac  baXfl*  lias  ba«n  invaatigatad  witb 
a 2-D  axiSTnaatric  numarical  aathod,  baaad  on  tha 
K-c-g  turb^anea  aodal  and  a aiople  raaetlon  modal* 
Qie  numarical  raaulta  bmva  baan  cooparad  with  axpari* 
mantal  maaaaramanta  of  tha  diatiibutiona  of  valoeity, 
ta^Mimtnra  and  aquiamlanea  imtio.  Qia  diagnoatica 
ineludad  a 7-hola  pitot  preba,  tharaocoupla  and  gaa- 
aaapling  probaa.  A aiapla  Huctaationa  modal  warn 
found  to  ba  aaaantial  in  tha  pradietlon  of  tha 
tai^armtura  fiald,  althou^  a aiig)la  mi:d.ng  modal 
pradieted  auccaaafuUj  tha  tima  maan  mixing  of  fUal 
and  air. 


A modal  combuator  wma  built  which  Ineorporatad 
a hi|^7  turfaulant  flama  atabiliaad  by  a racircula- 
tlng  ragion.  (Saa  ligura  1).  Small  phyaical  diman- 
alona  ware  raquirad  to  minimiaa  tha  affacts  of 
radiation,  and  to  anaura  aeonoay  in  tha  conauaption 
of  fbal  at  an'  accaptabla  cembuation  intanmlty,  wbaraaa 
a large  sine  vm  desirable  to  reduce  probe  blockage 
effecta.  As  a coap remise,  tha  test  section  was 
153  OB  intamal  diamatar  by  UOO  mm  length,  lhasa 
oeerall  dimansi  one  gave  a blockage  ratio  (probe 
araa/flow  area)  of  lass  than  O.ji.  Tha  baffle  was 
125  OB  in  diameter  to  ensure  a large  recirculation 
none  diameter  to  probe  diameter  ratio,  and  was  aaeh> 
inad  with  a ^5  iag  lip  to  enaure  aceurata  knowledge 
of  the  position  of  tha  dieiding  streamline.  A aa^- 
Bum  haat  release  of  700  kW  was  achleead,  gieing  an 
intensity  of  113  Tha  use  of  a rear>antry 

traverse  unit  dictatad  that  tha  flow  should  be 
exhausted  from  tha  ilg  in  a radial  direction,  and  in 
order  to  cdniaise  any  loss  of  aiisystry,  eight 
separate  a^diaust  ports  ware  arrazigad  syamatrically 
around  tha  periphery  of  a 30  dag  nozale  attached  to 
the  rear  of  the  working  section.  Tha  exhaust  flows 
ware  quenched  by  the  injection  of  watar  sprays.  Tha 
baffle  and  flaa^tuba  ware  water-cooled. 


f > mixture  fraction  > a. (fuel)  - m.(oxygan)/i 


rata  of  dissipation  of  K 


Qie  problem  of  co^uting  a combusting  flow  in 
a gas  turbine  combustor  is  prodigious  as  a result  of 
the  inflnaneas  of  swirl,  a co^lax  geometry,  dro^ 
lets,  radiation  and  the  intaraction  of  turtulance  and 
chemical  kinetics.  This  rasaareh  was  eoneeiTad  with 
tha  objective  of  comparing  mensursments  and  aumarical 
models  of  a siaplifiad  combustor.  A 2-D  axisyaaetiie 
geometry,  with  a flat  disc  baffle  was  chosen,  since 
this  would  be  simple  to  modal  using  existing  finite 
difference  methods. 


Bottled  methane  was  used  as  a fuel  and  was  fed 
from  a Hnifold  through  a pressure  control  valve. 

Tha  rear-entry  traverser  was  baaed  on  a design  devel- 
oped at  N.Q.T.E.  (The  National  Gas  turbine  Establisb- 
ment).  This  traversed  the  rig  in  spherical  polar 
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co-or^lsatM  origiaatliig  from  a spherical  bearing  at 
the  rearooat  arial  point  of  tha  combuator.  It  allovad 
the  whole  teat  section  to  be  investigated  without  the 
need  for  further  access  holes.  In  practice,  aeasure- 
aents  were  sade  on  a rectangular  grid  in  cTlindrical 
polar  co-oidinates  originating  at  tha  baffle  centre. 

^e_7elocitjj£obe 

In  order  to  measure  tha  local  velocity  in  a 
flow  with  a simple  pitot  tuba,  it  is  necessary  to 
orientate  tha  tuba  in  the  direction  of  flow.  In  a 
recirculating  flow  this  direction  is  not  geneially 
Icnown.  Moreover,  the  difficulties  of  designing  a 
fully  articulating  traversing  system,  particularly 
for  use  in  a ducted  flow,  would  be  anoiaoua.  3ia 
problem  may  be  overcome  by  the  use  of  a direction 
sensitive  pitot  probe. 

'Qia  N.Q.T.E.  7-hole  probe  (1)  was  designed  for 
traversing  combustion  chambers  in  tha  anvironaant  of 
a stoichiometric  hydrocarbon-air  flame.  Qia  head  of 
the  probe  is  made  from  platinum/SOK  rhodium  alloy. 
iTsing  the  7-hole  probe  a wide  range  of  incident  flow 
angle  (up  to  I 90  dag)  can  be  detected.  Iha  calibra- 
tion comprises  three  curves,  which  cover  all  orient- 
ations of  the  flow  vector. 

ae_e3cgo8ed_bead_ther2ocou2le_£ro^ 

A simple  exposed  bead  thermocouple  probe 
mounted  on  a wmter-coolad  stem  was  used  to  measure 
local  temperatures  In  the  combustor.  An  exposed  bead 
deslp  was  chosen  because  it  has  a low  blockage  ratio 
and  peiaita  traversing  close  to  walls.  Qie  errors 
associated  with  such  probes  can  be  large,  especially 
in  hi^  temperature  regions,  and  whore  an  appreciable 
conduction  path  to  the  cooling  jacket  exists. 
Temperature  traverses,  however,  proved  to  be  repeat- 
able  and  tha  errors  ware  estimated  by  an  extended 
correction  procedure  (2).  Qis  probe  was  checked  by 
calibration  against  a double-shielded  and  aspirated 
thermocouple  probe.  After  tha  correction  procedure, 
the  measureme'nta  agreed  within 

The  samplins  probe 

Qie  customary  samp) ing  difficulties  associated 
with  fuel  condensation  and  blockage  by  carbon  parti- 
cles in  water-cooled  probes  ware  not  apparent  in  this 
gas  fired  combustion  chamber.  In  addition,  as  the 
aim  of  the  analysis  was  to  datarmios  overall  equiva- 
lence ratio,  and  trace  species  were  neglected, 
reaction  In  the  probe  was  of  no  consequence. 

Combustion  products,  continuously  withdraws 
from  the  combustion  chamber  through  the  sampling 
probe,  ware  mixed  with  a stream  of  oxygen,  and  the 
mixture  passed  through  an  electrically  heated  Ihr- 
nace  held  at  9S0  deg  C.  A residence  time  of  the 
order  of  1 second  in  the  fUmace  was  achieved  and 
reaction  was  prqmotad  by  a fine  platinum  catalyst. 

Tha  gas  sample  was  than  analysed  using  a two-channel 
chromatograph  to  determina  local  equivalence  ratio. 

Thh  NUmbiSCAL  taajbl. 

The  2-D  a]d.syinotrlc  flow  was  modelled  by  the 
finite-difference  program  QASIX,  which  'was  loaned  by 
CHAM  uimltad.  The  sloping  lip  and  the  detailed 
geometry  of  tha  exit  nozzle  and  discrete  radial  exit 
holes  ware,  however,  not  incorporated. 


The  K-c  turbulence  model  and  an  "instant 
reaction"  model  were  used.  In  tha  initial  calcula- 
tions a constant  value  of  specific  heat  was  employed, 
this  beiiig  arranged  to  give  tha  correct  adiabatic 
flame  tampertuzm  for  a fully  burned  stoichiometric 
mixture  of  methane  and  air.  Variable  specific  heat 
given  as  a cubic  polynomial  function  of  temperature 
for  each  species  was  later  introduced.  The  density 
of  tha  mixture  was  obtained  from  tha  equation  of  state, 
and  tha  heat  release  from  tha  mass  fraction  of  fuel 
consumed. 

Saal  turbulent  flames  differ  from  tha  predict- 
ions of  simple  mixing  models  in  that  fuel  and  oxygen 
are  found  to  co-exist  at  points  within  the  flame  but 
at  different  instants  in  time.  The  phenomenon  is 
referred  to  as  unmixedness.  This  is  not  inconsistent 
with  high  kinetic  rates  and  gives  rise  to  a thick 
reaction  zona  or  flame  'brush*. 

Hpalding  (3)  proposed  a transport  equation  for 
the  scalar  root  mean  square  of  tha  concentration 
fluctuation  of  a species  (g)  in  a non-combusting 
case.  In  a combusting  case  a complication  arises 
since  the  source  of  the  g aquation  for  a given 
species  will  include  terms  involving  the  correlations 
of  the  fluctuating  components  of  tha  reacting  species. 
If  g la  considered  instead  as  the  mean  square  fluctu- 
ation of  tha  mixture  fraction  f,  however,  the  diffi- 
culty is  avoided  as  a result  of  the  lack  of  a source 
term  in  this  equation.  Tha  prediction  of  a diffusion 
flame  using  this  model  was  reported  by  (losman  (4). 


The  maod.sua  and  minimum  values  of  f at  a given 
point,  fr  and  f-,  are  represented  by: 


r = f+g^ 

f • f-g^ 


with  the  limitation  that  f*  < 1 

f b 0. 


In  order  to  progress  further  with  the  modal  it  is 
necessary  to  make  an  assumption  of  the  form  of  the 
fluctuations  with  time.  A Saussian  probability 
distribution  function  (pdf)  would  seem  most  realistic, 
with  delta  functions  at  f « 0 and  f w 1,  as  employed 
in  (5)  and  (6).  However,  this  involves  fairly  lengthy 
algebraic  manipulation  without  giving  predictions  of 
any  greater  realism  than  are  obtained  using  a simple 
deterministic  triangular  waveform  corresponding  to  a 
uniform  pdf.  Indeed  Lockwood  (5)  achieved  quite 
similar  results  with  the  simplest  assumption  of  all, 
a square  wave  fluctuation.  A wel^ting  factor  n is 
introduced  (C  < n <1)  to  prevent  f exceeding  unity, 
f~  falling  below  zero,  whilst  maintaining  f and 
g?  at  the  values  calculated. 


Thus  f »nf*  {l-n)f~,  where  f represents  the 
average  value  of  the  mixture  fraction,  and  a similar 
expression  is  used  for  other  properties.  As  a con- 
sequancs,  mean  temperatures  are  reduced,  since 
finite  values  of  fuel  and  oxygen  may  co-exist  in 
this  model.  It  gives  very  plausible  predictions 
for  very  modest  coimutatlonal  effort  and  was  there- 
fore adopted  in  this  work-  Choice  of  this  model  was 
reinforced  by  Khalil  (7)  who  found  it  to  be  the  beat 
of  three  models  tested. 
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SXPERIMDn!/ll  RESULTS 


MauuTMMnts  of  velocity,  teopormtur*  and 
•quivalanea  ratio  were  made  at  the  three  conditiona 
specified  below  is  table  1. 

nie  degree  of  axjjyetry  of  the  flaae  develop- 
ed within  the  coabustion  chaober  was  investigated  by 
rotating  the  exposed  bead  themocouple  probe  through 
360  deg  about  the  coabustion  chsaber  axis  at  selected 
locations.  The  variation  did  not  exceed  10%  of  the 


Condition 


♦overall 


8 X 10’  5 X 10' 


Table  1.  lixporlasntal  conditions 

The  expariaental  results  aay  be  subject  to 
errors  arising  mainly  froa  the  following  effects 

(a)  lack  of  axisyaastry  (<  * 10%) 

(b)  errors  of  thermocouple  calibration  (<  T 2.5%) 

(c)  errors  in  equivalence  ratio  analysis  (<  - 10%) 

(d)  errors  in  7-hoIe  probe  aeasureaents  (<  C 10%) 

(e)  probe  interaction  with  the  flsae. 

A selection  of  the  results  obtained  are  now  presented 
and  discussed. . 


Detailed  aeasureaents  of  the  coabusting  flow 
were  made  at  condition  1.  The  aeasured  contours  of 
teaperature  are  shown  in  figure  2.  The  doainsnt 
features  are  a cool  central  fuel  Jet,  a cool  film 
of  air  along  the  wall,  and  an  annular  flaae  stabilise 
ed  by  a recirculating  flow  of  very  hot  gases  down- 
stream of  the  baffle.  The  reaction  zone  is  obviously 
diffuse,  as  would  be  expected  in  a highly  turbulent 
diffusion  flaae,  giving  the  characteristic  flaae 
’brush*.  n>a  toaporatures  are  very  much  lower  than 
the  stoichioaatric  value  for  the  fuel  used  which  is 
in  the  region  of  21Q0K  for  an  ataospheric  inlet 
teaperature. 


The  equivalence  ratio  aeasureaents  for  the  same 
condition  are  shown  in  figure  3.  The  information 
obtained  froa  the  gas  analyser  represents  the  tias- 
averaged  equivalence  ratio,  and  gives  no  indication 
of  the  local  combustion  efficiency.  %at  is,  the 
analyser  is  unable  tc  differentiate  between  unbumed 
fuel  and  coabustion  products,  and  is  unable  to  follow 
teaporal  fluctuations  in  concentration.  The  fuel-air 
ratio  in  the  rich  region  along  the  combustor  axis 
could  not  be  quantified  as  it  was  found  to  be  imposs- 
ible to  bum  coapletely  all  the  excess  fuel  in  the 
furnace  for  equivalence  ratios  in  excess  of  about  1.5. 


Fig.  3-  Contours  of  Equivalence  fiatio  at  Condition  1 


nie  velocity  distribution  in  the  coabustion 
chsaber  is  presented  as  contours  of  axial  and  radial 
velocity  in  figures  A and  3 respectively.  In  order 
to  interpret  the  7-hole  probe  output  a local  density 
is  required.  This  was  calculated  froa  the  aeasured 
values  of  teaperature  and  ecuivalence  ratio  using  a 
mean  aolecular  weight  and  equation  of  state.  In  the 
'out  of  range'  regions  the  equivalence  ratio  was  taken 
as  that  fuel-rich  ratio  idiich  would  produce  the 
measured  teaperature  on  ccaplete  coabustion. * ThLs 
latter  assumption  is,  of  course,  uncertain  and  the 
actual  equivalence  ratio  could  lie  anyidiare  between  1.5 
and  iafij^ty.  However,  the  resulting  error  in  the 
density,  and  therefore  the  velocity,  is  unlikely  to 
be  greater  than  -5%  except  in  regions  of  very  low 
temperature  where  the  density  is  a stronger  function 
of  equivalence  ratio. 


Fig.  2.  Contours  of  Teaperature  at  Condition  1 (K) 


Fig.  4.  Contours  of  KxiaX  Velocity  at  Condition  1 

Ca/s)  ' 
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?•  Radial  Velocity  Coatours  at  Condition  1 

Two  concentric  contra-rotating  toroidal  Torti- 
ces  are  in  evidence  behind  the  baffle.  The  recircu- 
lation zone  extends  to  approximately  one  diameter 
downstream.  The  length  is  about  beif  that  measured 
in  the  cold  flow  situation  without  a central  Jet. 

The  Jet  along  the  axis  and  the  «nniil«r  Jet  near  the 
wall  initially  begin  to  decay  in  velocity.  Down- 
stream of  the  recirculation  zone,  however,  the 
expansion  of  the  gases  following  combustion  causes 
an  acceleration  across  the  reaction  zone  which  tends 
to  chock  this  decay. 

Only  the  zero  radial  velocity  contours  are 
shown  in  figure  5 because  the  radial  components  are 
small  compared  with  the  «vd«'i  components  for  most 
of  the  flow.  The  coincidence  of  the  large  region  of 
recirculating  flow  extending  from  the  baffle  tip 
with  the  high  temperature  region  of  figure  2 la  a 
notable  feature  of  the  velocity  field,  ^xich  is 
presented  la  figures  ^ and  3. 

NDMEBZCAL  RESULTS 

The  program  was  accepted  as  having  converged 
when  the  sum  of  the  mass  residuals  was  less  than 
1 X 10“'  of  the  inlet  mass  flow,  farther  iterations 
producing  negligible  changes  in  the  calculated  flow- 
field.  A 20  X 20  non-unifoim  grid  was  found  to  be 
adequate,  further  refinement  having  almost  no  influ- 
ence on  the  results  at  convergence.  Typically,  about 
**00  iterations  were  required  to  achieve  the  converg- 
ence criterion  for  the  simple  mixing  model.  %e 
addition  of  the  g equation  for  the  fluctuations 
model  had  an  adverse  effect  on  the  solution  stability. 
At  first  convergence  was  so  slow  and  uncertain,  that 
only  a very  poor  solution  existed  after  1,000 
iterations.  The  situation  did  not  improve  with 
changes  to  the  under- relaxation  parameters,  and  both 
the  stability  of  the  solution  and  the  rata  of  conv- 
ergence were  strongly  dependent  on  the  boundary 
conditions  used.  Initially  a zero  normal  gradient 
was  specified  at  each  boundary  for  the  g equation. 

This  is  a loose  condition  and  its  replacement  by  a 
zero  value  of  fluctuations  at  each  boundary  yielded 
a much  more  strongly  convergent  solution.  However, 
about  1,000  iterations  were  still  required  to 
achieve  a converged  solution. 

■Bie  use  of  a zero  value  for  g at  the  inlet 
boundaries  is  a reasonable  approximation  as  clearly 
no  concentration  fluctuations  can  occur  in  a one— 
component  environment,  ^e  approximation  nay  also 


be  used  at  the  outlet  if  this  is  located  sufficiently 
far  downstream  to  have  negligible  influence  on  the 
region  of  interest.  At  the  wall  the  fluctuations 
must  be  damped  to  zero,  although  the  actual  form  of 
variation  close  to  the  boundary  there  is  uncertain. 

In  a turbulent  flow  it  seems  probable  that  fluctua- 
tions occur  down  to  the  1-«nrin«r  sublayer,  making  a 
zero  value  a very  poor  approximation  unless  an 
extremely  fine  grid  is  employed.  A zero  value  at 
the  axis  of  symmetry  would  be  appropriate  in  an 
equilibrium  flow  as  the  radial  concentration  gradient 
is  zero  at  this  boundary.  In  a turbulent  recircula- 
ting flow,  however,  fluctuations  are  convected  and 
diffused- to  the  axis  making  a zero  value  here 
improbable. 

The  limits  of  the  flame  'brush'  predicted  for 
each  of  the  three  conditions  are  plotted  in  figure  6. 
The  stoichiometric  contour  predicted  by  the  simple 
miring  model  is  also  shown.  The  results  for  conditi- 
ons 1 and  2,  which  have  different  Reynolds  numbers, 
are  very  similar  indicating  a relatively  weak  Reynolds 
number  effect.  Condition  3,  however,  which  ha«  a 
different  equivalence  ratio,  exhibits  a flame  'brush' 
which  diverges  mors  rapidly  from  the  axis  than  that 
predicted  at  the  other  conditions.  It  is  encouraging 
that  these  predictions  are  in  qualitative  agreement 
with  the  measurements. 


//////// yy/yyyy/yy/yyyyyyyy/ 


Flame  'brush'  predicted  by  fluctuations 
model. 

_ __  _ Stoichiometric  contour  predicted  by  simple 
mixing  model. 

Boundary  at  condition  2,  where  this  does  not 
coincide  with  that  at  condition  1. 

Fig.  6.  Diagram  Showing  the  Flams  'Brush'  Predicted 
Using  a Fluctuations  Model 

COMPARISON  OF  IHE  NUMERICAL  RtEDICTIQHS  WIIB  ISX 
MEASURDISnS 

The  temperature  distributions 

The  temperature  contours  calculated  using  the 
fluctuation  model  at  condition  1 are  in  moderate 
agreement  both  in  magnitude  and  spatial  distribution 
with  the  measurements,  the  centerline  temperature 
gradient  being  particularly  wall  predicted.  That 
the  bulk  temperatures  are  coiTSctly  predicted  Is 
especially  aacouraging  when  it  is  remembered  that 
the  stoichiometric  temperature  for  adiabatic  combust- 
ion of  the  fuel  is  about  2100K.  The  most  serious 
areas  of  disagreement  lie  in  the  presence  of  a hot 
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'streak'  at  a radius  of  about  20  on,  asd  it  the  cool 
jet  predicted  along  the  coabustor  wall.  Several 
explanations  for  the  discrepancies  in  the  region  of 
the  cool  wall  can  be  suggeated.  It  is  possible  that 
the  flaae  has  been  distorted  locally  by  the  presence 
of  the  probe.  This  effect  is  particulvly  pronounced 
where  the  probe  body  lies  downstreaa  of  the  neasured 
point.  In  addition,  a flaae  la  easily  stabilised 
around  the  probe  itself.  Another  possibility  is 
that  a cyclic  instability  was  present  in  the  flssw. 

The  aean  aeaaureaents  taken  were  of  course  unable  to 
differentiate  between  a steady  tesiperature,  a cyclic 
instability  about  the  aeasured  mean,  and  a cool  jet 
containing  interaittent  eddies  of  hot  gas.  Should  a 
cyclic  instability  have  been  present  the  use  of  a 
stready  flow  pregraa  such  as  SASEL  was  inappropriate, 
and  poor  predictions  inevitable.  A third  possibility 
is  that  the  fluctuation  aodel  was  unable  to  nodel  the 
fluctuations  in  the  areas  of  disagreement.  As  these 
areas  lie  close  to  the  boundaries  which  wore  poorly 
specified  in  the  aolutioc  of  the  g equation  this 
possibility  deserves  closer  examination. 

The  temperature  profiles  shown  in  figure  7 
generally  Indicate  good  agreeisent  near  the  mean 
radius  of  the  combustion  chamber,  the  temperature 
being  over-predicted  near  the  axis,  and  under- 
predicted  near  the  wall.  The  peaks  in  the  profile 
seem  intuitively  to  be  inappropriate  and  it  is  clear 
that  a smoother  curve  would  give  greatly  improved 
predictions.  The  level  of  fluctuation  in  the  region 
of  these  peaks  has  been  reduced  by  the  influence  of 
the  zero  value  of  g at  the  near  boundary,  and  it 
thus  seeu  certain  that  this  is  a significant  short- 
coming of  the  model  specification.  Aie  agreement  at 
the  wall  is  forced  in  the  temperature  boundary 
specification.  The  good  temperature  prediction  near 
the  axis,  however,  seems  at  first  to  contradict  the 
supposition  that  a poor  boundary  condition  at  this 
point  is  responsible  for  the  spurious  'hot  streak'. 

In  fact,  a hl^  level  of  fluctuation  miy  be  tolerated 
in  a very  fuel  rich  environment  before  the  temperature 
is  affected  sl^ficantly. 

An  ideal  temperature  calculated  from  the 
measured  equivalence  ratio  is  shown  by  the  crosses 
in  figure  7.  This  temperature  assumes  cos^ilete 
combustion,  no  heat  loss,  and  perfect  mixing.  In 
fact  this  is  not  necessarily  a maximum  temperature 
as  heat  will  be  transferred  by  diffusion  and  turbul- 
ent nixing  from  the  hottest  regions  of  the  flame 
towards  the  wall,  and  this  affect  is  neglected.  This 
temperature  is  in  reasonable  agreement  with  the 
thermocouple  measurement  within  about  25  mm  of  the 
wall.  This  would  suggest  that  fuel  rich  eddies  are 
not  present  in  this  region. 

The  ideal  temperattue  curve  rises  rapidly, 
however,  towards  the  mean  stoichiometric  contour. 

This  temperature  profile  is  a function  solely  of  the 
mean  mixing  between  the  fuel  and  air  in  a manner 
analogous  to  the  simple  reaction  model.  The  predic- 
tion of  the  simple  mixing  model  Is  shown  also  on 
figure  7 for  comparison  with  the  calculated  'ideal' 
temperature.  The  agreement  is  surprisingly  good 
when  the  complex  interlinkage  of  the  predicted 
temperature  field  with  the  velocity  and  turbulence 
parametera  is  considered. 


(a)  100  mm  from  baffle  (within  recirculation  tone) 


X 


(b)  250  mm  from  baffle  (outside  recirculation  zone) 
Fig.  7.  Temperature  Profiles  at  Condition  l 
The  equivalence  ratio  distritmtion 

%e  aean  equivalence  ratio  contour^'  shown  in 
figure  H are  in  qualitative  agreement  with  the  meas- 
urements. The  discrepancy  in  the  vicinity  of  the 
wall  is  egein  seen,  however.  The  aeasured  equivalence 
ratio  is  much  greater  here  than  that  predicted. 

The  velocity  distribution 

Predicted  contours  of  axial  and  radial  velocity 
are  presented  together  with  the  measured  distributions 
in  figures  and  5-  Again,  the  predicted  overall  flow 
pattern  is  in  qualitative  agreement.  The  axial  extent 
of  the  recirculating  flow  is  predicted  almost  exactly. 
A3d.al  velocities  near  the  centerline  are  also  well 
predicted.  Towards  the  wall,  however,  the  axial 
velocities  are  significantly  overpredicted.  The 
measured  velocity  can  be  up  to  twice  that  predicted, 
the  greatest  discrepancy  lying  in  the  air  jet.  That 
the  error  in  the  temperature  prediction  near  the  wall 
has  a disproportionate  effect  on  the  velocity  profile 
in  comparison  with  the  effect  of  the  'hot  streak' 
predicted  near  the  axis  is  a result  simply  of  the 
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density  being  a very  amch  stronger  function  of  teop- 
erature  and  equivalence  ratio  at  than  at  I'tOOK. 

'^e  effect  of  Sevnolds  number  and  equivalence  ratio 

Predictions  and  neasureoents  of  velocity, 
temperature  and  equivalence  ratio  distributions  were 
also  made  at  the  other  conditions  listed  in  Table  i. 
The  greater  turbulence  levels  and  fluctuation  intens- 
ities at  condition  Z corresponded  with  somewhat 
better  agreement  between  measurements  and  predictions. 
This  is,  perhaps,  because  there  was  a reduction  in 
the  influence  of  the  boundary  condition  as  local  flow 
properties  became  more  important  than  effects  which 
were  transported  from  tbs  boundary. 

The  increased  equivalence  ratio  in  condition  3 
is  accompanied  by  a large  temperature  drop  in  the 
field.  Siia  la  predicted  at  the  mean  radius,  but 
the  erroneous  'hot  streak'  is  even  more  pronounced 
at  condition  3.  The  change  in  fuel  jet  velocity  is 
well  predicted,  as  la  tbs  recirculation  zone  and  the 
greater  angle  of  divergence  of  the  flame  brush. 

CONCIDSIQNS 

1.  Kie  simple  mixing  reaction  model  realistically 
predicts  the  time  mean  mixing  of  the  fuel  and  air 
but  gives  unrealistic  flame  predictions. 

2.  The  addition  of  a fluctuation  modal  greatly 
improves  the  temperature  predictions.  T^s  indicates 
that  the  dominant  processes  in  the  measured  turbulent 
diffusion  flame  are  mean  mixing  of  the  fuel  and  air 
and  temporal  fluctuations. 

3.  shortcoming  of  the  combustion  model  is  very 
much  greater  than  that  of  the  turbulence  model  and 
should,  therefore,  receive  most  attention. 

Poorly  specified  boundary  values  for  the  g 
equation,  although  necesaary  to  achieve  convergence, 
were  responsible  for  much  of  the  discrepancy  between 
the  predictions  and  measurements. 
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ABSTRACT 

It  Is  proposed,  on  the  t>as1s  of  experimental 
evidence,  that  many  combustion  flows  contain  coherent 
burning  structures,  or  'flamelets'.  which  Interact  as 
they  are  convected  downstream.  Photographic  evidence 
for  gas  diffusion  and  liquid  spray  flames  Indicates 
that  these  flamelets  are  associated  with  coherent 
large  eddies  In  these  flows.  The  coherent  structures 
are  particularly  evident  for  a gas  diffusion  flame 
Impinging  on  a flat  plate  which  contains  three- 
dimensional  flamelets.  These  flamelets  have  a wide 
range  of  sizes  and  trajectories  at  a fixed  point 
which  results  In  a typical  Intermittent,  turbulent 
form  for  temperature  fluctuations.  Models  are  pro- 
posed for  eddles/flaamlets  In  transitional  and  tur- 
bulent regimes  of  various  flows.  It  Is  described 
how  coherent  large  eddies  can  result  In  reduced 
efficiency  of  combustion  and  high  levels  of  emission 
of  pollutants.  Recognition  of  their  existence  pro- 
vides an  opportunity  for  more  accurate  modeling  of 
combustion  flows. 

INTROOUCrioN 

Turbulent  flow  Is  of  primary  Importance  In  most 
combustion  processes.  Gaseous  and  liquid  spray 
flames  have  a wide  range  of  complexity  varying  from 
axisymmetric  free  flames  to  strongly  threerdlmenslonal 
flows  In  coiidMistlon  chambers.  However.  In  all  cases 
turbulence  controls  the  entrainment  of  oxidant, 
macroscale  mixing,  back-mixing  and  the  microscale 
mixing  of  reactants  and  hot  products.  Reliable 
modeling  and  design  of  combustion  systems  thus  re- 
quires a fundamental  understanding  of  turbulence 
structure  and  turbulence-flame  Interaction.  At  the 
present  time  the  most  detailed  knowledge  of  turbulence 
structure  has  been  derived  for  non-burning  flows. 
Davies  and  Yule  (1)  and  Roshko  (2)  have  reviewed  the 
results  of  experimenu  which  have  given  an  Improved 
understanding  of  the  structures  of  non-buming  tur- 
bulent shear  flows.  In  these  experiments  specific 
features  of  the  turbulence  have  been  examined  In  a 
Lagranglan.  or  quasl-Lagranglan.  frame  of  reference 
by  using  flow  visualization  and  various  conditional 
sampling  techniques.  Standard  techniques  of  time 
averaging  point  measurements  were  shown  to  be  In- 
adequate for  obtaining  a clear  physical  understanding 
of  turbulent  flows  which  contain  Important  repetitive 
events  and  ^dles.  There  Is  sufficient  evidence  from 
these  various  experiments  to  show  that  the  structures 
^ non-buming  mixing  layers.  Jets  and  wakes  are 
strongly  Influenced  by  large  eddies  In  the  turbulence. 


Furthermore  these  eddies  may  be  far  more  repetitive 
In  their  structures  and  Interactions  than  was  pre- 
viously Inferred  from  the  signals  which  they  produce 
at  fixed  points  In  the  flow. 

In  certain  of  these  experiments  these  eddies 
appear  to  remain  coherent  for  significant  downstream 
distances  and  growth  In  eddy  scale  occurs  by  the 
merging  or  coalescing  of  adjacent  eddies.  This  con- 
trasts with  the  classical  turbulence  model  of  eddies 
breaking  down  and  decaying  Into  smaller  and  smaller 
eddies,  although  the  breakdown  of  large  eddies  has 
also  been  observed  In  certain  situations.  Infor- 
mation on  coherent  eddy  structures  In  burning  flows 
Is  scarce  although  their  presence  should  be  expected 
on  the  basis  of  the  cold  flow  experiments.  The  ob- 
jective of  this  paper  Is  to  provide  Information  on 
the  occurrence  and  nature  of  coherent  eddy  structures 
In  burning  flows  and  on  their  roles  In  the  process  of 
turbulence-flame  Interaction.  This  Is  achieved  by 
combining  photographic  evidence  for  various  flames 
with  available  data  for  non-buming  and  burning  flows. 
It  Is  now  apparent  that  the  reliable  prediction  of 
combustion  flows  requires  significant  advances  over 
the  present  methods  of  solving  time  average  conser- 
vation equations  by  using  classical  closure  techniques. 
Thus  several  new  approaches  to  modeling  combustion 
flows  have  been  Investigated,  these  have  the  coomnn 
feature  of  Including  time  dependency  and  models  of 
eddy  structures. (3).  (4). 

EVIDENCE  OF  COHERENT  STRUCTURES  IK  COMBUSTION 

In  some  cases  evidence  of  the  Important  roles  of 
coherent  structures  Is  more  readily  obtainable  for 
burning  flows  than  for  non-buming  flows.  This  Is 
because  luminous  flames  can  provide  very  clear  visual- 
isations of  regions  of  molecular  scale  fuel/oxidant 
mixing.  Such  regions  necessarily  foreparts  of  any 
coherent  large  e^  components  of  diffusion  flames 
and  will  also  be  deformed  and  convected  by  these 
eddies.  Thus  If  large  scale  structured  volumes  of  re- 
acting flow  can  be  observed  to  move  as  coherent 
regions  this  Is  evidence  for  the  existence  of  large 
coherent  eddies  in  the  same  flow. 

For  reasons  of  clarity  the  coherent  regions  of 
reaction  associated  with  eddies  In  the  flow  will  be 
referred  to  as  'flamelets'  (5).  He  thus  define  an 
eddy  as  a vorti city-containing  region  of  fluid  which 
moves  as  a coherent  structure.  A flamelet  Is  defined 
as  a region  of  burning  which  can  be  observed  to  move 
downstream  as  a coherent  structure.  In  practice  a 
flamelet  will  form  part  of  an  eddy,  however  the 
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precise  structure  and  position  of  a flamelet  relative 
to  an  eddy  varies  according  to  the  structure  of  the 
eddy  and  Its  position  In  the  main  flane.  Thus  the 
visualization  of  a flamelet  In  a flow  will  not 
necessarily  always  provide  a full  Indication  of  the 
shape  of  the  eddy  with  which  It  Is  associated. 


Fig.  1 Photographs  of  air  blast  atomized  kerosene 
spray  fTama.  exposure  tlsms  0.2S  s and 
0.004  s respectively. 

The  Importance  of  studying  and  modeling  the 
Instantaneous  rather  than  the  time  mean  structure  of 
a flow  Is  demonstrated  by  comparing  long  and  short 
time  exposure  photographs.  For  example  Fig.  1 com- 
pares 0.2S  s and  0.004  s exposure  photographs  of  the 
same  kerosene  spray  flame  with  a disk  stabilizer. 

The  left  hand  photograph  has  the  brush  appearance 
which  Is  seen  In  long  exposure  photographs  of  tur- 
bulent flames,  but  the  right  hand  photograph,  which 
'freezes'  most  of  the  motion,  reveals  that  the  actual 
Instantaneous  luminous  flame  region  Is  very  much 
smaller  than  the  overall  flame  envelope.  This  pheno- 
menon has  been  reported  for  other  types  of  flame  (6). 

Examination  of  a series  of  photographs  and  cine 
films  of  flows  of  the  type  shown  In  Fig.  1 revealed 
that  the  large  tongues  of  flams  or  flamelets,  at  the 
edges  of  the  spray,  are  convected  downstream  and 
remain  coherent  and  grow  In  scale  as  they  move  until 
extinction  occurs  at  the  end  of  the  visible  flame. 

In  fact  the  flamelets  have  a substantial  degree  of 
coherence  azimuthally,  but  they  have  a helical  rather 
than  axlsynaetrlc  structure.  This  observation  corr- 
elates with  the  helical  large  scale  structures  which 
have  been  predicted  by  stability  analysis  for  the 
downstream  regions  of  cold  round  jets. (7).  The  Rey- 
nolds number  for  this  spray  Is  2 x 10^  (based  on 
orifice  diameter  and  atomizing  air  velocity).  On  the 
basis  of  cold  Jet  data  (8)  one  should  expect  the  com- 
plete length  of  the  flame  to  be  turbulent,  apart 
from  the  first  50  ma,  approximately,  near  the  orifice. 
Also  the  measurements  of  velocity  and  temperature  In 
these  sprays  (9),  show  Intensity  levels  which  are 
similar  to  those  measured  In,  supposedly  turbulent, 
gas  diffusion  flames.  However  the  lamlnarizing  effect 


of  burning,  which  Is  discossed  later,  can  be  Important 
so  that  the  possibility  exists  that  stabilizing  vis- 
cous forces  are  maintaining  an  orderly,  easily  ob- 
served structure  for  the  helical  eddies.  These  sprays 
are  stabilized  by  a region  of  recirculation  near  the 
orifice  and  this  region  Is  also  likely  to  Influence 
the  structure  and  perhaps  the  Instability  mode  for 
the  large  eddies/ flamelets  downstream.  Certainly 
many  gas  diffusion  flames.  In  the  absence  of  a stabil- 
izing dlsl^  do  not  have  such  obvious  helical  structures 
In  the  flame. 

The  eddy  structures  In  liquid  spray  flames  are 
particularly  important  because  of  their  roles  In  fuel 
droplet/turbulence  Interaction  and  thus  In  the  deter- 
mination of  the  local  regimes  of  flow  and  combustion 
around  droplets.  The  smaller  droplets  In  the  spray 
follow  the  gas  flow,  are  carried  along  by  the  eddies 
and  vaporize  in  the  eddies.  Burning,  for  these  drop- 
lets, Is  a cloud  combustion  process  which  Is  basically 
similar  to  that  found  In  gas  diffusion  flames.  Larger 
droplets,  however,  do  not  follow  the  gas  streamlines 
but  Instead  can  cross  fuel /oxidant/products  Interfaces 
or  even  leave  the  large  eddies  completely.  This  pro- 
cess can  both  Improve  the  efficiency  of  burning  and 
the  stability  of  the  spray  flame  and  also  affect 
pollutant  levels.  For  example  soot  particles  can 
result  from  large  droplets  which  leave  the  flame  and 
bum  Individually  but  are  quenched  before  burning  has 
been  completed. 


Fig.  2 Schlleren  photograph  of  propane  diffusion 
flame,  burner  diameter  > 5 me  ■ 10^ 

Axlsynaetrlc  gas  diffusion  flames  have  a wide 
range  of  structures  and  hence  a wide  range  of  visual 
appearances,  depending  on  the  Reynolds  number  of  the 
fuel  Jet  and  the  properties  of  the  fuel.  Fig.  2 
shows  a schlleren  visualization  of  a propane  flame  In 
which  approximately  the  first  twenty  orifice  diameters 
of  flow  contains  vortex  rings  similar  to  those  found 
In  non-reacting  flows.  A combination  of  the  lamlnar- 
izing and  expansion  effects  of  combustion  and  also 
buoyancy  effects,  produces  differences  between  this 
vortex  ring  structure  for  burning  and  non-buming 
flows  of  the  same  Jet  of  gaseous  fuel.  Thus  one  can 
note,  qualitatively,  that  the  length  of  the  region  In 
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Mtilch  vorttx  rings  are  found,  and  thus  the  length  of 
the  transition  region.  Is  greater  for  the  burning 
than  the  non-buming  case.  As  In  cold  Jets,  these 
vortex  rings  coalesce  with  their  neighbours  and  this 
process  results  In  a less  orderly  structure  for  the 
fuel /oxidant/products  Interfaces  In  the  vortices 
thus  causing  changes  In  the  observed  flame  structure. 
This  process  can  be  observed  In  the  upper  part  of 
Fig.  2.  As  schlleren  type  techniques  Indicate  den- 
sity gradients  In  the  flow  they  produce  visualizations 
which  differ  from  direct  visualizations  of  the  lum- 
inous flame  regions.  The  primary  reaction  regions, 
or  flamelets,  associated  with  the  vortex  rings  In 
Fig.  2 are  smooth  tongues  of  flame  which  partially, 
or  completely  encircle  the  outer  Interface  between 
the  vortex  ring  and  the  surrounding  air. 

As  with  non-reacting  round  Jets  (8),  the  length 
of  the  transition  region,  containing  these  vortex 
rings,  decreases  as  the  Reynolds  nund>er  Is  Increased 
but  coherent  eddy  structures  can  also  be  observed  In 
the  turbulent  region  of  the  flow,  although  with  less 
clarity  than  the  vortex  rings.  At  higher  Reynolds 
numbers  the  flamelets  associated  with  the  turbulent 
eddies,  arc  observed  as  bulges  of  flame  at  the  edges 
of  the  flow  which  do  not  have  the  smooth-spiral  shapes 
found  In  the  transition  region.  Small  regions  of 
burning  gas  frequently  detach  themselves  from  the 
flame  and  larger  detached  Islands  of  burning  gas 
separate  at  the  end  of  the  main  flame. 

Coherent  flame  and  eddy  structures  are  also  ob- 
served In  many  large  scale  Industrial  processes.  For 
example  Fig.  3 shows  flares  burning  surplus  natural 
gas  at  a BP  Installation  In  the  Middle  East.  Large 
eddies  arc  produced  by  the  combination  of  forced  con- 
vection. buoyancy  forces  and  also  wind/Jet  Inter- 
action. The  gas  has  a significant  content  of  higher 
hydrocarbons,  which  can  form  soot  easily  during  com- 
bbstlon.  In  addition,  the  relatively  long  period 
between  Ignition  and  completion  of  combustion  allows 
significant  radiative  heat  transfer  to  the  unbumt 
gas,  which  can  cause  cracking.  These  factors  account 
for  the  formation  of  considerable  quantities  of  soot 
but  It  Is  Interesting  to  note  that  the  soot  con- 
taining eddy  does  not  disperse  rapidly  but  maintains 
Its  coherence  for  a considerabla  distance. 


Fig.  3 Natural  gas  flares,  BP  Installation,  Middle 
East. 

In  addition  to  the  coherent  structures  In  the 
free  flames,  discussed  above,  there  Is  also  strong 
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evidence  for  the  existence  of  coherent  eddies  and 
flamelets  In  combustion  flows  Interacting  with  walls. 

In  particular  coherent  structures  are  clearly  visible 
in  the  flow  produced  by  a gas  diffusion  flame  impinging 
on  a flat  plate  ano  tnis  flow  is  olscusseo  In  more 
detail  In  the  next  section.  Many  practical  coadMJStors 
with  swirling  flow  contain  regions  of  recirculation 
which  arc  similar  in  structure  to  the  vortex  ring- 
type  eddies  which  arc  observed  to  be  convcctcd  down- 
stream In  free  flames. 

Direct  photographic  evidence  of  coherent  struct- 
ures In  flames  Is  supported  by  quantitative  point 
measurements.  For  example  velocity  and  temperature 
spectra  and  correlations  using  later  anemometers  and 
thermocouples  Indicate  the  presence  of  quasl-pcriodic 
streets  of  vortex  rings  in  the  transitional  regions  of 
flames.  For  turbulent  flames  the  Importance  of  the 
large  eddies  can  be  deduced  from  measurements  which 
indicate  unmixedness  and  also  measurements  of  the 
statistics  of  large  temperature  'spikes'  (10)  which 
can  be  related  to  the  shapes,  coherence  and  convective 
properties  of  flamelets  and  eddies  In  the  flow.  This 
type  of  measurement  Indicates  that  coherent  large 
eddies  Influence  flame  structure  even  In  the  apparently 
complex  burning  of  premixed  flames  downstream  of  tur- 
bulence grids.  Other  workers  (11)  have  used  schlleren 
techniques  to  show  the  deformation  of  flame  regions  by 
the  eddies  In  this  type  of  flow. 


Fig.  4 Sequence  of  fr^s  of  flame  Impinging  on  flat 
plate,  Rf  ■ 10^  and  Rc  ■ 3 X 10^. 

BURNING  JET  IMPINGING  ON'  FLAT  PLATE 

Fig.  4 shows  two  sequences  of  frames  from  cine 
films  of  a diffusion  flame  on  the  lower  surface  of  a 
flat  plate,  produced  by  an  axisymmetric  Jet  of  propane 
Impinging  on  the  plate  from  below.  In  these  experi- 
ments the  burner  orifice  diameter  Is  5 mn  ano  the  or- 
ifice Is  100  Hi  vertically  below  the  centre  of  a 
740  me  diameter  steel  plate.  Physically  similar  flame 
structures  can  also  be  observed  for  a wide  range  of 
these  parameters,  for  example  the  same  phenomenon  has 
been  observed  by  Mllson  and  Chlgler  (12)  using  appar- 
atus which  was  an  order  of  magnitude  larger.  Fig.  4 
shows  that  for  R«  • 10^  the  flame  on  the  plate  con- 
sists of  a street  of  toroidal  flamelets,  which  indi- 
cates a street  of  vortex  rings.  These  rings  of  flame 
Increase  In  diameter  with  time  until  burning  Is  com- 
pleted and  they  are  no  longer  visible.  At  R«  ■ 3 x 
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10^  •vidinca  of  Instability  can  ba  $aan  in  those  rings, 
fig.  S shows  the  flane  for  R«  ■ 10'  and  It  Is  seen 
that  although  a toroidal  structure  Is  still  noticeable 
in  the  flow,  the  coherent  structures  now  have  the  ap- 
pearance of  individual,  three-dinensional  cells  of 
burning  gas  or  flaMlets.  These  structures  are  also 
visible  at  higher  Reynolds  nuabers. 


A 

Fig.  5 F1aM  lupinging  on  flat  plate,  R,  ■ 10  . 

At  the  present  tiae  it  is  not  clear  why 
these  coherent  flaaelets  are  so  clearly  visible  In 
this  type  of  flow.  Possibilities  include  the  1a- 
proveaent  of  f1aae  visualization  produced  by  soot 
production  and  quenching  at  the  flat  plate  or  perhaps 
sonw  stabilizing  influence  which  is  peculiar  to  this 
type  of  flow.  This  type  of  flow  is  not  coapletely  un- 
expected as  it  is  known  (13)  that  non-burning  saoke 
rings  impinging  on  a flat  plate  break  down  into  a 
similar  three-diaensional  cell -structure  and  a similar 
phoenoaenon  is  also  found  in  the  breakdown  of  tran- 
sitional vortex  rings  In  non-burning  round  Jets  (8). 

It  thus  appears  that  the  coherent  structures  found  In 
the  Impinging  flame  flow  are  formed  by  basically  fluid 
mechanical  processes  and  they  do  not  arise  because  of 
effects  peculiar  to  coeAustion  processes.  Thus  an 
examination  of  this  flow  can  provide  information  on 
eddy-flamelet  interactions  and  structures  which  nay 
also  be  relevant  to  other  types  of  combustion  flow. 

An  initial  study  has  been  made  of  the  flow  for 
Rg  • 10^  . Fig.  S shows  a sequence  of  cine  film 
frames  with  the  center  of  each  frame  showing  a point 
200  na  from  the  centre  of  the  plate.  The  Individual 
flanelets  are  on  average  elongated  in  the  flow  >■ 
(radial)  direction  and  they  grow  in  scale  as  they 
move  downstream.  A randomness  in  the  movements  and 
dimensions  of  the  flamelets  is  evident  in  the  films. 
The  flamelets  grow  in  scale  as  they  move  towards  the 
edge  of  the  plate,  both  individually  and  also  by 
amalgamating  with  neighbouring  flamelets  (both  in 
the  azimuthal  and  radial  directions).  In  addition, 
flamelats  are  occasionally  seen  to  move  more  quickly 
than  average  and  they  overtake  and  past  above  other 
structures  without  merging  with  them.  There  Is  no 
visual  evidence  in  these  films  of  the  eddies,  which 
these  flamelets  delineate,  breaking  down  into  smaller 
scales  which  Invites  comparison  with  the  growth  In 
eddy  scale  in  two-dimensional  non-reacting  mixing 
layers  which  wot  observed  by  Rothko  (2) . 

The  clarity  with  which  the  boundaries  of  the 
Individual  flamelets  can  be  seen  in  the  films  permits 
a quantitative  analysis  of  flamelet  dimensions  by 
measuring  from  consecutive  frames  using  a film  editor. 


Fig.  6 Close-up  of  Impinging  flame.  Re  ■ 10^.  Flame- 
lets  are  moving  from  top  to  bottom  In  each 
frame.  Interval  between  frames  ■ 0.016  s. 
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rig.  7 Notation  for  impinging  flame  showing  temper- 
ature time  histories  measured  at  two  positions, 
R,  - 10<. 

Fig.  7 shows  the  notation  for  this  analysis  in 
which  L|  and  W are  the  dimensions  of  a flamelet  in  the 
r and  e directions  when  Its  leading  edge  Just  passes 
through  the  line  perpendicular  to  the  plate  through 
P(r,  a).  In  addition  measured  time  histories  of  fluct- 
uating temperatures  are  shown  In  Fig.  7 for  positions 
In  the  centre  and  outer  edge  of  the  flame,  halfway  to 
the  edge  of  the  flat  plate.  These  time  histories 
were  measured  by  a 25  urn  diameter  Pt/Pt  - 135  Rh 
thermocouple,  ^e  temperature  fluctuations  have  the 
Intermittent  appearance  which  is  usually  found  in  tur- 
bulent flames.  The  average  flamelet  length  Li Increases 
almost  linearly,  with  distance  from  the  centre  of  the 
plate  with  Fi-  0.3  r.  In  the  cold  mixing  layer  exper- 
iments of  Roshko  (Zy  the  average  longitudinal  large 
eddy  scale  was  also  found  to  Increase  as  0.3x  approx- 
imately wham  z Is  the  distance  downstream.  Fig.  3 
shows  histograms  of  the  length  L.and  width  U for  flame- 
lets  passing  through  one  point  2lj0  me  from  the  centm 


W/r  li  U/r  (as  in  the  flasK  impinging  on  a flat  plate)  (v)  Eddies 

— containing  coherent  ‘ragged*  regions  of  burning  *d>1ch 

Fig.  8 Histograms  of  flamelet  length  and  width  at  often  form  islands  of  burning  which  are  separated 
r ■ 200  MB,  ISO  flamelets  measured.  ■ 10^.  from  the  main  flame.  This  range  of  types  is  due  to 

the  dependence  of  the  eddy  structure  on  the  local 

This  spectrum  of  sizes  contributes  to  the  relative  importance  of  inertial,  viscous  and  buoyancy 

random,  intenrittent  appearance  of  temperature  fluct'  forces  in  the  flow.  There  must  also  be  a dependence 

uations  measured  at  fixed  points  but  the  random  traj-  of  the  eddy  structure  on  the  history  of  that  eddy  from 

ectories  of  the  flamelets  also  contributes  signifi*  its  point  of  formation.  By  comparison  with  data  (8), 
cantly  to  this  effect.  The  effect  of  these  random  (14)  for  non-reacting  cold  flows,  the  local  existence 

trajectories  can  be  quantified  by  computing  the  hist-  of  large  eddies  which  have  an  orderly  vortex  structure 

ogram  for  ttie  intercept  dimension  L2  of  the  flamelets.  with  associated  smooth  flamelets  is  indicative  of  a 

This  dimension  is  the  length  of  the  radial  line  local  transitional  structure  for  the  combustion  flow, 

through  P(r,  a)  intercepting  the  boundaries  of  the  Thus  viscous  forces  have  an  important  stabilizing 

flaamlet.  This  htstrogram  is  shown  in  Fig.  9 and  a influence  on  this  case.  As  viscous  forces  becoom  rel- 

very  wide  range  of  diawnsions  is  evident.  Variations  atively  less  important  the  orderliness  of  these  vortex- 
in  eddy  dimensions  and  trajectories  in  the  a direction  eddies  decreases,  as  they  become  Increasingly  three- 

( perpendicular  to  the  plate)  will  have  an  important  dimensional  and  unstable.  Thus  the  existence  of 

Influence  on  the  Intermittent  tm^>erature  signal  at  regions  of  ragged  flame  moving  as  coherent  structures 

the  outer  edge  of  the  flow.  However,  it  wes  not  is  indicative  of  a flow  which  is  closer  to  the  usually 

possible  to  measure  flamelet  boundaries  accurately  accepted  conditions  of  fully  developed  turbulent  flow, 
in  the  a direction  using  this  photographic  technique.  For  this  case  there  are  significantly  energetic  scales 

It  thus  appears  that,  for  a wide  range  of  flow  para-  of  motion  present  which  are  smaller  than  the  large 

meters,  the  flame  impinging  on  a flate  plate  contains  eddy  scale. 

coherent  flamelets  which  indicate  the  presence  of  The  accepted  test  for  the  local  existence  of 

coherent  eddies.  The  randomness  in  the  structures  fully  developed  turbulence  is  that  the  turbulence 
snd  cf  thcs9  flssslsts  results  In  structure  hss  ntsibsr  sliiildrlty.  This 

turtuicnt  fonas  for  point  time  histories  of  temped  criteHon  cannot  be  simply  appiisxl  to  most  com^stion 
ature  fluctuations.  flows,  including  those  discussed  above,  because  of  the 

additional  dependence  of  flame  structure  on  variables 
TRANSITIONAL  AND  TURBULENT  FLOW  such  as  the  chemical  kinetics,  buoyancy  forces,  flame 

Stabilization/Ignition  conditions  and  a'  range  of  com- 
It  is  deer  from  the  above  that  there  is  ab-  plicating  factors  which  occur  with  spray  flames. - 
undent  evidence  supporting  the  existence  of  coherent  In  addition  flow  in  turbulent  regions  must  be 

eddies  and  their  associated  flame  structures  (flame-  affected  by  any  burning  which  occurs  in  Reynolds 

lets)  in  several  types  of  flame.  The  photogr^ic  number  dependent  regions  nearer  to  the  burner  nozzle, 

evidence  Indicates  that  the  coherent  eddy/flsmelets  It  can  be  demonstrated  that  many  practical  combustion 

found  in  combustion  do  not  have  a similar  'universal*  flows  may  not  contain  fully  developed  turbulence,  at 

structure  for  all  types  of  flow.  In  particular,  for  least  for  a significant  length  of  the  flame.  The 

diffusion  flames.one  can  Identify  a range  of  coherent  length  of  the  transition  region  for  cold  jets  and 

structures  including:  (1)  Unstable  laminar  flow  which  mixing  layers  has  been  studied  both  experimentally 

contains  an  oscillating  laminar  diffusion  flame  and  theoretically.  Relationships  for  the  length  of 

(i1)  Streets  of  axisymaetric  vortex  rings  with  smooth  the  transition  region,  av,  vary,  probably  because  of 

tongues  of  flame  at  their  Interfaces  (ill)  Other  differences  in  initial  jet  orifice  conditions.  For 

orderly  vortex  structures.  Including  helical  vortices,  cold  mixing  layers  Bradshaw  (14)  suggested  ■ 7 x 

which  also  produce  relatively  smooth  tongues  of  flame  lO*  u/oU  where  p is  the  gas  density  and  U is  the  jet 

(iv)  Individual  coherent,  three-dimensional  eddies  orifice  velocity.  In  approximate  physical  terms  one 

which  produce  randomly  moving  cell-like  flamelets  can  say  that  the  flow  locally  contains  fully  developed 
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turtulence  whan  tha  local  ratio  of  an  eddy  d1ffus1v1ty 
coafficiant  c and  tiia  viscosity  axceads  a certain 
valua  i.e.  the  transition  reqlon  ends  whan  e/u  ■ 7 x 
109,  Mhara  e > oUr. 

Burning  In  diffusion  flasws  ganarally  occurs  at 
fuel /oxidant  Interfaces  and  thesa  Interfaces  neces- 
sarily coincide  with  the  vorti city-containing  regions 
In  the  flow.  Thus  regions  where  viscous  forces  act 
directly  are  also  the  hottest  parts  of  the  flow.  For 
propane  and  heavier  gaseous  fuels,  viscosity  Increases 
approximately  In  proportion  to  absolute  temperature. 
The  main  reaction  regions  in  diffusion  flames  may  be 
seven  times  atmospheric  temperature  so  that  u > 7uo 
where  uq  is  the  viscosity  at  atmospheric  conditions. 
The  density  and  velocity  terms,  p and  U are  repres- 
entative of  the  flow  structure  responsible  for  Inertial 
stresses.  They  are  local  scales  for  the  flame  cross- 
section,  for  example  the  mean  velocity  difference  and 
an  average  derslty.  In  the  case  of  pipe  flow,  mass 
conservation  requires  that  pU  is  the  same  for  any  sec- 
tion of  the  flow  for  both  burning  and  non-buming  con- 
ditions. However  for  free  shear  flows  burning  results 
In  the  expansion  of  gases  in  all  directions  and  the 
rate  of  engulfment  of  cold  fluid  is  modified  so  that 
one  cannot  simply  predict  this  term. 

Experiments  indicate  that  local  mean  velocities 
in  burning  and  non-buming  flows  do  not  differ  greatly 
when  buoyancy  forces  may  be  neglected.  However  ther- 
mal expansion  decreases  local  mean  densities,  although 
to  a much  smaller  extent  than  would  occur  If  all  the 
gas  were  at  the  flame  temperature.  Thus,  as  a first 
approximation.  If  It  Is  assumed  that  the  effect  of 
combustion  on  Inertial  forces  Is  much  less  than  the 
effect  on  viscous  forces  then: 

(*T)flame’^(*T)cold  jet  (V“)flame  "S’ 

where  is  the  Resynolds  number  based  on  the  burner 
diameter  0.  This  relation  predicts,  for  example,  that 
the  flow  In  the  first  0.3  m of  flame  from  a Sam  dia- 
meter burner  Is  not  fully  turbulent  when  Re  ■ 10^. 

This  Implies  that  the  impinging  flame  discussed  above 
may  not  contain  fully  developed  turbulent  flow  for 
half  the  flame  length.  In  addition,  if  this  criterion 
is  applied  to  a variety  of  laboratory  scale  diffusion 
flames  and  also  to  /ome  large  scale  industrial  flames 
it  is  found  that  significant  lengths  of  the  visible 
flame  regions  may  not  contain  fully  developed  tur- 
bulence. On  the  other  hand  it  is  reasonable  to  assuaw 
that  many  of  these  flames  possess  the  important  char- 
acteristics of  turbulent  flow  although  there  may  not 
strictly  be  fully  developed  turbulence  present. 

It  can  bn  argued  that  buoyancy  forces  in  vert- 
ical free  flames  increase  the  convection  velocities 
of  vortices  and  thus  decrease  the  residence  time  of 
the  vortices  at  any  position  In  the  flow  and  also 
lengthen  the  transition  region.  In  general,  for  dif- 
fusion flames.  It  is  likely  that  burning  can  increase 
the  distance  required  to  establish  fully  developed 
turbulent  flow  by  at  least  one  order  of  magnitude,  es- 
pecially where  a fully  formed  cylindrical  flame  inter- 
face is  established  on  and  downstream  of  the  Jet 
nozzle. 

MODELS  OF  THE  STRUCTURES  OF  COHERENT  EDDIES  AND 
FLAMELCTS 

Evidence  for  the  existence  of  coherent  eddies 
and  flamelets  is  based  largely .on  studies  of  gas  and 
liquid  spray  diffusion  flames.  However,  turbulent 
flames  can  conveniently  be  separated  into  four  cat- 
egories according  to  the  initial  degree  of  mixing 
between  fuel  and  oxidant  when  they  are  introduced 


into  the  system.  Distinction  is  made  between  mixing 
at  the  eddy  and  molecular  levels  as  well  as  the  extent 
to  which  a mixture  is  richer  or  leaner  than  the  fuel/ 
oxidant  stoichiometric  mixture  ratio: 

1.  Perfectly  Premixed  Stoichiometric:  Reactants 
are  completely  mixed,  stolchiometrically,  at  both  the 
eddy  and  molecular  levels. 

2.  Imperfectly  Premixed  Stoichiometric:  Reac- 
tants are  mixed  stolchiometrically  at  the  eddy  level 
but  mixing  is  incomplete  at  the  molecular  level. 

3.  Non-Stoichiometric  Premixed  (Partial  Dif- 
fusion Mixing):  The  reactant  mixture,  either  perfectly 
or  imperfectly  premixed,  requires  additional  oxidant 
(or  fuel)  to  complete  combustion.  The  premixed  gases 
are  completely  segregated  from  the  oxidant  (or  fuel) 
environment  so  that  mixing  must  take  place  between  the 
premlxed  gases  and  the  surrounding  gas  on  both  the 
eddy  and  molecular  levels. 

4.  Diffusion:  Reactants  are  initially  comp* 
lately  segregated  so  that  mixing  at  both  the  eddy  and 
the  molecular  level  must  be  achieved  to  complete 
combustion. 

Thus  the  structure  of  any  coherent  eddies  and 
flamelets  in  a combustion  flow  will  depend  on  which  of 
these  conditions  the  flow  represents,  in  addition  to 
the  effects  of  viscous  and  buoyancy  forces  and  flow 
geometry.  Models  for  coherent  eddies  in  diffusion 
flames  are  described  below  for  the  two  extremes  of 
orderly-transitional  and  fully  turbulent  flow. 
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Fig.  10  Cross-section  of  transitional  'vortex'  eddy 
in  gas  diffusion  flame. 

Model  of  the  Transitional  Vortex  Eddy 

The  eddy,  sketched  In  cross-section  in  Fig.  10, 
is  an  orderly  vortex  produced  by  the  rolling-up  of  the 
vorti city  containing  Interface  at  the  edge  of  the 
flame.  This  represents  a vortex  ring,  line  vortex  or 
helical  vortex.  For  non-buming  conditions  the  fuel/ 
air  interface  is  a double  spiral  around  the  vortex 
core.  Fig.  10  represents  this  eddy  before  It  has 
interacted  with  other  eddies  or  developed  instabilities. 
The  flame  coincides  with  the  fuel/air  interface  region 
which  has  transverse  concentration  and  temperature 
gradients  and  a local  thickness  which  are  dependent  on 
the  residence  time  of  the  vortex,  the  vortex  strength, 
local  diffusion  coefficients  and  the  local  chemical 
kinetics.  The  chemical  kinetics  of  the  burning  in 
this  interface  region  are  the  same  as  those  of  steady 
laminar  diffusion  flames.  The  stretching  of  this  fuel/ 
air  interface,  due  to  the  interactions  of  the  vorti city 


7.46 


I which  1t  contains,  enhances  the  molecular  mixing. 

Combustion  proceeds  near  stoichiometric  conditions. 

! Preheating  of  fuel  takes  place  mainly  In  the  Interface 

I region  where  mixing  Is  on  the  molecular  scale,  so  that 

this  region  has  much  higher  temperatures  than  the  un- 
nrixed  fuel  and  air  regions.  As  the  vortex  Is  con- 
vected  along, the  velocities  Induced  by  the  vorticity 
within  It  produce  a continuous  'ro111ng>up'  of  the 
Interface,  an  Increase  In  the  vortex  dimensions  and 
the  continuous  engulfment  of  additional  air  and  fuel. 
Under  'cold'  conditions  the  central  core  of  voniclty 
I Increases  Its  dimensions  as  Burning  occurs 

i near  stoichlometrtc  condltlons^and  the  vortex  engulfs 

air  and  fuel  In  approximately  equal  quantities  so 
that  at  a point  along  the  Interface  all  of  the  air 
engulfed  at  some  previous  time  Is  consueed  although 
there  Is  still  engulfed  fuel  remaining.  This  results 
In  a region  at  the  centre  of  the  vortex  which  contains 
both  unmixed  cold  fuel  and  also  a mixture  of  fuel  and 
hot  products.  The  volume  of  this  fuel /products 
I region  Increases  with  Increasing  residence  time  of  the 

I vortex. 

Fig.  10  Indicates  a continuous  flame  wrapped 
completely  around  the  vortex  and  linked  to  adjacent 
vortices  by  the  fuel/air  Interface.  This  may  resemble 
a cross-section  of  one  of  the  eddies  found  In  the  Im- 
pinging flame  (Fig.  6).  In  other  situations  flamelets 
are  observed  to  emerge  much  shorter  distances  from  the 
main  flow.  The  length  of  the  fJamelet  encircling  the 
vortex  varies  depending  on  variables  representing  the 
vortex  dynamics,  the  chemical  kinetics  and  molecular 
scale  mixing.  For  example  this  flamelet  is  sensitive 
to  the  ratio  of  the  vortex  circulation  and  the 
molecular  diffusivity. 

One  consequence  of  this  orderly  structure  Is 
that  soot  and  other  pollutants  collect  In  the  central 
region  of  the  vortex.  If  such  a vortex  retained  Its 
, organized  structure  until  It  reached  a point  In  the 
flow  where  there  was  no  longer  a supply  of  fuel  to  be 
entrained  and  subsequently  entrained  only  air,  the 
possibility  exists  that  the  fuel  rich  region  In  the 
vortex  would  never  mix  with  air  under  conditions 
suitable  for  complete  burning  of  the  remelning  fuel. 

In  general  these  vortices  do  not  remain  coherent  for 
the  complete  length  of  the  flame,  but  Instead  the 
coalescing  of  neighbouring  vortices  and  the  three- 
dimensional  breakdown  of  the  vortices  (8)  results  In 
their  fundamental  restructuring.  This  restructuring 
Is  Important  In  transitional  flows  as  It  distorts 
existing  Interfaces  In  the  vortices,  accelerates  mol- 
ecular mixing  rates  and  permits  the  mixing  of  fuel 
rich  concentrations  Inside  vortices  with  further  air. 

Model  for  Large  Turbulent  Eddy 

It  Is  likely  that  the  randomly  moving  eddies 
observed  in  flames  impinging  on  flat  plates  are  rep- 
resentative of  many  of  the  features  of  coherent  large 
eddies  In  fully  developed  turbulent  flames  with  the 
exception  that  there  are  no  observable  medium  eddy 
scales  for  the  Impinging  flame.  Thus  one  can  consider 
three-dimensional  eddies  which  are  relatively  elongated 
In  the  flow  direction  and  which  Interact  and  coalesce 
In  a similar  manner  to  that  observed  for  large  eddies 
In  cold  flow  experiments  (1),  (2)  and  (8). 

A cross-section  of  such  an  eddy  In  a diffusion 
flame  Is  sketched  In  Fig.  11.  This  eddy  dllfers  from 
the  transitional  eddy  described  above  because  of  Its 
three-dimensional  structure,  so  that  there  Is  not 
complete  coherence  circumferentially  around  the  flame, 
and  also  the  existence  of  an  Irregular  vorticity 
distribution  within  the  eddy  which  can  be  considered 
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Fig.  11  Cross-section  of  large  turbulent  eddy  In  gas 
diffusion  flame. 


as  the  existence  of  smiler  eddy  scales  within  the  main 
eddy.  Cold  flow  visualizations  (8),  (15)  show  that 
these  large  eddies  engulf  wedges  of  unmlxed  fluid  In  a 
similar  fashion  to  the  transitional  vortices.  However, 
as  has  been  observed  In  dye  Injection  experiments  (15), 
the  subsequent  molecular  scale  nixing  of  the  fluids 
engulfed  from  either  side  of  the  eddy  Is  considerably 
more  rapid  for  the  case  of  the  turbulent  eddy  than  for 
the  transitional  eddy.  Rapid  mixing  down  to  molecular 
scales  Is  produced  by  vorticity  stretching  and  Inter- 
actions In  the  three-dimensional  Irregular  vorticity 
field  within  the  turbulent  large  eddy.  The  Irreg- 
ularity of  the  structure  within  the  large  eddy,  whilst 
enhancing  mixing,  also  Introduces  the  possibility  of  a 
range  of  flamelet  structures  associated  with  the  eddy. 
Thus  In  general  a ragged  flame-front  can  be  expected  to 
exist  behind  the  fuel  entrainment  wedge  with  a smooth 
flame  at  the  relatively  regular  Interface  which  sep- 
arates eddies.  This  structure  Is  observed  In  many 
diffusion  flames. 

The  likelihood  exists  of  volumes  of  fuel  detaching 
from  the  entrainment  wedge  and  either  existing,  for 
some  time.  In  a 'sea'  of  combustion  products  or  burning 
as  small  detached  Islands  of  burning  within  the  eddy. 
This  phenomenon  Is  also  observed  In  practical  flames. 
Regions  of  air  will  be  engulfed  by  the  eddy  and  exist 
within  the  eddy  for  some  time,  perhaps  mixing  with 
products  but  not  with  fuel  within  flaanablllty  limits. 

Although  micromixing  within  large  eddies  Is  rapid 
In  cold  flow  experiment^  there  are  conditions  In  the 
burning  of  fuel  and  oxidant  which  lead  to  significant 
differences  from  the  cold  flow  case,  e.g.  the  pretence 
of  products,  the  need  for  molecular  mixing  within 
flammability  limits  and  the  need  for  sufficient  heat 
Input.  This  requires  mixing  of  fuel  with  very  hot 
regions  as  well  as  with  air  If  a separated  'Island'  of 
fuel  In  an  eddy  Is  to  Ignite  and  completely  bum. 

Thus  It  Is  possible  for  part  of  the  fuel  engulfed  by  a 
turbulent  eddy  to  exist,  unbumt.  In  the  eddy  for  a 
significant  period  before  all  of  the  conditions  are  met 
for  combustion  to  be  completed.  As  the  eddies  move 
downstream  a point  Is  reached  at  which  the  fuel  supply 
at  the  centre  of  the  flow  Is  depleted  so  that  eddies 
on  either  side  of  the  flow  meet.  After  this  point  the 
remaining  unbumed  fuel  In  the  entrainment  wedges  bum 
as  large  detached  Islands  at  the  end  of  the  main  flame 
as  can  be  observed  in  practice. 
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THE  ROLES  OF  COHERENT  EDDIES  IN  COMBUSTION 

Ordtrly  coharent  large  eddies  can  result  1n 
reduced  efficiency  of  comdustlon  and  high  levels  of 
eelsslon  of  pollutants.  As  has  been  shoun,  these 
eddies  lead  to  uneixedness  In  Mhich  coaplete  nixing 
of  the  fuel  and  oxidant  cannot  be  achieved  during  the 
passage  of  the  eddy  through  the  conbustor.  The 
eddies  which  have  been  described  are  essentially 
formed  by  fluid  dynamic  processes,  I.e.  the  Inter- 
action and  migration  of  vorticity  concentrations. 
Burning  modifies  the  eddies  but  Is  not  a major  factor 
In  their  generation.  Thus  the  arguments  and  dis- 
cussions above  In  connection  with  types  of  eddy  In 
diffusion  flames  also  apply  to  flames  with  various 
degrees  of  premixing  and  mlcromlxlng,  with  the 
exception  of  the  burning  of  a perfectly  premixed 
flame.  For  the  latter  case  burning  need  not  take 
place  at  Interfaces  associated  with  the  eddies, 
although  the  large  eddies  must  Influence  the  shape, 
position  and  movement  of  flame  fronts. 

THE  ROLE  OF  COHERENT  STRUCTURES  IN  POLLUTANT 
FORMATION  IN  DIFFUSION  FLAMES 

When  coherent  structures  are  regular  components 
of  turbulent  diffusion  flames  their  significance  in 
emission  of  pollutants  from  such  flames  lies  In  the 
long  period  of  diffusion-based  condHjstlon  of  each 
element  of  fuel.  This  contrasts  with  the  model 
which  would  be  relevant  to  combustion  either  In  pre- 
mixed conditions,  or  under  conditions  of  small-scale 
turbulent  mixing  (where  the  period  of  combustion  of 
each  fuel  element  would  be  relatively  small).  The 
contrast  Is  conveniently  discussed  In  tarns  of  the 
premixed  flame  and  the  coherent  structure-interface 
flame.  The  two  cases  are  Illustrated  In  Fig.  12; 
each  case  Is  idealised  to  the  extent  that  the  pre- 
mixed flame  is  considered  to  have  homogeneous  com- 
position throughout  the  region  under  consideration, 
and  the  diffusion  flaam  is  considered  to  occur 
between  regions  which  maintain  their  identity 
throughout  the  combustion  process. 


Fig.  12  Models  of  NO  formetlon  In  premixad  and 
diffusion  type  flames 


The  two,  processes  of  major  Importance  in  pol- 
lution control  are  the  formation  of  nitric  oxide  and 
the  persistence  of  carbon  monoxide.  Only  the  essential 
characteristics  of  the  two  processes  will  be  discussed 
here,  since  they  have  been  extensively  discussed  In 
the  literature.  These  characteristics  are; 

Oxide.  It  Is  now  generally  recognised 
that  nitric  oxide  is  formed  In  flames  by  two  distinct 
mechanisms,  the  so-called  prompt-NO  pathway  and  the 
Zeldovich  'chain  mechanism'.  The  prompt-NO  mechanism 
ws  first  Investigated  In  deUll  by  Fenimore  (16)  and 
MS  since  been  extensively  studied  by  Bachmaler, 
perl  us  and  Just  (17)  who  report  that  prompt-NO 
formation  during  the  combustion  of  a particular  fuel 
under  premixed  conditions  can  be  defined  by  the  stoi- 
chiometry. In  view  of  recent  recognition  that  the 
chemical  kinetics  of  premixed  and  diffusion  flames 
combustion  are  very  similar,  the  yield  of  prompt-NO 
per  unit  voluae  of  fuel  formed  under  diffusion  flame 
conditions  Is  expected  to  be  similar  to  the  yield 
obtained  duHng  combustion  of  that  fuel  In  a prearixed 
flame  with  near-stolchlometrlc  fuel-air  ratio. 

The  formation  of  nitric  oxide  via  the  Zeldovich 
mechanism  (N2  > 0 - NO  r N,  rate  determining  step, 

(rds)  followed  by  the  fast  step  N ♦ 02  - NO  r 0)  has 
been  studied  extensively,  the  activation  energ;,  of  the 
rds  Is  75.4  kcal.  Although  non-relaxation  of  the 
oxygen  atom  concentration  to  egul librium  has  been 
regarded  as  a transient  phenomenon  leading  to  high 
nitric  oxide  formation  rates  In  the  Imiedlate  post 
flame  region  In  some  premixed  flames,  this  need  not  be 
considered  here  since  the  relaxation  of  radical  con- 
centrations to  egullibrlum  Is  thought  to  be  rapid  In 
diffusion  flames.  Consequently,  nitric  oxide  for- 
mation by  the  Zeldovich  mechanism  In  diffusion  flames 
has  an  activation  energy  characteristic  of  the  rds 
activation  energy  plus  that  empirically  fitted  to  the 
dissociation  of  oxygen,  i.e.  134.S  kcal..  This 
activation  energy  is  very  high,  and  the  reaction  may 
be  regarded  as  extremely  slow,  below  1800  K.  In  the 
case  of  many  flames  with  relatively  small  residence 
times  at  high  temperature,  the  reaction  can  only 
provide  significant  levels  of  NO  In  pollutant  amission 
terms  pen  the  temperature  exceeds  1900  K. 

Carbp  Monoxide.  Carbon  monoxide  formation  is 
Integral  part  of  the  combustion  of  hydrocarbons. 

The  species  can  co-exist  In  significant  concen- 
^tlons  with  carbon  dioxide  and  oxygen  at  typical 
flame  temperatures  and  CO  burnout  In  combustion 
systems  relies  on  the  rapidity  of  oxidation  down  to 
c.  1200  K. 

The  following  contrasts  between  MO  formation  In 
premlxed  and  coherent  structure-diffusion  flames  may 
be  inferred: 

^ Nitric  oxide  formation.  The  yield  of  prompt-NO 
'’■<*  a premixeo  stolen; ometric  flame  per  unit  voIuom 
of  fuel  burnt  and  that  from  an  Interface-combustion 
diffusion  flame  are  considered  similar  - whatever  the 
scale  of  turbulent  eddy  Involved  In  the  latter.  The 
fuel-air  ratio  In  the  combustion  Interface  Is  near  to 
that  In  a stoichiometric  flamefront,  with  passage  of 
gas  through  the  stoichiometric  flamefront  repi-esented 
by  'ageing'  of  the  Interface  as  oxygen  and  fuel  in  the 
surrounding  gas  are  depleted.  The  formation  of  prompt- 
NO  is  of  secondary  importance  for  practical  purposes; 
there  Is  limited  scope  for  the  drastic  change  In  fuel 
type  or  fuel-air  ratio  required  to  minimise  the  yield, 
and  Its  formation  and  amission  seems  inevitable. 

In  contrast,  the  yield  of  NO  via  the  Zeldovich 
mechanism  Is  a known  function  of  temperature,  oxygen 
concentration  and  residence  time.  Here,  there  is  a 
marked  contrast  between  the  patterns  of  NO  formation 


7.48 


to  be  expected  to  occur  In  a prenlxed  turbulent 
flame  and  in  a large-scale  structure  Interface 
flaaie.  In  the  prealxed  flame,  the  flame  envelope 
vrill  be  occupied  by  alternate  regions  of  hot, 
burnt  products,  and  unbumt  fuel -air  mixtures. 

Because  of  the  high  non-linearity  of  the  temperature 
dependence  of  the  Zeldovich  mechanism  the  rate  of 
formation  of  NO  will  be  much  greater  than  predicted 
by  the  time  mean  temperature  (18V  09).  In  contrast, 
where  large  eddies  occur,  the  temperature  will  only 
exceed  the  Zeldovich  threshold  In  and  near  the  rel- 
atively thin  flamefront.  Over  much  of  the  regions 
of  air  and  fuel  plus  products  Involved, the  tem- 
perature will  be  too  low  for  Z-NO  formation  to  occur 
during  most  of  the  period  of  combustion. 

Thus  It  can  be  expected  that  If  the  coherent 
structures  within  a flame  region  are  of  fairly 
uniform  size,  and  Ignition  occurs  at  a similar  stage 
so  that  the  time-mean  flame  envelope  Is  well  defined, 
the  flame  region  can  be  constrained  to  give  a low 
level  of  nitric  oxide  formation.  Rapid  dilution 
after  the  completion  of  combustion  Is  necessary  In 
order  to  minimise  continuation  of  Z-NO  formation  In 
the  post  flame  region. 

Carbon  ncnoxlde  formation.  The  formation  and 
persistence  of  undesirably  high  levels  of  carbon 
monoxide  1$  largely  a problem  of  excessively  rapid 
quenching,  or  maldistribution  of  fuel  or  air 
glements.  Rapid  quenching,  can  lead  to  carbon 
monoxide  amission  as  a partly  burnt  coherent  struc- 
ture enters  a region  of  high  shear  and  low  temp- 
erature, so  that  the  structure  Is  rapidly  broken  up 
and  mixed  with  cold  air.  If  this  occurs,  the  temp- 
erature may  fall  below  the  range  In  which  CO  burnout 
Is  rapid  In  a very  short  time.  Maldistribution  of 
fuel  and  air  eleiMnts  can  result  In  combustion  of  a 
group  of  elements  moving  together  In  the  presence 
of  Insufficient  oxygen  for  complete  combustion. 

There  Is  then  potential  for  the  core  of  the  large 
region  of  gas  with  high  CO  content  to  survive 
Intact  for  sufficient  time  for  radiative  cooling 
or  Impaction  on  a cold  surface  to  assist  CO 
freezout. 

It  Is  also  noted  that  a fuel  element  completely 
surrounded  by  a flame  envelope  has  high  potential  for 
carbon  monoxide  formation  and  'storage'.  CO  formed 
at  the  combustion  Interface  can  diffuse  Into  the 
unbumt  fuel,  where  there  Is  little.  If  any,  oxygen 
available  for  reaction  to  complete  conversion  to 
carbon  dioxide.  This  process  effectively  stores 
carbon  monoxide  and  transfers  It  downstrium  towards 
the  end  of  the  flame  region.  In  many  flames,  there 
Is  a much  greater  likelihood  that  coherent  struc- 
tures will  disintegrate  rapidly  on  mixing  with  cold 
air  near  the  end  of  the  flame  than  further  upstream. 
In  contrast.  In  prearixed  combustion  the  CO  Is  formed 
In  a region  with  stoichiometry  characteristic  of 
the  whole  gas  Input.  Thus,  If  the  mixture  ratio  Is 
not  fuel  rich,  CO  burnout  will  occur  throughout  the 
flaaie  region. 

It  mutt  be  re-emphasized  that  the  prearixed 
flame  has  been  used  as  a contrast  with  the  flame 
containing  coherent  structures  In  the  Interests  of 
simplicity.  The  classical  model  of  a turbulent 
diffusion  ^ame  Implies  similar  characteristics  to 
the  prearixed  flame  for  the  following  reasons: 

1.  Each  small  element  of  fuel  In  the  classical 
turbulent  diffusion  flame  would  bum  rapidly  after 
Ignition-  the  flame  region  would  thus  consist 
mainly  of  alternate  regions  of  cold,  unbumt  gas 
and  hot  gas  In  which  Z-NO  formation  would  occur. 


2.  A local  fuel-air  ratio  can  be  ascribed  to 
regions  of  gas  sufficiently  large  to  contain  several 
fuel  eddies-  the  Instantaneous  local  fuel-air  ratio 
for  each  region  would  not  deviate  greatly  from  Its 
time  mean  value  In  wel 1 -structured  flames. 

It  would  therefore  be  valid  to  attempt  to  con- 
struct a model  of  NO  formation  In  a turbulent  dif- 
fusion flame  with  this  structure  on  the  basis  of:  (1) 
prompt  NO  formation  In  the  flamefronts  and  (11) 
Zeldovich  NO  formation  In  an  average  population  of 
hot  regions. 

However,  the  observation  of  coherent  structures 
as  a regular  phenomenon  Invalidates  the  basic  con- 
cept of  this  model.  The  coherent  structures  can 
occupy  regions  which  are  a significant  fraction  of  the 
total  flame  volume  and  persist  for  long  periods.  The 
transition  period  between  the  unbumt  and  fully  burnt 
states,  which  Is  negligible  for  sufficiently  small 
scale  turbulent  eddies  of  fuel , becomes  of  major 
Importance  In  the  combustion  of  large  coherent  struc- 
tures. A more  valid  approach  to  the  problem  may  then 
be  evaluation  of  NO  formation  by  a correctly  chosen 
mean  coherent  structure  In  the  flame  under  con- 
sideration. 

The  observations  of  coherent  structures  1n 
flames  reinforces  the  need  for  description  of  pollutant 
formation  and  emission  In  terms  of  a model  which  takes 
Into  account  persistent  chemical  and  temperature 
Inhomogenelty.  The  magnitudes  and  persistence  of  the 
Inhomogeneities  which  can  arise  are  such  that  any 
model  based  on  time  averaging  of  any  property  must  be 
regarded  as  purely  mapirical  since  It  neglects  to 
take  Into  account  the  Important  physical  structure  of 
the  flow. 

CONCLUSIONS 

• 

Extensive  photographic  evidence  proves  that  many 
types  of  flame  contain  coherent  large  eddies  which 
produce  regions  of  burning,  or  flamelets.  In  the  flow. 
This  evidence  agrees  with  available  data  from  point 
measurements.  A combination  of  this  evidence  with 
observations  for  non-burning  flows  Indicates  that 
the  range  of  eddy,  and  thus  flamelet,  structures  which 
can  be  observed  can  be  exolalned  in  terns  of  the 
relative  local  Importance  of  viscous  forces  In  the 
flow. 

A flame  Impinging  on  a flat  plate  gives  a par- 
ticularly good  visualization  of  coherent  eddies.  In 
combustion  and  It  Is  found  that  local  variations  In 
eddy  dimensions  and  trajectories  can  produce  random 
fluctuations  In  point  temperature  measurements  In 
the  flow. 

Coherent  large  eddies  have  Important  Influences 
on  macromixing  and  burning  as  the  relatively  organised 
structure  which  they  Impose  on  the  flow  determines  the 
rate  at  which  fuel,  oxidant  and  products  are  mixed 
within  flamaablllty  limits.  For  diffusion  flames, 
burning  takes  place  In  relatively  thin  Interface 
regions  between  fuel  and  oxidant  similar  to  those 
found  In  steady  laminar  mixing. 

These  coherent  large  eddies  can  result  In  In- 
efficient combustion  and  high  levels  of  emission  of 
pollutants.  There  Is  sufficient  evidence  to  show 
that  these  large  eddies  are  present  In  many  practical 
combustion  systems.  These  large  eddies  can  be  broken 
up  by  Increasing  the  shear  stresses  In  the  flow  In 
regions  of  steep  velocity  gradients  and  by  the 
Introduction  of  swirl. 
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ABSTRACT 

A survey  of  shear  stress  distributions  across 
turbulent  boundary  layers  for  a wide  range  of  flow 
conditions  has  been  made.  Both  the  turbulent  and 
viscous  contributions  to  the  shear  stress  are  Includ- 
ed. The  study  was  directed  coward  establishing  the 
basic  characteristics  for  the  shear  distribution  for 
different  flow  conditions.  For  Che  flows  where 
equilibrium  Is  established  a modal  based  on  the 
theoretical  solution  of  the  boundary  layer  equation 
of  motion  for  large  Reynolds  numbers  Is  demonstrated. 
The  Halting  solution  Is  found  to  be  an  accurate 
representation  of  measured  shear  distributions  even 
at  low  Reynolds  numbers. 

The  shear  stress  distribution  for  zero  pressure 
gradient,  turbulent  boundary  layers  Is  found  to  be  a 
near  universal  function  of  the  local  surface  shear 
stress  and  boundary  layer  thickness.  Both  Incom- 
pressible and  supersonic  flows  demonstrate  a remark- 
able degree  of  correlation.  For  preaaure  gradients, 
both  increasing  and  decreasing,  the  Halting  solu- 
tion for  large  Reynolds  number  Is  found  to  predict 
Che  shear  stress  for  the  equilibrium  flows. 

For  a typical  Incompressible,  increasing  pres- 
sure, nonequilibrium,  turbulent  boundary  layer  flow 
the  outer  region  of  the  shear  distribution  was  found 
CO  remain  nearly  constant  with  Increasing  pressure 
gradient.  Tha  effect  of  the  preaeure  gradient  la 
evlden*  mdnly  in  Che  Inner  region  of  the  boundary 
layo'  , fo’*  compressible  flows  It  was  found  chat  two 
differ*  ..  .vpa  presaure  gradient  flows  exist  depend- 
ing on  inecbf'r  the  mass  flux  gradient  is  positive 
or  negatl  m. 

NOKENCXATURE 

A slmllaricy  constant,  defined  eq.  (8) 
a constant  describing  the  freestreem  velocity 
B slmllaricy  constant,  defined  eq.  (9) 

Cf  skin  friction  coefficient,  r^/pmOi 
f mean  flow  function 
h static  enthalpy 
p pressure 

U mean  longitudinal  velocity 
u longitudinal  turbulent  velocity 
Uf  shear  velocity,  ''Tv/o, 

V vertical  turbulent  velocity 

V mean  vertical  velocity 

X distance  In  direction  of  mean  flow 
y distance  normal  to  surface 

i boundary  layer  thickness  or  characteristic  length 
n nondimenalonal  vertical  coordinate,  y/i 

V kinematic  viscosity 
a fluid  density 


T shear  stress 

4>  nondimenalonal  mean  flow  function,  U/U,  or  eU/c«U, 
ii/  nondimenalonal  shear  stress  function,  t/tv 
subscripts 

e characteristic  value 
U mean  velocity 
w evaluated  at  the  surface 
pU  mass  flux 

• evaluated  In  the  freestream 
INTRODUCTION 

Theoretical  evaluation  of  turbulent  shear  flows  | 

require  a rational  model  between  the  turbulent 
motion  and  the  mean  flow.  While  predictions  of 
shear  flows  have  been  greatly  Improved  over  the 

past  few  years,  they  still  employ  empirical  rela-  i 

cions  between  Che  turbulent  and  Che  mean  motion.  i 

The  empirical  relations  are  at  bast  first  approxl-  I 

matlons  which  cannot  be  Justified  theoretically. 

For  turbulent  boundary  layers  s model  that 
relates  the  Reynolds  turbulent  shear  stress  and  the 
mean  flow  Is  required.  For  low  speed  flows  experi- 
mental information  Is  available  for  comparison  with 
predictions  for  a wide  range  of  flow  conditions. 

For  small  size  boundary  layers,  such  as  encountered 
at  supersonic  speeds  it  baa  proven  difficult  to 
obtain  reliable,  direct  measurements  of  Che 
turbulent  quantities,  H).  An  effort  Is  being  made 
CO  make  available  a large  number  of  documentad  flows 
In  order  to  disprove  the  ablHcles  of  numerical 
prediction  techniques. 

The  present  paper  examines  a wide  range  of 
shear  stress  distributions  for  turbulent  boundary 
layers.  For  the  limiting  case  of  large  Reynolds 
number  a solution  for  the  shear  screes  in  terms  of 
Che  mean  flow  was  obtained.  The  predicted  shear 
stress  distributions  from  Che  theoretical  solution 
are  found  to  agree  within  the  accuracy  of  measure- 
stents  for  zero,  favorable  and  adverse  pressure 
gradient  "equilibrium"  flows.  "Nonequlllbrlum" 
boundary  layer  shear  stress  distributions  are  also 
evaluated,  although  they  cannot  be  predicted  from 
the  limiting  theoretical  solution. 

TURBULENT  BOUNDARY  LATER  SHEAR  STRESS 


The  equations  of  motion  for  a turbulent 
boundary  layer  can  be  written  aa 
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whtr*  only  t and  V~  contain  curbulant  quantities. 
Fot  moat  boundary  layar  flows  it  apceara  chat  Che  y- 
direcclon  equation,  aq.  (2),  is  Indcpendsnc  of  the 
x-dlracclon  equation,  eq.  (1).  Thus,  only  eq.  (1) 
is  employed  in  boundary  layer  evaluations.  The  . 
shear  stress,  T,  contains  both  the  mean  flow  part  and 
the  turbulent  shear  stress 
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(3) 


For  incompraaaiblc  flows  Che  turbulent  shear  stress 
is  the  Reynolds  shear  stress,  -ouv.  The  "mess- 
welghcad"  average  cachnlqua  of  Favre,  (2)  also  leads 
to  -CUV  for  Che  compressible  turbulent  shear  stress. 
The  earlier  averaging  techniques  of  Van  Driest,  ( 3,)  • 
and  Schubauer  and  Tchen,  (4),  give  more  complex 
relations  for  compressible  flow.  The  present  dis- 
cussion will  consider  the  turbulent  shear  stress  as 
-ouv,  although  for  the  major  part  of  the  analysis 
Che  total  shear  stress,  T,  is  employed  directly  as 
defined  by  eq.  (1). 

The  boundary  conditions  for  the  shear  stress 
require 


r • T and  — « 4^  at  v “ 0 
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The  shear  stress,  t,  will  approach  zero  at  the  outer 
limits  of  cha  boundary  layer.  For  the  slmllaclty 
analysis  it  is  convenient  to  require  r • C at  some 
characcerlstlc  distance,  y • d,  out  in  the  flow.  The 
sign  of  cha  pressure  gradient  datermlnes  Che  chsrac- 
teriacic  shape  of  Che  shear  stress  distribution. 
However,  it  will  be  demonstrated  chat  two  quite 
different  boundary  layers  are  produced  by  positive 
pressure  gradients  in  compressible  flows. 

A relation  between  the  shear  stress  and  Che 
mean  flow  can  be  obtained  by  considering  the  case 
of  large  Reynolds  number.  It  was  experimentally 
observed  by  Zorlc  and  Sandbom,  (^) , that  zero  pres- 
sure gradient,  turbulent  boundary  layers  approach  a 
similarity  flow  at  large  Reynolds  nuabeta.  For 
Reynolds  numbers  in. excess  of  10^  it  was  demonstrated 
chat  both  the  mean  and  turbulent  velocities  reach 
values  chat  can  be  correlated  in  terms  of  character- 
istic flow  velocities  and  length.  For  the  general 
case  of  cr/mpresslble  flow  it  has  not  bean  possible 
to  experimentally  prove  the  existence  of  similarity, 
however,  the  conditions  of  large  Reynolds  number  are 
usually  present. 

For  compresslbla  flow  a similarity  may  ba 
assumed  to  exist  in  the  form 
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Che  following  relation 
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where  the  prime  denotes  dlffcrcnciaclon  with  respect 
CO  n.  Integration  of  eq.  (6)  with  respact  to  n 
produces  an  equation  for  Che  shear  stress  in  terms  of 
Che  mean  flow  parameters 

5 0 U dU  I 

, , - n) 


5 U dc  C 

I e e e e 

''  dx 
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+ -tI  jtp'  , dn'}dq  +c  (7) 

* 6 ° 0 


Equation  (7)  may  ba  viewed  as  a particular  limiting 
solution  for  the  shear  stress  in  turbulent  boundary 
layers  where  Che  similarity  specif led  by  eq.  (5) 
applies.  It  will  be  demonstrated  that  eq.  (7)  can  ba 
employed  as  a close  approximation  for  a nusiber  of 
turbulent  boundary  layer  flows.  In  the  evaluation  it 
has  proven  convenient  to  employ  the  local  surface 
shear  stress,  r,  • as  Che  characcertsclc  shear 
and  likewise  4e  * °i  ^e  * °e  * There  is 

no  attempt  to  theoretically  justify  these  particular 
choices,  and  for  the  increasing  pressure  flows  there 
is  reason  to  suggest  other  values. 

The  assumption  of  similarity  requires  chat 
eq.  (7)  be  independent  of  x.  Thus,  Che  following 
restrictions  are  necessary. 
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• A (a  constant  independent  of  x) 
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-*  * — ■*—  + - B (a  constant  indapendent 

T dx  T ax  . , ' 

e e of  x)  (9) 

These  restrictions  produce  specific  relations  between 
the  parameters  for  flows  which  are  similar.  As  could 
have  been  foreseen,  Che  need  for  four  independent 
parameters  %nis  not  necessary,  since  one  can  be 
eliminated  between  eqs.  (8)  and  (9).  However,  it 
appeared  Chat  a better  Insight  into  the  shear  stress 
characteristics  could  be  obtained  by  retaining  the 
four  parameters.  The  possible  application  of  eq.  (7) 
to  flows  that  are  not  similar  will  limit  the  use  of 
eqs.  (8)  and  (9). 


T • T^*(n) 


ZERO  PRESSURE  GRADIERT  FLOW 


whara  a(Da  la  a characcarlstle  mass  flow,  D,  la  a 
characteristic  velocity  and  la  a charactariatic 
shear  stress.  The  similarity  varlsbla  n.  Is  taken 
to  be  Che  vertical  dlscanca,  y,  divided  by  a charac- 
teristic length,  6«.  At  this  point  the  characteris- 
tic mass  flow,  velocity,  shear  stress  and  length  can 
be  left  unspecified,  although  similarity  restrictions 
place  specific  requirements  on  the  parameters.  In 
cha  practical  case  the  characteristic  length  will  be 
related  to  the  shear  layer  thickness;  the  mass  flow 
and  velocity  will  be  chat  of  the  fraestream;  and  the 
shear  stress  will  be  related  to  a wall  value.  Employ- 
ing the  similarity  conditions,  aq.  (S),  in  tha  x- 
dlrection  aquation  of  motion,  eq.  (1),  and  also 
using  cha  continuity  equation  to  solve  for  cV  gives 


Measurements  of  the  shear  stress  across  zero 
pressure  gradient  boundary  layers  for  a wide  range  of 
flow  conditions  have  been  reported.  Both  subsonic 
and  supersonic  data  are  available.  Figure  1 shows 
typical  incompressible  maasuremencs  of  -puv 
reported  by  Zorlc  and  Sandbom,  O),  for  high 
Reynolds  number  and  by  Klabanoff,  (6^),  for  a 
lower  Reynolds  number.  These  data  ara  correlacad 
employing  Che  wall  shear  acraas  and  the  boundary 
layer  thickness.  Within  cha  accuracy  of  the  measure- 
ments Che  two  secs  of  data  from  wldaly  dlffarenc 
Reynolds  number  flows  can  be  represented  by  Che  same 
nondlmenslonal  curve.  The  correlation  suggests  that 
Che  similarity  ralatlon,  eq.  (7),  for  the  shear 
stress  may  be  used  for  Che  low  Reynolds  number  flows. 
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a)  Zorlc  and  Sandborn  (^)  b)  Klabanoff  W 
?lg.  1 Incooprasaibla,  zaro  presaura  gradient,  shear 
scresa  dlacributlona 


Equation  (7)  for  Inconpraaalble,  zaro  praasura 
flow  with  Tf  • Tv,  <!•  ■ 1,  and  U,  • glvaa 

7 d(U/tJJ 

- 1 - — If  1 {—3;; J a7UJdr,’}dn  (10) 
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where  L"  i ~^/o,  and  the  boundary  condition  t/t^  • 1 
at  n • 0 was  eoployed  Co  evaluate  the  conacanc  of 
Integration.  Evaluation  of  t/t„  from  eq.  (10)  for 
the  mean  flow  data  of  Zorlc  and  Sandborn  and  of 
Klabanoff  are  shown  as  Che  faired  curves  on  figure  1. 
The  value  of  dd/dx  was  not  available  for 
Klabanoff 's  data,  so  the  boundary  condition  t/t^  ' 0 
at  h • 1 was  esiployed.  For  both  secs  of  data  It 
was  found  chat  eq.  (10)  accurately  models  Che  shear 
stress.  Koce  chat  comparison  of  mean  velocity  pro- 
files (In  similarity  coordinates,  U/U.  vs  n)  for  the 
two  flows  produce  different  dlscr ibuclons , (^)  . The 
use  of  a characteristic  shear  stress,  t^,  was  found 
to  give  the  best  correlation  for  the  shear  dlstrluu- 
tlons.  For  Incompressible  flow  the  "shear  velocity," 
n^.  Is  widely  accepted  as  a characteristic  velocity. 
However,  for  compressible  flow  a characteristic  shear 
Is  more  convenient,  since  the  local  density  Is 
Important  In  the  shear  distribution. 

Measurements  of  turbulent  shear  stress  In 
compressible  flows  has  proven  extremely  difficult. 
Based  on  the  early  work  of  Rotca,  (£) , Meier  and 
Rotca,  (£),  employed  an  approximate  similarity 
analysis  to  evaluate  the  shear  stress  distribution 
for  supersonic  flows  with  heat  transfer.  The  basic 
similarity  assumptions  given  In  eq.  (5)  were  employed 
along  with  the  simplification  that 

"e 

df/dx  - (f/f^)  (11) 

whars  f • oU,  all^,  or  oUh.  This  simplification, 
eq.  (11),  eliminates  the  need  to  evaluate  n- 
derlvatlvcs  In  the  similarity  relation.  Figure  2 
shows  faired  curves  of  the  shear  stress  distributions 
evaluated  by:  Meier  and  Rotca  (Mach  no.  2.S  to  4.S); 
Bushnell  and  Morris  (10)  (Mach  no.  4.67  to  6. SO); 
Scurak,  (11) (Mach  no.  3. S3);  and  Horseman  and  Owen, 
(12)  (Mach  no.  7.2).  Each  of  the  curves  employed  the 
similarity  relation  In  the  evaluation.  It  was  not 
possible  to  Identify  either  a consistent  Mach-or 
Reynolds-number  variation  for  the  profiles  shown. 
Individual  sets  of  data,  such  as  those  of  Meier  and 
Rotta  and  Horseman  and  Owen,  Indicate  small  systam- 
atlc  variations.  The  remarkable  correlation  of  shear 
stress  distributions,  shown  In  figure  2 appears  to 
justify  the  similarity  assumptions.  Although  the 
possibility  still  exists  that  the  correlation  Is  a 
result  of  the  evaluation  technique.  A comparison  of 
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Fig.  2 Evaluation  of  the  shear  distributions  for 
supersonic,  zero  pressure  gradient  flows. 
Curves  Identified  In  (TJ 

shear  stress  distribution  evaluated  from  eq.  (7) 
with  Che  evaluation  of  Horseman  and  Owen,  (12) . for 
Che  M • 7.2  boundary  layer  gave  nearly  Identical 
results. 

Figure  3 compares  the  supersonic  shear 
distributions  with  the  Incompressible  results  of  Zorlc 
C 


Fig.  3 Comparison  of  compressible  and  Incompressible 
shear  stress  data  (open  points:  hoc  wire, 
solid  points:  laser) 

and  Sandborn,  (S,).  The  Incompressible  sizillarlcy 
flow  data  agree  very  well  with  Che  supersonic 
distributions.  The  agreement  Is  further  Justification 
of  the  basic  concepts  of  the  similarity  model  between 
the  mean  flow  and  the  shear  stress.  Also  shown  on 
figure  3 sre  experimental  measurements  of  the  "tur- 
bulent shear  stress"  reported  by  Johnson  and  Rose, 

(13) , for  M ■ 2.9.  The  measurements  agree  with  Che 
similarity  predictions  In  the  outer  region  of  Che 
boundary  layer,  however  there  Is  a definite  disagree- 
ment near  the  wall.  Although  the  turbulent  shear 
stress  must  go  to  zero  at  n • 0,  Che  viscous  shear 
stress  Is  negligible  for  n > O.OS.  The  low  values 
of  Che  turbulent  shear  scresa  for  small  values  of  1 
are  not  accounted  for  by  Che  viscous  shear.  Uhlle  a 





quesclon  may  exist  about  the  theoretical  form  of  Che 
turbulent  shear  stress,  (If*),  it  would  appear  more 
likely  chat  experimental  problems  are  present,  (^) . 

INCREASING  PRESSURE  GRADIENT  FLOW 

A large  number  of  experimental  studies  have  been 
reported  for  increasing  pressure  gradient  flows. 

These  flows  are  of  main  Importance,  since  they  can 
produce  Che  adverse  effects  of  boundary  layer 
separation.  Since  Che  pressure  gradients  can  occur 
over  very  short  distances,  the  conditions  of 
similarity  are  seldom  obtained.  Thus,  these  flows 
will  not  conform  readily  to  the  similarity  model. 

A few  increasing  pressure  gradient  flows  have 
been  reported  which  do  meet  some  of  Che  requirements 
of  similarity.  Equations  (S)  and  (9)  may  be  inte- 
grated to  give  for  example 

U « (12) 

e e 

If  is  a linear  ftmctlon  of  x-dlscance,  (which 

was  suggested  by  Zorlc  and  Sandbom,  (^) , for  Che 
experimental,  zero  pressure  gradient,  similarity 
flow)  Chen  eq.  (12)  would  correspond  to  the  condition 
for  laminar  similarity  studied  by  Falkner  and  Skan, 
(15). 

Bradshaw,  (16) , has  measured  Che  mean  and 
turbulent  quantities  for  flows  where 

U,  - X®  < (13) 

Two  flows,  a ■ -0.15  and  a • -0.255,  were  reported. 
The  mean  velocity  distributions  are  approximately 
similar  over  reasonable  distances  (2  meters).  The 
measured  boundary  layer  thickness  is  not  a linear 
function  of  x-dlscance,  however  Che  curvature  was  not 
great.  Figure  4 shows  Che  shear  stress  distributions 


Fig.  4 Comparison  of  the  similarity  shear  stress 

model  with  the  Increasing  pressure  gradient 
flows  reported  by  Bradshaw,  (16) 

measured  by  Bradshaw.  The  shear  measurements  were 
reported  as  single  faired  curves  for  a • -0.15  and 
,-0.255,  in  terms  of  r/ou2  vs  y/6.  Use  of  the 
dynamic  pressure  as  the  similarity  "shear"  is  dif- 
ferent from  Che  wall  shear  employed  in  the  present 
evaluation.  If  the  skin  friction  coefficient, 

Cf("  'w^®')^)*  were  a constant,  Che  wall  shear  stress 
or  Che  dynamic  pressure  would  produce  Che  same 
result.  For  Che  partlculur  flows,  Cf  varies  by 
20?  for  a - -0.15,  and  by  15?  for  a • -0.255. 


Thus,  the  use  of  either  Che  wall  shear  or  the 
dynamic  pressure  for  correlation  of  the  measurements 
of  shear  stress  should  give  reasonable  results. 
Employing  eq.  (7)  in  the  form 
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the  shear  distribution  was  computed  from  Che  mean 
velocity  measurements.  The  comparison  of  the 
distribution,  computed  from  eq.  (14),  is  shown  on 
figure  4.  The  boundary  condition,  t/Tv  *0  at 
n • 1,  was  employed  for  Che  calculations.  In  both 
flows  it  was  found  Chat  the  "correction"  to  d£/dx 
in  order  to  meet  the  outer  boundary  condition  was 
less  than  15?.  The  value  of  6 determined  by 
Bradshaw  for  U/U.  • 0.995  was  employed  for  the 
calculations.  For  these  flows  Che  similarity 
relation  was  found  to  be  an  accurate  prediction  of 
Che  shear  stress. 

The  similarity  model  might  have  been  expected 
Co  hold  for  the  pressure  gradient  cases  where  the 
mean  and  turbulent  velocities  have  reached  an 
"equilibrium"  condition.  For  Che  general  case  of 
"nonequilibrium"  pressure  gradient  flows,  difficulties 
in  modeling  Che  flow  can  be  expected.  It  is  generally 
known  that  the  turbulent  boundary  layer  flow  responde 
very  slowly  to  changes  in  Che  pressure.  Horseman,  (17) , 
has  demonstrated  Chat  the  modeling  of  Che  shear  can 
be  improved  by  employing  the  concept  of  a "lag"  in 
the  turbulence  development.  A similar  concept  of 
velocity  profile  "relaxation"  was  suggested  by 
Sandbom  (^) , to  explain  turbulent  boundary  layer 
separation  data.  Thus,  it  can  be  foreseen  chat  the 
direct  application  of  the  similarity  model  based  on 
local  mean  flow  conditions  is  not  likely  to  apply. 

Figure  5 shows  a typical  nonequllibrlum, 
increasing  pressure  gradient,  incompressible,  turbulent 
boundary  layer  shear  stress  distribution  reported  by 


Fig.  5 Incompressible,  increasing  pressure  gradient, 
turbulent  boundary  layer  shear  stress 
distributions 


Sandbora  and  Slogar,  (19) . The  direct  evaluation 
of  eq.  (14),  using  the  neasured  gradients  is  also 
shorn  for  station  4.  The  similarity  model  greatly 
over-prcdlcts  the  measured  shear  stress.  The  over- 
prediction  cones  from  the  pressure  gradient  term  in 
eq.  (14).  This  over-prediction  demonstrates  the 
apparent  lag  in  the  development  of  the  boundary  layer. 

Evaluation  of  the  nonequUlbrlum  flow  of 
Sandborn  and  Slogar  suggests  that  upstream  rather 
chan  local  condlclone  ace  important.  The  character- 
istic shear  stress  was  chosen  as  the  value  at  the 
start  of  Che  nonequilibcium  flow.  Tigure  6 shows  a 
plot  of  Che  downstream  shear  stress  distributions  all 


Fig.  6 Cse  of  the  upstream  surface  shear  stress  to 
correlate  increasing  praeeure  gradient 
meaeursaents 

referenced  Co  the  upstream  surface  shear  stress.  The 
local  values  of  Che  boundary  layer  chlckneas  were 
used  for  each  profile.  Use  of  Che  upstream  surface 
shear  stress  produces  a correlation  of  all  the  distri- 
butions In  Che  outer  region  of  the  layer.  The  shear 
stress  In  the  outer  region  apparently  does  not  have 
time  CO  adjust  to  the  change  in  flow  conditions. 

Only  the  region  near  the  wall  Is  altered  by  Che 
Increasing  pressure. 

For  the  data  of  Sandborn  and  Slogar  the  upstream 
boundary  layer  was  in  a decreasing  pressure  gradient, 
thus  the  outer  part  of  the  distribution  is  less  in 
magnitude  than  chat  of  a zero  pressure  gradient  flow. 
The  correlation  suggests  that  the  distribution  of 
the  shear  stress  in  a rapidly  changing  pressure 
gradient  might  be  modeled  directly  from  the  upstream 
velocity  distribution,  rather  than  the  local  velocity. 
Figure  7 demonstrates  several  poaslble  "curve  flea" 
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Fig.  7 Empirical  fits  of  eq.  (14)  Co  the  measurements 
of  Sandborn  and  Slogar  (19) 

Computed  value  of  A • -8.48  and  B • 2S.1 


of  eq.  (14)  Co  the  Sandbom-Slogar  shear  stress 
measurements  at  station  4.  Direct  use  of  the  local 
pressure  gradient  with  either  the  locaO.  or  upstream 
velocity  distribution  produces  a large  overshoot  in 
Che  predicted  sheer  distribution.  The  results 
indicate  Che  best  model  would  bo  some  average  value 
of  pressure  gradient  over  the  upstream  approach  to  Che 
measuring  point.  Only  at  the  wall  is  the  local  pres- 
sure gradient  required  in  order  to  produce  the  cor- 
rect slope  of  Che  shear  stress.  Obviously,  the 
assumptions  of  similarity  in  Che  present  form  are  not 
accurate  in  the  wall  region.  The  present  curve  fitting 
was  limited,  in  that  the  upstream  mean  velocity 
profile  was  not  measured.  Attempts  to  estimate  the 
upstream  conditions  did  not  greatly  alter  the  results 
shown  on  figure  7.  Application  of  an  upstream  mean 
velocity  profile  for  a favorable  pressure  gradient 
produced  the  over-prediction  of  the  shear  in  the  outer 
region  similar  to  chat  seen  on  figure  7.  as  would  be 
expected  from  previous  boundary  layer  studies  the 
model  could  be  Improved  by  use  of  an  inner  and  outer 
matching  technique. 

Experimental  information  on  the  shear  stress 
distribution  in  compressible  flom  with  pressure 
gradients  have  only  become  available  in  the  past  few 
years.  The  characteristic  shape  of  the  shear  stress 
distribution  found  for  increasing  pressure  gradients 
in  incompressible  flow  is  also  evident  in  the  com- 
pressible flows.  A basic  new  case  of  increasing 
pressure  flow  must  also  be  considered  when  compress- 
ibility is  present.  From  eq.  (7);  two  gradients, 

Che  mean  velocity,  and  the  mass  flux,  must  be 
considered  In  compressible  flows.  These  two 
gradients  need  not  have  the  same  sign,  and  for  many 
superaonlc  flows  they  do  not  have  tbs  same  sign.  For 
convenience  the  supersonic,  increasing  pressure  flows 
are  identified  as  follows: 

1.  Adverse  pressure  gradient  (both  ^ and 

are  negative)  * 

2.  Compression  pressure  gradient  (^)  is  negative 

and  is  positive) 

The  use  of  adverse  pressure  gradient  is  commonly 
employed  in  subsonic  flows  for  the  increasing  pres- 
sure, since  it  can  lead  to  the  adverse  affects  of 
separation.  In  supersonic  flows  the  freestream 
conditions  will  not  be  mll-dcflned  for  the  adverse 
pressure  case  diM  to  the  presence  of  shock  waves. 
Obviously,  near  the  wall  the  value  of  deC/dx  must 
be  negative,  for  flow  separation  to  occur  (from 
continuity  dsU/dx  • -doV/dy,  so  oV  is  a mass  flux 
away  from  the  surface  region) . The  compression 
pressure  flow  produces  a mass  flux  toward  the  surface, 
so  chat  the  boundary  layer  becomes  progressively 
"thinner"  and  the  surface  shear  stress  increases.  The 
compression  pressure  flow  produces  the  opposite  of 
separation.  The  typical  shock  wave-boundary  layer 
interaction  produces  first  the  adverse  pressure  flow 
directly  upstream  of  Che  shock,  which  may  lead  to 
boundary  layer  separation.  In  Che  region  downstream 
of  Che  shock  interaction  a compression  type  flow  is 
observed . 

Figure  8 shows  computed  shear  stress  distributions 
for  two  types  of  compression  pressure  gradient  flows. 
The  shock  wave-boundary  layer  interaction  flow  of 
Kuasoy  and  Horseman,  (20) , contains  an  adverse  pres- 
sure region  with  a near  separation  upstream  of  the 
data  shown.  However,  calculations  of  Che  shear  stress 
in  Che  adverse  pressure  region  were  questionable.  The 
shear  distributions  ware  computed  using  Che  total 
pressure  gradient  along  streamlines  approach  to 
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evaluate  the  equation  of  ootion,  (21) . The  data  of 
Sturek.  and  Danberg,  (22).  shovn  in  figure  8b  la  for 
laentroplc  compression.  Evaluation  of  a nusiber  of 
other  supersonic  boundary  layer  studies  producsd 
similar  shear  stress  distributions  to  those  shown. 

In  each  case  It  was  not  possible  to  accurately  eval- 
uate the  shear  stress  In  the  region  of  the  shock  wave. 


a)  iluascy-HorstBas  b)  StureK-Seabtr: 

Fig.  8 Shear  distributions  for  supersonic  compression 
pressure  gradients 

In  the  adverse  pressure  region  the  shear 
distributions  are  expected  to  be  similar  to  the 
Incompressible  date,  figure  6.  Hot  wire  and  laser 
anemometer  neaauremsnta  of  the  turlAilent  shear  stress 
were  reported  by  Rose,  (23) . and  Rose  and  Johnson, 

(13) , for  shock  wave  interaction  flows.  The  measured 
distributions  are  similar  to  the  data  shotQ  In 
figure  8 (for  the  outer  region  of  the  layer) . The 
difficulty  encountered  near  the  wall  for  the  zero 
pressure  gradient  case,  figure  3,  also  sppears  to  be 
present  In  the  pressure  gradient  measurements. 

For  both  the  shock  wave  interaction  and  the 
Isentroplc  compression  the  initial  values  of  the  shear 
stress  are  "processed"  to  much  larger  values. 

Accounting  for  changes  In  mean  density,  the  turbulent 
component  of  the  shear  must  Increase  In  magnitude  by 
factors  of  the  order  of  3 to  A.  The  main  processing 
occurs  very  quickly  through  the  shock  wavs  and  also 
over  a few  centimeters  for  the  laentroplc  compression. 
Note  that  the  application  of  the  similarity  model, 
cq.  (7),  to  incompressible.  Increasing  pressure 
gradient  flows  produce  very  large  locreat*s  In  the 
shear  stress,  due  mainly  to  the  pressure  gradient 
term.  Application  of  the  similarity  equation  to  the 
supersonic.  Increasing  pressure  gradient  flows  result 
In  the  same  difficulty  as  observed  for  the  incompress- 
ible flow.  The  local  velocity  gradient,  aq.  (8), 
produces  coo  large  an  effect,  as  shown  on  figure  9. 

The  obvious  effect  of  the  compression  pressure  gradient 
In  a flow  Is  CO  Increase  the  magnitude  of  the  turbulent 
shear  stress.  Bradshaw,  (24),  also  noted  Che  effect 
previously  In  Che  course  of  calculating  compreeslble 
boundary  layer  flows.  Apparently  the  equlllbrlimi, 
adverse  pressure  gradient  flows,  figure  4,  also 
incrsase  the  magnitude  of  the  turbulent  shear  stress. 
However,  for  the  nonaqulllbrlum,  adverse  pressure 
gradient  flow  approaching  separation,  figure  6,  the 


reduction  of  the  wall  shear  stress  leads  to  a market 
decrease  In  the  turbulent  shear  stress  over  the  inner 
half  of  Che  boundary  layer. 


Fig.  9 Comparison  of  the  shear  stress  predicted 
by  the  similarity  model  with  a supersonic 
compression  flow  (22) 

As  shown  on  figure  9,  the  similarity  model  cannot 
be  applied  directly  to  Che  flow  of  Sturek  and  Danberg. 
Empirical  curve  fitting  of  eq.  (7),  using  the  local 
mean  velocity  and  density  functions,  producsd  a 
reasonable  approximation  for  the  derived  shear  stress. 
For  the  empirical  fit  It  was  necessary  to  reduce  Che 
mean  velocity  gradient  term  (the  constant  A,  eq.  (8)) 
by  a factor  of  2.7  to  obtain  the  approximate  agreement. 

Investigation  of  the  application  of  an  upstream 
similarity  to  the  Sturek-Danberg  flow  is  demonstrated 
In  figure  10.  The  first  upscresm,  x • 0,  stsclon 
was  taken  as  Che  reference  condition.  This  station 
was  ahead  of  Che  Isentroplc  compression  rsmp.  Values 
of  the  wall  shear  stress,  T^,  (at  x • 0)  and  wall 
density,  Pvo>  (dV  x • 0),  are  employed  as  the 
characteristic  shear  and  density.  Not  unlike  the 
incompressible  results,  figure  6,  the  outer  region 
of  the  shear  distributions  do  not  vary  greatly  with 
distance  downstream.  For  raference  a "flat  plate" 
shear  stress  distribution  was  fitted  to  Che  outer 
region  of  Che  curves,  as  shown  on  figure  10. 

The  persistence  of  Che  shear  stress  distribution 
to  remain  Che  ssme  In  Che  outer  region  Is  also  evident 
for  Che  shock  wave-boundary  layer  Interaction  flow  of 
Kuasoy  and  Horseman.  Downstream,  x > 60  cm, 
figure  8a,  the  pressure  is  decreasing  (as  Indicated 
by  the  negative  slope  of  the  shear  stress  distribu- 
tion at  y/i  ■ 0),  but  the  outer  part  of  the  distri- 
bution still  remains  similar  to  the  upstream 
increasing  pressure  (compression)  region. 

DECREASING  PRESSURE  GRADIENT  FLOW 

The  decreasing  pressure  gradient  flow  has  not 
received  the  attention  allotted  to  the  Increasing 
pressure  case.  The  general  character  of  the  decreas- 
ing pressure  grsdlent  flow  Is  usually  assumed  to  not 
differ  markedly  from  the  zero  pressure  gradient  flow. 
For  compressible,  decreasing  prassure  gradients,  flows 
exist  where  Che  mass  flux  gradient  Is  opposite  In  sign 
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Fig.  10  Corrslacloa  of  cha  cooprasaion  flow  ahaar 
atraaa  dlacrlbuctona  of  Sturak  and  Danbarg 
using  upatraan  surfaca  ahaar  and  danslty 


Fig.  12  Subsonic,  dacraaslng  prassure  giadlanc, 
curbulanc  boundary  layar,  ahaar  acrass 
distributions 

CONCLUSIONS 


to  tha  laaan  valoclcy  gradiant.  A division  Into  .a 
"favorabla"  prassura  gradiant  (laaan  valoclty  and  oaaa 
flux  gradlanta  ara  both  posltlva)  and  an  "axpanslon" 
prassura  gradiant  (sMan  valoclty  gradiant  posltlva, 
and  aass  flux  gradiant  nagatlva)  aay  ba  aada.  Tha 
Incraaslng  prassura  gradiant  raglon  maasurad  by 
Kussoy  and  Horstoan,  (21) . contains  an  "axpanslon" 
prassura  gradiant  for  x > 74  ca,  flgura  11.  Tha 
axpanslon  prassura  gradiant  producad  a asrkad 
Incraasa  In  tha  shaar  strass  In  tha  outar  raglon  of 
tha  boundary  layar  for  tha  particular  flow. 


Fig.  11  Shaar  strass  distrlbuclon  in  an  "axpanslon" 
prassura  gradiant.  Data  of  Kuasoy  and 
Horstaan  (21) 

A favorabla  prassura  gradiant  flow,  at  subsonic, 
conprasaibla  spsada  in  a constant  araa  duct  was 
raportsd  by  Sandbom  and  Saagalllar,  (25) . Flgura  12 
shows  tha  shaar  strass  distributions  avaluatad  for 
Mach  nuabara  of  0.2  and  0.5.  Tha  distributions  wars 
dataralnad  froa  a balanca  of  tha  taras  la  tha  x- 
dlractlon  aquation  of  motion.  Tha  flow  davalopad 
ovar  a dlstaaea  of  2.5  aatars,  so  that  conditions  of 
aqulllbrlua  aight  ba  axpactad.  Evaluation  of  tha 
shaar  strass,  using  sq.  (7),  aaploylng  local  valoclcy 
oaasurasMnts  ara  coaparad  with  tha  dlract  valuas  on 
flgura  12.  Tha  boundary  condition  t/t^  • 0 at 
y • d was  also  usad  in  tha  avaluaclon.  Dlract 
avaluaclon  of  tha  constant  B,  aq.  (9),  dlf farad  by 
lass  chan  15Z  from  tha  valua  dataralnad  by  tha  outar 
boundary  condition.  Also  shown  on  flgura  12  ara  tha 
shaar  distributions  obcalnad  using  tha  Halar-Rotca 
approximation,  aq.  (11).  Tha  outar  adga  boundary 
condition  was  also  aaployad  for  tha  approxlaaca 
calculation. 


For  aqtd.llbrlua  boundary  layars,  whara  tha  maan 
and  curbulanc  flow  hava  adjuscad  to  tha  local  condi- 
tions. a thaoraclcal  modal  batwaan  tha  maan  and 
turbulent  flow  Is  obtained.  Tha  modal  Is  based  on  tha 
limiting  solution  of  the  equation  of  motion  for  large  I 

Reynolds  numbers,  whara  similarity  was  observed  to  i 

exist.  The  shear  stress  distribution  for  zero  pras-  I 

sure  gradient  flows  is  damonstratad  to  ba  a near  ' 

universal  function  of  tha  local  surface  ahaar  stress 
and  local  boundary  layar  thlcknaaa.  Both  Incoapraas-  I 

Ibla  and  compraaalble,  supersonic  flows  wars  found  to  ' 

produce  nearly  Identical  distributions.  For  both 
Increasing  and  dacraaslng  prassura  gradiant,  equilib- 
rium flowa  tha  cheoratical  model  was  shown  to  agraa 
closely  with  expariaental  maaauremanta . 

For  nonaqulllbrluB,  Incraaslng  prassura  gradient 
flowa  Che  modal  based  on  local  gradients  Is  found  to  i 

over-predlcc  Che  shaar  stress.  For  a •typical,  Incoa- 
presslbla,  adverse  prassura  gradient,  boundary  layer  | 

It  tras  demonstrated  Chat  tha  shaar  stress  In  tha 
outer  raglon  of.cha  layar  does  not  change.  Tha  efface 
of  the  adverse  prassura  gradiant  was  to  deeraasa  the  I 

surface  shear  strass,  which  lad  to  a narked  reduction 
In  the  turbulent  shear  strass  In  tha  Inner  part  of  tha  I 

layar.  The  aquUlbrlum,  adverse  prassura  gradiant 
rasults,  both  axpariaantal  and  cheoratlcally,  indicate 
chat  Increasing  prassura  gradients  will  Incraasa. the  i 

curbulanc  shaar  serasa.  i 

For  conprasslbla  flows,  two  different  cypas  of 
prassura  gradiant  flow  ara  possible,  depending  on  the 
sign  of  tha  maan  valoclcy  and  mass  flux  gradlancs.  i 

For  Increasing  pressure  gradiant  flow  saparaclon  of  | 

the  boundary  layar  can  only  occur  If  the  mean 
valoclty  and  mass  flux  gradiant  ara  nagatlva.  For  tha 
case  where  Che  gradlancs  ara  both  nagatlva  tha 
description,  "advarsa  prassura  gradiant”  was  usad.  For 
the  case  where  tha  aass  flux  la  posltlva  the 
description,  "cosiprasslon  prassure  gradient”  was  usad. 

Tha  coaprasslon  prassure  gradiant  of  a shock  wave- 
boundary  layar  Intaracclon  and  also  along  an  Isancroplc 
cosiprasslon  ramp  ware  damonstratad.  Tha  coaprasslon 
prassura  gradiant  produces  a rapid  "procasslng"  of 
tha  turbulent  shaar  strass  to  valuas  3 to  4 clmas 
graacar  chan  the  upstream  valuas.  Evldanca  of  slal- 
laricy  of  tha  shaar  In  tha  outer  raglon  of  tha  layar, 
based  on  upstream  conditions,  was  also  observed  for 
tha  coaprasslon  prassure  gradient  flow. 

Two  cypas  of  dacraaslng  prassura  gradiant  flows 
vara  also  ancouncarad  In  supersonic  flows.  Tha 
favorabla  prassura  gradient  caaa  (both  aean  velocity 
and  mass  flux  gradients  ara  positive),  was  observed. 
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along  with  an  "axpanslon  prcisurc  gradlanc"  cate  (nass 
flux  gradlanc  nagaclve).  Ona  example  of  an  axpanalon 
preaaure  gradient  flow  wax  damonatracad  Co  Incraaaa 
cha  turbulant  thaar  scraaa  In  cha  oucar  region. 

It  la  obvloua  chat  more  datallad  data  on  cha 
turbulent  shear  acrass  In  boundary  layers  ara  still 
naaded.  Tha  lack  of  data  In  the  region  of  boundary 
layer  saparaclon  graatly  limits  any  analysis  In  this 
vary  Important  flow  region.  In  particular  the  evalua- 
tion of  cha  shaar  scrasa  In  comprasslbla,  both  sub- 
and  suparsonlc,  aaparatlon  flows  will  ba  of  great 
valua. 
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EXPERIMENTAL  STTOY 


An  uniceady  turbulent  boundary  layar  ii  txperi- 
aancally  itudied  in  praaanca  of  an  oscillatory  free 
streaa. 

A statistical  traatoanc  of  data  enables  us  to 
separately  analyse  the  periodic  coisponant  and  the 
turbulent  fluctuation  of  the  velocity  measured  by 
means  of  a hot  wire  anemometer.  The  longitudinal  com- 
ponent of  turbulence  is  studied  by  the  determination 
of  its  intensity,  of  its  statistical  distribution 
and  of  its  moments.  Moreover,  the  variations  of  the 
shear  stress  profiles  have  been  measured  and  are  ana- 
lysed. 

A prediction  method  bated  on  the  resolution  of 
the  local  equations  is  presented.  Two  turbulence 
schemes  are  used  : a mixing  length  model  and  a trans- 
port equation  model.  An  integral  method  of  prediction 
it  alto  presented.  The  results  of  these  various  methods 
are  compared  with  the  experimental  data. 

INTRODUCTION 

For  practical  applications,  in  the  tiald  of  the 
aerodynamics  of  helicopters  or  turbomachineries,  it 
is  vary  important  to  take  into  account  the  affects  of 
the  unttaadinatt  not  only  on  the  potential  flow  but 
also  on  the  viscous  flow,  especially  on  the  boundary 
layer. 

In  the  last  years,  the  attention  has  been  turned 
in  this  direction.  The  understanding  of  the  behaviour 
of  a laminar  boundary  layer  for  which  a lot  of  studies 
have  bean  devoted  (Ref.  I,  2)  is  now  well  advanced. 

But  for  Che  turbulent  case,  Che  results  arc  less  abun- 
dant (Ref.  3,  A)  and  consequently  Che  knowledge  of 
this  problem  it  poor.  Some  boundary  layer  prediction 
methods  have  bean  extended  to  the  case  of  an  unsteady 
flow,  but  in  almost  all  of  these  works  we  feel  Che 
need  of  experimental  data  to  cast  ths  theoretical 
results  (Ref.  5,  6.  7,  8). 

Thus,  we  undertook  a systematic  study  of  the 
development  of  an  unsteady  turbulent  boundary  layer. 

Two  main  objectives  are  pursued  : 

. To  gat  detailed  experimental  results  on  the  effects 
of  the  unsteadiness  on  the  characteristics  of  the 
turbulence  and  on  Che  behaviour  of  the  boundary  layer. 

. To  use  these  results  in  order  to  check  the  validity 
of  hypotheses  introduced  in  some  calculation  methods 
and  in  order  to  check  the  validity  of  the  results 
obtained  by  these  methods. 

This  paper  is  devoted  to  the  description  of  the 
results  of  a first  stage  of  this  work  in  which  we 
study  Che  development  of  a turbulent  boundary  layer 
in  presence  of  an  oscillatory  external  flow  with  a 
negligible  longitudinal  variation  of  the  velocity. 


EXPERIMENTAL  TECHNIQUE  (FIG.  1) 


The  installation 

A periodic  flow  is  generated  by  means  of  a rota- 
ting vane  set  in  Che  diffuser  of  a small  subsonic  wind 
tunnel  of  Eiffel  type. 

The  development  of  Che  boundary  layer  is  studied 
on  Che  floor  of  Che  100  an  x I 10  oa  test  section.  The 
velocity  it  measured  with  constant  temperature  hot 
vires  anemometers.  A probe  it  used  as  a reference  in 
Che  external  flow  ; this  probe  it  set  at  a fixed  loca- 
tion above  a second  probe  which  is  moved  along  a normal 
to  Che  wall  in  order  to  explore  Che  boundary  layer. 

The  probings  are  made  at  four  stations  ; their 
abscissa  arc  : X , - 0,  X.,  • 70  osa,  X.  • lAO  nm, 

Xj  • 210  m. 
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Data  reduction 

As  Che  Doundsry  layer  is  unsteady  and  turbulent, 
a scaciscical  analysis  or  the  data  is  needed  to  define 
an  average  quantity. 

Here,  we  define  an  average  quantity  as  an  enseable 
average  ; it  is  clear  that  such  an  average  is  not  equi- 
valent to  a tiae  average. 

An  enser.'rlo  average  oust  be  caicen  over  a great 
nucber  of  realizations  of  the  sane  phenomenon.  Since 
the  flow  is  periodic,  each  period  can  be  seen  as  one  of 
these  realizations.  Therefore,  Co  perform  an  ensemble 
average  of  a quantity  jl  we  calculate  Che  sum  of  the 
values  taken  by  £ for  tnscancs,  in  the  successive 
periods,  corresponding  to  Che  same  value  of  Che  phase 
angle  in  Che  external  flow,  A synchronization  system 
connected  to  the  rotation  of  Che  vane  generates  a train 
of  stimuli  and  divides  the  period  in  24  spaces  ; this 
system  enables  us  Co  recognize  Che  phase  angle. 

The  instantaneous  velocity  aa.  is  split  in  two 
parts  : the  average  velocity  1/  and  the  turbulent  fluc- 
tuation u'.  The  average  velocity  V is  determined  as 
the  ensemble  average  of  u.  The  turbulent  fluctuation  u' 
is  calculated  by  difference  between  u and  1/  ; its  en- 
semble average  is  zero.  This  fluctuation  is  studied 
with  the  aid  of  its  intensity  (JttJ*)^or  its  higher 
order  statistical  moments  or  its  probability  density. 
.As  Che  flow  is  unsteady  and  periodic,  the  average  ve- 
locity 1/  or  Che  turbulence  intensity  (aP*)'^*’are 
functions  of  Che  phase  angle. 

The  use  of  a X-vires  probe  enable  us  to  determine 
the  shear  stress  defined  as  the  ensemble  average  of 
the  product  -u'  v'. 

In  Che  following  sections  we  use  also  time  ave- 
raged quantities.  For  example  as  the  time  average 
of  V , so  chat  V^'V^varies  around  1 in  a period. 

PRELIfllXARy  RESULTS 

External  flow  conditions  (Fig.  2) 

A systematic  variation  of  Che  frequency  has  shown 
chat  there  is  a resonance  frequency  of  Che  wind  tunnel 
for  which  Che  external  velocity  is  nearly  sinusoidal. 
This  frequency  is  43  Hz  and  is  fixed  for  Che  experi- 
mental study. 

Ac  a given  time,  the  velocity  varies  along  Che 
longitudinal  direction  because  the  rotating  vane  gene- 
rates a wave  chat  propagates  with  a finite  celerity. 

The  harmonic  analysis  of  the  velocity  shows  (Fig.  2) 

Che  longitudinal  variations  of  Che  phase  angle,  of  Che 
mean  velocity  and  of  the  amplitude. 


Boundary  layer  flow  (Fig.  3) 


A first  analysis  of  what  happens  in  the  boundary 
layer  is  obtained  from  the  observation  of  the  oscil- 
loscope records  which  represent  the  evolution  of  the 
output  voltage  issued  of  Che  hot  wire  anemometer.  Near 
the  wall,  the  signal  exhibits  large  fluctuations  which 
are  superimposed  to  a periodic  signal.  At  higher  dis- 
tances of  the  wall,  these  fluctuations  are  dissyme- 
crical  and  appear  as  peaks  of  large  amplitude  orien- 
tated in  the  negative  direction.  Moreover,  the  inten- 
sity of  these  fluctuations  is  larger  in  a part  of  the 
period  : this  phenomenon  is  due  to  the  fact  that  the 
free  boundary  of  the  boundary  layer  varies  in  a perio- 
dic manner  in  time  : sometimes  the  probe  is  plunged 
in  Che  boundary  layer,  sometimes  it  is  in  the  external 
flow. 

Now,  a large  part  of  Che  discussion  is  devoted  to 
the  measurement  of  what  is  suggested  by  the  observation 
of  these  photographs. 
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ANALYSIS  OF  THE  RESULTS 
Av«r«g«  v€lacity 

jgTTrVj  the  ve',cyC~id  (Fig.  41-  To  cnpiv*- 

siz*  ch*  non  lintar  tff*c:s  in  Che  botudary  lay«r,  an 
hanionic  analysii  hat  been  perzoraad.  Concarning  Che 
cundimencal  frequency,  Che  cetulcs  ace  pretenced  on 
Che  figure  . where  ^ is  che  difference  beewaan  Che 
phase  in  che  boundary  layer  and  che  phase  in  che  ex- 
carnal  flow.  The  amplicude  is  reduced  by  che  ampli- 
cude  of  che  excemal  valocicy  • 


We  noca  chac,  in  a region  vary  near  che  wall,  che 
phase  angle  is  negacive  ; for  higher  values  of  che  dis- 
cance  U nonsal  Co  che  wall  che  phase  angle  is  poti- 
cive  ; near  che  free  boundary  of  che  boundary  layer  Che 
phase  angle  it  negacive.  One  can  be  surprised  by  che 
posicive  values  of  che  phase,  buc  ic  nusc  be  remembered 
chac  che  gradienc  of  Che  excemal  valocicy  is  in 
advance  of  90*  wich  respecc  Co  che  excemal  velocicy  ; 
because  in  che  boundary  layer  che  inercial  effaces  are 
scalier,  ic  is  noc  paradoxical  chac  che  phase  angle  it 
posicive. 

In  a previous  experimenc  (Ref.  9,  10),  che  obser- 
vaciont  ware  diffarenc  ; che  excemal  velocicy  varied 
beeween  56  m/t  and  llu  m/t,  so  chac  che  Scrouhal  number 
was  scalier.  Based  on  che  nean  value  S^^of  che  boundary 
layer  thickness  and  on  che  mean  valocicy  Ugm  , Che 
Scrouhal  number  (<pju^/(^as  equal  to  3.7  10*3.  in  che 
present  experiment  ic  is  12.7  10-3.  tfe  first  noted  that 
negacive  values  of  Che  phase  angle  were  not  measured  in 
the  external  region  ; but  ic  may  be  because  in  chit 
region  che  phase  angle  was  so  small  chac  it  could  not  be 
measured  wich  a sufficient  accuracy.  Ic  muse  be  said 
chat  this  face  was  also  present  in  che  experiments  of 
KAilLSSON  (Ref.  3).  For  laminar  boundary  layers,  calcula- 
tion or  experiment  indicate  a similar  fact  and  also  show 
that  the  maximum  of  che  phase  lag  presents  a maximum 
when  ic  it  drawn  as  a function  of  che  Scrouhal  number. 

Secondly,  in  che  previous  experiment,  che  maximum 
positive  value  of  che  phase  angle  oceured  for  a higher 
value  of  Che  reduced  distance  4/S  . Certainly,  chit 
fact  is  related  Co  the  variation  of  che  Scrouhal  number. 
It  is  known  chac  che  ratio  of  che  thickness  of  che 


"unsteady  layer",  i.e.  che  layer  where  che  unsteady 
effects  are  significant,  to  che  mean  boundary  layer 
thickness  decreases  at  the  Scrouhal  number  increases; 
when  che  Scrouhal  number  it  very  high,  the  unsteady 
effects  are  limited  co  a very  chin  layer  neai  the  wall. 
This  is  in  agreement  wich  our  experimental  observation: 
for  a higher  value  of  the  Scrouhal  number,  che  maximum 
of  che  phase  angle  occurs  for  a lower  value  of  . 

The  mean  velocity  profile  is  also  presented  on  che 
figure  u.  The  pattern  of  this  profile  is  very  nearly 
chac  of  a velocicy  profile  for  a steady  boundary  layer 
wich  zero  pressure  gradient. 

Averaffe  ■jeljofru  ^ofiZee  (Fi9.  c'/.  On  the  figure  5, 
che  average  velocicy  profiles  are  presented  as  functions 
of  Che  distance  normal  co  the  wall.  Each  profile  is  ob- 
tained for  a given  phase  in  Che  period  of  che  excemal 
flow  ; che  velocity  is  reduced  by  its  value  at  the  outer 
boundary  for  che  same  value  of  the  phase  angle. 

The  observed  variation  of  che  profiles  is  due  for  a 
pare,  CO  the  variation  of  che  boundary  layer  chicknest  ; 
but  che  variation  of  their  shape  is  related  Co  che  al- 
ternation of  negacive  and  positive  excernal  velocicy 
gradienc  in  a period.  Subsequencly,  we  noce  che  evolu- 
tion of  che  shape  factor. 


-►u/u. 


fig.  5 — Boundary  Itytr  iiersps  uttecity  pmfHn. 


Turbulence  intensity  and  shear  stress  (Fig.  e,Tid»j) 

The  difference  between  the  inscancaneous  velocicy 
u and  the  average  velocicv  V is  che  fluctuation  u'. 

The  standard  deviation  (Xd^/^def ines  che  longitudinal 
component  of  che  turbulent  kinetic  energy.  .Moreover,  che 
use  of  a X-vires_jj^amomacer  enables  us  co  determine  che 
shear  stress  - »as  tr'.  — t Vi  —r—r 

On  the  figure  o,  the  profiles  of  (xT*)  and 
are  presented  for  various  instants  in  che  period.  The 
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first  abstrvation  is  ch<c  chsir  evoiuticos  arc  very  si- 
ailar  (the  siailaritv  would  be  better  if  comparing  the 

and  profiles).  The  evolution  of  the  profiles 

is  due  partly  to  the  periodic  variation  of  the  boundary 
layer  thickness  isposcc  by  the  unsteadiness  of  the  flow, 
but  it  is  clear  that  the  variation  of  shape  of  the  pro- 
files is  a direct  consequence  of  the  variable  pressure 
gradient . 

In  order  to  compare  the  time  variations  of  the  ave- 
rage velocity  and  of  the  turbulence  intensity 
these  quantities  are  reduced  by  their  tine  average 
and  so  that  U/U^and  have 

variations  around  I ; these  quantities  are  shown  on  the 
figure  T.  In  the  external  flow,  turbulence  intensity 
and  average  velocity  are  nearly  in  phase  and  their  re- 
lative variations  are  almost  equal.  When  the  probe  is 
displaced  toward  the  wall,  this  is  no  longer  true  and 
we  note  a large  difference  in  phase.  This  result  is  a 
consequence  of  the  periodic  variation  of  the  free  boun- 
dary ; the  fact  that  the  maximum  of  thicVmess  occurs  in 
a part  of  the  period  near  the  minimum  of  velocity  makes 
clear  that  the  intensity  of  turbulence  is  higher  in 
chat  part  of  the  period  at  the  distances  y • S mo  and 
y • 9 m.  for  lowar  values  of  y Che  difference  in  phase 
is  considerably  reduced. 


The  measurements  of  the  shear  stress  enable  us  to 
analyse  quantities  which  implicitly  play  an  important 
role  in  many  calculation  methods.  For  example,  we  de- 
termine the  correlation  coefficient  . aa'tr' / 

It  is  represented  on  the  figure  3 as  function  of  time, 
for  various  distances  to  the  wall  at  Che  station  ©. 

In  a rather  thick  region  near  the  wall,  the  correlation 
coefficient  is  nearly  equal  to  0,3  : this  value  is  very 
close  to  the  value  generally  measured  in  a steady  boun- 
dary layer.  Obviously,  this  coefficient  tends  to  sero  in 


the  outer  region  of  the  boundarv  layer  because  aa'v' 
becomes  zero  and  the  turbulence  intensity  is  small  but  ' 
non  zero. 

A classical  scheme  of  turbulence  is  the  mixing 
length  model.  We  tried  to  directly  analyze  its  validity 
by  using  the  measurements  of  the  shear  stress  and  of  the 
velocity.  In  this  purpose,  we  must  determine  the  deriva- 
tive  , and  then  we  calculate  the  mixing  length  by 
the  raAo  JLs  - ■u'v'/'  . To  avoid  a coo  great  scatter 

in  Che  results,  the  veloSity  profiles  have  been  smoothed. 
The  obtained  evolution  of  the  nixing  length  is  presented 
on  the  figure  9 foi  four  instants  in  the  period.  We  note 
that  the  distributions  of  the  nixing  length  are  in  rather 
good  agreement  with  a classical  distribution  used  in 
steady  flow.  However,  for  a part  of  period  near  the  maxi- 
mum velocity,  discrepancies  must  be  noted. 


Station  4 


U/U 


1.3 

1.0 

0.7 


1.3 

1.0 

0.7 

1.3 

1.0' 

0.7 


• • 


• »• 


y=0.1mm 


■ • » • 


y«1  mm 


■ ■ ”■ 

.■H 


**“*.  • •!  y*5mm 


■iHI* 


1.3.  •• 

•eS-a  ‘ 


1.0 


0.7l 


” * A 

^ • ys9mm 


••  • 


u 

1.0 

0.7 


■ • 


y»15mm 

•a*  ■ - 


0 1 


fig.  ’ - Comptriton  of  the  i»me  nri»tieru  of  r/»  turOuUnet.  itmntftY  sod 
of  tho  ••ortgo  ootociry. 


8.12 


2 t/T  Fig.  8 — Comimion  co^ffidfit 
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SCacistical  diitrlbucion  of  the  vclocitv  fluctuation 

(Fig,  lo.irr 

Furtbar  inforaationt  art  obtainad  by  itudying  tha 
•tatiftical  diatribuCion  of  tba  valocity  fluctuationa. 
Tha  probability  danaity  of  u'  haa  baan  calculatad  and 
aooa  raaulta  ara  praaaatad  on  tha  figuri^O.  In  abaciaaa 
tha  cantarad  nomalisad  variabla  aa'/  la  uaad. 

On  tha  aaea  grapha  thaaa  functiona  arc  comparad  with  a 
gauaaian  probability  danaity.  ()ualitativaly,  tha  baha~ 
viour  of  thia  function  la  tha  aana  aa  in  tha  caaa  of  a 
ataady  boundary  layar  : naar  tha  wall,  it  ia  naarly 
gauaaian  ; away  froo  tha  wall  it  ia  akawad  ; in  tha  ax- 
tamal  flow  it  ia  again  naarly  gauaaian  aa  it  ia  for  the 
turbulanea  bahind  a grid.  In  ataady  flow,  tha  akawnaaa 
ia  a conaaquanca  of  tha  intaraittancy  phanonanon  which 
ia  dua  to  tha  random  variation  of  tha  traa  boundary  ; 
whan  tha  proba  ia  in  tha  outar  flow  tha  valocity  ia 
naarly  conatant  and  highar  than  in  tha  turbulant  apota  : 
it  corraaponda  to  a paak  in  tha  danaity  probability. 
Cartainly  thia  intarpratation  ia  atill  valid  in  tha 
praaant  caaa.  It  nuat  ba  notad  that  tha  daformation 
occura  cloaar  to  tha  wall  for  tha  inatant^i  thia  can  ba 
axplainad  by  tha  fact  chat  tha  avaraga  chicknaaa  of  tha 
boundary  layar  ia  thinner  for  thia  inacant. 


The  inacantaneoua  location  of  Che  free  boundary  ia 
a random  variable  the  diatribuCion  function  of  which  ia 
the  incermiccency  factor  X • Under  aome  aaaumptiona 
(Ref.  II)  it  ia  related  to  the  flacneaa  factor  bvXni/f 
(Fs  ) . Thia  procaaa  ia  uaad  here  to 

bring  aome  information  about  Che  variation  of  the  free 
boundary  (Fig.  11).  Near  tha  wall,  the  diatribuCion  of 
u'  ia  nearly  gauaaian  ; accordingly  y ia  about  I.  The 
dacraaac  of  X i*  raprcaancacive  of  the  random  diapla- 
caaanc  of  the  free  boundary.  In  the  outar  flow  X ia 
again  about  I ainca  the  probability  danaity  ia  naarly 
gauaaian.  Tha  figure  11  alao  ahowa  chat  tha  free  boun- 
dary ia  aubmicted  to  forced  oacillaciona  ainca  the  curve 
ia  dapandanc  on  the  phaaa  angle.  However,  if  tha  dia- 
tanee  ^ ia  reduced  by  tha  value  l^tiuffor  which  T*  0.? 
all  the  curvaa  have  the  aama  ahapa.  For  compariaon,  we 
raportad  the  poinca  aeaured  by  KLEBANOFT  (Rgf.  II)  in 
the  caaa  of  a ataady  flat  plate  boundary  layer. 

B0n.DARY  UYER  CALCL'UIIONS 

From  Che  rcaulta  of  tha  praaencad  axpariaenca,  it 
appaara  that  the  behaviour  of  the  boundary  layar  and  the 
atruccura  of  turbulence  are  not  fundaaancaly  aocifiad 
by  Che  unacaady  character  of  the  flow.  For  example,  t.he 
velocity  profilaa  are  correctly  rapraaencad  by  profilea 
belonging  to  a family  caleiUcad  in  ataady  flow,  Ua  alao 
aaw  that  the  correlation  coefficianc  or  the  mixing 
length  diatribuCion  ara  in  pratty  good  agraemanc  with 
the  ataady  caaa.  Froei  thaaa  obaervaciona,  it  ia  wall 


8.13 


touadtd  to  suppose  that  the  hypotheses  used  in  the  cal~' 
culation  aethods  for  the  steady  case  are  still  valid 
for  the  unsteady  case.  However,  to  correctly  judge  the 
validity  of  a method  it  is  necessary  to  compare  its  re- 
sults to  the  data  of  the  experiment. 

In  order  to  solve  the  local  boundary  layer  equa- 
tions we  use  either  a mixing  length  model  or  a two  equa- 
tion model  of  turbulence.  On  the  other  hand,  an  integral 
method  of  prediction  is  also  used. 

Before  presenting  the  comparisons  with  experiment 
and  discussing  the  results,  we  now  briefly  describe  the 
used  methods. 

Solution  of  the  local  equations 

'iisiKS  ‘eKSth  rriodel.  In  the  momentum  boundary  lever 
equation  it  appears  the  Reynolds  stress  - Ojx'o'  ; 

Dfc  P ax 

In  order  to  express  this  term,  we  first  used  a 
classical  mixing  length  model  : 


VAS  DRIEST  formula  (Ref.  12)  : 

P = -I  . 2JCp(-  (4) 

with  “5  - li  ^ - fas-'V' 

It  must  be  noted  ^hat  this  formulation  is  an  unmodi- 
fied version  of  the  steady  case. 

Z-JO  ecu2zian  ricdeZ  o.-  T^bul-s^.se.  In  the  last  years, 
various  more  sophisticated  models  of  turbulence  have 
been  developed.  To  describe  the  development  of  some 
turbulent  quantities,  they  use  transport  equations  de- 
rived from  the  Mavier-Stoxes  equations. 

In  previous  studies  we  used  a two  equation  model 
of  turbulence  from  which  good  results  have  been  obtained 
(Ref.  13,  14).  It  is  a model  developed  at  Imperial  Col- 
lege (Ref.  IS,  16)  which  includes  two  equations  for  the 
turbulent  kinetic  energy  it  and  for  its  dissipation  rate 
£ . 

For  nigh  Reynolds  number  of  turbulence,  the  follo- 
wing system  is  to  be  solved  : 


-i77’=  F*  (2) 

^ is  assumed  to  be  an  universal  function 

^ - O.oiS^^jL.  JL  (3) 

^ “ ft0«5  i 

is  a viscous  sublayer  function  derived  from  the 
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ICS  expression  : 


-rr=”  ^ 
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(8) 


In  chase  equaclons  Che  values  of  cne  conscancs  are  ; 
Cu.sO.o3  C^s  i St  ^8-4.4 

With  regard  co  Che  sceady  case,  only  che  dice  deri- 
vacives  In  che  cocnrecCion  Cerms  have  been  added.  Ic  is 
imporcanc  co  noce  again  chac  che  nodellisacion  used  for 
che  sceady  flow  is  unmodified. 

As  already  said,  chia  model  is  only  valid  for  high 
Reynolds  number  of  curbulence  and  is  well  adapeed  for 
che  oucer  pare  of  che  boundary  layer.  Sear  che  wall,  chis 
is  no  longer  crue  because  che  curbulence  Reynolds  number 
decreases  in  chis  region  and  is  zero  ac  che  wall.  There- 
fore a special  creacmenc  is  needed.  Two  possibilities 
have  been  used.  The  first  option  is  co  replace,  near  che 
wall,  che  transport  equation  system  (Ref.  3,  6,  7)  by 
the  mixing  length  scheme  and  co  solve  che  equations 
(Ref.  I,  2,  3,  4).  This  creacmenc  is  relaxed  at  a dis- 
tance of  the  wall^e^where  che  sublayer  function  F is 
nearly  equal  Co  I (F  • 0,99),  chac  is  co  say  when  che 
Reynolds  number  is  high  enough.  The  calculated  condition 
at  are  used  co  determine  che  boundary  conditions 

for  the  transport  equation  system  ; ac  He  we  impose 
che  continuity  of U,— and  % . We  essume  chat  : 

I . Cu 


The  second  option  is  Co  introduce  ad  hoc  modifi- 
cations in  che  transport  equations  system  as  this  has 
been  done  by  JONES-liACNDCR  (Ref.  !6).  We  also  used  Chis 
low  Reynolds  number  version  of  che  transport  aquations. 
The  bouaiary  layer  eigrations  (continuity  equation, 
moaentua  etgiation,  turbulence  model)  are  solved 
step  by  step  by  means  of  a finite  difference  method. 

Solution  of  che  global  equations 

The  solution  of  che  local  equations  enables  us  co 
get  detailed  informations  on  the  development  of  the 
boundary  layer.  However,  these  calculations  arc  time 
consuming  and  some  difficulties  can  arise  co  correctly 
specify  the  initial  or  boundary  conditions  especially 
when  using  the  transport  aquation  model.  In  many  prac- 
tical applications  ic  is  only  interesting  co  know  che 
evolution  of  global  quantities  as  the  thickness  or 
the  skin  friction  coefficient.  Then  an  integral  method 
can  be  efficient. 

Such  a method  is  based  on  the  simultaneous  solu- 
tion of  che  global  continuity  and  momentum  equations. 

By  neglecting  the  variation  of  che  density,  these  equa- 
tions are  : 
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In  chis  system,  ic  appears  five  unknowns  •a, 
C£.  S4,  9 , & • Therefore,  we  must  use  addicioiSll  re- 
lations. As  in  che  steady  case,  they  can  be  gotten  from 
che  study  of  similarity  solutions. 

ac'-\i'iicK3.  These  solutions  are  very  simple  if 
we  suppose  chac  che  Reynolds  number  tends  co  infinity. 
Under  this  condition,  the  similarity  hypothesis  is  co 
assume  that  che  defect  velocity  prof ile(Uj-W'/w*(i^(£3'ee  is 
only  a function  of  che  reduced  distance  ; % is 

che  boundary  layer  thickness  and  is  function  of  Jt  and 
me  . In  such  similarity  solutions,  we  only  consider  che 
outer  part  of  the  boundary  layer  where  ic  is  legicimacc 


CO  neglect  che  effects  of  viscosity  and  to  neglect  che 
viscous  stress  with  regard  co  che  Rev-nolds  stress.  The- 
refore, if  we  use  a mixing  length  model  co  express  the 
Rej’nolds  stress  we  get  ; 

o ^ _ 0 V * 
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The  similarity  hypothesis  enables  co  simplify  the 
momentum  equation.  For  chis  we  consider  chacf^jlfis  a 
small  parameter  (because  che  Reynolds  number  tends  to 
infinity)  and  only  che  terms  of  che  same  order  as(C!flU~ 
are  retained.  For  the  sceady  case  che  details  of  che 
algebra  are  given  in  Ref.  12.  For  che  unsteady  case, 
we  follow  exactly  che  same  way  and  che  momentum  equa- 
tion becomes 


with 
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This  equation  (11)  is  an  ordinary  differencial 
equation  for  F (9^^  in  which  appears  che  only  parameter 
j\*n  note  chat,  with  regard  co  the  sceady 

case, ‘'the  only  modification  is  that  ^^9-  ^replaces 
£ Therefore,  the  solution  is  el^ccly^'che  same  if 
it  ‘Is  considered  as  a function  of  . For  a practical 
use  of  chase  solutions,  ic  is  more*^  convenient  co  replace 
che  parameter  ft*  which  characterizes  the  external  velo- 
city by  a parameter  which  characterizes  che  shape  of  che 
profiles.  For  chis,  we  use  che  Clauser  parameter  : 

^ 

"eg  cf  svrilantu  ecluticKB  fir  bucicinp  the  integral 
netnos.  Now,  we  show  how  co  use  these  solutions  co  get 
the  additional  relations  needed  for  che  closure  of  che 
integral  method.  _ 

First,  che  thickness  ^ is  related  to  t>  by  : 

S4  / S = If  fa  (15) 

where  F|  is  given  by  che  similarity  solution.  Ic  is  a 
function  of  G chac  we  represent  by  che  formula  : 


(12) 


F|  • 0,613  G - (3,6  ♦ 76,86  (1/G 


0,15i)‘)  / C 


The  similarity  solutions  enable  us  Co  express  che 
encrainmenc  coefficient.  By  using  che  similarity  hypo- 
thesis the  continuity  equation  is  ; 

Written  at  ^e  outer  edge  '4izd]chis  equation 
leads  CO  ; * ^ 

^ . 2Jt  - UP  . ^ ii  (Pa±a  I*) 

3*  y,  ■ Ut  ' F.  w ' 

where  P is  a function  of  G determined  by  the  similarity 
solutions  chat  we  represent  by  : 

P • 0,074  C - 1.0957  / G 

We  note  that  tfie  entrainment  coefficient  ~ 

is  not  represented  by  che  same  expression  as  in  the 
sceady  case  since  it  appears  the  term  ^ II  . 

Finally,  che  law  for  the  skin  friction  coefficient 
is  deduced  by  che  classical  method  of  overlapping 
between  the  law  of  the  wall  and  the  defect  velocitv 
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I«v.  When  sine*  ^ 4 , F'  follows  a logarichmic 

fora  : '■  ' 

^'z  + 3)(^1 

tUt  'X  V 

If  wt  astuaa  chac  Che  law  of  che  wall  is  uimodified 
in  unsteady  flow,  we  have  : 

J-i,  lIHi  T.i? 

•sut  " 7 V 

By  adding  the  cwo  formulae,  we  get  the  law  for  che 
skin  friction  coefficient  : 

i-  r i_[« ‘ikr«ys.S-lUF;{,5) 

V K V K V t " 

where  j)*- J) ♦ SIS',  is  a function  of  G repre- 
sented by  : "* 

.!>•=  2^  .<*.2^5,'''^  + 2. M2 

■Vunterfgs*  teohnijue.  The  system  of  the  global  equations 
'9,10)  with  che  additional  relations  (13,1^,15)  is 
solved  step  by  step  by  means  of  a finite  difference 
technique. 


In  order  to  deteraine  the  turbulent  kinetic  energy  two 
hypotheses  have  been  used  : in  the  first  case  we  suepose 
chat  la.  ; in  the  second  case  we  suppose  chac  w^zCilft. 
and  che  turbulent  kinetic  energy  is  calculated  as 
^ s {ax'*-  ■r  • '■‘'a  see  that  these  cwo  means 

lead  to  close  results.  Ue  also  see  chat  the  transport 
equation  model  gives  results  in  good  agreement  with  ex- 
periment concerning  che  two  treatments  t'nac  have  'oeen 
used  near  che  wall  ; they  do  not  give  Che  same  results 
but  it  is  difficult  to  say  if  one  is  better  than  the 
ocher. 
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I Mixing  length 
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COMPARISON’  WITH  PRESEST  E.TPERI12NT 

To  calculate  che  development  of  che  boundary  layer 
che  external  velocity  must  be  given.  For  this,  we  used 
che  harmonic  analysis  of  its  distribution  shown  on  che 
figure  k.  Moreover,  when  the  turbulence  scheme  is  che 
transport  equation  model,  the  turbulence  intensity  and 
the  dissipation  rate  in  the  outer  flow  must  be  speci- 
fied. From  che  experiment,  it  is  easy  to  determine  che 
turbulence  intensity  (we  tookle/t|t’:f  te’^ . The  value  of 
che  dissipation  race  is  more  arbitrary  but  its  influence 
is  very  small. 

To  solve  che  local  equations,  the  velocity  profiles 
must  be  specified  in  the  planes  KaX«  and  : these 

data  have  been  determined  from  Che  experiment.  When 
using  the  cranspor&  equations  model  the  profiles 
and  S,Ca)  must  be  also  fixed  : they  have  been  calculated 
by  means  of  a mixing  length  formula  from  che  velocity 
profiles. 

The  application  of  che  integral  method  is  more 
simple  : it  only  needs  che  distributions  of  64  and  9 
along  che  lines  Xxza  and  ; they  are  known  from 

the  experiment. 

It  must  be  noted  that  in  all  these  methods,  che 
conditions  in  the  plane  arc  not  important  because 

a periodic  solution  independent  on  these  conditions  is 
obtained  after  a long  enough  time. 

On  che  figure  12  are  shown  the  calculated  evolution 
of  the  thicknesses  and  & compared  to  the  experimen- 
tal data.  The  various  methods  lead  to  coherent  results 
in  good  agreement  with  chose  of  che -experiment.  At  the 
first  station  there  is  no  comparison  because  the  experi- 
mencal  data  are  used  as  initial  conditions. 

The  solution  of  che  local  equations  enables  us  to 
get  more  detailed  results  as  for  example  the  evolution 
of  che  velocity,  shear  stress  or  turbulent  kinetic 
energy  profiles.  The  comparison  of  che  velocity  pro- 
files (Fig.  13)  shows  chat  in  all  the  used  methods 
the  deformation  of  these  profiles  is  wall  reproduced. 

The  results  describing  che  evolution  of  che  shear  stress 
profiles  (Fig.  1;)  arc  more  acatcarad  ; however  che  shape 
of  these  profiles  and  the  general  level  of  che  shear 
stress  are  correctly  calculated  by  che  various  methods. 

In  che  mixing  length  scheme,  the  turbulent  kinetic 
energy  is  not  explicitly  calculated.  Therefore,  for 
this  quantity  we  have  only  reported  the  results  obtained 
by  means  of  the  cranspqrc  equation  modal  (Fig.  Ik).  In 
the  experiment,  only  and  ^ have  been  measured. 
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CO^•CLUSIO^• 

The  expcriaencal  study  of  a turbulent  boundary 
layer  which  is  developing  in  pretence  of  an  oscillatory 
external  flow  has  shown  that  the  general  behaviour  of 
the  boundary  layer  and  that  the  structure  of  the  turbu- 
lence are  not  fundaaentally  affected  by  the  unsteadi- 
ness of  the  flow.  However,  it  must  be  noted  that  in  our 
experiment  the  frequency  of  the  external  flow  is  small 
compared  to  the  characteristical  frequency  of  the  tur- 
bulence. Higher  values  of  the  Strouhal  number  or  the 
presence  of  mean  velocity  gradient  could  eventually 
play  an  important  role. 

The  application  of  a mixing  lengt>'  scheme  and  of  a 
transport  equation  model  has  shown  that  these  turbulence 
models  keep  their  validity  in  unsteady  flow,  at  least 
for  condi.tions  similar  to  those  of  the  present  experi- 
ment. Tor  practical  applications,  it  appears  that  a very 
simple  method  such  as  the  proposed  integral  method  can 
be  efficient.  However,  other  systematic  experiments  with 
more  severe  conditions  are  obsiously  needed  before  dra- 
wing a decisive  conclusion. 
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ABSTRACT 


This  paper  is  devoted  to  the  study  of 
turbulent  channel  flow  with  a stepwise 
change  in  wall  roughness.  Object  of  the 
study  was  to  gain  insight  into  the  processes 
that  govern  the  relaxation  behaviour  of  flow 
from  one  fully  developed  state  to  another. 
Experiments  were  conducted  in  a channel  with 
the  flow  going  over  from  a rough  walled 
fully  developed  state  to  the  smooth  walled 
fully  developed  state.  Measurements  were  made 
of  the  wail  pressure  gradient,  the  wall 
shear  stress,  of  the  mean  and  fluctuating 
velocities  and  of  the  Reynolds  shear  stress 
in  the  relaxation  region.  The  experiments 
show  that,  to  attain  the  fully  developed 
downstream  state,  the  wall  pressure  gradient 
needs  only  a short  running  length  from  the 
abrupt  change,  the  mean  velocity  requiring 
a longer  distance,  and  the  Reynolds  shear 
stress  achieving  this  state  still  farther 
away  downstream. 

A theoretical  frameworh  is  offered  for 
study  of  the  scaling  behaviour  of  flows  with 
relaxation.  The  salient  parameter  is  found 
to  be  the  ratio  of  friction  velocities  cor- 
responding to  the  fully  developed  upstream 
and  downstream  states  u-3^/u.f{j.  Based  or.  a 
pnysioal  hypothesis,  for  the  region  away 
from  the  wails  a relation  is  derived  between 
the  relaxation  lengths  and  the  parameter 
uta-  upt- 
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U ' , V 
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« .calf  channel  width,  reference-  length 

» relaxation  length  for  mean  velocity, 
refered  to  h 

• relaxation  length  for  shear  stress, 
refered  to  h 

• 2hU/v,  Reynolds  number 

• mean  velocity  components 

• fluctuating  velocity  components 

• velocity  along  center  line  of  channel 

• velocity  at  center  line  of  channel 
in  fully  developed  flow  far  down- 
stream 

• friction  velocity 

« ficti'ous  friction  velocity 

• coordinates 

• dimensionless  coordinates,  refered 
to  h 

• X/Lu 


X^  ■ X/ 

0 • Xinematic  viscosity 

T » Reynolds  shear  stress 

011  02,  03  « Reynolds  normal  stresses 

Subscripts 


a upstream  condition 
b downstream  asymptotic  state 
d departure  from  downstream  asymptotic 
state,  scaled  as  in  eqn.(i; 
r fully  developed  rough  wall  flow 
3 fully  developed  smootn  vail  flow 
u universal  function  in  fully  ievelop«u 
f low , eqn . ( 1 ) 

Superscripts 

- departure  from  downstream  asymptotic 

state,  eg.,  u « u - u^  

averaged  quantity,  eg.,  u ' ' , u'v' 

IKTRCDUCTIOS 

In  his  "Young  Person's  luide  to  tne 
Data"  D.  Coles,  at  the  Stanford  conference 
of  1?6S,  observed  ; "Unfortunately  tne 
quality  and  completeness  of  tne  data  ieterio 
rate  in  this  area,  and  the  conclusions  'nus 
tend  to  be  less  conclusive."  The  reference 
was  to  a class  cf  incompressible  turculer. t 
boundary  layers  that  he  titled  "abnormal  and 
relaxing  flows"  as  opposed  to  "flows  in  or 
near  equilibrium".  Cole's  remar.<s  , altnourn 
spoken  in  the  context  of  boundary-layer 
flows,  apply  in  spirit  equally  to  all  kinds 
of  turbulent  shear  flow,  ever,  to  the  rela- 
tively simple  category  of  or.anr.el  and  pipe 
flows.  The  turbulent  shear  flow  becomes  "ab- 
normal" when  its  turoulence  structure  is 
disturbed  from  a state  that  it  would  natur- 
ally tend  to  assume  for  the  flaw  in  question 
like  the  structure  associated  with  the  wall- 
wake  combination  for  boundary  layers. or  the 
fully  developed  state  for  channel  flow. 
Examples  for  disturbances  to  the  turbulence 
structure  in  channe*  flow  are  provided  by 
those  caused  by  abrupt  e.tanges  of  va_l  rough 
ness  or  by  other  means  like  an  oscillating 
ribbon  in  the  experimer. ts  of  A.  Hussain  and 
v;.  C.  Reynolds  i^)  • 

Fully  developed  channel  flews,  like 
other  simpler  turculent  shesr  flews  ip  or 
near  equilibrium,  nave  been  studied  exter.- 
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sively  so  tr.ao  ao  eraser.*,  although  questions 
of  hasio  oharaoter  still  reaair.  to  he  ar.s- 
vereo,  these  flovs  nay  be  regarded  as  pre- 
dictable fron  an  engineering  vieupoint. 
riovs  vitn  a disturba.nce  induced  into  their 
turbulence  structure,  on  the  other  hand,  are 
hnovn  to  involve  large  and  slowly  decaying 
distortions  in  tne  aean  flow,  ref. eg., 

1.  Coles  ' 1 } . The  present  state  of  under- 
standing of  the  dynaaical  processes  in  these 
flows  seeas  to  be  very  far  removed  frea 
their  counterparts  for  equilibriun  flows. 

In  such  situations  the  reliability  of  pre- 
diction methods,  when  claiaed  to  be  appli- 
cable, also  seeas  to  be  open  to  doubt. 
Furtheraore,  in  contradistinction  to  flows 
in  equilibrium,  there  is  as  yet,  to  the 
authors'  knowledge,  no  consensus  evolved  on 
what  factors  could  go  to  constitute  a "stan- 
dard relaxing  flow",  and  if  such  a concept 
is  desirable.  The  first  mentioned  of  the 
authors  of  this  paper  felt  that  it  might  be 
meaningful  to  study  relaxing  flows  from  a 
point  of  view  that  attempts  to  identify  the 
significant  parameters  and  scales  far  the 
slowly  decaying  distortions  in  "standard  re- 
laxing flows".  For  wall  flows  the  configura- 
tion of  an  infinite  channel  with  a step 
change  in  roughness  might  be  suitable  as  a 
standard,  at  least  from  an  engineering  point 
of  view  for  assesment  of  prediction  methods. 
For,  the  fully  developed  states  both  up- 
stream of  the  step  change  and  far  downstreaa 
are  well  defined  and  possess  simplifying 
features  so  that  the  relaxation  process 
would  be  more  tractable  to  analysis  and  also 
be  experimentally  realisable. 

The  response  of  a flow  with  constant 
shear  stress  subjected  to  a step  change  in 
surface  roughness  is  the  subject  of  a classi- 
cal paper  in  1965  by  A.  A.  Townsend,  whose 
book  a)  contains  further  references  on  this 
and  related  topics.  Work  by  R.  A.  Antonia 
and  £.  Luxton  (J*,  6)  represents  an 

extensive  investigation  into  this  subject, 
their  papers  contain  additional  references. 
The  flow  in  a channel  with  a step  change  in 
wall  roughness  does  not  seem  to  have  re- 
ceived attehtion  comparable  to  its  counter- 
part in  boundary  layers.  The  only  experi- 
ments the  authors  are  aware  of  are  by 
W.  Jacobs  (i)  and  by  I.  Tani,  H.  Makita  {i)- 
■«■ . Jacobs'  measurements,  which  were  con- 
fined to  pressure  drop  and  mean  velocity 
profiles,  were  conducted  in  a rather  low 
aspect  ratio  (5:1)  channel  with  only  one 
of  the  mutually  facing  walls  roughened, 
thus  losing  syaaetry.  The  experiments  of 
I.  Tani,  H.  Makita  in  a channel  of  aspect 
ratio  10:1  with  both  the  walls  roughened 
are  more  extensive,  covering  both  mean  and 
turbulence  quantities. 

The  present  work  was  started  with  the 
object  of  gaining  deeper  insight  into  the 
pnysical  mechanisms  that  govern  tne  re- 
laxation porcess.  The  study  reported  in 
this  paper  represents  the  current  status 
in  the  course  of  this  work  and  hence  bears 
tne  character  of  an  interia  report. 


TXFEF.IMETT3 

The  authors'  experiments  were  co:.iuctei 
in  a channe*  of  aspect  ratio  15:'-  The  dime:, 
sions  of  the  channel  are  indicated  in  fig.  1 
Tr.e  mutually  facing  walls  in  the  upstream 
section  of  the  channsuwere  covered  with 
sa.c  opaper . 
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Fig.  1 Channel  flow  rig 

(Drawing  not  to  scale,  dimensions 
i n na ) 

The  following  measurements  were  conducted: 

a)  Distribution  of  wall  pressure; 

b)  Mean  velocity  profiles; 

o)  profiles  of  r . m . s . values  of  fluctuating 
velocities  >'u ' * , /v ' ^ and  of  Reynolds 
s hear  stress  u ' v ' ; 

d)  Wall-shear  stress  as  indicated  by  the 
reading  of  a sublayer  fence. 

Unfortunately  no  measurements  of  internitten 
cy  could  be  carried  out. 

Measurements  b)  and  c)  were  conducted 
with  the  aid  of  a DISA  constant  temperature 
anemometer  set  with  lineariter  (Probe  wire  ' 
dia  5 U,  length  1.2  mm).  For  measurement  of 
the  Reynolds  shear  stress  the  technique  of  a 
single  inclined  hot  wire  (seeref.(^))  was 
employed.  The  probe  was  mounted  on  a manuall 
operable  precision  mechanism  which  enabled 
rotation  of  the  probe  about  its  own  axis. 

The  authors  felt  it  desirable  to  get  an 
estimate  of  the  prevailing  wall  shear  stress 
in  the  relaxation  region  by  a method  that 
does  not  involve  extrapolation  of  Reynolds 
shear  stress  measurements,  of.  (o).  The 
Preston  tube  was  not  considered  suitable  for 
this  purpose  since  the  basis  of  its  calibra- 
tion, vie.  the  existence  of  a region  obeying 
the  log-law  of  the  wall  with  a value  of  the 
Karman  constant  < « O.ul,  was  doubted  in 
tne  relaxation  region,  see  (J^)-  ’i'he  tech- 
nique of  the  sublayer  fence  was  favoured 
because  of  experience  that  had  teen  accumu- 
lated with  this  device  (J_0).  They  were 
calibrated  by  measuring  the  pressure  drop 
in  the  fully  developed  section  of  flow  in  a 
smooth-walled  channel  of  the  same  dimensions 
as  in  fig.  1.  To  oheck  tne  reliability  of 
these  measurements  two  sublayer  fences,  of 
dimensions  indicated  in  fig.  2 with  tne  fenc 
neigr.t  he  • 0.02  mm  and  0.03  mm 
(u.fh.'  V * 2'-;5),  were  used  at  each  location 
The  difference  in  the  values  for  wall  saear 
stress  as  read  off  from  their  respective 
calibration  curves  was  less  tnar.  0.C5  K/m*. 
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rhe  table ’b“lo«  presents  the  iata  on  the 
riov  paraaeters  for  the  aeasur eaent s . The 
totations  are  as  listed  in  the  noaenclatur! 


£xpt.  lio. 

1 

2 

5 

4 

Tani 

a/s 

20.6 

26.0 

33.5 

dl.5 

10 

Re^-io"* 

1.2 

1.3 

2.1 

2.59 

7.6c 

*TS 

1.03 

1.52 

1.35 

1.90 

0.1*3 

m/  3 

•j 

.JZ 

S/  s 

1.32 

1 .?** 

2. Id 

2.79 

0.90 

1.23 

^ . lit 

1 . i6 

I.**? 

2.01 

TS 


Experiments  1 through  3 were  conducted  with 
one  hind  of  sandpaper  ( 600  "KaSs chi ei fpapier" 
whereas  for  experiment  u one  with  a coarser 
grain  ( aOO  "IlaSschleifpapier" ) was  used  to 
get  a higher  ratio  u^j./u^g.  The  relaxation 
process  was  stud.ied  in  greater  detail  for 
experiment  . For  purposes  of  comparison, 
data  of  I.  Tani,  H.  MaJtita  taken  from  (i) 
are  giver,  in  the  last  column. 


SXFERIMEl'TAL  F.E3U1TS 


For  purposes  of  economy  in  space  and 
clarity  only  measurements  of  experiment 
no.  4 will  Ire  presented  in  detail.  The  flow 
in  experiments  t through  shows  essentially 
the  same  pattern  of  behaviour.  The  pressure 
distribution,  the  center- line  velocity 
E , X ) and  the  wall  shear  stress  Tvlx)  as 
measured  by  the  sublayer  fence  technique 
are  snown  in  fig.  3.  Fig.  1 is  a presentation 
of  the  measured  velocity  and  shear  stress 
profiles,  the  former  being  plotted  as 
••e.ooity  defect.  The  reference  quantity  Utv, 
is  the  friction  velocity  corresponding  to 
the  wall  snear  stress  in  the  ful.y  developed 
smooth  section  far  downstream,  i.e., 

U-,  ■ l.d?'  n,sec,  of.  table. 

The  authors’  experiments,  in  respect  of 
features  of  flow,  are  in  general  agree- 
witn  the  findings  of  1.  Tani  and 
»kits  £).  Immediately  downstream  of  tne 


Fig.  3 Pressure  gradient,  cent 
velocity  and  wail  s.-icar 

jump  in  wail  roughness  the  pressure  at  the 
wall  rises  a little  but  within  a very  sncr 
distance  x h = attains  the  constant  r. eg 
tive  gradien*  corresponding  to  the  fully 
developed  downstream  state,  fig.  3.  Tote- 
worthy  in  fig.  3,  however,  is  tne  o^navicu 
of  the  wall  snear  stress  infered  from  tne 
sublayer  fence  technique.  The  wail  shear 
stress  measurea  as  nere,  attains  its  fully 
developed  downstream  value  almcst  at  tne 
same  order  of  distance  as  the  pressure  grs 
dient.  This  is  quantitatively  different  fr 
the  behaviour  I.  Tani  and  H.  Hakita  .6/ 
deduced  from  fitting  their  measured  veloci 
profiles  in  the  region  near  the  wall  to  th 
logarithmic  lav. 

The  rest  of  the  data  - one  example  fo; 
velocity  and  snear  stress  is  shown  in  fig. 
support  the  findings  of  I.  Tani  and  H.  .’-iak 
ta,  particularly  the  differential  benaviou 
of  layers  closer  to  and  away  from  the  wall 
In  the  authors'  experiments,  due  to  tne  si 
of  tne  channel,  measurements  closer  to  the 
wall  could  not  be  taken,  yet  the  rather  si 
attainmentof  the  downstream  equilibrium 
(fully  developed)  profiles  away  from  the  w 
is  evident  from  the  plots  in  fig.  “ . The 
F.eyncids  shear  stress  needs  a distance  of 
the  order  x .■  h * i 0 beyond  which  no  c.tar.ge 
discernible.  For  purposes  of  discussion  tn 
velocity  defect  and  the  shear -stress  profi 
of  fig.  4 have  been  replotted  in  fig.  F vi 
a fictious  friction  velocity  uS(x)  as  rtf* 
rence.  The  quantity  u*(x)  has  beer,  obtsine 
from  the  shear-stress  measurements  by  fitt 
a straight  line  to  the  points  in  the  cente 
section  l away  from  the  walls)  and  exteniin 
the  same  up  to  the  wail  y/h  • i where  tne 
value  of  the  shear  stress  is  read  off  as 

• 4 . 

OWp  -XJ. 

T.'iECFETICAL  FFAKE’eORK 

The  flow  in  an  infinitely  long  cnanne 
with  a step  change  in  wall  roughness  repre- 
sents, i.n  spi-e  of  its  simple  geometry,  an 
intri-guing  flow  situation.  The  energy  and 
the  length  (or  vorticity;  scales  characteri- 
sing the  turbu.ence  structure  nave  to  under- 
go a cnange  from  one  state  to  anotner.  The 
salient  forcing  and  balancing  mechanisms 
effecting  the  transfer  prccesses  between 
scales  are  yet  to  be  understood.  The  resul 
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Fig.  4 Measured  nean  velocity  and  shear  stress  profiles. 
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Fully  developed  smooth  profile 


ting  gross  features  of  the  flov  are  schemati- 
cally indicated  in  fig.  6. 

One  approach  to  the  problem  would  be 
through  a turbulence  model,  the  choice  lea- 
ning towards  one  of  the  more  sophisticated 
models  advanced  in  recent  years  (the  word 
"model"  is  used  here  in  a sense  that  in- 
cludes the  "sub  grid  scale"  methods).  It 
is  quite  possible  that  some  or  all  of  these 
models  - those  by  P.  0.  Saffmann  (11). 

J.C.  Rotta  {_]_£)  , J.  L.  Lumley  -(13). 

P.  Bradshaw  (2i).  W.  Z.  Reynolds  (16),  B.  E. 
launder  (JJ*.)  , D.  3.  Spalding  (JJ* ) , to  quote 
a few,-  contain  those  salient  mechanisms 
with  the  proper  emphasis,  in  which  case 
their  results  might  be  expected  to  describe 
the  flow  situation.  Although  none  of  these 
models  is  really  simple  for  computation 
there  have  been  great  strides  taken  during 
the  last  decades  at  solving  the  elliptic 
equations  describing  fluid  motion,  that 
their  solution  with  these  models  should  be 
within  reach  on  a modern  computing  facility. 

The  authors  of  this  paper  have  choosen 
a slightly  different  approach  to  the  problem. 
Their  objective  is,  as  stated  in  the  intro- 
duction, to  attempt  to  deduce  the  signifi- 


cant scales  involved  in  the  relaxation  pro- 
cess. This  would  call  for  suitable  approxi- 
mation of  the  governing  equations  based  or. 
order  estimates.  The  order  estimates  are 
preferably  carried  out  in  the  equations  of 
motion  and  those  derivable  from  them,  al- 
though suer,  a procedure  could  formally  be 
applied  to  model  equations  too.  An  analysis 
of  this  kind  would  only  serve  to  uncover  tn 
scales  in  *he  problem.  Since  the  equations 
of  motion  alone  are  involved  the  scales 
should  be  verifiable  through  experiment, 
thus  either  supporting  or  refuting  the 
structural  hypothesis  that  underly  tne  orde 
estimates.  For  obtainihg  flow  quantities  li 
velocity  and  shear  stress  however,  it  is 
necessary  to  invoke  a turbulence  model. 


Out..ine  o: 


ana-vsis 


The  state  of  fully  developed  flow 
corresponding  to  the  wall  roughness  in  the 
downstream  section  of  the  channel  is  termed 
herein  the  downstream  asymptotic  state.  The 
equations  cf  motion  are  recast  in  terms  of 
the  departure  of  the  flow  quantities  from 
their  respective  downstream  asymptotic 
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Pig-  5 Similarity  plot  of  velocity  defect  and  shear  stress  profiles  of  fig. 
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states.  All  averaged  quantities  in  tne 
icwr.streaE  asymptotic  state  are  supposed 
to  he  characterised  ty  one  and  only  one 
velocity  scale,  vie.,  the  friction  veloci- 
ty denoted  u-v.  If,  in  a region  wnere  the 
disturtances  have  not  died  down  the  relevant 
scale  of  action  is  U';a,(uTa  * -thi  repre- 


sents the  scale  for  the  strength  of  the  di- 
sturbance. This  is  a parameter  in  the  prob- 
lem. The  relaxation  length  is  defined  as  the 
length  scale  that  characterises  the  decay  of 
the  disturbance.  Order  estimates  of  tne  terms  ' 
in  the  equations  of  notion  yield  a re.ation 
between  the  relaxation  length  and  the  para- 
meter. 

The  devnstream  asvnototic  state 

The  downstream  asymptotic  state  denoted 
by  the  subscript  b is  characterised  by  one 
and  only  one  velocity  scale.  Further,  al. 
averaged  quantities  are  independent  of  tne 
streamwise  coordinate  x.  Hence,  the  mean  velo- 
city, the  Heynolds  shear  and  normal  stresses 
and  higher  order  correlations  are  representab- 
le in  terms  of  a set  of  universe*  functions 

“u-  ■'u'  of  the  cocriina-.e  y » y.h 

alone  as  follows; 

Uv>'y)  ■ u-t  “u'^^ 

. 1 : 

c,^iy'  ■ 0 0,^  V) 
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'.T.  T.i*  present  context  the  universal  functicns 
are  regarded  iinovr.,  extsriaental  infornation 
as  in  references  '22.  ii'/  serving  the  pur- 
pose. The  papers  by  K.  3.  I'ajnis  3.  L, 

;;ellor  (£0)  , ?.  Z.  Fer.iell  2_)  deal  vitb  the 
theoretical  nature  of  these  universal  func- 
tions. For  the  nean  velocity  u.;,  in  the  re- 
gion away  from  tne  vail,  it  is  the  velocity 
defect  uv  - Uj,  « u.,.,  v(y)  that  is  expressible 
in  the  universal  form.  This,  however,  does 
not  invalidate  the  rest  of  the  analysis, 
lach  of  the  universil  functions  should  be 
unterstood  as  a composite  expansion  in  which 
the  parameter  Uj{.  appears. 

liaensionless  caraaeters  and  limiting  cases 

The  equations  of  continuity,  of  nean 
momentum,  and  for  the  components  of  the 
Reynolds  stresses  for  two-dimensional  flow 
are  written  in  terms  of  the  departures  from 
the  downstream  asymptotic  state.  With 
u • u(x,y)  - u^(y;,  v « v,x,y),  Tb*  T(x,y)- 
fbty).  •••,  the  governing  equations  are  gi- 
ven in  the  appendix. 

If,  in  a region  where  tne  turbulence 
structure  is  in  a disturbed  state,  the 
flow  is  &gain  characterised  by  one  velocity 
scale  denoted  u.^^,  the  appropriate  scale  for 
u and  V is  (u.^^  - u.fj,)  and  that  for  T is 
ofu^j-  “tb^'  the  rough  to  smooth  channel 

flow  Ujj  may  be  expected  to  be  close  to  u.fr, 
the  friction  velocity  corresponding  to  the 
fully  developed  rough  walled  flow.  Intro- 


ing 

the 

dimensionless 

forms 

X • x/h 

V 

• 

• y'h 

Ul  X 

.y) 

■ (“Tb- 

“Ta*  “ 

^(X,Y) 

v(  X 

.y) 

■ ("Tb* 

j(X,Y) 

(2) 

T(X 

.y) 

- P(uTa- 

l^Tb) 

Ti(X,Y) 

5,(: 

X ,y ) 

■ 0(“Ta 

- '^b) 

0,d(X.Y) 

in  the  governing  equations,  the  salient 
dimensionless  parameters  for  the  problem 
are  obtained  as  “^a^^Tb 

Three  significant  limiting  forms  of  the  equa- 
tions can  be  distinguished  according  as 
u _ u _ u 


2) 


or  3) 


Tb 


Tt 


Assesment  of  dominant  terms 


Ic  assess  tne  dominant  terns  in  the  equa- 
tions the  various  dimensionless  groups 
that  arise  in  the  governing  equations  are 
expanded  in  terms  of  a small  parameter  s 
which  is  defined  in  the  three  limiting 
cases  by 


Tb 


terns  in  tne  equations  for  t.ce  Reynolds  stress 
terms  are  multiplied  by  a dimension-ess  group 
of  u.fa''-‘Tb-  otner  terms,  in  particular  tne 

Reynolds  stress  t»rns  in  the  equations  of  mean 
nomeatum  and  tne  turbulent  diffusion  terms  in 
the  equations  for  tne  Feyr.blds  stress  com- 
ponents are  of  the  order  3 '1,  this  of  course 
being  a consequence  of  tne  scales  used  in 
eqn.'2).  The  dimensionless  groups  t.-.at  appear 
in  the  r. or.dimensionalioed  ioverr. ina  ecua- 
tions  assume  simple  forms  in  the  t.tree  limi- 
ting cases  listed  1),  2)  anu  3). 


physical  hvtcthesis 


The  downstream  asymptotic  state  is 
characterised  by  the  absence  of  convection  by 
the  mean  flow  iadvection).  The  flow  upstream 
of  the  step  change  in  wall  roughness  is  also 
a fully  develcred  flow  in  which  convection  is 
absent.  It  can  therefore  be  expected  that  con- 
vection by  the  mean  flow  is  a mechanism  that 
effects  the  change  from  one  fully  developed 
state  to  the  other  and  hence  cannot  be  ignor- 
ed in  the  relaxation  region.  The  physical 
hypothesis  now  postulated  is  that  in  the 
region  away  from  the  walls  the  disturbance 
flow  field,  represented  by  u,T,  ...,  is 
governed  primarily  by  a balance  of  convective 
and  diffusive  effects.  This  physical  hypothe- 
sis leads  to  an  order  relation  between  the 
relaxation  lengths  for  the  mean  velocity  and 
for  the  shear  stress  and  the  parameter  of  the 
problem  u.f^/u.fj,. 

A mathematicar  formulation  of  the  hypo- 
thesis would  run  as  follows:  Instead  of  the 
coordinate  X new  coordinates  X._,,X»,  defined 


by 


(3) 


are' introduced . The  scaling  lengths  and 


Lj  are  functions  of  the  parameters  u, 
They  are  to  be  chooien  such  that 


3a. 


0(1) 


3 a' 


0(1) 


(-  / 


From  eqr..(u)  the  physical  meaning  of  the 
scaling  lengths  is  evident.  They  are 

characteristic  lengths  for  decay  of  the  di- 
sturbance and  can  be  identified  as  the  rela- 
xation length  for  the  mean  velocity  u and 
for  the  shear  stress  ?. 

Invoking  the  physical  hypothesis  stated 
earlier  in  the  governing  equations  enables 
the  order  of  the  dominant  convective  terms 
to  be  written  with  the  scaling  lengths  L,_, , 

Lt  as  follows; 

In  the  mean  momentum  equation; 


s,  always  tending  to  zero. 

In  the  region  away  from  the  walls 
effects  of  viscosity  Vculd  be  negligible 
30  the  terms  with  v can  be  set  equal  to  cere. 
Among  the  terms  free  from  v only  the  con- 
vection terms  in  the  equations  of  mean  mo- 
mentum and  the  aivective  and  the  production 


In  the  shear  stress  equation: 


U. 


Tb  ' 


.ul  ♦ U,.  U.v 
Ta  Ta  Tb 
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In  eqn.tj)  the  convectich  terss  have  been 
equated  tc  1 since  the  dcninar.t  diffusion 
teras  are  due  to  gradients  in  tee  y-direction 
and  reaain  of  the  order  i . 

Strictly  speaking,  the  three  liaiting 
cases  snouid  be  treated  separately.  Hovever , 
a closer  analysis  snovs  that  identical  re- 
lations are  obtained  for  u.^,  -►  l and 

u-j'u-v  - 0.  The  relation  retains  its  vali- 
dity for  u.ja;u.rfc  - ■ also,  provided  u.  <<  i,’u , 
unich  IS  generally  the  pnysicau  situation.  ' 

One  consequence  of  tne  order  estiaates 
in  eqn.(5)  concerns  the  relation  between  the 
relaxation  lengths  and  1^.  Eqn.'.j)  iaplies: 


(6) 


showing  that  Lj  is  always  greater  than  . It 
is  of  further  interest  to  study  the  behaviour 
of  this  ratio  in  the  three  liaiting  cases. 

One  obtains: 


s , 

( les^  )* 


(7) 


Discussion 

One  of  the  most  distinguishing  features 
of  the  Channel  flow  with  an  abrupt  change  in 
wall  roughness  is  clearly  the  rather  slow 
evolution  of  the  flow  to  its  downstrean  asyap- 
totic  state  in  the  aid  region  of  the  channel 
compared  to  the  relatively  rapid  rate  near 
the  walls.  Since,  in  the  fully  developed  flaw 
of  either  the  rough  or  the  saooth  walled 
channel  alone  the  velocity  and  shear  stress 
profiles  bath  in  tne  mid  region  as  well  as 
near  walls  scale  with  one  and  the  same  quan- 
tity, vio.,  the  wall  friction,  it  is  of  in- 
terest to  examine  if  the  change  in  wall 
roughness  induces  two  scales  in  tne  relaxation 
region,  one  in  the  mid  region  and  anotner 
near  the  wails. 

The  plots  in  fig.  5 with  the  fictious 
velocity  u*  x)  as  reference  provides  a par- 
tial answer  to  this  question.  It  is  seen 
that  the  mil  region  can  indeed  be  scaled  to 
a good  approximation  with  a friction  velocity 
different  from  tne  wall  friction  velocity. 


The  fit  on  the  universal  curve  vr. io.t  is  a 
straight  line  for  t.te  snear  s'ress'  is  how- 
ever not  as  good  in  tne  middle  of  tne  rela- 
xation region  as  it  is  in  the  ear.y  or  very 
late  stages  of  tne  relaxation  process. 

The  flow  near  tne  wa_.s  can  oe  expected 
to  scale  witn  tne  well  friction  velocity. 
Comparison  of  the  vail  pressure  graiier.t 
and  tne  wall  friction  curves  in  fig.  3 indi- 
cates that  the  wall  snear  stress  oculd  nave 
been  infered  from  tne  measured  pressure  gra- 
dient to  within  5 per  cent  at  x n - ".  This 
is  at  variance  with  the  plotted  wal.  shear 
distribution  cf  I.  Tani  and  H.  Maxita  fig.v 
in  ref.(^)).  In  ref.;^/  the  deviation  of  the 
local  wall  shear  stress  from  that  in  the 
fully  developed  downstream  state  tends  on 
the  whole  to  be  larger  and  persists  farther 
downstream.  This  mignt  in  part  be  due  to  tne 
procedure  adopted  in  ref.I^)  to  calculate 
the  wall  shear  from  the  velocity  profi-e.  In 
particular,  to  the  authors  of  this  paper  it 
seems  likely  tnat,  whereas  in  the  waul  re- 
gion the  velocity  profile  obeys  a logaritnmic 
distribution,  the  constant  may  attain  tne 
value  K • 0.11  only  farther  downstream.  Some 
evidence  for  this  kind  of  behaviour  cf  the 
wall  layer  is  in  ref.(_^).  Measurements  in 
boundary  layers  by  R.  A.  Antonia  and  ?.  £. 
luxton  also  indicate  that  for  some  di- 

stance downstream  of  the  step  change  in  wall 
roughness  the  wall  layer  does  not  show  a 
belance  between  production  and  dissipation 
of  turbulent  energy.  Since  a balance  between 
these  quantities  is  associated  with  the  law 
u, u^  ■ ( 1 /C • 1 1 ) In ( yu^  ' u ) ♦ C in  the  equili- 
brium layer,  in  tne  absence  of  this  balance 
a departure  from  this  constant  0 . ■»  i is  plau- 
sible. 

The  concrete  tnecreticai  result  in  tnis 
paper  is  the  scaling  benaviour  of  the  distur- 
bance in  tne  mid  region  of  the  channel,  eqn. 
(5).  For  verification  of  this  result  cy  com- 
parison with  experiment  careful  i nt  ert  r et  at  icr. 
of  the  theory  is  necessary,  the  significance 
of  tne  quantities  introduced  in  the  theory 
requiring  particular  attention. 

It  is  important  to  note  that  the  result 
is  in  essense  a jratement  on  the  manner  in 
which  the  derivatives  3u/ 3x  and  3T''ox  scale 
under  the  physical  hypothesis  in  a region 
where  the  scales  for  the  strength  of  toe  di- 
sturbances in  velocity  and  shear  stress  are 
(u.f^  - u-ij)  and  o(u.|  - u,| ) respectively. 

It  is  therefore  not  ad  hoc  clear  how  u-^  can 
be  determined  from  a measured  quantity  in  tne 
experiment.  The  ambiguity  involved  is  amply 
illustrated  by  an  example.  One  could  choose 
either  the  rough  walled  value  u--  or  t.ue 
fictious  quantity  uVx)  at  some  station  .t . 

For  the  present  the  authors  have  cnooser. 
for  Ujg  the  rough  walled  value  u.,j.  so  t.tat 
u andT  are  refered  to  (-i;.  - u.-^',  and 
C u|,-  respectively,' and  1.^  and  1.  are 

calculated  from  ejn.  -.5:  wit.',  tnis  onoioe. 
Since  tne  theoretical  framework  covers  only 
the  derivatives,  the  scaled  quantities  cf 
u and  ? were  first  plotted  against  X 1.^  and 
X 'lo  *hd  the  curves  were  shifted  parallel  to 
themselves.  This  resulting  plots  are  shown 
in  fig.  7 and  3.  It  is  seer,  that  the  snate 
of  t.te  curves  in  tr.ese  variables  .'.as  remained 
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Fig.  7 Velocity  ir.  the  relaxation  regicr. 
in  scaled  variables 
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roughly  the  same  in  all  the  experiments. 

From  tncse  plots  it  appears  tnat  the  balance 
of  convection  and  diffusion  may  be  the  pri- 
mary mechanism  for  tne  relaxation  process  in 
the  aid  region  of  the  channel. 
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PBMs::-: 

verning  eouations 


Tne  governing  equations  for  the  problea 
are  tne  equations  of  continuity,  aean  acaen- 
tua  and  for  coaponents  of  the  Reynolds 
stresses,  written  in  teras  of  the  departure 
from  tne  iovnstreaa  asymptotic  state.  Deno- 
ting this  departure  by  a tilde,  eg.  u • 
u,x,y  :-u-..(y  ) , T • T(x,y ';-t^(y  ) these  equa- 
tions, taken  froa  literature  ( 2 o . 2 1 . 2 5 , . 
are  : 
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ABSTRACT 

The  paper  describes  an  experiaencal  study  oi 
Che  interaction  between  the  time  cean  and  turbulence 
properties  in  an  axisytsaetric  pipe  flow  with 
particularly  severe  initial  distortion.  Every  terra 
in  Che  tiae-seaned  continuity  equation  and  the  aore 
iaportant  turbulence  contributions  to  Che  axial  and 
radial  aioaencuB  equations  have  been  decerained. 

The  use  of  pressure  probes  and  hoc  wire  anonomecry 
under  these  adverse  flow  conditions  has  necessitated 
a careful  study  of  Che  eacperiacntal  errors  inherent 
in  the  measurements.  Consideration  of  Che  equations 
of  motion  enables  certain  interesting  relationships 
between  the  mean  flow  and  Che  turbulence  structure  to 
be  derived  : these  expressions  are  confirmed  by  Che 
data. 

SaiESCLATURE 

Cp  static  pressure  coefficient 

C integration  constant 

k calibration  constant,  disc  probe 

p static  pressure 

P total  pressure 

r radial  position  coordinate 

R pipe  radius  (or  universal  gas  constant) 

Rg  Reynolds  number  based  on  diameter  and 
area  mean  velocity 

S turbulence  correction  factor  (equations) 

T absolute  temperature 

u turbulent  velocity  component 

U instantaneous  velocity  (vector) 

z axial  coordinate 

>o  fluid  density 

shear  stress 

integral  turbulence  function 
y kinematic  viscosity 

Suffices 

act  achial  value 

a,b  denote  conditions  at  different  axial 

positions 

d indicated  by  disc  probe 

eff  effective  value 

meas  measured  value 

r radial  component 

V wall  condition 

z axial  component 


WB.  time  average  denoted  by  overbar 


KTRODUCTIOi; 

Our  purpose  has  been  to  investigate  the 
structure  of  an  axisjuaetric  pipe  flow  with 
initially  high  levels  of  turbulence  and  mean 
velocity  shear.  Given  the  nature  of  the  problec,  it 
was  realised  at  the  outset  that  measurement  of  the 
flow  structure  would  be  difficult.  Accordingly,  the 
decision  was  taken  to  check  the  data  (and  the 
instmnentation)  by  applying  the  continuity  and 
momentum  equations  for  the  mean  and  turbulent  flow 
properties  respectively. 

In  a previous  exploratory  investigation  (1),  the 
decay  of  a highly  turbulent  velocity  distribution 
along  a circular  pipe  was  examined.  Total  pressure 
tubes  were  used  to  determine  the  mean  flow  structure 
and  an  attempt  was  made  to  relate  the  decay  process 
to  the  axial  pressure  distribution  along  the  pipe 
wall.  Keither  the  turbulence  structure  of  the  flow 
nor  the  static  pressure  distribution  over  the  pipe 
cross-section  were  measured  and  no  corrections  were 
applied  to  the  pressures  indicated  by  the  total 
pressure  probes. 

Other  relevant  work  has  been  described  by  Chao 
and  Sandbom  (2)  who  made  relatively  detailed 
measurements  in  a turbulent  wall  jet  : their  data 
will  be  referred  to  subsequently.  Similarly 
Chaturvedi  (3)  presented  useful  background  informat- 
ion concerned  with  the  shear  flow  produced  by  an 
axisyrmetric  enlargement  in  a circular  pipe. 

The  correction  of  pressure  probes  and  hoc  wire 
anonomecers  for  Che  effects  of  turbulence  level  and 
velocity  shear  have  been  discussed  at  length  in  the 
literature.  Goldstein  (4),  Becker  and  Brown  (^) , in 
particular,  have  considered  the  response  of  total 
pressure  probes  in  a turbulent  flow  and  suggested 
methods  for  correcting  Che  observed  total  pressure 
value.  The  response  of  a hoc  wire  anemometer  at 
high  turbulence  levels  has  been  considered  by,  for 
example.  Champagne  (^)  , Rodi  (7),  Turner  (^) . The 
correction  procedures  are  complex  and  frequently 
appear  to  be  based  on  somewhat  tenuous  arguments  : 

Che  preferred  methods  employed  in  Che  present  study 
together  with  some  justification  for  their  use  will 
be  discussed  at  a later  stage. 

APPARATUS 

Experiments  were  performed  using  a closed 
circuit  airflow  rig  with  a 102  cm  (4  inch)  diameter 
working  section  of  approximately  50  diameters  length. 
The  fixed  speed  two-stage  centrifugal  fan  exnausced 
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into  a 305  =n  (13  inch)  dianecer  rsturr.  pipe  then 
through  a c-ell  de'signed  contraction  ct  20  ; I area 
ratio  into  the  wording  section.  In-circuit 
filters  within  the  rig  ensured  relatively  clean  air 
conditions  suitable  for  hot  wire  aieasurenents. 

The  working  pipe  length  was  made  up  of  short  (305  mn) 
sections  : these  were  flanged  and  spigotted  together 
and  incorporated  instrument  access  plugs  every  102sic 
along  the  length.  The  working  section  and  the 
contraction  were  made  to  a high  standard  of 
accuracy  in  machined  aluminium. 

To  produce  the  test  flow,  a sharp  edged  orifice 
plate  designed  according  to  British  Standard  1042 
was  inserted  into  the  working  section  just  after  the 
contraction  outlet.  Although  the  principal  reason 
for  adding  the  64  mm  (2.5  inch)  diameter  orifice 
plate  was  to  produce  the  severely  distorted 
axisymmetric  inlet  flow,  corner  cappings  were  also 
included  so  Chat  an  accurate  measurement  of  the  mass 
flow  race  could  be  obtained  for  comparison  with  the 
ocher  data. 

A range  of  instrumentation  has  been  employed  in 
the  study.  Standard  pressure  measuring  probes  such 
as  forward  facing  total  pressure  tubes,  surface 
pressure  probes  for  Che  determination  of  skin 
friction  at  the  wall  and  disc  static  pressure  probes 
were  supplemented  by  single  and  double  hot  wire 
probe  measurements.  Since  the  initial  flow  (close 
to  Che  orifice  place)  possessed  both  high 
turbulence  levels  and  appreciable  streamline 
curvature,  parallel  investigations  were  required  with 
each  instrument  Co  study  the  influence  of  these 
factors.  Much  of  this  calibration  work  was  carried 
out  in  a separate  closed  circuit  wind  tunnel  having 
a 127  mm  (5  inch)  square  section  and  low  background 
turbulence  level. 


ECTERIlETrAL  RESULTS  A5!D  THEIR  VALIDITY 


Traverses  were  made  across  successive  diametral 
planes  downstream  of  the  orifice  place  using  forward 
facing  total  pressure  Cubes,  disc  static  pressure 
probes,  and  hot  vires.  Additionally,  Che  static 
pressure  variation  along  the  pipe  wall  was  obtained 
and  surface  pressure  tubes  were  used  Co  determine 
Che  axial  wall  shear  stress  distribution  assuming 
Che  calibration  given  by  Patel  (9) . 

Turbulent  velocity  fluctuacTons  can  be  expected 
CO  alter  Che  response  of  a total  pressure  or  static 
pressure  probe  - see  Goldstein  (4),  Becker  and  Brown 
(5),  Fig.l  illustrates  how  che~magnicude(and 
dTreccion)  of  Che  instantaneous  velocity  vector  is 
influenced  by  these  fluctuations.  Neglecting 
angular  changes  in  sensitivity  of  the  total  pressure 
probe 

II  1/1 1 . \~  .*  2.  I 

(1) 
(2) 


and 


uj  + Uj  J 

* !»  ■*■  i/® 


Thus,  the  actual  time  meaned  velocity  ('J’,)  in  the 
axial  direction  can  be  determined.  Making  a further 
assumption  chat  the  turbulence  is  isotropic  and 
considering  only  first  order  terms 


Laufer  (10)  derived  a similar  relationship  to 
this  and  more  detailed  creacmencs  have  been  given  by 
Kinze  (11)  , Becker  and  Brown  (5^) . 

Note  Chat  the  subscript  (Tct)  denotes  the  actual 


differs  significantly  from  chat  at  the  wall,  it  was 
necessary  to  use  a miniature  disc  static  probe  to 
determine  the  static  pressure  distributions  along  the 
flow.  The  probe  was  calibrated  at  low  turbulence 
level  using  an  equation  of  the  form 

r+T  (4) 

as  recotnended  by  Bryer,  Ualshe  and  Garner  (12) . 

Fig. 2 shows  the  measured  static  pressure 
variations  up  .o  a distance  of  40  diameters  from  the 
orifice. 

Although  it  is  clear  that  these  static  pressure 
measurements  must  also  be  affected  by  the  turbulence, 
no  corrections  have  been  applied  in  view  of  the 
inherent  difficulties  of  such  a procedure.  Attempts 
to  determine  the  influence  of  the  turbulence  level  on 
the  calibration  constant  k in  (4)  were  generally 
unsuccessful. 


Substituting  (4)  into  (3)  yields  the  result 


Fig  3 shows  the  observed  velocity  distributions 
calculated  using(l,2) i.e.  uncorrected  for  the 
turbulence  level  or  radial  static  pressure  variations, 
A particularly  interesting  feature  is  that  the  non- 
dimensional  velocity  profiles  for  axial  distances  from 
S diameters  onwards  intersect  at  a fixed  non- 
dimensional  radius  r/R  • 0,71, 

The  mass  flow  rate  along  the  pipe  may  now  be 
estimated  by  integrating  the  velocity  profiles  for 
each  axial  position.  Fig  4 shows  how  the  separate 
corrections  for  the  effect  of  turbulence  and  radial 
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static  pressure  variations  on  the  total  pressure 
probe  (curve  C),  end  the  radial  static  pressure 
variations  only  (curve  3) , alter  the  crude  esticatts 
derived  iron  (1)  (curve  A).  Incorporation  of  these 
two  corrections  leads  to  an  obvious  icprovcncnc  in 
the  estimated  aass  flou  rate  at  cacn  section  vr.en 
coapared  with  the  reference  oass  flov  rate  yieldec.  by 
the  standard  orifice  plate. 


DISCUSSION 

( i)  Normal  stress  and  static  pressure. 

Coeparison  between  the  measured  distributions 
of  Che  longitudinal  turbulence  intensity  (fig  o)  and 
the  static  pressure  coefficient 

reveals  a linear  relationship  between  them  - see 
fig  6.  This  suggests  Chat  the  two  parameters  are 
correlated  by  an  expression  of  Che  form 

/ Ur  C7) 

Examination  of  the  raoial  monencus  equation, 
however,  leads  to  the  conclusion  that  Che  expected 
result  should  be 

No  explanation  for  this  difference  has  yet  been  found 
although  a careful  study  of  the  data  giver,  by  Chao 
and  Sandbom  (^1  , and  .filler  and  Comings  (^>  for 
entirely  diffeTent  flow  sysccts  r%veals  the  same 
dependence  as  (7). 
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In  an  atleapt  to  justify  the  use  ot  (I),  tne 
difference  betveen  the  orifice  place  value  and  that 
given  fay  integration  of  the  turbulence  corrected 
pitot  traverses  vas  correlated  '.rich  the  area  averaged 
turbulence  level  across  the  pipe  section  using  the 
function 


The  relationship  is  seen  (fig  7)  to  lead  to  a curve 
which  is  especially  well  defined  at  lower  turbulence 
levels.  A sisilar  relationship  has  been  reported  by 
Laufer  (.10)  . 

(ii)  Momentua  analysis 

The  axial  aomentun  equation  nay  be  written 

O., 

when  tangential  coaponents  are  ignored.  This  can  be 
integrated  around  a control  surface,  defined  by 
z«z^,  z,  and  r ■ 0,  F.  , giving  the  result 

(11; 

Notice  that  the  shear  stress  {(TPTr)  makes  no 
contribution  to  the  momentum  balance  (over  the  full 
cross-section)  whereas  the  normal  stress  term  (uj) 
can  be  dominant  in  decaying  flows. 

Further  consideration  of (10)  reveals  some 
interesting  features  of  the  flow.  Firstly,  consider 
Che  magnitude  of  Che  measured  terms  as  shown  in 
figures  8 and  9 relating  to  conditions  at  the  pipe 
centre-line  and  r/R  • 0.7  respectively.  The 
principal  difference  after  some  7 to  8 diameters 
appears  to  be  the  term 

Neglecting  the  viscous  terms  in  (10)  and 
integrating  with  respect  to  z (between  z ■ 0,  a) 
yields 

If  the  flow  is  assumed  to  originate  from  astagnation 
condition  at  z - 0 where  , Qz*  O , 0j«O  • 

then  (IT)  becomes 

^otist.  (13) 

Differentiating  (13)  with  respect  to  z gives  the 
result 


L('ruiUr)  . 
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(14) 


Fig  10  shows  Che  relationship  between  the  measured 
values  of  Che  two  terms  in  (14)  - note  that  the 
static  pressure  gradient  at  Che  pipe  wall  is  also 
included  in  this  data,  due  to  Che  method  of 
measurement  and  that  no  corrections  have  been  applied 
to  the  total  pressure  values.  It  nay  be  reasonable 
CO  assume  that  elimination  of  the  static  pressure 
gradient  would  superimpose  all  the  results  on  Che  same 


straight  line.  It  rill  be  obser\’ec  that  the  analy- 
tical result  (14)  shows  reasonable  agreenent  with  the 
data. 

In  the  tully  developed  pipe  flow  situation,  the 
gradients  of  total  and  static  becose  equal  and  the 
shear  stress  just  balances  the  static  pressure 
gradient.  Thus,  tne  straight  line  distributions 
should  intersect  at  the  point  defined  by  these 
conditions.  This  is  seen  iron  fig  10  to  be 
approximately  satisfied  by  the  measured  values. 

The  experiments  and  a more  complete  treatment 
are  contained  in  lightning  ( 14) . 


COb'CLUSIOt! 

Standard  methods  have  been  used  to  measure  the 
time  mean  and  turbulence  properties  of  an  axisym- 
metric  shear  flow  in  a pipe.  The  use  of  various 
correction  procedures  to  remove  the  effects  of 
turbulence  and  radial  pressure  gradients  is  shown  to 
produce  marked  improvements  in  the  accuracy  of  the 
data  when  tested  using  continuity. 

Detailed  measurements  of  the  terms  in  the  axial 
momentum  equation  reveal  interesting  features  of  the 
flow.  In  particular,  strong  correlations  are  found 
(i)  between  the  in-stream  static  pressure  depression 
(relative  to  the  wall)  and  the  axial  component  of  the 
turbulence  intensity,  (ii)  between  the  total  pressure 
gradient  in  the  axial  direction  and  the  shear  stress 
and  (iii)  a new  definition  of  total  pressure  is 
postulated.  Examination  of  the  data  given  by 
previous  workers  suggests  that  similar  relationships 
may  hold  in  ocher  flow  situations. 

The  experiments  show  how  the  decay  of  the  initial 
turbulence  structure  affects  the  mean  flow  develop- 
ment and  emphasise  Che  need  for  extreme  care  when 
pressure  probe  and  hot  wire  data  is  obtained  in  areas 
of  high  mean  velocity  shear  and  turbulence. 
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ABSTRACT 

Detailed  experimental  studies  have  been 
conducted  to  investigate  the  characteristics  of  the 
turbulent  flow  at  both  the  entrance  and  throat  of  a 
0.3  area  ratio  perspex  Vencurimecer , water  being  Che 
working  fluid.  The  flow  is  one  with  a high  Reynolds 
number  and  low  centreline  percentage  turbulence 
intensity,  so  chat  Taylor's  hypothesis  has  been 
deemed  to  be  satisfied.  This  assumption  has  enabled 
both  Che  Eulerian  length  scales  of  turbulence  to  be 
estimated,  these  scales  being  known  as  cne  macroscale 
and  microscale  respectively.  The  results  obtained 
from  Che  autocorrelation  coefficient  profiles,  show 
chat  Che  macroscale  varies  appreciably  with  both 
Reynolds  number  and  radial  position.  Furthermore 
the  microscale  was  found  to  be  roughly  constant  over 
Che  central  core  region  of  the  flow. 

SOMESCLATURE 

D ■ 2R|  • Inlet  Pipe  Diameter 
d • ERo  • Vencurimecer  Throat  Diameter 

Je  ■ Eulerian  Integral  Time  Scale  or  Time 

Macroscale 

N • Sample  Site 
r • Radial  Position 

R(t)  • Eulerian  Autocorrelation  Coefficient 
Re  • Pipe  Reynolds  Number 
T ■ Time  Length  of  Sample  • (N-l)x  ' 
c • Time 

u * Time  Averaged  Mean  Velocity 
u' • Fluctuating  Velocity  Component 
Af  ■ Length  Macroscale 
1 ■ Length  Microscale 
re  • Time  Microscale 
r “ Time  Increment 


INTRODUCTION 

The  flow  at  both  the  inlet  and  throat  sections 
of  a 0.3  area  ratio  conical  Vencurimecer  has  been 
subjected  to  a detailed  experimental  study  using 
laser  Doppler  anemometry  (LDA) . During  this  study 
Che  Vencurimecer  was  installed  in  a 25u  !ic  diameter 
water  pipeline,  the  measurement  points  being  located 
D/2  upstream  from  the  Vencurimecer  and  half  way  along 
the  Vencurimecer  throat.  Details  of  the  lengths  of 
steel  and  perspex  pipes  comprising  the  pipeline  are 
shown  in  Figure  1,  the  water  being  supplied  from  a 
19.812  m constant  head  tank  and  the  flowrate 
controlled  by  a butterfly  valve  located  just  prior  to 
Che  pnuemacically  controlled  flow  diverter.  Further 
details  of  the  flow  installation  are  available  in  the 
literature  (1). 

The  main  characteristics  of  the  flow  are  such 
chat  the  pipe  Reynolds  number  is  high,  ranging  from 
30,000  up  to  500,000,  and  the  associated  centreline 
percentage  turbulence  intensity  is  low,  ranging  up 
to  3X  and  32  at  the  throat  and  inlet  positions 
respectively.  The  percentage  turbulence  intensity 
increases  towards  lOZ  as  the  wall  is  approached,  due 
to  this  Taylor's  criterion  has  been  taken  to  be 
satisfied.  Displacements  in  the  direction  of  flow 
have  therefore  been  replaced  by  equivalent 
displacements  in  time  using  a suitable  transformation. 
During  its  passage  through  the  Vencurimecer 
convergence  Che  flow  is  subjected  to  a rapid 
acceleration,  due  to  the  associated  high  rates  of 
shear,  the  velocity  profile  undergoes  a rapid 
transition  (2). 

Details  of  LDA  are  available  in  the  literature, 
during  this  study  the  experimental  results  were 
obtained  from  an  on-line  real  time  data  acquisition 
system.  This  system  incorporates  a PDF  11 /AO 
minicomputer  linked  to  a DISA  frequency  cracker  via 
a Hicroconsul cants  analogue  to  digital  converter. 

A line  diagram  of  the  data  processing  equipment  is 
shown  in  Figure  2.  With  this  arrangement  parameters 
such  as  the  sampling  race  and  sample  size  are 
controlled  bv  the  software,  so  that  real  time 
measurements  may  be  made  without  recourse  to  a large 
digital  computer.  As  a result  several  complete  runs 
mav  be  completed  and  analysed  in  detail  before  the 
measuring  point  is  moved  to  another  position.  Initial 
tests  were  conducted  to  determine  the  sample  size 
necessary  for  convergence  cf  both  the  mean  velocity 
and  percentage  turbulence  intensity.  For  this  low 
turbulence  flow  a sample  size  of  3000  was  found  to 
be  necessary,  consequently  throughout  this  study 
4300  points  have  been  used  and  ensen^le  averages 
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formed  over  four  separate  runs.  Kith  real  time 
sampling  parameters  such  as  mean  velocity, 
percentage  turbulence  intensity,  flatness  and 
saewness  factors  and  the  associated  velocity 
probability  density  distribution  may  be  determined 
at  each  measuring  position  (3) . Further  details  of 
this  LDA/computer  combination,  together  with  the 
statistical  techniques  employed  during  the  measure- 
ment of  these  parameters  are  available  in  the 
relevant  literature  (4), (3).  The  results  discussed 
herein  relate  to  the  variation  of  both  the 
longitudinal  length  scales  of  turbulence,  these 
scales  being  known  as  the  longitudinal  integral  scale 
or  length  macroscale  and  the  Eulerian  dissipation 
scale  or  length  microscale. 


initial  shape  of  the  profiles  fast  sampling  rates 
are  necessary,  together  with  a large  store  if  the 
complete  profile  is  to  be  determined,  although  it 
is  possible  to  form  a composite  profile  using  a range 
of  sampling  ratesCol.  The  results  using  this  technique 
have  proved  to  be  extremely  consistent,  t.he 
discontinuity  at  each  overlap  point  being  virtually 
aero.  Providing  a good  estimate  of  the  initial  section 
of  the  profile  has  been  obtained,  the  length 
macroscale  may  be  estimated  from  the  parabola 
introduced  by  Taylor  (7),  the  approach  being  as 
follows ; 


Urn  ,1-F!(T), 
t-C  ^ ' 


EXPERLMENTAL  MEASUREMENTS 

(a)  Radial  variation  of  the  length  macroscale  (Af) 

Using  digital  techniques  the  Eulerian 
autocorrelation  coefficient  may  be  written  as: 

R(T)  - 

I u'(t)  u’(c) 

t-O 

R(t)  may  be  used  to  define  both  length  and  time 
scales  of  turbulence,  the  macroscale  for  length  being 
given  by: 


and  X ■ u re 

Both  R(T)  and  r are  obtained  from  the  real  time 
analysis.  Measurements  of  the  initial  curvature  of 
the  R(t)  curve,  using  a sampling  race  of  O.OOOSs, 
shows  that  R(O.OOOS)  increases  as  r/R^  increases,  this 
trend  is  to  be  expected  because  of  Che  shape  of  Che 
profiles  shown  in  Figure  3.  For  the  r/R^  ■ 0.8 
radial  position  X/ZR]^  was  found  to  be  0.0089  and  the 
corresponding  length  scale  ratio  X/.Xf  - 0.015.  At  the 
r/R  • 0.0  position  X/ZRj^  and  X/Af  were  found  to  be 
0.00685  and  0.024  respectively.  Additionally  X/2R^ 
was  found  to  be  virtually  constant  in  the  region 
r/Ri  <0.4. 

CONCLUSIONS 


Af  • u Je 

where  Je  • R(r)  d T 
o 


The  length  macroscale  gives  an  indication  of  the 
mean  eddy  length  in  the  flow  direction.  Radial 
variations  of  R(t)  at  a Reynolds  number  of  220,000 
are  shown  in  Figures  3 and  4 for  both  the  inlet 
and  throat  positions  respectively.  As  expected  the 
exponential  decay  may  be  clearly  seen,  in  the 
main  core  of  the  flow  the  rate  of  decay  decreases 
as  r/R  increases.  Comparison  of  the  profiles  at 
both  measuring  positions  shows  that  after  Che 
convergence  the  rate  of  decay  is  more  rapid. 
Integration  of  these  experimental  profiles  enables 
both  the  time  and  length  macroscales  to  be  estimated. 
Figure  5 shows  the  radial  variation  of  the  non- 
dimensional  macroscale  Af  for  two  widely  varying 
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Reynolds  numbers.  From  Figure  5 it  is  clear  that 
Che  eddy  length  increases  with  both  radial  position 
and  Reynolds  number.  It  is  interesting* to  note 
chat  at  Che  centreline  (r/R  • 0.0)  the  eddy  lengths 
are  approximately  equal  and  over  Che  inner  core 
region  r/R  <0.4  the  inlet  eddy  lengths  are  greater 
chan  the  throat  lengths,  whereas  Che  converse  is 
true  for  greater  values  of  r/R.  A five  to  one 
reduction  in  Reynolds  number  reduces  the  length 
scale  by  a factor  of  three  over  the  central  core  and 
somewhat  less  over  the  remaining  region. 


(b)  Microscale  variations  (X) 


The  radius  of  curvature  of  the  autocorrelation 
profiles  near  Che  origin  give  an  indication  of  the 
size  of  Che  smaller  eddies  which  arc  primarily 
responsible  for  Che  dissipation  of  energy,  this  size 
is  known  as  Che  microscale.  In  order  to  measure  the 


Few  measurements  of  the  longitudinal  scales  of 
turbulence  for  high  Reynolds  nuiaber  water  flows  are 
available  in  the  literature,  more  data  has  been 
published  for  air  flows  where  hot-wire  anemomecry  has 
been  widely  used.  The  real  time  LDA/minicompuccr 
data  acquisition  system  has  considerable  potential  for 
use  during  detailed  studies  of  turbulence,  irrespective 
of  Che  type  of  fluid  under  investigation.  Although 
results  for  a Reynolds  number  of  220,000  have  been 
presented  in  detail,  a wide  range  of  Reynolds 
number  has  been  investigated  (3),  (6).  From  Figures 
3 and  4 it  is  clear  chat  Che  decay  race  of  the 
autocorrelation  profiles  varies  considerably  with 
radial  position,  the  decay  race  being  greater  at  Che 
throat  section  where  Che  velocity  is  highest.  The 
initial  slopes  of  the  curves  show  chat  the  higher 
frequencies  in  the  flow  are  found  over  the  central 
core  region.  This  observseion  has  been  confirmed 
by  the  microscale  measurements. 

Morton  and  Clark  (8)  have  presented  the  results 
obtained  from  a space  correlation  study  in  a 25  sss 
diameter  water  pipe  line,  using  two  separate  LDA 
systems,  Che  maximum  Reynolds  number  being  18,100. 
Their  results  showed  chat  f was  in  Che  range  from 

3r 

0.26  to  0.197  for  Che  r/Rj  • 0.0  position,  furthermore 
;f  decreased  with  increasing  Revnolds  number.  Martin 
IR 

and  Johanson  (91  using  hot-film  anemotsecry  at  the 
centreline  of  a 152.4  mm  diameter  water  flow 
reported  values  of  ^ for  a Reynolds  number  range  from 
2R 

19,000  up  CO  160, (WO.  Their  results  show  that  Af 

3r 

increases  from  0,0379  up  to  0.112  for  Che  Reynolds 
number  range  investigated.  For  the  Reynolds  number  of 
220, (WO  considered  during  the  present  study  the 
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centreline  values  for  ^ were  0.275  and  0.367  for 
2R 

Che  inlet  and  throat  locations  respectively.  At 
the  lower  Reynolds  nuohcr  of  44,000  values  of 

0.0912  and  0.124  were  recorded  for  each  respective 
location.  For  the  higher  Revnolds  number  ^ was 

2R 

found  CO  vary  appreciably  with  radial  position  at 
both  the  inlet  and  throat  locations,  values  of 
0.383  and  1.20  were  obtained  for  Che  inlet  r/Rx'O.S 
and  throat  r/R2"0.801  positions  respectively. 

Figure  3 shows  that  the  length  macroscale  increases 
with  increasing  Reynolds  number  for  all  radial 
positions  at  both  inlet  and  throat  sections. 
Furchenaore  the  absolute  size  of  Che  macroscale  is 
larger  at  the  inlet  for  r/R<0.4  and  smaller  over  the 
region  0.4  < r/Rf  0.801,  this  latter  region 
experiences  Che  most  significant  changes  in  mean 
velocity  in  order  to  change  Che  inlet  power  lav 
profile  into  the  "flat  copped"  throat  profile. 

Over  Che  inlet  position  central  core  region, 
r/R|<0.4,  Che  length  microscale  was  found  to  be 
roughly  constant,  X had  a maximum  equal  to  0.0089 
iRl 

at  r/Ri  - 0.8.  The  non-dimensional  scale  ratio  X 

7J 

was  found  to  be  0.0249  and  0.0132  at  the  r/R^  • 0.0 
and  0.8  radial  positions  respectively. 

The  results  presented  show  chat  detailed 
turbulence  measurements  may  now  be  achieved  in  flow 
situations  which  had  previously  proved  coo  difficult. 
Additionally  measurements  may  now  be  attempted  for  a 
range  of  fluids  in  Che  same  pipeline  using  one  data 
processing  instrument,  this  would  enable  the 
similarity  of  the  turbulence  to  be  investigated.  As 
more  experimental  data  is  reported  the  success  of 
Che  modelling  techniques  at  present  employed  during 
Che  study  of  shear  flows  and  turbulence  in  general 
may  be  evaluated  (10).  For  example  Che  assumption 
of  a Gaussian  velocity  probability  density 
distribution  at  the  measuring  point  has  not  received 
omch  experimental  support  to  dace. 
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Fig.1.  Water  pipeline  arrangement  with  0.5  area  ratio  venturimeter 
installed,  enlargement  shows  main  measuring  positions 
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ABSTRACT 


direction,  i.e.,  parallel  to  the  vails,  respectively. 


Experiaents  vere  perforaed  in  a vail  and  a cor- 
ner channel  of  a rod  bundle  in  order  to  obtain  de- 
tailed inforaation  of  eddy  viscosities  in  the  radial 
and  cireusferential  directions.  The  paper  contains 
the  description  of  the  test  section,  the  experisental 
results,  and  a coaparison  of  the  results  vith  calcu- 
lations by  the  VELASCO  coaputer  code  {6). 

KOMEKCLATURE 

D rod  diaaeter;  a 

D)i  hydraulic  diaaeter;  a 

F factor ; - 

h length  of  the  test  section;  a 

L length  of  the  velocity  profile;  a 
n anisotropy  factor;  - 
f rod  pitch;  a 
r radius;  a 
Re  Reynolds  mseber;  - 
u tiae-aean  velocity;  as 

u'  velocity  fluctuating  in  the  axial  direction;  as~ 
uq  velocity  averaged  over  a channel;  a s*^ 
u*  shear  velocity;  a s"’ 

V velocity  fluctuating  in  the  radial  direction;  as~ 

V velocity  fluctuating  in  the  cireuaferential  di- 
rection; BS~’ 

W distance  between  rod  and  channel  vail  * rod 
diaaeter;  a 

2 -1 

c eddy  viscosity;  a s 
t*  diaensiohless  eddy  viscosity;  - 
* angle;  deg 
u viscosity;  kg  a s 
a density;  kg  a"3 

vail  shear  stress;  ]Ia~ 

Subierinti 


The  eddy  viscosity  in  the  radial  direction  is 
defined  by 


vith  a as  the  fluid  density,  u'V  as  the  tiae-aean 
correlation  of  the  velocity  fluctuations  in  the  aain 
direction  of  the  flov  (u')  and  in  the  direction  norxal 
to  the  vail  (v')  respectively,  u is  the  tiae-aean 
fluid  velocity,  and  r is  the  coordinate  normal  to  the 
vail.  As  a diaensionless  quantity  the  radial  eddy 
viscosity  can  be  vritten  as 


c ■ ' ■ \ c.  j 

L-u* 

with  L as  the  length  of  the  velocity  profile  aeasured 
noraal  to  the  vail  between  the  vail  and  the  position 
of  »«■>■>  i-nn  velocity  and  u’^  as  the  local  shear  velocity 
defined  by 


vith  as  the  shear  stress  at  the  vail. 

Likewise,  the  eddy  viscosity  in  the  circumferen- 
tial direction  it  defined  by 

r 

vith  w'  as  the  velocity  fluctuation  in  the  circum- 
ferential direction.  As  a diaentionlest  quantity  the 
circumferential  eddy  viscosity  yields 


r radial 
« circwferential 

I.Tn!OBUCnOB 

Computer  codas  used  to  predict  the  thermodynamic 
and  fluid  dynamic  perforaanee  of  rod  bundles  vith 
longitudinal  turbulent  flow  require  experimental 
kaovladge  of  the  turbulent  transport  properties. 
Anisotropic  eddy  viscosities  are  used  ic  the  most 
advanced  cedes  applied  to  rod  bundles 
anisotropy  of  the  aomantta  transport  is  described  by 
different  eddy  viscosities  in  the  radial  direction, 
i.e.,  normal  to  the  walla,  and  ic  the  circumferential 


s 

• L’u" 

In  channel  flows  the  eddy  viscosities  ic  the  radial 
and  circumferential  directiens  are  non-isotrepic ; this 
fact  is  taken  into  account  by  an  anisotropy  factor  n 


Up  to  now,  experimental  information  on  the  value  of 
the  anisotropy  factor  and  its  local  dependence  has 
been  vary  poor  for  non-circular  channels.  Infomation 


S.ll 


- probe 


is  available  only  for  sizple  ducts,  circular  tubes 
and  parallel  plates,  for  vhich  values  between  2 and  3 
habe  been  measured. 

For  rod  bundles  some  results  are  bnovr.  of  the 
radial  eddy  viscosity  fron  the  experiments  'ey  Kjell- 
strom  (2,)  and  Trupp  (j*).  Kjellstrom  also  reported  a 
few  values  of  the  anisotropy  factor  n,  but  his  re- 
sults scatter  widely  and  no  conclusions  can  be  drawn 
on  the  basis  of  those  values.  On  the  other  hand,  the 
anisotropy  factor  stroncly  influences  the  results 
calculated  by  the  codes.  Especially  the  circumferen- 
tial variation  of  the  mean  flow  velocity  averaged 
normal  to  the  walls , the  variation  of  the  wall  shear 
stresses,  and,  hence,  the  resulting  variition  of  the 
wall  temperatures  depend  on  the  anisotropy  factor  (^), 
For  instance,  the  calculations  with  the  VELASCO  code 
<£)  for  a rod  bundle  with  a pitch-to-dianeter  ratio 
of  the  rods  ?/D  ■ 1 . 1 show  that  the  ratio  of 
Vv_  changes  from  1.86  to  l.oo,  if  the  aniso- 

trSJ^  faStcr  is  changed  from  1 to  3o  (^) . 

Precise  experimental  results  on  the  anisotropy 
factor  and  its  local  distribution  are  therefore  nec- 
essary to  verify  the  assuicptions  smide  or  to  adjust 
the  codes. 


EXPERI-MEirrAL  SETUP 

In  this  investigation  experiments  were  performed 
in  a wall  and  a corner  subchannel  of  a rod  bundle. 
Since  the  temperature  gradients  are  the  highest  in 
those  channels  of  nuclear  fuel  elements,  knowledge 
of  the  transport  properties  is  most  important  for 
those  channels.  On  the  other  hand,  experiments  in 
central  subchannels  are  difficult  to  perform,  since 
the  flow  will  always  be  affected  by  the  channel  walls , 
as  the  results  of  different  investigations  show 

A rectangular  channel  (180x686  mm)  with  k rods 
(137.5  mm  O.C.)  in  parallel  is  used  for  the  experi- 
ments (Fig.  1),  vhich  results  in  a pitch-to-diameter 
ratio  of  P/D  ■ l.oTI  and  a wall-to-diameter  ratio  of 
V/D  > 1.o72.  The  choice  of  these  dimensions  means  an 
enlargement  of  25:1  ccepared  to  the  actual  dimensions 
in  a nuclear  fuel  element.  The  rods  were  fabricated 
of  aluaunium  tubes;  the  outer  surfaces  of  the  tubes 
were  machined.  The  measured  mean  roughness  depths  of 
the  surfaces  asnunted  to  only  0.6  um;  the  outer  sur- 
face was  very  smooth.  The  rectangular  channel  was 
fabricated  from  plexiglass , so  that  one  of  the  short 
walls  is  adjustable  to  allow  the  channel  dimensions 
tc  be  changed  for  different  geometries.  The  overall 
length  of  the  test  section  is  h ■ Tooo  b;  it  was 
made  up  of  k portions  of  L..  ■ l75o  sb  each  fer  both 
the  channel  and  the  rods.  This  makes  the  length-to- 
diametcr  ratios 
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Fig.  1 Sketch  of  the  test  rig 


The  air  is  taken  in  through  a silencer  and  a filter 
( lum  particle  size)  by  a radial  blower  (m  ■ U.2  kg  s ; 
dp  ■ 0.1  bar)  and  enters  the  test  section  through  a 
honeycomb  grid  (Fig.  1). 


Measurements  were  taken  of 

(a)  the  time-mean  value  cf  the  fluid  velocity  by  Pitot 
tubes , 

(b)  the  turbulent  shear  stresses  in  the  radial  and 
circumferential  directions , 

(c)  the  distribution  of  turbulence  intensities  and, 
hence,  the  kinetic  energy  of  turbulence  by  hot- 
wire measurements  (b)  and  (c)  (DISA),  and 

(d)  the  distribution  of  the  wall  shear  stresses  by 
Preston  tubes. 
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Small  pins  of  2 am  O.D.  were  used  as  spacers  at  four 
levels  to  fix  the  rods  inside  the  channel.  The  meas- 
uTMents  were  performed  with  air  as  the  fluid  at  the 
open  outlet,  3o  m downstream  frost  the  outlet.  The 


In  order  to  achieve  the  necessary  accuracy  of  the 
measured  values  and  their  gradients,  the  flow  cross 
section  to  be  investigated  was  covered  by  a network 
of  mesh  points.  The  distribution  of  the  locations  where 
the  measurements  were  taken  is  shown  in  Fig.  2 as  an 
example  for  the  wall  channel.  Measurements  were  taken 
along  the  rod  wall  between  0 and  9o  deg:  5 deg  each 
and  along  the  channel  wall  between  C and  8k. k b: 

5 B each  fer  a different  number  of  points  normal  to 
the  walls , depending  on  the  width  of  the  flow  cross 
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Fig.  2 Distri1)Ution  of  the  poiitions  at  which  aau- 
uraaaota  war*  taken  (wall  channel) 

lection  between  1o  and  2o  points.  Thus,  measts'ements 
were  taken  at  a total  of  5oo  positions  in  each  chan- 
nel hr  the  technique  used  in  earlier  Beasurements  on 
annuli  (X>^)*  hot-wire  aeasurements  were  per- 
forsed  hjr  the  single-wire  method  in  six  different 
positions  against  the  flow,  as  suggested  bjr  Kjell- 
stroa  (X).  For  eraluation  of  the  results  KjellstroB's 
oethod  was  used.  The  difficulty  in  solving  the  set  of 
six  siBultaneous  equations  with  respect  to  the  shear 
stress  T'w'  was  OTereoBM  by  disregarding  this  corre- 
lation, as  reported  already  by  KjellstrSa  (X).  Since 
the  seasursBent  of  all  values  at  all  positions  takes 
a long  time,  nearly  3 conths,  the  density  of  the  air 
at  the  outlet  changes  with  the  conditions  of  the 
weather  ( tiaperature  and  baroaeter  readings ) . There- 
fore, the  speed  of  the  blower  was  adjusted  by  con- 
trolling the  revolutions  per  ainute  of  the  aotor 
such  that  at  a fixed  point  in  the  channel  the  fluid 
velocity  measured  by  a Pitot  tube  resminad  constant 
(u  V 27.74  BS~1).  Details  of  the  test  section  and 
the  aeasuring  technique  can  be  taken  fron  (£). 

RESULTS 

The  Reynolds  nuaber  of  this  study  based  on  the 
hydraulic  diaaeter  D^  and  the  velocity  averaged 
across  the  subchannel 

0"U 
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u u 

was  Re  ■ 8.7x10  in  the  wall  channel  and  Re  ■ o.lxlo 
in  the  corner  channel,  respectively. 


Typical  results  of  this  investigation  are  shown 
in  Figs.  3,  •.  and  5.  Most  of  the  results  given  in 
this  paper  stea  from  the  investigation  in  the  vail 
channel.  The  velocity  distribution  measured  by  Pitot 
tubes  is  shown  in  Fig.  3 as  lines  of  constant  velocity 
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(isotachs).  The  velocity  distribution  does  not  show 
any  disturbances  which  could  be  attributed  to  sec- 
ondary flows.  The  velocities  aeasured  are  related 
to  the  velocity  kept  constant  (u  ■ 27.71*  as"')  by  a 
fixed  Pitot  tube.  The  average  fluid  velocity  over  the 
cross  section  (u  ■ 25. 6**  ms-')  was  calculated  by  an 
integration  of  the  velocity  distribution  measured.  The 
ratio  of  the  aaximua  velocity  (on  the  symetry  line) 
and  the  aaxiaua  velocity  in  the  gap  between  rod  and 
channel  wall  is  1.38. 

Fig.  U shows  the  measured  axial  turbulence  inten- 
sities in  the  wall  channel,  which  were  made  diaens  ions - 
lets  by  the  wall  shear  velocity  on  the  rod  at  5 deg 
(u^„).  All  positions  are  indicated  in  Fig.  3.  The 
concur  siap  of  lines  of  equal  intensity  shows  that 
the  intensity  is  the  highest  sear  the  walls , as  is 
to  be  expected,  but  that  the  intensity  drop  towards 
the  center  of  the  flow  on  lines  noraal  to  the  wall 
depends  on  the  circumferential  position  at  the  wall. 

The  contour  lines  indicated  sane  influence  of  secon- 
dary flows  is  the  channel,  especially  at  25  and  6o  deg. 
This  influence  of  secondary  flows  is  more  pronounced 
in  the  aap  of  the  kinetic  energy  of  turbulence  in  the 
corner  channel  (Fig.  5)i  which  was  Bade  diaensienless 
by  the  scuare  of  the  wall  shear  velocity  at  5 deg 

‘■ref'" 
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Fig.  6 Radial  shear  stress  divided  by  the  local  vail 
shear  stress  vs.  relative  distance  free  the 
vail  aeasured  in  the  part  of  the  vail  channel 
adjacent  to  the  rod 

ential  position,  follows  a curve  vhieh  is  alvays  high- 
er than  the  circular  tube  line.  The  results  shov  soce 
scatter;  especially  for  i > 3o  and  35  deg  the  seas- 
urements  are  obviously  in  error.  The  higher  scatter 
near  the  center  line  nay  be  partly  due  to  the  effect 
of  the  coordinates  chosen,  by  vhieh  some  portion  of 
the  eireusferential  shear  stress  is  taken  as  a radial 
shear  stress,  except  in  the  regions  near  and  9o°, 
respectively.  In  these  regions  near  the  gaps  the  shear 
stress  profile  coepares  quite  veil  with  the  profiles 
to  be  expected. 
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Kinetic  energy  of  turbulence  in  the 
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Shear  Stresses 


The  eddy  viscosities  in  the  radial  and  eircia- 
ferential  directions  were  calculated  on  the  basis  of 
their  definitions  (Eq.  (2)  and  (5),  respectively)  by 
using  the  shear  stresses  measured  and  the  velocity 
gradients  calculated  froa  the  tiaamean  velocity  field 
aeasured.  The  length  of  the  velocity  profile  vas 
taken  as  the  length  noraal  to  the  vail  between  the 
vail  and  the  position  of  aaxiaua  velocity.  Fig.  3 
shovs  this  position  as  a dotted  line.  Some  of  the 
basic  data  for  the  calculation  of  the  eddy  viscosi- 
ties are  plotted  in  Fig.  6 and  7.  Fig.  6 shovs  the 
radial  turbulent  shear  stresses  measured  in  the  vail 
channel  in  the  part  adjacent  to  the  rod  vs.  the  rela- 
tive distance  from  the  vail.  The  shear  stresses  are 
related  to  the  local  vail  shear  stress.  For  compari- 
son, a straight  line  is  plotted  in  the  figure  to 
indicate  the  linear  variation  of  the  shear  stress  in 
a circular  tube.  In  the  case  of  a rod  bundle,  the 
variation  of  the  radial  shear  stress  across  the  chan- 
nel is  cot  linear  but,  depending  on  the  circumfer- 


The experimental  data  of  the  circuBfereatial  shear 
stress  are  plotted  in  Fig.  7 as  a contour  map  of  lines 


Fig.  7 Circumferential  shear  stress  u'v'/up_  is  the 
vail  channel  ■ K2o9  ms'M 
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of  equil  shear  stress.  For  the  eircuaferential  posi- 
tions belov  e > Uo  deg  the  shear  stresses  are  negs- 
tire,  as  indicated  by  dotted  lines  in  the  figure.  At 
about  b • 4o  deg  the  cireusiferential  shear  stress  is 
zero;  this  is  the  region  where  the  reloeity  gradient 
in  cireuBferential  direction  is  zero,  too,  as  say  be 
taken  froa  Fig.  3.  The  cireusferential  shear  stress 
is  positive  for  « > ko  deg,  goes  t.hrough  a oaxicua 
at  about  b ■ oj  deg,  and  approaches  zero  again  very 
close  to  b ■ 9o  deg.  This  indicates  that  there  is 
only  a very  weak  influence  on  the  flow  in  the  sub- 
channel measured  from  the  neighbouring  subchannel. 
This  statement  is  confirmed  by  the  measurements  for 
zero  circumferential  sheer  stress  at  the  symmetry 
line,  where  the  measured  data  are  close  to  the  sysoe- 
try  line.  In  this  figure  the  direction  of  the  circum- 
ferential shear  stresses  measured  from  the  rod  and 
the  channel,  vail,  respectively,  is  cot  the  same  for 
the  positions  near  the  center  line  of  the  flow  cross 
section.  It  was  therefore  decided  to  subdivide  the 
flow  channel  at  the  line  of  maximum  time-mean  veloc- 
ity and  to  use  r/b  coordinates  in  the  part  of  the 


channel  near  the  rod  and  x/y  coordinates  in  the  part 
near  the  channel  wall. 

Zddv  Viscosities 

From  the  original  experime-tal  results  (cot 
smoothed)  the  radial  and  circumferential  eddy  viscos- 
ities were  calculated.  The  calculated  values  of  the 
dimensionless  eddy  viscosities  normal  to  the  walls  are 
plotted  in  Figs.  8 and  9 for  the  two  parts  of  the  wall 
subchannel  vs.  the  relative  wail  distance.  The  geome- 
try is  indicated  in  the  figures.  The  results  in  both 
parts  of  the  subchaxinel  show  the  same  behaviour.  Com- 
pared with  the  circular  tube  results  by  Reiehardt  (j£,), 
indicated  as  a full  line,  the  radial  eddy  diffusivi- 
ties  are  higher  in  the  rod  bundle.  Close  to  the  wall 
the  measured  data  agree  quite  well  with  the  circular 
tube  values.  The  very  high  values  near  the  center  line 
may  partly  be  due  to  the  effect  of  the  coordinates 
chosen,  by  which  some  position  of  the  circumferential 


Fig.  1o  Dimensionless  circumferentiel  eddy  Tiseos 
ity  Ts.  reletive  distance  froa  the  vail 
neasured  in  the  part  of  the  vail  channel 
adjacent  to  the  rod 


rig.  11  Dirensionless  eireun^erer.tial  eddy  Tiscos- 
ity  TS.  relative  disttnce  froc  the  vail 
Beevored  in  the  part  of  the  vail  channel 
adjacent  to  the  rod 


shear  stress  is  tahen  as  a radial  shear  stress , except 
in  the  regions  near  « « 0 and  9o  deg,  respectively. 

The  large  scatter  in  the  region  near  the  center  line 
also  happens  because  of  the  szall  velocity  gradients 
approaching  zero  at  the  center  line.  Froic  the  data 
shovs  ve  can  conclude  that  the  radial  eddy  diffusivity 
is  almost  independent  of  the  circumferential  position. 

The  latter  is  not  true  for  the  dimensionless  cir- 
cumferential eddy  viscosity  plotted  in  figs,  lo  and  11 
for  the  part  of  the  channel  near  the  rod  and  in  Fig. 

12  for  the  part  near  the  channel  vail.  The  circum- 
ferential eddy  viscosity  shovs  a strong  dependence  on 
the  position  in  the  cross  section  and  assumes  very 
high  values  in  the  gaps  of  up  to  2c  and  hi^er.  This 
means  that  the  circumferential  eddy  viscosity  becomes 
higher  by  a factor  of  26o  compared  vith  the  maximum 
value  of  the  radial  eddy  viscosity  in  a circular  tube 
(ci  • 0.075).  From  the  gap  region  at  e • 0 deg  the 
circumferential  eddy  viscosities  decrease  to  values 
comparable  to  the  radial  eddy  viscosity  at  d % l>o  deg, 
increasing  again  for  d > lo  deg  to  a maximum  value  in 
the  gap  betveen  the  rod  and  the  shroud.  The  same  be- 
haviour is  found  in  the  part  of  the  cross  section  ad- 
jacent to  the  channel  vail  (Fig.  12).  The  lovest  val- 
ues vere  measured  for  the  synmetry  line  (X  ■ 81. « mm). 


12  Dimensionless  circumferential  eddy  viscoe 
ity  vs.  relative  distance  from  the  vail 
measured  in  the  part  of  the  vail  channel 
adjacent  to  the  shroud 
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In  the  direction  to  the  gap  the  circunferential  eddy 
▼iscosities  increase  to  a naTiniir  value  at  x ■ 2o  cm. 
The  data  for  x < 2o  cm  remain  at  nearly  a constant 
level.  The  dependence  of  the  circunferentisd  eddy 
viscosity  on  the  relative  distance  from  the  wall  is 
similar  for  nearly  all  positions  measured.  The  values 
first  increase  to  a maxiamm  value  with  increasing 
distance  from  the  vail  and  decrease  slightly  when 
approaching  the  center  line. 

This  strong  dependence  of  the  circumferential 
eddy  viscosity  and,  therefore,  the  anisotropy  factor 
on  the  circumferential  and  radial  positions  is  in 
contrast  to  the  assumptions  in  the  codes.  In  VZLA3C0 
(^)  this  circumferential  eddy  viscosity  is  assumed  to 
be  constant  in  the  radial  and  circumferential  direc- 
tions. 

CDMPARISOS  BETWESI  THE  RESULTS  AED  CALCLTATIOES  3? 
VELASCO 

A number  of  calculations  were  performed  with  the 
VELASCO  code  developed  by  Eifler  and  Kijsing.  The 
velocity  field  calculated  by  the  code  is  plotted  in 
Rig.  13.  The  lines  of  constant  velocity  are  related 
to  the  same  velocity  as  in  Fig.  3,  so  the  values  in 
both  figures  are  comparable.  It  is  obvious  that  the 
measured  velocity  field  is  much  more  uniform  than  the 
calculated  field.  The  ratio  of  the  maximum  velocity 
divided  by^  the  maximum  velocity  in  the  gap  between 
rod  and  shroud  is  1.62  for  the  predictions  compared 
with  a value  of  1.38  for  the  measurements. 
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The  differences  between  the  measurements  and  the 
calculations  are  quite  pronounced  for  the  wall  shear 
stresses  (Fig.  H).  The  plot  shows  the  wall  shear 
stresses  related  to  the  Baxicia  wall  shear  stress  for 
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Fig.  lit  Comparison  of  experimental  and  computed  dis- 
tributions of  wall  shear  stresses 

both  walls:  r/»  rod  wall  and  x/y  chancel  wall.  The 
position  of  maximum  wall  shear  stress  was  measured  at 
the  channel  wall,  whereas  this  position  is  calculated 
to  be  at  the  rod  wall.  Again,  the  meastired  wall  shear 
stresses  are  much  more  unifcrc  than  those  calculated. 
The  ratio  of  maximum  to  minimum  wall  shear  stress  is 
clearly  overestimated  in  the  calculations.  This  ratio 
is  1.35  (measurements)  and  1.7l>  (calculations)  at  the 
rod  wall  and  1.11  (measurements)  and  1.£l  (calcula- 
tions) at  the  shroud  wall,  respectively. 

The  main  reason  for  this  large  discrepancy  is 
felt  to  lie  in  the  assumptions  for  the  circumferential 
eddy  viscosities  in  the  VELASCO  code.  VELASCO  assumes 
V 0.1 51,  constant  in  the  radial  and  circumferential 
directions.  This  value  is  equivalent  to  twice  the  maxi- 
mum of  the  radial  eddy  viscosity  in  a circular  tube. 

In  order  to  adjust  the  VELASCO  code  to  the  meas- 
ured res\U.ts,  different  assumptions  were  applied  to 
the  code.  Some  results  for  the  resulting  wall,  shear 
stress  distribution  calculated  are  shown  in  Fig.  15. 
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'P(d«g),X(mm) 

Fig.  15  Comparison  of  experimental  and  ecstputed  dis- 
tributions of  wall  shear  stresses 

In  the  first  case,  the  standard  value  of  c*  « 0.15I 
was  increased  to  tj  ■ 1.155,  that  is.  by  a factor  of 
T.5.  The  assumption  in  the  VELA3CC  code  fcr  the  sec- 
ondary flow  remained  unchanged  in  this  case.  The  dif- 
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ferenees  between  the  neasured  and  the  calculated  re- 
sults are  reduced  by  this  procedure  as  against  the 
results  of  the  standard  rersion,  but  there  is  no 
agreescnt  betveen  ceasureaents  and  calculations  either 
in  absolute  values  or  in  the  general  trend  of  the 
shear  stress  along  the  periaeter  of  both  rod  and 
channel  vails. 

Since  the  experiaental  results  had  shown  that 
the  cireuaferential  eddy  viscosity  assuaes  its  high- 
est values  in  the  gaps  of  the  channels,  another  ap- 
proach vat  aade  to  arrive  at  a closer  agreeaent  bet- 
veen measured  and  calculated  results:  the  circus- 
ferential  eddy  viscosity  vas  changed  as  a function 
of  the  position  at  the  vails.  A factor  F vas  applied 
to  the  cireuaferential  eddy  viscosity  such  that^the 
eddy  viscosity  assuaes  a value  of  c*  „ ■ F x in 
the  gaps  and,  depending  on  the  circuaf^ential  posi- 
tion, F vas  reduced  by  a linear  equation  to  the  stand- 
ard value  ct  ■ 0.15^  at  the  positions  of  aaziaua  ve- 
locity, i.e,,  at  A ■ ^5  deg  (r/^)  and  at  x > 8U.U  aa 
(x/y),  respectively.  The  agreeaent  betveen  calculated 
and  experiaental  shear  stresses  was  not  substantially 
improved.  The  closest  agreeaent  vas  obtained  by  neg- 
lecting the  secondary  flow  >0)  and  applying 

a factor  of  F ■ 25  to  the  circusifcreatial  eddy  vis- 
cosity. The  agreoient  (lias  2 in  Fig.  15)  of  calcu- 
lated and  swasured  vail  shear  stresses  is  satisfac- 
tory at  the  channel  vail  and  at  the  rod  vail  in  the 
region  betveen  b ■ b5  and  * ■ 9o  deg.  However,  there 
is  a considerable  deviation  in  the  region  Av0sU5  deg 
at  the  rod  vail.  Quite  siailar  results  were  obtained 
by  coaparing  the  variations  of  aeasured  and  calcu- 
lated siaziaua  velocities  and  local  mean  velocities, 
respectively,  i.e.,  the  velocity  averaged  over  the 
profile  length  betveen  the  vail  and  the  position  of 
maxiaua  velocity. 

COSCIUSIOHS 

Detailed  acasureaents  of  the  eddy  viscosities 
in  the  cireuaferential  and  radial  directions  were 
obtained  in  rod  bundle  subchannels  for  the  first  time 
by  this  investigation.  Thus,  applying  the  experiaen- 
tal results  to  the  codes  used  for  the  prediction  of 
flow  and  toiperature  distributions  aahes  it  possible 
to  cheek  the  models  and/or  to  adjust  them.  The  at- 
test to  adjust  the  VELASCO  code  turned  out  not  to  be 
satisfactory.  Possibly  the  assumption  of  a circua- 
ferential  eddy  viscosity  constant  across  the  radius, 
which  could  net  be  changed  in  VELASCO,  affects  the 
calculated  results.  The  neasuremeats  shoved  (Fig.  12) 
that  the  eirevoferential  eddy  viscosity  depends  on 
the  radial  position.  It  would  be  very  interesting  to 
calculate  hov  the  computations  of  temperature  varia- 
tions along  the  periaeter  of  the  rod  will  be  affected 
by  the  nev  results.  Further  experiments  are  necessary, 
especially  with  different  pitch-to-diaaeter  ratios, 
to  obtain  a acre  realistic  basis  of  the  eepirical 
input  for  these  codes. 
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i boun<iary  layar  tbicknass  (Sr  S.ppjl 

Sc  boundary  layar  thicknass  at  comar  bl- 

sactor  (Fig.  1) 

Sy.Sj  boundary  layar  thicknassss  in  tha  y and 

z diractions,  raspactivaly  (Fig.  1) 
e isotropic  dissipation  cats 

V kinawtic  viscosity 

« diffusar  half  angla  (Fig.  2) 

QrtBDDUCnON 

Davaloping  turbulant  flow  along  a straaswlss  cor- 


ABSTBACT 

This  papar  prasancs  and  snalyzas  a cog^rehanaiva 
aat  of  aaan  flow  and  turbulanca  data  takan  in  tha  en- 
tranca  ragion  of  a squara  duet.  Ac  tha  location  whaca 
paaklng  of  tha  axial  cancsrlina  valocicy  oceura,  tha 
casults  show  that  csctain  Raynolds  atrass  coaponancs 
and  aaan  racaa  of  strain  ara  alavacad  abova  chair 
councsrparts  for  fuUy-davalopad  flow.  Analysis  of 
tha  data  indicacas  chat  two  racancly  proposad  praa- 
auxa-scrain  aodals  can  ba  usad  to  aod^  local  pras- 
sura-scrsin  behavior  in  both  tha  cwo-dlaanslon^  and 
thraa-diaanaional  rsgions  of  tha  flow.  Furchar  ana- 


lysis shows  that  tha  dissipation  cat*  can  b*  oodsXad 
in  tarns  of  a suicably-dafinad  length  scale  and 
eichar  tha  resultant  pcloary  shear  stress  or  the 
turbulanca  kinetic  anargy. 

WOMENCXAIDSE 


duet  half  width 

diagonal  half  width 

aapirleal  Instants,  aquation  (5) 

fourth-ordar  cansor,  equation  (5) 
aspect  ratio 

duct  width  or  dissipation  rat* 

turbulanca  kinetic  anargy 

Prandcl's  nixing  length 

production  rata 

prassura-scraln  efface 

radiscrlbuclon  rata 

Rajmolda  nunber  (Sa  3 O^D/v) 

naan-velocity  cosponants  in  tha  x,  y, 

and  t diractions,  raspactivaly  (Fig.  1) 

aaan  bulk  valocicy 

naan  cancaclina  velocity 

fluctuating  velocity  coaponants  in  the 

X,  y,  and  z diractions,  raspactivaly 

(Pig.  1) 

Kaynolds  oomal  stress  coi^onants  ra- 
farrad  to  the  xyz  coordlnac*  systan 
(Fig.  6) 

Baynolds  shear  stress  coaponancs  ra- 
f arced  to  the  xyz  coordinate  systan 
Fig.  6) 

Baynolds  shaar  stress  coaponancs  rafar- 
rad  to  tha  xy'z'  coordinata  systan 
(Fig.  6) 

Raynolds  noraal  straas  coaponancs  ra- 
farrsd  to  the  xy'z'  coordinata  systan 
(Fig.  6) 

Cartesian  coordinatas  (Fig.  1> 

Cartesian  coordinates  (Fig.  6) 
starting  length 

aapirical  constants,  aquation  (5) 


net  is  a topic  of  intarast  to  chose  who  study  conplax, 
thraa-diaansional  flows.  This  particular  flow  situa- 
tion not  only  provides  a natural  v^cl*  for  axanlning 
ch*  validity  of  highar-order  closura  aodals  which 
hava  bean  fotaulacad  in  recent  years,  but  is  also  of 
intarast  to  a design  aagineer  who  oust  includa  comer 
affects  la  his  analysis.  laco^rasslbl*  turbulant 
corner  flows  ara  charactarizad  by  tha  prasancs  of 
cransvarsa  naan  circulatory  flows  (sacondary  flows) 
which  altar  tha  prisary  flow  and  local  wall  shear 
stress  babsvlor  in  the  comar  ragion  (Fig.  1).  The 
occurrencs  of  sacondary  flow  is  tha  diraec  result  of 
Raynolds  strass  gradients  in  tha  corner  region  in- 
duced by  the  chrea-dlasnslonallty  of  the  flow. 

The  analysis  of  fluid  aotion  along  a straaawisa 
corner  is  concamad  prianrily  with  evaluating  local 
skin  friction  bahavior  and  hsating  rates  in  the  cer- 
nar  ragion.  Thss*  objectives  can  bast  b*  sccosq)llab- 
ad  by  sMans  of  nuasrlcal  coaputations  which  enable 
ona  to  predict  local  flow  behavior  without  the  need 
for  excansiv*  expsriaencacion.  A particular  cod*  will 
ba  succassful,  however,  only  if  ch*  overall  systan  of 
aquation*  includes  a R^olds  stress  atodel  which  pro- 
perly descrlbas  tha  local  turbulanca  structure.  The 
foraulaclon  of  an  sdaquata  Raynolds  stress  nodal,  in 
cum,  can  only  be  accoivllshed  if  reliabl*  axpari- 
aancal  data  are  available  for  purposes  of  cos^pariaon 
with  nodal  pradictions. 

Pravlous  exparlaancsl  work  on  incoapressible, 
davaloping  corner  flows  was  initially  orlantad  coward* 
obtaining  inforaation  on  anersnee  length  raquiraaencs 
[1,2]^  and  secondary  flow  davslopaenc  (3]  in  racesn- 
gular  duets,  thass  results  hava  bean  supplaaanced 
racantly  with  additional  asan-flow  and  curbulanc* 
data  for  taro  (4-6],  favorable  (7-9J,  and  advarsa  (6J 
' pressure  gradient  flow  conditions.  Sosw  data  on 
cransicional  flow  behavior  in  reetangulat  ducts  are 
also  available  110].  Although  the  results  of  chase 

Stuabars  in  brackets  dasignst*  Rafareneas  at  the  and 
of  papar 
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Fig.  1 


Valoclcy  coBpoa*i»t»  «o<l  bound*!?  l*y«r 
chlctm*****  for  tutbulmt  corn*!  flo* 


•cudl**  h«v«  provided  u**ful  Inforantlon  on  develop- 
ing flow  behavior  In  the  vicinity  of  a comer,  they 
are  often  of  Ualted  value  for  conpatlaon  with  nodel 
prediction*.  In  nany  of  thee*  etudle*.  for  exai^l*. 

It  1*  not  poeelbl*  to  detemln*  actual  Inlet  coi- 
tion* fro*  the  »***ur*»«it*  which  at*  preeented. 
Furtheraore,  the  reeult*  of  eoa*  etudle*  Indicate 
•Ignlflcant  flow  aayoaetry  about  a comer  blaector 
when  non*  should  actually  ealat  on  the  beel*  of  lym- 
aetry  consideration*.  The  present  study  was  under- 
taken, therefore,  la  order  to  pmvld*  a reliable  set 
of  data  which  does  not  suffer  fron  these  shortcoaungs . 
AU  of  the  data  that  wlU  be  presented  wet*  obtained 
by  Po  [11]  la  the  entrance  region  of  a square  duct 
ac  Re  • 250,000. 

rvPVBTMEMTAL  APPARATUS 

Test  TacUlty 

The  test  facility  consist*  of  a Fomlca-llned 
square  duct  approxiaately  22  ■ in  length,  a*  shown 
la  Fig,  2.  The  duct  is  preceded  by  a contraction  and 
a settling  chafer  with  screens,  filters,  and  honey- 
coab.  The  joint  between  the  contraction  and  duct  la 
aaooth,  and  no  tripping  device  was  iastallad  at  the 
duct  Inlet.  The  diatane*  between  opposite  wall*  of 
the  duct  was  aaintalned  at  0.254  a + 0.25  over  the 
length  of  the  duct,  and  adjacent  waU*  were  aet  per- 
pendlcttUr  to  within  + 0.05  deg.  The  bottoa  wall 
was  aaintalned  level  to  within  + 0.4  ae  over  It* 
length.  The  top  well  is  aad*  of  reaovabl*  sec^on* 
so  that  a traversing  aechanlsa  can  be  positioned  at 

•trawrtja  location**  Oth*r  d*t*ll»  or  to* 
overall  flow  systea  and  duct  configuration  are  given 
by  Page  [12]. 

Static  pressure  tap*  are  located  on  op^slt* 
waU*  of  the  duct  at  ID  Interval*  between  */D  • 1 md 
x/D  - 26,  and  then  at  2D  Intervala  between  x/0  • 26 
and  x/D  • 84.  Axial  asan  velocities  were  aeasured 
by  aean*  of  a alnlatur*  U.*l  probe  (United  Sensor 
KAC-8)  in  conjunction  with  a wall  static  pressure 
tap.  Differencial  pressure*  were  aeasured  with  an 
E.  Vernon  Hill  Type  A aicroaanoaater  with  alnor  scale 
division*  of  0.0254  aa  (0,001  In). 


Turbulence  aeaeureaent*  were  aad*  with  hot-wire 
probe*  aiailar  In  design  to  configuration*  recoaaend- 
*d  by  Coate-Ballot  and  her  co-worker*  [13,14]  for  mi- 
ainnl  prong  interference  effects.  The  sensing  ele- 
aenc  of  each  probe  was  tungsten  wire,  3.8  j (0.00015 
In)  in  dlaaecar,  and  wire  length-to-diaaeter  ratio 
varied  between  250  and  450.  Th*  longitudinal  noraal 
•eras*  coaponent  was  aeasured  by  means  of  a single 
wire  noraal  to  th*  flow  which  was  calibrated  before 
and  after  each  data  run  In  th*  potential  cor*  of  a 
free  jet.  Th*  teaainlng  Reynold*  stress  components 
were  measured  by  mean*  of  a single  inclined  wire 
oriented  at  a nominal  angla  of  45  deg  relative  to 
th*  flow  direction.  The  inclined  wire  probe 

was  calibrated  in  both  th*  jet  and  In  fully-developed 
pip*  flow  before  and  after  each  data  run  following 
the  technique  deacrlbed  by  Gesaner  [15].  Th*  hot- 
wire probe*  were  operated  by  mean*  of  a Themo-Sys- 
ceaa,  Inc.  Hodel  1010  Constant  Temperature  Anemometer. 
Th*  bridge  output  voltage  waa  fed  into  a DISA  Tutb- 
ulanc*  Processor  Model  52B25,  and  mean  square  voltage* 
were  read  on  a DISA  Digital  Voltmeter  Model  55D31. 

Th*  Reynold*  stress  component*  were  evaluated 
response  equation*  developed  by  Hill  and  Slelcher  [16]. 

The  Kiel  pmb*  and  hot-wire  probe*  were  mounted 
on  a traversing  mechanism  for  probe  cranalatlon  In 
the  yr  plan*  (refer  to  Fig.  1).  Probe  positioning 
in  th*  y and  z direction*  waa  accurate  to  wtthln  + 

0.1  *.  Both  normal  and  inclined  wire  probe*  were 
mounted  with  th*  probe  stem  paraUel  to  th*  axial 
flow  direction.  By  means  of  a bevel  gear  arrangement 
the  Inclined  wire  pmb*  was  rotated  In  45-d*g  Incre- 
ments to  orient  th*  wire  in  th*  xy  aad  x*  planes,  and 
in  plane*  which  bisect  thee*  plane*  « an^ar  posi- 
tions). This  arrangement  permitted  wi,  uv, 
uw,  and  vw  to  be  measured  simultaneously  at  each 
point  with  the  same  wire.  Because  *U  turbulence 
were  cakes  at  points  where  wall  interference 
effects  are  negligible  (y/a  ^ 0.05,  z/a  ^ 0.05), 
no  correction*  were  applied  to  measured  Reynolds 
stress  values. 


EXPERIMEKTAL  RESULTS 

Vr.niiitr— y Maaeurement* 

Initial  measurement*  were  mad*  la  th*  near  en- 
trance region  of  th*  duct  in  order  to  dete^e  la- 
let  flow  condition*.  The  virtual  origin  of  th*  wall 
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bisector  boundary  layer  was  found  by  extrapolating 
Values  of  ^ evaluated  at  x/D  • 0.2,  1,  2,  and  4 froa 
velocity  profiles  aeasursd  at  these  locations.  The 
virtual  origin  was  located  at  x,/D  - -0.65,  which 
Indicates  that  flow  at  x/D  • 0 Is  essentially  uni- 
form. Turbulence  Intensity  measureaents  In  the 
near  entrance  region  Indicated  a core  flow  turbulence 
level  less  than  0.0035.  These  results  can  be  com- 
pered with  chose  of  AhsMd  [9]  who  made  extensive  aes- 
sureasnes  In  Che  entrance  region  of  a square  duct  ov- 
er a aodarace  Reynolds  nusdiar  range  (4.7  x 10^  ^ Re 
^ 1.4  X 10^}.  His  results  also  Indicate  a core  flow 
turbulence  level  In  the  near  entrance  region  less 
chan  0.0035  for  the  Reynolds  nu^er  range  Investigat- 
ed. lacchell  [17]  has  shown,  however,  chat  close 
agreeswnt  between  Ahaed's  results  snd  aodel  predic- 
tions based  on  assuaed  unlfora  flow  at  x/D  ■ 0 la 
possible  only  when  a starting  length  x«/D  • -6.25  Is 
applied  to  Che  coapucaclons.  It  thus  appears  chat 
flow  at  the  Inlet  of  Ahaed's  duct  was  partially 
developed,  and  caution  must  be  observed,  therefore, 
when  coBiperlsons  are  asde  with  his  results. 

Mean  Velocity  Profiles 

2 

The  laocach  patterns  aeasured  In  a quadrant  of 
Che  flow  at  x/D  • 8,  16,  24,  40,  and  84  ace  shown  in 
Fig.  3.  The  profiles  exhibit  excellent  syaaecry 
about  Che  comer  bisector  and  are  Indicative  of 
the  presence  of  two  secondary  flow  cells  cantered 
about  Che  bisector,  as  shown  in  Fig.  1.  The  non-exls- 
canee  of  additional  secondary  flow  cells  In  the  near 
entrance  region  has  bean  conflmed  in  a previous 
study  [12].  Figure  3(s)  shews  that  isotaehs  beyond 
Che  comer  region  are  essentially  parallel  and  free 
of  the  ripples  which  exist  In  Ahaed's  patterns  at 
x/D  - 6.36  and  12.9. 


Fig.  3 Isetach  patterns  in  the  entrance  region  of  a 
square  duct.  Re  • 2.5  x 10^ 


An  Isotacb  Is  defined  as  a llna  of  constant  axial 
naan  velocity  in  a plane  nonal  to  the  axial  flow 
direction. 


In  Che  region  beyond  Che  location  where  the  wall 
and  comer  boundary  layers  begin  to  oarge  (sioulcs- 
neoualy  at  x/D  • 32),  Fig.  3(d)  shows  that  corres- 
ponding isotaehs  shift  markedly  between  x/D  - 40  snd 
a location  downstreaa  where  the  flow  reaches  an  appa- 
rent fully-developed  state  (x/D  • 84).  The  Isotaehs 
at  x/D  • 84  (dashed  lines)  are  more  distorted  chan 
their  counterparts  at  x/D  • 40,  which  Implies  that 
Che  strength  of  the  secondary  flow  increases  between 
these  two  locations.  This  conjectured  behavior  Is 
In  accord  with  the  results  of  an  earlier  related 
study  [15]  In  which  secondary  flow  velocity  components 
were  aieasuced  directly. 

Figure  4 shows  Che  scresawlse  variation  of  the 
axial  mean  velocity  component  measured  along  the  wall 
bisector  z/a  • 1.0  at  fixed  distances  from  the  wall 
over  Che  Interval  0.02  ^ y/a  ^ 1.0.  The  distribu- 
tions Indicate  a local  peaking  of  the  axial  velocity 
on  Che  duct  centerline  (y/a  • z/s  ■ 1.0)  at  x/D  - 
40,  an  affect  similar  to  chat  noted  by  Dean  [18] 
and  Comte-Bellot  [19]  In  their  experimental  studies 
of  developing  turbulent  flow  in  high  aspect  ratio 
rectangular  ducts.  The  centerline  velocity  distri- 
bution for  the  square  duct  peaks  at  a higher  value 
because  of  Increased  core  flow  acceleration  Induced 
by  simultaneous  boundary  layer  development  on  all 
four  walls.  The  peaking  also  occurs  downstream  of 
Che  location  where  the  boundary  layers  begin  to 
marge  (x/D  ■ 32),  indicating  that  further  adjustment 
of  the  flow  cakes  place  after  the  core  flow  becomes 
non-exlscant,  presumably  because  of  shear  layer  Incer- 
acclon  effects  which  le^  to  a aon-aquUlbrlum  condi- 
tion at  x/D  • 32.  Figure  5 shows  that  these  effects 
lead  CO  mean  rates  of  strain  at  x/D  ■ 40  which  exceed 
chose  observed  at  x/D  • 84. 


Fig.  4 Axial  naan  velocity  dlstributlena.  Dpper  sat 
shows  profile  development  along  the  w^l  bi- 
sector z/a  • 1 of  a square  duct,  Re  • 2.5 
X 10^.  Lower  sat  reprasancs  distributions 
along  axial  centerline ;Osduace  duet.  Re  • 

2.5  X lOS;  Q rectangular  duct,  AS  • 12.0, 

Re  ■ 1.0  X 10^:  A rectangular  duct,  AS  • 

13.3,  Re  • 2.4  X 10^. 
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(a)  Wall  blaaetor  profllaa 


(b)  Coniar  blaaccor  profUaa 


Pig.  5 Axial  oaaa  valoclty  dlatributloat  along  tha 
wall  blaaccor  a/a  • 1 and  alone  cha  comar 
blaaetor  y ■ a;  " 2.5  x ItH 


Ramolda  Strata  ProfUaa 

Baynolda  acraat  profUaa  naaaurad  in  a cooplaca  • 
octane  of  tba  flow  ara  raportad  by  Po  111].  In  tha 
pcaaanc  papar,  dlaeuaalon  will  cancar  on  profUaa 
Maaurad  along  comar  and  wall  blaactora  of  tba  duct. 
For  thla  purpoaa  It  la  eonvanlant  to  rafar  acraaa 
coaponanca  aaaaurad  along  cha  eomar  blaaetor  to  an 
xy'z'  coordlnata  ayacaa.  aa  abown  In  Fig.  6.  Thla 
flgura  alao  Indlcacaa  ehoaa  acraaa  coaponanca  which 
abould  ba  Idantlcally  taro  along  cha  eomar  and  wall 
blaaccoiaon  cha  baaia  of  ayaaacry  conaldaraelona. 

Noraal  teraaa  and  ahaar  acraaa  coaponant  pcofllaa 
aaaaurad  ac  dlffaranc  atraaaarlaa  locaclona  along  cha 
duct  ara  abown  in  Plga.  7 and  3.  Wlcbln  tba  innar 
cagion  of  cha  davaloping  boundary  layat  (y/dy 
< 0.5),  all  acraaa  coaponanca  on  cha  eomar  blaac- 
toc  ara  ganaraUy  lowar  chan  chair  councarparca  on 
cha  waU  blaaccor.  Thla  bahavior  la  appacancly  tha 
raault  of  cha  fluid  racalnlng  aoaa  of  ica  acatlaclcal 


Fig.  6 Baynolda  atraaa  eonponanca  acting  on  planaa 
nomal  and  pacallal  to  comar  and  wall  bl- 
aaetora 

proparelaa  aa  it  la  convaccad  inward  toward  cha  cor- 
aar  by  tha  aacondary  motion.  Thla  apparent  mamory- 
ratanclon  of  flow  in  tha  cranavaraa  plana  avancually 
laada  co  a placaau-llka  bahavior  of  cha  acraaa  conpo- 
nanca  along  tba  comar  blaaetor  aftac  cha  boundary 
layara  have  nargad  (rafar  to  raaulta  ac  x/D  • 40  and 
84).  Flguraa  7a  and  7b  alao  ahow  chat  cha  comar  baa 
an  Inhibiting  influanca  on  cha  anlaotropy  baewaan 
noraal  atraaa  coaponanca  in  cha  tranavaraa  plana,  l.a., 
Iv'it  - w'^l  la  ganarally  laaa  than  1 7^^  - w*)  in  cha  vici- 
nity of  tha  eomar  at  «ach  atraaawlaa  location. 

A coopariaon  of  -uv  and  -uv'  acraaa  conpo- 
nanca  aaaaurad  at  x/D  • 84  with  Chair  councarparca  ac 
x/D  • 40  (aa  indlcatad  by  cha  daahad-llna  dlacribu- 
clont.  In  Flga.  7 and  8)  cloazly  ahowa  that  acraaa  coa- 
ponanca ac  x/D  • 40  arc  olovacod  above  chair  down- 
acroaa  val'jaa  ac  x/D  ~ 84,  axeape  in  cha  iaaadlaca 
vicinity  of  cha  axial  conearlina  (y/a  • y'/a'  ■ l.O). 
Initially,  ona  aighc  ba  coaqicad  to  argua  chat  convac- 
tlva  cranaporc  affacca  in  cha  tranavaraa  plana  art 
ratponalbla  for  cha  obaarvad  dlffaroncaa.  Thla  la 
not  likely  co  ba  tha  caaa,  hovavar,  bacauaa  tha  cir- 
culatory nature  of  aacondary  flow  would  noroally  ba 
axpaccad  Co  dapreaa  atraaa  lavalt  along  a comar 
blaaetor  and  alovaca  thoo  on  a waU  blaaetor. 

A nora  plaualbla  arguaonc  can  ba  oada  if  one 
conaidara  tha  ralativaly  ttrong  ahaar  layat  Intar- 
actlon  aaaoelatad  with  cha  tioultanaoua  merging  of 
four  waU  boundary  layara  in  cha  aquara  ducc.  Thla 
Incaracclon  leadt  co  olevacod  mean  racea  of  acrain  at 
x/D  ~ 40,  aa  ahown  In  Fig.  5,  which,  ^ cum,  Influ- 
oncaa  the  racat  of  production  of  the  u^,  -uv,  and  -uv* 
atraaa  coaponanca  at  chla  location.  The  production 
racea  of  ebaae  conponantt  along  tha  percinanc  blaac- 
cora  can  ba  axpraaaad  (axaetly)  aa; 


WaU  blaaccor  (*/a  • 1) 


P(u2)  - - 2(u2  II  * uv  |£) 

(1) 

” 3U 

P(-uv)  • V 

(2) 

Comer  blaaetor  (y  • a) 

P(u^)  - - 

(3) 

_ - la  t 

P(-uv')  - ■5:77 

(4) 
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On  ch«  baala  of  ch«  valoclcy  profiles  In  Figs.  4 and 
5,  it  can  bs  shown  that  3U/3x  « 3U/3y  and  3U/3y', 
even  at  x/D  • 40  whsrs  3U/3x  is  dsfinicsly  nagaciva 
in  cha  cantral  portion  of  tba  boundary  layar.  Inas- 
much as  all  straas  componants  ara  of  tba  sama  ordar 
of  magnituda  at  thasa  locations  (axcapt  thosa  which 
identically  ara  xaro;  rafar  to  Figs.  7 and  8),  an  in- 
craasa  in  30/ 3y  (and  3U/3y')  will  causa  similar  in- 
craasas  in  tha  rates  of  production  of  i7,  -uv,  and 
-uv' . This  behavior  could  wall  explain  tha  elevated 
stress  levels  which  occur  at  x/D  ■ 40  in  comparison 
to  thosa  which  exist  at  x/D  • 84. 

Tha  elevated  stress  levels  which  occur  along  a 
wall  bisaccor,  as  shown  in  Figs.  7a  and  8a,  differ  in 
soma  respects  from  behavior  which  has  been  obsarvad 
in  developing,  two-dimansional  duct  flow.  Dean's  re- 
sults [18],  for  example,  show  that  although  stress 
values  at  xJ'O  > 40  (x/D  • 38.6)  lie  slightly  above 
values  Bsaaursd  in  the  fully-developed  state  (at 
x/D  - 93.6),  u^  values  at  x/D  - 38.6  arc  generally  less 
chan  values  msaaured  at  x/D  - 93.6.  This  behavior  is 
undoubtedly  the  result  of  a less  incense  shear  layer 
interaction  at  x/D  = 40  cosiparad  to  chat  which  occurs 
in  a square  duct. 

EVALUATION  OF  HIGBER-OBDER  aOSURE  MODELS 

Within  recent  years  various  higher-order  closure 
models  have  been  formulated  which  effect  closure  to 
Che  aquations  of  motion  by  applying  suitable  approxi- 
aaclons  to  the  Reynolds  stress .trsnsport  equations. 

One  of  the  more  promising  models  is  one  proposed  by 
Hanjalic  and  Laidtdar  [20].  This  model  has  recently 
bean  modlflad  and  extended  by  Launder,  Reece,  and 
Rodl  [21]  to  Include  near-wall  pressure-strain  effects 
in  its  formulation.  In  the  present  study,  the  data 
of  Po  [11]  were  snalyxed  In  order  to  examine  the 
appropriateness  of  cha  Banjalic-Launder  (BL)  and 
Launder,  Reece,  and  Rodl  (LRR)  pressure-strain  models 
for  turbulent  comer  flow.  Because  a three-dimen- 
sional version  of  the  LRR  near-wall  pressure-strain 
correction  term  has  not  yet  bean  formulated  for  tur- 
bulent comer  flow,  only  chair  basic  formulation  for 
pressure-strain  effects  will  be  considered  in  the 
present  paper. 

If  convective  and  diffusive  transport  effects 
are  neglected  as  a first  approximation,  then  the  Rey- 
nolds stress  transport  aquations  can  be  written  in 
the  following  fom  on  the  basis  of  either  HL's  or 
LRR's  closure  approxlsatlons: 


Py  + D^^  + PSy  (IT)  + PS^j  (KT)  - 0 (5) 


^3  * ■ • “l“k 


strain)  for  1 J , and  PS  • R (redistribution)  when 
1 ■ j3.  The  HL  and  LRR  moflela  differ  only  in  Che 
forms  specified  for  a^  and  the  numerical  values  of 
Che  empirical  constants:  C],  and  03. 

If  the  boundary  layer  approximations  for  turbu- 
lent comer  flow  are  applied  (cf.  Gessner  and  Emery 
[22]),  Chen  F,  D,  and  PS  (or  R)  for  the  individual 
stress  components  can  be  written  as  follows: 

"2 

u__co5monen^ 

p ■ - 2 (^  f ^ ^ lr> 

___ 

R(HL)  - - ^u^-  •|d+|~[ao+46)OT-2c,^2~^]  + 

|a[(2cH^B);Sr-2c/^>] 

R(LRR)-  - Cj^  |(u^-  ^)+  |£(2a+46)^?4-  ||(2a+4S)w 


V cogpon€nt 


R(HL)  - - c^  ^v^-  •||[4Bw-2c2  (2!^)  ] + 


■|^[2Buw-2c2"^i-jS=-M 

R(LRR)-  - c^  ^v^-  3k)+  |^4B+2C2);I^  |i(2Sw) 


V cottponant 


D - - ye 


R(HL)  - - c^  f(w2-  ^)+  |£(2Buv-2c2^2i-^h  + 


2 

3U,,.— , (w  -uw), 
tj[4Suw-2c2'-TJ-  ] 

- £,17  2,.n^  3D.. 


R(LRR)-  - c^  f(w^-  ^)+  |^2Bw)+  |^(46+2c2)uw 


uv  component 


p..c7|£.w|£) 


°i3  * - 3 = 

PSiJ  - '1  k - 3 *13 

30 

PS, 3 (W)  * ^ (Vj  + .^i) 

tt 

with  P i pmductlon  race,  D i (isotropic)  dissipation 
rats,  PS  (TT)  f pressure-strain  affects  caused  by 
"turbulSBt-turbulant"  interactions , and  PS  (HI)  i pres- 
sura-sttaln  affects  caused  by  "mean  flow-turbulent" 
interactions,  wham  PS  ■ PS  (TT)  PS  (HI)  (pressure 


3U  • 

PS(HL)  • ” o,  - w+'^Uo+e)v  ■♦•au^4-Yk-2c2  ] 


|^((a+B);^2c2  (2421)1 

PS(LRR)-  - c,  ^ uv>|^[(a+B)v^+(B-H:2)u^+vk]  + 

■rii(a+B)w 

ox 

^The  cam  "redistribution"  is  not  appropriate  when 
i.  4 i because  no  redistribution  actually  occurs  among 
the  shear  stress  components. 
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F 


'1 


uv  component 


B / — 5U  ^ 2 3L\ 

P ■ • (vw  •—  + w — ) 
oy  9Z 


D ■ 0 


PS(HL)  • - ^ uw  + [(a-t-9 vw-2c^ (uy^uw)  j ^ 

-|£[(a-^^)w-+bu“+Yk-2c2  ^T'  ^ ' 


PS(UIR)"  - c,  -r  uw  + T^a+b)vwt-r7l(a+S)tf^+(ij+c,)uV|fk] 
1 g.  ay  az 

vw  component 
P - 0 
D - 0 

PS(HL)  - - ^ w + |2[3^.2c2  + 

|£[  3^7-20,^^^] 

PS(UIR)-  - c,  ^ w -f  47(S+c,)uw  + ■^S+c,)uv 
Ik  ay  2 a*  2 


Cl  i 2.3 
C2  a 0.45 


ei  = 1.5 
C2  = 0.4 


a * a0-8c2)/U  a = (l(H4e2)/ll 
3 5 -(2-6c2)/11  8 a -(2+3c2)/11 


Y i (2-6c2)/55 
(HL  aodal) 


Y 8 -(30c2-2)/55 
(LSR  nodal) 


2 2 2 

From  tha  aquationa  for  u , v , and  w , Ic  fol- 
lows citac  Cba  disslpaclon  rata,  c,  can  ba  axprassed  as 


3D  _ 30. 
£ • - (uv  v—  + uw  ■!— ) 
ay  as 


(6) 


or,  aqulvalantly,  in  tarns  of  a langth  seals  as  [22] 


r — 2 ^ —2 
J , [uv  uw 

‘p 


3/4 


(7) 


with 


1/4 


P [(3n/3y)^  + (3U/3s)-]^^^ 


flgura  it  is  evldant  that  both  tha  HL  and  LRK  formu- 
lations nodal  pressure-strain  affects  on  the  indivi- 
dual components  very  well.  The  figure  indicates, 
for  example,  that  energy  received  by  the  u-  component 
is  redistributed  to  the  ^ and  ^ components,  and 
that  the  production  of  -uv  is  offset  by  losses  result- 
ing from  pressure-strain  effects  in  the  flow.  The 
results  shown  in  Fig.  9 also  provide  indirect  confir- 
mation of  equation  (7)  for  modeling  c,  inasmuch  as 
the  sum  of  terms  (S)  is  aasantlally  zero  over  most 
of  the  boundary  layer.  Additional  comparisons  not 
Included  in  this  paper  show  chat  essentially  Che 
saM  level  of  agreement  exists  whan  c is  modeled  in 
terms  of  k and  a2>  i***f  when  c • with 

02  * 0.26  on  Che  basis  of  values  for  ci  and  C2  pre- 
scribed by  Hanjalic  and  Launder  [20].  The  call-up  or 
tail-down  behavior  of  S as  the  wall  is  approached  is 
attributable  primarily  to  the  neglect  of  naar-wall 
pressure-strain  effects  in  equation  (5). 

In  order  to  determine  whether  equations  (5)  and 
(7)  model  local  behavior  in  Che  vicinity  of  a comer, 
distributions  of  P,  D,  and  PS  (or  R)  were  evaluated 
for  all  six  Reynolds  stress  components  along  the 
traverse  z/a  • 0.1  at  x/D  • 24.  Flgtire  10  shows  that 
local  "source-sink"  behavior  is  modeled  remarkably 
well  for  each  stress  component.  The  modeling  of 
pressure-strain  effects  by  either  the  HL  or  LRR  for- 
mulation leads  CO  an  almost  exact  balance  of  terms 
for  each  component.  These  results  imply  chat  either 
model  may  ba  used  to  predict  local  pressure-strain  be-  j 

havlor  in  both  the  two-dimensional  and  three-dimen- 
sional regions  of  the  flow.  Note  also  chat  source- 
sink  effects  on  vw  cannot  be  sndeled  properly  unless  | 

both  "turbulent  - turbulent”  and  "naan  flow-turbulent"  | 

interactions  are  modeled  in  the  pressure-strain  term. 

This  dependency  implies  chat  methods  of  closure  in  | 

which  only  retum-co-isotropy  effects  ("turbulent  - 
turbulent"  interactions)  are  modeled  cannot  Lu  used 
CO  predict  local  flow  behavior  in  Che  comer  region.  < 

Figure  10  shows  chat,  at  times,  the  production 
of  -uv  may  be  either  positive  or  negative  along  Che 
traverse  z/a  • 0.1.  This  behavior  is  the  result  of 
Che  local  turbulent  shear  stress  following  the  sign  | 

(■*■  or  -)  of  the  local  mean  velocity  gradient.  This 
can  best  be  denonscraced  by  comparing  -uv  stress  dis- 
tributions measured  at  x/D  - 84  (Fig.  11)  with  Che 
Isocach  patterns  shown  in  Fig.  3d.  Along  a traverse 
over  which  the  sign  of  -uv  changes  (e.g.,  along  z/a  • 

0.2),  Fig.  12  shows  that  the  mechanisms  which  lead 
Co  a loss  or  gain  in  -uv  are  directly  correlated  with 
Che  sign  of  -uv  itself. 

CONCLUDING  REMARKS 


where  ip  can  be  regarded  as  an  extended  form  of  Pran- 
dcl's  mixing  length.  In  equation  (7),  e is  modeled 
in  terms  of  the  resultant  primary  shear  stress 
(uv2  -f  uw2)^'2  ggj  isotropic  langth  scale,  ip. 

In  a manner  which  does  not  account  for  possible  vis- 
cous effects  on  the  dissipation  rata.  This  is  par- 
slssible  in  the  present  study  because  cba  local  cur- 
bulance  Reynolds  number  (i  ki/2i./v)  was  greater  chan 
400  at  all  measuring  points  in  the  flow. 

Distributions  of  P,  D,  and  PS  (or  R)  counted 
for  Che  individual  stress  components  along  a wall  bi- 
sector (z/a  >1.0)  in  Che  developing  flow  region  of 
Che  duct  (x/D  • 24)  are  shown  in  Fig.  9.^  From  the 


4 

The  distributions  shown  in  Fig.  9 and  in  subsequent 
figures  have  been  normalized  by  the  duet  half-width, 
a,  and  Che  bulk  flow  velocity,  U],. 


This  paper  has  presented  and  analyzed  some  re- 
cently acquired  data  in  Che  entrance  region  of  a 
square  duct.  The  scepe  of  the  results  presented  is 
necessarily  conacralned  by  space  limitations,  and 
more  extensive  tabulated  data  are  available  from  the 
authors  upon  request.  On  the  basis  of  the  results 
presented  in  this  paper,  the  following  conclusions 
may  be  drawn  for  developing  turbulent  flow  in  a square 
duct  with  uniform  flow  inlet  conditions; 

1.  The  simultaneous  merging  of  four  wall  boun- 
dary layers  leads  to  a relatively  strong 
shear  layer  inceraeclon  downstream  of  the 
location  where  the  boundary  layers  initial- 
ly marge  (x/D  » 32) . At  x/D  • 40  the  axial 
centerline  velocity  peaks  at  a higher  value 
chan  chat  observed  in  two-dimensional  duct 
flow,  and  elevated  mean  races  of  strain 
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(a)  BL  aodal  (b)  LKR  nodal 


Fig.  9 Produecloa,  disiipatlon,  and  praaaura-atraln  affaccs  on  Raynolda  acraaa  componanca  along  tha  vail 
blaactoT  z/a  ■ 1;  z/D  • 24,  Ka  • 2.5  x 10^ 


azlat  in  cha  flow.  Cartaln  Eaynolda  atraaa 
componanca  (i7,  and  -uv)  ara  alao  alavacad 
In  conpariaon  to  valuaa  which  azlat  whan 
cha  flow  la  fully  davalopad. 

2.  Convacciva  and  diffualva  craaaport  affaeta 
in  tha  Raynolda  acraaa  craaaport  aquatlona 
ara  oagllgibla  in  conpariaon  to  ao  urca-aink 
affaeta  in  thia  aquation.  Tha  HL  and  LRR 
praaaura-atraln  modala  can  ba  uaad  to  modal 
local  praaaura-atraln  bahavlor  in  both  cha 
cvo-dlawnaional  and  chraa-dlmanaional  ra- 
glona  of  cha  flow.  Tha  anplrlcal  conatanta, 
e^,  and  cj,  aa  dafinad  for  two-dliaaaaional 
flow,  ara  alao  adaquata  for  aodaling  local 
praaaura-atraln  bahavlor  in  cha  thraa-dlman- 
alonal  comar  raglon.  A naar-wall  praaaura 
acraln  eorractlon  cam  muat  ba  Includad  In 
cha  Raynolda  acraaa  tranaporc  aquatlona  if 
local  bahavlor  in  tha  iomadlaca  vicinity  of 


a comar  or  bounding  wall  la  to  ba  modalad 
proparly. 

3.  Tha  diaalpaclon  rata  la  modalad  raaaonably 
wall  at  cha  polnca  not  coo  cloaa  to  a wall 
whan  c la  axpraaaad  In  cama  of  cha  rcaul- 
cant  primary  ahaar  acraaa  and  an  azeandad 
fom  of  Prandtl'a  mixing  langch.  Tha  aama 
laval  of  agraamanc  azlaca  whara  c la  modal- 
ad in  tarma  of  tha  turbulanea  klnatlc  anar- 
gy  by  maana  of  an  anplrlcal  conatant  which 
la  unlqualy  ralacad  to  cha  valuaa  of  ci  and 
C2  praacrlbad  by  Hanjallc  and  Laundar  [20]. 
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abstract 


1.  INTRODUCTION 


Extensive  experiments  were  carried  out  in  a three-dimen- 
sional incompressible  turbulent  boundary  layer  growing  in  front  of 
a cylinder  standing  on  a flat  wall  in  a wind  tuimel.  Beginning  with 
the  quasi  two-dimensional  boundary  layer  far  in  front  of  the  cylin- 
der the  development  of  the  boundary  layer  profiles  were  investiga- 
ted along  a streamline  of  the  free  stream  up  to  the  region  behind 
the  “three-dimensional**  separation.  At  14  different  stations,  pro- 
files were  measured  of  the  mean  velocity  vector,  the  6 components 
of  the  turbulent  stress  tensor,  the  static  pressure  and  in  addition 
the  wall  shear  stress  vector.  The  turbulence  measurements  were 
carried  out  with  a single  hot  wire  probe  and  with  a rotatable  X- 
-probe,  whose  axis  could  be  aligned  with  the  direction  of  the  local 
mean  velocity.  From  this  data  the  direction  of  the  velocity  gradient 
and  of  the  turbulent  shear  stress  were  evaluated.  The  applicability 
of  different  shear  stress  models  is  checked  and  discussed. 

NOMENCLATURE 

c wall-parallel  component  of  the  mean  velocity 

c,,  C],  c,  fluctuating  velocity  components  (see  fig.  S) 

Cp  pressure  coefficient 

tpiP,  mixing  length 

s magnitude  of  the  mean  velocity  in  the  boundary  layer 

(see  fig.  4 and  5) 

s, , S] , s,  fluctuating  velocity  components  (see  fig.  5) 

Ug„  reference  velocity  (u,j  - 22,7  m/s;  u,|  " 0,879  m/s) 

u,  mean  velocity  at  the  edge  of  the  boundary  layer 

u,  friction  velocity 

u.  V,  w components  of  the  mean  velocity  (see  fig.  4) 

X,  y,  z boundary  layer  co-ordinates 

a flow  angle  at  the  edge  of  the  boundary  layer  relativ 

to  the  tunnel  axis  (tee  fig.  4) 

S flow  angle  inside  the  boundary  layer  relative  to  the 

wall  (pitch,  upwuh)  (see  fig.  4) 

v,  eddy  viscosity 

y flow  angle  inside  the  boundary  layer  relative  to  the 

x-y-plane  (yaw)  (see  fig.  4) 
angle  of  the  velocity  gradient  vector  relative  to  the 
x-y-plane 

angle  of  the  wall-parallel  component  of  the  shear 
stress  vector  relative  to  the  x-y-plane 
p density 

in  magnitude  of  shear  stress  vector 

r.  wall  shear  stress 


For  the  development  of  better  calculation  methods  for 
three-dimensional  turbulent  boundarj'  layers  more  data  are  urgently 
needed,  in  particular  concerning  the  behaviour  of  the  turbulence 
properties.  Recent  meetings  on  this  subject,  (e.  g.  Euromech  60  in 
Trondheim  1975)  confirm  this  necessity.  The  purpose  of  this  paper 
is  to  contribute  new  dau  to  this  subject. 

V.  d.  BERG  et.  aL  [1]  and  ELSENAAR  et.  aL  [2]  have 
made  complete  measurements  in  a three-dimensional  boundary  layer 
of  the  infinite  swept  wing  type:  in  the  present  case  data  of  a more 
general  type  are  to  be  presented,  obtained  in  a three-dimensional 
boundary  layer  in  front  of  an  obstruction  mounted  upon  a flat 
plate.  As  in  the  case  of  EAST  et.  al.  [3]  (who  only  made  measure- 
ments of  the  mean  velocity)  the  obstruction  is  a cylindrical  body, 
and  the  boundary  layer  on  the  flat  plate  in  front  of  the  body  is  t* 
be  investigated. 

2.  DESCRIPTION  OF  THE  WORKING  SECTION 

The  measurements  were  carried  out  in  the  boundary  layer 
wind  turmel  of  the  Institut  fOr  StrOmungslehre  und  Strdmungsma- 
schinen  of  the  University  of  Karlsruhe.  Figure  I shows  the  sketch 
of  the  working  section  which  is  a recungular  duct  of  1 500  mm  x 
X 300  mm  cross  section  and  3000  mm  length.  The  cylinder  dia- 
meter is  320  mm  with  a streamlined  afterbody  which  prevents  se- 
paration. The  cylindrical  body  extends  from  the  floor  to  the  roof, 
the  working  area  being  near  to  the  floor.  The  boundary  layer 
probes  are  mounted  in  a probe-holder  which  is  movable  normal  to 
the  walls  and  can  be  rotated  around  the  axis  normal  to  the  walls 
by  a traversing  mechanism.  The  probe-holder  fits  through  slots  in 
the  upper  wall  of  the  working  section  and  can  be  shifted  together 
with  the  traversing  gear  along  the  slots  whose  direction  is  parallel 
to  the  tunnel  axis.  In  addition  a part  of  the  roof  plate  is  movable 
spanwise  together  with  the  probe.  The  floor  plate  is  designed  in  a 
similar  manner  with  pressure  taps  and  the  possibility  of  inserting 
flush-mounted  hot  films.  This  design  of  the  working  section  allows 
every  point  of  the  working  area  to  be  reached  by  the  probes. 

Figure  2 shows  some  streamlines  in  the  working  section:  the 
wall  streamlines  were  determined  from  an  oil  flow  pattern,  whereas 
the  lines  in  the  free  stream  are  drawn  from  direction  measurements 
with  a Conrad-tube.  The  quasi  two-dimensionality  at  the  start  of 
the  region  of  the  three-dimensional  separation  can  easily  be  seen. 

In  this  region  there  exist  large  gradients  of  the  mean  velocity  in  all 
directions  and  the  vector  of  the  mean  velocity  carries  a component 
normal  to  the  wall  whidi  is  not  negligible.  These  two  facts  are  im- 
portant: the  first  for  the  cntical  examination  of  the  results  of  this 
work,  the  second  for  the  applicability  of  the  different  measurement 
techniques. 
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3.  MEASURING  PROGRAM 

In  addition  to  the  direction  of  the  streamlines  in  the  free 
nream  the  magnitude  of  the  velocity  and  the  static  pressure  were 
also  measured,  as  was  the  static  pressure  at  the  wall  The  isobars 
in  the  free  stream  and  at  the  wall  are  shown  in  figure  3,  where 
one  can  see  the  large  differences  near  the  cylinder. 

One  streamline  in  the  free  stream  was  chosen  (see  fig.  3) 
along  which  the  boundary  layer  profiles  were  investigated  at  10 
separate  stations  (No.  1 - 101.  In  addition,  2 sutions  (No.  1 1 and 
12)  on  a streamline  further  removed  from  the  cylinder  and  2 su- 
tions (No.  13  and  14)  on  the  median  plane  were  chosen.  At  these 
14  stations  the  following  variables  were  measured: 

I)  the  vector  of  the  mean  velocity, 

n)  the  6 components  of  the  Reynolds  stress  tensor, 

III)  the  sutic  pressure  and 

IV)  the  value  and  direction  of  the  wall  shear  stress. 

For  presenution  purposes  a streamline  coordinate  system  is  used 
whose  x-axis  is  aligned  with  the  direction  of  the  mean  velocity  at 
the  edge  of  the  boundary  layer  and  projected  onto  the  wall  at 
every  sution.  Bgures  4 and  5 show  the  symbols  used  for  the  mean 
velocity  and  the  fluctuating  velocity  components. 

4.  EXPERIMENTAL  METHODS 

In  the  free  stream  area  the  value  of  the  mean  velocity  u was 
measured  with  a Pitot-tube  and  a sUtic  pressure  probe  after  evalua- 
tion of  its  direction  with  a Coiuad-tube.  Inside  the  boundary  layer 
the  value  of  the  mean  velocity  vector  s,  the  yaw  angle  y and  the  tur- 
bulence intensity  were  measured  with  a boundary  layer  type 
single  hot-wire  sensor  with  gold  plated  ends.  The  pitch  angle  g 
and  the  remaining  5 components  of  the  stress  tensor  were  mea- 
sured with  a X-probe.  The  design  of  the  probe  holder  allowed 
yawing  around  the  y-axis,  pitching  relative  to  the  wall  and  turning 
around  the  probe  axis  without  the  probe  tip  leaving  the  measure- 
ment point.  It  was  thus  possible  to  align  the  probe  axis  with  the 
local  direction  of  the  mean  velocity  s.  Figure  6 shows  the  X-probe 
in  the  test  sectiott  Due  to  this  aligrunent  the  two  wires  of  the  X- 
-probe  are  equally  sensitive  to  the  fluctuating  component  in  the 
direction  of  the  local  mean  velocity  and  to  the  component  normal 
to  the  mean  velocity  which  lies  in  the  plane  formed  by  the  wire 
and  the  mean  velocity.  By  turning  the  X-probe  around  its  axis  in 
steps  of  45  degrees  combined  with  suitable  processing  of  the  signals 
the  6 components  of  the  Reynolds  stress  tensor  can  be  evaluated. 
After  calitation  and  linearisation  of  the  wire  signals  this  kind  of 
evaluation  needs  no  further  assumptions  and  corrections  and  is  the 
consistent  application  of  the  X-probe  methods  described  by  HINZE 
(4)  and  BRADSHAW  et.  al  [S],  it  seems  to  be  comparatively 
accurate.  This  is  of  course  only  valid,  if  influence  of  temperature, 
dust,  electronic  drift,  mal-positioning  of  the  (nobe,  imperfections 
in  the  manufacturing  of  the  probe  and  last  but  not  least  the  in- 
fluence of  the  noi>-uniform  flow  field  are  properly  taken  into  con- 
sideration. 

The  static  pressure  inside  the  boundary  layer  was  evaluated 
with  the  usual  disc-probe;  pressure  taps  were  used  for  the  wall 
pressure.  The  value  of  the  wall  shear  stress  was  measured  with  a 
Preston-tube.  The  direction  of  the  wall  streamlines  was  evaluated 
in  3 different  ways: 

I)  from  the  oil  flow  pattern, 

ID  by  extrapolating  the  direction  of  the  mean  velocity 
at  a wall  distance  y • 0,2  mm  and 

IID  with  a tumable  flush-mounted  hot-fllm  probe. 

5.  PRESENTATION  OF  THE  MEASUREMENTS 

In  this  section  the  most  important  results  of  the  measure- 
ments will  be  shown.  For  the  whole  data  set  see  DECHOW  |6|. 


In  the  first  part  the  governing  flow  parameters  are  shown  along  the 
streamline  described  in  section  3 and  marked  in  figure  2.  This  will 
explain  the  nature  of  the  flow  at  the  edge  of  the  boundary  layer 
and  will  be  helpful  for  the  later  understanding  of  the  boundary 
layer  data.  These  are  presented  in  the  second  part,  where  4 of  the 
14  profiles  measured  are  described. 

5.1.  Flow  Parameters  Along  the  Streamline 

Figure  1 1 shows  the  flow  parameters  plotted  against  the  x- 
-coordinate,  which  follows  the  projection  of  the  streamline  on  the 
wall.  Along  this  streamline  the  development  of  the  boundary  layer 
was  investigated  at  the  stations  I to  10  (see  figure  2).  The  measure- 
ments at  stations  II  to  14  were  made  for  comparison  purposes.  In 
the  upper  part  of  figure  1 1 the  pressure  coefficient  c^  is  drawn: 

Cjii  is  the  pressure  at  the  edge  of  the  boundary  layer,  c^o 
at  the  wall.  The  wall  pressure  on  the  centerline  c,,  (z  - 0)  is  in- 
cluded for  comparison. 

The  lower  part  shows  the  mean  velocity  u,  and  the  friction 
velocity  u,,  both  made  dimensionless  with  their  values  at  station  1. 
In  this  part  only  one  value  on  the  centerline  (z  • 0)  is  included  for 
u,  and  u, . 

The  figure  shows  a small  deceleration  of  the  velocity  up  to 
the  line  of  three-dimensional  separation  (x  •>  520  mm)  and  an 
acceleration  after  this  line.  In  the  region  of  acceleration  the  friction 
velocity  grows  much  faster  than  the  velocity  at  the  edge.  This 
follows  the  development  of  the  static  pressure,  which  drops  sharper 
at  the  wall  than  at  the  edge.  The  velocity  profiles  will  show  later  a 
strong  acceleration  near  the  wall  in  this  regiotu  All  these  facts  are 
well  matched. 

The  directions  relative  to  the  tuimel  of  the  free  streamline, 
that  is  the  angle  a,  and  of  the  near-wall  streamlines,  that  is  the  sum 
of  a and  the  yaw  angle  j near  or  at  the  wall,  are  shown  fli  figure 
1 2.  Again  there  is  a strong  change  at  the  wall  in  the  region  near  the 
so-called  three-dimensional  separation.  The  different  measurement 
show  different  directions  in  this  region.  This  can  be  interpreted  by 
the  different  measuring  methods  and  by  the  nature  of  the  flow. 

5.2.  Boundary  Layer  Profiles 

Only  4 represenutive  sutions  are  here  selected  to  indicate  the 
results  of  the  measuremenu  ;aken  at  the  10  sutions  on  the  stream- 
line (see  figures  7a  to  lOc).  In  each  of  these  figures  the  parameters 
are  non-dimensionalised  and  plotted  against  the  wall  disunce  y in 
mm.  The  components  u.  v and  w of  the  mean  velocity  are  plotted 
in  the  upper  figures  (fig.  7a  - lOa)  non-dimensionalised  by  u, . The 
turbulence  intensities  were  measured  in  components  s, , s,  and  s, 
relative  to  the  mean  velocity  s.  They  will  be  shown  here  after  con- 
version to  components  c, , Cj  and  c,  relative  to  the  mean  velocity 
component  c parallel  to  the  wall  (see  fig.  5).  Figures  7b  - 10b 
show  the  rms-values  of  the  iptensities  c, , c,  and  c,  non-dimen- 
sionalised by  the  friction  velocity  u,.  In  figures  7c  - lOc  the  shear 
stress  components  c,  c, , CjC,  and  cTc^  are  plotted,  this  time  non- 
-dimensionalised  with  u’. 

The  three  diagrams  of  figure  7 show  the  profiles  at  station  I. 
which  lies  about  1 500  mm  downstream  of  the  beginning  of  the  wor- 
king section.  The  mean  velocity  profile  is  a quasi  two-dimensional 
one:  the  profiles  of  the  fluctuating  components  and  of  the  shear 
stress  (c,c. ) are  in  good  agreement  with  the  flat  plate  boundary 
layer  dau  of  KLEBANOFF  [7].  Figures  8.  9 and  10  belong  to 
sutions  5.  7 and  10  and  the  increasing  influence  of  three-dimen- 
sionality can  clearly  be  seen.  The  daU  at  sutions  5 and  7 correv 
pond  well  to  the  measurements  of  v.d.  BERG  et.  al.  [ I]  and 
ELSENAAR  et.  al.  (2].  whereas  at  station  10  (fig.  I0a.b.c)  the 
shape  of  the  profiles  deviates  widely  from  that  observed  normaly  in 
three-dimensional  boundary  layer  because  of  the  extreme  conditions 
existing  in  this  region,  as  described  in  section  5.1.  At  this  sution 
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the  vector  of  the  mean  velocity  has  in  the  middle  part  of  the  boun- 
dary layer  a component  v normal  to  the  wall  of  about  10  ^ of 
u,  ; as  the  wall  is  approached  v fust  tends  to  zero  and  then 
changes  its  direction.  In  addition  the  w component  grows.  This  re- 
sults in  the  above  - mentioned  acceleiation  of  the  flow  near  the 
wall  which  IS  produced  by  a secondary  boundary  layer  originating 
in  the  horseshoe  votte.x  at  the  bottom  of  the  oiinder.  A discussion 
of  the  behaviour  of  the  stress  tensor  follows  in  the  next  section  to- 
gether with  the  other  related  parameters. 

As  already  shown  in  figure  3 the  static  pressure  at  the  wall 
and  m the  free  stream  differ  in  the  region  near  the  three-dimensio- 
nal separation.  The  proflle  of  the  pressure  coefficient  at  station  10 
is  shown  in  figure  13.  Due  to  the  possibility  of  errors,  these  mea- 
surements should  be  interpreted  carefully,  nevertheless  the  data 
do  show  a large  deviation  from  the  assumption  of  constant  pressure 
inside  the  boundary  layer. 

6.  FURTHER  RESULTS 


In  order  to  make  possible  a comparison  with  existing  calcu- 
lation methods  and  existing  data,  other  related  parameters  were 
computed  from  the  present  measurements.  It  is  especially  impor- 
tant to  include  information  about  the  nature  of  the  turbulent  shear 
stresses.  In  contrast  to  the  two-dimensional  case  one  has  to  take  in- 
to account  the  vectorial  nature  of  the  mean  velocity  and  of  the 
shear  stress  in  a three-dimensional  boundary  layer,  Le.  the  direction 
of  the  different  parameters  must  be  considered.  Several  calculation 
methods  for  tur^ent  boundary  layen  use  empirical  equations  for 
the  shear  stress  and  relate  it  to  the  mean  velocity  gradient,  e.g.  the 
eddy-viscosity  or  the  nuxing-length  hypotheses.  If  these  equations 
are  to  be  used  in  the  same  way  for  three-dimensional  turbulent 
boundary  layers,  the  directions  of  the  shear  stress  and  the  velocity 
gradient  must  be  taken  into  consideration. 

If  it  is  assumed  that  the  Shear  stress  component  c7^  has 
no  influence  on  the  mean  velocity  profile,  the  magnitude  of  the 
resultant  shear  stress  can  be  computed  by 

in  « fl-VcTcP  -I-  c^e^’ 


and  its  angle  relative  to  the  x-y-plane  of  the  boundary  layer  cc -ordi- 
nates is  given  by; 


C,Ca 

r,  • arctgC-j*)  7 

(for  c,Cj  < 0) 

7,  - arcctg(-^)  + 7 

(for  c7^  > 0) 

(N.B.  Cj  c,  is  greater  than  zero  in  all  measured  profiles.) 


For  computing  the  magnitude  of  the  velocity  gradient  vector 
only  the  componentt  parallel  to  the  wall  are  considered; 


and  its  angle  relative  to  the  x-y-plane  is  thus; 


To 


, 3w  , 
arctgj^/ 


3U 

ay  ■ 


Other  authors  have  already  shown,  that  the  direction  of  the  mean 
velocity  gradient  vector  and  the  direction  of  the  resultant  shear 
stress  do  not  agree  in  three-dimensional  boundary  layers  (see  (21): 
this  is  also  the  case  in  the  boundary  layer  investigated  here,  where 
very  large  discrepanaes  are  found. 

Figures  14.  IS  and  16  indicate  the  magnitude  of  the  discre- 
pancies in  the  present  flow  and  also  contain  the  yaw  angle  measured 
at  stations  5,  T and  10  (note  that  in  figure  16  the  scale  has  been 
altered). 


The  eddy-viscosity  relates  the  shear  stress  and  the  velocity'  gradient 
s-ia; 


ill 

p 


I 

1^1 

9y 


non-dimensionalising  with  u,  and  a displacement  thickness  S , „ 
(formed  from  the  velocity  u)  it  follows  that: 


which  is  often  constant  for  the  central  part  of  two-dimensional 
boundary  layer  profiles.  Figure  1 7 shows  k,  venus  y/6  (i  • 

• boundary  layer  thickness)  for  all  10  stations  along  the  streamline 
and  it  may  be  noted  that  only  at  the  stations  1 , 2 and  3 is  the 
shape  similar  to  the  two-dimensional  case. 

For  the  mixing  length  the  defming  relation  is 

e - yjs— 

sy 


and  near  the  wall: 

'mw  ’ k,  ■ y 

with  k,  « 0.41  for  two-dimensional  boundary  layers.  Figure  18 
shows  the  mixing  length  versus  the  wall  distance  (both  non-dimen- 
sionalised  with  S)  for  aU  the  10  stations.  Again  there  exists  a large 
deviation  in  comparison  with  the  two-dimensional  profile  at  station 
1. 

A comparison  with  other  shear  stress  models  in  [6]  has 
shown  similar  results. 

7.  CON(n.USIONS 

The  measurements  presented  in  this  paper  give  a comprehen- 
sive description  of  the  investigated  three-dimensional  turbulent  boun- 
dary layer.  Due  to  the  extreme  care  taken  with  regard  to  the  mea- 
surement techniques  the  accuracy  and  reliabflity  of  the  present  data 
are  believed  to  be  comparatively  good.  The  nature  of  the  turbulent 
shear  tttem  is  the  most  interesting  part  of  the  results,  indicating  that 
the  shear  stress  models  used  in  two-dimensional  compuution 
methods  can  not  be  applied  to  three-dimensional  turbulent  boun- 
dary layers  without  additional  new  empirical  input.  No  correlation 
could  be  found  between  the  wall-patallel  shear  stress  and  the  veloci- 
ty gradient  3c/dy.  In  the  boundary  layer  investipted  in  the  present 
work  noticeable  gradients  exist  also  in  other  directions:  it  therefore 
seems  necessary  to  examine  the  relationship  between  all  three  com- 
ponentt of  the  shear  stress  and  all  components  of  the  velocity 
gradient  vector;  to  do  this  however,  further  measurements  art 
necessary. 

Other  results  presented  here  indicate  that  the  applicability 
of  the  boundary  layer  simplifications  to  three-dimensional  turbulent 
boundary  layers  (at  lea.'t  those  near  separation)  should  be  discussed. 
Further,  the  results  sh-iw  a good  agreement  with  Elsenaar’s  data 
tom  an  infinite  swep  -ing.  but  the  three-dimensional  effects  are 
noticeably  stronger  in  the  present  case. 
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ABSTRACT 

Scaa  results  of  an  experiaental  study  of  the 
effect  of  mild  longitudinal  wall-curvature  on  turbu- 
lent boundary  layers  are  presented.  The  use  and  lin- 
itations  of  curvature-buoyancy  analogy  are  exaained. 
The  effects  of  curvature  on  the  turbulent  shear  stress 
are  discussed.  lastly,  data  oa_tha  effects  of  curva- 
ture, on  sane  aspects  of  the  fine  scale  structure  of 
turbulence  are  presented  and  correlation  between  the 
fine  scale  structure  and  the  turbulent  fluctuations 
is  discussed. 

NOMENCLATURE 

a structure  paraswter  |uv|/q^ 
c^  universal  constant  in  Eq.  (3) 

f frequency  of  bursts 
frequency  of  runs 

L ,L_  length  scales  based  on  f_  and  f 
p r p ra 

(a  o/f  and  U/f  respectively)  • 
p ra 

L^  dissipation  length  scale 
1|^  Prandtl-Kolaogorov  length  scale 
1^  sdxing  length  for  curved  boundary  layer 
1^  mixing  length  for  flat  wall  boundary  layer 

^ twice  the  turbulent  Jcinetic  energy  per  unit 

mass 

R radius  of  curvature  of  the  vnlljj  ^ , 

R^g  curvature  Richardson  nuaber:  Y /( 

Rg  moaentuB  thickness  Reynolds  number 

r local  radius  of  curvature  of  the  stresaline 
T^,T^  integral  tiae  scales  of  u and  v fluctuations 

U Bean  velocity  in  the  streaawlse  direction 
D.  velocity  at  the  edge  of  the  boundary  layer 
u turbulent  velocity  fluctuation  in  the  longi- 
tudinal direction 

V turbulent  velocity  fluctuation  in  the  radial 
direction 

y radial  distance  from  the  wall 

S constant  in  Eq.  (1) 

i boundary  layer  thickness  based  on  99  per  cent 
of  free  stream  angular  aoasntum  (Dr)a 
c dissipation  rate 

; spanwise  coaponent  of  vortlclty 

n non-diaensional  distance  y/S 

X Taylor-aicroseale 

i density  of  the  fluid 

9 strean  function 


SUBSCRIPTS 

c curved  wall 

F flat  wall 

positive  or  negative  part  of  the  velocity 

fluctuation  respectively 

INTRODUCTION 

In  1969,  Bradshaw  [l]  predicted  that  even  mildt 
streamline  curvature  can  significantly  affect  the 
structure  and  development  of  turbulent  botindary  layers. 
Ha  also  proposed  a model  based  on  analogy  between 
streamline  curvature  and  )3uoyancy,  for  assessing  the 
effect  of  curvature  on  the  distribution  of  the  length 
scale  across  the  laoundary  layer.  He  used  this  model 
•for  predicting  boundary  layer  development  over  a mild- 
ly curved  surface.  The  model  %as  also  used  later  by 
Eide  and  Johnston  [2]  in  their  prediction  procedure. 
Experiawntfal  data  on  curved  wall  boundary  layers  have 
been  obtained  in  the  recent  past  by  So  and  Mellor  [ 3 ] , 
Ellis  and  Joubert  [4],  and  Meroney  and  Bradshaw  [5]. 
Data  on  the  effect  of  streamline  curvature  on  free 
turbulent  shear  flows  have  been  very  recently  reported 
by  Castro  and  Bradshaw  [6],  The  investigation  report- 
ed in  this  paper  is  a part  of  a more  extensive  study 
of  the  effect  of  curvature  on  turbulent  boundary 
layers  involving  the  measuresient  of  both  the  mean  and 
turbulent  flow  quantities.  A complete  account  of  this 
study  is  reported  in  .[  7 ] . 

The  mean  flow  studies  indicated  that  while  the 
flow  near  a mildly  curved  %all  still  folloia  the  uni- 
versal log  law,  the  wa)ce  structure  is  affected  signi- 
ficantly by  curvature  [b].  In  fact,  it  was  found 
that  mild  curvature  produces  a much  larger  effect  than 
what  one  anticipates  from  an  interpolation  between  the 
effects  of  zero  and  strong  ctirvature.  It  is  this 
observation  that  prompted  the  authors  to  carry  out  a 
detailed  study  of  the  structure  of  turbulence  in 
curved  boundary  layers.  The  study  reported  here  in- 
cluded an  investigation  of  the  effect  of  curvature  on 
the  different  length  scales,  the  Reynolds  shear  stress 
and  the  fine  scale  structure  of  turbulence  in  the 
boundary  layer. 

THE  EkFERIMENTAL  PROGRAM 

The  experiments  ware  carried  out  in  a wind  tunnel 
having  a curved  test  section  25  cm  high  x 10  cm  wide. 

A schematic  diagram  of  the  test  section  is  shown  in 
Fig.  1.  The  test  facility  is  described  in  detail  in 
[ 7 ] . The  convex  and  concave  walls  of  the  test  section 
had  radii  of  249  cm  and  259  cm  respectively.  The 
value  of  6/R  for  both  the  wells  was  approximately 
0.013.  It  was  ensured  that  the  boundary  layers  on  the 
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_ Fig.  1.  Lay  out  of  tha  taat  sactlon 


Fig.  2.  Mixing  length  distribution  ovor  th*  convex 
wall. 

from  Calculation  from  expt 
S-7  B-10 

• flat  wall 

— — - . - . ■ □ convex  wall 

■ So  and  Mellor  [ 3 ] 

(at  58  cm  down- 
stream of  begin- 
ning of  curvature) 


two  walls  were  separated  by  a core  of  non-turbulent 
fluid  even  at  the  last  measuring  station  along  the 
curved  section.  All  the  experiments  were  carried  out 
under  nominally  zero  pressure  gradient,  two-dimension- 
al conditions.  The  momentum  thickness  Reynolds  number 
of  the  (flat  wall)  boundary  layer  at  inlet  to  the 
curved  section  was  about  2500.  The  free  stream  velo- 
city at  inlet  to  the  curved  section  was  approximately 
22m/ssc.  Measurements  reported  in  this  paper  were 
made  at  stations  20  and  35  (See  Fig.  1). 

The  total  head  in  the  boundary  layer  was  measured 
using  a round  total  head  tube  of  0.8  mm  outside  dia- 
meter. The  same  tube  was  used  as  a Preston  tube  for 
measuring  the  wall  sheu  stress.  Turbulence  measure- 
ments were  made  using  constant  current  hot-wire  anemo- 
metry  and  other  associated  instrumentation.  The  over- 
all frequency  response  of  the  system  was  flat  in  the 
range  of  4 Hz  - 8 Iciiz.  For  studying  the  fine  scale 
structure  of  turbulence,  suitably  conditioned  turbu- 
lence signal  traces  on  the  oscilloscope  were  photo- 
graphec'  on  35  mm  film  using  a drum  camera.  Autocorre- 
lation curves  from  vdiich  the  integral  time  scales  were 
calculated  were  obtained  by  first  recording  the  data 
on  analog  tape  and  later  processing  them  digitally. 

The  details  of  acquisition  and  processing  of  data  are 
described  in  [ 7 ] . 

RESULTS  AMD  DISCUSSION 

Curvature-buoyancy  Analogy 

Based  on  the  concept  of  an  analogy  between  buoy- 
ancy and  streamline  curvature,  Bradshaw  proposed  the 
following  expressions  for  estimating  .the  mixing  length 

1/1  • 1 + 6 R for  convex  wall  (R  >0)...  (1) 

o n 9C  gc 

and  * 

1/1  ■ 1 - 2 R for  concave  wall*  (R  <0)  (2) 

m o gc  gc 

(valid  for  -0.5<R  <Q) 

• gc 

Using  Eq.  (1)  and  (2)  and  the  mixing  length  distribu- 
tion corresponding  to  the  fully  developed  flat  wall 
boundary  layer  at  Station  20,  the  mixing  length  dis- 
tributions over  the  curved  walls  were  calculated. 

The  results  are  shown  in  Fig.  2 and  3 along  with  the 
experimental  data.  The  flat  wall  data  are  also  shown 
in  these  figures.  The  large  decrease  in  mixing  length 
over  the  convex  wall  is  very  clearly  seen.  Comparison 
between  the  calculated  and  measured  values  of  mixing 
length  are  shown  also  for  the  zero  pressure  gradient 
curved  boundary  layer  data  of  So  and  Mellor  [ 3 j . with 
regard  to  the  convex  wall  boundary  layer,  the  calcu- 
lated 1 distributions  are  shown  for  two  alternate 
& 

values  of  S,  viz.  3~7  (value  used  by  Bradshaw  [ij 
and  S-10  (value  used  by  Elde  and  Johnston  [2]).  It 
is  seen  that  B~7  gives  reasonably  good  results  for 
the  inner  region  (y/6<0.2)  though  the  effect  of 
curvature  is  quite  small  in  this  region.  In  th*  re- 
gion 0.2<y/6<0.e,  th*  estimates  using  6~10  show 
better  agreement  with  experimental  results.  In  the 
outer  region  (y/£>0.6) , however,  Eq.  (1)  does  not 
appear  to  be  useful  for  calculating  the  mixing  length 
over  a mildly  curved  surface.  Over  a strongly 
curved  surface,  such  as  in  th*  case  of  tli*  experi- 
ments of  Ref.  3 (3/R  > 0.1),  th*  shear  stress  in  the 
outer  region  it  nearly  zero  (See  Fig.  10)  and  con- 
sequently, th*  inaccuracy  in  th*  estimation  of  th* 
mixing  length  will  not  seriously  affect  th*  accuracy 
of  a prediction  procedure.  For  th*  concave  wall 
boundary  layer,  th*  use  of  Eq.  (2)  seems  to  be 
satisfactory  for  mild  wall-curvature.  With  stronger 
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curvatura,  tha  flow  situation  baccnas  cooplicatad  as 
a system  of  longitudinal  vortices  comas  into  axis- 
tanca.  As  a consequence  of  this,  the  boundary  layer 
thickness  varies  in  tha  spanwise  dlraction  in  a cyclic 
manner  with  a periodicity  corresponding  to  tha  wave 
number  of  the  vortex  systeei.  This  vortex  system  was 
either  non-existent  or  too  traak  to  be  detected  in  the 
present  experiments  with  mild  curvature.  It  was,  on 
the  other  hand,  quite  proialnent  in  the  experiments  of 
So  and  Mallor  and  therefore,  in  Fig.  3,  comparisons  in 
tha  case  of  their  experiments  are  made  for  two  spanwise 
locations  at  the  sasia  longitudinal  station.  These 
locations  correspond  to  the  crest  and  trough  of  the 
spanwise  distribution  of  boundary  layer  thickness.  It 
is  seen  that  Eq.  (2)  is  a poor  representation  of  the 
actual  aiixlng  length  distribution  beyond  y/5  • 0.1. 

The  mixing  length  is  just  one  of  tha  many  length 
scales  that  have  been  used  in  turbulence  modeling. 

Other  length  scales  characteristic  of  tha  more  detailed 
structure  of  turbulence  have,  often,  been  used  in  tur- 
bulent flow  prediction.  It  is,  therefore,  interesting 
to  assess  the  performance  of  Eq.  (1)  and  (2)  with  re- 
gard to  these  scales.  Tha  following  length  scales 
ware  studied  in  tha  present  investigation. 


(i) 


the  Prandtl-Kolmoqorov  length  scale  1 defined 


Fig.  4.  Prandtl-Kolmogcrov  length  scale  distribution 
ovar  the  convex  wall 

o,  from  experiment;  — , from  Calculation  using  Eq.  U) 


Fig.  5.  Prandtl-Kolmogorov  length  scale  distribu- 
tion over  the  concave  wall 


o,  from  experiment;  — • — , from  calculation  using 

Eq.  (2). 


(ii)  the  lavlor-microscale  1 b*.ng  defined  by 


,2  _2  2 , /3u\ 

° “Mat/ 


(4) 


(ili)  the  dissipation  length  scale  L defined  by 


(5) 


(iv)  the  integral  length  scales  (OT  ) and  of 

the  u and  v fluctuations  where“T^  and  T^  are 
integral  time  scales  obtained  as  the  area  under 
the  autocorrelation  curves  of  u and  v respective- 
ly- 


In  each  case,  the  length  scale  distribution  measured 
over  the  flat  wall  at  station  20  %ns  used  to  calculate 
the  corresponding  distribution  over  the  curved  wall 
from  Eq.  (1)/  Eq.  (2).  The  calculated  length  scale 


I 
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rig,  6.  Taylor-microscala  discribucion  across  che 
boundary  layar. 


Convax  wall  Concava  wall 

O ^ from  experiment 

- from  Calculation 

using  Eq.  (1)  S (2) 


• Exparimantal  data 
— Mean  line  used  for  calculation 


flat  wall 


Distribution  of  the  integral  length  scale  of 
u-f luctuations . Symbols  as  in  Fig.  6. 


Fig.  7.  Distribution  of  the  integral  length  scale 
of  v-f luctuations.  Symbols  as  in  Fig.  6. 

distributions  are  conparad  with  measurements  in  Figs.  ^1*0 
4-9.  An  examination  of  these  figures  reveals  that  ' 

even  in  the  case  of  mild  curvature,  the  buoyancy  ^ _ 

curvature  analogy  in  the  form  of  Eq.  (1)  and  (2)  is 
reasonably  satisfactory  in  predicting  only  the  gross 
features  of  the  flow.  It  is  seen  to  become  increas- 
ingly inadequate  to  account  for  the  affect  of  curva- 
ture on  the  more  detailed  aspects  of  the  flow.  For  0^ 

example,  the  mixing  length  and  Prandtl-Kolmogorov 
length  scales  are  reasonably  wall  predicted  while  the 
integral  length  scale  (especially  ITT  ),  the  microscale  ^^9- 
and  the  dissipation  length  scale  are  not  predicted 


Distribution  of  the  dissipation  length  Scale 
across  the  boundary  layer.  Symbols  as  in 
Fic.  6. 


u 
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Fig.  10.  OisCrl^tlon  at  tiia  Raynolda  Shaar  Straas 
acroaa  tha  Boundeiry  Layar. 

Q Convax  Wall;  A • Concava  Wall;  • , flat  wall 

J , typical  data  frooi  [3]  for  convax  wall 

wall.  Thua,  it  appaara  that  tha  baat  uaa  of  Eq.  (1) 
and  (2)  ia  for  calculation  procaduraa  which  uaa  a 
ralativaly  coaraa  baaic  turbulanca  nodal.  With  oora 
coraplax  turtaulanca  nodal»  tha  analogy  in  tha  fom  of 
Eq.  (1)  and  (2)  appaara  to  ba  unraaliatic.  It  ia, 
howavar,  to  ba  ampbaaizad  that  tha  praaant  atudy  re- 
vaalad  tha  liaitationa  of  only  Eq.  (1)  and  (2)  and 
not  theaa  of  tha  concapt  of  tha  analogy  itsalf. 

Raynolda  Shaar  Straaa  and  Turbulanca  Modaling 

Figura  10  ahowa  tha  diatribution  of  tha  Raynolda 
Shaar  Straaa  acroaa  tha  curvad  boundary  layara.  It  is 
aaan  that  convax  curvatura  dacraaaaa  tha  shaar  strass 
by  as  such  as  50t  (aspacially  in  tha  outar  ragion) 
whila  concava  curvatura  incraaaaa  it  by  about  20%  whan 
cooparad  with  thq  flat  wall  boundary  layar.  Whila 
thasa  tranda  ara  tha  aasM  as  thosa  obsarvad  by  So  and 
Mallor  in  thair  axparisMnts  with  nuch  atrongar  curva- 
tura,  (5/RvO.l)  tha  praaant  rasults  ara  significant 
sinca  thay  indicata  that  avan  mild  wall-curvatura 
(aspacially  convax  curvatura)  can  produca  a spactacular 
affact  on  tha  Raynolda  shaar  strass. 

It  is  also  saan  fron  tha  Fig.  10  that  tha  shaar 
strata  dacraaaas  rapidly  across  tha  convax  wall 
boundary  layar.  In  fact,  it  is  saan  that,  with  strong 
wall'curvatura,  tbs  shaar  strass  is  practically  rare 
in  tha  outar  half  of  tha  boundary  layar.  Tha  staap 
drop  across  tha  boundary  layar  ovar  tha  convax  wall 
suggasts  that  it  nay  ba  uaafxil  to  considar  tha  outar 
part  of  tha  boundary  layar  as  an  inviscid  but  rotation- 
al flow.  This  concapt  was  as^loyad  by  Narasinha  and 
Srinivasan  [9]  in  a study  of  ralaninariring  boundary 
layars,  in  which  casa  alto  tha  shaar  strata  it  vary 
snail  in  tha  outar  layar.  Only  a prallxdnary  calcula- 
tion baaad  on  thair  approach  is  attatiptad  hara  to  taa 
whathar  tha  outar  ragion  of  tha  flow  can  ba  traatad  as 
a rotational  inviscid  flow.  For  this  purposa,  tha 
straaa  function  and  vorticity  distribution  across  tha 
boundary  layar  at  an  upstraaa  station  (Station  29)  was 
obtainad  fron  tha  axpariswntal  valoclty  profila  by 
using  tha  ralationt 


and 


■jy 

0 - 5('i') 


(6) 

(7) 


Similarly,  at  the  downstraan  station  (Station  3S)  the 
distribution  of  the  strean  function  was  obtainad  from 
tha  exparisMntal  velocity  profile.  The  streamline 
corresponding  to  the  outer  edge  of  the  boundary  layer 
at  station  29  %ras  located  at  station  35  by  matching 
tha  stream  functions  at  the  two  stations.  T;Ucing  this 
as  tha  starting  point  of  integration  at  station  35  and 
using  tha  maasurad  velocity  at  this  point  as  tha  ini- 
tial valua  of  U the  vorticity  conservation  Eq.  (7)  was 
intagrated  in  the  radially  inward  direction.  The  inte- 
gration was  done  nunarically  by  using  a step-by-step 
procedure.  The  valoclty  distributions  across  the 
boundary  layar  obtainad  by  this  method  are  shown  in 
Fig.  11.  The  two  cases  shorn  correspond  to  the  present 
convex  wall  axpariment  and  the  zero  pressure  gradient 
convax  wall  axpariment  of  So  and  Mallor.  The  ex- 
perinantally  obtained  velocity  distributions  are  also 
plotted  in  these  figures,  as  wall  u the  inviscid  ir- 
rotational  velocity  distrUoution  given  by  Ur^onstant. 
It  can  ba  seen  that,  )3oth  in  tha  case  of  the  present 
experiment  and  tha  experiment  of  So  and  Mallor,  the 
calculation  based  on  rotational  inviscid  flow  assump- 
tion accounts  for  a large  part  of  the  deviation  from 
tha  irrotational  velocity  distribution  in  tha  outer 
layer  at  least  up  to  a y/6  of  0.5.  ‘fha  discrepancy 
observed  near  tha  wall  (viz.  0 not  going  to  zero  ex- 
actly at  y»0)  is  bacausa,  tha  assumption  of  inviscid 


Fig.  11.  Comparison  of  tha  measured  naan  velocity 
distribution  with  rotational  inviscid 
calculation. 


from  calculation 


from  axpt. 
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prasent  expts. 
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Mallor  [3] 

inviscid,  irrotation- 
al theory. 
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flow  is  not  valid  naar  tha  weal  and  tha  integration 
cannot  strictly  be  carried  out  in  this  region.  How- 
ever, in  view  of  the  satisfactory  agreanent  observed 
in  the  outer  region,  one  could  approach  the  problen  of 
the  boundary  layer  over  a convex  surface  by  dividing 
the  boundary  layer  into  two  regions  (i)  a region  of 
sheeu:  with  curvature  effects  represented  by  Eq.  (1) 
with  S'lO  and  an  outer  region  of  rotational  inviscid 
flow.  This  nay  be  conceptually  superior  to  tha  use  of 
an  overall  value  of  Bw7  over  the  entire  boundary  layer 
which  is  probably  justified  by  coeqaarisons  bet«nen  pre- 
dictions and  experimental  data  of  the  development  of 
tha  gross  boundary  layer  parameters  (for  a.g.,  as  was 
done  by  Bradshaw  [1]  and  Eide  and  Johnston  12] ) . 

Also,  the  fact  that  the  time  scales  are  smaller  over 
Che  convex  wall  (as  could  be  seen  from  Fig.  7 and  8) 
can  be  used  to  advantage  in  developing  quick  calcula- 
tion procedures.  Since  the  time  scales  are  small, 
local  models,  such  as  the  mixing  length  model  (with 
curvature  correction)  could  be  employed  for  the  inner 
layer  with  the  outer  layer  being  treated  as  an  invis- 
cid rotational  flow.  From  the  nature  of  the  argument 
enqiloyed,  one  can  expect  this  two-layer  approach  to 
be  increasingly  more  useful,  as  wall-curvature  in- 
reases.  However,  this  two- layer  approach,  suggested 
here,  is  only  a possible  scheme  and  problems  of  match- 
ing, etc.,  have  to  be  looked  into,  before  developing 
it  into  a useful  prediction  procedure. 

Implications  of  a time  scale  model  with  regard  to 
curved  boundary  layers.  Ramaprian  tlO]  proposed  that 
tha  structure  parameter  a (-{uv{/^)  representing  the 
ratio  of  the  magnitudes  of  correlated  turbulence  to 
total  turbulence  should  be  a function  of  Tv  ^ which 

represents  the  ratio  of  the  time  scale  of  turtxilence 
to  the  time  scale  of  mean  shear.  This  postulate  was 
based  on  the  argument  that  the  production  of  uv  occurs 
only  during  tha  inter-transfer  of  momentum  between 
the  u and  v fluctuations  and  hence  the  life  time  Tv 
of  tha  v-fluctuations  (liaing  the  smaller  of  T and 
T ) should  govern  the  relative  magnitude  of  corre- 
lated turbulence.  It  would  be  interesting  to  examine 


Rge 


?ig.  12.  Effect  of  curvature  Richardson  number  on  the 
Structure  parameter. 

Q , convex  wall)  A , concave  «<all;  — , least  square 
fit!  ac/ap  ■ 1 - 2.2  Rgc 


the  implications  of  this  model  when  applied  to  curved 
boundary  layers.  While  applying  this  model  to  curved 
boundary  layers,  howver,  two  important  points  are  to 
be  kept  in  mind.  First,  the  total  strain  rate  for 
the  curved  flow  is  given  by  Oa/9y  - U/r) . Secondly, 
there  is  a contri)3ution  to  uv  from  the  extra  strain 
rate  due  to  curvature  in  addition  to  the  contribution 
from  the  inter-transfer  of  momentum  between  the  u and 
V fluctuations.  In  other  words,  one  can  expect  to 
find  the  value  of  'a'  to  be  different  for  flat  and 
curved  walls  at  the  same  value  of  the  total  strain 
rate.  It  is,  then,  reasonable  to  assume  that  the 
ratio  a^/ap  is  a function  of  some  curvature  parameter 
say  the  curvature  Richardson  number  Rg^.  Figure  12 
shows  the  effect  of  R^^  on  a^/ap.  It  is  seen  that 
for  concave  curvature  (Rgc<0)  the  data  indicate  an 
approximately  linear  relationship: 

a /a,,  - 1 - 2.2  R (8) 

c F gc 

The  convex  wall  behavior  (R^f>0) , hotmver,  is  marked- 
ly different.  The  large  decrease  in  a^/ap  at  small 
positive  values  of  Rgg  is  an  important  observation 
but  the  authors  are  unable  to  explain  this  at  present 

Fine  Scale  Structure 


It  is  now  well  knom  (See  Kim  et  al.,  [11]  and 
Rao  et.  al.  [12])  that  the  fine  scale  structure  of 
turbulence  is  intermittent . In  order'  to  understand 
Che  effect  of  curvature  on  this  intemittency  or 
'bursting’  behavior,  a detailed  study  of  the  tur- 
bulence signals  u and  v was  made,  after  first  filter- 
ing them  using  a narrow  band  pass  filter.  The  center 
frequency  of  the  filter  was  set  at  3 kHz,  which 
corresponded  to  Che  peak  in  the  dissipation  spectrum. 
(This  was  confirmed  by  approximate  measurement  of 
the  dissipation  spectrum.)  The  average  frequency 
of  "bursting'  fp  was  obtained  from  the  oscilloscope 
trace  of  the  filtered  signal  photographed  using  a 
drum  camera.  Also,  tha  frequency  of  "runs’  f^,, 

[the  "run"  being  defined  as  ttia  interval  of  positive 
(or  negative)  amplitude  between  successive  zero 
crossings]  was  obtained  fcam  the  photographed  oscillo 
scope  traces  of  the  unfiltered  u and  v signals. 

In  fact,  the  relevant  quantity  to  )m  studied 
is  not  the  frequency:  rather,  it  is  the  distance 
between  the  high  frequency  regions  in  the  flow  as 
would  be  seen  by  an  observer  moving  with  the  local 
scream  at  the  convection  velocity.  Assuming  that 
this  convection  velocity  is  0,  this  distance  Lp  can 
be  defined  as  Lp  ■ U/fp.  Similarly  a relevant 
quantity  to  be  used  with  the  split  signals  is  the 
distance  L in  the  flow  at  which  the  fluctuations 
would  reverse  in  direction  at  a given  instant  and  is 
given  by  I,r  * ^/^ra*  Both  these  lengOts  are  shown 
plotted  in  Fig.  13.  It  is  seen  that  these  length 
scales  generally  increase  across  the  boundary  layer. 
However,  the  increase  is  quite  large  in  the  case  of 
the  convex  wall.  It  is  interesting  to  note  that  the 
scales  are  very  nearly  tha  same  for  all  the  walls 
in  the  region  close  to  the  wall.  This  indicates 
that  although  tha  fine  scale  structure  of  turbulence 
near  the  wall  is  not  significantly  affected  by  mild 
curvature,  t)ia  manner  in  which  this  structure  is 
transported  across  tha  boundary  layer  is  affected 
by  curvature:— especially  concave  curvature.  Fur- 
ther, if  one  assvnes  that  tha  fine  scale  structure 
rich  in  vorticity  it  driven  by  the  large  eddy 
system,  one  can  say  t)Mt  the  affective  size  of  this 
system  grows  considerably  with  distance  from  the 
wall  in  the  case  of  tha  concave  wall;  whereat  in  the 
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Fig-.  13.  Distributions  of  L and  D across  tha 
boundary  layar.  ^ ^ 

coRvax  wall;  — • concava  wall;  , flat 

wall.  (All  tha  llnas  ara  maan  through  data  points. 
Ordlnatas  ara  in  arbitrary  units) 

casa  of  tha  convax  wall  tha  affactiva  addy  siza  grows 
at  a ouch  slowar  rata. 

Anothar  intarastlng  faatura  obsarvad  during  tha 
axparimants  was  that  tha  u-aignal  in  tha  outar  part 
of  tha  concava  boundary  layar  oftan  containad  very 
larga  nagativa  asg>litudas.  Also,  thasa  large  neg- 
ative peaks  ware  found  to  be  associated  with  a sig- 
nificant aaeunt  of  high  frequency  activity.  These 
features  ware  obsarvad  in  tha  outar  part  of  the 
boundary  layer  over  all  tha  three  walls  (flat,  con- 
vax and  concave).  Howavar,  they  wera  found  to  be 
very  such  acre  pronounced  over  the  concave  rail  than 
over  the  convax  wall,  with  tha  flat  rail  behavior 
falling  in  betwean.  The  coincidence  between  tha  ' 
occurrence  of  )iigh  frequency  activity  and  dacelera- 
tion  peaks  suggested  a possible  correlation  between 
"bursts’  and  dacalaration.  This  corralatlon  was 
studied  quantitatively  by  using  an  analog 
^rralator. 

For  quantifying  tha  correlation,  wo  first  daflna 
tha  quantities  R^^_,  R^^_,  and  R^^  as  follows: 


uu- 


'7^  ■ 


whara  u^  and  raprasant  respect ivaly  tha  full  and 
positive  half  of  the  filtered  u-slgnal.  Frcn  tha 
above  dafinitlon,  it  is  clear  that  tha  range  of 
variation  in  tiM  isagnitude  of  R^u.  etc.  is  0 to  0.5. 
Wa  now  define  anothar  sat  of  correlation  coafficiants 
as: 


• 0-2  ■ 


• •• 


. 


g o A 

1-04- 

? -0-6- 

-0-8l I 1 1 I I I 

O-Oi  0-02  006  0-10  0^  0-50  100 

Fig.  14.  Correlation  of  u and  v fluctuations  with 
bursts. 
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Fron  t)w  above  definition,  it  is  sean  that  C;ju  is  a 
neasura  of  the  correlation  betwean  the  u-bursts  and 
u_ fluctuations,  w)ula  Cuy  is  a naasure  of  the  corre- 
lation between  tha  u-bursts  and  tha  v_ fluctuations. 

and  Cuv  will  )wva  a value  of  't'l,  0 or  -1  depend- 
ing on  whether  there  is  total  correlation,  zero 
correlation  or  anti-correlation.  The  distributions 
of  Cuu  And  Cuv  across  the  boundary  layers  are  shown 
for  t)ie  three  walls  in  Fig.  14.  T)w  figures  indicate 
that  there  is  a laroe  correlation  (setween  the  bursts 
and  the  negative  u-fluctuations  near  the  outer  edge  of 
the  boundary  layer  and  the  correlation  decreases  and 
resiains  ssiall  over  the  saddle  part  of  t)M  boundary 
layer.  In  fact,  in  the  region  close  to  the  wall 
(note  that  the  horizontal  axis  is  in  logarithmic  co- 
ordinates) the  correlation  is  slightly  negative  indi- 
cating a slight  correlation  between  the  bursts  and 
the  positive  u-fluctuations.  It  is  also  seen  from 
Fig.  14  that  the  correlation  coefficient  C^y  behaves 
approximately  like  -Cmj.  This  is  to  be  expected 
since  the  u and  v fluctuations  have  predosiinantly  a 
negative  correlation  to  each  other.  Figure  14  also 
shows  that  lx>th  C^u  and  Cuv  are  generally  larger  in 
magnitude  over  t)w  concave  wall  than  over  the 
convex  rail. 

The  observed  large  correlation  between  u_  (or 
v^)  and  the  bursts  at  barge  distances  from  the  wall 
is  to  be  expected,  since  the  large  negative  fluc- 
tuations observed  near  the  outer  edge  of  the  boundary 
layar  arc  essentially  due  to  t)w  bursts  produced  at 
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th«  wall  reaching  the  outer  layer  by  diffusion.  In 
the  middle  of  the  boundary  layer,  however,  the  corre- 
lation is  reduced  since  the  fluctuations  observed  in 
this  region  are  a result  of  several  inward  and  out- 
ward motions  brought  about  by  eddies  of  different 
sizes.  The  correlations  in  the  case  of  the  concave 
wall  are  higher  everywhere  than  for  the  convex  wall 
since  the  bursts  tend  to  reach  larger  distances  away 
from  the  wall  without  significant  transfer  of  moBentum 
enroute  and  hence  they  contribute,  even  in  the  middle 
regions,  to  a fairly  high  percentage  of  the  total 
turbulence  observed.  Over  the  convex  wall,  the  diffu- 
sion of  the  bursts  to  the  outer  region  is  inhibited; 
there  is  an  interchange  of  momentum  to  a greater  ex- 
tent enroute  and  large  negative  asiplitudes  are  rela- 
tively less  probable.  The  enhancement  of  outward 
diffusion  by  concave  curvature  and  its  inhibition 
by  convex  curvature  are  discussed  in  detail  in  [7]. 

CXMCmSIOMS 

The  present  study  leads  to  the  following  conclu- 
sions : 

(i)  Equations  (1)  and  (2)  proposed  by  Bradshaw  are 
reasonably  satisfactory  to  describe  the  effect  of 
mild  streamline  curvature  on  coarse  length  scales 
such  as  the  mixing  length.  However,  they  fail  to 
describe  curvature  effects  on  length  scales  repre- 
sentative of  the  more  detailed  structure  of  turbu- 
lence. 

*(li)  Reynolds  shear  stress  is  significantly  reduced 
by  convex  curvature  and  enhanced  by  concave  curva- 
ture. The  rapid  decrease  of  the  shear  stress  across 
the  convex  wall  boundary  layer  allows  one  to  treat 
the  flow  in  the  outer  region  of  the  boundary  layer  as 
rotational  and  inviscid. 

(iii)  The  time  scale  model  of  Ref.  10  can  be  ex- 
tended to  concave  wall  boundary  layers  by  appropriate- 
ly accounting  for  the  effect  of  curvature  Richardson 
number  on  the  structure  parameter  |uv|/q* 

(iv)  Hild  wall  curvature  does  not  affect  the  produc- 
tion of  bursts.  It,  however,  affects  the  outward 
diffusion  of  these  bursts. 
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ABSTRACT 

Detailed  ■aasurements  of  pressure  distributions, 
aean  velocity  profiles  and  Reynolds  stresses  ware  made 
in  the  thick,  axisysssatric  boundary  layer  and  the  near 
wake  of  a low-drag  body  of  revolution.  The  data  shed 
some  light  on  the  joint  influence  of  transverse  and 
longitudinal  surface  curvatures  and  pressure  gradients 
on  the  boundary- layer  developaient  and  on  the  Banner 
in  vdiich  an  axisysnatrlc  boundary  layer  becoeies  a 
fully-developed  wake.  Apart  frosi  giving  a cooplete 
set  of  data  on  such  an  important  flow  configuration, 
the  Biaasurenants  should  provide  a fairly  rigorous  test 
case  for  sooe  of  the  recent  turbulence  closure  acdels 
which  claia  a level  of  generality  not  achieved  by  the 
older  phenoaienological  models. 

INTRODOCTION 

« 

In  some  previous  irark  at  Io%ia  [1] , Dsasurements 
were  made  in  the  thick  axisyiwetric  boundary  layer 
over  the  tall  region  of  a spheroid  whose  tail  was  aod- 
ifled  by  attaching  a short  conical  piece  in  order  to 
avoid  separation.  Those  measurements  have  been  used 
[2,31  in  the  developsMnt  of  simple  integral  entrain- 
ment methods  for  the  calculation  of  thick  boundary 
layers  in  which  there  exists  a substantial  variation 
ot  static  pressure  in  the  direction  normal  to  the  sur- 
face. Since  the  measurements  indicated  that  a proper 
theoretical  treatment  of  the  flow  in  the  tail  region 
should  consider  the  interaction  between  the  boundary 
layer  and  the  external  potential  flow,  a more  refined 
iterative  technique  was  developed  [4,5].  During  the 
course  of  this  latter  study  it  becasw  apparent  that 
a successful  interaction  scheaia  must  also  take  the 
flow  in  the  near  wake  of  the  body  into  consideration. 
The  lack  of  detailed  sman-flow  and  Reynolds-stress 
data  in  the  near  wake  of  an  unseparated  body  of  rev- 
olution provided  the  incentive  to  perform  the  experi- 
ment described  here. 

experimental  arrahoement 

Wind  Tunnel  and  Model 

The  experiments  ware  performed  in  the  large  wind 
tunnel  of  the  Iowa  Institute  of  Hydraulic  Research. 

The  working  section  of  the  tunnel  is  7.3  m long  with 
a cross-section  in  the  form  of  a 1.5  m octagon  pro- 
vided by  throating  a 3.7  m square  approach  section. 

The  selection  of  the  model  shape  was  based  on  a 
ntmd>er  of  considerations  and  the  experience  gained 
from  the  previous  experiisents  [1].  First  of  all,  it 
was  desirable  to  select  a practically  Important  con- 
figuration rather  than  a simple  geometric  shape. 


Secondly,  in  order  to  highlight  the  influence  of 
strong  transverse  surface  curvature  it  was  necessary 
to  maintain  a thick  boundary  layer  over  an  extended 
region  of  the  body.  Third,  it  was  essential  to 
avoid  separation  in  the  tail  region  so  that  the  near 
wake  could  be  explored  in  detail.  Finally,  in  order 
to  avoid  the  experimental  [11  and  theoretical  [5] 
difficulties  encountered  in  earlier  work  with  a coni- 
cal tall,  it  was  thought  convenient  to  consider  a 
cusped-tail  body  so  that  the  transition  from  the 
boundary  layer  to  the  wake  would  be  smooth. 

Parsons  and  Goodson  [6]  have  considered  a variety 
of  shapes  within  a five-parameter  family  of  bodies  of 
revolution  and  used  well  known  potential- flow  and 
boundary- layer  calculation  methods  and  optimization 
techniques  to  rtcooMaand  optiaam  low-drag  thapta.  The 
so-called  F-57  body  was  selected  out  of  these  shapes 
as  one  which  gave  atinimum  resistance  (at  zero  incidence 
and  practical  Reynolds  numbers)  and,  at  the  same  time, 
met  most  of  the  requirements  set  out  above.  The 
coordinates  of  this  body  are  given  by 

For  0 < X < X_  (fore-body): 

— * IQ 

• {-1.1723  (|  + 0.70e8(|  )^  + 1.0?93(|  )^ 

B m m n 

♦ 0.3642(|  )}^''^ 

m 

For  X < X < L (pointod  4ft-bodv) : 

B • * 

^ • (-0.11996  5®  - 2.58278  5^  + 3.52544 

B 

♦ 0.17730 

where  ( • , X is  the  axial  distance  measured  from 

L-Xn 

the  nose.  To  is  the  local  radius,  Xg,  is  the  axial 
location  of  the  maximum  radius  r^,  and  L is  the  total 
length  of  the  body.  The  location  of  maximum  radius 
is  thus  Xgi/L  • 0.4446  and  the  length  to  maximum  dia- 
meter ratio,  L/'2rin  • 4.2735. 

For  the  present  experiments,  a model  was  con- 
structed with  L • 1.219  m (4.0  ft)  so  that  rg,  • 0.1426 
ffl  (0.4680  ft).  The  model  was  made  hollow  and  in  two 
parts  in  order  to  accomodate  a scanivalve  which  was 
connected  to  the  forty  eight,  0.117  cm  (0.046  in)  dia- 
meter, pressure  taps  on  the  surface.  Thirty  two  , 
pressure  caps  lay  on  a single  generator  on  the  surface 
while  the  remainder  were  spaced  circumferentially  at 
three  axial  locations,  X/L  ■ 0.104,  0.445  and  0.771, 
for  use  in  model  alignment.  The  main  body  of  the 
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model  was  made  of  seasoned  wood  but  metal  nose-  and 
tail-pieces,  5.08  cm  and  12.70  cm  in  length,  respect- 
ively, were  used  to  provide  accuracy  and  durability. 
The  major  features  of  the  model  are  shotm  in  Figure 

1.  The  longitudinal  slope  (dro/dX)  and  longitudinal 
curvature  (<)  of  the  surface  are  also  shown  for 
later  reference. 


FIGOHE  1.  DETAII,S  OF  THE  F-S7  BODY 


.'todel  Alignment 

The  model  was  mounted  in  the  wind  tunnel  by 
means  of  eight  0.84  sm  diameter  steel  wires  in  ten- 
sion, four  at  each  end  (Figure  1) . Each  wire  was 
provided  with  a screw  coupling  so  that  its  length 
could  be  adjusted  and  the  model  located  at  the  de- 
sired position. 

The  model  was  placed  in  the  tunnel  with  its 
axis  along  the  tunnel  axis.  Minor  adjustments  were 
then  made  to  obtain  axisymmetrlc  flow  conditions. 
Several  means  were  ea^loyed  to  ascertain  axial 
syimetry: 

1.  The  static  press\ures  measured  along  the  cir- 
cumference at  the  three  axial  locations 
were  used  to  guide  the  preliminary  position- 
ing of  the  model. 

2.  Three  1.651  sn  outside-diameter  Preston 
tubes  were  then  mounted  on  the  surface  at 
X/L  « 0.771  at  120-degree  intervals.  The 
final  position  of  the  model  was  achiaved  by 
stalling  small  adjustments  in  the  lengths  of 
the  rear  support  wires  until  the  Preston 
tubes  gave  identical  readings. 

3.  The  final  check  on  axial  sysssetry  was  pro- 
vided by  traversing  a total  pressure  tube 
and  a hot  wire  right  across  the  wake  of  the 
body  at  X/L  • 1.10  and  1.20.  Satisfactory 
sysoiatry  was  observed  in  terms  of  the  total 
pressure,  the  average  velocity  and  the  tur- 
bulence intensity. 

All  iseasurements  reported  here  were  siade  without 
further  adjustments,  the  model  being  kept  in  the 
tunnel  until  the  experiment  was  completed. 

Instrumentation 

The  measuraraents  in  the  boundary  layer  and  the 
wake  of  the  model  were  made  with  basically  the  same 
traverse  mechanism  as  was  described  in  [1].  The 
range  of  axial  distances  over  which  measurements 
could  be  made  was,  however,  extended  for  the  present 
experiments  by  making  suitable  modifications  to  the 
traverse  mounting  system  situated  outside  the  wind 
tunnel. 


The  total  and  static  pressures  were  measured  us- 
ing probes  of  standard  design,  made  from  hypodermic 
tubing,  and  micro-manometers.  In  view  of  the  uncer- 
tainities  experienced  earlier  [1]  in  making  static 
pressure  measurements  across  the  thick  boundary  layer 
where  the  mean-flow  streamlines  diverge  appreciably 
from  the  surface,  a special  mechanism  was  built  to 
rotate  the  head  of  the  static  probe  into  the  direction 
of  the  local  on-ceming  stream.  Such  a device  was 
of  course  not  required  for  the  total  pressure  measure- 
ments due  to  the  yaw-insensitivity  of  the  pitot  tube. 
Preston  tubes  of  different  diameters  were  used  in 
conjunction  with  the  calibration  of  Patel  (7] , to 
measure  the  wall  shear  stress  on  the  body.  As  indica- 
ted earlier,  the  surface  pressure  distribution  was 
measured  by  means  of  the  pressure  taps  on  the  model. 

The  scanivalve  was  located  inside  the  model  primarily 
to  avoid  flow  interference  associated  with  a large 
number  of  pressure  tubes  running  from  the  model  to 
outside  the  tunnel.  The  scanivalve  was  driven  by 
power  supplied  through  the  rear  cables  supporting 
the  model.  Thus,  only  one  pressure  tube  had  to  be 
taken  out  of  the  model.  The  flow  disturbance  caused 
by  this  was  considered  negligible. 

Mean  velocities  and  the  Reynolds  stresses  within 
the  boundary  layer  and  the  wake  were  measured  by 
means  of  single-wire  and  cross-wire  probes  using  the 
two-channel,  constant-temperature  'Old-Gold-Model, 

Type  4-2U-{Iot-Wire  Anemometer'  and  'Type  2 Mean- 
Product  Computer',  designed  and  manufacturered  at  the 
Iowa  Institute  of  Hydraulic  Research.  For  the  purposes 
of  the  present  experiments,  these  instrtsnents  were 
modified  to  make  than  ccetpatible  with  the  gold-plated 
series  of  probes  made  by  DISA.  In  order  to  ascertain 
that  proper  matching  had  been  achieved  and,  at  the 
same  time,  to  establish  measurement  procedures  to 
be  used,  a series  of  preliminary  tests  was  conducted 
in  fully-developed  turbulent  flow  in  a 5.08  cm  diame- 
ter pipe.  The  measurements  on  the  body  of  revolution 
were  cosmenced  only  after  achieving  consistent  and 
satisfactory  agreement  with  the  data  of  Laufer  at  a 
pipe  Reynolds  number  of  50,000. 

Tr^^>3ition  Device 

The  cemputations  of  Parsons  and  Goodson  had  indi- 
cated that  transition  on  the  F-57  body  would  occur 
naturally  at  X/L  • 0.475,  i.e.  a short  distance 
downstream  of  the  location  of  maximum  diameter,  over 
a range  of  Reynolds  numbers.  Surface  pressure  dis- 
tributions and  other  flow  diagnostics  on  the  model 
at  a Reynolds  number  of  1.2  x 10^  (Re  • UgL/v,  where 
Uo  is  the  velocity  of  the  freestream  approaching  the 
body,  L is  the  axial  length  of  the  body  and  v is  the 
kinematic  viscosity)  indicated  that  in  reality  trans- 
ition occurred  as  a result  of  laminar  separation 
followed  by  a turbulent  reattachment;  the  bubble 
being  in  the  neighborhood  of  the  predicted  location 
of  transition.  In  order  to  eliminate  this  somewhat 
unsteady  separation  bubble  and  establish  well  defined 
conditions  for  the  subsequent  development  of  the  tur- 
bulent boundary  layer,  a circular  trip  wire  of  1.664 
nm  diameter  was  wrapped  around  the  body  at  X/L  ■ 0.475. 

MEAM  FLOW  HEASUREMEMTS 

All  measurements  reported  here  were  msde  at  a 
Reynolds  number,  based  on  the  approach  velocity 
and  the  body  length  L,  of  1.2  x 10^,  which  corres- 
ponded to  a nominal  approach  velocity  of  15.24  m/t 
(50  fps) . Uq  and  the  static  pressure  p^  at  the  end 
of  the  tunnel  contraction  were  monitored  throughout 
the  experiments  and  have  been  used  as  reference  con- 
ditions to  nondlmensionalize  the  data. 
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Surfac*  Pr««sur«  Distribution 

Th*  static  pressura  distribution  on  the  body 
surface  is  shown  in  Figure  2.  Also  shown  for  coai- 
parison  in  the  potential-flow  pressure  distribution 
computed  using  the  method  of  Landweber  [8].  The 
close  agreement  between  the  two  over  most  of  the 
body  indicated  that  the  Influence  of  wind-tunnel 
blockage  is  quite  ssiall.  The  departure  of  Che 
measured  pressure  distribution  from  the  theoretical 
one  over  the  rear  25  percent  of  the  body  length  is 
a result  of  the  large  thickness  of  the  boundary 
layer  in  that  region  and  its  interaction  with  the 
external  inviscid  flow. 


FIGOTE  2.  PFESSURE  DISTRIBOTIONS  ON  THE  BODY 


Upstream  Lasiinar  Boundary  Laver 

A single  sec  of  meesurements  was  made  in  the 
laminar  boundary  layer  upstream  of  the  trip  wire 
at  the  axial  location  X/L  • 0.433.  The  velocity 
profile  obtained  by  means  of  a flattened  pitot  tube 
is  shown  in  Figure  3 along  with  two  members  of  the 
Pohlhausen  family  of  profiles,  the  values  of  the 
Pohlhausen  parameter  A being  chosen  to  span  the 
value  of  -1.65  estimated  from  the  local  boundary 
layer  thickness,  which  was  1.93  sn,  and  the  local 
pressure  gradient. 

Static  Pressure  Field 

Figure  4 shows  the  variation  of  static  pressure 
across  the  boundary  layer  and  the  wake  at  several 
axial  positions  In  the  range  0.551  < X/L  < 2.472. 

The  convex  longitudinal  curvature  of  the  body  surface 
in  the  range  0.45  < X/L  < 0.76  apparently  leads  to 
the  substantial  increase  in  static  pressure  along 
the  outward  normal  not  only  within  the  boundary 
layer  but  also  for  some  distance  beyond  the  edge  of 
the  boundary  layer  (which  was  determined  from  the 
distribution  of  total  pressure  and  is  Indicated  by 
the  dotted  line  y ■ 5) . As  the  longitudinal  curva- 
ture becoews  concave  and  the  boundary  layer  thickens 
as  a result  of  the  decreasing  transverse  radius  ro 
over  the  rear  one-quarter  of  the  body  length,  the 
trends  of  the  static  pressure  variation  are  reversed, 
indicating  that  the  mean  streamlines  are  concave.  The 
data  in  the  near  wake  suggest  that  the  streasdines 
becesw  nearly  straight  within  a short  distance  dom- 
straam  of  the  tall. 

The  axial  variation  of  static  pressure  at  the 
edge  of  the  boundary  and  wake  inferred  free)  these 


measurements  is  shown  in  Figure  2.  The  magnitude  of 
the  pressure  difference  between  the  wall  and  the  edge 
of  the  boundary  layer  and  wake  is  apparent  from  this 
figure. 

The  present  data  have  been  used  to  assess  the 
importance  of  the  static  pressure  variation  across 
the  near  wake  in  the  prediction  of  the  overall  drag 
coefficient  of  bodies  of  revolution  using  the  conven- 
tional Squire-Young  type  formulas  [8] . Further  analy- 
sis of  the  pressure  sieasuraments  in  the  thick  bound- 
ary layer  over  the  tail  would  undoubtedly  shed  some 
light  on  the  magnitude  of  the  extra  terms  in  the  momen- 
tum integral  equation  which  were  found  to  be  is^rtant 
in  the  previous  experiments  and  analysis  [2,5]. 

Mean  Velocity  Profiles 

Figure  S shows  the  mean  velocity  profiles  across 
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manes  furthar  downstream  to  conform  with  the  wall- 
known  uyoptotic  wake  behavior. 


I 


the  boundary  layer  and  the  wake  at  eleven  different 
^ucial  stations.  Hero,  D and  V are  the  components 
of  velocity  in  the  directions  tanqent  and  normal  to 
the  body  surface,  respectively,  and  Q is  the  resul- 
tant velocity,  i.e.  (0^  *■  v2)V2,  Q was  measured 
by  means  of  single  hot-wire  probe  and  was  also  ob- 
tained from  the  separate  pitot  and  static  probe 
traverses.  It  is  seen  that  the  two  sets  of  data  are 
in  close  agreement.  The  U and  V companenta  were 
measured  by  means  of  a crosswirs  probe.  It  is  known 
that  this  technique  is  not  altogether  satisfactory 
insofar  as  accuracy  of  the  mean  flow  quantities  is 
concerned.  Nevertheless,  the  data  show  the  relative 
magnitudes  of  the  two  components  and  indicate  that 
the  normal  component  attains  maximum  values  in  the 
neighborhood  of  X/I>  ~ 0.92,  where  it  is  roughly  12 
to  13  percent  of  the  tangential  component.  The  impli- 
cation of  this  with  regard  to  the  validity  of  the 
thin  boundary  layer  asstsDptions  is  obvious. 

The  velocity  profile  measured  at  the  most  down- 
stream station  in  the  wake,  namely  X/L  - 2.472,  was 
casq>ared  with  the  most  downstream  measurements  (at 
X/L  "4.6)  of  Chevray  [91  in  the  wake  of  a spheroid, 
where  the  boundary  layer  separated  some  distance 
upstream  of  the  tail,  and  also  with  the  asymptotic 
wake  profile.  The  con^erlsons  are  not  shown  here  in 
the  interest  of  clarity,  but  the  close  agreement 
among  these  suggested  that  the  present  measurements 
at  X/L  • 2.472  may  be  regarded  as  those  in  the  fully- 
developed  axlsyimetrlc  wake. 

Figure  6 shows  the  variations  of  the  velocity 
<3^  along  the  centerline  of  the  wake  and  the  total 
velocity  Qj  at  the  edge  of  the  boundary  layer  and 
the  wake.  It  is  observed  that  the  velocity  at  the 
edge  of  the  wake  reaches  the  freestream  value  by 
about  X/L  • 1.25.  This  is  roughly  2.3  initial  wake 
diameters,  or  one  maximum  body  diameter  downstream 
of  the  tall.  The  wake  develops  under  the  influence 
of  a favorable  axial  pressure  gradient  over  this 
region.  The  maximum  velocity  defect  in  the  wake, 
Qj-Qc'  ***"  decrease  rapidly  within  this 

distance.  On  the  basis  of  these  observations  it  may 
be  conjectured  that  the  so-called  near  wake  is  con- 
fined to  this  region,  ud  we  may  expect  the  measure- 


Soaie  Integral  Parameters 

The  velocity  profiles  deduced  from  the  pitot  and 
static  traverses  were  integrated  to  determine  the 
various  types  of  integral  parameters  discussed  earlier 
in  [1] . Only  the  most  significant  ones  will  be  pre- 
sented here.  The  overall  shape  of  the  velocity  profile 
is  best  described  by  the  so-called  'planar'  displace- 
ment and  momentum  thic)cnesscs : 


which  do  not  take  the  axial  sysmetry  of  the  flow  into 
account.  On  the  other  hand,  the  physical  mass-  and 
mootantum-flux  deficits  in  the  boundary  layer  and  the 
wake  are  given  by  the  integral  areas 


!l  (1  - dy. 
0 


respectively.  Here,  US  is  the  velocity  component  at 
the  edge  of  the  boundary  layer  and  wake  (y"6)  tangent 
to  the  body  surface  for  the  boundary  layer  and  parallel 
to  axis  for  the  wake,  r is  the  radial  distance  from 
the  axis  of  syimnetry  and  y is  measured  normal  to  the 
surface  of  the  body.  Thus,  r • ro  y cos  e,  where  4 
is  the  angle  between  the  axis  and  the  tangent  to  the 
body  surface,  for  the  boundary  layer,  and  r"y  for  the 
wake. 

The  variations  of  ^2  ^2 

bulent  boundary  layer  and  the  wake,  and  the  corres- 
ponding shape  parameters,  defined  by 


• (rw>  eco««  ^ 
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&r«  shown  in  Figure  7.  it  should  be  noted  that  ^e 
coul  dra9  coefficient  Cq  of  the  body  is  related  to 
the  asya^tic  value  samentun-deficit  area 

in  the  far  wake  via 


° i OU^S 
2 o 


where  D is  the  drag  force  and  S is  a representative 
area  of  the  body.  Oj.  on  the  other  hand^  has  no 
physical  significance,  but  the paraacter  H indicates 
the  shape  of  the  velocity  distributions . 
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riCUHE  5.  MEAN  VELOCITY  PROFILES 


FIOTRE  6.  VELOCITY  AT  Y « i AND  WAH  CENTERLINE 


FIGURE  7.  INTEGRAL  PARAMETERS 

Finally,  the  nomal  distance  bj-  which  the  exter- 
nal inviscid-flow  streamlines  are  displaced  outward 
due  to  the  presence  of  the  boundary  layer  and  the  wake, 
i.e.  the  displacanent  thickness  5*,  may  be  obtained  from 
the  relation  [1] 


r {*(1  ♦ — cost)  • d, 

o ^ r 1 

0 

for  the  boundary  layer,  and 
2 « • "^1 

for  the  wake.  The  displacement  surface  deduced  in  this 
manner  is  shown  in  Figure  8 along  with  the  physical 
edge  of  the  Itoundary  layer  and  the  wake.  It  should 
be  emphasized  here  that  this  figure  is  drawn  to  scale 
without  any  distortion  so  that  it  clearly  illustrates 
what  is  meant  by  a thick  boundary  layer.  It  is  partic- 
ularly interesting  to  note  the  magnitude  of  the  dis- 
placement effect  of  the  boundary  layer  over  the  reer 
one-guarter  of  the  body  and  that  in  the  near  wake.  The 
implication  of  this  with  regard  to  the  boxindary  layer 


and  near  wak*  coaq>utations  is  discussed  later  on. 


FIGURE  8.  DISPIACEMENT  SURFACE 


Wall  Shear  Stress 

Three  different  Preston  tubes  of  external  dia- 
meters 1.551,  1.270  and  0.711  ma  were  used  to  measure 
the  wall  shear-stress  distribution  on  the  body.  Fig- 
art  9 shows  the  results  obtained  with  the  largest 
and  the  smallest  tubes.  The  data  from  the  intermed- 
iate size  tube  lay  between  these.  The  use  of  Preston 
tubes  of  course  pre-su^oses  the  validity  of  the  usual 
law  of  the  wall  even  in  Che  chick  axisyimaetric  bound- 
ary layer.  The  small  but  systematic  variation  in 
the  wall  shear  stress  obtained  with  the  three  cubes 
indicated  the  need  for  an  alternative  approach.  The 
velocity  profile  data  ware  therefore  replottcd  in 
the  form  suggested  by  Clauser,  but  using  the  extended 
law  of  the  wall  proposed  by  Patel  [10],  to  determine 
the  wall  shear  stress  cosgjatibla  with  that  law.  These 
results  are  also  shown  in  Figure  9.  It  will  be  seen 
chat  substantial  departures  from  the  usual  law  of 
the  wall  (over  the  distance  occupied  by  the  Preston 
Cubes)  are  indicated  only  in  the  neighborhood  of 
the  tall  (X/L  > 0.94,  say). 


FIGURE  9.  WAIi  SHEAR  STRESS 


TURBULENCE  MEASUREMENTS 

Hot  wire  traverses  were  made  at  srx  axial  sta- 
tions in  the  boundary  layer  and  five  stations  in  the 
wake.  The  mean-velocity  profiles  obtained  in  this 
manner  were  discussed  earlier.  Hare  we  shall  briefly 


mention  the  measurements  gf  the  non- zero  Reynolds 
stresses,  namely  u",  v^,  w",  and  uv.  Limitations  of 
space  do  not  permit  us  to  show  all  Che  data  that  were 
collected  during  the  course  of  this  experiment.  How- 
ever, as  far  as  the  measurements  in  Che  boundary  layer 
are  concerned,  it  may  be  remarked  that  they  are  qual- 
itatively similar  to  the  earlier  measurements  in  the 
tail  region  of  the  modified  spheroid  [11 . 'Quantitative- 
ly, Che  present  data  are  expected  to  be  quite  differ- 
ent from  the  earlier  set  due  to  the  different  pressure 
gradient  and  surface  curvature  histories. 

As  an  example  of  the  Reynolds  stress  data.  Figure 
10  shows  Che  distribution  of  Che  shear  stress  uv  across 
the  boundary  layer  and  the  wake  at  all  eleven  measur- 
ing stations.  These  were  used,  in  conjunction  with 
the  mean-velocity  profiles  to  calculate  t)>a  variation 
of  mixing  length  according  to  the  planar  (f)  and  the 
axisyimietric  definitions 
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The  values  of  were  found  to  be  substantially  lower 
than  those  of  t.  Figure  11  shows  the  distributions 
of  t across  the  boundary  layer  and  the  wake.  The 
boundary  layer  data  are  again  in  general  agreement 
with  the  observations  made  on  the  modified  spheroid 
[1]  insofar  as  they  indicate  a substantial  reduction 
of  mixing  length  as  the  boundary  layer  thickens 
towarcB  the  tail.  The  mixing  length  increases  again 
with  axial  distance  in  the  wake  and  reaches  a nearly 
constant  value  in  Che  range  0.08  < i/S  < 0.10  at  Che 
most  downstream  station  X/L  • 2.47,  where,  as  indicated 
earlier,  the  wake  approaches  a nearly  fully-developed 
state.  The  major  conclusion  to  be  dratm  from  these 
measurements  is  that  the  characteristics  of  the  tur- 
bulence in  the  region  where  the  boundary  layer  is 
thick,  and  in  the  near  wake,  i.a.  over  0.75  < X/L  < 
1.25,  say,  are  markedly  different  from  chose  of  a thin 
turbulent  boundary  layer  and  the  uympcotic  far  wake. 


y/l 

FIGURE  10  (continued) 


9.3<< 


oaoi 


FIGURE  10.  REYNOLBS  STRESS  DISTRIBUTIONS 


DISCUSSION  AND  CONCLUSIONS 

It  would  ba  obvious  by  now  that  tho  main  thrust 
of  this  prasantatlon  Is  to  point  out  tha  axlstanca 
of  this  datallad  sat  of  naan-flow  and  turbulanca 
maasurasMnts  in  tha  thick  boundary  layar  and  tha  naar 
waka  of  a lowdrag  body  of  ravolutlon.  Furthar  analy- 
sis of  tho  data  is  obviously  naadad  In  ordar  to  alu- 
cidata  tha  various  prallmlnary  oboarvatlons  that  hava 
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FIGURE  11.  ilIXING  LENGTH  DISTRIBUITONS 


FIGURE  11  (contlnuad) 
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boon  mada.  Such  an  analysis  Is  prasantly  In  prograss. 
In  particular  wa  shall  bo  oxamlning  tha  following: 

(a)  Cooparlson  of  peasant  data  with  thoaa  of  pravlous 
ralatad  Invastlgatlons.  (b)  Tha  parformanca  of  tha 
proaantly  availablo  advancod  turbulanca  modals  In  tho 
pradlctlon  of  tha  thick  boundary  layer  ovar  the  tall 
region  of  the  body  (c)  Tha  modifications  which  may  be 
raqulrad  In  thasa  models  to  account  for  tha  rather 
strong  extra  rates  of  strain  ganarated  by  the  longi- 
tudinal (k{)  and  transversa  (i/rg)  surface  curvatures, 
(d)  Tha  posalblllty  of  continuing  a boundary  layar 
calculation  through  tha  near  waka  to  recover  tho  well 
known  asymptotic  bohavlor.  (a)  Tho  verification  of 
tha  various  procaduras  that  are  available,  Including 
tha  one  proposed  by  Nakayasia.  Patel  and  Landwaber 
[4,5],  to  account  for  tha  Interaction  between  the 
boundary  layar,  the  wake  and  the  external  Invlscld 
flow.  Tha  magnitude  of  tha  boundary  layer  and  waka 
displacement  effect  shown  in  Figure  8 would  appear 
to  Indicate  that  the  conventional  method  of  performing 
Interactive  calculations.  In  which  tha  boundary  layar 
Is  raprasanted  by  adding  the  dlsplacsnant  thickness  to 
tha  body  surface  and  the  wake  Is  either  ignored  al- 
together or  replaced  by  a sat  of  singularities,  may 
not  be  appropriate.  Comparative  computations  need  to 
be  parformad  In  order  to  astlmata  tha  shortcomings  in 
such  methods. 

Finally,  It  should  be  observed  that  the  data  from 
this  experlaant  can  be  used  to  verify  some  of  tha  newly 
amarglng  turbulanca  closure  modals  which  claim  a wldar 


range  of  applicability.  The  boundary  layer  data  con- 
tain all  the  complicating  factors  of  adverse  and 
favorable  pressure  gradients  (Figure  2) , veuriation 
of  pressure  across  the  boundary  layer  (Figure  4)  as 
well  as  longitudinal  and  transverse  surface  curva- 
tures (Figure  1).  The  walce  data  contains  information 
concerning  the  transformation  of  a well-developed 
boundary  layer  into  a fully-developed  waJee  without 
the  complications  of  flow  reversal. 
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CCMPUTATIOHS  OF  TURBULENT  BOUNDARY  LAYER  DEVELOPMENT  OVER  A YAHED, 
SPnmiNG  BODY  OF  REVOLUTION  WITH  APPLICATION  TO  THE  MAGNUS  EFFECT 
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ABSTRACT 


Many  projectiles  used  by  the  Arty  are  slender 
bodies  of  revolution  which  are  launched  at  high  spin 
rates.  Magnus  forces  and  moments  are  generated  by 
the  distorted  boundary  layer  which  results  from  a 
spinning  body  at  angle  of  yaw.  The  Ballistic 
Research  Laboratory  (ERL)  is  conducting  and  supporting 
theoretical  and  experimental  Magnus  research  efforts. 
The  theoretical  effort  Involves:  (l)  numerical 
calculation  of  the  fully  three-dimensional  boundary 
layer  with  the  added  cos^lication  of  interaction 
between  surface  spin  and  cross  flow  velocity; 

(2)  three-dimensional  Invlscid  flow  calculations  over 
a body  plus  boundary  layer  displacement  surface  with 
no  plane  of  syanetry.  Several  types  of  experimental 
data,  such  as  surface  pressures,  Magnxu  forces, 
boundary  layer  surveys,  flow  visualization,  and  skin 
friction,  were  obtained  to  evaluate  and  provide 
guidance  to  the  theoretical  effort.  Comparison  of 
the  theory  to  experimental  data  shows  the  agreement 
to  be  very  good. 


NOMENCLATURE 


skin  friction  coefficient 
specific  beat  at  constant  pressure 
normal  force  coefficient 
;dagnus  (side)  force  coefficient 


diameter  of  base  of  model 
static  enthalpy 
turbulent  conductivity 


mixing  length 
pressure 

spin  rate,  'radians  per  second 

turbulent  Prandtl  number,  c_c/k. 

P " 

local  radius  of  model 

Reynolds  number  based  on  laodcl  length 


u,v,w 

V 


X 

r.i- 


3 

£ 

5 

{* 

ip 


velocities  in  boundary  layer  coordinates 
velocity  along  model  trajectory 
surface  coordinate  in  longitudinal  direction 
coordinate  perpendicular  to  local  surface 
cylindrical  coordinate  along  model  axis 
angle  of  attack 
turbulent  eddy  viscosity 
boundary  layer  thickness 
boundary  layer  displacement  thickness 
centrifugal  pressure  gradient  contribution  to 
side  force 

transformed  y coordinate 


molecular  viscosity 
transformed  x coordinate 
density 

longitudinal  velocity  wall  shear  contribution 
to  side  force 

circumferential  velocity  wall  shear  contribu- 
tion to  side  force 

coordinate  in  circumferential  (azimuthal) 
direction 


edge  of  boundary  layer 
model  wall  conditions 
quantity  in  x direction 
free  stream  reference  condition 
quantity  in  azimuthal  direction 


Superscripts 


fluctuating  quantity 
time  averaged  quantity 


INTRODUCTION 


Many  projectiles  used  by  the  Army  are  slender 
bodies  of  revolution  which  are  launched  at  high  spin 
rates.  Magnus  forces  and  moments  are  generated  by  the 
distorted  boundary  layer  which  results  from  a spinning 
body  at  angle  of  yaw.  Recent  Any  interest  in 
achieving  increased  range  and  greater  pa;/load  capacity 
in  artillery  projectiles  has  led  to  designs  with  long, 
slender  ogives,  increased  projectile  length,  and  boat- 
tailed  afterbodies.  These  designs  have  resulted  in 
decreased  drag  with  a resulting  Increase  in  range; 
however,  the  aerodynamic  stability  of  these  shapes  is 
less  than  more  conventional  dealgns.  This  means  that 
these  new  shapes  are  more  susceptible  to  a Magnus 
induced  instability.  The  Magnus  force  is  small 
(Figure  1),  typically  1/10  to  1/100  of  the  normal 
force;  however,  its  effect  is  Important  because  the 
Magnus  moment  acts  to  undamp  the  projectile  throughout 
its  flight.  Thus,  it  is  desirable  to  minimize  the 
Magnus  moment  in  order  for  the  projectile  to  fly  at  a 
small  average  angle  of  attack  and  achieve  the  greatest 
range  capability. 

Magnus  has  been  modeled  theoretically  as  resulting 
from  spin  induced  distortion  of  the  boundary  layer. 

This  effect  is  illustrated  scheamtically  in  Figure  2 
where  a cross-sectional  view  of  a body  of  revolution 
is  shown.  The  body  is  at  angle  of  attack  as  Indicated 
by  the  cross  flow  velocity.  In  the  view  where  there 
is  no  surface  spin,  the  profile  of  the  edge  of  the 
boundart'  layer  is  symmetric  with  respect  to  the  plane 
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of  the  angle  of  attack.  I2  the  view  where  the 
surface  is  spinning,  the  profile  of  the  boundary 
layer  is  asyametric  with  respect  to  the  plane  of  the 
angle  of  attack— thus,  the  invlscid  pressure  distri- 
bution (which  responds  to  the  aerodynamic  shape 
comDosed  of  the  model  * boundary-layer-displace- 
aent-surface)  is  asyrmnetric  and  yields  a net  side 
force . 


boundary  layer  we  are  considering  is  fully  three 
dimensional  with  the  added  complication  of  the  inter- 
action of  surface  spin  with  the  cross  flow  velocity. 
The  invlscid  flow  also  requires  special  attention 
since,  in  order  to  compute  the  Ma^us  force,  the 
invlscid  flow  computation  technique  must  be  able  to 
compute  the  bhree-dimensional  flow  over  a body  ♦ 
boundary-layer-displacement-surface  \rt.th  no  plane  of 
symmetry. 


normal  force 

Cm 


-Cy'^ 

MAGNUS  (SlOE)  FORCE 


Boundary  Layer  Computations 


The  basic  equations  defining  the  three  dimension- 
al compressible,  turbulent  boundary  layer  flow  over  an 
amisymmetric  body  of  revolution  described  by  the 
relation  r » r(x)  are  listed  below.  The  coordinate 
system  is  shown  in  Figure  3. 


Continuity 


(rou)  + (rov)  t (pw) 


x-Momentuffl 


Fig.  1 Magnus  and  normal  forces  on  a spinning 
projectile 


CROSSECTIONAL  VIEW  OF  BODY  AT  ANGLE 
OF  ATTACK  SHOWING  DISTORTION  OF 
BOUNDARY  LAYER  BY  SPIN 
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where  v ■ v + — and  the  bar  indicates  a time 


Fig.  2 Schematic  illustration  of  spin  induced 
boundary  layer  distortion 


averaged  quantity. 

In  order  to  obtain  closure  for  this  system  of 
equations,  the  following  models  of  the  turbulence 
terms  have  been  introduced: 


The  U.S.  Army  BauUistlc  Research  Laboratory  has 
placed  Increased  emphasis  on  research  into  the  Magnus 
effect.  In  this  paper,  recent  results  of  an  effort 
to  develop  a method  for  ccmputlng  Magnus  effects  for 
use  in  projectile  design  will  be  discussed  and  results 
of  related  experimental  studies  will  be  presented. 

theoretical  approach 

Background 

Since  the  Magnus  effect  is  a viscous  phenomena, 
computation  of  the  boundary  layer  development  is  the 
foundation  for  computations  of  the  Magnus  force.  The 


Turbulent  Shear  Stress 
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Where  £ is  introduced  as  the  turbulent  eddy  viscosity 
and  the  mixing  length,  t » .09  4 tanh  [ ( .l*/.0?)(y/{ ) ]. 
Van  Driest  damping  is  used  to  account  for  the  effect 
of  the  laminar  sublayer. 
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Turbulent  Heat  Transfer 


Three  Tlnensional  PlsrlaeeiLent  Surface 
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The  turbulent  Trandtl  number  is  Introduced  as 


The  three  dimensional  displacement  surface  is 
not  merely  the  vector  sum  of  the  longitudinal  and 
circumferential  components  of  nhe  boundary-layer 
displacement  thicknesses.  Instead,  the  differential 
equation  derived  by  Moore  (1^): 


?r^  “ c e/k.  » 0.90 

w P X 

The  numerical  technique  used  to  solve  these  equations 
is  an  isipliclt  technique  developed  by  I>vyer(^,£)  that 
takes  into  consideration  the  changes  in  direction  of 
the  cross  flov  velocity  that  occurs  on  the  side  of 
the  model  vhere  the  inviscid  cross  flov  opposes 
surface  spin.  This  technique  correctly  models  the 
cross  flair  convection  process  occurring  within  the 
boundary  layer.  In  order  to  improve  the  speed  and 
accuracy  of  the  numerical  solution,  several  coordin- 
ate transformations  are  eim>loyed: 


f®eV  3D  - ® 


* 17  3D  ’ ° 


(5) 


mist  be  solved  for  three  diaensioaal 

boundary-layer  displacement  thickness  vhere 


/ (1  - r^“)  dy  and  6 


"e^e 


0 e e 


Mangier  ^ansformation  of  Aadsyiaaetric  Grovth, 

X - 

i » / r'^dx; 

o 

Elasius  Type  Transformation  of  Sormal'  Growth, 


Coordinate  Stretching  to  Allow  Closer  Grid  Spacing 
Hear  the  Wall  J.^) , 

Uj  ■ 100  (1.5  exp  [(J-1)C1/60)(1/.05)]  - 1)/ 
(1.5  exp  (1/.05)  - 1) 
irtiere  J -1,  2,  3,  6l 


Fig.  3 Coordinate  system 

In  computing  the  boundary  layer  development,  the 
effect  of  turbulence  is  turned  on  gradually  over 
three  longitudinal  steps.  The  ccoputatlon  grid  in 
the  aslmuthal  plane  is  in  10  degree  increments. 

Three  interatlons  are  performed  at  each  station  for 
turbulent  computations.  For  comparison  with  experi- 
ment, the  location  of  boundary  layer  transition  is 
fixed  at  the  location  of  the  boundary  layer  trip  on 
the  experimental  model. 


Dwyer  (^)  has  shown  that  equation  (5)  is  of  the 
general  form 


• • 

56  _ 36  _ 

P__a* 

3x  3» 


3D  * "2 


(6) 


The  singularity  in  and  d*^  at  x ■ 0 can  be 

avoided  by  starting  the  computations  at  a small, 
finite  value  of  x and  computing  approximate  starting 
conditions.  Equation  (6)  can  then  be  solved  as  an 
ordinary  differential  equation,  providing  the  differ- 
encing in  the  circumferential  direction  is  carried  out 
from  » » 0 to  180°  and  from  ♦ » 0 to  -130°  in  order  to 
obey  the  zone  of  influence  defined  by 


dx  % 

S f 

V 

e 

An  example  of  computed  values  of  6*-jj  for  the  SOC 

model  is  shown  in  Figure  U.  The  effect  of  spin  is  to 
decrease  the  thickness  of  the  boundary  layer  where 
surface  spin  and  inviscid  crossflow  are  in  the  same 
direction  and  to  Increase  the  thickness  of  the  bound- 
ary laj'ar  where  surface  spin  and  inviscid  crossflow 
oppose. 

Inviscid  Conmutations 

The  development  of  a numerical  technique  for  com- 
puting the  three  dimensional  inviscid  flov  field  over 
a yawed,  pointed,  body  in  supersonic  flow  was  a very 
Important  step  in  the  development  of  a capability  for 
computing  Magnus  effects (6).  The  program  uses 
MacCormaek ' s (2()  "shock  capturing"  ntmierlcal  technique. 
This  is  a second  order  accurate  scheme  that  uses  a 
predictor-corrector  technique  to  solve  the  equations 
of  motion  in  an  implicit  marching  scheme.  The  unique 
feature  of  the  program  developed  by  Sanders  for  the 
Magnus  problem  is  that  the  flow  field  is  computed 
about  an  axisymmetric  model  plus  displacement  surface 
which,  due  to  the  distortion  of  the  boimdarj'  layer  by 
surface  spin,  has  no  plane  of  symmetry. 

Sequence  of  Computations 


The  sequence  of  computations  which  must  be  run 
in  order  to  compute  Magnus  effects  is  indicated  in 
Figure  5.  Each  block  indicates  a separate  ccamuter 
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prograa  along  with  Its  required  input  infcraation 
and  tde  output.  The  tvo  sain  prograss  are  outlined 
in  asterisks. 


SEQUENCE  or  COMPUTATIONS 


1 


“SPIN  VELOCITY 

“INVISCID  CROSS -FLOW—- 

Fig.  U Computations  of  S* ^ for  the  SOC  model, 
u ■ 30,000  HPM 
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H.  CONTRItUTIONS 
TO  MAGNUS 
T,,T^,AP 


COAAPUTE  ]D  SI  I 
DISPLACEACNT  SURFACE  I 
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TRANSFOftAA  3D  OISPIACEMENT 
SURFACE  FOR  INPUT  TO  COMPUTE 
AUGNUS 

INTERPOUTE  AND  DIFFERENTIATE 
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In  order  to  start  the  coB^utations,  an  initial 
plane  of  profile  data  at  the  tip  of  the  model  and 
invlscid  flov  houndaiy  conditions  are  required.  The 
initial  profile  data  are  coi^uted  for  the  limiting 
condition  of  the  conical  tip  of  the  model.  The 
invlscid  flov  boundary  conditions  are  computed  using 
the  program  developed  by  Sanders  (^).  An  example 
shoving  the  computed  vail  pressure  distribution 
compared  to  experimental  data  for  several  azimuthal 
stations  is  shewn  in  Figure  6.  Also  shown  is  the  out- 
line of  the  model  shape,  a six  caliber  long  secant- 
oglve-cylinder.  As  seen  in  the  figure,  excellent 
agreement  is  obtained  betveen  theory  and  experiment 
for  the  moderate  angle  of  attach  considered  here.  It 
is  seen  that  the  boundary  layer  experiences  a signif- 
icant history  of  favorable  and  adverse  pressure 
gradients  in  both  the  longitudinal  and  circumferential 
directions . 

In  order  to  start  the  boundary  layer  computation 
for  the  spinning  model,  initial  profile  data  are 
generated  for  the  limiting  case  of  the  laminar 
boundary  layer  at  the  tip  of  a non-spinning  cone. 

These  data,  along  with  the  outer  boundary  condition 
of  the  invlscid  flov,  enable  the  marching  technique 
to  begin  for  specific  conditions  of  Mach  number, 
angle  of  attach,  vail  tes^erature,  spin  rate,  and 
free  stream  properties.  The  output  of  the  boundary 
layer  program  consists  of  vail  shear  and  centrifugal 
pressure  gradient  contributions  to  the  Magnus  effect 
and  the  longitudinal  and  circumferential  components 
of  the  boundary  layer  displacement  surface  as 
functions  of  longitudinal  and  circumferential  position 
over  the  entire  surface  of  the  model. 

The  output  of  the  boundary  layer  program  is  in- 
put to  the  program  which  solves  for  the  three  dimen- 
sional boundary  layer  displacement  thichness, 

Input  data  for  this  program  are  in  the  surface 
coordinate  system  used  for  the  boundary  layer  compu- 
tations. The  output  of  this  program  is  transformed 
into  a cylindrical  coordinate  system  in  order  to 


CONVERGED 

INVISCID  Flow 

FOR  CONICAL  TIP 
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COMPOTE  INVISCID  aOW  FOR  P 
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AERODYNAMIC  COEFFICIENTS  m 
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Fig.  3 Sequence  of  numerical  computations 
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Fig.  € Surface  pressure  distribution  on  the  SOC  model 


facilitate  coaputatioa  of  the  iavlseid  flow.  The 
output  consists  of  the  surface  coordinates  of  the 
aodel  plus  as  well  as  the  local  derivatives  of 

the  surface  coordinate  in  the  axial  and  circumferen- 
tial directions. 

The  final  step  is  the  computation  of  the  invis- 
oid  flow  over  the  newly  defined  body  which  is  of 
ccoipletely  arbitrary'  configuration  with  no  plane  of 
symmetry.  The  starting  conditions  consist  of  the 
inviscid  flow  field  for  the  asymptotic  cone  tip  of 
the  original  model.  Pitch  and  yaw  plane  force  and 
moment  asrodynaalc  coefficients  are  the  final  outputs 
obtained. 

Boundary  layer  Ccanponents  of  Magnus 

Cue  to  spin  Induced  asymmetry  in  the  computed 
velocity  profiles,  three  contributions  to  the  Magnus 
effect  are  generated  within  and  at  the  surface  of  the 
spinning  model  which  are  in  addition  to  the  boundary 
layer  displacement  effect  sensed  by  the  outer  Invls- 
cid  flow.  These  components  are:  (l)  longitudinal 
velocity  wall  shear,  t ■ u (3u/3y) (2)  clrcum- 

X 

ferential  velocity  wall  shear,  t.  • u (3w/3y)  and 

9 y*u 

y ^2 

(3)  centrifugal  pressure  gradient,  4p  ■ / o — dy. 

o 

For  a non-spinning  model,  the  net  contribution  of 
each  of  these  coaiponents  would  be  zero.  However,  due 
to  the  asymmetry  Induced  by  surface  spin,  a small 
contribution  to  a side  force  is  obtained.  The 
relative  magnitudes  of  these  cos^onents  of  the  Magnus 
force  are  shown  in  Figure  7. 


Fig.  7 Turbulent  boundary  layer  contributions  to 
Magnus  force 

IXPSRIMEIITS 

General 

The  purpose  of  the  experimental  studies  is  to 
provide  data  that  will  be  useful  in  evaluating  and 
help  eulde  the  development  of  the  theoretical  effort. 
The  experimental  studies  consisted  of:  (l)  boundary 


layer  profile  measurements;  (2)  optical  studies; 

(3)  Preston  tube  shin  friction  measurements; 

strain-gage  balance  force  measurements;  [3)  wall 
static  pressure  measurements . 

Experimental  results  were  obtained  in  the  3RL 
Supersonic  Wind  T'unnel  No.  1 which  is  a continuous 
flow,  flexible  nozzle  tunnel  capable  cf  Mach  numbers 
1.5  to  5.0;  the  test  section  size  is  36  cm  high  by 
33  cm  wide.  Data  were  obtained  at  Mach  3.0,  a 
Reynolds  number  (Re^)  of  7.6  x 10®  and  at  both 

spinning  and  non-spinning  conditions. 

The  model  tested  was  the  six  caliber  secant- 
ogive-cylinder  with  geometry  as  shown  in  the  pressure 
distribution  plot  of  Figure  6.  The  model  was  equipped 
with  a boundary  layer  trip  located  0.7  caliber  from 
the  nose  to  insure  a consistent  turb'ulsnt  flow  for  all 
tests. 

Boundary  Laver  Measurements 

Measurements  of  the  total  head  pressure  through 
the  boundary  layer  were  made  with  a flattened  impact 
pressure  probe  0.15  cm  wide  by  0.015  cm  high.  Data 
were  obtained  on  the  cylindrical  section  at  3.33, 

U.Ub,  and  5.56  calibers  from  the  nose  and  azimuthally 
around  the  model  in  30  degree  increments  and  at  yaw 
angles  from  0 to  6.3  degrees.  At  each  position, 
surveys  were  made  at  both 'zero  RPTl  and  20,000  R^; 
the  spin  rate  of  20,000  RPM  corresponds  to  a pd/v 
of  0.19.  The  impact  pressure  probe  was  brought  from 
outside  the  boundary  layer  down  to,  and  contacting, 
the  model  surface  for  the  zero  RPM  ease;  for  the 
20,000  RPM  spin  rate  the  probe  was  brought  down  to 
within  approximately  0.01  cm  from  the  surface.  The 
probe  axis  was  aligned  longitudinally  with  the  model 
axis.  Scoe  uncertainty  is  inherent  in  the  profile 
data  due  to  the  probe  not  being  aligned  with  the 
local  flow  direction  within  the  boundary  layer.  This 
uncertainty  would  he  greatest  near  the  surface  of  the 
model  and  at  longitudinal  stations  near  the  forward 
portion  of  the  model.  However,  the  large  gradients 
present  in  a ttirbulent  boundary  layer  would  confine 
the  greatest  effect  of  flow  aiLgulsrity  to  a very  small 
region  near  the  surface  which  cannot  be  probed 
accxirately  using  a total  head  probe.  Also,  these 
measurements  were  obtained  at  small  angles  of  attach. 
Local  Mach  numbers  within  the  boundary  layer  were 
determined  from  the  Rayleigh  pitot  formula  assuming  s 
constant  static  pressure  through  the  boundary  layer. 
The  boundary  layer  data  for  this  paper  uses  measured 
values  of  wall  static  pressure. 

Wall  shear  stress  was  obtained  for  the  non- 
spinning  model  using  the  Preston  tube  technique.  The 
Preston  tube  is  a circular  total  head  probe  mounted 
flush  with  the  model  surface  and  sized  to  lie  within 
the  logarithmic  portion  of  the  law-of-the-wall 
velocity  profile.  The  wall  shear  stress  vat  cosputed 
from  the  measured  Impact  and  surface  pressures  ud 
using  the  correlation  relations  of  reference  . 

Vapor  screen  flow  visualization  experiments  using 
the  technique  described  in  reference  (Q)  were  perform- 
ed. The  purpose  of  this  phase  was  to  obtain  a better 
understanding  of  the  surrounding  flow  field  and  in 
particular  determine  the  presence  ef  vortices  both 
imbedded  in  the  boundary  layer  and  separated  from  the 
model  surface.  Vapor  screen  pictures  were  obtained  at 
each  1}  caliber  position  for  angles  of  yaw  of  2,  b,  5, 
6,  and  1C  degrees  both  with  and  without  spin. 

Force  Measurements 

Measurements  of  Magnus  and  normal  force  were 


obtained  using  the  strain-gage  balance  technique. 

The  aodel  is  free  to  rotate  oh  internally  mounted 
bearings  and  equipped  vith  a single  rov  of  turbine 
blades  so  that  spln-up  can  be  achieved.  Turbine  air 
is  supplied  to  the  model  through  the  sting  and  the 
model  is  brought  up  to  speeds  as  high  as  U0,000  RP.M. 
The  turbine  air  is  then  cut  off  and  data  are  acquired 
as  the  model  spin  rate  decays. 

DISCUSSION  OF  THE  THEORETICAL  AID  HXPERIMniTAL  RESULTS 
Boundarv  Laver  Characteristics,  a < 4.2  degrees 

A comparison  of  theoretical  and  experimental 
velocity  profiles  is  shown  in  Figure  6 for  2 degrees 
angle  of  attach  and  zero  spin  rate.  The  agreement  is 
considered  to  be  good  and  is  actually  cos^arable  to 
that  obtained  for  supersonic  tvo-dimensional  flow 
measurements.  On  the  leeward  side,  near  <t>  > 180°, 
the  theoretical  velocities  are  greater  than  the 
experimental  measurements  near  the  surface  and  the 
theoretical  velocities  are  smaller  than  the  experi- 
mental velocities  near  the  edge  of  the  boundary 
layer.  On  the  windward  side,  near  d * 0°,  the 
situation  is  reversed.  These  differences  in  profile 
shape  will  give  compensating  effects  when  computing 
integral  parameters.  Figure  9 coispares  theoretical 
and  experimental  velocity  profiles  at  L.2  degrees 
angle  of  attack.  The  differences  between  theoretical 
and  experimental  profile  shape  are  similar  to  those 
at  a > 2 degrees  except  that  the}'  are  more  pronounced; 
also,  the  variation  in  boundary  layer  thickness  from 
the  windward  to  the  leeward  side  is  greater  for  the 
U.2  degree  case. 

The  effect  of  spin  on  velocity  profiles  is  shown 
in  Figure  10  where  profiles  on  the  side  where  cross 
flow  and  spin  are  in  the  same  direction  (it  ■ 0-l30) 
are  compared  with  profiles  on  the  opposite  side  of 
the  model  (♦  ■ I80-360)  where  the  cross  flow  is  in 
the  opposite  direction  of  spin.  On  the  windward  side 
of  the  model  ( t ■ 0-90 ) , there  is  almost  no  measurable 
effect  of  spin.  On  the  leeward  side  (e  > 120  vs  2L0 
and  150  vs  210),  the  profile  shapes  differ  substan- 
tially. The  effect  of  cross  flow  In  opposition  to 
model  surface  rotation  (e.g.  ^ ■ 210)  is  to  decrease 
the  fullness  of  the  profile  which,  of  coio-se,  will 
result  In  a larger  displacement  thickness.  It  is  of 
interest  to  note  that  the  primary  effect  of  spin  is 


to  change  the  prefile  shape  rather  than  to  change  the 
total  thickness. 

Values  for  the  longitudinal  component  of  dis- 
placement thickness  are  compared  in  Figure  11.  The 
agreement  between  theory  and  experiment  is  generally 
good;  however,  it  is  seen  at  the  forward  station 
(Z/D  * 3.33)  that  theoretical  thicknesses  are  slightlj' 
greater  than  experiment  (»  « 3)  and  at  the  aft  station 
theoretical  thicknesses  are  slightly  smaller  than 
experiment.  This  situation  indicates  that  the  bound- 
ary layer  actually  grows  at  a faster  rate  than  pre- 
dicted by  theory;  however,  this  is  not  particularly 
surprising  since  the  turbulence  model  did  not  provide 
for  any  adjustment  as  a function  of  pressure  gradient. 
The  effect  of  spin  on  displacement  thickness  6*^  can 

be  seen  in  Figure  12  where  the  increment  of  due  to 

spin  is  plotted  on  an  expanded  scale  for  a « k.2 
degrees.  The  effect  on  Replacement  thickness  is 
seen  to  be  significant  only  in  the  vicinity  of  the 
leeward  side  (»  ■ I80  degrees).  The  agreement  between 
theory  and  experiment  is  encouraging  evidence  that  the 
numerical  technique  accurately  models  the  effect  of 
surface  spin. 

Measured  values  for  skin  friction  coefficient 
obtained  using  the  Preston  tube  technique  are  compared 
to  theory  in  Figure  13.  The  skin  friction  coefficient 
is  referenced  to  free  jstream  static  properties  up- 
stream of  the  model  rather  than  the  more  conventional 
approach  of  using  local  properties  at  the  edge  of  the 
boundary  layer.  The  agreement  indicated  is  within 
± lOi.  This  is  considered  quite  good  since  the 
Preston  tube  is  expected  to  yield  an  accuracy  of  t 10% 
for  two  dimensional  flat  plate  boundary  layer  flow. 

The  use  of  the  Preston  tube  to  obtain  measurements  in 
a three  dimensional  boundary  layer  flow  using  two 
dimensional  calibration  data  must  be  regarded  as 
speculative  and  mainly  of  qualitative  interest. 

Boundary  Laver  Characteristics,  a > L.2  degrees 

No  boundary  layer  calculations  have  been  made  for 
angles  of  attack  greater  than  lt.3  degrees.  Experi- 
mental data  at  larger  angles  of  attack  shown  in 
Figures  IL,  15,  and  16  Illustrate  difficulties  that 
may  be  encountered  in  theoretical  calculations.  A 
representative  sample  of  the  vapor  screen  data  is 
shown  in  Figure  lU  for  a ■ 10  degrees.  The  vapor 
screen  is  positioned  3.5  calibers  behind  the  nose  and 
normal  to  the  model  axis  of  syrmietry.  A 
symmetrical  pair  of  separated  bodj'  vortices 
are  visible  as  dark  regions  on  the  leeward 
side.  Data  obtained  at  6.3  degrees  show 
the  vortices  to  be  formed  but  they  are 
embedded  within  the  boundary  layer. 

Although  the  present  interest  is.  at  lover 
angles  of  attack.  Figure  IL  is  presented 
here  for  clarity  purposes. 

Velocity  profiles  at  a « 6.31*  degrees 
are  shown  in  Figure  15.  On  the  windward 
side  of  the  model,  the  profiles  seam  well 
behaved;  however,  on  the  leeward  side 
(4  » 180-21*0),  profiles  differ  drastically 
with  each  other.  For  example,  at  t • 130 
degrees  the  profile  shows  a fullness 
typical  of  profiles  seen  in  a favorable 
pressure  gradient;  at  « ■ 210  degrees,  the 
profile  is  less  full  and  seems  to  be  tending 
toward  separation,  typical  of  profiles  in 
an  adverse  pressure  gradient.  The  displace- 
ment thickness  at  « ■ 213  degrees  is  actual- 
ly greater  than  that  at  * ■ I80  degrees  even  though 


Fig.  8 Velocity  profiles,  theory  compared  with 
experiment 


tbe  total  talcimess  is  saaller  than  that  at  e > ISO 
degrees.  Another  characteristic,  which  at  first 
appears  abnormal,  is  the  large  difference  in 
boundarjr  layer  thicknesses  at  C • 210  and  2k0 
degrees.  Displacement  thicknesses  at  c * o.Sli 
degrees  are  shown  in  Figure  l6.  The  significant 
difference  from  the  4.2  degrees  case  is  the  dip  or 
decrease  in  6*  near  d > ISO  degrees.  It  is  believed 
that  the  above  phenomena  are  caused  by  the  existence 
of  longitudinal  separation  type  vortices  which  are 
beginning  to  develop.  Such  vortices  could  create 
local  areas  of  favorable  and  adverse  pressure 
gradients  that  would  cause  the  coiqilex  flows 
illustrated  by  Figures  13  and  l6. 
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The  arithmetic  sum  of  the  three  boundary  layer  com- 
ponents is  indicated  by  C™,  « t + t ♦ ip.  The 
ISL  X $ 

total  computed  Ma^us  force  shown  here  is  the  arith- 
metic sum  of  the  contributions  due  to  t , r , ip,  and 
# X C 

^ 3D-  is  worthwhile  to  eaphasize  that  this  marks 

the  first  time  that  computations  of  the  Magnus  effect 
have  been  carried  out  in  a conceptually  "exact”  manner 
for  the  turbulent  boundary  layer  on  a realistic 
projectile  configuration.  The  agreement  between  the 
calculated  Magnus  force  and  experimental  strain-gage 
balance  force  measurements  is  extremely  good.  The 
theoretical  computations  accurately  reproduce  the  non- 
linear trend  of  Magnus  with  angle  of 
attack.  This  non-linear  behavior  is  due 
I primarily  to  the  increasing  dominance  of 

the  contribution  of  i*,,,  as  the  angle  of 

ISO  no  3D 

attack  increases. 
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Fig.  10  Experimental  velocity  profiles,  effects  of 
spin 

Magnus  Characteristics 

One  criterion  which  can  be  used  to  gage  the 
success  of  the  theory  is  the  accuracy  with  which 
Magnus  forces  and  moments  can  be  predicted.  Figure 
17  is  a coaiparlaon  of  theoretical  and  experimental 
Magnus  forces;  in  addition,  the  magnitude  of  the  four 
cosiponents  of  the  Magnus  force  are  shown.  The  con- 
tributions of  and  ip  oppose  and  are  of  cosrparable 

magnitude,  while  the  contribution  of  is  minimal. 


1 ^ A combined  theoretical-experimental 

I /:  study  of  the  Magnus  effect  on  yawed, 

i ji  spinning  projectiles  has  been  discussed. 

t J!  The  overall  objective  of  this  effort  is 
t p . *0  develop  a method  for  cosrouting  .Magnus 

w f ' effects  that  could  be  used  In  the  design 
F / of  artillery  projectiles.  Numerical 

* . techniques  have  been  developed  for 

ccmputlng;  (1)  the  three-dimensional 
I - ■ I turbulent  boundary  layer  development  over 
2.0  2.2  ^ yawed,  spinning  body  of  revolution; 

(2)  the  three-dimensional  boundary-layer 
displacement  surface  for  an  arbitrary 
body  of  revolution;  and  (3)  the  three- 
dimensional  inviscid  flow  field  over  a 
yawed,  pointed  body  of  completely  general 
configuration  with  no  plane  of  symmetry. 

I The  computations  have  been  compared  to 
0 M ISO  ®*P*^4mental  measurements  of  Magnus  force 
and  turbulent  boundary  layer  profile 
characteristics.  The  general  impression 
. obtained  in  comparing  the  computations  to 
experimental  data  is  that  the  numerical 
techniques  are  working  quite  well  and 
yielding  very  impressive  agreement  with 
, experimental  data.  The  results  for  Magnus 

yt  force  are  considered  extremely  encourag- 
/ ing.  The  conroarisons  with  detailed  pro- 
/ - file  characteristics  do  reveal  minor 
/ differences.  It  is  believed  that 

y . additional  accuracy  can  be  achieved  by 
improved  or  more  complex  turbulence 
^ I modeling  which  accounts  for  both  favorable 

0 LO  10  and  adverse  pressure  gradients.  Other 

refinements  in  the  boundarj'  layer  compu- 
tation such  as  correction  for  transverse 
curvature  and  inclusion  of  boundary 
region  effects  should  be  Incorporated. 

The  ability  to  predict  the  point  of  transition 
may  be  a factor  in  the  accuracy  cf  the  theoretical 
model.  The  location  of  transition  was  fixed  by  the 
use  of  boundary  layer  trips  for  all  the  experiments 
described;  therefore,  the  theoretical  results  do  not 
reflect  any  error  which  might  be  caused  in  predicting 
the  location  of  the  transition  line  around  the  model. 

The  higher  angle  of  attack  experiments  suggest 
that  problems  will  be  encountered  in  extending  the 
theory  to  angles  of  attack  greater  than  5 degrees. 
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ABSTRACT 

Mcasurancnts  of  mean  velocity  and  tur- 
bulence atress  distributions  in  constant 
diameter,  loff-speed,  isothermal,  air-in-air 
ducted  jet  flow  have  been  obtained.  The 
conditions  used  in  the  tests  were  such  that 
no  regions  of  recirculating  flow  existed  in 
the  test-section.  The  measurements  obtained 
ore  mors  extensive  and  complete  than  in  any 
previous  study.  The  ability  of  three  com- 
monly used  turbulence  models  to  predict  the 
measured  results  has  also  been  assessed. 

The  turbulence  models  used  were  (a)  an  alge- 
braic mixing-length  model  (b)  s single  dif- 
ferential equation  model,  the  equation  used 
being  for  the  turbulence  kinetic  energy  (c) 
a two  differential  equation  model,  the 
. equations  used  being  for  the  turbulence 
kinetic  energy  and  the  dissipation.  These 
were  used  in  conjunction  with  a numerical 
solution  of  the  governing  equations. 

NOMENCLATURE 

D > Working-section  dieuneter 

k > Turbulence  kinetic  energy 

t > Length  scale 

■ Mixing  length 

U ■ Axial  component  of  velocity 

u ■ Fluctuating  port  of  axial  velocity 

■ Average  velocity  across  duct 

U^  ■ Centre-line  velocity 

V ■ Radial  component  of  velocity 

V w Fluctuating  part  of  radial  velocity 

X ■ Axial  coordinate 

R > Working-section  radius 

r * Radial  coordinate 

e ■ Dissipation  of  energy 

V ■ Kinematic  viscosity 

■ Eddy  viscosity 

INTRODUCTION 

Ducted  jet  flows  are  of  considerable 
practical  interest  having  application  in 
ejectors,  in  many  combustion  systems  and  in 
thrust  augmentors.  This  type  of  flow  is, 
however,  also  of  importance  in  the  general 
study  of  turbulent  shear  flows,  involving, 
as  it  does,  the  interaction  of  a free- jet 
flow  with  a wall-bounded  flow  and  the  develo- 


pment of  a type  of  developed  duct  flow  from 
this  interaction.  Because  it  involves  these 
various  types  of  turbulent  flow,  which  are 
often  considered  separately  in  simple  turbu- 
lence models,  experimental  measurements  in 
ducted-jet  flows  are  useful  for  evaluating 
the  adequacy  of  proposed  turbulence  models. 

It  was  particularly  with  the  latter  consider- 
ation in  mind  that  the  present  study  was 
undertaken.  In  this  study,  experimental 
measurements  of  mean  velocities  and  turbu- 
lence stresses  have  been  obtained  in  constant 
-diameter,  low-speed,  air-in-air  ducted  jet 
mixing,  the  flow  conditions  used  having  been 
so  chosen  that  no  regions  of  flow  recircula- 
tion occurred  in  the  test-section.  The 
ability  of  some  commonly  used  turbulence 
models  to  predict  the  observed  experimental 
results  has  also  been  studied,  t.he  governing 
equations  having  been  numerically  solved. 

A number  of  previous  studies  of  ducted- 
jet  mixing  have,  of  course,  been  undertaken, 
reviews  of  much  of  this  work  being  given  in 
refs.  1 to  Many  of  these  studies  only  in- 
volved the  measurement  of  the  wall  pressure 
distributions  with  mean  velocity  profiles 
also  being  measured  in  a few  instances.  It 
is  believed,  however,  that  if  the  experi- 
mental study  of  ducted  jet  flows  is  to  truly 
be  of  assistance  in  the  development  of  tur- 
bulence models , then  it  is  necessary  to  mea- 
sure, in  addition  to  the  above  quantities, 
at  least  some  of  the  turbulence  stressess 
since  only  then  can  the  initial  conditions 
be  fully  described  when  using  more  advanced 
turbulence  models  and  only  then  can  defi- 
ciencies in  these  models,  if  such  exist,  be 
fully  evaluated.  Extensive  measurements  of 
this  type  are  not  available  although  some 
such  measurements  have  been  given  by 
Matsumato,  Kimoto  and  Tshuchemato  (4)  and 
Razinsky  (5).  However,  in  the  firsF  of  these 
studies,  the  jet  diameter  was  so  small  com- 
pared to  the  duct  diameter  that  little  in- 
teraction between  the  jet  and  the  wall 
boundary  layer  occurred  in  the  region  where 
the  measurements  were  made.  In  the  second  of 
the  studies  mentioned,  the  results  are  rather 
•parse  and  different  flow  variables  were 
measured  on  different  cross-sectional  planes 
which  leads  to  scxne  difficultv  in  comparing 
the  results  with  numerical  predictions. 
Further,  the  flow  conditions  used  in  some  of 
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the  tests  were  such  that  there  was  a possi- 
bility that  regions  of  reversed  flow  existed. 
While  this  is  also  likely  to  be  true  in  some 
practical  devices  involving  ducted-jet  flow, 
it  is  felt  that  the  adequaci'  of  turbulence 
models  for  the  prediction  of  non- separating 
flows  should  be  thoroughly  explored  before 
testing  them  against  results  for  flows  in- 
volving recirculation. 

It  was  with  these  perceived  deficien- 
cies in  existing  studies  in  mind  that  the 
present  study  was  undertaken. 

EJCPERIMENTAL  STUDY 

The  general  layout  of  the  experimental 
apparatus  is  shown  schematically  in  fig.  1* 
The  primary  air-flow  was  supplied  by  a com- 
pressor through  a pipe-line  in  which  an  ori- 
fice plate  was  mounted,  this  allowing  the 
flow  rate  to  be  measured.  The  primary  air 
entered  the  working-section  through  a con- 
vergent nozzle  with  an  exit  diameter  of 
20.6  mm.  The  test  section,  which  was 
approximately  1 m long,  had  a constant  dia- 
meter of  82.5  mm  giving  a diameter  ratio  of 
4 to  1.  The  secondary  air  was  dra*m  from 
the  atmosphere  into  a settling  chamber , 
which  surrounded  the  primary  flow  delivery 
pipe,  flowing  into  the  test  section  from 
this  chamber  through  aai  annular  nozzle  which 
was  concentric  with  the  primary  flow  nozzle. 
The  temperatures  of  the  primary  and  second- 
ary flows  were  measured  and  found  to  be  both 
essentially  equal  to  the  ambient  temperature. 


Fig.  1 Layout  of  apparatus 

The  test-section  was  connected  at  its 
exit  end  to  a straight  pipe  which  had  the 
same  diameter  as  the  test  section.  An  ori- 


fice plate  mounted  in  this  pipe  allowed  the 
total  flow  rate  to  be  measured.  This  pipe 
discharged  into  a large  settling  chamber  as 
shown  in  fig.  1,  air  being  drawn  from  this 
chamber  by  a centrifugal  fan  which  ran  at  a 
constant  speed. 

The  primary  and  secondary  flow  rates 
could  be  independently  varied.  The  primary 
flow  rate  was  controlled  by  varying  the  rate 
at  which  air  was  delivered  to  the  apparatus 
by  the  compressor.  The  secondary  flow  rate 
was  controlled  by  varying  the  rate  at  which 
air  was  drawn  through  the  test-section  by 
the  fan.  Since  the  fan  ran  at  a constant 
speed,  this  was  accomplished  by  varying  the 
eunount  of  air  bled  into  the  apparatus  from 
the  atmosphere  just  upstreeun  of  the  settling 
chamber  to  which  the  fan  was  connected. 

The  working  section  had  a series  of  pre- 
ssure taps  mounted  along  its  length,  these 
being  connected  to  a multi-tube  manometer  so 
allowing  the  wall  pressure  distribution  to 
be  measured.  A series  of  ports,  through 
which  probes  could  be  inserted  into  the  flow, 
were  also  incorporated  into  the  wall  of  the 
working  section.  Both  Pitot  and  hot-wire 
probes  were  used  in  the  present  work.  The 
probe  being  used  at  a particular  time  was 
mounted  in  a traversing  gear,  this  assembly 
then  fitting  into  the  ports  in  the  working 
section  wall  emd  so  allowing  the  probe  to  be 
traversed  diametrically  across  the  working 
section.  The  radial  position  of  the  probe 
could  be  determined  to  an  accuracy  of  better 
thaA  0.1  mm  by  means  of  a vernier  system  in- 
corporated into  the  traversing  gear. 

The  majority  of  the  measurements  were 
made  using  standard  Disa  cross-wire  probes 
arranged  to  measure  the  U and  V velocity  com- 
ponents. These  probes  were  used  in  conjunc- 
tion with  a Disa  M and  a Disa  K hot-wire 
systems.  Signal  processing  was  carried  out 
in  analogue  form  using  a Disa  Turbulence 
Processor,  Using  this  procedure,  profiles 
_ -y  —K 

of  U,  V,  uv,  u and  v were  obtained.  The 
hot-wire  probes  were  calibrated  in  a separate 
rig,  frequent  checking  of  the  calibration 
being  undertaken  during  a test.  In  addition 
to  the  profile  measurements  using  the  cross- 
wire probes,  additional  measurements  were 
made  on  the  centre-line  using  both  straight 
single-wire  probes  and  a Pitot  probe. 

Table  1 


Test 

Mumber 

Primary 

Stream 

Velocity 

m/s 

Secondary 

Stream 

Velocity 

m/s 

Number  of 

Sections  at  which 
Profiles  were 
measured 

1 

62.5 

29.9 

7 

2 

62.5 

19.2 

6 

3 

60.7 

15.2 

8 

10.2 


Basically  three  tests  were  undertaken, 
the  flow  conditions  in  these  tests  being 
listed  in  Table  1.  From  this  table  it  will 
be  seen  that  the  three  tests  involved 
primary  stream  to  secondary  stream  velocity 
ratios  of  approximately  2 to  1,  3 to  1,  and 
4 to  1.  In  each  of  the  tests  complete  pro- 
files were  measured  using  the  cross-wire 
probes  at  the  number  of  axial  positions  in- 
dicated in  the  T2ible.  In  addition,  the 
centre-line  velocity  was  measured  at  a 
larger  number  of  axial  positions  and  the 
wall  pressure  distribution  was  also  measureci 

EXPERIMENTAL  RESULTS 

Complete  profiles  for  Test  Number  3 are 
shotrn  in  figures  2 to  S while  mean  axial 

velocity  and  uv  profiles  for  the  other  two 
tests  are  shown  in  figures  6 to  9 . In  pre- 
senting these  results,  all  velocities  have 
been  expressed  relative  to  the  mean  velocity 

across  the  entire  duct,  U_.  Measurements 

n 

were  taken  on  both  sides  of  the  centre-line 
and  showed  that  axial  symetry  existed. 

It  should  be  noted  from  Table  1 that 
the  tests  all  involved  approximately  the 
same  primary  streeun  velocity  and  different 
secondary  stream  velocities.  Each  test, 

therefore,  involved  a different  U . For 

n 

this  reason,  the  dimensionless  variables 
expressed  relative  to  vary  considerably 

from  test-to-test  in  the  initial  jet-flow 
region. 

As  will  be  seen  from  the  figures,  the 
results,  of  course,  show  the  same  basic 
characteristics  as  those  observed  in  previous 
studies.  Near  the  inlet  plane,  the  flow  con- 
sists essentially  of  a free-jet  along  the 
^ucis  of  the  working-section  and  a boundary 
layer  on  the  wall  with  a "core*  region  be- 
tween them.  Interaction  between  these  flows 
then  occurs  with  an  accompanying  relatively 
rapid  change  in  the  form  of  the  profiles  and 
a form  of  duct  flow  is  then  attained.  Now 
it  will  be  noted  that,  in  all  three  tests, 
the  first  profile  was  measured  at  least  one 
full  duct  diameter  downstream  of  the  nozzle 
so  that  even  the  first  profile  only  exhibits 
a relatively  small  "core"  region.  Neverthe- 
less a definite  region  of  almost  uniform 
mean  velocity  and  zero  turbulence  stress  is 
clearly  apparent  in  all  the  Initial  profiles. 

For  downstream  of  the  inlet  plane  a 
duct-type  flow  exists  in  which  the  mean 
velocity  and  the  turbulence  shear  stress  vary 
continuously  across  the  section.  However, 
despite  the  fact  that  measurements  were  tak- 
en at  greater  downstream  distances  than  in 
almost  all  previous  studies,  the  flow  chara- 
cteristics in  this  region  do  not  correspond 
to  those  that  would  exist  is  in  fully-devel- 
oped pipe  flow,  the  mean  velocity  distribu- 
tion near  the  centre-line  being  much  flatter 
than  in  that  tj-pe  of  flow  and  the  turbulence 
stresses  much  higher.  If  the  working-section 


Fig.  2 Mean  velocity  distributions 
for  4 to  1 velocity  ratio  test 


vb 
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Fig.  3 Longitudinal  turbulence  stress 
distributions  for  4 to  1 velocity  ratio 

test 
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was  very  long,  the  fully  developed  pipe  flow 
state  would,  presumeably,  ultiaiately  be  re- 
ached. However,  the  rate  at  which  the  flow 
near  the  centre-line  is  tending  towards  this 
state  is  very  low  indication  that  such  a 
state  is  unlikely  to  be  achieved  in  most 
practical  devices  that  involve  ducted-jet 
flow.  This  observation  also  accounts  for 
the  fact  that  some  earlier  attempts  at  pre- 
dicting ducted-jet  flow  were  unsuccessful 
because  these  predictions  were  based  on  the 
use  of  simple  algebraic  turbulence  models  in 
which  it  was  assumed  that  fully-developed 
pipe  flow  would  be  attained  after  a rela- 
tively short  mixing  zone. 

MUMERICAL  STUDY 

As  mentioned  earlier,  one  of  the  main 
reasons  for  undertaking  the  present  study 
was  to  provide  data  that  could  be  used  to 
assess  the  adequacy  of  various  turbulence 
models.  Some  initial  work  on  this  has  been 
undertaken  using  the  boundary  layer  form  of 
Che  governing  equations,  these  being  solved 
numerically  using  a relatively  conventional 
forward-marching,  implicit  finite-difference 
scheme.  Solutions  have  been  obtained  using 
this  procedure  in  conjunction  with  three  re- 
latively simple  turbulence  models. 

The  three  turbulence  models  used  to  ob- 
tain numerical  solutions  are  as  follows: 

(i)  Mixing  Leno'^  Model:  This  algebraic 
model  is  basically  the  same  as  that  used  in 
ref.  3.  The  flow  is  assumed  to  consist  of 
•the  various  sub-regio.:s  shown  in  figure  10. 
Regions  2 and  4 are  core-regions,  i.e,  re- 
gions of  uniform  velocity,  while  region  1 is 
assumed  to  consist  of  a boundary  layer  flow 
and  region  3 to  consist  of  a free- jet  flow. 

In  these  latter  two  regions  the  mixing  leng- 
th distributions  are  assumed  to  be  given  by 
well-established  equations  for  boundary  lay- 
ers and  free  jets  respectively. 

Region  6 is  assumed  to  be  a developed 
d’uct  flow  region  in  which  the  mixing- length 
distribution  is  taken  to  be  independent  of 
the  downstream  distance  x.  lAiile  region  6 is 
assumed  to  be  a developed  duct  flow  region, 
it  was  found  in  ref.  3 that  in  order  to  pro- 
duce a reasonably  good  agreement  between  pre- 
dicted and  experimental  results,  much  higher 
values  for  the  mixing-length  had  to  be  assu- 
med near  the  centre-line  than  would  apply  in 
fully-developed  pipe  flow.  The  reasons  for 
this  are,  as  previously  discussed,  apparent 
from  a consideration  of  the  present  experi- 
mental results,  these  indicating  that,  in 
what  is  taken  as  region  6,  a developed  duct 
flow  does  not  exist  but  the  rata  of  change 
of  flow  ’/ariables  with  down-stream  distance 
is  so  slow  that  a constant  mixing-length  can 
be  assumed  over  moderate  distances.  However, 
because  much  higher  turbulence  shear  stress- 
es exist  near  center-line  in  this  flow  than 
in  fully  developed  duct  flow,  much  higher 
values  for  the  mixing  length  have  to  be  used. 

The  last  region,  region  5,  is  a transi- 
tion region  in  which  the  mixing-length  dis- 
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Pig.  8 Mean  velocity  distributions 
for  3 to  1 velocity  ratio  test 


Pig.  9 Turbulence  shear  stress 
distributions  for  3 to  1 velocity 
ratio  test 
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^rlbu^ion  is  assumed  to  change  linearly  from 
that  applicable  at  the  point  where  regions  1 
and  3 meet  to  that  applicable  in  region  5. 


+ v 


t 


(4) 


Pig.  10  Flow  regions  assumed  in 
mixing  length  turbulence  model 


(ii)  One-Eouation  Model ; This  model  is 
based  on  the  use  or  a modelled  differential 
equation  for  the  turbulence  kinetic  energy, 
k.  The  eddy  viscosity  is,  as  usual,  expres- 
sed in  terms  of  k and  a length  scale,  I,  by 

- k°*^  I (1) 


while 

the  equation  used  to 

determine  k 

is  taken  to  be 

u ak  + 

V 3k  « 1 3 Pr  (V 

+ v„)  3kl 

Tx 

7r  ? Tr  L 

* ^ 

/ 3uN  ^ - 0.09  k^*^ 

(2) 

T 

(^]  i 

The  length  scale,  i,  is  algebraically 

defined  and  was  taken  as  i /I. 83  where  is 

m m 

the  mixing  length  as  given  by  the  first 
model  discussed  above. 

The  kinetic  energy  equation,  given  a- 
bove,  is  not  applied  very  near  the  wall,  the 
eddy  viscosity  in  this  region  being  given  by 
the  mixing-length  formulation. 

(iii)  Two-Eouation  Model;  This  model  is 
based  on  the  use  of  modelled  differential 
equations  for  the  turbulence  kinetic  energy, 
k,  and  the  dissipation,  £•.  The  eddy  viscos- 
ity is,  as  usual,  expressed  in  terms  of  these 
variables  by 

- 0.09  k^/e  (3) 

Vihile  the  equations  used  to  determine 
k and  c are  taken  to  be 

U 3k  + V 3k  - 1 3 fr  (v  + v„)  Ski 
die  Tr  r 1T[_  * 7rJ 
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dT  r Tr 

1.4.5  s ^T  30  V 
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r (V  * ''t  ) 
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2e‘ 
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(5) 


The  k-equation  is,  of  course,  essentia- 
lly identical  to  equation  (2) . 


Fig.  11  Comparison  between  measured 
and  predicted  centre- line  velocity 
distributions  for  3 to  1 velocity  ratio 


As  wxCli  the  one— equat ton  model,  the 
above  two  equations  are  not  applied  very 
near  the  wall,  the  eddy  viscosity  in  this 
region  again  being  given  by  the  mixing- 
length  formulation. 

Each  of  the  above  models  have  been  used 
in  conjunction  with  the  momentum  and  con- 
tinuity equations  to  obtain  a prediction  of 
the  flow  development.  The  numerical  solution 
is  based  on  the  introduction  of  implicit 
finite  difference  approximations  to  the  gov- 
erning eauations.  The  resulting  set  of  ap- 
proximate algebraic  equations  were  then,  as 
usual,  solved  by  marching  forward  in  the  x- 
direction  from  one  r-line  to  the  next. 

In  order  to  carry  out  the  solution,  the 
conditions  on  some  initial  cross-sectional 
plane  had  to  be  prescribed.  These  were  de- 
duced from  the  actual  measured  conditions  on 
the  first  plane  on  which  measurements  were 
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flows  in  that  the  mixing-length  distribution 
in  the  duct-flow  region  had  been  choosen  to 
give  agreement  with  the  experimental  results 
obtained  in  ref.  2"  contrast,  the  con- 
stants used  in  the  two-equation  model  were 
derived  entirely  from  studies  of  "simple" 
turbulent  flows. 

CONCLUSIONS 

(i)  While  the  experimental  results  ob- 
tained in  the  present  study  do  not  shed  any 
fundamentally  new  light  on  the  processess 
involved  in  ducted- jet  mixing,  they  are  more 
comprehensive  that  those  given  in  available 
studies  and  should  prove  useful  for  valida- 
tion proposed  turbulence  models. 

(ii)  All  three  turbulence  models  con- 
sidered in  the  present  work  gave  reasonably 
good  agreement  with  the  experimental  results 
The  fact  that  the  two-equation  model  did  not 
rely  on  empirical  results  for  ducted-jet 
flow  and  still  gave  gooa  agreement  indicates 
that  simpler  models  considered, 
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COMPARISOH  OF  SEViBAL  TOTBULESCE  MODELS  FOR  FHEDICTIKG  FLO*’  PArDERIS  ’•irEID  COITXDSI  JTTS 
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ABSTRACT 

Numerical  solutions  of  the  differential  equations 
governing  isothermal  and  nonisothermal  confined  Jets 
have  been  obtained  for  three  Afferent  models  of  the 
turbulence  correlation  terms.  'Hie  models  used  vere 

1)  mixing  length  model 

2]  k-2  turbulence  model 

3}  k-e  turbulence  model 

A comparison  of  the  predictions  vith  experimental  data 
taken  in  a confined  Jet  system  indicates  that  in  the 
absence  of  a measured  distribution  of  the  kinetic 
energy  of  turbiilence  at  the  entrance  section  the  mix- 
ing, length  model  provided  the  best  results  for  the 
Isothermal  case.  For  the  nonisothermal  Jets,  however, 
it  was  found  that  the  k-e  model  gives  better  predic- 
tion than  the  other  two  models  in  spite  of  the  lack 
of  measured  distributions  for  the  kinetic  energy  of 
turbulence  at  the  entrance. 


effective  turbulent  viscosity 

effective  turbulent  conductivity  divided 
by  the  heat  capacity 

Prandtl  number  for  turbulent  heat  transfer 

Prandtl  number  for  the  transport  of  kinetic 
energy  of  turbulence 

Prandtl  number  for  the  transport  of 
turbulence  dissipation  rate 


Superscripts 


fluctuating  quantities 
mean  quantities 


INTRODUCTION 

Confined  Jet  flows  characterize  the  fluid  dynam- 
ics prevalent  in  several  Industrial  furnaces  and  com- 


NOMENCLATURE 

Ct  Craya-Curtet  Nxaaber 

Ct ' Craya-Curtet  Number  for  nonisothermal 

confined  Jets 

C constant  in  eqn  (11) 

hi 

C constant  in  eqn  (12) 

Wj 

C ,0  constants  in  eqn  (14) 

h enthalpy 

k kinetic  energy  of  turbulence 

I mixing  length 

r radial  distance  from  the  symmetry  axis 

u axial  velocity 

Uq  centre-line  axial  velocity 

V radial  velocity 

w tangential  velocity 

X axial  distance  from  the  nozzle  exit 

e turbulence  dissipation  rate 

C density 

iji  stream  function 

u vortlcity 

constant  effective  viscosity  at  the 
entrahce  section 


bustion  enclosures.  Hence  prediction  of  these  flows 
from  fundamental  equations  is  cf  practical  importance. 
The  numerical  solution  procedure  of  Gosman  et  al  (^) 
is  widely  used  for  this  purpose.  The  scheme  makes  use 
of  prescribed  relations  for  the  turbuJ«ce  correlation 
terms  appearing  in  the  time-smoothed  equations  of 
motion  in  terms  of  mean  variables.  The  relations 
which  may  be  algebraic  or  differential  equations  are 
referred  to  as  turbulence  models.  In  this  study,  the 
performance  of  three  turbulence  models  in  the  predic- 
tion of  axisymmetric,  confined,  non-swirling  Jets 
( isothermal  and  non-lsothermal ) is  evaluated  by  com- 
paring the  results  of  the  numerical  solution  procedure 
with  data  taken  on  an  experimental  system. 

THE  SYSTEM 

The  experimental  apparatus  used  consists  of  a 
right  cylindrical  duct  of  diameter  0.24  m with  a 
nozzle  at  the  centre  of  the  lower  end.  The  primary 
stream  enters  the  duct  through  the  nozzle  while  the 
secondary  stream  enters  through  the  entire  surrounding 
area  covered  with  a fibermetal  porous  plate.  The 
primary  stream,  being  at  a higher  velocity,  entrains 
the  secondary  stream  forming  the  confined  Jet.  Both 
the  primary  and  secondary  streams  were  air  at  room 
temperature  for  isothermal  runs.  The  apparatus  was 
provided  with  a heat  exchanger  for  heating  the  primary 
stream  before  it  enters  the  nozzle  to  conduct  non- 
isotheraal  experiments.  The  details  regarding  the 
appsiratus  and  measurement  techniques  car.  be  found  in 
the  original  thesis  (£)  or  an  earlier  paper  v^). 
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THi  EaUATIOHS 


Tbe  conservation  equations  vhich  govern  the 
systes  can  he  written  in  terms  of  the  stream  function, 
\j(,  and  the  vorticity,  u (^). 


k[<*  S'  - S']  - 5r[‘.  S'"] 


(1) 


where  d stands  for  any  property  such  as  ifi  or  u; 

X is  the  axiai  distance  and  r the  radial  distance. 
The  values  of  the  coefficients  for  the  different 
^'s  are  given  in  the  table  below. 


Table  1.  Coefficients  for  Equation  (1) 
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0 

1 

or 

or 

Ui 

r 

r* 

, 1 

r> 

“eff 

_zr3  ♦ 7*,  3p 

1;^ — 5 — ' IT 

. ±(^  la] 

3r^  2 ' 3xJ 

h 

^h 

1 

0 

“"eff 

“eff 

Bare  h is  the  enthalpy,  u and  v are  mean  axial 
and  radial  velocities,  p is  the  density  and  Ueff 
and  turbulent  viscosity  and  the 

turbulent  thermal  conductivity  divided  by  the  heat 
capacity  defined  by 


“eff  ‘ 0(u'y')/(^} 


and 


‘‘eff 


(2) 

(3) 


idiere  7 is  the  stream  temperature  and  u',v'  and 
7*  are  instantaneous  fluctuations  in  u,  v and  7. 
The  turbulent  Prandtl  number  for  heat  transfer  is 
defined  as 


“eff/^'h 


(M 


eff 


numerical  solutions  to  these  equations  were 
obtained  according  to  the  procedure  of  Gosman  et  al 
(^)  using  three  different  models  for  the  turbulent 
stress  term,  p u'v'.  The  models  are  as  follows: 


(1)  Mixing  Length  Model 

p . p l-gl  (f) 

1 » A,  X 


(5) 

(6) 


where  A,  is  a constant  and  x is  the  distance  along 
the  Jet. 


(2)  k-i  Turbulence  Model 
0 u’v’  ■ C 


0.38; 


0 t(#) 

t 


or 

A.  X 


(Hef.  5) 


(7) 

(S) 


where  Aj  is  a constant  and  k is  the  kinetic  energy 
of  the  fluctuations  or  turbulence  per  unit  mass  defined 
by 


(u 


■ 2 


+ w’' 


(9) 


The  kinetic  ener^  of  turbulence  is  determined  by  the 
differential  equation  %rtiich  takes  the  conser'/ation 
form  (It) 


r |j(p  u k)  + -^r  p V k) 


_5  , “eff 
or  Ojj  or' 


— 72 

/0U\2  r D k 

* ^ >^eff<57>  - — 1— 


where 


eff 


C p k**  I 
Wl 


(ID) 

(11) 


and  is  the  Prandtl  number  for  the  transport  of 

kin'etic  energy  of  turbulence. 


(3)  k-e  Turbulence  Model 
p u'v 


(c  p kVc)  (f) 


(12) 


where  e is  the  turbulence  dissipation  rate  and  C.. 


is  a constant,  k and  C are  described  by  dif- 


ferential equations  again  in  the  conservation  form. 


* '•‘^eff 


(13) 


“eff  3e 


+ C,  r e u 


eff  '3r 


(|r)^kj-  C^^r  p eVk 


(lU) 


where 


p k'/e 


The  constant  Cr  is  taken  to  be  I.U3  and  C. 


obtained  from 


1.92  - 0.0667  f 


(15) 
is 

(16) 


where 


du  du 

f . 0.072  I-^DI 


(17) 


and  Uq  is  the  centre-line  axial  velocity.  The  above 
relations  are  based  on  the  suggestion  of  launder  et  al 
(I).  • 


Boundary  Conditions 

The  boundary  conditions  for  t)',  u and  h are 
as  described  in  the  procedure  of  Oosman  et  al  (^).  The 
following  boundary  conditions  were  employed  for  the 
kinetic  energy  of  turbulence  and  the  turbulence  dis- 
sipation rate. 

Duct  entrance:  The  radial  distribution  of  the  kinetic 
energy  of  turbulence  was  calculated  from  the  relation 
suggested  by  Launder  et  al  (^)  namely 


k • u,.(l^)/0.3  P 

t or 


(18) 


where  I*  constant  effective  turbulent  viscosity 

at  the  entrance  section  calculated  according  to  the 
relation  suggested  by  Gosman  et  al  (^) . The  radial 
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distribution  of  tbe  turbulence  dissipation  rate  was 
calculated  as 

£ • C.09  0 b'/U^  (19) 

3uct  exit:  The  exit  conditions  for  k and  e were 
obtained  by  assuaing  their  axial  gradients  to  be  zero 
at  the  exit. 

S^Tmetry  axis  and  duct  wall:  The  values  of  k and  e 
at  the  centre-line  and  near  the  wall  were  assumed  to 
be  the  same  as  their  value  at  the  adjacent  radial 
coordinate. 

HISUITS 


presents  results  for  an  isothermal  confined  Jet  using 
the  k-c  turbulence  model.  The  twc  oases  presented 
consist  of  a plug  flow  profile  at  the  duct  entrance 
and  the  measured  velocity  profile  at  x « 0.11  m as 
the  inlet  boundary  condition.  The  better  prediction 
occurs  when  the  measured  velocity  profile  is  taxe.n  as 
the  boundary  condition.  The  results  given  in  this 
figure  are  typical  of  numerous  comparisons.  The  cal- 
culated profiles  in  all  other  figures  nave  used  velo- 
city end  temperature  profiles  measured  at  an  axial 
distance  of  0.11  m as  the  boundary  conditions.  The 
radial  distribution  of  k and  e at  this  axial  loca- 
tion was  obtained  according  to  eqns  (lE)  and  (19) 
using  the  measured  velocity  profile. 


Ihumerical  solutions  were  obtained  for  tvo  values, 
0.22  and  0.51,  of  the  sisUlarity  parameter  Ct,  the 
Craya-Curtet  number  for  the  isothermal  system  (4) 
for  the  same  tvo  values  of  the  similarity  parameter 
Ct',  the  modified  Craya-Curtet  number  for  the  non- 
isothermal  system  (2,).  A value  of  0.22  for  the  simi- 
larity parameter  corresponds  to  large  external  recir- 
culation outside  the  Jet  while  a value  of  0.51  corres- 
ponds to  moderate  external  recirculation.  The  turbu- 
lent Prandtl  number  for  heat  transfer  was  taken  to  be 
0.7  for  non^ isothermal  calculations  (2).  Some  of  the 
numerical  results  are  presented  in  Figures  1-5  along 
with  experimental  data  for  identical  conditions. 

Initially,  a uniform  priiury  stream  velocity  and 
a uniform  secondary  stream  velocity  were  useii  in  the 
numerical  calculation  as  the  boundary  condition  for 
the  axial  velocity  at  the  duct  entrance  in  order  to 
calculate  the  boundary  condition  for  the  stream  func- 
tion. However,  this  was  found  to  limit  the  accuracy 
of  the  predictions  as  shown  in  Figure  1. 


Fig  1 Cocparison  of  the  Predictions  of  Hadial 

Profiles  of  Axial  Velocity  for  the  k-c  Model 
with  the  Ixperimental  Sata  for  Different 
ScundazT  Conditions  for  an  Isothermal 
Confined  Jet 

When  the  measured  velocity  profile  at  an  axial  dis- 
tance of  0.11  B from  the  nozzle  exit  was  used  to  oal- 
culate  the  stresm  function  distribution  at  that  axial 
distance  which  was  in  turn  used  as  the  boundary  con- 
dition for  'ii,  the  prediction  of  the  downstream  velo- 
city profiles  was  considerably  improved.  Figure  1 


TunT.hoi-n.i  Confined  Jets 

A comparison  of  the  predicted  velocity  profiles 
obtained  with  the  three  turtmlence  models  described 
previously  with  the  experimental  data  obtained  from 
isothermal  confined  Jets  with  Craya-Curtet  numbers 
0.22  and  0.51  are  presented  in  Figs  2 and  3. 

It  is  seen  from  Fig  2 that  at  smaller  axial  dis- 
tances the  predictions  of  the  Blxlng  ler.gth  model  and 
the  k-e  model  are  approximately  of  the  same  order  of 
accuracy  while  those  of  the  k-1  model  are  scmevhat 
poorer.  At  larger  axial  locations  the  predictions  of 
the  k-e  model  are  somewhat  less  accurate  than  those  of 
the  other  two  models . On  the  average  the  mixing  length 
model  seems  to  yield  better  predictions  than  the  other 
tvo  models  over  the  entire  Jet.  The  Bixlng  length 
model,  however,  predicts  larger  recirculation  than 
indicated  by  an  extrapolation  of  the  experimental  data. 
This  may  be  due  in  part  to  the  neglect  of  wall  func- 
tions for  the  calculation  of  mixing  length  in  the 
regions  close  to  the  wall. 

The  comparison  of  the  predictions  with  the  data 
for  an  isothermal  confined  Jet  of  Ct  equal  to  0.51 
presented  in  Fig  3 indicates  that  the  results  obtained 
with  the  mixing  length  model  are  better  than  those  of 
the  k-i  model  which  in  turn  are  better  than  the 
results  of  the  k-e  model. 

Since  the  mixing  length  model  could  be  derived 
frcB  the  differential  equation  for  k by  neglecting 
the  convection  and  diffusion  tersis  it  appears  that  the 
inaccuracy  in  the  predictions  of  the  k-I  and  k-e  models 
is  due  to  the  prescription  cf  incorrect  boundary  condi- 
tions for  k and  e at  the  entrance  section.  Thus 
the  results  imply  that  in  the  absence  of  measured 
values  for  k at  the  entrance  section,  the  simple 
mixing  length  model  is  the  most  reasoiiable  choice  for 
predicting  the  flow  patterns  in  isothermal  confined 
Jets  since  it  requires  the  least  calculational  effort. 

The  results  also  indicate  that  the  accuracy  of 
the  predictions  at  axial  distances  close  to  the  exit 
(for  instance  0.U5  c in  Fig  2)  is  considerably  less 
than  for  the  predictions  at  axial  locations  further 
upstream.  This  is  considered  to  be  partly  due  to  the 
inadequacy  of  the  calculation  of  the  boundary  condi- 
tions for  <ii  and  u at  the  duct  exit  where  axial 
gradients  for  these  variables  are  taken  as  zero.  This 
assumption  is  especially  in  error  for  low  values  of  Ct 
when  large  amounts  of  recirculation  occur  external  tc 
the  Jet  extending  into  the  exit  region.  This  type  of 
error  should  be  reduced  for  a Ct  of  0.51  and  the  pre- 
dicted results  in  Fig  3 support  this. 

It  is  also  seen  from  the  results  that  the  best 
values  for  the  constants  for  the  several  models  are 
not  the  same  for  the  tvo  different  values  of  the 
similarity  parameter,  Ct. 

licnisotnerual  Confined  Jets 

The  predicted  velocity  and  temperature  profiles 
for  a nonisothermal  confined  Jet  with  Ct'  equal  to 
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Comparlion  of  the  Prediction*  of  Radlel  Profiles  of  Axi*l  Velocity  for  Various  Turbulence  Model*  vith 
the  Ixperiaental  Data  for  an  Iiothemal  Confined  Jet  of  Ct  equal  to  C.22 


C.51  presented  In  Figs  U and  5.  The  cosparison  of 
the  predicted  velocity  profiles  with  the  data  shown  in 
Fig  1 indicates  that  the  results  obtained  with  the  h-e 
sodel  are  more  accurate  than  those  of  the  other  two 
models.  The  comparison  of  the  temperature  profiles 
indicate  that  the  results  of  'a-e  and  mixing  length 
model  are  of  the  same  order  of  accuracy  while  those  of 
the  a-l  model  demonstrate  considerable  error. 

It  is  true  that  better  temperature  predictions 
can  be  obtained  with  the  k-l  model  by  increasing  the 
value  of  the  constant  Aj  in  eqn  (8).  However,  such 
a change  would  result  in  even  smaller  centreline  axial 
velocities  increasing  the  error  in  velocity  predlcticoa 
Similarly  an  attempt  to  increase  the  predicted  centre- 
line velocity  values  obtained  with  the  mixing  length 
model  by  increasing  the  value  of  the  constant  Ai  in 
eqn  [6)  results  in  poorer  temperature  predictions. 

Thus  k-e  model  performs  better  than  the  other  two 
models  in  the  prediction  of  flow  patterns  and  tempera- 
ture profiles  of  nonisothermal  confined  Jets.  A com- 
parison of  the  results  for  a Ct ' of  0.22  also  indi- 
cates the  superior  performance  of  the  k-e  model  in 
spite  of  the  arbitrary  prescription  of  boundary  condi- 
tions for  k and  e at  the  entrance.  Measured 
values  of  k at  the  entrance  section  would  enable 
better  predictions  with  the  k-S.  and  k-e  models. 

Since  the  mixing  length  theory  does  not  perform 
as  well  for  nonisothermal  confined  Jets  as  for  iso- 
thermal ones  it  may  be  inferred  that  the  convection . 
and  diffusion  of  k are  not  negligible  for  non- 
isothermal  Jets. 

Similar  to  the  case  of  isothermal  Jets,  the  best 
values  of  the  constants  in  the  several  models  for 
predicting  nonisothermal  Jets  were  found  to  be  dif- 
ferent for  the  two  different  values  of  Ct'  of  0.22_ 
and  0.51. 

COBCLUSIOHS 

1.  When  measured  velocity  and  temperature  pro- 
files near  the  entrance  are  used  as  bouzidary  condi- 
tions, the  predictions  are  considerably  Improved  as 
compared  to  the  specification  of  plug  flow  profiles 
at  the  entrance. 

2.  For  isothermal  confined  Jets,  in  the  absence 
of  measured  values  for  k at  the  duet  entrance,  the 
simple  mixing  length  model  predicts  the  flow  pattern 
better  than  the  more  complicated  k-t  and  k-e  models. 

3.  For  nonisothermal  confined  Jets  the  k-e  mod- 
el is  superior  to  the  mixing  length  and  k-i  models 

in  the  prediction  of  velocity  and  temperature  profiles. 

U.  The  k-t  model  is  more  or  less  of  the  same 
order  of  accuracy  as  the  k-e  model  for  the  isothermal^ 
case.  For  nonisothermal  Jets  it  is  inferior  to  both 
the  other  two  models  studied. 

5.  The  inadequacy  of  the  boundary  conditions  at 
the  exit  reduces  the  accuracy  of  the  result  close  to 
the  exit  especially  for  low  Ct  values. 

6.  The  results  indicate  that  the  constants 
associated  with  the  three  models  of  turbulence 
considered  are  not  universal. 
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APPENEIX 


Definition  of  Ct  and  Ct' 

The  similarity  parameter  for  isothermal  confined 
Jets  in  the  experimental  system  of  the  present  study, 
the  Craya-Curtet  number  Ct,  is  given  by 


' Vd'  - ’^k' 


where  Uj^  and  U^  are  the  kinematic  and  dynamic  mean 
velocities.  These  are  defined  as 


(AjU,  + AjUj) 


and 


(AjU,*  ♦ AjUj*) 


- "stJz 


(21) 

(22) 


In  the  above  two  equations  U^  and  Uj  are  the  uni- 
form velocities  of  the  primary  and  secondary  stream 
and  Ai  and  A]  are  the  entrance  areas  for  these 
streams.  A,  is  the  cross-sectional  area  of  the  con- 
fining duct. 

For  the  case  in  which  the  primary  stream  is  at  a 
temperature  different  from  that  of  the  secondary 
stream  the  similarity  parameter,  the  nonisothermal 
Craya-Curtet  number  Ct ' , is  given  by 
Uu' 

Ct'  « » (23) 

where  U]^'  and  Ug'  are  the  kinematic  and  dynamic 
mean  velocities  for  the  nonisothermal  system.  These 
are  defined  as 


and 


(Pi 


A,Ui  ♦ OjAjUj) 


(0l  A,U,«  ♦ 0;A;U,^) 

Do  Aj 


(2U) 

(25) 


In  these  equations  0,  and  Oj  are  the  densities 
of  the  primary  and  secondary  streams  and  Do  that  of 
the  stream  leaving  the  duet.  Other  variables  have  the 
same  significance  as  for  the  Isothermal  case. 

The  detailed  derivation  of  this  similarity  para- 
meter and  the  evaluation  of  its  validity  based  on 
experimental  data  may  be  found  elsewhere  (^J,) . 
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ABSTRACT 

A light-aaatttT  taehniqua , marker  rephel- 
ometry,  waa  used  to  obtain  air-in-air  mixing 
data  on  the  syatem  reaulting  from  the  infea- 
tion,  at  right  anglea  through  a port  in  the 
wall,  of  a round  aubaonio  jet  into  a fully 
developed  turbulent  pipe  flow.  Though  the  pipe 
Reynolds  number  waa  also  varied  (SSOOO  and 
leOOOO),  the  important  input  variablea  were 
a,  the  port  to  pipe  mean  apeed  ratio  of  the 

input  streams  (2.S  to  12. S),  and  D /D_,  the 

o p 

port  to  pipe  diameter  ratio  (0.020  to  0.0S8), 
both  of  whiah  aignifiaantly  affeoted  the  rate 
of  jet  deflection.  Results  also  show,  however, 
that  the  jet  source  fluid  mean  concentration 
along  the  jet  trajectory  Z (defined  aa  the 
locus  of  points  of  highest  concentration  in 
the  longitudinal  plane  of  bilateral  symmetry ) 

and  the  jet  width  are  functions  of  only  J/Wf  . 

0 

Beyond  Z/fid  « S,  radial  profiles  of  the  mean 
concentration  and  rms  concentration  fluctua- 
tions are  similar  in  shape  to  those  of  a free 
jet,  and  the  relative  concentration  fluctua- 
tion intensity  along  the  trajectory  is  0.4. 

The  jet  mixing  field  waa  also  studied  aa  to 
concentration  fluctuation  spectral  density, 
integral  scale,  and  intermittenay . 

NOMENCLATURE 

B mean  concentration  half-radius,  a 
C correlation  coefficient  for  point  concen- 
tration fluctuations  at  two  points  in  space 

0 diameter,  m 

E (k  ) one  dimensional  spectrum  of  point 
’ ^ concentration  fluctuations,  kg^mS 

f frequency,  1/s 

kj^  ■2':Tf/u,  one  dimensional  wave  number,  m~^ 

M ■ ^’o^*^p'  O'***'  discharge 

_ velocity  to  the  mean  pipe  velocity 
R mean  jet  radius  as  defined  by  intermittency 
measurements , o 
Re  ■US/v,  Reynolds  number 
C velocity,  m/s 
x,y,z  carter.ian  coordinates 

1 intermittency  factor  3 

r concentration  of  the  jet  source  fluid, kg/m 
y ■ r ■ T,  fluctuating  component  of  r,  kg/m^ 

A longitudinal  integral  spatial  scale  of  the 
turbulent  concentration  fluctuations,  m 
•;,n,(  curvilinear  coordinates  conforming  to 
the  jet  shape  , 

V kinematic  viscosity,  mr/s 


a steindard  deviation  of  the  jet  radius,  R, 
as  defined  by  intermittency  measurements,  m 

Overscrlpts 

(overbar)  time-average  value 
time-average  root-mean-scuare  value 

Subscripts 

o properties  at  the  mouth  of  the  jet  port 
p properties  of  the  pipe  stream 
Z properties  on  the  Z sixia  of  the  jet 

properties  on  the  C axis  on  the  upstream 
and  downstreeun  sides  of  the  jet  respect- 
ively (see  Fig.  1) 

INTRODUCTION 

The  flow  configuration  of  a round  jet 
issuing  at  right  angles  into  a larger  subsonic 
stream  commonly  occurs  in  effluent  dispersion 
operations  and  in  industrial  processes  where 
streams  are  mixed  for  dilution,  heat  transfer, 
or  chemical  reaction.  The  mean  velocity  field 
of  the  jet  has  been  studied  experimentally  (1 
-5)  and  several  workers  have  also  developed  ~ 
tKeorctical  models  for  the  jet  trajectory  (7- 
9).  There  have,  however,  been  few  investigat- 
ions of  the  scalar  fields  in  this  type  of 
system.  Callaghan  and  Ruggeri  (J_0)  measured 
mean  temperature  profiles  in  the  plane  of 
bilateral  symmetry  of  heated  orifice  jets 
issuing  into  a wind  tunnel.  Patrick  (3)  show- 
ed that  the  decay  of  jet  source  fluid  concen- 
tration along  the  jet  trajectory  depends  on 
the  ratio  of  the  jet  to  mainstream  initial 
speeds  and  is  more  rapid  than  on  the  centre- 
line of  a simple  free  jet.  Kamotani.and  Greber 
(4)  demonstrated  that  mean  temperature  profiles 
in  the  plane  of  bilateral  symmetry  of  heated 
jets  are  similar  and  fairly  axi-symmetric 
when  scaled  by  the  temperature  half-radius  on 
the  considered  side  of  the  jet,  and  that  the 
lateral  spread  and  decay  of  temperature  with 
distance  from  the  jet  source  is  initially 
greater  than  in  a simple  free  jet  in  stagnant 
surroundings . 

In  processes  involving  the  mixing  of 
streams,  concern  is  often  focussed  on  the 
stream  composition  in  the  mixing  zone.  The 
objective  of  the  present  work,  therefore,  was 
to  advance  knowledge  of  the  concentration  field 
of  a round  jet  injected  at  right  angles  into 
a turbulent  pipe  flow,  A pipe  flow  provides  a 
well  defined  mainstream  typical  of  many  prac- 
tical mixing  processes  and  it  is  also 
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significantly  different  from  the  uniform,  low- 
turbulence  wind  tunnel  flows  used  by  most 
other  investigators.  The  jet  issued  from  a 
round  port  in  the  pipe  wall  and  the  jet  fluid 
concentration  field  was  studied  by  a light- 
scatter  technique  called  marker  nechelometry 
(11,^,^)  as  to  mean  value,  fluctuation 
intensity,  scale,  and  intermittency . Jet 
trajectories,  spreading  rates,  and  dilution 
rates  were  correlated  empirically  with  the 
dimensionless  input  parameters.  Besides  the 
quantitative  results,  photographs  of  the 
smoke-marked  jet  were  taken  to  aid  visualiza- 
tion of  the  flow  structure. 

FLOW  PATTERN 

The  flow  pattern  that  results  when  a 
round  jet  is  injected  into  a transverse  stream 
exhibits  several  prominent  features.  Near  the 
source,  the  circuletr  jet  acts  rather  like  a 
solid  cylinder  in  that  a positive  pressure 
region  occurs  on  the  upstream  side,  the  aides 
are  stibjected  to  shear,  and  if  the  stream 
speeds  are  great  enough,  wake  effects  produce 
recirculation  on  the  downstream  side  (14) . The 
jet  entrance  core  (the  initial  region  \^ere 
the  entrance  velocity  is  preserved)  is  typic- 
ally wasted  within  two  or  three  entry  port 
diameters,  compared  to  aJsout  five  diameters 
for  a free  jet,  and  the  initially  circular  jet 
cross  section  is  distorted  to  a kidney  shape 
due  the  development  of  a pair  of  counter- 
rotating parallel  vortices  on  the  wake  side. 
After  the  entrance  core  is  consumed,  a region 
is  entered  where  the  jet  rapidly  attains  a 
direction  and  meeui  speed  close  to  that  of  the 
transverse  stream  and  the  counter-rotating 
vortices  expand  over  the  whole  jet  cross  sec- 
tion. The  jet  is  thereby  longitudinally  bifur- 
cated and  exhibits  lateral  maxima  of  the 
source  fluid  concentration  on  either  side  of 
the  plane  of  bilateral  symmetry.  Once  fully 
deflected,  the  jet  evolves  into  a flow  struc- 
ture dominated  by  the  parallel  vortex  pair 
moving  with  the  mainstream  velocity,  and  this 
regime  has  been  observed  to  extend  beyond 
1000  initial  jet  diameters  downstream  in  a 
uniform  wind  tunnel  flow  (6).  In  this  study, 
however,  the  pipe  wall  and~the  turbulence  of 
the  pipe  flow  disrupted  such  a regular  vortex 
structure  so  that  the  far  downstream  phenomena 
appear  to  be  dominated  by  dispersion  due  to 
the  pipe-flow  turbulence. 

The  mean  velocity  profile  and  turbulence 
of  the  pipe  flow  further  complicate  the  situa- 
tion, particularly  near  the  jet  sottrce.  Though 
the  separate  effects  of  these  factors  are  not 
known  quantitatively,  presumably  mainstream 
turbulence  promotes  jet  dispersion  (^)  whereas 
the  wall  boundary  layer  allows  greater  jet 
penetration  (j^) . 

APPARATUS 

The  pipe  flow  was  of  air  that  passed 
through  a 73  diameter-long  horizontal  straight 
run  of  aluminum  industrial  pipe,  i.d.  16.15 
cm.  Straightening  vanes  and  calming  screens 
were  provided  at  the  inlet  and  pressure  drop 
measurements  showed  the  pipe  wall  to  be  aero- 
dynamically  smooth.  Equilibrium  pipe  flow  was 
closely  approached  over  the  last  eleven 


dieutieters  which  constituted  the  test  section, 
and  it  was  here  that  the  jet  feed  air  was 
injected  through  a tubular  entry  piece,  the 
mouth  of  which  was  flush  and  normal  to  the 
inner  pipe  wall.  Two  levels  of  pipe-stream 
mean  velocity  (U_)  were  used,  6 m/s  and  15  m/s, 

P 

providing  pipe  Reynolds  numbers  of  68000  and 
160000.  injection  tubes  were  provided  with 
inside  diameters  of  0.323  cm,  0.457  cm,  0.630 
cm,  and  0.932  cm,  and  each  was  at  least  25 
diameters  long.  The  jet  feed  air  was  mixed 
with  a light  oil  condensation  smoke  (3^) . Jet 
port  Reynolds  numbers  were  above  9000.  Jet 
discharge  speeds  were  less  than  135  m/s  so  as 
to  avoid  appreciable  compressibility  effects. 

The  principles  of  marker  nephelometry 
are  given  in  other  publications  (^,^,13)  and 
the  particular  details  of  the  system  useH  for 
this  study  have  also  been  described  (^) . It 
suffices  here  to  say  that  the  light  source 
was  a 5 mW  He-Ne  laser  which  provided  a control 
volume  of  ^d3out  5 x 10“*  cm^ . The  mixing  field 
was  explored  in  cylindrical  polar  coordinates . 
Radial  traversing  was  done  by  moving  the 
receiving  optics,  angular  traversing  by  rotat- 
ing the  pipe,  emd  longitudinal  traversing  by 
moving  the  jet  point  of  injection.  Appropriate 
corrections  were  mide  for  the  finite  probe 
size  and  for  significant  sources  of  noise  (12, 
^,1^) .The  Schmidt  number  of  the  smoke  particles 
In  air  was  about  40,000  while  that  of  air  in 
air  is  about  0.7.  The  effect  of  this  disparity 
under  the  present  experimental  conditions  is , 
however,  small  (^,^)  and  the  present  results 
indeed  accurately  represent  the  gas/gas  mixing 
process .~ 

SYSTEM  PROPERTIES 

Coordinate  Systems 

Figure  1 shows  the  coordinate  sytems  used 
to  describe  the  jet  flow.  Position  in  the  pipe 
is  defined  by  the  cartesian  coordinates  x,  y, 
and  z with  origin  at  the  centre  of  the  jet 
entrance  port  such  that  the  x axis  follows  the 
jet  injection  tube  centreline  and  the  z axis 
is  parallel  to  the  pipe  centreline.  The  curvi- 
linear C,  n,  ; coordinate  system  is  natural  to 
the  jet  shape.  The  C and  ( axes  are  in  the  x-z 
plane,  and  the  curved  Z axis  follows  the 
lateral  mean  concentration  maxima  Sl'/S;  • 0 
along  that  plane.  The  C and  n axes  defined  at 
any  point  on  the  Z axis  are  straight,  and  the 
three  axes  are  mutually  perpendicular  at  their 
point  of  intersection.  The  n and  y axes  are 
parallel.  The  Z axis  appropriately  indicates 
the  jet  trajectory. 

Dimensional  Considerations 

both  input  streams  were  essentially  fully 
developed  turbulent  flows  in  frictionally 
smooth  pipes.  Thus,  the  integral  scale  of  the 
pipe-flow  turbulence  was  only  dependent  on  the 
pipe  diameter  (^)  and  the  relative  turbulence 
intensity  was  nearly  independent  of  the  Reynolds 
number  (^)  . Furthermore,  the  geometry  of  the 
system  was  fixed,  compressibility  effects  were 
absent,  and  the  streams  were  identical  in 
physical  properties.  The  pertinent  input  dimen- 
sionless parameters  thus  reduce  to  Dq/Dq,  M • 
Uo,'Up,  and  a group  such  as  z/Dq  to  define 
position.  These  are  further  simplified  by 
adopting  the  approach  of  Pratte  and  Baines  (6) 
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wherein  the  jet  is  considered  strong  relative 
to  the  mainstream.  The  determining  variables 
then  reduce  to  Do/Dp  and  r/MD©  (or  S/MDq) . 

We  then  have,  for  exam.ple, 

x/.MD^  - f(D  /D„,  z/MD„)  (1) 

o op  o 

along  the  jet  trajectory. 

RESCiTS 

Jet  Trajectory 

A number  of  jet  trajectories  (£  axes)  for 
different  Dq/D~  ratios  are  shown  in  Fig.  2. 

At  each  Do/Hq,  the  rate  of  jet  deflection  is 
slightly  greater  at  the  higher  pipe  Reynolds 
number.  This  may  be  due  to  non-ideality  in  the 
pipe  flow  conditions  or  it  may  indicate  an 
influence  of  the  pipe  Reynolds  number . In  any 
case,  the  effect  is  small  enough  to  be  of 
minor  practical  importance. 

Comparison  of  the  trajectories  also  shows 
that  for  the  same  pipe  Reynolds  number,  higher 
rates  of  jet  deflection  are  associated  with 
increasing  values  of  Do/Dp.  Though  the  effect 
is  not  large,  the  trend  is  clear  and  is  expec- 
ted when  the  mainstream  entered  by  a trans- 
verse jet  is  confined  and  the  jet  source  dieun- 
eter  is  an  appreciable  fraction  of  the  cross- 
flow  dimensions. 

The  measured  trajectories  agree  quite 
well  With  those  of  Xamotani  and  Greber  (£)  and 
Chassaing  et  al  (5) , but  generally  show  ~ 
greater  deflection  rates  than  those  of  Patric)c 
(3)  and  Pratte  and  Baines  (6) . (The  correla- 
tion of  Pratte  and  Baines  is  also  shown  on  the 
graphs.)  Such  discrepancies  are,  apparently, 
not  uncommon  because  of  variations  in  the 
cross-flow  conditions  and  in  the  definitions 
of  the  jet  trajectory  used  by  different 
investigators  (4) . The  present  data  are 
correlated  reasonably  well  by 

x/MD^  - 0.42  (z/MDjj)°'^°  (Djj/Dp)"°-^*.  (2) 
Jet  Axial  Distance  £ 

Figure  3 shows the  5 position  as  a func- 
tion of  the  z coordinate  for  the  trajectories 
observed  at  the  lower  pipe  Reynolds  number. 
Similar  data  for  the  higher  pipe  Reynolds 
number  are  indistinguishable  from  those  shown 
and  the  whole  set  is  correlated  by 

5/MD^  - 1.0  + z/MDg.  (3) 

The  local  properties  of  the  jet  will  herein- 
after be  described  in  terms  of  the  C 
coordinate. 

Jet  Width 

A convenient  scale  for  the  jet  width  is 
the  mean  concentration  half-radius,  here 
defined  as  t.he  distance  normal  to  the  i axis 
where  the  source  fluid  mean  concentration  is 
one-half  that  on  the  Z axis.  In  the  present 
work,  measurements  of  the  concentration  half- 
radii were  confined  to  the  j axis  only,  where 
they  are  denoted  as  B-  and  B_  on  the  upstream, 
and  downstream  sides  of  the  jet  respectively 
(see  Fig.  1).  The  normalized  concentration 
half-radii  B-/HD©  and  B./MD-  are  shown  as  a 
function  of  5/MDo  in  Figs.  4 and  5;  subtrac- 
tion of  0.5/M  in  the  ordinate  values  ma)?es 


the  data  converge  on  a common  origin  near  the 
jet  port. 

Figure  4 shows  that  a distinct  change  in 
the  growth  rate  of  B.,.  tajces  place  euround  4 i 
Z/KDq  < 5,  and  a simil2u:  effect  was  observed 
by  Pratte  and  Baines  (£)  for  measurements  of 
total  jet  width.  Two  equations  have  thus  been 
found  necessary  to  simply  correlate  3+  with 
the  flow  conditions : 

(B^/D^  - 0.5)/M  = 0.21  (5/MD^  - 1.0)°'®°  (4) 

for  t/MD^  < 5 , and 

iB./U  - 0.5)/M  - 0.24  (^MD^)°‘'*°  (5) 

+ o o 

for  5/MDq  > 5.  a single  equation  describes  B_, 

(B  /D„  - 0.5)/M  - 0.24  (C/MD„)°-^®.  (6) 

- o o 

The  values  of  B-  for  the  case  Do/Op  ' 0.058, 

M » 2,42,  Rep  ■ 160,000  are  larger  than  those 
for  the  other  situations  so  these  data  were 
not  included  in  the  derivation  of  (6) . The 
reasons  for  this  anomally  are  not  quite  clear, 
but  the  jet  deflection  here  was  exceptionally 
rapid  and  wall  effects  may  have  enhanced  the 
jet  spreading  on  the  downstream  side. 

Generally,  B.^.-  is  smaller  than  B_,  partic- 
ul2u:ly  in  the  region  C/MD©  < 5,  and  this 
reflects  the  wa)ce  forming  tendency  of  the  jet. 
Beyond  5/MDq  » 5 there  is  little  difference 
between  the  two  half-radii  and  the  jet  expands 
at  a decreasing  rate. 


Mean  Concentration  on  the  Z Axis 

The  mean  concentration  of  the  jet  source 
fluid  on  the  Z axis,  is  shown  innorm.alized 
form  in  Fig.  6 (subtracting  1/M  from  the  ord- 
inate values  malces  the  data  converge  to  zero 
at  the  port) . Flow  conditions  were  identical 
to  those  of  the  trajectory  data  (Fig.  2) . A 
logarithmic  plot  of  the  same  variables  (not 
given  here)  shows  T,  to  behave  in  a manner 
similar  to  the  mean*" concentration  half-radius 
B.,.  in  that  a mar]ced  reduction  in  the  jet 
dilution  rate  occurs  in  the  region  4 < C/MC© 

< 5.  Thus  two  equations  are  again  necessary  to 
simply  correlate  the  data: 

(F./fr  - 1.0)/M  - {5/MD„  - 0.73)°’^^  (7) 

o ^ o 

for  < 5,  and 

(FyF,  - 1.0)/M  - 0.98  + 0.34  i/MD^  (8) 
O ( o 

for  i/MD  > 5.  The  jet  source  fluid  concentra- 
tion on  the  centreline  of  a self-preserving 
free  jet  in  stagnant  surroundings  is  given  by 
(20) 


F /f.  - 0.185  r/D„  - 0.444  (9) 

o t o 

in  the  present  notation.  As  M becomes  large 
this  approaches 


F„/r.  - 1.0) /M  - 0.185  Z/KD  (10) 

so  a comparison  with  free  jet  behavior  can  be 
made  as  shown  in  Fig.  6.  Actually  this  compar- 
ison is  not  strictly  valid,  for  as  mentioned 
previously , the  maximum,  mean  concentration 
over  the  cross-section  of  the  transverse  jet 
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in  a cross-flow  is  displaced  from  the  Z axis. 
This  disparity  is  not  serious,  however,  since 
Tr  is  typically  60-80  % of  the  maximum  value 
(illustrated  in  a following  section) . 

For  the  present  system,  it  is  easily 
shown  by  a species  balance  that  ordinate 
values  of  Fig,  6 must  eventually  approach 
(Dp/DoM)^  as  the  streams  becom.e  completely 
mixed.  Since  such  a fully  mixed  condition  was 
never  closely  realized  within  the  investigated 
region,  the  data  show  no  tendency  toward  this 
asymptotic  limit. 

The  results  in  Fig.  6 agree  well  with 
analogous  temperature  data  obtained  by 
Keunotani  and  Greber  (£)  . 

Relative  Concentration  Fluctuation 
Intensity  on  the  Jet  Traiectorv 

Figure  7 shows  the  relative  concentration 
fluctuation  intensity  of  the  jet  source  fluid, 
y/T  along  the  Z axis  as  a function  of  the 
normalized  distance  C/MD^.  Apart  from  some 
scatter,  the  data  for  all  conditions  follow 
the  same  trend  in  that  y/T  increases  from  zero 
at  the  end  of  the  jet  core  to  a constant 
value^^of  edsout  0.4  at  S/MD©  ^ fact 

that  y/T  tends  to  constancy  suggests  that  the 
turbulent  flow  structure  of  the  jet  tends 
towards  self-preservation.  This  has  also  been 
suggested  by  Pratte  euid  Baines  (6)  who  obser- 
ved that  the  shape  of  the  jet  cross-section 
changes  little  in  the  well  developed  region. 

Fig\ire  7 also  indicates  the  asymptotic 
value,  0.23,  reached  on  the  centreline  of  a 
turbulent  self -preserving  free  jet  in  stagnant 
surroundings . 

Concentration  Pis  triJaution 
Over  ^e  Jet  Cross-Section 

Figure  8 shows  contour  maps  of  the  mean 
concentration  over  several  flow  cross-sections 
for  one  operating  condition.  Figure  9 
simileurly  shows  distributions  of  y/T.  Inter- 
estingly, the  ratio  of  T on  the  Z axis  (Fig. 

8)  to  the  highest  value  in  the  cross-section 
appairently  vuies  with  distance  from  the 
injection  port,  reaching  a minimum  of  about 
0.6  in  the  zone  3 iS/MDp  < 6,  if  the  graph 
for  5/MDp^«  3.37  is  typical.  Similarly,  the 
ratio  of  y/T  on  the  Z axis  (Fig.  9)  to  the 
minimum  value  in  the  cross-section  also  seems 
to  depend  on  downstream  location,  reaching  a 
maximum  of  1.4  in  the  region  2 <C/MD^  < 6. 

Lateral  Concentration  in  the 
plane  of  Bilateral  Symmetry 

Figure  10  shows  the  mean  concentration 
of  the  jet  source  fluid  in  the  plane  of  bilat- 
eral symmetry  normalized  bv  the  value  on  the 
Z axis,  f/fj,  as  a function  of  the  5 coordin- 
ate made  dimensionless  by  the  concentration 
half-radius.  The  profiles  are  all  alDce  and 
similar  to  those  of  temperature  excess  and 
excess  mean  velocity  found  by  others  (4,5) 
for  jets  in  a cross-flow,  as  well  as  tHe 
Gaussian  shaped  distribution  obtained  in  the 
self-preserving  free  jet  in  stagnant  surround- 
ings (^)  . 

For  the  same  flow  conditions.  Fig.  11 
shows  the  root-mean-square  concentration 
fluctuations  normalized  by  the  value  on  the 
axis,  y/'?-.  Beyond  i/MDp  * 4,  the  profiles  are 
quite  symtiletrical  and  self-similar , and  they 


tend  to  those  found  in  a self -preserving  free 
jet  in  stagnant  surroundings  (^) . Closer  to 
the  injection  port,  however,  the  concentration 
fluctuations  are  higher  on  the  upstream  side 
of  the  jet  flow;  presumably,  this  reflects 
the  difference  in  local  mixing  conditions 
around  the  jet  in  the  region  of  rapid  deflec- 
tion, Though  not  shown  here,  very  similJir 
results  were  also  obtained  for  the  case 

D /D  -0.039,  M = 4.9,  Re„  68000. 
op  P 

The  Integral  Scale  of  the 
Concentration  Fluctuations 

The  longitudinal  integral  spatial  scale 
of  the  concentration  fluctuations  is  defined 
as  Ay  « j^C  dS,  where  C - 

correlation  coefficient  between  concentration 
fluctuations  at  points  AC  apart.  If  it  is 
assumed  that  the  turbulence  field  regains 
frozen  as  it  is  translated  past  any_point 
CC,Ti,  C)  with  a local  mean  velocity  U (a 
reasonable  approximation  on  the  C axis  if  not 
elsewhere) , then  it  follows  that  A is  given 
by  Y 

\ “ 7 ''  E.^(0)/y^,  (11) 

where  Ey(0)  is. the  intercept  at  zero  wave 
number  of  the  one-dimens iomal  spectral  density 
function  of  the  concentration  fluctuations. 

In  the  present  work,  Ey (0)  was  estimated  by 
measuring  the  fluctuation  energy  in  the  pass- 
band  (0,0+  Af)  with  low-pass  filters,  so 
that 

\ - T “ *0,Af/  <‘2) 

The  mean  speed  U was  detected  with  a Kiel-type 
Pitot  probe  (2^)  oriented  parallel  with  the 
local  flow  direction. 

Figure  12  shows  Ay  along  the  C axis  in 
normalized  form.  The  data  are  correlated 
reasonably  well  by 

A^/MD^  - 0.10  (C/MDg)°-^°.  (13) 

Also  shown  is  Ay  on  the  centreline  of  a turb- 
ulent free  jet  in  stagnant  surroundings 
where  the  previously  published  relation  (20) 
Ay/D^  « 0.0445  x/D©  (x  is  the  distance  from 
the  nozzle)  is  written  as 

\/MD^  - 0.0445  C/MDjj  (14) 

in  the  present  notation. 

Figure  13  shows  that  the  ratio  of  the 
integral  scale  to  the  measured  mean  concetra- 
tion  half -radii,  B*  and  B_,  approaches  a 
constant  value  of  eubout  0.25  - 0.30  bevond 
C/MD^  =5. 

Intermittencv 

Intermittency  measurements  are  usually 
used  to  statistically  describe  the  boundaries 
between  turbulent  and  non-turbulent  regions, 
and  the  the  intermittency  factor  is  defined  as 
the  fraction  of  time  that  a given  point  is 
inside  the  turbulent  fluid.  Since  both  input 
streams  of  the  present  study  were  turbulent, 
it  is  more  approoriate  to  define  the  inter- 
mittency factor  T as  the  fraction  of  time  that 
the  concentration  of  the  jet  source  fluid  at 


)0.20 


a point  is  non-zero.  To  measure  T it  was  only 
necessary  to  convert  the  instantaneous  concen- 
tration signal  T into  a step  function  such 
that  (6“i,  r>0:  o»0,r«0).  Time  averag- 
ing of  the  signal  then  gives 


6.dt  i prob.  (?  > 0)  , T (15) 


The  instantaneous  radial  location  of  the  jet 
boundary,  assuming  that  it  is  uni 
defined,  will  be  denoted  by  R,  R^ 

The  mean  radial  location  of 
is  considered  to  be  where  7 
of  the  intermittent  zone  is 
the  standard  deviation  of  R 
the  distribution  is  normal 


the  boundary , R , 
1/2.  The  depth 
characterized  by 
about  R,  and  if 


0(5) 


(r  - R)^  (3T/3r) 


d(r  - R) 


(16) 


A detailed  account  of  the  theory  and  measure- 
ment technique  is  given  by  Becker  et  al  (23) . 

Lateral  profiles  of  7 were  measured~rn 
the  plane  of  bilateral  symmetry  at  four  down- 
stream locations.  Gaussian  probability  plots 
(not  given  here)  show  the  data  to  be  quite 
normally  distributed  in  the  range  0.20  < 5 < 
0.90,  and  both  R and  a were  estimated  from 
these  graphs.  Tie  7 profiles  are  shown  in 
Fig^  14  where  the  o coordinate  is  normalized 
by  R^  and  ^ on  the  leading  and  trailing  sides 
of  the  j>jt  respectively.  The  profiles  are 
quite  symmetrical  about  the  5 axis  (;  • 0) 
and  somewhat  broader  than  in  a turbulent  free 
jet  in  stagnant  surroundings  (^) . Interest- 
ingly, 7 on  the  5 axis  decreases  from  unity 
near  the  jet  source  to  about  0.9  at  S/MDq  - 
2.5,  beyond  which  it  eventually  returns  to 
unity . 

An  indication  of  the  size  of  the  convol- 
utions of  the  jet  boundary  is  provided  by 
Fig.  15  which  shows  a/R  on  both  sides  of  the 
jet  plotted  as  a function  of  the  normalized 
5 coordinate.  This  figure  also  shows  the 
values  typical  of  self-preserving  free  jets 
and  wakes  (23) , and  it  is  clear  that  the  scale 
of  the  turbuTent  distortions  in  the  boundary 
of  the  jet  in  a cross-flow  is  con8ider2d5ly 
greater  than  for  these  simpler  flows,  at  least 
within  the  zone  of  rapid  deflection  (2  < F/MD 

< 6)  . o 


The  concentration  half-radii,  B+  and  B_, 
for  the  let  axial  positions  in  Fig.  14  give 
R/B)+  » R/B_  * 1.2,  independent  of  5/MDq; 
this  is  slightly  less  than  the  value  1.57 
found  in  the  self-preserving  region  of  a 
turbulent  free  jet  in  stagnant  surroundings 
(23)  . 


Spectrum  of  the  Point 
Concentration  Fluctuations 

The  one -dimensional  spectrum  of  the  mean- 
square  concentration  fluctuations  was  measured 
with  apparatus  allowing  analysis  up  to  20,000 
Kz,  but  the  signal  was  usually  lost  in  noise 
before  this  limit  and  measurements  were  term- 
inated somewhere  well  within  the  Inertial 
convective  subregime.  For  the  one  flow  condi- 
tion examined  (Do/Dp  “ 0.058,  M - 4.8,  Rep  - 
68000) , spectra  were  obtained  at  two  points 
on  the  5 axis  where  the  local  conditions  were: 


5/MDo 

Tnr~ 

7.7 


oTTI 

0.43 


'V  o 
0.70 
1.00 


4.34 

4.54 


Two  spectra  were  also  obtained  in  the  lower 
region  of  the  lobes  of  the  kidney-shaped 
cross-section  (at  cdsout  the  7 o'clock  position 
in  Fig.  8)  at  5/MDq  « 3.0  where  the  local 
conditions  were: 


r/T 

' max 

0.095 


Y/. 

oTTI 

1.70 


IT2r 

1.07 


4717" 

4.54 


Here  is  the  ratio  of  the  mean  concentra- 

tion to  the  highest  value  in  the  cross-section 
(see  Fig.  8).  Figure  16  shows  the  spectra  in 
normalized  form.  No  unusual  characteristics 
are  apparent.  All  are  well  described  by  the 
following  equations  obtained  from  studies  of 
a free  jet  in  stagnant  surroundings  (20) : 




for  0.05  < 


0.594  (1  + 1.455 
2.2,  and 


_5 

(A^k^)^)  ^ (17) 


A k,  < 
Y 1 


2 E. 


E. 


"nn — 


0.395 


'Vi 


5 

)‘7,- 


(18) 


for  Aykj^  > 2.2.  The  measurements  extended 
down  to  5 Hz  (Avki  » 0.045) , a value  that 
should  have  been  low  enough  to  reveal  any 
predominant  frequency  due  to  the  counter- 
rotating vortices. 


DISCUSSION 

Figure  2 shows  that  the  jet  trajectory  is 
reasonably  well  correlated  with  downstream 
position  in  the  pipe  when  the  dimensionless 
coordinates  x/Dq  and  z/Dq  are  scaled  by  M,  the 
ratio  of  the  input  stream  speeds.  This  implies 
that  the  complications  of  the  present  study 
(eg.  turbulent  confined  cross-flow  with  non- 
uniform  mean  velocity)  were  not  so  severe  as 
to  invalidate  this  approach  of  Pratte  and 
Baines  (6)  to  describing  the  jet  path.  Further 
support  IS  provided  by  the  fact  that  when  the 
trajectory  data  are  correlated  by  an  equation 
of  the  more  general  form  x/Dj,  « constant  • 
(z/Dq)®  (Dq/D^)®  (M)<^,  the  result  is  an 
expression  negligibly  different  from  (2) . It 
is  not  suprising  that  the  observed  trajectories 
show  more  rapid  jet  deflection  than  in  uniform 
wind-t\innel  cross-flows  (^,6)  since  the  jet 
mixing  is  undoubtedly  enhanced  by  the  cross- 
flow  turbulence  in  the  present  system. 

The  increased  deflection  of  the  jet  with 
increasing  jet  source  diameter  implies  that 
the  examined  ratios  of  Dg/Dp  may  have  been 
sufficiently  large  to  produce  adverse  pressure 
gradients  that  inhibit  jet  penetration.  Owing 
to  the  non-uniform  mean  velocity  profile  of 
the  pipe  stream,  the  larger  jets  are  also 
subjected  to  stronger  cross-flow  effects  over 
their  initial  development  length  of  2-3  source 
diameters  and  this  may  partly  explain  the 
slightly  lower  jet  penetrations  at  the  higher 
pipe  Reynolds  number.  Such  arguments  are  supp- 
orted by  the  fact  that  the  trajectories 
approach  those  of  Pratte  and  Baines  (£)  as 
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Dq/Dj,  diminishes.  In  any  case,  changes  in 
Dq/D^  and  Re^  seem  to  have  effected  the  jet 
deflfection  mhre  through  pressure  effects  than 
through  the  jet  entrainment  rate,  since  the 
mixing  rate  of  the  jets  showed  no  dependence 
on  these  paxeuneters. 

Besides  indicating  the  jet  position  rela- 
tive to  the  pipe  flow.  Fig.  3 has  two  other 
interesting  features.  Close  scrutiny  shows 
that  5/MDq  and  r/MD^  are  related  in  a very 
linear  fashion  beyond  C/HDq  = 3-4,  suggesting 
that  the  jet  is  essentially  totally  deflected 
beyond  this  point.  This  compares  with  the 
observation  of  others  (6)  that  the  region  of 
maximum  deflection  ends~at  about  4 s i/MD^  s 
3.  Also,  since  the  data  extrapolate  quite 
uniformly  to  ?/MD_  « 1,0  at  z/MDq  » 0,  this 
distance  x ==  I • 1.0  MDg  represents  the  jet 
penetration  before  apprecied)le  deflection 
takes  place.  It  might  be  said  then  that  the 
zone  of  meucimum  deflection  occupies  the  region 
1 < 5/MDq  < 4 for  the  present  system.  The 
third  distinct  region, termed  the  developed 
vortex  zone,  seems  to  commence  at  about 
“ 5-6,  and  this  is  borne  out  by  the  mean  con- 
centration half-radius,  and  the  jet  source 
fluid  mean  concentration  on  the  S axis,  Tr' 
both  of  which  show  distinct  reductions  in^ 
their  longitudinal  gradient  at  about  4 < 5/MD 
< 5 (see  Figs.  4 & 6) . There  is  some  evidence” 
that  a degree  of  self-preservation  or  similar- 
ity exists  in  this  far  downstream  region. 
Specifically,  the  relative  concentration 
fluctuation  intensity  y/T  on  the  Z axis  (Fig. 
7) , the  normalized  profiles  of  mean  concentra- 
tion and  concentration  fluctuation  intensity 
on  the  i sixis  (Figs.  10  &11)  , the  ratio  of  the 
integral  scale  to  the  concentration  half-radii 
on  the  t axis,  Av/B  (Fig.  13),  and  the  ratio  of 
of  the  standard  deviation  of  the  jet  radius  to 
the  mean  radius,  a/R  (Fig.  15),  all  become 
quite  invariant  beyond  ■ 6 . 

The  relative  concentration  fluctuation 
intensities,  y/T,  observed  in  the  jet  flow 
beyond  5/MDq  ■ 5 (Figs.  7 s 9)  are  considerably 
higher  than  the  value  of  0.23  obseirved  on  the 
centreline  of  a free  jet  in  stagnant  surround- 
ings (£0) , but  less  than  the  value  of  1.0 
observed  on  the  centreline  of  a diffusion 
plume  in  a turbulent  pipe  flow  (18).  Thus, 
the  structure  of  a turbulent  jet~5ef lected  by 
a cross-stream  seems  to  be  Intermediate  between 
these  simpler  flows. 

Figure  13  shows  Av/B+  » A./B_  » 0,30  for 
> 5 , which  is  comparable  to  the  value 
of  0.42  observed  for  the  similar  quantity  in 
a free  jet  issuing  into  a quiescent  medium 
(20) . This  suggests  that  the  largest  concen- 
tration eddies  are  comparable  to  the  jet  width. 
However,  on  combining  the  data  of  Fig.  13  and 
Fig.  15  and  noting  that  S = 1.2  B (for  the 
one  case  where  R was  measured;  see  the  section 
on  intermittency)  , we  find  that  o/A  =>  1. 6-2.0 
beyond  5/MDq  » 6 . This  implies  that^the  large 
concentration  eddies  in  the  jet  in  a cross- 
flow  are  elongated  in  the  radial  direction, 
whereas  such  eddies  are  stretched  longitudin- 
ally in  a free  jet  in  stagnant  surroundings 
(20) . This  behavior  is  perhaps  consistent  with 
tKe  presence  of  the  counter-rotating  vortex 
pair . 

Figure  14  shows  that  a state  of  inter- 
mittency exists  right  across  the  plane  of 


bilateral  symmetry  between  about  2 < i/MD^  < 

7 . Presumably  this  reflects  the  bifurcation  of 
the  jet  which  has  the  effect  of  producing  two 
roughly  parallel  swirling  plumes  separated  by 
a diffuse  region  of  low  source  fluid  concen- 
tration (see  Figs.  17  & 18) . Further  downstream 
and  after  the  jet  has  been  totally  deflected, 
the  distinction  between  the  plumes  becomes 
mas]ced  by  general  turbulent  dispersion  and  T 
goes  bac]c  to  unity  within  the  central  region 
of  the  flow  (Fig.  14).  Though  it  is  possible 
that  each  plume  forms  a distinct  continuous 
convoluted  boundary  that  separates  it  from  the 
other,  it  is  more  likely  that  the  intermitt- 
ency observed  here  on  the  Z axis  was,  rather, 
due  to  the  presence  of  large  eddies  or 
"islands"  of  pipe  stream  fluid  (leurger  than 
the  light  probe  control  volume)  entrained  into 
the  central  region  of  the  jet. 

One  objective  of  the  spectral  density 
measurements  (Fig.  16)  was  to  determine 
whether  the  counter-rotating  vortices  would  be 
evident  in  the  spectrum.  Since  no  indication 
was  found,  it  is  still  not  clear  to  what 
extent  their  scale  and  angular  velocity  depend 
on  the  flow  conditions.  Perhaps  two-dimension- 
al spectra  obtained  by  sheet  illumination  (18) 
or  two-point  correlation  function  measurements 
would  provide  a better  insight  into  this 
important  feature  of  the  turbulent  jet 
deflected  by  a cross-flow. 
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Fig.  1 Coordinate  systems  for  the  'et  flow. 


z/MOo 


Fig.  2 Coordinates  of  the  jet  trajectory  (5 
axis)  for  different  M values:  •,  0>  2.4;  ■, 

□ , 4.9:  #,0,  5.4;  A,  7.5:  9.9;  +, 

11.9;  X,  12.4.  Solid  points  denote  Rep  • 

160,000;  ■ , Eq.  (2); — correlation 

of  Pratte  and  Baines  (6)  obtained  from  visual 
studies  of  deflected  jets. 
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Fig.  3 Distance  along  the  jet  trajectory 
axis)  as  a function  of  distance  downstream  in 
the  pipe  for  all  four  port  sizes.  Re  • 68000, 
M - 2.4  - 12.4;  , Eq.  (3).  P 


I 5 10  90 

f/MOo 


Fig.  4 The  mean  concentration  half-radius 
along  the  0 axis  on  the  upstream  side  of  the 
jet.  V,  (Dq/Dd  - 0.058),  M - 2.4;  ♦(0.020), 
■ (0.028)  , 0,«  (0.039)  , 6,  A(0.0S8),  4.9; 
0(0.028),  X (0.039),  7.5;  t^(0.058),  7.9; 
^3  (0.039),  11.9;  0(0.020),  12.4.  Solid 

points  denote  Re  ■ 160000;  , Eq.  (4); 

, Eq.  (5)? 
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f/MD, 

Fig.  5 The  mean  concentration  half -radius 
along  the  c axis  on  the  downstream  side  of 
the  jet.  Legend  is  identical  to  Fla.  4; 
, Eq.  (6)  . 


Fig.  6 The  reciprocal  of  the  mean  concentra- 
tion on  the  Z axis . Operating  conditions 
corresponded  to  those  of  Fig.  4;  — — , Eq. 

(7); , Eq.  (8); • , free  jet 

behavior  as  represented  by  Eq.  (10). 


0 4 i II  l«  to  14 
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Fig.  7 The  relative  concentration  fluctua- 
tion Intensity  on  the  z axis.  (Do/Dp  ■ 
0.058),  M - 2.4;  ♦(0.020) , ■(0.028),  O,  • 

(0.039),  ^(0.058),  4.9;  0(0.028),  9, X 

(0.039),  7.5;  0(0.058),  9.9;  4i(0.028),^ 

(0.039),  11.9;  Rep  w 160000  for^,  ®,x; 
, free  jet  centreline  value  (^) . 


Fig.  8 The  jet  so\irce  fluid  mean  concentra- 
tion, T,  across  the  jet  at  6/MDp  > 1.91,  3.37, 
and  9.26.  Contours  represent  percentage  of  the 
maximum  value  (+) ; D /D  « 0.028,  M ■ 7.6, 

Re  - 68000.  ” P 

P 


0-83  ■'  ' 


.'/  / .^  0-49 

I* 


Fig.  9 The  relative  intensity  of  the  jet 
source  fluid  concentration  fluctuations.  y/T, 
across  the  jet.  Conditions  are  the  same  as  in 
Fig.  8. 


Fig.  12  The  longitudinal  integral  scale  of 
the  concentration  fluctuations , Ky,  on  the  5 

axis.  , Eq.  (13); , fiee  jet 

behavior  as  represented  by  Eq.  (14) . 


Fig.  13  The  longitudinal  integral  scale  oi 
the  concentration  fluctuations.  Ay.  on  the 
axis  normalized  by  the  mean  concentration 
half-radii  Bj.  (open  points)  and  B_  (solid 


Fig.  10  The  profile  of  the  normalized  mean 
concentration  along  the  ; axis  for  different 
f/MDo:  ▼.  1.7;  x.  3.0;  □.  4.1;  A.  7.5;  O. 
12.5;  Dq/D-  - 0.058.  M - 4.9.  Re_  - 68000; 
. ffee  jet  behavior  (W) 


points) . □.  ■ 
0>  • (0.058) 


7.7;  Re, 


- 0.028)  , <7.  ▼(0.039) 
4^9;  A.  A (0.028) . M - 


160.000  for  ▼.  ▼. 


Fig.  14  The  intermittency  factor.  7,  along 
the  z axis  at  different  O.  1.4; 

2.5;  □.  7.0;  9.  12.0;  Dp/Dp  - 0.058.  M - 4.9 
Re  ■ 68000; , free*^jet  behavior  (20) 


Fig.  11  The  profile  of  the  rms  concentration 
fluctuation  along  the  ; axis.  Legend  and  con- 
ditions are  the  same  as  in  Fig.  10; , 

free  jet  behavior  (20) . 


’9 


Txg,  15  The  relative  standard  deviation  of 
the  mean  jet  radius  on  the  Z axis  for  the 
upstream  (O)  and  downstream  O sides  of  the 


jet-  Do/D_  » 0.058,  M - 4.9,  Rer 


— — • , turbulent  free  jet  (23)  ; 

, turbulent  plane  wake  (23TT 


68000; 


Fig.  17  Instantaneous  picture  of  the  smoke 
marked  jet  viewed  from  the  port  discharge 
side  along  the  ; axis. 


Fig.  19  A time-average  version  of  Fig.  17 
obtained  by  time-exposure. 


Fig.  16  The  spectrinn  of  the  concentration 
fluctuations  at  5/MDn  • 3.0:  on  the  5 axis. 
Of  at  r/r„ax  - •'  ^-^^max  " 0'°®=' 
A;  and  at  C/MD_  • 7.7  on  the  i axis, 


A ; and  at 

Dg/Dp  - 0.058,  M -”4.8,  Rep  68000;  , 

spec&rum  on  the  centreline'^of  a free  jet  (20) 


Fig.  18  A side  view  of  the  jet  in  Fig.  17. 


Fig.  20  The  jet  cross-section  photographed  by 
sheet  illumination.  The  bright  spots  in  the 
lower  right  corner  are  reflections. 
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ABSTRACT 

The  process  of  turbulent  shear  stress  generation 
is  studied  on  the  basis  of  the  transport  equations,  as 
derived  from  the  Navler  Stokes  equations.  The  ex- 
perimental observation  that  the  vector  of  the  shear 
stress  is  in  general  not  parallel  to  the  vector  of  the 
mean  velocity  gradient,  is  attributed  mainly  to  the 
fluctuating  pressure  term.  A new  simple  approxima- 
tion to  the  part  of  the  pressure  strain  term  that  de- 
pends on  the  mean  rate  of  strain  is  proposed.  It  is 
used  as  a closure  assumption  for  a family  of  turbu- 
lence models  the  most  complicated  of  which  consists 
of  the  transport  equations  for  the  shear  stresses  and 
the  turbulent  energy  equation.  Dropping  the  trans- 
port terms,  three-dimensional  versions  of  the  eddy 
viscosity  relationships  and  mixing  length  formulae 
are  obtained,  in  which  the  eddy  viscosity  is  noniso- 
tropic. 


INTRODUCTION 

There  exists  a continued  interest  in  prediction 
methods  for  three-dimensional  boundary  layers.  As 
far  as  the  laxninar  flow  case  is  concerned,  the  pro- 
blem is  essentially  a mathematical  one.  Vivid  re- 
sults have  been  presented  by  Geissler  [1]  and  Wang 
[2],  showing  that  useful  numerical  methods  have 
been  developed. 

With  computational  methods  for  turbulent  flow, 
physical  problems  are  encountered.  Several  Euro- 
mech  Colloquia  have  been  devoted  to  three-dimen- 
sional turbulent  botmdary  layers  (Femholz  [3],  Fan- 
neldpk  Krogstad  [4]).  Integral  methods,  which  have 
proved  to  be  successful  with  two-dimensional  layers, 
are  restricted  in  application  to  three-dimensional 
cases,  mainly  because  of  the  great  variety  of  mean 
cross  flow  profiles.  Most  investigators  have  concen- 
trated their  efforts  on  field  methods  based  on  partial 
differential  equations.  A systematic  comparison  of 
the  performance  of  existing  calculation  methods  was 
made  at  Euromech  60,  the  topic  of  which  was 
"Three-dimensional  turbulent  boundary  layers  in  ex- 
ternal flows"  (East  [5]). 

The  literature  on  experiments  on  three-dimen- 


sional turbulent  boundary  layers  was  reviewed  by  John- 
ston [6].  With  regard  to  calculation  methods,  the  most 
Important  outcome  of  recent  experiments  is  the  evi- 
dence thatthe  vector  of  the  shear  stress  is  not  parallel 
to  the  vector  of  the  mean  velocity  gradient  in  three-di- 
mensional flow.  In  this  paper  an  explanation  for  this  be- 
haviour is  given,  and  relationships  are  proposed  taking 
this  fact  into  account.  These  relations  are  incorpotated 
in  a family  of  existing  turbulenc  e models. 


SHEAR  STRESS  TRANSPORT  EQUATIONS 

For  a thin  plane  turbulent  shear  layer,  the  trans- 
port equations  for  the  two  components  of  the  Reynolds 
stress  tensor,  ’’jj  * * ^ . can  be  de- 

rived from  the  Navier  Stokes  equations  and  are  writ- 
ten as  follows: 


. 7 + 1- (Ei  ^ ;;7) 

Sy  p Jy  ex  3y  p 


U,  V,  W are  the  mean  and  u,  v,  w the  fluctuating 
velocity  components  in  a rectangular  Cartesian  co- 
ordinate system  x,  y,  2 , where  the  y axis  is  normal 
to  the  plane  of  the  shear  layer,  p'  is  the  fluctuating 
pressure.  (1)  and  (2)  contain  the  usual  thin  layer  sim- 
plifications, suppose  steady  high  Reynolds  number 
flow  of  constant  density,  p , and  imply  the  condi- 
tions of  local  Isotropy  for  the  high  wave  number  com- 
ponents of  the  fluctuating  motion,  but  are  exact  other- 
wise (Rotta  [7],  p.  138), 


The  left  hand  side  of  each  equation  represents  the 
rate  of  change  of  the  Reynolds  shear  stress,  caused 
by  transport  of  shear  stress  due  to  mean  velocin- 
(convection).  The  third  term  on  the  right  represents 
transport  of  shear  stress  in  direction  of  the  y axis  due 
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to  turbulent  interaction  (turbulent  diffusion).  Usually, 
the  dominant  terms  of  (1)  and  (2)  are  the  first  and 
second  terms  on  the  right  hand  side.  The  first  term 
represents  generation  of  shear  stress  by  the  mean 
rate  of  strain  and.  accordingly,  is  a source  term. 

The  second  term,  which  is  the  mean  product  of  the 
fluctuating  pressure  and  the  fluctuating  rate  of 
strain  (which  after  Bradshaw  is  called  the  pres- 
sure strain  term  for  brevity)  is  known  from  two- 
dimensional  flow  studies  to  act  as  a sink  term.  In 
many  if  not  most  of  all  situations,  the  first  and 
the  second  terms  are  nearly  in  equilibrium  with 
each  other.  This  fact  explains  the  importance  of 
the  pressure  strain  terms  in  the  process  of  shear 
stress  generation. 

The  left  hand  side  and  the  first  term  on  the  right  of 
(1)  and  (2)  are  expUcit,  but  closure  assumptions  are 
needed  for  the  pressure  strain  terms  and  the  diffu- 
sion terms,  in  order  to  use  the  equations  with  prac- 
tical calculation  methods.  In  the  next  paragraph,  we 
shall  discuss  the  closure  assumptions  for  the  pres- 
sure strain  terms.  Several  relationships  for  the  dif- 
fusion terms  are  proposed  in  the  literature,  so  there 
is  no  need  to  discuss  those  assumptions  in  the  pres- 
ent context. 


THE  PRESSURE  STRAIN  TERMS 

The  fluctuating  pressure  can  be  related  to  the 
fluctuating  velocity  field  by  the  Poisson  equation. 
According  to  the  solution  of  this  equation,  the  fluc- 
tuating pressure  is  expressed  as  the  sum  of  two  in- 
dependent parts,  the  one,  p^  , being  correlated 
with  the  mean  rate  of  strain  and  the  other,  p;^,  , be- 
ing caused  by  interaction  of  velocity  fluctuations. 
Consequently,  the  pressure  strain  term,  too,  is 
considered  to  consist  of  two  parts. 


Pressure  strain  dependence  upon  the  mean  rate  of 
strain 

The  solution  of  the  Poisson  equation  yields  for 
the  first  part  (Rotta  [7],  p.  143) 

Pm  *"i . 1.  r n 

p TxT  * 2)r  J a r STTStT  ll 

^ V(r)  ^ ^ 

r !!1L-4Lr  is.  ,3 

2tr  J ir,  ax.ar  ^il  1 r| 

V(r)  ^ ^ “ 

where  R,,  denotes  the  two-point  covariance 


Rll  ' l'  ' 


X being  the  position  vector  of  the  fixed  point,  r 
the  vector  distance  of  the  two  points  and  dr  • 

« dr^dr,drj  . 


The  Integration  extends  over  all  r-space,  V(r)  , 
and  the  summation  is  taken  over  all  components  and 
directions  k and  I . The  derivative  aU^^/J  r^^  is 
taken  at  position  x + r , but  may  be  replaced  by  the 
value  at  x for  a first  approximation.  The  second 
term  on  the  right  of  (3)  is  due  to  inhomogenity  of  the 
turbulence  field  and  may  also  be  neglected  for  a first 
approximation.  The  considerations  are,  therefore, 
based  on  the  simplified  relationship 

ISHL.  f-^R  X . (5) 

p 3x  Jx.  2ir  J ar3r  il,r' 

^ '■  V(r)  J 

Applying  (5)  to  the  pressure  strain  terms  of  (1)  and 
(2)  yields  formally 

3u  1 f r „ +liR  1,^- 

•a7  2l?  J [dr  Sr^  ‘'uv  - 2 “vvj  TT 


aw  ±_  rr_iL_R 

dy  2jr  J [dr  dr 


■ ar  ^uv  dr  dr  vvj 
y z X z 


Pm  ,dw  dv 
p dy  dz' 


au  i_  rr  d^  , 8^  ^ 

"ay  2w  J [dr  dr  wv  dr  dr  vvJ  r', 

V(r)  y 

aw  i_  rr  d^  „ ]X  . (7) 

■ dy  2ir  J [dr  dr  wv  2 wj  (ri 
V(r)  ^ z 

With  the  simplest  assumption  of  isotropic  distribution 
of  the  fluctuating  velocity  field,  the  integrals  of  (6) 
and  (7)  can  be  evaluated  and  one  obtains: 

I rj2  jj.  J r T, 

* Iff  j ^^vv  ]rt  * ■ 2ff  J i_2^vv  ‘ I '' 

V(r)*’'x  ” V(r)  z 


J.  r _af_  ^ , 

' 2ff  J dr  dr  uv  1 r' 
V(r)  ^ * 

..±  J r-i-R 

2ff  J or  er  wv  r> 


1 2 
- -r  V 
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3r  5r  uv  ' r; 
V z 


/2 

_iI_R  ^ 

3 r a r wv  ’TT 


V{r)  -■  ^ 


1 r 3^  dr 

- / 5-^-5 — R -r^-  • 0 

2r  J ar  Sr  vv  ' r 

-T/  X X 2 


TT-'-'rlj  ■ 

and  reduces  to  3W  /&y  • 0 for  collateral  mean 
velocity  profiles  (7  independent  of  y ).  The  mean 
rate  of  strain  vector,  3U/ay  , forms  the  angle  7 
with  the  at  co>ordinate.  ^ 

Postulating  symmetry  of  the  turbulence  struc- 
ture with  respect  to  the  x y plane  and  the  y z 
plane  only,  one  is  led  contrary  to  (8)  to  the  conclu- 


From  these  relations  it  follows  that  the  second  term 
of  (6)  and  the  first  term  of  (7)  are  zero,  and  that  the 
vector  of  this  part  of  the  pressure  strain  term  has 
the  same  direction  as  the  mean  rate  of  strain  vector 
3U/3y  . The  assumption  of  Isotropic  relations  is, 
however,  too  simple.  In  the  general  case  of  a three- 
dimensional  shear  layer,  each  of  the  four  integrals 
of  (6)  and  (7)  may  have  a different  nonzero  value. 

The  conditions  come  closer  to  reality  if  the  esti- 
mation of  the  integrals  is  based  on  less  restrictive 
symmetry  concepts.  Temporarily,  rectangular  Car- 
tesian co-ordinates  x , y , z are  introduced, 
s * s s 

where  at  the  point  at  which  the  pressure  strain 
terms  are  to  be  determined,  the  x axis  has  the  same 

direction  as  the  resultant  mean  velocity  I U|  > U * 

7 2 1/2  1 ' r 

• (U  +W  ) ' at  that  point..  The  vector  U 


forms  the  angle 


with  the  x-co-ordinate,  figure  1. 





Figure  1 The  co-ordinate  systems.  The  y and  y 
axes  are  normal  to  the  xz  plane.  ° 


The  co-ordinates 


are  identicaL  Bv 


definition,  the  velocity  components  are  U * U , 

• 0 and  3U^/3y  » . If  the  mean  vefoc- 

Ity  profiles  are  skewed,  i,  e,  if  the  flow  angle  7 
varies  with  y , the  cross  flow  derivative  Is 


. J-  r B j 1 r o 

2»  J . 2 w ! r'  * * 2ff  J 2 ^'vv  ■ ri  ’ 


whereas  (10)  is  still  valid.  This  suggests  to  approxi- 
mate the  part  of  the  pressure  strain  term  that  de- 
pends on  the  mean  rate  of  strain  by 


“2®^s 

p \3y  ' *ss'^  sy 

p’  TT  -s'SW 

p Uy  3z  / ‘ ’nn''  Jy 


The  values  of  the  integrals  are  related  to  v , be- 
cause the  integrals  of  (12)  presumably  provide  the 
major  contribution  as  is  the  case  under  isotropic  con- 
ditions (See  (8)  and  (9)).  The  dimensionless  quantities  ’ 
and  X remain  to  be  adjusted  in  accordance 
with  experiments,  since  for  the  assumed  turbulence 
field,  it  is  not  possible  to  evaluate  the  Integrals  ex- 
plicitly like  it  can  be  done  for  isotropic  turbulence; 

must  have  the  same  value  as  in  the  two-dimen- 
sional case.  The  relations  (13)  and  (14)  represent  the 
simplest  approximation  one  can  make  of  this  term. 

The  approximation  is  physically  plausible,  meets  the 
requirement  that  it  reduces  to  the  two-dimensional 
form  when  dW^/5y  • 0 , and  makes  provisions  for 
the  fact  that  the  vector  of  this  part  of  the  pressure 
strain  term  is  not  parallel  with  the  mean  rate  of 
strain  vector.  It  is  unlikely  that  any  more  refined 
assumptions  can  be  put  on  a solid  basis  with  the  ex- 
perimental data  and  the  theoretical  background  pre- 
sently available. 

The  expressions  (13)  and  (14)  are  transformed  to 
the  arbitrarily  oriented  rectangular  Cartesian  co-or- 
dinate system  x,  y,  z,  where  W/U^  is  used  for 
sin  7 and  U/L'^  Is  used  for  cos  7 . In  this  way 
we  obtain 


The  vector  U that  is  exactly  the  projection  of 
the  vector  of  local  mean  velocity  in  the  plane 
y • const  , is  called  mean  velocity  vector  for 
brevity. 


'’m  ,au  ^ 3v.  / 3C  3W\" 

p 3y  3x  (*xx  sy  ^’'xziyj' 
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The  resultant  of  the  generation  term  of  (1)  and  (2) 

(16)  points  in  the  same  direction  as  the  mean  rate  of 
strain  vector.  Thus,  if  convection  (left  hand  side  of 
(1)  and  (21  and  diffusion  are  absent,  the  equilibrium 
between  the  generation  term  and  the  pressure  strain 
temi  at  a given  point  in  the  flow  may  be  perhaps  as 

(17)  sketched  in  figure  2.  In  this  case,  x > d is 

' ' * ' nn  ss 


X 

xz 


X )UW/U^ 
nn  ' r 


(18) 


X 

zz 


(X  W“+x  U^)/U^ 
ss  nn  ' r 


(19) 


According  to  (13)  and  (16),  each  component  of  the 
pressure  strain  term  depends  on  JU/Sy  as  well  as 
on  aw/ay  , in  agreement  with  (6)  and  (7). 


Pressure  strain  dependence  upon  turbulent  interac- 


The  second  part  of  the  pressure  strain  term,  which 
is  due  to  the  fluctuating  pressure  caused  by  fluctuat- 
ing velocity  interaction,  is  generally  assumed  to  ef- 
fect a redistribution  of  kinetic  energy  of  the  fluctu- 
ating velocities  and  a destruction  of  Reynolds  shear 
stresses.  The  empirical  relationship  proposed  by 
Rotta  [8],  which  has  been  used  successfully  many 
times,  provides 


p 'ay  ax’ 


(20) 


Figure  2 Shear  stress  generation  at  local 
equilibrium  conditions. 


P 


(— + — ) 

'ay  az' 


(21) 


where  q"/2*(u  v +w  )/2  is  the  kinetic  tur- 
bulent energy  per  unit  mass,  L a turbulence 
length  scale  of  the  large  eddies,  and  k a dimen- 
sionless constant.  ^ 


.SHEAR  STRESS  GENERATION  AT  LOCAL  EQUILI- 
LIBRIUM  CONDITIONS 

The  foregoing  considerations  on  the  pressure  strain 
term  lead  to  striking  conclusions  with  regard  to  ex- 
perimental observations  made  in  three-dimensional 
turbulent  boundary  layers.  As  already  mentioned, 
the  direction  of  the  resultant  of  the  components  of 
the  pressure  strain  term  that  depends  on  the  mean 
rate  of  strain,  is  not  the  same  as  that  of  the  mean 
rate  of  strain  vector  and,  of  course,  also  not  the 
same  as  that  of  the  vector  U , if  different  values 
for  x^^  and  x^^  of  (13)"and  (14)  are  used.  The 
direction  of  the  rftultant  of  the  pressure  strain 
term  due  to  interaction  of  fluctuating  velocities  is 
the  same  as  the  direction  of  the  shear  stress  vector. 


supposed.  The  direction  of  the  shear  stress  vector 
T , which  forma  the  angle  with  the  x axis,  de- 

viates from  that  of  the  mean  rate  of  strain  vector, 

< (angle  y ).  The  importance  of  this  simple 
approximation  to  tne  pressure  strain  term  as  given 
by  (15)  through  (21)  is  that  the  experimentally  ob- 
served differences  in  the  angles,  y_  and  y , can 

T g 

be  explained  roughly  as  a consequence  of  a local 
process,  in  which  the  variation  of  the  flow  angle, 
57/iy  , is  the  dominating  parameter.  The  upstream 
history  comes  in  as  an  additional  but  not  as  a pre- 
vailing effect.  As  far  as  wing  type  boundary  Uyers 
are  concerned,  the  effects  of  convection  (left  hand 
side  of  (1)  and  (2))  and  of  diffusion  are  too  weak  to  be 
alone  responsible  for  the  observed  strong  effect. 

In  the  following  paragraphs,  the  above  approxi- 
mations are  applied  to  several  known  turbulence 
models  belonging  to  the  same  family  insofar  as  one 
is  derived  from  the  other. 


SEMI-EMPIRICAL  SHEAR  STRESS  TRANSPORT 
BXa  CATIONS 

The  most  complicated  of  the  models  mentioned  here 
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uses  the  shear  stress  transport  equations  in  con- 
junction with  the  transport  equation  for  the  kinetic 

energy  of  the  fluctuating  velocities,  q”/2  * 

2 2’ 

» (u  + V + w~)/2  , perhaps  together  with  a length 
scale  equation  (Rotta  [9]).  In  this  case,  the  turbu- 

lence  field  Is  described  by  the  quantities  q*/2,  uv, 

2 

wv  , and  Therefore,  v“  is  expressed  in 

o 

terms  of  q"/3  • If  now  we  define  the  dimensionless 
quantities 

- ’‘  = J2v'/q^  , (22) 


equs.  (1)  and  (2)  become 

, 3U  5W.  qf  ( of ) ^ — 

.-5  1/2 


PRANDTL’S  EDDY  VISCOSITY  RELATIONSHIP 

PrandtljlO]  proposed  a calculation  method  for  two- 
dimensional  shear  layers  which  is  based  on  the  turbu- 
lent energy  equation  and  the  shear  stress  calculated 
from  an  eddy  viscosity  relationship,  the  eddy  viscos- 

2 

ity  being  determined  from  the  square  root  of  q / 2 
and  L : 

In  conjunction  with  a length  scale  equation,  this  meth- 
od was  applied  to  plane  and  axisymmetric  flows 
(Rotta  t Vollmers  [11],  Vollmers  & Rotta  [12]). 

The  extended  form  of  Prandtl's  eddy  viscosity  re- 
lationship for  three-dimensional  flow  is  readily  de- 
rived from  (24)  to  (28),  neglecting  the  convection  and 
diffusion  terms.  Defining  k as  a /k  , the  eddy 
viscosity  is  obtained  in  tensor  form: 


O't^xx 


TW^)/U^ 

r 


O't’xz  * <‘'t’zx  ’ ‘'t*^  * T)UW/U^  , (31) 


^''t’zz  * Tvh/vl 


(u|-  + V^  + W^)(-  wv) 
Sx  3y  Sz 


2 / 2 \^/^ 


. , 3U  ^ aw,  /q^  'I  — 

*pzx  Jy  *pzz  ay  2 p'  2 ' ' 


.-5.1/2 


T 

L ^ WV 

«y 


with  the  scalar  eddy  viscosity 


according  flo  (29). 


It  follows  from  (30)  to  (32)  that  the  used  approximation 
of  the  pressure  strain  terjn  leads  to  a nonisotropic 
eddy  viscosity.  The  following  equations  are  obtained 
for  the  shear  stresses: 

O't'xxIf*  Vxzlf  ' 


t'zx  ay  ' t'zz  av 


T'zz  ay 


a • a (U^  + TW^)/U^ 
pxx  p'  ' r 


a -a  • a (1  - T)UW/U  . 
pxz  pzx  p ' r 


TU^)/U^ 


The  diffusion  is  here  assumed  to  depend  on  the  gra- 
dient of  the  shear  stress.  A value  between  0.  2 and 
0.  25  appears  suitable  for  a . The  assumption  of 
isotropic  turbulence  ^ves  a • 0.  267  and  T » 1 . 

p 

The  value  of  k follows  from  the  requirement 
that,  for  two-dimensional  flow,  (24)  and  the  turbu- 
lent energy  equation  are  compatible  with  the  loga- 
rithmic law  of  the  wall  (Rotta  [7],  p.  183). 


If  the  eddy  viscosity  components  are  transformed  to 
the  3c^,y^,  z^  co-ordinates  (putting  W • 0 ),  it  is 
seen  that  the  ratio  of  the  transverse  to  streamwise 
component  of  the  eddy  viscosity,  (v.^.)  /(v_)  , is 

equal  to  T . The  ratio  of  the  tangent  oTangle^e- 
tween  the  mean  velocity  vector  ^ and  the  shear 
stress  vector  to  the  tangent  of  angle  between  the  mean 
velocity  vector  and  the  mean  rate  of  strain  vector, 
usually  denoted  by  N,  equals  the  ratio  of  the  edd>' vis- 
cosities transverse  andparallel  to  the  local  velocity 
vector.  Thus  for  the  eddy  viscosity  model,  we  have 

tan(T  - 7) 

N * * T , (33) 

tan(7  - 7) 

S 

East  [13]  and  Elsenaar  S:  Boelama  [14]  have  shown 
that  the  values  of  N , as  determined  from  various 
boundary  layer  measurements,  spread  over  a wide 


I 


range  but  do  not  vary  greatly  accross  the  thickness 
of  the  layer  for  any  particular  profile.  Values  of  T 
substantially  less  than  unity  are  indicated  and,  ten- 
tatively, a value  of  the  order  of  0.  5 may  be  sug- 
gested for  boundary  layer  calculations  until  further 
information  is  available. 

A nonisotropic  eddy  viscosity  model  was  pro- 
posed by  Fanneldp  i Humphreys  [15J,  which  differs 
from  the  scheme  given  by  (30)  to  (32).  No  physical 
support  was  adduced  for  their  assumption. 


MIXING  LENGTH  FORMULAE 

If  we  now  go  a step  further,  in  simplifying  the  turbu- 
lent energy  equation,  the  three-dimensional  version 
of  the  mixing  length  formula  is  obtained.  Neglecting 
the  transport  terms  (convection  and  diffusion),  in- 
troducing (33)  and  (34)  together  with  (30)  to  (32),  and 
using  a proper  definition  of  the  mixing  length  I in 
terms  of  L , (29)  becomes 


(36) 


This  formula,  which  reduces  to  the  well-known  form 
for  two-dimensional  flow  if  W and  SW/ay  are 
zero,  represents  together  with  (30)  through  (34)  the 
mixing  length  formulae  for  three-dimensional  thin 
layers. 

Using  these  relations,  one  obtains  for  the  mag- 
nitude of  the  shear  stress  vector  in  relation  to  the 
kinetic  turbulent  energy 


(37) 

.\ctually,  the  quantity  a^  (*0.15)  is  Bradshaw's 
[16]  ratio  of  the  magnitude  of  the  shear  stress  to 
2 

oq  in  two-dimensional  boundary  layers.  Since 


(38) 


•> 

it  is  seen  from  (37)  that  the  ratio  ! T]  / oq"  de- 
pends on  the  angle  between  the  vector  of  the  mean 
rate  of  strain  and  the  vector  of  U . Elsenaar  jc 

Boelsma  (14)  have  detennined  'T|/  pq*  from 


their  measurements  in  a turbulent  boundary  layer  un- 
der infinite  swept  wing  conditions  and  found  that  this 
ratio  decreases  markedly  in  downstream  direction. 

In  figure  3,  those  values  taken  at  y/6  * 0.  4 are 


1TI 


Figure  3 Variation  of  ratio  shear  stress  to  tur- 
bulent energy  with  angle  y - y and 
parameter  T according  to  (37), 
a^  * 0. 15  . 

O experiment  (Elsenaar  8:  Boelsma 
[14])  at  y/6  • 0,  4 , 

plotted  versus  y - y and  compared  with  results, 
calculated  from  (^7)  for  various  values  of  parameter 
T . In  fact,  most  of  the  test  data  display  a stronger 
decrease  with  y • y than  the  calculated  values, 
but  the  latter  agrle  at  least  qualitatively  with  the  ex- 
periment. 


There  is  another  quantity  which  can  be  compared 
with  the  experiment,  Elsenaar  A Boelsma  [14]  calcu- 
lated from  their  experiments  the  mixing  length  de- 
fined in  the  conventional  manner  as 


I 

con 


2 2 1 7^2 

[(i)  *(i?)i 


(39) 


This  value  is  roughly  independent  of  wall  distance  y 
outside  the  wall  region,  but  decreases  in  relation  to 
the  boundary  layer  thickness  as  the  flow  proceeds 
downstream.  Values  taken  at  y/6  *0.5  are  plotted 
versus  y - y in  figure  4.  For  two-dimensional 
boundary  layers,  1/6  in  the  outer  part  of  the  layer 
is  found  rather  independent  of  the  pressure  distribu- 
tion, and  calculations  with  the  mixing  length  formula 
based  on  this  assumption  give  reasonably  good  results. 

This  led  us  to  calculate  I /6  from  (39)  using  (36) 

con 
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Figure  4 Variation  of  ''conventional''  mixing 
length  according  to  (39)  with  angle 
7 - 7 and  parameter  T , l/S  » 
08  . 

O  experiment  (Elsenaar  & Boelsma 
[14]  at  y/6  • 0.  5 . 


and  (30)  to  (34)  with  a constant  value  l/fi  • 0.  08  . 
It  is  seen  from  figure  4 that  the  calculated  results 
for  various  values  of  T decrease  with  angle 
7^-7  4nd  are  qualitatively  in  agreement  with  the 
exper^ental  data,  although  the  effect  is  again 
stronger  in  the  experiments. 


The  qualitative  agreement  seen  from  figures  3 
and  4 is,  an  indication  that  the  basic  idea  presented 
here  is  correct.  In  fact,  both  quantities,  the  ratio 
of  shear  stress  to  turbulent  energy  and  the  mixing 
length,  are  subject  to  a number  of  effects  and  are 
definitely  influenced  by  the  history  of  the  flow.  Thus 
more  than  qualitative  agreement  cannot  be  expected. 


CONCLUSIONS 

In  the  attempt  to  derive  turbulence  models  for 
three-dimensional  thin  shear  layer  calculation  from 
the  transport  equations  for  the  shear  stress,  the  atten- 
tion is  directed  to  the  behaviour  of  the  part  of  the 
mean  product  of  fluctuating  pressure  and  fluctuating 
rate  of  strain  that  depends  on  the  mean  rate  of 
strain.  If  the  turbulence  field  were  isotropic,  the 
vector  of  this  quantity  would  be  parallel  with  the 
mean  rate  of  strain  vector,  as  .s  assumed  with  cal- 
culation methods  hitherto  existing.  However,  the 
two  vectors  are  not  parallel  in  a nonisopropic  field, 
thus  providing  the  primary  reason  for  the  fact  that 
the  vectors  of  the  shear  stress  and  the  mean  rate  of 
strain  act  in  different  directions  when  the  mean  ve- 
locity profiles  are  skewed. 


used  in  addition  to  those  appearing  in  the  two-dimen- 
sional transport  equation-  Neglecting  the  transport 
terms  of  the  equations,  a three-dimensional  form  of 
Prandtl's  eddj-  viscostiy  relationship  is  derived, 
which  impUes  a nonisotropic  eddy  viscosity.  Further 
simplification  of  the  turbulent  energy  equation  leads 
to  the  mixing  length  formulae  for  three-dimensional 
flow.  According  to  these  relationships,  the  ratio  shear 
stress /turbulent  energy  and  the  conventionally  de- 
fined mixing  length  decrease  as  the  angle  between  lo- 
cal streamline  and  the  vector  of  the  mean  rate  of 
strain  grows.  The  basic  idea  can  also  applied  to  Brad- 
shaw's shear  stress  transport  equations  [17].  For  a 
value  T * 1 , the  equations  reduce  to  the  form  pre- 
vailing up  to  now.  It  is  obvious  that  the  results  calcu- 
lated with  any  of  the  four  models  will  come  closer  to 
experiments  of  wing  boundary  layers,  if  a value  of 
T of  a)iout  0.  5 is  choosen  rather  than  T • 1 . 
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ABSTRACT 

The  influence  of  grid  generated  wind  tunnel  turbu- 
lence was  studied.  It  was  found  that  due  to  the  posi- 
tion of  the  grids  relatively  to  the  boundary  layer 
start.a  momentum  loss  in  the  boundary  layer  can  be 
added.  This  effect  of  large  fluctuating  velocity  com- 
ponents and  nonuniformity  of  the  flow  at  the  start  of 
the  boundary  layer  was  investigated  in  detail. 

The  investigations  led  to  some  general  remarks 
about  the  influence  of  the  free  stream  turbulence 
level  in  low  speed  wind  tunnel  measurements. 


Tu  turbulence  level, 

Tu  • l,w'^/U  ) 

i 00 

u shear  stress  velocity, 

U mean  velocity  in  x-direction 

— 1/2 

u'  fluctuating  velocity  components  in 

x-direction  (RMS-value) 

-j  1/2 

v'“  fluctuating  velocity  components  in 

y-direction  (RMS-value) 


NOMENCLATURE 


skin  friction  coefficient, 

c,  » 2T  /(p  u2  ) 
f w'.  CD  00 


— 1/2 
w' 


X.  y,  z 


fluctuating  velocity  components  in 
z-direction  (RMS-value) 

co-ordinates  normal  and  parallel  to 


d 

diameter  of  rods 

the  surface 

D 

outer  diameter  (height)  of  a Pitot 
probe 

*G 

distance  from  the  grid  tc  the  leading 
edge 

M 

mesh  size  of  the  grid 

distance  from  the  leading  edge  to  the 

n 

exponent  for  the  decay  of  turbulence. 

measuring  station 

Eq.  (3) 

distance  from  the  virtual  origin  of  tur 

Pd 

dynamic  pressure. 

bulence  to  the  measuring  station 

Pd  * Pt  - Pw 

X 

VO 

distance  from  virtual  origin  of  turbu- 
lence to  the  leading  edge 

Pt 

Pitot  pressure 

* 

y 

dimensionless  wall  distance. 

Pw 

static  pressure,  measured  at  the  wall 

y*  - yu^/v 

RMS 

Root  Mean  Square 

6 

total  boundary  layer  thickness 

Tu 

turbulence  level. 

a. 

momentum  thickness,  Eq.  (5) 

Tu  • ((u'2  *v'2  * w'2)/3)^^^/U^ 

V 

dimensionless  wall  distance, 

T)  • y/6 

turbulence  level, 

2^1/2 

Tu  . (u'7u2  } 

i CO 

K 

von  Kirmin  constant, 

X * 0.  4 

V 

kinematic  viscosity 

Tu2 

turbulence  level, 

1 / 

wake  factor,  Eq.  (1) 

Tu,  . (V/Ui ) 


constant,  Eq.  (1) 
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p density 

T shear  stress 

X wake  function,  Eq.  (1) 

x^  additional  velocity  distribution,  Eq.  (1) 

Subscripts 

w wall  conditions 

00  free  stream  conditions 


INTRODUCTION 

The  influence  of  wind  tunnel  turbulence  on  experi- 
mental results  is  a wellknown  phenomenon.  It  is 
known  that  significant  differences  may  exist  between 
the  wind  tunnel  and  free  flight  test  in  quiescent 
stream.  This  is  due  to  the  change  in  the  transition 
from  laminar  to  turbulent  boundary  layer  flow  and 
the  different  structure  of  the  turbulence  in  the 
boundary,  which  results  e.  g.  in  a change  of  the  wall 
shear  stress.  However,  the  effect  of  grid-generated 
turbulence  levels  on  the  boundary  layer  development 
in  the  range  of  Tu  * 0.  06  ^ to  1 - a range  which 

is  representative  for  the  turbulence  levels  in  existing 
subsonic  wind  tunnels  - is  not  investigated  experimen- 
tally. Recent  studies  have  been  concentrated  on  rel- 
ative high  turbulence  levels  of  the  free  stream  in  or- 
der to  simulate  the  flow  conditions  of  multistage  tur- 
bomachineries. Forthis  reasons  theoretical  [1]  and 
experimental  (2]  investigation  about  the  effect  of  low 
free  stream  turbulence  (Tu  < 1 <)  in  subsonic  in- 
compressible flow  along  a flat  tunnel  wall,  upon  the 
boundary  layer  development  was  carried  out  at  the 
DFVLR-AVA  (Deutsche  Forschungs-  und  Versuchs- 
anstalt  filr  Luft-  und  Raumfahrt-Aerodynamische 
Versuchsanstalt  Gottingen).  The  basic  turbulence  level 
in  the  tunnel  of  Tu  ~ 0.  06  < was  increased  by 
means  of  various  grids  having  approximately  identi- 
cal mesh  sizes. 


scription  is  given  again  in  this  paper. 

The  low  turbulence  wind  tunnel  of  the  DFVLR- 
AVA  is  of  an  Eiffel  type  (Fig.  1).  The  settling  cham 


Fig.  1 Low  turbulence  wind  tunnel  of  the 
DFVLR-AVA 


ber  is  equipped  with  dust  filters  and  screens.  The 
contraction  ratio  of  the  test  section  to  the  settling 
chamber  is  1: 15,  in  order  to  obtain  a low  turbulence 
level  in  the  free  stream.  The  test  section  is 
0.  3 X 1.  5 m^  . There  is  a small  gtfp  between  the  noz- 
zle exit  and  the  plane  vertical  wind  tunnel  wall  (com- 
pare Fig.  2).  This  allows  a new  wall  boundary  layer 


Fig.  2 Sketch  of  the  test  section 


In  a preliminary  investigation  these  grids  were 
installed  at  the  nozzle  exit,  approximately  20  mm 
in  front  of  the  leading  edge  of  the  flat  tunnel  side 
walls.  This  postulated  highly  turbulent  flow  at  the 
leading  edge  which  influences  the  boundary  layer  de- 
velopment considerably.  To  be  able  to  investigate 
this  effect  systematically  first  a careful  study  of  the 
decay  of  the  turbulence  intensity  and  its  deviation 
from  Isotropy  was  made.  Then  velocity  profiles  in 
side  wall  boundary  layers  at  different  distances  from 
the  leading  edge  and  turbulence  levels  were  meas- 
ured. The  calculated  boundary  layer  characteristics 
gave  some  information  about  the  influence  of  the  ex- 
■emal  turbulence. 


C.-CFtRl.MENTAL  SET-UP 

A M'ailed  description  of  the  wind  tunnel  and  ap- 
.•«  (T.easur.ng  techniques  is  given  In  Ref.  [2].  For 
' efiience  and  better  understanding  the  basic  de- 


to  start  at  that  location.  At  the  end  of  the  nozzle  con- 
traction grids  can  be  installed  (Fig.  2)  in  order  to 
generate  turbulence. 

The  tunnel  walls  are  sufficiently  divergent  so  that 
only  negligible  axial  pressure  and  mean  velocity  gra- 
dients exist. 

The  transition  from  laminar  to  turbulent  boundary 
layer  flow  was  fixed  50  mm  from  and  parallel  to 
the  leading  edge  by  glueing  a plastic  tape  with  em- 
bossed large  letter  Vs  (tip  against  flow  direction). 

Mean  Flow  Measurements 

The  pressure  data  in  the  boundary  layer  were.ob- 
tained  with  a flattened  Pitot  tube  having  a height  of 
D • 0.  16  mm  . In  order  to  take  into  account  small 
variations  of  the  free  stream,  the  mean  velocity 

(U  • 30  m/s)  was  measured  with  a Prandtl  tube. 

00 
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The  static  pressure  of  the  Prandtl  tube  was  taken  as 
the  reference  pressure  for  the  Pitot  tube.  Thus  in 
the  data  reduction  procedure  the  actual  free  stream 
velocity  could  be  used  for  example,  to  calculate  the 
boundary  layer  integral  values.  All  data  were  time 
averaged  over  a period  of  six  seconds  and  then  re- 
corded at  the  identical  time  with  a digital  data  logg- 
ing system  (AVA),  essentially  consisting  of  ten  digi- 
tal voltmeters  with  a special  data  storage. 


Turbulence  Measurements 


All  turbulence  measurements  were  only  carried 
out  in  the  center  line  of  the  tunnel. 


Velocity  fluctuations  in  the  flow  direction  (x-di- 
rection)  were  measured  with  a single  hot  wire,  and 
in  the  y-  and  z- directions  with  X-hot  wires.  The  hot 
wire  probes  were  connected  to  a constant  tempera- 
ture anemometer  unit  from  Thermosystems  Inc. 
(TSI).  The  output  was  obtained  from  a Root  Mean 
Square  (RMS) -voltmeter  from  TSI  which  enabled 


measurements  of  the  true  RMS-values,  lu'  / , 

\v'  J , Iw'  / , to  be  determined  from  the  fluc- 

tuating components  u',  v'.  w'  , The  application  of  a 
hot  wire  for  flows  with  low  turbulence  levels  requires  a 
very  careful  calibration,  as  indicated  RMS-values  at 

zero  velocity  (U  • 0)  are  the  sum  of  the  instru- 
00 

mentation  noise  and  signals  due  to  the  flow  around 
the  hot  wire  cauwed  by  natural  convection.  No  way 
was  foimd  to  overcome  this  problem  using  a proper 
calibration  procedure.  Thus  the  RMS-vaUies  for 
^00  * ® were  controlled  by  applying  an  extrapola- 
tion from  the  calibration  curve.  From  a frequency 
analysis  it  was  found  that  a relatively  large  contri- 
bution of  the  RMS- reading  was  due  to  high  frequency 
noise.  Due  to  the  fact  that  these  high  frequencies 
(f  > 20  kHz)  cannot  result  from  the  flow  unsteadi- 
ness, a low  pass  filter  with  a maximum  frequency  of 
5 kHz  was  inserted. 


The  hot  wires  were  recalibrated  at  each  meas- 
uring station  over  the  entire  velocity  range 

(U  • 45  m/s  with  no  grid  and  U • 

00  max  ' * 03  max 

• 36  m/s  with  the  largest  grid).  The  turbulence 

levels  seemed  to  show  no  dependence  on  the  free 
stream  velocity  for  U > 8 m/s  . 

. 03 

The  change  of  the  free  stream  temperature  was 
less  than  1 °C  during  one  calibration  run.  Thus  no 
temperature  correction  was  incorporated  into  the 
calibration  procedure. 


Determination  of  Local  Skin  Friction 

The  wall  shear  stress  was  detennined  from 

the  experimental  velocity  profile.  The  basis  of  the 
scheme  is  the  comparison  of  calculated  velocity  pro- 
files which  are  constructed  essentially  from  the  Law 


of  the  Wall  and  Coles's  Law  of  the  Wake.  An  addition- 
al distribution  ‘^,(»7)  proposed  by  J.  C,  Rotta  is 
added  for  the  wake  in  order  to  eliminate  the  abrupt 
change  in  the  slope  su/8y  at  the  outer  edge  of  the 
boundary  layer.  The  entire  profile  then  may  be  con- 
structed following  the  relation 


— * f(y  ) + (t))  + 


(1) 


Here  the  function  f represents  the  Law  of  the  ^all 

and  is  a function  of  the  dimensionless  distance  y • 

* yu  /v  . (y  is  the  wall  distance,  u_  = (r  /p)^/2 
T T w 

the  shear  stress  velocity,  and  V the  kinematic  veloc- 
ity. ) The  best  possible  agreement  between  the  meas- 
urements and  calculation  was  accomplished  by  re- 
quiring that  the  Root  Mean  Square  (RMS)  deviation  be- 
comes a miziimum.  A detailed  description  of  this 
method  and  the  basic  equations  are  given  in  Ref.  [2J. 


RESULTS 

Turbulence  Measurements 


The  turbulence  level  in  the  wind  tunnel  was  inves- 
tigated with  and  without  grids.  Due  to  the  fact  that  the 
grids  were  installed  at  the  end  of  the  nozzle  exit  the 
decay  of  grid  generated  turbulence  in  a rectangular 
channel  was  simulated.  Three  different  grid  sizes 
were  used.  The  geometry  was  varied  in  such  a way 
that  the  difference  (M  - d)  , between  the  meshsize  M 
and  the  wire  diameter  d was  approximately  con- 
stant. In  Fig.  3 the  measured  turbulence  levels  in  the 


wind  tunnel  with  and  without  grids  for  different  dis- 
tances from  the  leading  edge  are  shown.  The  pres- 
sure gradient  in  flow  direction  at  U 30  m/s  was 
approximately  zero.  The  black  symbols  are  Indicating 
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measurements  with  a single  hot  wire  probe  while  the 
open  symbols  are  representing  results  from  a X-hot 
wire  probe-  The  results  of  the  single  wire  probe  are 
slightly  higher  compared  with  those  of  the  X-probe, 
but  they  are  in  the  range  of  the  expected  accuracy. 

In  order  to  be  able  to  proof  the  existence  of  qua- 
si isotropic  turbulence  in  the  investigated  tunnel 
flow,  the  v'  and  w'  fluctuating  velocity  components 
were  measured  with  X-hot  wires.  The  results  of 
these  turbulence  measurements  are  shown  in  Figs.  4 
and  5.  The  decay  of  the  fluctuating  velocity  compo- 


— .M  — 


Fig.  4 Oecayof  the  turbulence  level  Tu-  •'J v'^/U 
downstream  of  grids  °° 

— M — 


Fig.  5 Decay  of  the  turbulence  level  Tu-»'»w'"/U 

3 GO 


nents  v',  w'  In  y-  and  2-dlrectlon  with  Increasing 
distance  from  the  leading  edge  is  similar  to  that  of 


the  u' -velocity  component.  However,  as  shown  in 
Fig.  6,  the  measurements  indicate  that  the  ratio  of 


Fig.  6 Decay  of  the  longitudinal  to  lateral  turbulent 
intensity  ratios 


the  longitudinal  to  lateral  turbulent  intensities  is  con- 
sistently larger  than  1. 1 for  distances 
x^^  £ 1 500  mm  . This  result  is  qualitatively  in 
agreement  with  published  results  of  anisotropic  grid 
turbulence.  Uberoi  [3]  found  by  measurements  of  tur- 
bulence behind  a square-mesh  biplane  grid  made  of 
round  rods  that  the  RMS  turbulent  velocity  fluctua- 
tions are  characterized  by 


1/: 


1.  18 


(2) 


However,  in  our  experiment  the  ( v'^) 


is  greater  than  the  -component.  This  result 

can  be  explained  by  the  special  geometry  of  the  wind 
tunnel  test  section  where  the  dimension  in  z-direction 
is  about  5 times  of  that  in  y-direction.  (The  measure- 
ments of  Uberoi  were  made  in  an  axisymmetric  noz- 
zle. ) As  indicated  in  Fig.  6 the  tunnel  turbulence  has 
become  isotropic  ^ by  a distance  of  x.  _ ~ 2 000  mm 
only  for  the  smaller  grids  1 and  2 . Tne  mrbulence 
generated  by  the  largest  investigated  grid  3 is  even 
for  this  long  distance  not  Isotropic.  This  result  is  not 
in  agreement  with  experiments  carried  out  by  Port- 
fors  and  Keffer  [4]  who  found  already  isotropic  turbu- 
lence at  a distance  from  the  leading  edge  of  about  30 
mesh  lengths  [30  M = 6^0  mm)]  . Clearly, 

the  experimental  verification  of  a condition  of  isotro- 
py depends  upon  the  accuracy  to  which  the  three  com- 
ponents of  turbulent  intensity  can  be  determined.  In 


1/2 


-component 


Actually,  true  isotropy  requires  more  than 
equality  of  the  intensity  components.  Their  energy 
spectra  must  be  related  through  the  isotropic  ex- 
pressions over  the  complete  wave  number  range  of 
turbulence.  This  was  not  proofed  in  the  experiment. 
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[4]  It  is  demonstrated  that  the  experimental  results 
depend  strongly  on  the  applied  measuring  technique 
and  data  reduction  procedure.  However,  the  authors 
of  [4]  found  that  for  distances  * 20  (x^  dis- 

tance from  the  grid  to  the  measuring  station)  the  ra- 
tios of  the  longitudinal  to  lateral  components 
/— il/2^— Jn1/2 

/\w'  ) is  greater  than  unity,  while  the 
RMS  values  of  the  velocitv  fluctuations 

\u'~/  /\v’  / are  considerably  smaller  than 

unity.  This  was  found  neither  by  Uberoi  nor  in  the 
here  described  experiments. 


If  simple  theoretical  relations  for  the  decay  of 

the  turbulence  intensity  Tu,  *\uw  /XJ  shell 

i CD 

be  appUed,  the  distance  from  the  virtual  origin 
(Tuj  » co)  to  the  grid  has  to  be  known.  In  order  to 
find  this  virtual  origin  it  was  assumed  - following 
Rotta  [5]  - that  the  decay  of  the  RMS-values  of  the 

/— >1/2 

measured  longitudinal  velocity  fluctuations  \ u'~/ 
is  proportional  to  condi- 

tions Xj,  ~ LE  . ) Comte-Bellot  and  Corrsin  [6] 
found  values  for  n in  the  range  of  n » 1,  2 and 
and  n • 1.  3 . In  Fig.  7 the  calculated  values  of 


Fig.  7 Evaluation  of  the  virtual  origin  x^^  of  tur- 
bulence for  different  grids  (n  • 1.  3) 


jy(l/n) 

\ u / , (n  • 1.  3)  , for  the  three  different  inves- 

tigated grids  are  plotted  versus  the  distance  from 
the  leading  edge  . The  points  were  approxi- 

mated bv  straight  lines  and  the  distance  x from 

VO 

the  grid  to  the  virtual  origin  was  found  to  be 
x^^  •’  250  mm  . The  slope  of  the  straight  lines  in 
Fig.  7 indicated  that  the  measured  turbulence  data 
for  the  different  grids  could  be  correlated  multiply- 
ing the  distance  x^j,  - • x^  with  the  grid- 

parameter  M/d  . The  result  is  shown  in  Fig.  8. 


Fig.  8 Decay  of  TUj  downstream  of  different 
grids  (n  • 1.  3) 


The  decay  of  turbulence  intensity  of  all  three  grids 
can  be  correlated  and  described  by  the  relation 


0.  133  X 


M 
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(3) 


It  was  found  from  this  turbulence  study,  that  an  ap- 
proximately constant, and  low  free  stream  turbulence 
level  in  flow  direction  cannot  be  established  in  the 
tunnel  if  the  turbulence  generators  are  installed  at  the 
nozzle  exit  and  in  addition  close  to  the  leading  edge  of 
the  tunnel  walL  In  order  to  improve  this  situation, 
for  the  final  experiments  (compare  Ref.  [2])  the  grids 
were  placed  inside  the  nozzle  570  mm  in  front 
of  the  leading  edge  of  the  flat  tu.mel  side  wall.  Due  to 
the  remaining  contraction  (1: 1.  4)  the  turbulent  mo- 
tion then  undergoes  selective  change  in  its  axial  and 
transverse  turbulent  energy  levels  due  to  the  direc- 
tionally selective  vortex  line  distorsion.  The  result 
obtained  with  the  grids  in  this  position  is  shown  in 
Fig.  8 by  the  dotted  line.  It  was  found  that  the  virtual 
origin  was  now  approximately  500  mm  in  front  of 
the  leading  edge.  Due  to  fast  decay  of  the  turbulence 
level  behind  the  grid  the  maximum  value  of  TUj  at 
the  leading  edge  was  about  2 whereas  with  an  even 
smaller  grid  at  the  nozzle  exit  Tu^  was  greater 
10  i.  Now  the  effect  of  the  turbulence  level  and  non- 
uniformity of  the  free  stream  on  the  boundary  layer 
development  was  studied  by  means  of  profile  meas- 
urements. 


Boundary  Layer  Mean  Flow  Measurements 

Knowing  the  turbulence  Intensities  of  the  wind  tun- 
nel, boundary  layer  measurements  were  made  with 
and  without  grids.  The  transition  from  laminar  to  tur- 
bulent boundary  layer  flow  was  fixed  Installing  an  ar- 
tlfical  roughness  at  x^^.  • 50  mm  . In  Fig.  9 and  10 
the  measured  velocity  profiles  L'/u^  without  and 
with  grids  are  plotted  versus  the  dimensionless  wall 
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Fig.  9 Mean  boundary  layer  velocity  profiles  for 
the  free  stream  turbulence  level  TUj  » 

0.  06  ^ and  different  distances  x,  _ 


Fig.  10  Mean  boundary  layer  velocity  profiles  for 
different  free  stream  turbulence  levels  and 
distances 

* 

distance  y . The  boundary  layer  velocity  profiles 
at  very  low  turbulence  levels  in  the  free  stream 
show  in  the  outer  part  a large  "overshoot"  of  the 
velocity  ratio  C/u^  above  the  logarithmic  veloci- 
ty law.  Fig.  9 indicates  the  magnitudeof  Coles's  [7] 
wake  component  , defined  as  the  overshoot  of  the 
velocity  profile  above  the  logarithmic  line 


Tt 


1 


(4) 


(X  « 0.  4 , the  von  Kirman  constant). 


At  low  turbulence  levels  is  seen  to  have  ap- 

proximately the  same  value  that  Coles  found  for  the 
flat  plate  (r^  ~ 0.  5)  . The  influence  of  the  free 
stream  turbulence  on  the  wake  component  is  clearly 
indicated  by  the  velocity  profiles  in  Fig.  10.  The  ve- 
locity overshoot  decreases  if  the  turbulence  intensity 
is  increased  by  very  small  ai  -ounts  (ATUj~0.  4 4). 

It  becomes  clear  from  a further  analysis  of  the  meas- 
ured boundary  layer  profiles  that  the  main  change 
will  occur  in  the  wake  region  of  the  profile.  However, 
the  results  were  obtained  when  the  free  stream  turbu- 
lence at  the  leading  edge  was  considerably  higher  than 
at  the  measuring  station.  Due  to  a high  turbulence 
level  of  TUj  > 10  and  to  the  nonuniformity  of  the 
flow  using  the  grid  3 in  front  of  the  leading  edge,  a 
momentum  loss  in  the  boundary  layer  is  inserted. 

This  effect  is  demonstrated  in  Fig.  11  where  the  ve- 


Fig.  11  Velocity  profiles  at  different  levels  TUj 
and  nonuniformities  in  the  free  stream 

(-A-0-  grid  3,  M/d  « 5,  -o-  no  grid) 


locity  profiles  at  different  local  turbulence  levels  and 
different  "turbulence  histories"  are  plotted.  The  grid 
assembling  in  front  of  the  leading  edge  leads  to  a lo- 
cal turbulence  level  of  TUj  ~1.  8 < at  x^^  « 

• • 850  mm  . The  overshoot  of  the  profile  becomes 
much  smaller  (r^/x  0.  3)  while  the  boundary  lay- 

er thickness  is  about  60  ^ larger  compared  to  the  low 
turbulence  case  (TUj  ~ 0.  06  ^)  . This  dramatic 

change  of  the  profile  and  the  strong  increase  in  the  mo- 
mentum thickness 


(5) 


results  from  the  momentum  defect  and  the  large  fluc- 
tuating velocity  components  in  the  flow  where  the 
boundary  layer  starts.  This  effect  is  considerably  di- 
minished, when  the  grid  is  moved  back  about  500  mm 


10.40 


Into  the  nozzle.  Now  the  turbulence  level  at  the 
measuring  station  is  about  Tu,  ~ 0.  9 ( and  at  the 
leading  edge  it  is  decreased  to  TUj  ~1.  5 < (com- 
pare Ref.  (2)  Fig.  3).  If  the  three  profiles  in  Fig.  11 
are  compared  with  each  other  the  almost  negligible 
changes  in  the  local  shear  stress  • compared  to 
changes  of  the  momentum  thickness  - become  evi- 
dent.  An  identical,  qualitative  result  was  obtained 
from  profile  measurements  at  larger  distances  ob- 
tained without  and  with  grid  (No.  3)  as  shown  in 
Fig.  12.  Due  to  the  high  turbulence  intensity  and  the 


Fig.  12  Momentum  thicknesses  6^  different 

turbulence  levels  and  distances  x.  . , 

t,  b.  u 

(x^  » virtual  origin  of  the  turbulent 

boundary  layer) 

wake  of  one  rod  the  boundary  layer  starts  with  a fi- 
nal amount  of  momentum  loss,  which  appea's  as  an 
additive  constant  for  all  distances. 


FINAL  REMARKS  AND  CONCLUSIONS 

The  results  of  these  preliminary  tests  imply 
that  two  effects,  namely  the 

- different,  but  approximately  constant  turbulence 
levels  of  the  free  stream, 

- and  high,  with  Increasing  distance  x^^  de- 
creasing turbulence  levels  at  the  start  of  the 
boundary  layer 

influence  the  boundary  layer  development,  and  there- 
fore should  be  separated.  In  the  meantime  measure- 
ments are  carried  out  where  the  free  stream  turbu- 
lence was  varied  in  the  range  of  TUj  ~ 0.  06  ^ to 
1 < and  was  approximately  constant  at  all  measuring 
stations.  According  to  these  measurements  (Ref.  [2]) 
and  the  here  reported  results,  we  learned  for  prac- 
tical applications; 

1,  Turbulence  levels  in  low  speed  wind  tunnels  of 
Tuj  S 0.  2 < have  no  measurable  Influence  on 


the  wall  shear  stress  and  the  shape  parameter. 

2.  No  further  investigation  of  the  "history  effect"  of 
the  turbulence  on  wind  tunnel  experiments  was 
carried  out.  However,  the  investigations  so  far 
clearly  indicate  that  any  artifical  transition  will 
change  the  boundary  layer  structure.  Thus  e.  g. 
the  momentum  loss  due  a tripping  wire  on  an  air- 
foil can  result  in  an  increase  of  the  displacement 
thickness  which  itself  causes  a change  in  the  pres- 
sure distribution  and.possibly  the  separation  point 
of  the  profile.  In  any  case  the  inserted  momentum 
loss  wall  remain  in  the  boundary  layer. 

3.  An  increase  of  the  wind  tunnel  turbulence  ap- 
plying grids,  will  not  simulate  flow  conditions  at 
higher  Reynolds  numbers.  .Besides  the  change  in 
the  transition  from  laminar  to  turbulent  flow,  grid 
generated  turbulence  causes  a change  of  the  struc- 
ture of  the  turbulent  boundary  layer. 
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ABSTRACT 


The  present  paper  deals  with  the  prediction  of 
incosqpressihle  two-dimensional  turbulent  boundary 
layers.  An  integral  method  is  developed  based  on  the 
Qomentum  and  the  aean  Icinetic  energy  equation.  A 
third  integral  equation  is  added  to  calculate  the 
dissipation  integral.  This  equation  is  derived  from 
the  turbulent  energy  equation  and  takes  into  account 
the  upstream  history  of  the  flow. 

The  Stanford  data  and  an  additional  measured 
boundary  layer  with  pressure  gradients  alternating 
in  sign  were  used  for  testing.  The  method  shows  good 
agreement  with  the  experimental  values  of  the  mean 
flow  parameters  even  for  strong  departure  from 
equilibrium. 


HOMENCLATURE 
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Cj. 
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U,V 
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: -u'V/q^ 

: constant  of  Coles'  profile 
: dissipation  integral 
: entrainment  function 
: skin  friction  coefficient 
: shear  stress  integral 

: shape  parameters  of  the  mean 
velocity  profile 

: parameter  of  shear  stress  profile 

: Coles'  wake  parameter 

: turbulent  kinetic  energy 

: u.i./u,  Reynolds  number 
0 2 

: u^j/v,  Reynolds  number 

: skin  friction  velocity 

: velocity  components  in  the  x 
and  y directions 

: Coles'  wake  function 
: longitudinal  coordinate 
: transverse  coordinate 
: dimensionsless  pressure  parameter 
: parameter  of  snear  stress  profile 
: boundary  layer  thickness 
: displacement  thickness 
: momentum  loss  thickness 


e 

n 


K 

V 

P 

T 


: energy  loss  thickness 
: turbulent  dissipation 

: y/5,  nondimens ionsil  transverse  coordinate 
: v.Kaman' s constant 
: kinematic  viscosity 
: density 
: shear  stress 


Subscripts 

e : equilibrium  value 

E ; conditions  at  the  point  of  maximum  shear 

w : wall  conditions. 

6 : conditions  at  the  outer  edge  of  the 

boundary  layer 

Superscripts 

A prime  ( ' ) denotes  a fluctuating 
quantity 

A bar  ( ) denotes  time  mean 

IinSODUCTIOK 


The  computation  of  turbulent  phenomena  is  much 
more  complicate  than  in  the  laminar  case.  The  diffi- 
culties arise  from  the  nonlinear  convection  terns  of 
the  basic  Bavier-Stokes  equations.  If  these  equations 
are  written  down  for  the  mean  quantities  the  number 
of  unknowns  exceeds  the  number  of  equatior.s,  so  that 
the  solution  requires  a certain  amount  of  empiricism 
to  combine  the  unknown  correlations  of  the  fluctuating 
velocity  cosiponents  with  variables  of  the  mean  flow. 
Much  success  in  this  field  has  been  achieved  by  estab- 
lishing additional  so  called  transport  equatior.s  for 
the  correlation  terms.  In  this  way  the  effects  of  the 
turbulence  structure  can  be  taken  into  account,  but 
the  closure  problem  still  exists.  Bradshaw  et  al.  /:/ 
for  instance  propose  a finite  difference  method  with 
one  transport  equation  for  the  rate  of  change  of  the 
turbulent  kinetic  energy  q‘  , but  models  with  more 
of  such  equations  are  widely  in  use  ,’£,o,»,5/. 

The  progress  in  direct  solution  of  the  governing 
equations  has  turned  away  the  attention  from  the  in- 
tegral p-edicticr.  met.hcds  a little  bit,  although  t.>ie 
various  contributions  to  the  1966  AFSOR-IFF  Stanford 
Conference  had  not  shown  the  integral  methods 
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being  remarkably  vorse  nhan  the  direct  methods  or 
••■ice  versa.  Taerefore  and  because  of  the  essential 
sinplifications  in  the  nuaerical  treatment  the  au- 
thors have  tried  to  utilize  transport  equations  for 
integral  methods. 

All  of  these  methods  use  the  momentim  integral 
equation: 


di.  5,  du,  0^ 

-1^ 


This  equation  does  not  contain  any  direct  in- 
formation about  the  quantities  of  the  turbulence 
field,  therefore  a second  one  is  needed.  The  indi- 
vidual methods  differ  in  this  second  equation  vhich 
determines  the  unknown  shape  parameter  of  the  veloc- 
ity profile.  According  to  this  three  different  types 
of  integral  methods  are  in  use: 

A)  Dissipation  integral  methods 

3)  Entrainment  methods 

C)  Moment  of  momentum  integral  methods 


3)  Entrainment  function 


r)  Shear  stress  integral 


Furtheron  all  methods  need  three  auxiliary 
relationships : 

1 . for  the  skin  friction  coefficient  c^ 

2.  for  a second  snape  parameter 

3.  for  the  functions  c^,  Cj,  or  c^ 


It  can  easily  be  shown  that  the  first  and  second 
follow  directly  from  the  turbulent  velocity  profile 
given  by  Coles  HI : 


The  shape  parameter  equations  introduce  new 
functions  which  contain  the  required  quantities  of 
the  turbulence  field.  In  particular  t.hese  functions 
read  as  follows: 


1 . ' 

« — xn  


c + ?■  (n) 


A)  Dissipation  integral 
6 

2 ! aZ  . 

• =D  — 3 

““si 


Severtheless  nearly  always  empirical  relation- 
ships were  used,  which  are  however  in  good  agreement 
with  those  obtained  by  eq.  (2).  The  essential  diffi- 
culties arise  from  the  third  relation,  because  an  in- 
formation about  the  turbulent  shear  or  the  entrain- 
ment is  required.  The  current  status  of  science  is 
shown  briefly  in  the  following  table. 


1.  Without  history  effects 


Empirical 

relationshins 


2.  Including  history  effects 


"d  ^^32’  ^*2^ 
by  Sotta/Truckenbrodt 
or  Clauser/Walz  , 
see  Valz  /6/ 


c_(H)  by  Head  /?/ 


2. 1 Empirical 

relationships 


c_(K,  F)  by  Head 
and  Patel  /II/, 

F • correction 
function 


2.2  Empirical  differen- 
tial equations 

2.3  Transport 
ecu&tion 

Relaxation  equation 
by  Goldberg  / 12/ 

this  work 

(turbulence  energy) 

by  Hirst  and  Reynolds , see  /6, 
(turbulence  energy)  and 
by  Green  et  al.  /1 3/ 
(turbulence  energj-' 


Relaxation  equation  by  by  McDonald  and  Camarata, 
Rash  and  Hicks,  see  /c/  see  /6/  (turbulence  energj-) 


10. <4  i* 


The  step  from  point  1 to  2.1  has  been  done  first 
by  relscb  / 10/  for  a method  of  tnie  A.  This  method 
save  good  results  at  the  Stanford  Conference.  5or  a 
method  of  type  3 this  step  has  been  done  by  Head  and 
Patel  /II/  just  after  the  conference. 

Furtheron  an  eioirical  differential  equation  of 
a relaxation  equation  type  .has  been  used  for  a meth- 
od of  type  A by  Ooldberg  /12/  and  a quite  similar  one 
for  a method  C by  Hash  and  Hichs.  Such  eapirical  dif- 
ferential equations  can  be  replaced  by  transport 
equations.  This  has  been  tried  by  Hirst  and  Heynolds 
for  a method  of  type  B and  by  McDonald  and  Camarata 
for  a method  of  type  C.  Both  methods  have  not  been 
very  successful!  on  the  Stanford  Conference,  but  re- 
cently Oreen  et  al.  /13/  (method  3)  started  a nev 
attempt  with  better  success  by  applying  the  turbulent 
energy  equation  at  the  point  of  maximum  turbulent 
shear  stress.  A good  deal  of  es^iricism  is  envolved 
in  these  methods,  because  no  analytical  representa- 
tion of  the  shear  stress  profile  is  used.  Further- 
more empirical  relations  must  be  established  to 
connect  shape  parameter-  and  transport  equation. 

In  this  work  the  step  2.3  shall  be  carried  out 
for  method  A. 

DISSIPATIOH  IBTEGRAL  METHOD 

The  shape  parameter  equation  for  dissipation 
integral  methods  reads  in  full: 


<3H  ^ du« 

Ix  * uT  IT  ^32  “ ° 

0 c 


The  dissipation  integral  shall  be  evaluated 
solution  of  the  turbulent  energy  equation  which  reads 
in  integral  form: 


as  modeling  assumptions,  where  t is  the  turbulent 
part  of  the  shear  stress.  Vith  these  assumptions  eq. 
(1)  becomes: 


£ £ _ £ 3/2 

1 d f — T,  *’t5u.  ((t/d!  , , 

2i;dij  - j * j 

0 0 0 


Supplementary  we  use 

a)  an  espirical  relationship  for  the  dissipation  length 
given  by  Bradshaw  et  al.  /!/, 

b)  the  universal  velocity  profile  (2), 

c)  a polynominal  representation  of  the  turbulent  shear 
stress  profile. 


In  a first  attempt  /!*•/  a one-parameter  shear 
stress  profile  was  used  in  the  following  form: 


Z a-n"- 

OUj  1“0 


Together  with  the  boundar;'  conditions  at  n « 0 


,2 

T . -4*  0 

3n 


and  at  n • T 


0 ° ° 
j ♦ I u't'  ^ if  • 0 


e is  the  turbulent  dissipation,  the  diffusion 
term  disappears  by  integration.  If  the  nclecular 
shear  stress  is  neglected,  the  dissipation  integral 
and  the  production  term  of  equation  (1>)  can  be  rela- 
ted to  each  other: 


__  0 _ 

^u  . 2 -T— , 3u  . 

T—  dy  u'V  — dy 

^y  „ 3 J 3y  ^ 


The  integral  statement  dissipation  ■ production 
is  valid  only  for  zero  convection,  the  convection 
term  indeed  is  the  important  history  term. 

In  order  to  make  use  of  the  transport  equation 
the  unknown  correlations  must  be  modeled.  We  have 
chosen  the  modeling  of  Bradshaw  et  al.  /!/,  because 
this  method  belonged  to  the  good  differential  methods 
at  the  Stanford  Conference.  Following  Bradshaw  we 
■introduce 


u-v'  « a,  q‘ 


1 - 2/2 

e • r (r) 


3r,^ 


one  can  obtain  five  of  the  six  coefficients  of  eq. (T), 
so  that 


r n ( 1-n)  (3n  I) 


In  this  equation  T is  a free  parameter  which  can 
be  equated  to  the  unknown  gradient  of  the  shear  stress 
profile  at  the  wall  and  is  determined  by  eq.  (6).  The 
dissipation  integral  c^  can  be  derived  as 


=D  * =D  <«32’ 


A comparison  with  Rotta's  empirical  function 
(see  table)  shows,  that  T accounts  for  the  upstream 
history  effects  of  the  flow. 


One  can  expect,  that  eq.  (10)  only  holds  for 
boundar;'  layers  with  adverse  pressure  gradients,  be- 
cause the  position  cf  maxinum  shear  is  fixed  to  the 
point  Hr  • 1/3.  flat  plate  and  accelerated  boundary 
layers  Save  their  naxiaum  ih  shear  stress  very  close 
to  the  wall,  and  indeed  the  prediction  aethod  based 
on  eq.  ( 10)  gave  small  but  systematic  departures 
from  measurements  in  this  cases.  Therefore  for  the 
present  work  we  introduced  a second  parameter  n to 
account  for  the  influence  of  the  free  stream  pressure 
gradient  at  the  position  of  maximum  shear  stress.  A 
parameter  was  chosen,  which  did  not  affect  the  abso- 
lute value  of  Tv  TO  keep  smal  I the  amount  of  eii^iri- 
cism  which  is  connected  with  it.  This  is  expressed 
by  the  prescription: 


3tT/(rpUj^)] 


9x 


n«nv(x) 


( 13) 


The  findings  of  Mellor  and  Gibson  /15/  allow  tne 
conclusion,  that  for  equilibrium  boundary  layers  n is 
a universal  function  of  the  pressure  parameter  6 alona 
This  can  also  qualitatively  be  derived  by  applying 
the  boundary  layer  equation  at  the  wall,  which  gives: 


3y 


th. 

dx 


for  y 


0 


(15) 


Unfortunately  the  quantitative  influence  of  the 
boundary  conditions  at  the  wall  on  the  shape  of  the 
profile  is  not  strong  enough  to  derive  a direct  rela- 
tionship between  nj  and  dp^/dx.  (It  is  for  the  same 
reason,  that  we  are  allowea  to  neglect  some  of  the 
original  boundary  conditions  (6,9)  in  eq.  (13)).  There- 
fore in  this  work  an  eiapirical  relationship  between  a 
and  S shown  in  Fig.  2 is  used  even  for  non-equilibri- 
um boundary  layers. 


A two  parameter  model  with  the  above  quality 
can  be  obtained  from  eq.  (10)  by  the  simple  trans- 
formation n -►  so  that: 


— ^ - r (i-n°)  (3n°+  1)  (13) 


The  exponent  n can  be  related  to  '"'ia: 


1/n 

tlj.  - (1/3)  ( 1»*) 


Fig.  1 shows  two  shear  stress  profiles  for 
different  values  of  n. 


Fig.  2 Empirical  relationship  n(S) 


Eq.  (11)  has  to  be  completed: 


Cj)  ■ Reg,  r,  n)  ( l6) 


The  burden  of  describing  history  effects  is  still 
carried  by  r alone,  although  S contains  the  free 
stream  pressure  gradient  and  is  the  only  "upstream 
history  parameter"  of  Felsch's  method  (see  table)  for 
instance.  Nevertheless  an  additional  differential 
equation  like  Goldberg's  or  a weighted  form  of  eq.  (1) 
could  be  used.  Fig.  6 of  the  next  ehapture  shows  the 
effect  of  neglecting  history  effects  in  the  n(8)  - re- 
lationship. Present  work  deals  with  its  improvenmnt. 


COMPARISON  OF  PREOICTET  AND  E.'’TSRIME:*TAL  .RESULTS 

All  Stanford  test  cases  /l6/  were  used  for  cal- 
culations with  the  described  method  and  good 
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agreenen* betveen  calcuiation  and  experiaent  vas  found 
exoepx  in  eases  wixh  departures  from  tvo-diaensional 
eonditions . No  corrections  were  included  in  the 
ooE5)Uter  program  to  deal  with  such  effects. 

In  addition  to  the  Stanford  data  the  method  was 
applied  to  a boundarj-  layer  with  pressure  gradients 
alternating  in  sign  measured  by  Tsuji  and  Morikawa 
/IT/. 

Some  attention  must  be  paid  to  the  starting  val- 
ues. We  chose  measured  values  of  the  momentum  loss 
thickness  Sj  shape  parameter  H52'  The  start- 

ing value  of  r was  calculated  by  graphical  differen- 
tiation of  the  measured  distribution,  to  elim- 

inate the  influence  of  wrong  starting  values  in  the 
present  work.  For  practical  calculations  one  of  the 
ea^jirical  formulae  of  the  table  could  be  used.  Free 
stream  velocity  and  velocity  gradient  were  seperately 
approximated  by  spline  interpolation.  If  necessary 
the  dug/dx  development  was  cut  into  pieces  to  de- 
scribe unsteady  changes  properly.  The  three  ordinary 
differential  equations  were  solved  by  a single  Runge- 
Kutta  routine. 

For  this  paper  we  chose  five  test  cases  of  the 
Stanford  catalogue  and  the  boundary  layer  of  Tsuji 
and  Morikawa  mentioned  above.  Figs.  3 to  8 snow  re- 
sults for  Hi2”>  ®f  “ Re2  - distributions. 

The  calculation  of  all  (nearly  30)  test  cases 
took  about  one  minute  on  a UHIVAC  1108  computer 
including  the  execution  of -a  plotting  routine.  The 
compaiuson  of  the  results  with  Bradshaw's  et  al. 
original  method  shows  that  the  present  method  gives 
comparably  good  results.  In  spite  of  this  some  addi- 
tional work  especially  on  the  somewhat  artificial 
a(8)  - relationship  seems  to  be  necessary. 

The  predicted  wrong  curvature  of  the  Hi 2 and  c 
development  downstream  the  marked  position  in  Fig. 6^ 
would  change  its  sign,  if®  a value  of  n according  to 
the  low  upstream  values  of  B was  chosen. 


Fig.  <»  Ludwieg  and  Tillmann,  accelerating  flow 
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'ig.  6 Schubauer  and  Klebanoff,  boundary  layer 
on  airfoil-like  body 


Fig.  8 Tsuji  and  Morikawa,  pressure  gradient 
alternating  in  sign 
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Finally  Fig.  ? shows  a ooi^uted  G;S  - plot  for 
the  boundary  layer  of  Tsuji  and  Morikawa  ooapared  with 
Nash's  equilibrium  relationship.  The  strong  departure 
from  equilibrium  conditions  is  pointed  out  clearly  in 
this  figure,  so  that  the  good  results  shown  in  Fig.  6 
seem  to  be  remarkable . 


'ig.  7 Moses,  case  1,  boundary  layer  on  cylinder 
in  axially  symmetric  flow 


Fig.  9 Tsuji  and  Morikawa,  0»f(6),  computed  results 


COSCLUIiriG  REMARKS 

At  a state,  vhere  tbe  present  aethod  is  devel- 
oped so  far,  that  good  predictions  of  experimental 
results  can  be  expected  in  a broad  srectruoof  flow 
cases,  we  should  try  to  demarcate  it  against  the 
related  methods.  Compared  to  Felsch's  algebraic  and 
Goldberg's  differential  formula  a more  realistic 
description  of  turbulent  shear  stress  transport  was 
achieved  by  using  a carefully  modeled  version  of  an 
exact  transport  equation  with  an  amount  of  empiricism 
reduced  to  a minimum.  In  this  sense  step-by-step  re- 
duction of  empiricism  means  to  reobtain  the  univer- 
sality of  the  original  equations. 

This  general  aim  of  the  present  work  leads  us  to 
some  critical  reaarKS  on  Green's  et  al.  aethod.  Their 
ordinary  differential  equation  for  maximum  shear 
stress  (we  should  not  call  it  an  integral  version  of 
Bradshaw's  method  as  Reynolds  and  Cebeci  /19/  do)  is 
related  to  the  present  one,  because  it  was  derived 
from  the  same  transport  equation.  It  can  be  inter- 
preted as  a weighted  form  of  eq.  (6)  with  (t/tp)"  as 
a weighting  function.  This  choice  of  a weighting  func- 
tion reduces  the  initially  available  information  to 
an  unnecessary  low  degree,  because  only  the  develop- 
ment of  maximum  shear  stress  is  described.  In  our 
opinion  Green' s equation  seems  to  be  a too  small 
step  in  the  right  direction.  The  loss  in  information 
must  be  compensated  by  a lot  of  empirical  rela- 
tionships. Additionally  the  entrainment  methods  have 
the  disadvantage  that  the  connection  between  shape 
parameter  and  transport  equation  can  be  managed  only 
ecqjirically . 

Finally  from  the  present  paper  we  can  draw  the 
conclusion,  that  consequent  development  of  integral 
relationships  can  be  a practical  alternative  to  the 
partial  differential  methods,  so  that  the  extension 
to  more  complicated  flows,  like  three  dimensional 
flows  or  flows  with  heat  and  mass  transfer  seems  to 
be  a worthy  task. 
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APPSEIX 


The  equations  of  the  present  calculation  aethod 


Monentuffl  integral  equation: 


***  ^n+5  n+1  In't’o  5n+o  n+4  Sn*****  ’ 

f « — C—  ♦ 12P  (— — + — ^ 

2 I 2 K 5n  S.+2  in+2  2n+l  ;n*2 


d6,  6_  du,  c, 

— i + -a  — i ( 0 » o ) « — 

ix  u,  djc  ' “ 12'  2 


1 ^ _2_  _ 3 ^ 3 ' 


o c 

^ ; «2  ■ f T- 


For  the  evaluation  of  the  integrals  the  uahe 
function 


-f  * 2 ’ ^12  ” ^l'^*2 

°“a 


Shape  paraaeter  equation: 

dH  , H du  c 

dx  * u,  di”  ^ ’ *^12^  * IT  ^'d"T  ^32^ 

0 £ 


v(n)  • Sn^  (3-2ti)  after  Moses  /20/  was  used. 


Ehe  dissipation  term  is  represented  hy  f,.  The 
dissipation  length  distribution  of  Bradshav  et"  al.  /!/ 
was  used  with  an  additional  correction  factor.  In  a 
range  0,6  S n S 1,1*  the  function  f,  can  be  approxi- 
mated by 


f^  - - 0,1U  n + 0,531* 


f - - * 

with  63  - J Cl-(^)  :dy 


The  correction  factor  already  included  in  f,  was 
adjusted  to  0,8  and  is  proably  due  to  different 
definitions  of  the  boundary  layer  thickness. 

The  function  n • f (B)  Fig.  (2)  with 


-32  * ^'/^2  ’ '0 


2 , ^ 
3 5j 

nu  ^ 


Integral  relationship  for  the  shear  stress 
profile  derived  from  eq.  (6): 


Cf  Uj  dx 


is  given  by 


n «•<  0,3  [1-cos  (xB/S)]  +0,7  for  0 S B S 2 
I 1,3  B > 2 


Id  ^ 3/2 

^lj(dfir)  - (f2-  ^^dfi)  r-f3r  (19) 

I 6 


The  boundary  layer  thickness  J is  determined 
from  eq.  (2) : 


with  u^  » Uj  y and  ( see  /T/ ) : 


^ 1^6 

2 r - ln(  l+P)  • X ^ - In  — x c - In  x 


The  connection  between  eqs . (l8)  and  (19)  is 
given  by  eq.  (16)  which  reads: 

Cj  * 2 r 

c-  is  only  a strong  function  of  n (via  fj)  for 
small  and  negative  values  of  8 so  that  the  lower 
boundary  of  n (•  0,7)  could  be  adjusted  carefully  by 
numerical  trial  and  error.  The  transition  values  of 
n and  the  upper  limit  should  be  taken  as  raw  esti- 
mates, because  experiments  in  this  area  with  laeas- 
urements  of  the  shear  stress  profile  and  in  equilib- 
rium conditions  are  missing. 

The  auxiliary  equations  are: 

-0,01*855  ♦ (0,775  H,,-  1,1067)’^^ 

^12  * H,2  - 1.1*31 


and  f,  are  analiticsl  functions  of  the  shear 
stress  and  velocity  profile: 

. ^ (111  r L_  * _i_  - _J : 

^ ^ (n+1)^  (3n*l)^  (Un*1)^  (5n-l)^ 


'‘n^l  jn+i  ^ **r.+  l 


by  Sicoll  and  Escudier  /21/  and 


c,  • 0,21*6  He, 


- 0,268  - 0,673  H. 


by  ludwieg  and  Tillmanr.  ,'22/  . 

The  following  constants  were  used: 
a.  • 0, 15  ; X « 0,1. 1 ; c » 5 . 1 . 
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ABSTRACT 

Th«  existence  of  ocgenlzed  structures  In  tur- 
bulent sheer  flow  hes  been  the  subject  of  recent 
observatlonel  discoveries  in  both  the  laboratotT'  and 
in  the  atmosphere  and  ocean.  The  recent  vrark  on 
modeling  such  structures  in  a temporally  developing, 
horizontally  homogeneous  turbulent  free  shear  layer 
(J.  T.  C.  Liu  and  L.  Merkine  1976  Proc.  Roy.  Soc. 
London.  Ser.  A,  Vol.  352,  pp.  213-247)  has  been 
extended  to  the  spatially  developing  siizlng  layer, 
there  being  no  available  rational  transformation 
between  the  two  nonlinear  problems.  The  basis  for 
the  consideration  is  the  kinetic  energy  development 
of  the  mean  flow,  large-scale  structure  and  fine- 
grained turbulence  with  a conditional  average, 
supplementing  the  usual  time  average,  to  separate 
the  nonrandom  from  the  random  parr  of  the  fluctu- 
ations. The  integrated  form  of  the  energy  equations 
and  the  accosipanylng  shape  assustptlons , is  used  to 
derive  "amplitude"  equations  for  the  mean  flow, 
characterized  by  the  shear  layer  thickness,  the 
nonrandom  and  random  components  of  flow  which  arc 
charsetariaed  by  their  respective  energy  densities. 
In  general,  the  large-scale  structure  augments  the 
spreading  of  the  shear  layer  and  enhances  the  fine- 
grained turbtilence  by  taking  energy  from  the  mean 
flow  and  transferring  it  to  the  turbulence  as  it 
amplifies  and  subsequently  decays.  The  maximal 
amplitude  of  the  large-scale  structure  is  attained 
by  the  initially  most  amplified  mode,  however,  the 
relative  enhancement  of  the  fine-grained  turbulence 
is  achieved  by  both  the  magnitude  of  the  large- 
scale  structure  and  its  streamwise  lifetime.  Thus 
a greater  enhancement  of  the  turbulence  is  achiev- 
able by  the  lower  frequency  modes  which  have  longer 
streamwise  lifetimes.  The  large-scale  structure 
can  also  be  controlled  by  increasing  the  initial 
level  of  turbulence,  which  would  render  its  decay 
more  rapidly. 


NOMENCLArURE 

U , D , ut  dlmansionlesa  velocities  of  the  mean, 
^ ^ large-scale  structure,  fine-grained 


P i P + p 


turbulence 


0^  i Ui  + Q, 

P.  J.  P' 


dimensionless  pressure  of  the  mean, 
large-scale  structure,  fine-grained 
turbulence 


<u  u > 
i J 


dimensionless  coordinates  (x,  horizon- 
tal; y,  vertical) 

dimensionless  time 

average  which  produces  a mean  quantity, 
(the  time  average  in  the  spatial  prob- 
lem, horizontal  average  in  the  temporal 
problem)  . 

conditional  average 

mean  turbulent  stresses 

conditionally  averaged  turbulent 
stresses 


<u^uj>  - uj^u^ 


modulated  turbulent  stresses 


Re  Reynolds  number 

Other  quantities  are  defined  as  they  appear. 


ISTRODCCTION 

Recent  reviews  of  laboratory  observations  have 
pointed  cowards  the  omnipresence  of  large-scale 
organized  structures  in  turbulent  shear  flows,  with 
each  type  of  shear  flow  having  its  own  peculiar 
organized  structure  (1),  (2),  (3),  (4),  (5).  Sev- 
eral international  conferences  have  also  been  held 
in  which  such  organized  structures  in  turbulent 
flows  were  discussed  (6) , (7) , It  is  apparent  chat 
turbulence  in  shear  flows  arc  not  as  random  as  orig- 
inally thought  to  be  and,  in  his  Dryden  Research 
Lecture,  Roshko  (4)  rcsiinds  us  chat  Dryden  (8)  had 
pointed  out  chat  it  is  necessary  to  separate  the 
random  from  the  nonrandom  processes  in  turbulent 
flow.  This  view  was  also  emphasized  by  Llepmann  (9) . 
Observations  strongly  suggest  that  the  large-scale 
organized  structures  arc  Important  to  the  mixing 
and  development  of  Che  shear  flow  and  it  is  begin- 
ning CO  be  recognized  that  the  study  of  their  dyna- 
mics is  fundamental  to  any  study  of  turbulent  shear 
flows.  Such  studies  being  technologically  impor- 
tant CO  combustion  and  reactive  flows  (7),  (1C)  and 
jet  noise  (11),  (12)  to  mention  a few.  Such  orga- 
nized structures  arc  also  observed  to  occur  in 
regions  of  strong  local  shear  provided  by  frontal 
systems  and  internal  waves  of  s much  larger  scale 
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in  the  aososphere  and  in  the  ocean  and  are  nov 
thought  to  play  an  iaportant  role  in  the  spectral 
cascading  process  and  in  clxing  (13),  (11).  The 
observational  unaaslcing  of  the  large-scale  orga- 
nized structures  in  turbulent  flows  has,  at  least 
in  the  authors'  view,  given  turbulence  research  new 
and  exciting  icpetus. 

We  shall  focus  our  attention  to  free  turbulent 
flows  in  this  paper  in  which  the  mean  flow  velocity 
profiles  are  inflexional.  The  presence  of  the 
large-scale  structure  is  mors  or  less  attributable 
to  the  dynamical  instability  inherent  in  such  flows 
(9),  (12),  (15),  (16).  Although  the  large-scale 
organized  structure  may  be  determinlatic.  It  is 
conceivable  chat  it  is  subjected  to  random  forcing. 
Take  Che  mixing  region,  for  instance;  Che  large- 
scale  structure  as  a consequence  of  upstream 
forcing  at  a given  frequency  will  propagate  down- 
stream at  a phase  velocity  characteristic  of  that 
frequency.  Suppose  now  a slower  large-scale  struc- 
ture is  first  set  up  and  subsequently  a faster  one 
is  generated,  a "collision"  of  the  latter  with  the 
first  will  cake  place  downstream  as  the  faster  one 
catches  up  with  Che  slower  one.  It  is  not  entirely 
inconceivable  that  this  provides  one  of  Che  expla- 
nations of  Che  "pairing"  or  "vortex  coalescence" 
process  chat  has  been  observed  (17),  This  essen- 
tially emphasizes  the  importance  of  studying  the 
large-scale  organized  structure  under  well- 
controlled  rather  chan  under  natural  conditions 
(9),  much  in  the  same  spirit  of  Schubauer  and 
Skramscad  (18),  for  purposes  of  physically  isolat- 
ing and  understanding  the  mechanisms  involved. 

While  it  is  generally  important  to  understand 
the  coalescence  of  large-scale  organized  structures 
in  a turbulent  shear  flow,  it  seems  logical  chat 
theoretical  understanding  of  Che  interactions  be- 
tween a single,  monochomatic  large-scale  structure 
with  the  fine-grained  turbulence  be  obtained  with- 
out complicating  Che  picture  with  the  more  compli- 
cated dynamical  effects.  On  the  ocher  hand, 

"vortex  coalescence”  is  known  to  occur  even  with- 
out the  presence  of  fine-grained  turbulence  and 
contributions  cowards  its  theoretical  explanation 
can  be  made  from  purely  dynamical  considerations 
(19),  We  shall  consider  here  the  first  major 
problem  discussed  above,  chat  of  the  Interaction 
between  the  large-scale  structure  and  Che  dispar- 
acely  fine-grained  turbulence  in  a free  turbulent 
shear  flow,  in  particular,  the  mixing  region. 

Our  aim  is  cowards  physical  underatandlng  of 
Che  interactions  between  the  disparate  scales  of 
motion  which  lead  to  the  growth  and  development  of 
the  shear  layer,  rather  chan  emphasizing  numerical 
prediction  or  accuracy.  This  necessitates  approx- 
imate considerations  in  order  to  achieve  our  aim, 
one  which  may  be  helpful  cowards  the  eventual 
incorporation  of  the  large-scale  structure  dynamics 
in  predictive  schemes  or  cowards  vell-concrollcd 
experimental  unmasking  of  chose  mechanisms  which 
contribute  to  the  understanding  of  the  development 
of  organized  structures  in  turbulent  shear  flows. 

To  proceed,  we  essentially  follow  earlier 
suggestions  (8),  (9),  (20)  and  theoretically  sort 
out  Che  monochromatic  large-scale  organized 
structure  from  the  random  fine-grained  turbulence 
by  a conditional  averaging  procedure  which  has  been 
described  end  realized  in  Che  laboratory  elsewhere 
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(21),  (22),  (23).  This  forms  the  starting  point 
for  Che  subsequent  approximate  considerations  for 
the  study  of  simultaneous  interactions  between  the  i 

mean  flow,  Che  large-scale  structure  and  the 
fine-grained  turbulence.  We  nave  reported  on  our 
previous  study  of  an  Idealized  mixing  region  (24), 
in  which  the  mean  flow  consisted  of  horizontally 
homogeneous,  oppositely  directed  streams.  The  ‘ 

shear  layer  and  interactions  develop  in  time 
rather  chan  In  the  screamvise  distance.  Since  all 
mean  quantities  there  are  horizontally  homogeneous, 
there  is  no  screamwise  "diffusion"  in  the  mean  and 
this  comprises  one  of  the  natural  simplifications 
of  the  problem  (there  being  no  backwards  diffusion 
in  time  because  of  causality,  of  course) , Another 
simplification  in  Ref,  (24)  was  that  the  only  non- 
equilibrium  behavior  of  the  fine-grained  turbulence 
is  due  to  interactions  with  Che  large-scale  struc- 
ture, The  large-scale  structure  there  develops  in 
time  and  is  horizontally  periodic.  The  problem 
considered  there,  then,  was  Che  temporal  problem 
and  there  does  not  exist  a physically  rational  one- 
to-one  transformation  to  the  screamwise  developing 
shear  layer  or  spatial  problem  because  of  Che 
causality  condition,  among  others. 

In  this  paper  we  shall  present  new  results 
pertaining  to  the  spatial  problem.  The  locally 
equilibrium  (with  Che  mean)  behavior  of  the  fine- 
grained turbulence  is  also  relaxed  so  that  in  our 
Integrated  energy  considerations  its  evolution  is 
due  to  the  balance  or  Inbalance  between  production 
from  both  Che  mean  and  large-scale  structure  and 
viscous  dissipation  rather  chan  attributing  its 
nonequilibrium  behavior  to  Che  production  mecha- 
nism from  large-scale  structure  alone.  In  order 
CO  fix  our  ideas  as  to  the  physical  picture  which 
might  emerge  from  our  analysis,  it  would  be  helpful 
to  recapitulate  Che  Interesting  results  reported  by 
Binder  and  Favre-Marlnec  (23).  A well-controlled 
large-scale  structure  was  imparted  upon  Che  shear 
layer  of  a round  jet  and  measurements  were  taken 
on  Che  jet  axis.  In  Che  absence  of  Che  large- 
scale  structure  Che  turbulence  level  on  the  jet 
axis  gradually  incraased  downstream.  With  the 
presence  of  the  large-scale  organized  structure, 
the  fine-grained  turbulence  level  Increased  at  a 
faster  race  and  became  more  vigorous  with  the 
downstream  dlatanca.  Simultaneously,  the  large- 
scale  structure  amplified  and  subsequently  de- 
cayed, as  if  having  extracted  energy  from  the 
mean  flow  and  subsequently  transferring  it  to 
the  fine-grained  turbulence.  The  spreading  of  the 
jet  was  also  enhanced  by  the  presence  of  Che  large- 
scale  structure.  Although  geometrical  effects  in 
Che  experiments  certainly  play  an  important  role, 

Che  qualitative  physical  situation  should  hold  for 
the  plane  mixing  region  chat  we  are  to  consider 
here. 

FORML’LATIOK 

The  expllclty  study  of  Che  large-scale  organized 
structure  coexisting  with  random  fine-grained  turbu 
lence  necessitates  the  splitting  of  a flow  quantity 
into  three  components  consisting  of  Che  mean  motion 
and  Che  nonrandom  and  random  parts  of  the  fluctu- 
ations. The  usual  time  average,  over  a period  at 
least  chat  of  the  organized  structure,  produces  Che 
equations  of  mean  notion.  A second,  conditional 
average  then  enables  ona  to  sort  out  Che  nonrandom 
part  of  the  fluctuations  from  Che  random  part,  in 
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contrast  to  aoc  different  froB  filtering.  Such  a 
solittlng  procedure,  suitable  for  the  present 
study  is,  of  course,  not  new  and  has  beer,  discussed 
and  utllizad  in  the  literature  (2),  (8),  (9),  (15), 
(16),  (21),  (22),  (23).  (25).  However,  the  first 
systesiatlc  derivation  of  the  conservation  equations 
for  the  three  coDponent  splitting  procedure  is 
attributable  to  W.  C.  Reynolds,  as  ouch  as  the  two 
component  splitting  procedure  was  to  0.  Reynolds. 


He  shall  consider  an  incompressible  fluid. 

The  velocity  components  and  coordinates  are  made 
dimensionless  by  the  corresponding  characteristic 
scales  appropriate  to  the  problem.  For  instance, 
for  the  mixing  region,  the  characteristic  velocity 
is  the  free  stream  velocity  and  the  characteristic 
length  the  initial  boundary  layer  thickness.  The 
pressure  is  made  dlaeoslonleas  by  the  free  stream 
dynamic  pressure  and  the  time  by  chat  formed  from 
Che  characteristic  velocity  and  length.  The  con- 
ditional average  is  denoted  by  <(  )>  and  the 
usual  time  average  by  ( ) . The  mean  flow  quanti- 
ties are  denoted  by  capital  symbols,  the  large- 
scale  structure  Identified  by  the  supercrlpc 
tilde  ' and  the  random  fine-grained  turbulence 
by  the  supercrlpc  prime  ' . The  conditional  and 
time  averages  of  the  turbulence  quantities  are 
zero  by  definition.  The  conditional  average  of  a 
large-scale  organized  quantity  reproduces  Itself 
and  its  time  average  la  zero.  Because  the  two 
components  of  the  fluctuations  are  not  correlated, 
Che  time  average  of  their  products  is  zero.  The 
conditional  average  of  the  products  of  two  fine- 
grained turbulence  quantities  produces  a mean 
Reynolds  stress  and  a modulated  stress,  which  are 
crucial  CO  the  interactions  between  the  random 
fine-grained  turbulence  with  the  mean  flow  and  the 
large-scale  structure,  respectively.  The  modulated 
turbulent  stresses  oscillate  at  the  frequency  of 
Che  large-scale  organized  structure. 


Just  as  in  Che  study  of  the  two-component 
0.  Reynolds  turbulence  problem,  for  all  practical 
purposes,  one  is  not  interested  in  the  details  of 
Che  turbulence  but  in  the  stresses  it  sets  up  and 
the  interaction  with  the  mean  flow  in  an  averaged 
sense,  in  the  explicit  consideration  of  the  large- 
scale  structure  one  is  also  not  interested  in  the 
details  of  Che  fine-grained  turbulence  but'  only  in 
its  modulated  stresses  and  its  mean  stresses  as  it 
interacts  with  the  large-scale  and  mean  motions. 
Finally,  the  large-scale  structure  interacts  with 
the  mean  flow  through  its  own  mean  stresses.  These 
can  be  best  illustrated  by  writing  down  the  monencum 
aquations  for  the  mean  flow  and  tha  large-scale 
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where  D/Dc  is  the  substantial  derivative  following 
the  mean  flow.  Re  is  Che  Reynolds  cumber.  In  the 
absence  of  the  large-scale  structure,  or  if  it  were 
not  sorted  out  from  the  random  part,  the  problem 
reduces  to  the  usual  two-component  turbulent  flow 
problem.  In  the  absence  of  the  fine-grained  turbu- 
lence, Che  problem  then  provides  the  starting  point 
of  nonlinear  hydrodynamic  theory  in  a laminar  flow 
(26).  It  is  clear  then,  the  present  problem  is  a 
cooperative  blend  of  Che  two.  Just  as  conservation 
equations  for  the  mean  turbulent  stresses, 


can  be  derived  but  with  its  accompanying  closure 
problems  (see,  for  instance,  (27)),  the  conservation 
equations  for  the  modulated  turbulent  stresses, 
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can  also  be  similarly  obtained  (see,  for  instance, 
(28))  and  similar  problems  with  respect  to  cloture 
also  follows.  Eddy  viscosity  models  for 


has  been  used  to  some  advantage  in  describing 
certain  features  of  the  large-ecala  organized 
structure  (12),  (15),  (16),  (28),  however,  some 
progress  towards  removing  this  stigma  by  bringing 
in  the  active  participation  of  the  fine-grained 
turbulence  has  recently  been  made  in  a paper  which 
we  have  discussed  earlier  (24),  where  the  temporal 
mixing  region  problem  was  discussed.  The  ideas 
follow  tosM  of  Che  earlier  works  on  nonlinear  hydro- 
dynaziic  stability  theory  for  laminar  shear  flows 
(26),  (29),  (30),  (31)  which  have  been  found  helpful 
in  explaining  Che  large-scale  organized  structure 
in  developing  laminar  shear  flows.  In  this  paper, 
we  shall  present  our  work  on  the  specially  develop- 
ing mixing  region  problem. 


ENERGY  INTEGRAL  DESCRIPTION 

The  considerations  alluded  to  in  our  dis- 
cussion of  Ref . (24)  utilizes  techniques  of  non- 
linear hvdrodynamlc  stability  theory  while  bringing 
in  the  active  interactions  with  tha  fine-grained 
turbulence.  Such  a consideration  enables  one  to 
provide  a gross  description  of  the  interaction 
processes  among  the  three  components  of  notion  and 
has  at  its  ale  the  derivation  of  the  respective 
coupled  "amplitude"  (or  "envelope")  equationa, 
with  the  accompanying  shape  assumptions  for  the 
vertical  distributions  (24),  (26).  The  amplitude 
equations  ace  derived  from  Che  kinetic  energy 
equations  in  the  mean. 

For  Che  spatially  developing  mixing  region, 
the  boundary  layer  approximations  are  applied  to 
Che  mean  energy  equationa  of  Che  three  components 
of  flow.  Tha  application  of  such  approximations 
CO  the  mean  flow  quantities  and  to  Che  tine- 
averaged  random  turbulence  quantities  has  been 
tha  usual  practice.  Such  approximations  to  Che 
clma-averaged  large-scale  organized  structure 
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quir.titiM  require  some  care.  In  the  previcus 
uor'KS  on  laminar  flovi  such  approximations  were 
founc  unnecessary  in  that  the  scrcamvise  derivatives 
of  the  time-averaged  correlations  of  the  organized 
structure  could  be  evaluated  (29),  (31).  In  !Uf. 
(31)  it  was  found  that  the  purely  dynamical  contri- 
butions were  unimportant  and  this  is  confirmed  in 
the  present  problem  also.  Rather  than  retaining 
these  terms,  they  are  neglected  at  the  outset  for 
simplicity.  The  appropriate  kinetic  energy 
equations  arc  Chen 
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and  c Is  tha  rate  of  viscous  dissipation  of  the 
fine-grained  turbulence.  Viscous  diffusion  of  the 
kinetic  energies  and  dissipation  of  the  mean  flow 
and  large-scale  structure  have  been  neglected.  In 
the  above,  the  respective  diffusion  and  production 
from  the  mean  flow  terms  arc  self-explanatory  in 
the  two  fluctuation  energy  equations.  The  less 
familiar  average  energy  transfer  between  the  dis- 
parate scales  are  so  indicsted. 

The  integral  kinetic  energy  equations  arc  then 
2 dx  ir 

- - |*  (-  u'v'  - uV)  dy 

with  the  upper  stream  it  normalized  to  unity 

and  subsequently  the  lover  shear  stream  U_^  taken 
as  zero. 
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Implicit  in  the  above  is  that  the  mean  shear 
flow  is  two  dimensional,  similarly  with  the  large- 
scale  organized  structure  which,  in  the  subsequent 
shape  assumption,  will  be  taken  as  one  whose 
vorticlty  axis  is  perpendicular  to  the  streamwise 
direction.  The  recently  observed  spanwlse  period- 
icity (4)  it  not  accounted  here.  The  fine-grained 
turbulence,  of  course,  is  three  dimensional. 

The  closure  problem  la  obtained  in  the  dis- 
cussion of  Che  shape  assumptions.  There,  some  of 
the  detailed  "microscopic"  calculations  of  tha 
modulated  stresses  and  large-scale  structure,  prior 
to  averaging,  shall  be  done  approximately. 

Shape  Assumptions 

The  mean  flow  is  taken  to  be  of  Che  form 
U • Y (1  + tanh  n) 

where  n ~ y/d(x)  and  {(x)  is  the  x-dependenc 
shear  layer  thickness  which  will  characterize  the 
mean  flow,  to  be  determined  jointly  with  the  large- 
scale  structure  and  the  fine-grained  turbulence 
problems. 

The  shape  functions  for  the  vertical  distri- 
bution of  the  time-averaged  fine-grained  turbulence 
quantities  sre  guided  by  measurements  such  as  chose 
of  Uygnsnskl  and  Fiedler  (32) . The  slight  asymmetry 
of  the  profiles,  chough  it  could  be  accomodated  here, 
is  not  taken  into  account.  Tha  Reynolds  shear 
stress  is  taken  to  be  of  the  form 


^ E(x)e'''^ 


and  is  related  to  the  turbulent  kinetic  energy  via 
the  constant  aj^  ■ 0.3,  thus  q • - u'v'/aj^.  The 

factor  /ir  is  a normalizing  constant  so  that  6E(x) 
has  the  physical  Interpretation  as  being  the  total 
kinetic  energy  of  Che  fine-grained  turbulence  across 
a slice  of  Che  entire  shear  layer.  E(x)  la  thus 
an  energy  density,  the  total  energy  per  unit  d(x) 
and  it  characterizes  the  turbulence.  Following 
Patankar  and  Spalding  (33),  and  Bradshaw,  Ferriss 
and  Atwell  (34),  Che  dissipation  of 
Che  fine-grained  turbulence  is  taken  to  be 

e - a,q^'^/26 


where  the  value 


a^  ~ l.S  will  be  used. 


Following  earlier  works  (24),  (26),  (30), 
Che  vertical  shape  of  the  large-scale  structure 
is  given  by  a Icscl  linearized  theory  but  with 
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ar.  acplitude  A{x)  which  it  to  be  jointly  solved 
with  Hx)  and  E(x), 


1=1 
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wnere  a is  the  dlaenslonlcss  cooplex  wave  number 
scaled  by  d(x),  a Is  Che  dloenslonless  physical 
frequency  scaled  also  according  to  Che  local  shear 
layer  chlcknasa  d(x)  and  is  real,  p is  the 
streamfuncclon  and  6'  refers  to  Its  n-derlvaclve 
c.c.  denotes  the  cooplex  conjugate.  Here  T is 
the  dlmenslonlasa  tlae  also  referred  to  3(x).  The 
local  shape  functions  are  coupled  to  and  diffused 
by  Che  modulated  turbulent  stresses.  The  structure 
of  these  stresses  warrants  their  shape  assumption 
CO  be  of  the  fora  (24), 


»ifiT 

• A(x)E(x)e  r^^(n:8)  + c.c. 


Hence  the  vertical  shape  functions  0 and  r^^ 

forms  a coupled  local  linear  problem  and  In 
obtaining  their  equations  A is  taken  exponential 
in  X and  E constant  locally.  An  approximate 
method  of  solving  the  local  temporal  problem  is 
outlined  and  argued  in  (24)  and  can  be  carried  out 
similarly  for  the  spatial  problem  here.  Namely, 
the  "Inviscld"  form  of  p is  first  solved  and 
chan  used  in  the  algebraic  r^^  aquations  as 

known  functions.  Additional  closure  assumptions 
arc  required  for  uae  in  the  equations  for  the 
modulated  strasa  functions  r,  . For  the  mean 

stresses,  these  are  v^  ■ w'^  and 

V '^/(-  u'v')  • 2 from,  say,  (32).  For  the 
modulated  turbulent  quantities  Chase  are 
patterned  after  closure  asaump cions  for  the  mean 
quantities,  with  the  pressure  velocity  correlation 
taken  simply  as 
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where  T is  the  time-scale  for  "return  to  iso- 
tropy” and  is  taken  as  T”'  « cJD/Jy  with 
c • 1.445.  The  modulated  dissipation  is  taken 
to  be 

I I <e>  - t • j 


where  4 * Strict  the  vertical  shape 

function  hsri^ls  to  be  given  by  the  local  linear 
theory,  the  form  for  I as  given  above  reflects 
a llnearitation  with  q there  to  be  replaced  by 
its  local  eculllbrlum  value  in  the  absence  of 
the  large-scale  structure.  Then 
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where  Che  constant  S * 0.24  (there  Is,  of  course, 
no  confusion  with  the  same  symbol  used  for  Che 
frequency) . This  Is  similar  to  using  the  local 
homogeneous  shear  problem  as  a guide  (see,  ^or 
instance,  (24)),  These  additional  assumptions  are 
used  in  the  p,  r^  problem  which  enters  the  main 


overall  interaction  problem  for  i,  £ and  A as 
quantities  occurring  under  "interaction"  integrals 
and  arc  thus  not  considered  to  be  sensitive.  For 
completeness,  we  state  Che  approximate  s,  r^^ 

problem,  with  p governed  by  the  Rayleigh  equation 

(U  - c)(p"  - o^p)  - pc”  • 0 
with  appropriate  boundary  conditions,  and  r,^  by 
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where  the  vertical  shape  functions  of  Che  mean 

stresses  are 
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and  Che  prime  on  the  R^^  and  p denotes,  again, 

differentiation  with  respect  to  n.  Calculations 
for  p and  r^^  are  ulclmataly  to  be  usad  in  the 

integral  over  the  large-scale  structure  and 
turbulence  energy  transfer  mechanism. 


tijoQj^/oXj. 


It  is  clear  chat,  to  the  present  order  of  approxi- 
mations, such  a term  is  proportional  to  |ApE  and 
Che  "constants"  of  proportionality  arc  functions  of 
6 (x) . The  eigenfunctions  p are  normalized  to  as 
CO  render  |a(}0|^  to  be  the  corresponding  energy 
density  of  the  large-scale  organized  structure. 

Both  |a|^  and  E are  thus  similarly  interpreted. 


The  Interaction  Problem 


After  the  substitution  of  the  shape  functions 
into  Che  energy  integral  equations,  and  with  some 
scralghcforvard  algebraic  dexterity,  we  obtain 
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1,(4)  i„(4)-iAi2  - l^(5)-iA|2E 


with  Initial  condition!  £(0)  • 


ECO)  . E^. 


1a(0)P  “ |a||-  The  physical  Interpretation  of 

each  tens  is  obvious  and  can  be  reverted  to  the 
original  conservation  equations. 

The  integrals  Involving  only  the  mean  flow 
and  time-averaged  fine-grained  turbulence  quanti- 
ties are  constants, 
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The  integrals  Involving  the  large-scale  organised 
quantities  are  dependent  on  the  local  shear  layet 
thickness  Hx)  through  their  de{fendence  on  the 
spectral  properties  via  local  frequency  parameter 
6(4).  The  large-scale  structure  production 
integral  is* 

irj(B)  - ij,(4)  “ r*  RiClobb')  sech^ndn 


The  spectral  properties  of  the  interaction 

integrals  associated  with  the  large-scale  structure 

are  shown  in  Figure  1.  They  are  numerically 

obtained  as  functions  of  6(x)  ■ & 4(x),  where  6 

o o 

is  the  initial  characteristic  (dimensionless) 
frequency  of  the  large-scale  structure,  £(0)  • 


Figure  1.  The  spectral  properties  of  the 
interaction  integrals  involving  the  large-scale 
structure. 


where  Ri  denotes  the  real  part  and  i is  the 
complex  conjugate  of  9,  and  the  large-scale 
structure  — fine-grained  turbulence  interaction 
integral  is 


1^(6)  - 1^(4)  - f Rl[^r^(-i7V)  + r^y(;"  + 

+ r (loij')  dn 

yy  J 

with  I >0.  The  details  of  the  Interpretation 
wt 

of  the  integrand  are  given  in  (24)  for  the  temporal 
problem,  and  will  not  be  repeated  here.  Finally, 
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The  advection  Integral  I,  is  very  nearly  constant 

and  it  will  be  approximated  by  0.5  during  the  sub- 
sequent calculations  since  it  was  found  chat  Che. 
problem  is  not  sensitive  to  the  variation  of  I.,. 

The  Reynolds  stress  or  production  integral, 

peaks  at  about  6 * 0.21,  chat  value  of  S which 
corresponds  to  the  maximal  amplification  in  the 
local  linear  theory.  The  large-scale  structure  — 
fine-grained  energy  transfer  integral  I shown 

here  is  different  from  chat  obtained  for  the 
temporal  problem  in  Ref.  (24)  where  Che  spectral 
properties  were  plotted  as  functions  of  the  wave 
number.  There  Che  local  turbulence  was  taken  to 
be  in  equilibrium  with  Che  mean  flow  in  order  to 
isolate  and  illustrate  Che  large-scale  structure 
and  fine-grained  turbulence  incaractlon  and  this 
rendered  the  modulated  stresses  to  become  singular 
as  the  local  linear  problem  approached  neutral. 
Here,  because  Che  fine-grained  turbulence  is  not 
necessarily  in  equilibrium  with  the  mean  flow 
locally  no  such  singularity  occurred  as  £ - 0.5. 
Calculations  of  the  properties  beyond  S • 0.5 
were  not  obtained.  The  remaining  integral,  I^, 

is  shown  only  for  illustrative  purposes.  It  is 
associated  with  one  of  the  screamwise  large-scale 


and  is  very  nearly  constant. 


struccure  diffusion  cenis. 


snc  ch<  enhsnced  £ (because  of  !a|^)  becomes 
Ip^crtanl,  the  grovth  being  contributed  bv  both  II 
and  HI. 


I 

Since  I.  « I such  strsamwlse  diffusion  terms 
d tft 

contribute  very  little  to  the  main  features  of  the 
problem  and  they  arc  neglected.  There  is  no  obvious 
I rational  transformation  from  a temporal  to  a spatial 

j problem  even  In  toe  present  formulation. 

r 

! 

' RESULTS 

With  the  large-scale  structure  interaction 
integrals  interpreted  as  functions  of  g ■ 

and  the  single  well  controlled  mode  is  specified 
to  be  B , the  three  first  order  nonlinear  inter- 
action equations  arc  integrated  subjected  to  the 
initial  conditions  i(0)  " 1,  1a(0)]^  » i^lo> 

E(0)  • E . Energy  densities  corresponding  to 

about  10  implies  root  mean  square  velocities  of 
about  a few  percent  of  the  free  stream  and  this 
seems  to  be  a reasonable  value  to  be  imposed 
upstream.  The  results  are  shoim  as  functions  of 
X,  the  strcamwlsc  distance  normalized  by  the 
initial  mixing  layer  thickness. 

Physical  Mechanisms  for  the  Evolution  of  B.IaI^. 
and  E 

^ In  Figure  2,  for  the  case  of  B^  • 0.1,  two 

sets  of  curves  are  shown.  The  dashed  curve 
indicates  the  shear  layer  growth  accomplished  by 
the  energy  transfer  from  the  moan  flow  to  the 
turbulence  energy  density  E alone.  Thus  the 
development  of  E is  doe  to  the  imbalance  between 
production  from  the  mean  and  viscous  dissipation 
alone.  With  the  imposition  of  the  large-scale 
I structure  the  mean  flow  spreading  becomes  enhanced 

as  is  the  turbulence  energy  density.  It  can  be 
seen  that  the  large-scale  structure  energy  density 
; first  amplifies  and  subsequently  decays.  All  this 

is  quite  reminiscent  of  the  observations  of  Binder 
and  Favre-Marlnat  (23).  In  order  to  obtain  physi- 
cal insight  into  the  behavior  shown  in  Figure  2, 
we  use  the  solution  in  a diagnostic  manner  by 
shoving  the  relevant  interaction  terms  that  bring 
about  the  evolution  of  6,  E and  jA^.  In  Figure  3 
, we  illustrate  the  following  terms:  the  viscous 

i dissipation  of  turbulence  energy 

I e3/2 
c 

s'nown  as  curve  I,  the  turbulence  production' from 
the  mean,  l^^E  by  curve  II,  the  large-scale 

struccure  production  from  the  mean 

curve  III,  and  the  energy  transfer  between  the 
large-scale  and  turbulence  I^jApE  by  curve  IV. 

Initially  III  > tV  and  the  large-scale  structure 
amplifies  and  starts  to  decay  when  III  < IV  after 
X * 8S.  Of  course.  III  itself  decays  because  of 
Che  enhanced  spreading  caused  by  III  itself. 
Initially  when  jAj^  is  still  relatively  small, 

Che  increase  of  E is  due  entirely  to  II  > I. 

It  continues  to  increase  and  becomes  much  enhanced 
due  to  IV  and  II  in  spite  of  the  fact  that  I > II 
after  x • SS.  The  spread  of  the  shear  layer  thick- 
ness S is  significantly  enhanced  when  both  1A!‘ 


X 

Figure  2.  Streamwise  ceveiopment  of  c,  A ‘ and 

E.  Solid  line:  B - 0.1,  A'  ■ E • i0*~; 

o 0 0 

Dotted  line:  £ ”0,  A * - 0 and  E • IC"^ . 


Figure  3.  Energy  transfer  mechanisms  , • j.l. 


J 
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cxpecctd  that  the  large-scale  structure  at  this 
frequency  uill  be  the  most  efficient  extractor  of 
energy  from  the  mean  flow  and  would  thus  attain 
the  highest  peak.  For  ^e  same  Initial  conditions, 
the  development  of  |a|^  for  ■ 0.1,  0.21  and 


0.3  are  shown  In  Figure  4.  As  Is  expected,  the 
higher  frequency  large-scale  structures  peaked 
closer  upstream  while  lower  frequency  ones  further 

downstream  (12),  and  the  S ■ 0.21  case  attained 

o 

the  highest  peak.  The  development  of  $,  |a|^  and 
E Is  shown  In  Figure  5 for  the  case  ■ 0.21 


and  0.3,  and  these  are  to  be  compared  with  Figure  2 


for  the  same  Initial  conditions.  The  higher 
frequency  components  have  shorter  streamwise  life- 
times; although  |aP  may  have  attained  higher 
peaks  than  the  low  frequency  modes  when  It  was 
most  amplified,  the  enhanced  E may  not  be  as 
vigorous  because  It  depends  not  only  on  the  magni- 
tude of  |a|^  but  also  on  the  lifetime  of  the 
large-scale  structure  as  well. 


10  20  30  40  50  60  70  80  90  100 


X 


Figure  1.  Spectral  effects  or.  the  screaavise 
cevelopment  of  large-scale  structure  enerry 
density,  .A  - • E • 10  . • 0.21  is  the 

C C 0 

Initially  r.ost  larllfiec  case.) 


the  Large-Scale  Structure 


In  addition  to  controlling  the  large-scale 
organised  structure  by  direct  Imposition  of  definite 
spectral  modes  at  a given  strength,  the  use  of 
fine-grained  turbulence  to  control  Its  development 


I 

1 


can  also  be  achieved  (12).  In  Figure  6 ve  shov:* 

Che  £ ■ 0.21  node  with  fixed  Ia**  hue  vich 

o ' • o 

different  initial  conditions  for  E^.  The  Initially 

enhanced  £ine*grained  turbulence  suppresses  the  sub- 
sequent development  of  the  large-scale  structure, 
curve  II,  and  in  so  doing,  it  achieves  a lower 
subsequent  enhancement  as  indicated  by 


^o"0.2l  )8o'0-3 


X X 


Figure  5.  Spectral  effects  on  the  streaaivise 
development  of  £,  'A  * and  £.  Solid  line: 

• ■ • -4 

lA  * ■ E *10  ; Doctad  line:  r * 0»  .A,**  • 0 

0 0.  c ■ o 

and  E • 10  “.  (Comoare  also  with  Figure  2.) 

0 


Discussion 

Tha  apatlal  nonllnaar  Interaction  problem 
has  been  obtained  by  consistently  interpreting  the 
Interaction  Integrals  Involving  Che  large-scale 
structure,  end  I^,  as  funecioni  of  5(x) 

through  Chair  dapendance  on  S(x)  • S E(x)  In  the 

o 

same  spirit  as  (29),  (30),  and  (31),  as  well  as 
(24).  In  Che  temporal  problem  (24),  the  conse- 
quences of  freezing  these  Integrals  aa  constants 
were  further  explored.  The  problem  then  became 
analytically  craccablt  lo  as  to  enable  us  to 
obtain  equilibrium  states  In  the  |a{^  - E plane 
and  to  study  cht  nature  of  the  aiagularlcy  about 
such  states.  It  was  found  that  Che  |Ap  - E 
plane  describes  a stable  spiral  (24).  The  spiral 
behavior  was  sufflclancly  pronouncad  so  as  to 
resambla  "bureca'*  or  ranewed  large-scale  structure 
activity  after  repeated  cyclee,  which  ere  not 
actually  periodic,  of  amplification  and  decay. 

By  a similar  freazlng  of  the  interaction  intagrals 
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numerical  simulecion  could  also  be  acceapced.  Ic 
tnis  end,  the  senior  author  of  the  present  paper 
recently  posed  the  following  problem. 


in  the  spatial  problem  here,  a spiral  behavior 
about  equilibrium  paints  uere  alto  found  but  were 
not  as  pronounced  as  chose  in  (24).  The  difference 
is  not  so  much  as  bacvcen  spatial  and  temporal 
problems,  but  that  in  (24)  the  local  turbulence  to  fix  our  ideas,  let  us  revert  to  the 

behavior  was  taken  to  be  in  equilibrium  with  the  temporal  mixing  layer  problem  of  horizontally 

mean  and  this  demanded  a much  larger  I for  homogeneous  and  oppositely  directed  streams.  The 

, , ^ large-scale  structure  is  horizontally  periodic  and 

those  modes  of  the  large-scale  structure  approach-  develops  in  tine.  The  "proper"  dynamical  dependent 

ing  the  neutral  condition.  In  the  present  proolem,  variable  is  the  sun  of  the  mean  and  the  large-scale 

Che  previous  simplifying  condition  of  local  curbu-  structure,  denoted  bv  Che  script  notation 

Itnct  aquilibrlua  vlth  cht  siaan  is  removao  and  cnia 

rendered  to  be  finite  as  S - 0.5.  The  i/^(5:,y,t)  - U(y,t)  + u^(x,y,t) 

results  for  Che  frozen  interaction  Integrals  are 

not  presented  here  because  of  space  limitations.  ?(*,y,t)  • P(y,t)  + p(x,y,t) 


Figure  6.  The  effect  of  increasing  the  initial 
fine-grained  turbulence  energy  level  on  t.ne 
development  of  large-scale  structure  and  turbulence 

energy  densities,  i ■ 0.21,  2:  A - • E - 13 — ; 

0 « o c 

:i;  ;a'-  - lO"",  E - 10"‘. 

0 0 

THE  PROSPECTS  FOR  frUMERICAL  SIMULATIOK 


The  full  Kavler-Stokes  equations  is  then  split  into 
the  mean  and  organized  part  and  a turbulence  part 
according  to  + u’  and  p - ? + p' . Again 

denoting  the  conditional  average  by  <(  )>,  we 


have  for  the  dynamical  variables 

3li 

T-i  - 0 

3Xi 

3t  * ix^  “ ~ ' 3Xy 


Re  sXj^cx^ 


and  the  coupled,  yet  unclosed,  equation  for  the 
conditionally  averaged  stresses 


[l-  + V.  T^]<u;u’>  • 
(ct  k “V  ^ ^ 


- <u!u’>- 


i:u,'»r-^  + <ulu,'>r— ‘ 
j k i^  3x^ 


o reduction 


redistribution 


While  much  physical  intuition  could  be  gained 
about  the  interactions  between  large-scale  structure 
and  turbulence  in  a shear  flow  from  the  approximate 
energy  integral  considerations,  much  datall  about 
the  local  structure  is  lacking.  The  analysis  of 
the  large-scale  structure  presented  here  ressmbles 
the  analysis  of  nonlinear  hydrodynasilc  stability 
theory  in  laminar  flow  (26),  (29),  (30),  (31). 
Complementary  to  such  analysis  is  the  numerical 
simulation  of  finite- onplituda  Instabilities  in 
laminar  flow  using  the  full  nonstaady  Havler- 
Stokas  equations  (see,  for  instance,  (35),  (36)). 

For  the  large-scale  organized  structure  in  a 
turbulent  shear  flow,  a similar  but  more  difficult 


dissipation 


The  viscous  diffusion  effects  will  subsequently  be 
neglected.  A possible  closure  scheme  is  obtainec 
by  a direct  extension  of  Launder  at  al.'s  model 
(27)  for  the  mean  stresses  to  the  present  condi- 
tionally averaged  stresses  <u^uj>.  Again, 

reverting  to  the  teziporal  mixing  layer  problem 
w*lth  a two-dimensional  large-scale  structure. 

Such  a modal  then  provides  eight  equations  for 
theeight  unknowns  i,  V,  ? and  <u'v'>,  <u'^>, 
<v'‘'>,  <w'*>  and  <t>.  (Or,  following  Amsden  and 
Karlov  (35),  the  three  dynamical  variables  are 
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n 


replaced  by  the  vorticicy  and  streamf "action. ) 

is  horiiontally  periodic  as  are  the  condition- 
ally averaged  stresses  <ujuj>  and  ths!  decay  far 

frcir  the  shear  layer.  Originally  there  existed  the 

near,  aixlng  layer  with  a set  of  consistent  and  coc- 

oatible  mean  stresses  and  at  t * t , a large-scale 

0 

organised  structure  is  isiposed  so  that 


<u^u^>(x,y,t^)  i u>'(y,t^)  + f^^(x,y,t^). 


Hence,  the  "initialization"  calls  for  a compatible 
coexistence  of  the  mean  problem 

The  imposed  Uj^(x,y,t^)  is  then  made 


u-uj(y.t„). 


compatible  with  Uj^(y,t^),  being,  say,  the  solution 
to  the  Rayleigh  equation  with  0(y,t^)  as  the  mean 


tl^(x,y,to)  taken  as  zero. 

£/  = U •* 

i i 


The  problem 
Q,  and 


profile  and 

yields  the  total  quantities,  “i 

<uj^uj>  5 “i“j  ^ij’  f***  mean  obtainable  by 

horizontal  averaging  and  the  large-scale  structure 
quantities  by  a subtraction  of  the  mean  from  the 
total  quantities.  Of  great  interest,  for  Instance, 
is  the  use  of  the  numerical  solution  for  diagnosing 
the  energy  transfer  between  the  large-scale  struc- 
ture and  the  fine-grained  turbulence, 

among  others.  The  numerical  problem  here  is 
certainly  compounded  compared  to  the  relatively 
more  straightforward  laminar  problem.  Our 
colleague,  T.  B.  Gatskl,  is  courageously  working 
on  this  problem  and  the  results,  when  available, 
would  be  of  great  interest  towards  physically 
diagnosing  the  interaction  problem.  The  extension 
of  the  temporally  developing  to  the  spatially 
developing  mixing  layer  problem  is  certainly 
possible.  However,  much  of  the  physics  about  the 
interaction  could  be  gained  from  the  simpler, 
temporal  problem  first  before  attempting  the  more 
difficult  spatial  problem. 
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ABSTBACT 

Transitional  and  turbulent  flows  in  the  oixing 
layer  region  of  a round  jet  are  investigated  for  a 
range  of  Reynolds  nuabers  by  using  flow  visualization 
and  hot  wire  techniques.  Attention  is  focused  on 
the  vortices  in  the  transition  region  and  the  large 
eddies  in  the  turbulent  region.  The  interaction  and 
coalescence  of  vortex  rings  in  the  transition  region 
is  described.  The  transition  region  is  character- 
ized by  a growth  of  tbree-diaansional  flow  due  to  a 
wave  instability  of  the  cores  of  the  vortex  rings. 

The  aarging  of  these  distorted  vortices  produces  large 
eddies  in  the  turbulent  region.  Large  eddies  can 
reuin  coherent  up  to  the  end  of  the  potential  core 
region  of  the  jet.  A conditional  sampling  technique 
is  used  to  measure  eddies  moving  near  the  jet  centre- 
line. Their  averaged  structure  is  similar  to  that 
of  a vortex  ring.  These  sampled  eddies  contribute 
greatly  to  local  velocity  fluctuations  and  statistic- 
al cotTelationa. 

NOMENCLAICBE 

D • nozzle  diasater. 

f ■ frequaney. 

L * distance  between  centres  of  vortices. 

• normalised  frequency  spectra  of  u^. 

• (fD/Cj)ac  spectra  pcaV  •Stroubal  number  based 
on  frequency  of  peak  or  vortex  paaaing 
frequency. 

V UjO/v  - jet  Reynolds  number, 
time. 

fluctuating  velocity  components  in  s,  y 
and  aziautbal  directions, 
mean  velocity, 
convection  velocity, 
jet  exit  velocity. 

cartesian  coordinate  system  based  on  nozzle 
lip. 

> transition  distance. 

- y/s 

• time  delay  in  correlation  or  conditional 
sasipling  oeasuranants . 

• kinematic  viscosity. 


t 

u,v,w 

0 

U 

c 

“j 


Subscripts 

1 • fixed  probe  signal. 

2 • moving  (or  sampling)  probe  signal, 

s • conditionally  sampled  maasuresMnes . 

mRODUCTION 

This  investigation  has  the  objective  of  obtaining 
a clearer  understanding  of  the  physical  nature  of  the 
large  scale  structxire  in  the  mixing  layer  region  of  a 
round  jet.  Cold,  round,  free  jets  developing  from 
chin,  laminar  nozzle  boundary  layers  are  considered, 
with  Che  notation  shown  in  Fig.l. 


Fig.l  Rotation  for  round  free  jet  experiments. 

The  initial  instability  of  the  laminar  shear  layer 
near  the  nostla  is  reasonably  well  understood  both 
analytically  (1)  and  experimentally  (2).  For  all 
but  Che  lowest  Reynolds  numbers,  when  other  instab- 
ility modes  can  occur,  Che  initial  instability 
manifests  itself  as  the  migration  of  vorticicy  to 
form  periodic,  circumferentially  coherent,  concen- 
cratiotts  In  the  shear  layer.  This  has  the  physical 
appearance  of  the  rolling  up  of  the  laminar  shear 
layer  to  form  a periodic  street  of  vortex  rings. 

The  turbulent  region  of  the  mixing  layer 
hat  been  measured  in  many  investigations  by  using  hoc 
wire  techniques  and  these  investigations  (3)  have 
indicated  the  importance  of  Che  large  eddies  in  Che 
turbulent  flow.  Experimental  results  obtained  by 
conditional  sampling  (4) , (5)  and  flow  visualization 
(6)  techniques  have  been  used  to  infer  Chat  these 
eddies  are  similar  to  Che  vortex  rings  formed  from 
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cht  initial  inicability;  howavar  this  avidanca  is 
not  conclusiva.  Thasa  obsarvations  nava  nuch  in 
coaaon  vith  tha  rasults  of  invastigations  (7),  (3) 
of  tha  addy  structuras  in  tvo-diaansional 
nixing  layars.  It  appaars  that  tha  visualization 
and  conditional  saapling  of  addias  can  ba  achievad 
in  two-disansional  nixing  lavats  with  aora  aasa 
chan  in  tha  round  jac.  Lina  vorcax-lika  larga 
addias  hava  baan  found,  and  chasa  ganarally  grow 
in  scala  by  coalaseing  with  chair  naighbours. 

It  has  baan  arguad  (9)  that  tha  basic  turbulanc 
flow  in  a round  jac  may  consist  of  a straac  of 
incaraccing  and  coalaseing  vortax  rings  analagous 
CO  tha  lina  vorcicas  in  tha  no-diaansional  nixing 
1 layar.  Howavar,  to  tha  author's  knowladga,  tha 

axiscanca  of  vortax  rings  in  tha  round  jac  has 
only  baan  provad  conclusivaly  for  a ralacivaly 
short  transitional, Raynolds  numbar  dapandanc, 
ragion  naar  tha  nozxla.  Tbasa  initial  vortax 
rings  hava  baan  obtarvad  to  coalasca.  Howavar, 
it  is  not  claar  chat  tha  region  whara  this  is 
obsarvad  is  turbulanc. 

It  hat  baan  proposad  (A) , (10)  that  many 
turbulanc  shaar  flows  art  dominacad  by  coharant 
larga  addias  with  fairly  rapaclciva  struccurts. 
Furchacnort  it  hat  baan  proposad  chat  tbasa 
addias  hava  similar  structuras  to  cht  claarly 
obsarvad  vorttx-scruccurts  found  at  lowtr  Raynolds 
nuabars,  or  in  transitional  ragions  of  tha  sama 
flow.  Howavar,  a study  of  past  axparimancs  on 
round  jac  mixing  layars  indicacat  chat  chart  act 
substantial  diffartnets  baewaan  tha  structuras  of 
tha  transitional  (vortax  ring)  ragion  naar  cht 
nozzla  and  tha  fully  dtvalopad  turbulanc  mixing 
layar  ragion.  Such  diffartnets  cannot  ba 
rtconcilad  with  eba  proposad'axitetnea  of  axi- 
synmacric  vortax  rings  in  both  ragions.  Tha 
aasa  with  which  coharant  laaintr-vorcax-cypt 
structuras  can  ba  visualizad  in  low  Raynolds  numbar 
transitional  or  artificially  scabiliztd  turbulanc 
flows  can  laad  to  tha  caopcing,  but  ofctn  unsub- 
scanciacad,  usa  of  data  for  such  flows  to  dascriba 
tha  scruecuras  of  tha  fully  turbulanc  ragions  of 
tha  sama  flows. 

With  this  in  mind  cht  following  guidtlinas  art 
suggtsetd  whan  invaseigacing  curbultnca  seruccurt: 

(1)  Suftieianc  point  valoeicy  maasurtmtnes  should 
ba  mada  to  damenstraea  conclusivaly  that  tha 
flow  it  locally  turbulanc,  within  aceapcad 
critaria. 

(ii)Daca  for  non-curbulant  flows,  for  axaapla  chosa 
in  which  viscous  foreat  art  important,  should 
' not  ba  usad  to  dascriba  tha  structuras  of 
curbulant  flows  wicbout  supporting  data  for  tha 
turbulanc  flows. 

It  is  chtu  ntetssary  to  dtfina  critaria  to 
distinguish  baewaan  curbulant  and  non-curbulant  ' 
ragimas.  In  tha  absanca  of  a univtrsally  aceapcad 
dtfinieion  of  curbultnca  it  is  not  possibla  to 
dafina  critaria  which  art  applicabla  to  all 
turbulanc  shaar  flows.  In  praccisa  it  is  claar 
for  cht  round  jac  whachar  local  velocity  time 
hitcorias  are  associatad  with  curbulant  or 
transitional  flow  as  is  described  below. 

This  invaseigaeion  tats  out  to  provide  at  lease 
partial  answars  to  eba  following  problems: 


(i)  By  what  aachanisms  does  tha  initial  vortex  street 
break  down  to  fora  turbulent  flow? 

(ii)  Are  coherent  large  eddies  identifiable  in  the 
turbulent  flow?  What  are  the  similarities 
and  differences  between  them  and  the  initial 
vortex  rings? 

(iii) Are  there  connections  between  tha  structure 
of  the  turbulent  mixing  layer  and  that  of  the 
vortex  street  naar  the  nozzla? 

TURBOLENT  AOT  TRANSITIONAL  FLOV- 
DISCRIMINAnON  BT  POINT  .'EASURZMESTS . 

Point  aaasuremencs  of  tha  aaan  and  fluctuating 
velocity  coo:ponents  ware  made  in  tha  nixing  layar 
region  of  an  air  jet  issuing  from  a 50.8  at  diamatar 
nozzle  for  a ranga.of  jet  Reynolds  numbers, 

9000  ( Ras  2 x 10^.  Cross-wires  wars  used,  with 
conscanc  camparatura  anemomaters  and  analogue 
linearizers.  Data  was  either  processed  in  reel  time, 
by  using  a Hawlatt  Packard  Correlator,  or  it  was 
stored  and  subsaquencly  processed  by  using  a data 
analysis  computer.  These  axparimancs  ware  intended 
to  provida  information  on  the  locations  of  trans- 
itional and  curbulant  regions  in  tha  j.ac  so  that 
flow  visualization  and  conditional  sampling 
experimants  could  be  planned.  In  addition  they 
provida  systematic  quancicaciva  data  to  aid  the 
incarprecacion  of  visualizations  of  jac  transition 
as  a function  of  R^. 

i 

Initial  axparimancs  showed  chat  the  mean 
velocity  profile  achieved  its  characteristic 

curbulant  'error  function'  shapa  in  the  mixing  layar  \ 

vary  near  tha  nozzla  and  considarably  bafora  the 

local  fluctuating  valocity  signals  wara  turbulent  in 

form.  This  is  also  found  in  tha  results  of  pravious 

experimants  on  tha  transition  of  round  jacs  (2)  and  i 

tvo-dimansional  mixing  layers  (11) . Thus  tha  < 

axiscanca  of  a similarity  form  for  tha  mean  velocity  | 

profile  cannot  ba  used  as  a tola  criterion  for 

proving  that  fully  developed  turbulanc  flow  exists 

locally.  Characteristics  of  the  fluctuating  j 

velocity  field  ware  measured  to  diteriminaca  baewaan 

transitional  and  curbulant  ragions. 


Fig. 2 Longitudinal  distributions  of  incansiry 

components  for  various  R , n * 0,  norsalitad 
by  values  at  c*  AD. 
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r igur*  2 shows  ch«  discribucioQS  of  (v*''  \ and  (v*)  i 
along  n-  0 for  diffaranc  il  . Tha  aaasuranancs  ^ 
ara  ooroalisad  by  chair  valuaa  ac  r • 40.  tha 
distribueiona  hava  basic  similaricias  for  all 
(v*)'  iMraasas  co  a paak  naar  cba  orifica 
and  chan  dacraasas  oora  slowly  co  cba  naar  cons cant 
value  found  in  cha  fully  davalopad  curbulanc 
mining  layar  and  (w*)i  incraasas  gradually  to  ics 
curbulanc  value  which  is  raaebad  ac  a similar 
diseanca  downscraan.  Tba  (u-) ! cooponanc 
incraasad  rapidly  co  reach  ics  curbulanc  valua  con- 
siderably before  cha  ocher  incensicy  cooponancs. 

For  a parcicular  value  of  Ra  cha  asyspcocic 
curbulanc  values  of  Che  chrea  incensicy  cooponancs 
ware  cha  same  Co  within  IfZ.  The  curbulanc  valuaa 
of  (u*)i/D,  varied  baewaan  0.14  and  0.12  in  Cha 
range  of  Ir  invascigacad , thus  indicating  cha 
axiscanca  Sf  Reynolds  number  simiaricy.  Tha  value 
of  m ac  which  boch  (v^) i and  (w*) i ara  within  22 
of  chair  curbulanc  values  is  ploccad  in  Fig. 3. 

This  is  ona  possible  definition  of  cha  transition 
distance  s^. 

Maasuramancs  of  cha  Reynolds  shaar  stress  co- 
varianca  uv(t)  wars  made  for  Che  sama  jets.  Tha 
aeasuramant  for  -R  > 21,000  shown  in  Fig. 4 ara 
typical  of  the  gaSaral  trends  found.  Thare  is  a 
cransicion  from  a periodic  correlacion  near  cha 
noxzla,  whara  u and  v ara  alsusc  in  quadrature,  co 
a cusp  shaped  correlation  ac  xMO  which  it  indicative 
of  significant  high  frequency  componancs  and  is 
characteristic  of  low  incarmictancy  regions  of  curbu- 
lanc shaar  flows.  Tha  staapa  of  this  latter  turbu- 
lent distribution  is  retained  downstraam  throughout 
cha  curbulanc  jac  (in  low  inceraictency. regions) . 

This  distribution  is  also  found  in  cha  curbulanc 
regions  for  all  cha  valuas  of  R and  scales  on  local 
velocity  and  length  scalas.  Tta  covariancas  of 
ocher  fluccuacing  quanticias,  a.g.  uu('t)changa  ac 
similar  races  from  periodic  forms  naar  cha  notzla  to 
chair  cbaraccsriscic  fully  davalopad  forma.  Tha 
eransicional  jac  flow  ends  whan  ebaaa  curbulanc 
forms  of  covariances  (or  spacers)  ara  escablished 
and  valuaa  of  estiaaead  from  chase  maasuresanes 
ara  included  in  Figure  3.  It  is  seen  cbac  chis 
definition  givaa  values  of  Xy  which  ara  typically 
0.22D  larger  chan  values  baaed  on  tha  maasuresMnes 
of  (~)>  and  (?)*  . Sowaver  ona  can  reasonably 
assume  chat  cba  jet  sizing  layar  is  locally 
curbulanc  whan  tha  peak  values  of  Cv^)i  and  (w^* 
ara  within  13Z  of  each  ocher  and  cha  valuas  ara 
indapandant  of  x.  It  was  also  concluded  ehac 
cha  accainaanc  of  similarity  diacribncions  of  (i?)i 
aztd  D across  cba  mixiag  layar  (and  also  the  accain- 
aaac  of  a constant  rata  of  spread  for  the  mixiag 
layer)  could  not  bo  usad  as  criteria  for  proving 
tha  local  azistanea  of  fully  davalopad  curbulanc 
flow. 

Bradshaw  (12)  suggasced  chat  the  assumption  of  a 
constant  eransicional  Reynolds  number, 

Xjn./ve7xl0i,  may  provide  a raasonabla  ascimata  of 
Xf  for  his  caparimucs.  It  can  ba  seen  from  Fig. 3 
chat  XyC./vel.2  X 10^  gives  raasonabla  agreesanc 
with  cha  praaanc  data. 
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VOaiEX  Rises  IS  TRASSniOS  REGION  OF  AIR  JEI 

Tit«  presence  of  vortex  rings  can  be  related 
to  peaks  in  velocity  frequency  spectra  aeasured  in 
the  jet  potential  core.  Figure  5 shows  the  u 
spectra,  ? , for  R • 21,000  for  different  r along 
the  line  -O.lSwhich  is  in  the  jet  potential 
core  near  the  inner  edge  of  the  nixing  layer. 

The  neaaureawncs  for  2 ■ and  z • 3.SD  were  nade 
on  the  jet  centre-line  as  n -0.15  crosses  tbs 
centre-line  at  z • 3.330.  It  is  seen  that  as  z 
increases  frequency  halving  occurs  in  the  spectra. 


Fig. 3 Power  spectra  of  u,n  • *0.13,  21,000 


High  speed  cine  fllas  of  the  various  jets 
wore  nade  with  visualisation  by  using  sa»ka 
injection  in  the  jet  settling  chanber  and  a narrow- 
bean  of  light  froa  a 10  na  wide  slit  source.  The 
vortex  rings  could  be  clearly  seen  in  these  filna 
in  the  regions  where  frequency  halving  was  found 
in  the  speecra.  The  average  local  passing 
frequencies  of  the  vortices  were  aeasured  fron 
these  filna  and  these  naasureaencs  were  always 
within  3Z  of  the  local  P spectra  peaks.  Vortex 
coalescing  could  also  ba'‘clesrly  seen  in  these 
filna  and,  as  expected,  the  average  positions  where 
coelescenee  occurred  were  the  sene  as  the  positions 
where  frequency  halving  was  observed  in  the  spectra. 
The  coalescing  of  neighbouring  vortex  rings  it 
siailar  to  chat  observed  for  line  vortices  in  cwo- 
diaensional  nixing  layers  (8)  and  it  involves  the 
angulfaent  of  potential  flow  fluid. 

The  distribution  of  Strouhal  ounfaars,  S C=) , 
derived  froa  u spectra  are  shown  in  Fig. 6 for  three 
values  of  R . Examination  of  the  cine  films  of 
the  jets  co&ined  with  the  spectra  aaasuraiaencs 
and  the  knowledge  of  the  locations  of  the  transit- 
ional and  turbulent  regions  yielded  the  following 


qualitative  obseevacions  of  Che  crensitional  flow: 


Fig. 6 Strouhal  numbers  measured  froa  potential 
core  u spectra  peaks  for  air  jet  and  naan 
vortex  passing  frequencies  for  water  jet. 


(i)  Ring  vortices  are  not  observable  in  the 
turbulent  regions  of  Che  jets. 

(ii)  Peak-frequency  halving,  associated  with  coal- 
escence, does  not  occur  in  the  turbulent  region. 

(iii) Tbe  transitional  flow  can  contain  up  to  three 
vortex  coalescing  regions  depending  on  R^. 

(iv)  These  regions  oyerlap  in  a given  jet,  i.e. 
there  are  no  fixed  values  of  z at  which  coalesc- 
ence tluayt  occurs. 

(v)  The  initial  orderly,  spirhl  interface  between 
jet  and  entrained  anbienc  fluid  in  the  vortex 
becomes  increasingly  disordered  and  diffuse  as 
coalescence  and  the  engulfaent  of  new  fluid 
occurs. 

(vi)  During  the  last  observable  coalescing  of  vortex 
rings,  at  the  end  of  the  transition  region, 
potential  core  fluid  and  soae  fluid  originally 
contained  in  the  vortices,  it  ejected  outwerds 
becueen  the  vortices  and  this  forms  m diffusa, 
obscuring  layer  of  smoke  at  the  outer  part  of 
the  jet. 

(vii) Regions  of  diffusa  sooke  move  as  coherent 
structures  in  the  turbulent  region.  The 
structures  of  theta  large  turbulent  eddies  and 


their  aoveaentt  are  more  disorganised  than 
those  of  the  cransitional  vortex  tints. 


Fig. 7 Submerged  water  jet  visualised  by  pulsed 
formation  of  hydrogen  bubbles  across 
vertical  diaaater  at  orifice, * 9000. 


11.16 


FLO'*  VISCALIZAIIOS  IX  SUBMEaCED  WATER  JETS. 


FIov  vituaXisacion  of  tha  craaalcional  and 
Eurbultnc  flowi  is  siopXifiad  by  using  wacar 
rachar  Chao  air  bacausa  of  cha  lowar  vaXocicy 
raquirad  co  achiava  a givan  Raynolds  ousibar. 
Hydrogan  bubbla  visuaXisacions  of  cha  cransicionaX 
flow  in  a SO. 8 an  diaoacar  vatar  jac  wara  aada  for 
a canga  of  R . Fig. 7 shows  a cypical  fraaa  iron 
a cina  flXo  for  R^  • 9000.  Two  vorticas  ara 
coaXaseing  ac  cha  and  of  cha  cransicion  ragion 
and  cha  ramains  of  cha  pravious  pair  of  coalascanc 
vorcicas  can  ba  saan  in  cha  curbuXanc  ragion  as  a 
raXacivaXy  disorganiaad , diffusa  ragion  of  bubbXas 
on  cha  righc  hand  sida  of  Cha  fraaa.  Thasa  diff- 
usa ragions  ganaraXXy  raaainad  obsarvably  coharanc 
for  savaraX  nozxXa  diaaacars  downscrasa  of  cha  and 
of  cha  cransicion  ragion.  Thus  larga  addias  in 
cha  curbuXant  jat  can  ba  femad  diraecXy  froa  cha 
incaraccion  of  cha  cransicionaX  vorcan  rings.  As 
with  cha  saoka  jac  visuaXisacions,  chasa  addias 
wara  much  lass  elaarly  obsarvabXa  chan  cha  vorcaz 
rings  in  cha  cransicion  ragion. 

Iba  aovaaancs  of  vorcicas  in  cha  cransicion 
ragion  wara  aaasurad  froa  cha  cina  filsu.  Tha 
scruccuras  of  individual  vorcicas  and  chair  nova- 
aancs  during  cha  coaXascing  procass  wara  naichar 
scriccly  rapaciciva  nor  pariodic.  For  axaapla, 
aXchougb  coaXascing  of  cha  CransicionaX  vorcicas 
usually  involvad  pairs  of  vorcicas,  approxiaacaXy 
ona  in  six  vorcaz  coaXascings  involvad  chraa 
vorcicas  and  chars  was  a lass  fraquanc  oceurranca 
of  a singXa  vorcaz  scracching  and  disincagracing, 
wichouc  coaXascing. 


x/0 

Fig. 8 Movaaancs  of  cancras  of  coaXascing  vorcicas 
■aasurad  aC  incarvals  of  O.OdJs,  Ra~X2,000. 

Figura  8 shows  cha  posiciens  and  apprezimaca  eora 
sbapas  ac  incarvals  of  O.OiSs  for  a cypical  eoalasc- 
anca  in  cha  wacar  jac  wieh  Ra  • 12,000.  Tha 
sacond  vorcaz  ring  aceaXaracas,  radueas  its  diaaacar 
and  passas  insida  cha  flrsc  ring  which  siouXcanaousXy 
ineraasas  ics  diaaacar  and  dacalaracas.  Tha  cress-^ 
saccions  of  cha  vorcaz  coras,  parcieularXy  chac  of 
cha  innar  vorcaz,  dafora  and  scraceh  as  chay 
eoaXasca.  During  chis  procass  irrocacionaX  fluid 
froa  boch  sidas  of  cha  sizing  Xayar  is  anguXfad  co 
produca ' ancrainaane  wadgas'  (Fig.  1 and  Fig. 7 ). 

Thara  is  a significanc  randoa  variacion  in  cha 
procass  of  coalaseanca.  For  axaapla.  Fig. 9.  shows 
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Fig. 9 Probabilicy  discribucions  of  vorcaz 

spacings  in  cvo-diaansional  sizing  Xayar  (7) 
and  round  jac,  x/0  • 1,  R^  • 12,000. 

cha  probabilicy  discribucion  of  cha  discancas  bacwaan 
100  pairs  of  coalascing  vorcicas  as  chay  pass  s/0  • 1 
for  R • 12,000.  Fig. 9 ineXudas  cha  discribucion  of 
vorcaS  spacings  in  a cvo-diaansionaX  sizing  Xayar 
saasurad  by  Boshko  (7)  and  chasa  curvas  hava  sosa 
sisilaricy.  Roshko  proposad  chac  his  sizing  Xayar 
was  a curbulanc  flow  produead  by  cha  randos  sociona 
of  lina  vorcicas.  Bouavar  cha  ragion  in  which  cha 
prasanc  ssasurasancs  wara  sada  in  Cha  round  jac  was 
noc  fully  davalopad  CurbuXanea  wichin  cha  cricaria 
dascribad  abova.  Thus  ic  cannoc  ba  said,  on  cha 
basis  of  chis  daca,  chac  cha  randos  sovasanes  of 
vorcaz  rings  affaccivaly  produca  curbulanc  flow  in  a 
round  jac.  Tha  diffarancas  bacwaan  cha  cransicionaX 
vorcaz  ring  flow  and  cha  fully  curbulanc  flow  ara 
Bosc  elaarly  raalisad  by  scudying  cha  chraa- 
disansional  nacura  of  eba  flow. 

TEREE-DIMENSIOHALITT  OF  TBARSITION 

Tha  incaraecions  of  vorcaz  rings  during  crans- 
icion  produca  oucwards  jacs  of  fluid.  This  fluid 
forss  a ralacivaly  diffusa  ragion  ac  tha  oucar  part 
of  cha  jac  which  novas  sora  slowly  chan  cha  vorcicas. 
This  phanosanon  indieaeas  cha  is^rcanca  of  cha 
chraa-disansional  inscancanaous  scruecura  in  cha 
cransicionaX  and  curbulanc  flows.  As  cha  u,v  and  w 
fluetuacing  valoeicy  conponancs  ara  of  cha  sasa 
nagnicuda  in  cha  curbulanc  ragion  cha  inscancanaous 
scruccuras  of  cha  cransicionaX  and  curbulanc  flows 
should  ba  invascigacad  and  sodallad  in  all  chraa 
diaansions.  Thara  is  no  justification  for  rascrict- 
ing  invascigacions  or  nodals  to  planaa  through  cha  jac 
eancra  lina  and  chut  ii^lieitly  astuaing  a ewo- 
diaantional  (azysynacric)  iascancanaeut  eurbuXanea 
scruecura. 

Tha  davalopsanc  of  chraa-disantionaX  flow  in  cha 
saoka  fillad  air  jac  waa  invaatigacad  by  filsing  cha 
jac  looking  upscraaa  with  cross  saccions  of  cha  jac 
illuainatad  at  diffaranc  longitudinal  poaiciona. 

Thasa  filss  ravaalad  that  cha  growth  of  chrao- 
diaansionaXicy  in  cha  cranaicion  ragion  waa  baaieally 
an  ordarad  growth  of  wava  daforsaciont  of  cha  coraa 
of  cha  vorcaz  rings.  Figura  10(a)  is  a front  viaw 
of  cha  jac  with  Ra  • 10*  showing  a eroas-saecioo  at 
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Fig.  10a  Axial  viaw  of  crosi-taecion  of  saolca  flllad 
g 10b  air  jat,  S • 10“,  s • 30,  and  untcabla 
lingla  vorcax  ring. 

5 • 30.  Ibis  i«  a taction  through  tha  trailing  adga 
of  tha  eoalatcing  vorcicat  at  tha  and  of  cha  trana- 
ition  ragiott.  Tha  fluctuating  valocicy  fiald  at  chit 
valua  of  3 hat  not  yac  raachad  all  cha  proparciat  of 
cha  fully  davalopad  turbulant  flow  which  bagini  at 
s • 40.  Jact  of  fluid  ara  tbad  froa  ragiont  bacwaan 
vorcicat  at  taan  in  Fig. 10a.  Thata  oucward  jact 
fora  cha  outer  diffuta  ragiont  of  raoka  noead  in 
tide  viewa  of  the  jaca. 

The  orderly  lobad  appearance  of  cha  laoka  it 
attributable  to  cha  diaplacaaene  of  cha  vortex  cora 
(or  eoalatcing  eoraa)  both  radially  and  longitudinal^ 
into  a tcanding  wave  paccem.  Tha  filaa  thowad  chat 
vorticea  were  axitymmetrie  whan  Chay  were  foraad  near 
Cha  ooxcla  and  the  toplicuda  of  cha  wave  dafomation 
of  cha  coret  chan  ineraaaad  with  increaaing  x.  Thii 
type  of  natural  core  iaacability  haa  been  invaacigaetd 
for  tingle  iapultively  foraad  vortex  ringt  by 
Widnall  and  Sullivan  (13).  For  a given  toroid 
diaaacar  cha  nuaher  of  cora  wavea  waa  found  (13)  to 
incraaaa  with  daeraaaing  Chicknaaa  of  tha  viaeout 
core. 

Tha  tiailaricy  bacwaan  tha  core  wave  inacabilicy 
in  cha  cranaicional  vortieaa  in  tha  jat  and  tha  in- 
tcabilicy  of  a tingle  vortex  ring  can  ba  teen  by 
eoaparing  Fig. 10a  with  Fig. 10b  which  ia  a front  view 
of  a tingle  vorcax  ring  30  froa  a 30.8  na  diaaacar 
nozxla.  Tha  vorcax  hat  a convection  velocity  of 
3 a/t  and  it  chut  hat  tiailar  diaanaiona  and  eonvac- 
cion  velocity  to  the  ringt  ia  Fig. 10a.  The  eireua- 
farantial  wavat  in  cha  outer  pocaacial  flow  of  the 
vorcicat,  aa  aarkad  by  the  taoka,  ara  in  anciphaaa 
with  the  diaplaetoant  of  cha  vorcax  core. 

SEKESAL  OESCaimOM  OF  TEANSITIOIUL  JET  STSUCTUBE 

Tha  axpariaantt  outlined  above  allow  a qualit- 
ative daaeripcioa  of  cha  aveact  involved  in  tha 
tranaicioa  proeeta  and  chaaa  aveact  arc  tkacehad  in 
Fig. 11,  Natural  inacahilicy  of  cha  initial  laaiaar 
thaar  layer  produeat  a tcraac  of  vortex-riag-like 
vertieicy  coneancraciona.  Aa  chaaa  vortax  ringt 
oova  dowatcraaa  Chay  generally  coalaace  with  neigh- 
bouring ringt  to  chat  cha  icala  and  taparacion  of 
tha  vortax  ringt  iaeraatat  with  ditcanea  froa  cha 
aoxala.  Bowavar,  although  point  velocity  aaature- 
aaact  ia  chit  cranaicional  flow  exhibit  periodic 
correlacioaa  and  paakad  tpaccra,  chare  ia  eontidar- 
abla  randoa  variation  ia  the  aoveaanct  aad  tcrangtht 
of  Che  eoalatcing  vorcicat.  Furcharaorc  cha  vorcax 
ringt  lota  Chair  phaaa  agraaaant  acrott  the  jat  at 
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Fig. 11  Fhytical  tcruccure  of  crantitional  jet. 

they  aova  dowatcraaa. 

Tha  gradual  iaeraata  of  w flucct:aciona  with  dit- 
cance  froa  cha  nozzle  it  cautad  by  Che  gradual, alaoic 
linear,  growth  of  orderly  wave  daforaaciont  of  tha 
corat  of  cha  vorcax  ringt.  Froa  ona  up  co  at  leatc 
Chraa  ragiont  of  vortax  coalatccncc  can  ba  obtarved  ia 
the  traaticioa  region,  depending  on  tha  jet  Reyaoldt 
nuaher  and  nozzla  boundary  layer  chicknatt.  Vortex 
ring  coaletcaaca  cannot  ba  obtarved  dowatcreaa  of  tha 
end  of  cha  crantition  region. 

The  eoalatcing  of  cha  vorcicat  it  a nechanita  by 
which  cha  jet  tcruccure  tandt  to  'forget'  cha 
condicioat  ac  cha  jat  nozzle.  Thit  it  evidenc  in 
Fig. 6.  which  thowt  that  the  wide  range  of  Scrouhal 
nunbert  near  Cha  nozzla  tandt  to  a Raynoldt  nuaher 
independent  ditcribucion  with  ineraating  x. 

Tha  late  coalatcanct  of  vorcicat,  prior  co 
turbulent  flow,  involvat  vortex  ringt  which  have  core 
daforaaciont  larger  chan  a critical  tiza.  Theta 
ringt  entangle  chut  producing  enhanced  vorcieicy 
teracching  and  taall  tealet  of  notion.  The  reaaint 
of  theta  entangled  vorcicat  are  often  vitibla  ia  Che 
turbulent  region  up  co  SD  downtcraaa  of  crantition  and 
they  are  chut  large  addict  in  cha  turbulent  region. 

FLOW  VIStlALIZAXlOtl  OF  TORBUIXilT  MIXING  UkTEE 

Injection  of  dye  into  Che  airing  layer  near  cha 
nozzla  ia  cha  wacar  jat  provided  vitualizacion  of 
daforaaciont  of  the  nixing  layer  interface  produced 
by  large  eddiat  in  tha  fully  davalopad  turbulent 
ragion.  Theta  vitualizaciont  were  tiailar  co  chote 
derived  by  Diaocakit  and  Brown  (14)  for  high  R 
turbulent  cwo-dioentional  nixing  layart  in  a u\tar 
chaanal.  Tha  dye  had  a ralacivaly  ditordarad  and 
diffuta  appearance  ac  Che  outer  edge  of  the  nixing 
layer  but  there  wat  a tharp  convoluted  interface  ac 
cha  inner,  high  velocity  edge.  The  bulgaa  of  dye  ac 
cha  innar  edge,  narking  cha  large  addiaa,  have  wedget 
of  angulfad  potential  cora  fluid  bacwaan  chan 
tinilar  co  chota  between  vorcicat  in  cha  crantition 
region.  Tha  en^rainaenc  wadgat  tlope  backwardt  ac 
approxinactly  43°  co  Che  axial  direccion  ac  chg  centre 
of  Che  nixing  layer.  Thata  wedget  are  cha  43° 
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scruccurt*  •vidcac  In  onny  schliartn  scudlcs  of  Curb- 
ulonc  j«cs.  Filaia  of  cb«  curaulenc  regions 
of  both  the  air  and  water  jets  showed  that  the  large 
eddies  had  a wide  range  of  sizes  and  trajectories  at 
any  position  and  there  was  no  obvious  ijiiiiin try  between 
structures  on  opposite  sides  of  the  jet.  This 
suggests  that  the  eddies  lack  the  circuafereatial 
coherence  of  the  transitional  vortex  rings.  The  dye 
injection  axperioent  showed  that  large  eddies  coales- 
ced with  neighbouring  eddies  as  they  aoved  downscreaa. 
However  this  coalescing  process  differed  from  the 
clearly  observed  'leapfrogging'  coalescing  of  trans- 
itional vortsx  rings  (Fig. 3).  The  disappearance  of 
the  entraiziaant  wedge  separating  the  turbulent  eddies 
was  the  only  clear  indication  that  coalescence  had 
occurred.  The  observed  process  was  similar  to  that 
described  for  large  eddies  in  nigh  two-dimensional 
nixing  layers  (14).  Intermittent  outuerd  jets  of  dy^ 
containing  fluid  burst  from  the  nixing  layer.  These 
outward  jets  appeared  to  accompany  the  coalescing 
process  and  they  are  similar  to  the  outward  jets  seen 
in  between  vortices  at  the  end  of  the  transition 
region  (Fig. 10a).  7isualizacians  of  the  jet  down- 

stream of  the  potential  core  exhibited  similar  out- 
ward bursts  of  fluid. 


Fig. 12  Velocity  (u)  time  histories  measured  by 

array  of  hot  wires  in  turbulent  water  jet. 

Flow  visualizacioo  techniques  do  not  appear  to 
be  capable  of  providing  quantitative  data  on  large 
eddy  structure  and  interaction  in  the  turbulent 
region.  Thus  a conditional  sampling  tachaiqua  was 
developed  to  study  the  eddies  in  more  detail.  Con- 
ditional sampling  requires  a triggering  or  condit- 
ioning eritarion  which  is  directly  associated  with 
the  event  or  structure  which  is  to  be  measured. 

The  selection  of  suitable  triggering  criteria, 
derived  from  u fluctuations,  was  facilitated  by 
simultaneously  recording  velocity  time  histories 
whils  filming  the  water  jet  with  dye  injection. 

Figure  12  shows  u time  historiss  measured  by  an  array 
of  hoc  wires  at  different  radial  positions  at  s • 2D 
for  • 50,000.  Ths  flow  was  locally  fully  turbu- 
lant.  The  u maasur aments , shown  on  arbitrary 
scales,  indicate  the  relationship  bacwaan  features  of 
these  signals  and  the  shape  of  the  edges  of  the 
mixing  layer  as  indicated  by  the  dye. 

This  type  of  analysis  was  made  for  a series  of 
ccnsacutiva  large  eddies.  There  ware  eonsidareble 
variations  in  the  shape  of  the  dye  intarface  and  the 
associated  u time  histories  from  one  eddy  to  the  next, 
Cnusually  large  peaks  in  the  u signals  ware  found  to 


be  features  Jhich  could  be  most  easily  correlated 
with  the  shapes  of  ths  dye  patterns.  The  peaks 
ranged  in  magnitude  from  1.5  to  3 times  the  local 
r.m.s.  value  of  u.  Thus,  at  ths  outer  edge  of  the 
mixing  layer,  a scries  of  large  positive  u peaks  were 
found  and  Chase  corresponded  to  regions  of  dye  pro- 
jecting from  the  jet.  In  the  centra  of  the  mixing 
layer  (y/D  ■ 0)  both  large  positive  and  large  nega- 
tive peaks  were  found  while  at  the  high  velocity  edge 
of  the  mixing  layer  large  negative  u peaks  corresp- 
onded CO  regions  inside  the  dye  (i.s.  the  rotational 
flow  within  the  large  eddy) . In  general  large 
positive  u peaks  correspond  to  regions  between  eddies, 
i.e.  Che  wedge  of  entrained  fluid  from  the  potential 
coca.  Large  negative  u peaks  correspond  to  regions 
within  Che  eddies.  As  is  indicated  in  Fig. 12  Che 
posiciou  of  both  the  negative  and  positive  u peaks 
advance  and  then  rscreac  in  phase  as  one  moves  out 
from  the  centre  of  the  jet.  In  ths  central  part  of 
Che  potential  core  positive  peaks  in  the  u fluctua- 
tions roughly  corresponded  with  Che  passing  of  the 
bulge  of  dye  marking  Che  large  eddy  and  negative  peaks 
corresponded  to  the  interval  between  eddies  passing. 
Examination  of  Che  hydrogen  bubble  time  lines  in  Fig. 

7 shows  a similar  relation  between  potential  core  u 
fluctuations  and  the  passing  of  transitional  vortices. 
However  the  u fluctuations  outside  the  potential  core 
were  quite  different  for  the  turbulent  and  transit- 
ional vortex  ring  cases.  The  axisyoeecric  vortex 
rings  at  the  beginning  of  the  transition  region 
produced  sketmess  in  u fluctuations  but  with  opposite 
signs  to  Chat  produced  by  the  large  turbulent  eddies. 
Thus  the  vortex  rings  produced  large  negative  u peaks 
at  Che  outer  edge  of  Che  mixing  layer  (sometimes 
producing  reverse  flow)  and  large  positive  u peaks  at 
the  inner  edge  where  Che  inscencaneous  velocity 
exceeds  D.  by  up  to  20Z  in  Che  transition  region  but 
never  more  than  22  in  Che  turbulent  region.  In  Che 
transition  region  vortex  rings  produced  smooch  low 
fraquency  velocity  variations  with  'larger  gradients 
as  Che  viscous  cores  passed.  A detailed  study  (IS) 
showed  chat  Che  vortex  rings  had  basically  similar 
scruccuras  to  classical  single  vortex  rings  with 
cores  of  solid  body  rotation.  However  in  the  turbu- 
lent region  it  was  found  chat,  although  smooch  veloc- 
ity signals  ware  measured  in  potential  flow  regions, 
Che  flow  in  the  dye  containing,  rotational  regions  of 
Che  eddies  produced  higher  frequency,  lower  amplitude 
u signals  superimposed  on  the  basic  large  amplitude 
peaks.  These  higher  frequencies  ars  Che  smaller 
scales  of  turbulence  and  they  can  be  incarpraced 
physically  as  being  the  interacting  ramnancs  of 
smaller  eddies  and  vortices  which  msrged  at  earlier 
times. 

CmCDITIOmL  SAKPLmC  IH  TCUCLEirr  REGION 

An  extensive  and  continuing  study  has  been  made 
of  Che  relationships  baewean  large  u and  v peaks  and 
eddy  scructurs  and  the  use  of  chase  peaks  to  condit- 
ionally sample  the  large  eddies  in  the  turbulent  jet. 
Parts  of  this  work  have  been  reported  (5) , (15)  and 
a fuller  description  will  be  given  at  a later  data. 

It  is  found  chat  the  large  positive  and  negative  u 
peaks  occur  at  similar  times  as  large  peeks  in  v 
fluctuations.  Thus  the  movamencs  of  fluid  induced 
by  Che  large  eddies,  which  era  responsible  for  these 
peaks,  2rovide  Che  major  contribution  to  the  shear 
stress  uv.  Conditional  sampling  (5)  using  the  large 
u peaks  near  the  centre  of  the  mixing  layer  shows 
radial  phase  variations  and  the  convection  of  the 
flow  structuras  downstream.  However  the  large 
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vari*cion«  in  ndd;  scruccurct  <nd  aovtmancs  at  any 
ooaieion  rasults  in  vary  lov  Invais  of  racovatad  sig- 
nals. Conditional  sampling  of  a particularly  rapat- 
itiva  typa  of  addy  producaa  raasonably  high  lavals  of 
racovarad  signal  and  an  azparioanc  of  this  typa  is 
dascribad  balov. 

Tha  combinad  flow  visualiaation/hot  vira  azpari- 
aant  showad  that  whan  a turhulant  addy  oovad  unusu- 
ally closa  to  tha  jat  cantra-lina  tha  local  potantial 
cora  u fluctuations  bad  unusually  larga  positiva  and 
nagativa  paaks.  Tha  proba  positions  usad  for  cond- 
itional sampling  ara  shown  in  Fig.l.  Tha  triggaring 
hot  wira  proba. aaasuring  u.,was  positionad  in  tha  air 
jat  ^tantial  cora  at  r • 2D,  n • -0.2  for  R >43,000. 
Pravioua  axparimants  showad  that  thara  was  fully- 
davalopad  turbulanca  for  s i 2D.  Vhan  u.  had  a — > , 
nagativa  paak  with  a aagnituda  graatar  than  2.8  (u^} ’ 
an  alactronie  triggaring  circuit  was  activatad  and 
tha  subsaquant  0.01s  of  tima  history  ^ at  tha  racov- 
ary  proba  was  maasurad  and  storad.  Tna  final 
conditionally  sampled  signal  u was  darivad  by 
obtaining  an  ansambla  averaga  of  at  laaac  2S8  port- 
ions of  tha  u,  tima  history  by  using  256  consacutiva 
larga  u^  paaks.  Thasa  triggaring  paaks  raprasant  SZ 
of  tba^total  u^  nagativa  paaks  and  thus  5Z  of  tha 
total  numbar  of  larga  addias  raaponsibla  for  tha 
potantial  cora  fluccuationa  wara  sampled. 


Fig. 13  Conditionally  sampled  tima  histories  of 
fluctuating  velocity  cos^onant  at  s>2.5D, 

R • 43,000.  Triggarad  by  -va  u peaks 
graatar  than  2.8  at  «>2D,  ‘'n>  '^.2. 

Fig. 13  shows  tha  conditionally  saaplad  tima 
histories  of  the  fluctuating  velocity  conponants 
Uj  and  V at  s > 2.5D.  Tha  larga  nagativa  u paaks 
at  n ■ -0.15  and  n ■ •^.l  cerraspond  to  tha  * 
triggering  paak  which  has  baan  conveetad  downstream 
from  s • 2D.  Tha  large  - va  u paaks  in  tha  potent- 
ial corn  ara  teen  to  correspond  to  structures  prod- 
ucing * va  u peaks  in  tha  centra  and  outer  parts  of 
tha  aisiag  layer  and  both  large  - va  and  larga  * va 
V paaks  for  the  complata  width  of  tha  sizing  layer. 
Si^lar  saaauramantt  at  larger  values  of  s showad 
that  thasa  sampled  signals  retained  thair  shapes 
up  to  tha  and  of  the  potantial  cora  (x  • 6D)  and 
they  bad  a convection  velocity  D >0.72  Dj  for 


- 0.2  < n < 0.  The  sipnals  racainad  7St  of  thair 
aapnituda  at  tha  and  cf  tha  potantial  cora  but  the 
zapnitudn  cf  tha  u,  sipnal  dropped  to  approximataly 
40t  of  its  value.  Thus  v component  distributions 
aaaociatad  with  ciia  sampled  eddies  wara  more  co- 
herent than  tha  u distributicna  both  spatially  and 
with  incraasin;  axistenca  times  of  tha  addias. 
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Fig. 14  Comparison  of  r.m.s.  radial  intensity  with 

conditionally  sampled  signals  and  covarianca, 
r • 2.5D,  R^  - 43,000. 

Fig. 14  shows  that  tha  magnitude  of  the  sampling 
signals  ara  comparable  with  local  r.m.s.  signals  and. 
larger  chan  would  be  azpaccad  from  Che  measured 
statistical  covariance  beewaan  Che  signals  at  tha 
triggering  and  racovary  proba  positions.  Ona  can 
thus  conclude  chat  a rapeticiva  class  of  addy  is  baing 
sampled  which  ratains  its  coharanca  at  least  ro  Che 
end  of  the  potential  cora,  it  coharant  for  moat  of  tha 
width  of  Che  mixing  layer,  and  it  responsible  for 
particularly  large  velocity  fluctuations  in  tha  poten- 
tial core. 

Tha  sampled  signals  at  different  valuaa  of  x 
shoved  chat,  for  longitudinal  distances  up  to  about 
1.5D  from  tha  triggaring  position,  it  was  reasonable 
CO  invoke  the  Taylor  hypochasis  of  an  unchanging  con- 
vactad  addy  tcructura  for  tha  sampled  eddies.  Thus 
the  u and  v tima  historiat  at  s ■ 2.5D  wara  con- 
vartai  into  in  approximata  spatial  valocicy  field  in  a 
coordinata  tyscam  moving  with  the  velocity  D <.72  C.. 
In  this  moving  frame  of  rafaranca  tha  cransvirta 
valocicy  eoaponanc  is  v and  tha  longitudinal  valocicy 
component  is  given  by  D**  u - D . Fig. 15  shows  the 
directions  and  magnitudat  (givanSy  the  length  of 
each  arrow)  of  tha  local  velocity  for  the  sampled 
addias  moving  in  this  frame  of  rafaranca.  It  is  seen 
chat  Che  large  nagativa  u triggering  peaks  oecurrsd 
between  ewe  large  addias  on  tha  inner  aids  of  the 
nixing  layer  which  wara  on  avaraga,  1.3D  apart  at 
s ■ 2.5D.  Tha  general  form  of  tha  cross  section  of 
tha  sampled  addias,  with  chair  longitudinally  along- 
aead  coras,  is  vary  similar  to  that  of  laminar 
vertex  ringa. 

These  maasuremants  do  not  imply  that  Che  sampled 
addias  ara  axisymmecric . In  fact  moat  avidance 
indicates  chat  tha  addias  art  strongly  thrat-dimans- 
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Fig.li  Condiciooally  suplad  valocity  field 
esMciacad  with  large  ■*  ve  u peaks  ac 
n • - 0.2.  s • 2D,  • 43,000. 


ioael  and  are  coherent  for  only  part  of  the  circua- 
farence  of  the  jet.  For  exaapla  Che  correlation 
coefficient  for  u fluctuationa  at  n ■ 0 for 
diaaetrically  opposite  sides  of  the  turbulent  oixing 
layer  is  less  chan  0.03.  Measurements  of  this 
correlation  coefficient  showed  a gradual  decrease 
in  value  in  the  transition  regions  of  the  jets  from 
an  initial  value  of  approximately  0.9.  This 
corresponds  with  the  observed  growth  in  three- 
diaansionalicy  of  the  initially  axisynatric 
vortex  rings.  The  conditional  sampling  technique 
inberantly  averages,  and  thus  conceals,  any  random- 
neas  associated  with  the  eddies.  Thus  although 
u and  V fluctuations  with  higher  frequency  compon- 
ents chan  chose  aasociaced  with  the  large  eddy 
scale  are  known  to  be  present  within  the  eddies, 
they  are  concaaled  by  the  sampling  technique  which 
produces  the  orderly  velocity  field  seen  in  Fig. IS. 
The  spatial  phase  variations  of  the  u and  v peaks 
associated  with  the  sasqilad  eddies  are  included  in 
Fig. IS.  It  is  seen  chat  the  sasqilad  u and  v 
signals  appear  to  be  approximately  in  quadrature 
for  much  of  the  width  of  the  jet  and  this  implies 
chat  there  is  little  contribution  to  the  shear 
stress  uv  by  the  sampled  eddies.  However  exasiin- 
ation  of  Che  u and  v tine  histories  at  different 
radial  posicioM,  Fig. 13,  shows  chat  asynetries  in 
these  signals  give  small  net  positive  contributions 
CO  Che  shear  stress.  It  appears  that  the  sasipling 
caehniqua  is  measuring  an  inner  component  of  the 
coherent  large  eddies  and  ocher  conponencs,  prob- 
ably in  Che  outer  pert  of  the  mixing  layer,  are  not 
important  contributors  to  the  large  pocancial  core 
fluctuations  and  are  thus  not  mnasured.  The  inter- 
action and  merging  of  the  saavlad  structures  with 
ocher  componeocs  of  the  motion  nay  also  give  import- 
ant contributions  to  the  shear  stress. 

C0HC.CDIHC  nsuncs 

It  has  bean  shown  chat  transition  in  round 
jets  can  involve  the  ancanglamaoc  of  scraecs  of 
voreax  rings  which  have  developed  wave  deformations 
of  chair  viscous  cores.  The  large  scale  structures 
produced  by  this  process  form  coherent  large  eddies 
in  Che  turbulent  oixing  layer  region.  It  appears 
chat  much  of  the  transitional  flow  it  sufficiently 
orderly  co  be  amenable  to*  chrae-dioansional  computer 
modelling.  Coherent  chraa-dimaosional  eddies  are 
such  dominating  components  of  che  turbulent  mixing 
layer  chat  chair  tcruccurat  and  interactions  are 


essential  aspects  of  future  experimental  and  modelling 
studies  of  che  round  jet. 
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ABSTRACT 

Tha  conditions  oost  favorabla  for  vortaz  pairing 
in  tha  nasr  fiaid  of  a circular  jat  hava  baan  invas- 
tigatad  through  hot'^rlra  aaasuraBants  in  two  circular 
air  jars  subjactad  to  controllad  axcitation.  Two 
distinct  aodas  of  wortax  pairing,  Infarrad  froa  tha 
subhatBonic  spactral  cooponant  of  tha  u-slgnal,  hava 
baan  Idantlfiad.  Tha  first  aeda  is  attributad  to  tha 
exit  shaar  lapar  lastabilicy  which  sealas  on  tha  axit 
fraa  shaar  lavar  width,  and  tha  saeond  (jat)  aoda 
sealas  on  tbs  jat  dlsaatar.  Strongast  pairing  occurs 
at  Stg  « 0.011  in  tha  'shaar  layar  nods'  and  at 
StQ  ■ 0.8S  in  tha  'jat  aoda'.  At  ralativaly  high 
Stj),  tha  shaar  larar  aoda  (at  Sc^  ■ 0.011)  was  ob- 
sarvad  to  invelvn  sueeassiva  stagas  of  pairing;  how- 
avar,  only  ona  pairing  could  bo  Idantlfiad  la  tha 
jat  Boda  avaa  though  Stg  varlad  ovar  a wida  raaga.  > 
Tha  data  iadleata  that  tha  two  nodas  of  vortaz 
pairing  ara  Indapandant  and  azeltation  at  ona  of  tha 
aodas  is  sufficiant  to  indues  vortaz  pairing  in  tha 
naar  fiaid  Irraspaetiva  of  whathar  tha  azeicatlon 
corrasponds  to  tha  othar  aoda  or  not. 

NOMENCUIDBE 

z V azial  distanea  downstrasa  froa  tha  jat  azit  plana 
0 • azit  disaatar 

9 • aaaancuB  thieknass  of  offline  boundary  layor  aaas- 

urad  at  0.3  oa  upstrasa  froa  tha  azit 
fp  • Fraquaney  of  controllad  azeicatlon  producing 
sinusoidal  surging  at  tha  azit 
D ■ longitudinal  aaan  valoelcy 

u£  ■ longitudinal  total  fluctuation  lacansiey  (ras) 
u{  V ran  Mplituda  in  tha  u'  signal  at  fp 
'‘iH'  '^/8  * ■■pU.cnda  in  tha  u'  signal  at 

tha  sueeassiva  subharaonie  fraquanelss 
Uae^^se  * ralativa  azit  azeicatlon  laval 

Subscripts 
a • jat  azit 
e ■ jat  eancarlina 

rnsooccnoB 

Tha  davaloping  raglons  of  fraa  curbulanc  shaar 
flows  ara  doalnacad  by  largo  seals  eoharanc  seructuras 


which  appaar  to  play  tha  kay  rola  in  obsarvsd  naar 
fiaid  gross  faacuras  lilea  aocralnBanc,  aizing  and 
aarodynaalc  noisa  production  [1-5].  It  is  raasonabla 
CO  suapacc  chat  tha  largo  seals  eoharanc  seructuras 
of  tha  davaloping  ragion  parsisc  in  tha  so-callad 
salf-prasarvlng  raglons  of  chssa  shaar  flows.  Thus, 
it  is  likaly  that  tha  eoharanc  seruccura  in  a turbu- 
lanc  shaar  flow  navar  truly  achlavas  indapandanca 
of  tha  initial  condition  in  a finica  flow  langch,  and 
that  turbulanca  salf-prasorvaclon,  chough  a valid 
concape  for  tha  asynpcoclc  far-fiald,  aay  not  ba 
achiavabla  in  laboratory  flows. 

Tha  avolutlon  of  tha  largo  seals  scrueeura  in 
fraa  shaar  flows  appaars  to  occur  through  intaractions 
(lika  pairing)  of  larga-scala  vortical  notions 
[1,2,5-81,  an  ancicascada  phanonanon  occuring  slaul- 
canaously  with  tha  avolutlon  of  tha  small  seals 
motions  through  vortaz  seraeching.  Uhan  tha  initial 
fraa  shaar  layar  is  laminar,  tha  initial  vortical 
seruccura  rasules  from  tha  (inviscld)  instability  and 
roll-up  of  tha  fraa  shaar  layar,  tha  initial  sirs  and 
spacing  bolng  datarainad  by  tha  most  unscabla 
algansoda  of  tha  profila.  It  is  possibla  chat  a fraa 
shaar  layar  rosulcing  from  an  initially  curbulanc 
boundary  layar  can  also  roll  up  into  orgaairad  vertical 
seruccura  which  chon  avolvo  not  unlika  tha  initially 
laminar  eaaa. 

Tha  rola  of  vortaz  pairing  in  mixing  layar 
growth  has  baan  tha  sub j act  of  axeansiva  raeanc 
studlas.  Winaac  and  Browand  [8]  showad  chat  aay 
noa-uniformley  la  serangehs  or  spacing  of  cwo  (or 
thraa)  adjaeant  rollad  up  lina  vortlcas,  formad  in 
a wacar  wiving  layar,  causad  tham  to  undargo  sueeassiva 
stagas  of  pairing  to  form  prograsSivaly  largar 
eoharanc  seruccura  downseraam.  Thay  infarrad  chat 
ingaseion  of  non-curbulanc  fluid  during  tha  pairing 
proeass  was  tha  primary  SMchanlsm  for  ancrainmant 
and  thus  growth  of  tha  shaar  layar.  Browand  and 
Wladman  [9]  has  shown  chat  significant  Raynolds  scrass 
produetion  is  aasoeiacad  with  tha  vortaz  pairing 
laearaeelon  proeass. 

Browand  and  Laufar  [1],  from  a flow  visualization 
azparlmane  in  a circular  wacar  jat,  hypoehasltad  chat 
tha  larga  seals  seructuras  just  downsersM  of  tha 
pocantial  eora  can  ba  cracad  back  to  tha  upseraam 
vorticas  whosa  ganaration  dapandad  on  tha  azit  shaar 
layar  inscabllicy.  Thay  obsarvsd  dlffaranea  in  tha 
statistical  bahavier  (a.g.  passaga  fraquaney,  spatial 
coharanca)  baewaan  ehaaa  Initial  rollad  up  vereleaa 
and  tha  downseraam  larga  seals  seructuras,  and 
conjaccurad  that  indapandanca  of  tha  larga  seals 
seruccura  furchar  downstrsM  from  tha  initial  shaar 
layar  structura  was  aehlavad  by  sueeassiva  stagas 
of  vortaz  pairing. 
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Savlas  and  Tula  [13]  in  a suamary  of  the  Collo~ 
qulua  on  organizad  turbulanca  atruccuras  hald  at  Ehe 
L'nivarsicy  of  Southaapton  in  137i,  daaccibad  Yula's 
own  findings  of  coharanc  scructuras  in  axisyisaatric 
Jacs  from  flow  visualization  axpariaancs.  Observa- 
tion within  tha  first  tan  diaaetars  ravaalad  tha 
axistanca  of  intaracting  and  coalascing  ring  vortices, 
and  tha  large  scale  organized  structures  downstreaa 
in  tha  turbulent  round  jet  'dif farad  fundaaentally 
froa  the  laainar  ring  vorticaa  naarer  the  nozzle 
froB  which  they  developed'. 

Crow  and  Chaapagna  [11]  observed  tha  existence 
of  orderly  'vortical  puffs'  in  axisytmacric  Jacs, 
in  addition  to  tha  slender  vortex  rings  foraad  near 
Che  exit  due  to  exit  shear  layer  instability  and 
roll  up.  Thay  destroyed  the  'surface  ripples'  by 
tripping  the  exit  boundary  layer  and  studied  the 
effect  of  controlled  excitation  on  the  'puff  node'. 
They  found  chat  the  'preferred  aode' , ie.  the  one 
producing  aaxiaua  disturbance  aapliflcation  down- 
streaa, occurred  at  St^)  ■ 0.30.  They  also  noticed 
pairing  of  the  vortex  puffs  giving  rise  to  a strong 
I subhansonie  structure  whan  driven  at  twice  the 

I preferred  aode,  naaely  sc  SCq  ■ 0.60. 

The  affect  of  acoustic  excitation  on  the  near 
flow  acmecure  of  Jets  have  bean  studied  among 
others  by  Backer  and  Massaro  [12],  Rockwall  [13], 
Tlasov  and  Glnavaakly  [14]  and  tha  present  authors 
[5].  Becker  and  Massaro  [12]  found  chat  the  Scrouhal 
ninber  (Scq)  of  the  disturbance  to  which  a given 
circular  Jet  exit  shear  layer  was  most  unstable  varied 
approximately  as  the  square  root  of  the  Reynolds 
ntober  (Rsq).  Rockwell  [13]  classified  the  plane 
Jet  flow  u^er  acoustic  exclcaclon  into  five  regions 
depending  on  the  ratio  of  excitation  frequency  (fp) 

CO  the  natural  vortex  roll-up  frequency  (f|f).  He 
[ found  chat  in  two  of  these  five  regimes,  the  effect 

I of  exelcaclon  was  vary  pronounced  and  clear  vortex 

roll-up  followed  by  coalescence  phenoaanon  occurred. 
One  of  these  two  regimes  corresponded  to  the  case 
when  Che  two  frequencies  aatched  and  in  the  ocher 
Che  ratio  between  the  two  was  about  one  third  is., 

I fp/^N  “ ^^3.  Vlasov  and  Ginavskly  [14]  observed 

I large  aBpliflcacion  of  centerline  turbulence  intensity 

sc  SCg  ■ 0.5  but  its  suppression  relative  to  the 
I non-excicad  case  at  Scg  ■ 2.73. 

I As  reported  in  ref.  [5],  we  had  noticed  the 

I occurrence  of  a stable  vortex  pairing  phenomenon  in 

circular  jets  at  Scq  > 0.85  for  three  different 
nozzles  over  a aoderate  range  of  Reo,  the  exit  shear 
layer  thickness  la  that  range  varying  appreciably. 

This  lad  us  to  suapaet  chat  the  observed  pairing 
phenomenon  was  not  a consequence  of  the  Initial 
shear  layer  inscabillcy  aachanism. 

[ The  present  study  evolved  as  a result  of  an 

effort  to  define  the  ranges  of  characteristic  Jet 
I flow  psrsaecers  favoring  strong  vertex  pairing  and 

CO  understand  the  rela  of  exit  shear  layer  Instability 
on  the  vortex  pairing  aechanisa  in  the  Jet. 

As  we  shall  see,  the  vortex  pairing  observed  at 
StQ  ■ 0.83  aeeaa  to  be  associated  with  a distinct 
mode  of  inscabillcy  of  circular  jets,  and  independent 
of  the  initial  shear  layer  inscabillcy. 

EXPSRdBrtAL  PR0C5D0RR 

The  axperlaencs  have  bean  carried  out  in  a 
circular  air  Jet  facility  consisting  of  two  settling 
chambers  in  sequence.  Sinusoidal  percurbaclons  in 
tha  exit  profile  are  introduced  sc  controlled 
frequencies  and  amplitudes  with  the  help  of  a loud- 


speaker attached  to  the  wall  of  the  first  chamber. 

The  flow  froa  the  first  settling  chamber  goes  through 
a contraction  and  a diffuser  into  the  second  settling 
chamber  before  exiting  through  the  nozzle  into  a 
large  room  with  controlled  temperature  and  humidity. 
The  two  settling  chamber  arrangement  was  introduced 
for  eliminating  any  possible  asymmetry  Introduced 
by  the  speaker.  The  exit  mean  and  turbulence  profiles 
were  checked  to  be  axisymmetric.  The  absence  of  any 
harmonic  of  the  excitation  frequency  in  Che  spectra  - 
of  the  exit  velocity  signal  confirmed  that  the  exci- 
tation was  indeed  pure  tone  (sinusoidal).  The  study 
was  carried  out  with  two  nozzles  (of  Sacchelor-shaw 
contour)  of  diameters  2.54  and  7.62  caa. 

Probe  traverses,  with  a traverse  mechanism 
capable  of  movement  in  axial  (x) , transverse  (y)  and 
azimuthal  (z)  directions  with  a resolution  of 
0,00254  <si  (.001  in)  and  in  the  angular  (3)  direction 
in  the  x-y  plane  with  a resolution  of  0.01  degree, 
were  done  through  remotely  controlled  stepping  motors. 
A 4u  dla. , 2.5  ma  long  tungsten  hot-wire  along  with 
OISA  eqxiipmenc  was  used  to  obtain  the  Instantaneous 
velocity  signal.  A Speccrascope  SS335  spectrua 
analyzer  (500  frequency  lines)  was  used  to  obtain 
the  velocity  spectrua.  The  amplitudes  (in  dB)  and 
frequencies  (Hz)  of  Che  spectral  peaks  were  read 
directly  from  the  spectrum  analyzer.  The  exit 
boundary  layer  thickness  data  were  obtained/analyzed 
on-line  with  our  laboratory  ainlcoatputer  (H?  2100). 


RESULTS  AMD  DISCHJSSIOS 


^e  exit  boundary  layer  moaenctsz  thickness 
9 “ r"u/Dg(l  - 0/Ug)dy  was  used  as  the  characteristic 
length  scale  of  the  free  sheer  layer  and  was  deter- 
mined at  3 wa  upacreaa  from  the  exit  plane.  Before 
Che  start  of  the  excitation  studies,  the  9 • 9(Ua) 
functions  were  deterained  from  boundary  layer 
traverses  in  the  two  nozzles  for  the  entire  ranges  of 
available  speed;  these  functions  were  found  to  be 
repeatable  within  22;  exeitstlon  amplitudes  used  for 
vortex  pairing  studies  produced  no  noticeable  changes 
in  these  functions.  Subsequently,  for  each  nozzle 
the  9 value  at  any  Ue  was  found  directly  froa  the 
corresponding  9(Ue)  plot.  Even  chough  the  axle 
boundary  layer  was  not  fluctuation  free,  the  fluctua- 
tion intensity  profiles  in  the  nozzle  exit  boundary 
layer  could  be  attributed  to  osciUaclona  of  laminar 
boundary  layer  [15].  The  exit  velocity  profile  shape 
factor  was  assencially  chat  of  the  Blassius  profile, 
la.,  2.59.  The  exit  boundary  layer  was  thus  assiased 
laminar  for  the  entire  range  of  speed  used. 

Investigation  of  the  Jet  flow  field  revealed 
that  pairing  can  occur  with  excitations  at  Strouhal 
numbers  larger  chan  Sct)  - 0.85.  This,  however,  does 
not  invalidate  tha  findings  reported  in  ref.  [5].  It 
turns  out  that  in  order  to  detect  chose  high  Scrouhal 
niBber  pairing  phenoaenon,  the  probe  has  to  be  aoved 
zwsy  from  the  centerline  in  the  potencisl  core 
cowards  the  shear  layer.  As  wa  will  sea,  chase 
pairings  occur  in  the  shear  layer  in  the  'shear  layer 
mode'  as  opposed  to  the  'Jet  mode'  which  involves  the 
entire  cross  section. 

Immediately  downstream  from  the  exit,  the  Jet 
centerline  is  coo  far  froa  the  vortex  core  in  the 
shear  layer;  tha  probe  has  to  be  close  to  the  shear 
layer  to  capture  the  signatures  of  the  passing 
rolled-up  shear  layer  vortices  or  tha  associated 
coalescence  event.  We  will  praaanc  evidence  which 
will  suggest  that  a circular  Jet  hat  two  independent 
modes  of  inscabillcy  and  associated  pairing:  the 
shear  layer  aode  and  the  Jet  aode. 


Ftg.  X Friquuscy  tpaetra  of  cha  longitudinal  valoclcy 
signal  for  shaar'  layar  aoda  axclaclons;  jat 
dla:  2.j4  as.  Vartlcal  aealas  (log)  ara 
asblerasT  and  horizontal  sealaa  (llaaar)  ara 
indlcatad.  Tha  sacond  paak  In  aach  plot 
raprasaats  tha  fundaaantal  (fp).  Kalatad 
Inforaatlon  is  Indlcatad  for  each  eaaa. 

Fig.  1 shout  tha  on^dlaanlonaal  fraquancy  spac- 
ers of  tha  longitudinal  valocley  u at  tha  Indlcatad 
off-cantarllna  proba  locations  for  tha  casas  uhan 
voreax  pairing  can  ba  Infarrad  froa  tha  subharaonlc 
aapUcuda.  Nota  chat  for  aach  location,  tha  sacond 
paak  In  tha  tpactra  (froo  lafe)  corrasponds  to  tha 
fraquancy  of  axclcaclon  vhlla  tha  subhanonlc  coa- 
ponanc  can  ba  actrlbutad  to  tha  occurranca  of 
pairing.  (Evan  chough  tha  subharaonlc  coaponant  in 
a shaar  layar  has  baan  unaablguously  ralacad  to  vor- 
eax  pairing,  ua  intand  to  raafflia  this  through 
flow  rlsuallzaclon.)  Moca  that  for  tha  fiva  casas  in 
Fig.  1 raprsaanclng  occurranca  of  vertax  pairing 
(in  tha  shaar  layar  moda),  tha  jat  Serouh^  niabar 
Scq  rangaa  fron  0.8S  at  Ua  • S.21  m/sac  to  2.63  at 
Ua  • 33.2  a/sae.  Howavar,  tha  Serouhal  ntabar  Stg 
basad  on  tha  shaar  ?.ayar  axle  auaaotta  ehlcknast  $ 
is  about  O.OU  for  all  tha  casas.  Similar  data  with 
tha  7.62  ea  dla.  jae  ravaalad  occurranca  of  voreax 
pairing  la  tha  shaar  layar  at  a jat  Strouhal  nwbar 
as  high  as  Scq  ■ 3.0  whlla  tha  shaar  layar  Strotihal 
niasbar  Scg  rasulnad  about  0.011.  This  is  tha  'shaar 
layar  aoda'  and  it  tha  saaa  phaooaanon  tcudlad  by 
Fraymueh  [7],  UinanC  tad  Srowaad  [8],  Brown  and 
Eothko  [2]  a^  many  othars. 

On  tha  othar  hand,  as  first  shown  la  raf  [5], 
stab la  vortax  pairing  occurs  in  tha  jat  at  tha  Jat 
Strouhal  ntabar  St^  ■ 0.83  ovar  a large  range  of  Jat 
Reynolds  ntabar  (ia.  indepandant  of  Stg).  This  is 
tha  'jat  mode'  and  wa  have  cenfiimad  its  occurranca 
at  Scq  ■ 0.83  over  a Stj  range  of  0.001-0.013. 

Thasa  ara  tha  two  'modes'  for  a circular  Jet  in 
which  coneroUsd  axclcaclon  induces  strong  wortaa 
pairing  la  tha  near  field.  Ua  have  failed  to  observe 
any  indication  of  vertex  pairing  with  axcleaclona  at 
Strouhal  ntabert  sigalficancly  dlffarane  from  both 
Scg  ■ 0.83  and  Ste  ■ 0.011.  In  tha  following 
sections  we  prasane  data  to  establish  tha  occurrence 
of,  as  wall  as  tha  characcarlsclcs  of  these  two  modes. 


A scries  of  experioants  using  hot-vlrc  techniques 
were  undertaken  to  find  the  noncimcnsicnal  character- 
istic paramters  controlling  velocity  fluctuation 
amplification  and  vortex  pairing  in  circular  jets. 

Tha  experiaenta  vara  carriad  cut  for  aach  Jat  according 
to  the  following  scheme.  For  a fixed  excitation 
frequency  fp  and  probe  location  in  the  potential  core, 
the  amplitudes  of  the  different  harmonic  contents  in 
the  longitudinal  ona-dimansional  velocity  spectrea 
ware  found  out  as  a function  of  tha  exit  speed.  The 
ralatlva  exit  excitation  level  u{/Ue  wns  sat  at  a 
preselected  value,  at  a speed  that  resulted  in  the 
shaar  layer  mode  pairing;  this  level  varied  slightly 
with  tha  exit  spaed  and  was  higher  at  lower  speeds 
and  lower  at  higher  speeds.  Tha  dstailad  considera- 
tions employed  in  choosing  the  excitation  level  and 
tha  proba  locations  will  not  ba  discussed  here  because 
they  arc  not  central  to  the  results  presantad  here. 

For  a limited  ntssbar  of  cases,  similar  amplltuda 
variation  data  ware  obtained  keeping  the  exit  spaed 
and  ralatlva  excitation  level  the  same  but  varying 
tha  excitation  frequency.  This  latter  scheme  could 
not  ba  used  at  all  exit  speeds  because  slniuoldal 
surging  of  adequate  level  could  not  be  obtained  at 
appropriate  fraquancias  corresponding  to  each 
speed  Ua. 


Fig.  2a  Variations  of  tha  fundamental  (u{)  and  sub- 
harmonic (u{^2)  amplitudes  and  tha  total  rms 
turbulance  Intensity  (up)  as  a function  of 
axlt  spaad  Ua  for  tha  2.5«  cm  Jet;  fp  • 1004  Hz; 
“ac/Dac  “ 12;  C,c  - 19.0  m/sac;  proba  at 
x/D  ••  2.0  on  tha  centerline. 

Fig.  2a  shows  a typical  plot  of  tha  fundamental 
and  subharaonlc  aaiplicudas  as  a function  of  tha  exit 
speed  Ua;  tha  total  turbulence  Intensity  variation  is 
shown  for  comparison.  Nota  that  the  subharaonlc 
amplltuda  peaks  at  two  axlt  speeds.  The  total  rms 
Intensity,  being  a result  of  all  tha  harmonic  con- 
tants,  also  shews  peaks  at  these  conditions  Indicating 
that  at  thasa  two  states  the  subharmonic  component 
is  axtramaly  strong  and  tha  rms  value  of  tha  entire 
signal  is  assantially  dua  to  tha  subharmonic,  Tha 
fundamental  component  varies  much  more  monoeonlcally. 

As  wa  will  see,  whenever  pairing  occurs,  the  maasurtd 
paak  turbulence  intensity  is  mostly  dua  to  the  motions 
associated  with  the  vortax  pairing.  Thus  vary  little 
can  ba  inf erred  about  tha  Jet  sensitivity  from  the 
fundsmantal  amplltuda  variation. 
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Ft(.  2b  AapUcud*  vmrlaeioiis  of  u{,  u|/2f  uf/4  and 
vlth  axlt  spaad  Ua  foT  cha  7.62  ea  jat; 
fp  a 70  Hz;  /I7,e  • 32,  ae  U,(.  • 2.4  a/aac; 
proba  at  x/D  • 0.67  on  tha  cancarlina. 

poalclon  is  tueh  aa  to  baar  Idanclcal  gaoaaczlc 
location  aa  chat  uaad  for  tha  data  In  Fig.  2a.  Noca 
that  tha  u|/4  apactral  cooponant  haa  Its  paak  at  a 
▼alocicy  eorraapondlng  to  SCf  • O.OIl.  Aa  wa  ahall 
aaa  iacar,  tha  u{/4  cooponant  axtracca  anargy  froo 
tha  uF/2  cooponant  aa  a ratult  of  vhlch  tha  paak  of 
tha  aubhatoonle  u{/2  in  auch  a caaa  la  flactanad  out 
and  lea  aaan  no  longar  eorraaponda  to  Sta  * 0.011. 

Sota  that  tha  aacond  paak  in  Fig.  2b  eorraaponda  to 

Sqj  • 1.0. 


The  striking  feature  of  theae  no  peaks  in  all 
siallar  plots  Is  that  tha  one  on  the  left  (Mode  I) 
corresponds  to  a value  of  Stj  in  the  range  0.010  - 
0.014  while  Che  Mode  II  corresponds  to  a Sc^  value 
in  the  range  0.7S  to  1.0.  It  la  to  be  esqjhasized 
that,  these  two  paraaacers  could  be  varied  over  a 
Vida  range;  vl:.,  Sta  from  0.0001  to  0.20  and  Scq 
from  0.02  to  about  SO.O.  However,  spectral  data 
indicated  that  vortex  pairing  could  be  Induced  in 
the  Jet  only  whan  aichar  SCj  * 0.011  or  Scq  > 0.8S. 

SC9  a 0.011  haa  been  found  by  different  Invas- 
tigacors  [16,17]  to  correspond  to  the  frequency 
at  which  a given  shear  layer  is  most  unstable.  Given 
a shear  layar  without  any  particular  applied  distur- 
bance, tha  roll-up  into  vortices  tend  to  occur  at 
tha  most  unstable  mode  of  the  shear  layar  and  this 
natural  roll-up  occurs  at  a fraquancy  chat  corresponds 
CO  See  * 0.011.  This  together  with  the  fact  chat  a 
constant  Ste  Is  associated  with  tha  first  paak 
(Fig.  2a}  indicates  that  the  first  mode  Is  associated 
with  tha  Jet  exit  shear  layer  Instability  and  hanca 
tha  name  ' shear  layar  mode'.  The  second  soda  of 
vortex  pairing  (Mode  II  In  Fig.  2a),  on  tha  other 
hand,  always  occurs  at  Scq  « 0.33,  scaling  on  the  jet 
diamaccr  0 and  hanca  named  the  'jet  mode'. 

The  shear  layer  mode,  whan  StQ  is  high.  Is 
found  CO  Involve  more  chan  one  stage  of  pairing; 
tha  peak  of  the  subhazaonlc  amplitude  curve  In  such 
a casa  no  longer  corresponds  to  Stj  • 0,011.  However, 
tha  paak  of  tha  lowest  subhazmonlc  ampUcuda  variation 
in  such  a casa  corresponds  to  Sta  ■ 0.011.  This  Is 
shown  In  Fig.  2b  which  Is  a similar  plot  as  Fig.  2a 
but  for  tha  7.62  a Jet  at  fp  • 70  Hz;  the  probe 
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The  optiaum  speeds  for  the  focmacion  of  the  two 
modes  as  found  from  the  two  peaks  in  Figs.  2a,  b are 
not  artifacts  of  the  probe  locations  used.  These 
peaks  occur,  of  course  with  varying  relative  amplitudes, 
independent  of  the  location  of  Che  probe.  Fig.  2c 
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Fig.  2c  Amplitude  variation  of  u|,  u|/2,  Uf/4,  Uf^g 

and  Up  with  exit  speed  Ue  for  the  7.62  cm  jc; 
fp  ■ 70  Hz;  uJp/C.c  - 32  at  Cg  « 2.4  m/sec; 


probe  at  x/D 


on  tha  centerline. 


shows  similar  data  obtained  with  Che  probe  located 
on  the  centerline  for  the  same  flow  condition  as  for 
Fig.  2b,  but  for  probe  location  at  x/D  • 2.0  instead 
of  at  x/D  • 0.67.  The  amplitudes  of  the  different 
spectral  components  arc  plotted  as  a function  of 
exit  speed.  In  this  case  however,  a third  stage  of 
pairing  associated  with  the  shear  layer  node  occurs  * 
for  a small  range  of  valoclcles  and  the  paak  of  Che 
u{/8  cooponant  now  corresponds  to  Sta  • .0116,  while 
Che  u|/4  and  ^4/2  components  have  broader  peaks. 

The  jet  mode  does  not  show  any  successive  sub- 
harmonic beyond  tha  first  Indicating  that  either 
only  one  pairing  occurs  In  the  Jet  mode  or  chat  a 
second  pairing  occurs  so  far  doimscraam  chat  no  signifi- 
cant motion  is  induced  by  Che  pairing  process  at 
x/D  w 2.0.  It  Is  not  going  to  be  easy  to  resolve  this 
question  aa  tha  random  turbulence  bacomas  so  dominant 
after  tha  first  jet  mode  pairing  chat  any  other  stage 
of  pairing,  even  If  present,  will  ba  obscured. 

Data  (similar  to  those  In  Figs.  2a-c)  with  dif- 
ferent relative  excitation  empllc  idas  but  for  fixed 
proba  location  show  (not  prasanceJ  here)  chat  the 
Scrouhal  nvnbers  for  the  two  modes  are  the  same  as 
indicated  above  la.  Stg  ■ 0.011  and  Scrj  • 0.83,  Hoca 
chat  the  spectral  componancs.  Including  tha  fundamental, 
cannot  ba  distinguished  clearly  from  the  background 
curbulanca  aftar  3 dlamatar's  downatren.  Very  near 
tha  axle,  on  the  other  hand,  tha  subharmonic  peaks 
bacema  coo  weak  to  ba  distinguished  from  the  back- 
ground curbulanca  and  alaecronlc  nolsa. 

In  order  to  further  confirm  tha  Scrouhal  nissbars 
associated  with  the  cwo  modes  of  vortex  pairing  it  it 
desirable  to  show  the  Jet  response  for  fixed  velocielea 
but  varying  fraquanclas  of  excitation.  However,  Che 
frequencies  of  excitation,  being  determined  by  Che 
cavity  resonance  frequencies  of  tha  settling  chamber 
combination,  cannot  be  varied  continuoualy;  also, 
amplituda  of  excitation  achievable  depends  on  tha 
saccling  chas;ber  resonance  modes.  However,  for  a 
limited  ntabar  of  cases  at  ralaclvaly  lower  frequencies 
(fp)  it  was  possible  to  obtain  such  data  which  also 
shwad  Che  axlstance  of  the  cwo  modes.  Fig.  2d  shows 
tha  (7.62  cm)  Jat  response  data  as  a function  of 
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Fig.  2d  i^BpllCud*  variations  of  u;  and  u*/? 

axel cation  fraquancy  fp  for  cha  7.62  is  Jac 
at  constant  Qa  • 4.1  a/sac  for  cwo  proba 
locations:  (i)  x/D  • 0.20  and  cancarllna 
(solid  data  points)  (il)  x/D  • 0.20  and 
'J/Uc  • 0.95  point  near  cha  thaar  layar 
(opan  data  points). 

axcltacion  fraquancy  at  a fixad  spaad  Da  • 4.1  a/sac; 
cha  dathad  portion  indicates  fraquancy  range  uhara 
necessary  axle  axcitaeloo  laval  was  unatcainabls. 

A second  proba  was  placed  at  the  jet  exit  and  cha 
ralaciva  azcicacion  level  was  adjusted  to  cha  saaa 


the  second  peak  (Figs.  2a-c)  bccoaas  progressively 
broader  with  increasing  Sat)  location  of  cha  second 
peak  becomes  ambiguous  in  such  cases.  Soth  the  regions 
ccmlnaca  on  the  left  (Fig.  1)  due  co  difficulty  in 
seasuremenrs  at  low  velocities  and/or  non- aval lability 
of  vary  low  excitation  fraqucncias.  The  shaar  layar 
node  plot  is  limited  on  the  right  by  the  maxims 
spaed  available  and/or  maxims  available  excitation 
freqsncy  of  sufficient  amplituda.  Soca  that  on  a 
See  vs  Sag  plot,  while  the  shaar  layer  mode  curves 
for  the  zuo  jets  would  coincide,  the  jat  mode  curves 
for  the  cwo  jets  would  ba  apart. 

Fig.  3 also  Includes  two  coseant  freqsncy  (f^) 
lines  for  the  7.62  cm  jat.  It  la  clear  that  for 
excitation  at  f^  • 70  Hz,  as  the  Reynolds  nsber  is 
varied,  the  subharmonic  splicude  will  be  large  at 
Ret}H  • 113  and  170.  However,  at  higher  frequencies, 
for  example  at  f,  • 310  Hz,  the  jet  mode  region 
cannot  be  raached  wlch  Che  maxims  Rat)  available;  a 
plot  similar  to  Fig.  2 for  such  fp  is  charactarlzad 
by  only  one  peak  eorresponding  co  the  shaar  layar 
mode  at  See  • 0.011. 

In  order  to  further  understand  the  shear  layar 
mode,  the  downstres  spectral  evolution  in  the  shear 
layer  was  studied  with  the  probe  placed  near  the 
layer,  viz  at  a location  where  C/D^  • 0.70.  Fig.  4 
shows  the  downstres  variation  of  cha  rms  of  Che 


vals  at  each  frequency.  This  figure  covers  cwo 
experlzwnts  with  the  probe  at  cwo  transverse  loca- 
tions but  at  the  saaa  downstras  distance  frs  the 
exit  - one  at  Che  centerline  (open  data  points)  and 
the  ocher  near  Che  shear  layer  at  D/D^  ■ 0.95  (solid 
data  points).  Amplitude  variation  for  only  the 
fundamental  and  subharmonic  fTeqsnelea  are  recorded 
and  no  nocleeabla  af/i  eomponanc  could  be  discerned 
in  the  spectra.  As  is  evident,  the  subharmonic 
curves  ate  characcarlxed  by  two  distinct  peaks  - 
Che  one  on  the  right  now  represents  the  shear  layer 
mode  and  cha  ocher  the  jet  mode. 

From  several  plots  similar  to  the  ones  in  Figs, 
2a-c,  12  for  each  of  the  cwo  jets,  cha  locii  of  cha 
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Fig.  3 Conditions  for  strong  vortax  pairing  in  the 
shaar  layar  mode  and  the  jet  mode. 

shaar  layer  and  cha  jet  mode  subharmonic  peaks  are 
shown  on  a Scq  m RaQ*!  plot  in  Fig.  3.  For  the  jet 
mods,  cha  region  is  carminaced  on  the  right  because 
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Fig.  4 Spectral  evolution  dowsntresB  along  the  C/C^  • 
0.70  line  for  cha  7.62  cm  jat  at  St;  • 0.011 
(StD  - 3.77);  fp  - 308  Hz;  u«c/C,c  - 12; 

D,  w 6.22  m/see. 

total  as  well  as  of  Che  spectral  components  for  Che 
7.62  cm  jet  for  excitation  at  Stg  ■ 0.011,  Tha  exit 
velocity  and  fp  ware  chosen  such  chat  StQ  was  quite 
high  (3.77)  so  that  no  appreciable  efface  from  cha 
jac  mode  interfered  with  tha  shaar  layer  data. 

While  tha  higher  harmonic  amplitudes  show  con- 
siderable scatter  in  the  data  due  co  background 
noise,  the  u^^^,  u^^^  and  u^  spectral  components 
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exhibit  well  defined  trends.  The  higher  heraonics 
aerelv  represent  the  existence  of  a non-sinusoidel 
signal  with  the  period  of  the  fundanental  (or  sub- 
haraonlc)  and  thus  has  no  bearing  on  the  shear  layer 
vertex  scale  size  or  spacing.  The  higher  hamonlcs 
tnus  are  of  little  significance  in  our  discussion. 

Uith  Increasing  x,  the  fundanental  amplitude 
increases,  then  saturates  at  x/D  > 0.13  before 
starting  to  decay.  The  saturation  and  decay  of  the 
fundamental  is  associated  with  the  growth  of  its 
harmonics,  but  note  importantly  with  chat  of  Che 
subharmonic.  The  subhazmonlc  extracts  its  energy 
from  the  fundamental  and  the  maximum  growth  rata  of 
the  subharmonic  roughly  coincides  with  the  maximum 
decay  race  of  the  fundamental.  The  subharmonlc  grows* 
to  an  amplitude  larger  chan  Che  fundamental  due  to 
addition  of  klnaclc  energy  of  two  like  signed 
vortices,  sacuraces  further  downstream  at  x/D  > 0.30 
and  then  decays.  The  saturation  of  the  subharmonic 
generates  its  own  harmonica  and  thus  concrlbutas  to 
Uf  which,  as  a result,  exhibits  a rise  in  its 
amplitude.  The  Uf/4  component  similarly  grows  at  a 
ajximum  race  where  the  decay  race  of  u;/2  Is  maximum 
and  saturates  further  downstream  contributing  energy 
CO  both  uf  and  u{/2  components,  both  of  which  as  a 
result  exhibit  rise  in  amplitude  at  Chat  location. 

The  spectral  components  give  in  to  turbulence  after- 
wards snd  no  furthar  pairing  could  be  identified. 

^<oce  chat'  up  to  x/D  ■ 0.1  Che  total  velocity  fluctu- 
ation is  due  to  fundsmencal  only.  At  x/D  • 0.3  the 
fluctuation  is  essentially  due  to  the  subharmonic, 
which  is  stronger  chan  the  fundamental.  However, 

Che  second  subharmonlc  is  not  as  strong  because 
during  the  time  elapsed  to  reach  this  stage  transi- 
tion sacs  in. 

Figs.  2a-d  cleat ly  Indicate  that  the  msxim\m 
growth  of  Che  subhazmonlc  for  Che  shear  layer  mode 
occurs  at  Scg  ■ 0.011.  To  confirm  this,  the  scresB- 
wise  evolution  of  the  subhazmonlc  amplitude  (along 
the  D/TJg  “ 0.70  line)  is  shown  in  Fig.  5 for  a few 
Sc4  cases.  The  peak  amplitude  at  Che  subhazmonlc 
frequency  occurs  at  Sc^  ■ 0.011;  no  subharmonlc  peaks 
could  be  discerned  in  the  velocity  spectra  below 
Scg  * 0.004  and  above  Scg  ■ 0.013.  Bote  also  that 
Scg  • 0.011  produces  the  most  rapid  growth  of  Che 
subharmonic,  its  peak  occurring  nearest  to  Che 
exit.  The  second  peak  at  Scg  • 0.011  also  suggests 
chat  its  second  subhazmonlc  is  the  strongest. 

It  is  CO  be  noted  chat  Che  Scg  for  which  the 
fundamental  amplitude  grows  the  most  is  not  0.011. 
Independent  studies  of  shear  layer  instability 
[16,17]  clearly  indicate  chat  the  natural  roli-up  of 
a shear  layer  occurs  at  Scg  > .011.  It  thus  appears 
that  this  natural  instability  and  roll-up  in  an 
exlsyBBacrle  free  shear  layer  is  also  the  one  most 
’conducive  to  subharmonlc  formation. 


The  growth  of  the  subharmonlc  for  the  jet  mode 
as  a function  of  x/D  for  different  Se^’s  is  plotted 
in  Fig.  6;  for  all  the  cases  shown  here,  the  sxlc 


exclcaclon  level  was  kept . constant  at  u'  /U,^  • 3Z. 
This  figure  confirms  chat  for  the  Jet  mode,  the 
maximum  growth  of  cjid^ subharmonlc  occurs  at  SCq  • 

0.33.  The  subt^v^onlc  formation  did  not  occur  for 
eases  beloi^tg  • 0.6  and  above  SCQ  ■ 1.6.  As  will 
be  saan^eke  latter  ease  la  associated  'with  strong 
suppr^SAon  of  the  cantarllna  total  turbulence 
l^pefisltv  as  compared  to  the  non-excitad  case. 

The  fund Mental  amplitude  variation  along  the  Jet 
cancer line  as  a function  of  x/D  for  different  Scq's 
is  doctssanted  in  Fig.  7.  Maximum  growth  of  the 
fundamental  occurs  at  SCq  ■ 0.30  which  has  also  been 
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Fig.  3 Downstream  variation  of  the  subhazmonlc  smpll- 
^ tude  (uf/2)  along  the  U/C^  ■*0.70  line  at 
different  Stg  (le.  different  Ue)  for  the  7.62  cm 
jet.  fp  • 308  Hz;  uJg/Ujg  • 1*  (constant). 
vStj  - 0.004  (StD  • 1.53);  AO. 006  (2.48); 

• 0.008  (3.02);  ♦O.OU  (3.77) ; m 0.013  (4.69). 

found  by  Crow  and  Champagne  [11]  to  be  the  jet 
'preferred  mode'.  Crow  and  Champagne  [11]  also  found 
the  generation  of  a subharmonic  at  StQ  ■ 0.60.  They 
argued  that  Stp  • 0.60,  being  double  the  preferred 
mode,  was  most  susceptible  to  produce  the  (strongest) 
subhazmonlc  in  order  for  the  discuzbance  to  get  back 
to  the  preferred  mode.  The  pairing  phenomenon  being 
nonlinear,  such  an  argument,  applicable  to  e linear 
system,  appears  unjustified.  Current  data  show  that 
Che  growth  of  the  subharmonic  reaches  its  aaximimi 
at  Stg  • 0.83  which  is  not  the  first  (or  any)  har- 
monic of  Scq  • 0.30.  The  fundamental  amplitude  for 
Che  cases  associated  with  vortex  pairing  eg.  Stp  • 0.83, 
1.0  etc  exhibit  oscillations  similar  to  Che  shear 
layer  mode  as  explained  in  connection  with  Fig.  4. 
however,  the  near-exit  drop  in  the  fundsmencal  smpll- 
tude  (see  ref.  [3])  at  x/D  « 0.12  remains  unexplained. 
Note  that  the  fundssiencal  at  Stj)  • 1.6  shows  monoconic 
decrease  with  Increeslng  x. 

The  downstream  veriaclon  of  the  total  longitudinal 
turbulence  intensity  on  the  centerline  for  the  7.62  cm 
jet  are  shown  for  different  Scq's  in  Fig.  8.  The 
total  amplitude  roughly  follows  the  amplitude  of  the 
-skgesc  spectral  component  at  any  point  but  becomes 
nigher  chan  any  one  of  them  further  downstream  where 
onset  of  turbulence  occurs.  Note  that  although 
Scg  ■ 0.30  shows  large  amplitude  (up)  growth  and  is 
considered  to  be  the  preferred  node,  the  growth  of 
Che  subhazmonlc  at  Scq  ■ 0,83  results  in  conparable 
or  even  higher  amplitude  for  the  total  fluctuation 
intensity.  Stg  • 1.6  shows  a suppression  of  the 
cancerline  fjrbulence  intensity,  even  below  the 
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?lS.  6 Subhaxaonlc  npllcud*  variation  with  x/0  along 
eha  jac  cancarilna  at  dittaraae  Sen's  for  ehs 
7.62  sa  jat.  u^c''’^ae  * (conacant) ; a Scx>  • 
0.85  (Sts  • 0.0025),  Ran  - 32,000:0  Sep  - 1.0 
(Stj  • .0026),  Rao  • 43,000;  aSCo  -1.6  (Ste  • 
0.0041),  Raj)  ■ 43,000;  A SCq  • 0.60  (See  * 
0.0016),  Rag  - 41,600. 


non-axcltad  caaa.  Tha  suppraaalon  affact  raportad 
pravloualy  [5]  la  atill  unaxplalaad.  Racant  data 
Indleata  chat  ehla  auppraaalon  affaec  la  dapandanc 
on  Rag.  Vlaaov  and  Slnavakir  [14]  raportad  tup- 
praaalon  at  Scg  ■ 2.75  but  provldad  no  axplanaclon. 
Thla  point  conaeieueaa  a topic  of  our  continuing 
raaaarcb  in  ehla  flald. 

Tha  atraaaarlaa  apaceral  avolutlon  for  tha  Jac 
aoda  (7.62  ea  Jac)  at  Scq  • 0.85  la  ahown  In  Tig.  9. 
Noca  chat  inadlacaly  downacraoi  froa  eha  azlt,  tha 
algnal  la  dua  to  tha  fundaaancal  cosponanc  which 
aacurataa  dua  to  tha  growth  of  eha  aubhanonlc  through 
pairing.  Fairing  producaa  an  Intanalflcaclon  of  eha 
Inducad  valoclty  and  eha  aubhanonlc  groan  and 
raachan  a aaalaia  at  x/0  ■ 2h  bafora  aacuraelon.  In 
ehla  raglon  eha  total  algnal  la  anaantlally  dua  co 
eha  aubhanonlc.  Saturation  of  eha  aubhaxMnlc 
conerlbucaa  partially  eo  coaponant  which  aa  a 
raaulc  ahowa  a rlaa  again.  Tha  dlaeuaalon  hara 
aaaanelally  follown  chat  In  eonnaceion  with  Fig.  4. 

Fig.  10  docuaanta  only  eha  aubhaxmnlc  avolutlon 
at  Scq  • 0.85  along  eha  Jat  cantarllna  for  ehraa 
dlffarant  caaaa:  (1)  for  eha  7.62  n Jat  with 
laalnar  axle  boundary  layar  whan  See  * .0025,  (11) 
saaa  condition  aa  In  (1)  axcapt  that  eha  axle 
boundary  layar  waa  erlppad  eo  oaka  It  curbulant  [saa 
raf.  5 for  dacalla],  (111)  for  eha  2.54  aa  Jac  at 
Seo  • 0.85  but  Ste  * 0.0106.  Tha  aubhanonlc  evolu- 
tion for  ehaaa  ehraa  caaaa  ara  aaaanelally  Idanclcal. 
Xoea  chat  caaa  (11)  allnlnacaa  ahaar  layar  aerueeura 
and  chua  eha  affaec  of  eha  ahaar  layar  aoda  on  eha 
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Fig.  7 Fundaaancal  opllcuda  variation  along  eha  can- 
tarlina  of  eha  7.62  ca  Jac  at  dlffarant  SCq. 
uac/^'ac  * (conacant).  Tha  dlffarant  paraaa- 
erlc  valuaa  for  each  caaa  In  eha  ordar,  Scq  (See), 
fp,  Ra^,  ara  aa  followa: v o.25(.0006) , 32  Ha, 
10,000;  ♦ 0.30(. 00078),  32  Ha,  41,600;v0.35 
(.00091),  37  Hz,  41,600:«0.42S(.0011),  43  Hz, 
41,600;  A 0.60(. 0016),  64  Hz,  41,600;  0 0.85 
(.0025),  70  Hz,  32,000:0  1.0(. 0026),  110  Hz, 
43,000;  ■ 1.6(. 0041),  174  Hz.  42.800. 

Jat  aoda.  On  eha  oeharhand,  caaa  (ill)  waa  choaan 
auch  chat  both  eha  ahaar  layar  aoda  and  eha  Jat  aoda 
would  occur  siauleanaoualy. 

Figure  10  chua  auggaaca  that  eha  Jae  aoda  la 
Indapandanc  of  eha  ihaar  layar  charaecarlatica,  and 
Chat  eha  jat  aoda  la  Indapandanc  of  eha  ahaar  layar 
aoda.  Tha  Jat  aoda  la  nalehar  a legacy  of  eha  ahaar 
layar  mode  aa  coaacnly  aaaiaaad  nor  doea  tha  ahaar  layer 
mode  affect  eha  Jac  aoda  In  any  slgnlfleanc  aannar. 

It  chua  aaaoa  chat  the  vortex  pairing  occurring  ae 
SCq  ■ 0.85  la  not  initiated  or  govemad  by  eha 
Initial  ahaar  layar  Inacablllty. 

Coneludlg{_RaBarlu 

Voreax  pairing  In  circular  Jaca  can  occur  la  two 
dlatlnct  Bodaa:  eha  ahaar  layer  node  and  eha  Jat 
mode.  The  shear  layer  aoda  la  aaaoclacad  with  the 
exit  ahaar  layar  Inatabllley  aachanlaa  and  eha 
serongeac  pairing  occurs  whan  the  excitation  frequency 
aatchaa  the  natural  roll-up  frequency.  Serouhal 
niabar  baaed  on  axle  boundary  layar  aoaiantia  chlcknaas 
9 for  ehla  aoda  of  vortax  pairing  la  found  to  ba 
St;  a 0.011.  In  tha  Jat  node  of  vortax  pairing,  eha 
phanoaanon  aealaa  on  eha  Jac  dlaaeear  and  ooac 
pronouncad  pairing  occurs  at  Sc^  ■ 0.85.  Tha 
velocity  fluctuation  latensley  In  the  near  field  of 
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Fig.  8 Varlacion  of  cha  cocal  longitudinal  curbulanca 
iactnslty  along  cha  cancarllna  of  cha  7.62  an 
jac  at  dlffarant  Scg.  u4c/U«e  • 32;  ochar 
paranaeric  valuas  aasociacad  with  aach  Stg  ara 
cha  sama  as  indicacad  in  Fig.  7.  Rag  ■ 41,600 
for  cha  unpulaacad  casa  (Scg  ■ 0.0). 


Fig.  9 Aaplicuda  variation  along  cha  cancarllna  of 
cha  dlffarant  haisonic  cooponanea  in  cha 
u-algnal  of  cha  7.62  ai  Jac  ac  Scg  • 0.3S 
(St*  - 0.0025);  f-  • 70  Hr;  Rag  - 32,000; 
uJe/Ca^  - 32. 


Fig.  10  Tha  variation  of  cha  subhacaonlc  (u;/2)  aapli- 
cuda  along  cha  jac  cancarllna  ac  SCg  ■ 0.85 
for  chraa  casat:  (i)«SCg  • 0.85,  Sca  • ,0025, 
Rag  ~ 32,000,  fp  • 70  Kz  for  cha  7.62  a jac; 
(11)  ■ aaae  conditions  as  la  (1)  axcapt  chat 
axle  boundary  layar  is  oada  turbulanc  by 
tripping:  (ill) n Sen  • 0.35,  Sta  • .0107, 

Rag  • 8,900,  fp  ■ 1/4  Hz  for  tha  2.54  ca  jac. 

a round  jac  raach  ralaclva  aaxlaa  whan  it  undargoas 
vortax  pairing  In  alchar  of  cha  two  aodas. 

Whan  axclcad  ac  cha  shaar  layar  ooda,  and  whan 
cha  corraspondlng  SCg  Is  ralaclvaly  high,  cha  vortax 
rings  rollad  up  shortly  dovnstrssD  froa  cha  axle  Is 
found  CO  undargo  oora  chan  ona  stags  of  pairing.  It 
Is  plauslbls.  In  llna  of  laufar  and  Browsnd's  [1], 
argumanc  chat  cha  Indapandanca  froo  cha  Initial  langch 
seals  (6)  and  dapandance  on  cha  jac  dlamatar  (0)  as 
langch  seals  furchar  downscraax  may  ba  achlavad 
through  suecasslva  scagas  of  vortax  pairing.  Houavar, 
as  our  data  Indicate,  cha  jet  nods  of  axclcaclon  can 
also  Inlclaca  and  govern  cha  downscraas  eoharanc 
structures  In  a round  jac.  Although  cha  Instablllcy 
naehanlsa  Involvdd  In  cha  jac  mods  is  not  yat  wall- 
undarstood,  orderly  structures  sealing  on  the  dlamatar 
of  cha  jat  saaa  co  form  In  cha  near  field  vlehouc 
being  Influancad  by  cha  shaar  layar  Instablllcy. 
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ABSTRACT 

Tha  afface.  of  cha  laaiaar/curbolaae  boundary 
layar  atata  on  tha  naan  and  taa  valeeltlaa  of  a da- 
valoplsg  plana  »■<»< »g  layati  haa  baan  Invaacigacad. 

Tha  aaxlsun  Cx/v  allowad  by  tha  facility  uaa  6.7  x 10^; 
tha  aaxima  x ttation  aucvayad  eocraaponda  to  approxi- 
mataly  2000  and  700  initial  aoMntua  tbidcnaaaaa  foe 
tha  and  turbolant  caaaa  caapaetivaly.  Tha  uaa 

of  coaaonly  aceaptad  noB-dlaMaaional  capraaancationa 
of  tha  data  eanfiCB  (at  laaac)  an  approxlaataly  aalf- 
praaacTing  condition.  Thay  alao  auggaat  that  tha  af- 
facta  of  tha  laiaac/coxbulant  initial  condition  par- 
aiat  in  tha  aalf-praaarving  ragion.  A diract  conpari- 
aon  of  tha  data  raaaala  that  tha  pacaiatanca  ao  ob- 
aarvad  ia  iUuaosy.  An  intarprataeion  of  tha  raaaon 
for  thia  aiaundaratandlng  ia  advancad. 


SOMENCUTnXE 


Synbol 


E 

=0*^" 

I 

LBL 


P 

q 

*•»  "-X 

S.P.,  St 


s.o. 


TBL 


▼ . w 


i)  eonponant  of  q 

ii)  nagnitnda  of  tha  valoeity  vaeeor  in 
tha  xyplana  V*"(u^*r^) 


a.y.* 

X 

o 

7(r) 


longitudinal, lataral, and  apan  viaa  pocition 
coord ina taa 

apparent  origin  (dafinad  for  tha  apaeifiad 
width  naaaura)  of  tha  mixing  layar 
y location  at  which  u/O  ~ r 
boundary  layar,  diaplacanant,  and  momantum 
thicknaaaaa 

vorticity  thicknaaa  * (C,-U,)/{(30/Sy)  at 
y(0.5)}  ^ “ 

Cortlar  conatant:  u/C  ■ arf{ o.(y-y(0.3))/ 

(x-x^)) 

atandard  daviatlon  of  Ganaaian  diatribueion 

my  B,  C ia  argwant  of  atandard  Cauaaian: 

aaan  ■ 0,  o >1 
P 


Supar  and  aub  acripta 
(”)  (*)  taaporal  avaraaa  and  r.n.a.  of  f ) 


Dafinition 

paranatar  uaad  in  tranafomation  of 
laboratory  to  atandard  Ganaaian  coordi- 

nataa,  aaa  (t) 

Bot-vira  veltaga 

eoafficianta  in  tha  hot-wlra  raaponaa 
aquation  (1) 

boundary  layar  ahapa  paraaatar 

tha  caaa  for  which  tha  boundary  layar  at 
X > 0 la  lanlnar 

paraaatar  uaad  in  tranaforaatlon  of 
laboratory  to  atandard  Gauaalan  coordi- 
nataa,  aaa  Tabla  2 for  n^  whara  1>1, ....4 
atatic  praaaura 

■aaa  waloeicy  waetor  ia  tha  undiaturbad 
(acraaaiag)  fluid 

teynolda  ntaabara  baaad  upon  t and  x 

doaignaelon  of  nixing  layar  froa  aplittar 
Plata  (S.P.)  aad  backunrd  facing  atap  (Sc) 
acaadard  dawiation  dafinad  for  Ganaaian 
fit  CO  a/U  data, aaa  Tabla  2 for  S0^,i-1..4 
tha  caaa  for  which  tha  boundary  layer  at 
X ■ 0 ia  turbulant 

roloeley  coaponanta  la  cha  mixing  layar 
wall  ahaar  tcraaa  voloelcy  (T^/a)^'^ 

i)  conponane  of  q 

ii)  rafaranea  yaloclcy  for  aixiag  layar 

Sc  lla  u(x,y)-m;  S.P.  11a  o(x,y)-<!i,n2 


( ). 


initial  condition  of  ( ) ; ( ) at  x 


IHTRODCCIION 

Plana  aixina  lavara.  Tha  plana  mixing  layar  ia  a 
eoaparacivaly  tiapla,  yac  cachnologically  laportanc 
turbulant  flow  fiald.  Tha  llcaracura  on  it  ia  cerrai- 
pondingly  waac.  Tha  racanc  Idonclficatlon  of  largo 
acale,  eoharanc  aociona  la  cha  layar  (p,  (2),  aad  tha 
racog^cion  chat  chaaa  ara  poaalbly  the  eoncroUlag 
agonta  for  lea  growth,  baa  ralarlgoracad  tha  lataraat 
la  thia  flow.  Tha  taehaological  laportanca  of  cha 
plana  aiming  layar  for  aarodynaalc  aad  chaaically 
raactiag  flowa  ia  aada  apparonc  ia  tha  raporta  of 
apaclaliat'a  eonfaraacaa  on  the  raapaeclwo  aubjacca  (2). 
(4).  Tha  latter  eontalna  an  oxcaaalwo  rarlaw  aad  In- 
tarpratatlon  of  tha  awailabla  llcaracura  (on  plana 
aixiag  layara)  by  Hurchy  (i)  • 

Tha  phanoaaaa  of  aolf-praaerracion  ia  of  particu- 
lar iateraat  for  cha  preaant  atudy:  the  daflalag  ra- 
aarka  by  Townaand  (2.  P>  169)  ara  uaaful  for  the 
clarification  of  ita  moaning  aad  for  latar  rafaranea. 
”Tho  priacipla,  aa  diatlaee  froa  the  aaauaptlon. 
of  aalf-praaarvaelon  aaaarta  that  a aowiag  aquiU- 
brlua  ia  aat  up  la  which  cha  eondltiona  at  the 
laieiation  of  the  flow  ara  largely  Irralavaae, 
aad  so  cha  flow  dapanda  on  one  or  ewe  slxpla  para- 
■etara  aad  is  geoaatrleally  similar  at  all  sac- 
eioaa." 

Two  ganaral  elaasaa  of  plana  aixiag  (or  frao  shaar) 
layers  can  ba  idaatifiad.  Birch  aad  Eggars  (.2) 
to  chaaa  aa:  (i)  layers  which  ara  eraaeed  froa  a split- 
tar  Plata  (S.P.)  with  uaahaared  walociclas  <Ii  and  Cj, 
and  (11)  layers  which  fora  downseraaa  of  a backward 
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facing  step  (Sc.)  and  lUTolvt  a singlt  stream  which 
sneers  a "quiascane"  ambient  fluid.  For  (1).  a- 
"slmpla  paramacar''  would  ba  a raprasancaclon  of  tha 
valoclty  ratio  such  as  (ni-U2)/(Ci+C2) . Suparficlally , 
casa  St  may  ba  dascribed  as  the  limiting  condition  of 
casa  S.?.  whara  Uj  0.  Howavar,  thair  ancralamanc 
procaasas  can  ba  espaccad  to  ba  quica  diffaranc. 

The  lack  of  an  Intrinsic  length  scale  'or  the 
plane  alzing  layer  means  that  an  extrinisic  scale, 
such  aa  must  ba  used  to  characterize  tha  relative 
magnleude  of  tha  doxmstraam  distance.  Bradshav  (£) 
has  explicitly  exasiined  such  a depandenca  in 
the  axismoaeric  mixing  layer  downstream  of  a 5 cm 
dlamacar  jet  oriflca.  Bradshav  Idantifiad  quantitative 
requirements  for  the  davalopmant  length  which  is 
necessary  to  achieve  a self-preserving  flow;  ha  has 
also  cautlonad*  against  Che  misuse  of  thasa  criteria. 
From  the  defining  ramarks  regarding  salf-presarvacion 
and  from  tha  recognition  chat  and  9^  are  the 

available  length  sealaa  to  characcariza  tha  plane 
mixing  layar,  one  could  expect  that  the  sole  affect  of 
the  initial  (x  • 0)  conditions  would  ba  to  alter  the 
development  length  to  achlave  salf-praservation. 

Uygnanaki  and  Fiedler  (7)  undertook  a comprehen- 
sive investigation  of  a plane  mixing  layer  In  order  to 
extend  the  data  base,  by  including  conditionally 
sampled  measurements,  beyond  chat  provided  by  the 
earlier  and, widely  accepted  results  of  Llapmann  and 
Laufer  (^) . Surprisingly,  and  strikingly  given  the 
above  considerations,  the  two  studies  showed  pronounced 
differences  in  even  the  simplest  measure  of  the  flow 
. . . the  spreading  rate  of  the  mean  velocity  dlstrl- 
btttlons  in  the  "asympcoclc”  region.  Tha  inference  was 
made  that  the  asymptotic  region  was  influenced  by  the 
conditions  at  the  origin  of  the  shear  layer I 

This  possibility,  and  the  desire  to  evaluate  it 
by  comperativa  measurements  in  tha  same  (!)  flow  sys- 
tem provided  the  mocivation  for  both  tha  present  in- 
vestigation and  chat  of  Batt  (jj . Batt  used  a flow 
system  which  allowed  the  shear  layer  growth  in  the 
tripped  and  tsitrippad  S.P.  and  St  configurations  to  ba 
evaluated.  The  trip  wire  la  Beet's  experiment  £ro- 
vldad  a "disnirbed"  max.  ■ 12Z)  laminar  (u/U4 

7^Sj  ia'’idaacleal"vith  that  of  the  Blasius  solution) 
bounds^  layer  at  x ••  0.  Bis  results  confirm  chat  a 
tesidiiel  efface  of  the  boundary  layer  state  is  present 
la  the  (apparently)  asymptotic  region  as  defined  by 
the  lottgieudiaal  independence  of  the  normalized  u and 
ii  dlserlburions . A similarly  aerlvaead  lavesrigaeion 
has  quite  recently  been  executed  by  Brovand  (10)  in  a 
two  aeream  nixing  layer  (Og/Bj-O.IB) . The  effect  of 
the  laielal  condition  was  seen  to  persist  over  the 
raaga  of  his  aeasurenaars.  For  0<z/9^<SOO  the  growth 
rate  of  the  UL  condition  was  larier  than  that  for  a 
turbolenr  boundary  layer  at  x-0.  For  X/82.BSOO  the 
growth  rata  of  the  T.B.L.  condition  was  obtervod  to 
approach  that  of  tha  UL  condition. 

Chaapegna  at.  al.  (11)  and  Oiaotakis  and  Brown(12) 
have  advanced  incarprecatlons  of  the  persiacent  initial 
condition  effects.  A partial  summary  of  their  obser- 
vations suggests  chat:  (1)  nen-uaivarsal,  self  pre- 
serving states  may  exist  in  which  Che  initial  condition 
affects  Che  asympcocle  state  (11)  or  (il)  the  approach 
CO  the  asyspcotie  scaca  may  ba  extremely  slow  and  chat 
tha  apparent  asymptotic  scacas  observed  in  laboratory 
flows  are  merely  in  tha  (slowly  varying)  intermediate 
stage  of  chair  devalepmant  (12).  They  cite,  aa  a 

reason  for  this,  thar  the  growth  rate  (e.g.,  d«  /dx)  is 

u 

•See  the  discussion  on  p.  39  of  (2).  Bradshav  notes 
chat  the  required  diatanca  for  the  devaloplng  region, 
la  terms  of  9,  units  and  the  requlramancs  nay  be 
sanaldve  to  (B6,/u). 
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possibly  a function  of  the  voccicicy  distribution  with- 
in the  shear  layer  and  since  this  distribution  can  be 
expected  to  change  slowly,  the  approach  to  the  final 
growth  race  is  correspondingly  gradual.  Champagne,  ec. 
al.  (11)  observe  chat  the  good  agreesent  between  their 
results  and  chose  of  Patel  (13)  are  encouraging  in  the 
search  for  the  universal,  asymptotic,  shear  layer. 

These  introductory  remarks  are  a condensed  version  of 
those  prepared  for  a 21ASA  report  (Foss  (11) ) . The 
reader  is  referred  to  this  writing  for  a aore  complete 
susmary  of  the  extant  literature  and  the  present  data. 

THE  PHESENT  HWESTIGATIOS 

The  objectives  of  the  present  study  may  be 
readily  formulated  given  the  above  considerations. 

Its  principle  objective  is  to  provide  sufficient 
measurements,  of  the  spatial  distributions  for  the 
first  and  second  moments  of  the  velocity  in  the  de- 
veloping region  of  a plane  shear  layer,  chat  the  in- 
fluence of  the  laminar/ turbulent  initial  boundary 
layer  states  can  be  assessed.  The  need  for  this  study 
is  implicit  from  an  assessment  of  the  previous  in- 
vestigations: there  has  been  no  direct  comparison  of 
Che  shear  layers  which  result  from  the  laminar/cur- 
bulent  initial  boundary  layer  conditions  (in  the  same 
apparatus)  for  the  St  configruacion.  (It  can  be 
added  chat  aeasuremencs  beyond  the  region  of  rapid 
development  were  desired  but  chat  the  above  noted 
cautions  regarding  a "universal  asymptotic  state"  ace 
responsible  for  the  stated  interest  in  the  developing 
region.  Secondary  purposes  are:  (i)  to  provide  a 
data  base  with  appropriate  documencatlon  chet  can 
serve  as  a test  case  for  calculation  methods*  and  (ii) 
CO  provide  the  basis  for  further  studies  which  will 
seek  CO  establish  the  governing  phenomena  which  are 
responsible  for  the  (presently)  observed  behavior  of 
the  time  mean  flow  field. 

EXPERIMESTAL  FACIUTT 


A schematic  repcesencaclon  of  the  experimental 
facility  which  is  capable  of  providing  a laminar  or 
turbulent  boundary  layer  at  the  Initiation  of  the 
shear  layer  is  shown  In  Figure  1.  A large  centrifu- 
gal fan  (outlet  die  ■ AOcm)  is  used  to  pressurize  the 
100  X ISOcm  plenxsB  chamber  which  supplies  air  to  the 
symmetrical  contraction.  The  final  flow  control  ele- 
ments (straw-honeycomb  and  30  mesh  screen)  result  is 
a free  scream  fluctuation  intensity  of  0.2Z  at  x ■ 0 
for  a flow  velocity  of  lS.3nps.  The  fluctuations  in 
the  y and  z directions  are  undoubtedly  greater;  they 
ware  not  measured.  Aa  LTST  sensor  monitored  the  posi- 
tion of  the  probe  over  the  range  -fFBm  with  a resolu- 
tion of  4.038B. 

The'laminar/ turbulent  boundary  layer  state  was 
controlled  by  the  suetion/blowlng  condition  of  the  dis- 
crete, rectangular  (11  x ZSos)  openings  above  the  gap 
created  by  the  end  of  the  coocractlon  and  the  leading 
edge  of  Che  smooch  boundary  layer  place.  The  details 
of  this  configuration  are  shown  in  Figure  2.  The  1.8am 
vertical  displacesMnt  and  the  10a  gap  length  vara  se- 
lected after  a crial-and-error  search  for  the  minima 
disturbances  (at  x • 0)  for  the  laminar  boundary  layer 
(L.S.L.).  A negative  pressure  of  [-0.9Spc|/21,  simi- 
larly determined,  was  maintained  in  the  super  plana 
for  Che  L.B.L.  condition.  A positive  pressure  of 
(O.loDj/21  was  required  to  gain  a fully  turbulent  boun- 
dary layer  for  all  z locations.  It  la  noceworchy  that 

*Tha  results  of  tha  measurements  are  available  on  ISM 
cards  in  a Fortran  compatible  format.  They  are  avail- 
able, at  cost,  upon  request. 
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the  dlacraea  saeclont  and  tubing  connactions  vara  both 
nacaaaary  and  sufflcianc  to  gain  a spanvlsa  indapan- 
dant  auction/blowing  ayscam.  Tha  Initial  attaept  at 
boundary  layar  control  with  a aisilar  configuration, 
viz.,  a aispla  gap  opaning  into  a planus,  producad 
both  a Halsholtz  rasonant  fraquancy  (not  obaarvad  in 
tha  prasant  data)  and  a lasinaz  boundary  layar  only 
ovar  a abort  cantral  apan  of  tha  ahaar  layar. 


DATA  ACQUZStnOS  ASS  SIOIAL  PSOCSSSINC 

Tha  tlaa  naan  and  r.a.a.  valuas  of  tha  Taloeity, 
vhieh  ara  pzasantad  ia  tha  raaulta  aaetion,  hava  baan 
obtalnad  uatng  a tlngla  hec-^ra  preba  aat  parallal  to 
tha  z-diraetien.  Tha  proba  eonfiguracioa  (Disa  55 
T 11}  is  aoMwhat  aanaitlva  to  pitch  affacta;  howavar, 
tha  aaxlw  arror  la  apprenlaacaly  5Z  (at  90  dagraaa) , 
taa  <^ea->alloc,  at.  al.,  (13)  vfaleh  la  eonaldarad  to 
ba  tatlafaecory  eonatdaring  tha  objaetlvaa  of  tha  pra- 
aant  aendy. 

Tha  callbraclon  of  tha  hec-«lra  uaa  aeeosplishad 
la  tha  fraa  ttraaa  of  tha  flow  froa  tha  aaia  plaaia. 

Tha  total  praaanm  «aa  aaaauzad  with  a eapacltiva 
prassnra  traaadnear  (Dackar  308-3);  tha  tranaduear 
llaaarlty  apaelfleationa  tad  tha  T.p>i  ralatloaahip 
coablaa  to  ylald  aa  accuracy  of  y^.lSiVa  for 
3iV«17Bpa.  Tha  bridge  voltaga  of~the  hot-wire  aaeao- 
aatar  (T.S.I.  1034-a)  waa  coadltioaad  by  a lOKhz  low 
paaa  filter  aad  a 2 volt  auppraaaioa  la  order  to 
alialaate  a aubataatlal  portion  of  the  (high  fraquancy) 
anaaoaatar-nelsa  aad  to  raduca  the  dynasle  range  (C-2 
vt  0-A  Tolta)  for  tha  aubaaquaat  A/B  convaraion.  Tha 
^■aidual  aad  aapllfiad  aaaaoaatar  noiaa  ia  nominally 
3av;  aa  auch  it  will,  at  moat,  effect  tha  l.s.b.  of 
tha  5av  raeolution  A/C  eonvartar.  Aa  on*llaa  T.I. 

960a  niaiconputar  waa  uaad  to  craata  and  a tore  an  an- 
aambla  average  of  tha  tasplea  collected  over  tha 


specified  tiaa  period.  Tha  calibration  data  ware 
foraad  from  10*  siaultanaous  saitplea  of  the  hot-wlra 
and  pressure  transducer  voltages  at  a given  flcv  spaed. 
These  values  ware  averaged  and  12-15  such  data  pairs 
vara  uaad  to  evaluate  tha  constants  E^,  E aad  c in  tha 
azpraasion  ° 

E*  • E*  + KV”  (1) 

o 

A constant  value  of  the  exponent  n is  supported  by  the 
rastilts  of  Brunn  (.16)  for  tha  range  3fV<2CBps  of  in- 
tareat  in  this  work.  Tha  standard  deviation  of  the 
calibration  data  was  typically  O.OBcps.  (It  is  assusad 
for  this  calculation  that  tha  hot-vira  voltage  oaasura- 
aant  and  aquation  1 ara  precisely  correct.) 

Tha  L.B.L.  flow  field  data  vara  processed  with 
the  same  routine;  the  hot-vlre  voltage  was  saspled 
and  averaged  for  10  seconds  at  each  location  of  the 
traverse.  In  addition,  an  r.m.s.  voltmatar  (Bisa  55 
035)  was  used  to  convart  the  voltage  fluctuations  into 
an  analog  voltage  which  waa  proportional  to  ( of  tha 
original  signal.  This  analog  voltaga  waa  recorded, 
along  with  the  LVBT  output  signal,  and  tha  three 
average  values  ware  scored  for  further  processing. 

Tha  10  second  averaging  cista  appeared  to  give  satis- 
factory results  and  it  was  anticipated  chat  a large 
ntSDber  of  (statistically  Indapandanc)  samples  across 
the  physical  traverse  would  provide  acceptable  data. 
This  waa  subaaquancly  confirmed  as  regards  the  general 
trends  of  the  velocity  field  behavior;  however,  da- 
callad  consideration  of  the  growth  characcariscics  of 
the  layar  were  later  inferred  to  require  both  longer 
sampling  times  and  mora  spatial  locations.  The  ac- 
quisition software  was  altered  to  allow  an  arbitrary 
sampling  period  aad  the  TBL  results  ware  collected  for 
60  second  time  periods. 

Tha  r.m.s.  velocity  fluctuation  u was  calculated  . 
from  the  swasured  a by  the  relationship: 

i - a<(dV/dS)>  (I) 

whara  <(dV/dE}>  is  avaluacad  from  (1)  at  tha  ansemfala 
average  <E>  value.  Tha  maximum  arror  resulting  from 
tha  cons cant  slope  assumption  in  this  calculation  is 
ascimatad  by  comparing  u with  tha  average  magnitude 
of  [V(E  t a)  - V(E)]  for  the  largest  a<(dV/dE)»  valuas 
of  tha  final  data  sac.  A repraaancaciva  value  for  tha 
arror  is  0.82  for  the  x ■ 50!am  cravarse  with  the 
turbulent  boundary  layer  initial  condition.  Tha 
fluctuating  velocity  is,  of  course.  Influenced  by 
tha  transverse  (v)  component  and  tha  second  ordar 
effects  of  u.  A considaration  of  these  higher  order 
affects  readily  shows  that  the  Incarpracation  of  tha 
mean  aad  r.m.s.  voltages  is  both  ambiguous  and  quits 
cemplax.  So  higher  ordar  corrections  wars  made. 

USCLTS 

Boundary  layer  Survey 

Valocley  trsvarsas  at  selected  spaa  visa  locations 
wore  used  to  document  tha  boundary  layer  at  x ■ -Zam. 
These  data  are  to  characterize  the  initial  condition 
for  tha  shear  layer.  A zero  y position  was  inferred 
from  the  a(y)  data  and  aa  integration  routine  was  used 
to  evaluate  aad  6 for  each  traverse.  The  composite 
results  are  presented  in  Table  1. 

A vary  substantial  effort  was  required  to  cen- 
plecaly  eliminate  the  presaace  of  turbulent  bursts  for 
Che  LBL  eoadiclon.  Tha  problem  was  localized  near  7^2 
and  58ea;  lacerasclagly,  z-50ea  was  a region  of  very 
little  disturbance.  The  problaa  was  traced  to  slight 
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la  :h*  surfac*  aed  was  cocerollad  in 
chat  a conplacalT  lasiaat  scats  exiscad  for  chs  LBX. 
caas.  Hovavar,  tha  lasinar  boundary  layar  ac  c^2ca 
was  secongly  disturbad  with  an  r.a.s.  fluecuaeion 
lawol  hlghac  chan  chat  of  cha  tucbulanc  boundary  layac. 
Tha  iluccuacloos  of  cha  LSL  casa  wars  quits  diffaranc 
froa  tha  (spacccaUy  rich)  fluctuations  of  tha  TSL 
casa;  oseHlograph  cracaa  of  cha  two  casss  are  pra- 
sanced  in  Figure  3. 


Table  1. 

Sumaary  of 

Botmdary  Layar  Data 

z 

C(Bpa) 

{(a) 

9(aa)xl0^ 

6^/e 

R.xl0* 

9 

a /C 
max 

LBL:  20 

18.3 

1.9 

2.6 

1.9 

0.34 

4.1 

42 

13.3 

2.4 

3.0 

1.9 

0.39 

11.4 

50 

18.2 

1.9 

2.7 

2.2 

0.36 

3.4 

58 

18.3 

2.2 

3.1 

2.3 

0.40 

6.8 

71 

13.3 

2.1 

2.3 

2.4 

0.37 

3.3 

36 

18.3 

2.2 

2.9 

2.3 

0.37 

6.1 

TBL:  42 

18.4 

10.0 

10 

1.3 

1.4 

9.7 

50 

18.4 

6.5 

6.6 

1.5 

0.9 

9.7 

58 

18.4 

3.6 

9.0 

1.4 

1.2 

8.9 

71 

18.4 

7.5 

8.1 

1.5 

1.1 

9.8 

the 

shear 

Layer  data  ware  taken  ac 

tha  location 

of  tha  ainimuB  disturbance  condition,  z«71ea.  Tha 
spaeifle  boundary  layer  conditions  at  this  z location 
are  praaancad  la  Figures  4 and  S.  Close  agraaaaac  ba- 
cwaen  tha  prasent  and  tha  "standard"  turbulent  boun^ 
dary  layar.  Colas  (17) . la  aeldant.  (u^  was  araluatad 
froa  tha  tbraa  "vall-lav"  points  as  plottad  on  a 
Clauaar  plot  (18) . u^-0.85aps.)  tha  UL/Blaslus 

solution  comparison  auggasts  that  tha  suction  sehama 
casulca  in  a distortad  prefila  [u^dj/w] (peasant)  > 
[Ufdj/v} (Blaslus).  Figure  6 prasants  tha  Q/U  data  for 
tha  LSI,  and  TBL  easaa. 


Fig.  3.  OseiUograph  traeaa  of  S(e)  at  u/C>0.3, 
z^.  (Amplitxida  la  arbitrary  and  conacanc  for 
all  traeaa.) 
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Fig.  6.  O/U  vs  y/d  for  LIL  and  TSL 
e ^ easaa  , z«71ea 
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traverse  Is  seen  to  be 


The  composite  aaan  and  r.a.a.  valuea  of  the  veXo- 
citT  ace  preeanted  in  Figures  7 and  3.  The  norsallza- 
tloB  of  the  y diaansion,  viz.  [T-y(.i)]/x,  la  used  to 
provide  a compact  preaancacioa;  the  self-siallar 
character  of  these  data  is  considered  in  the  next 
section.  The  xazisua  z Location  surveyed  «as  x>50.8cm; 
this  Location  ia  the  farthest  dovnstreaa  Location  foe 
which  the  infrequent  tuebuLant  signeLs,  occurring  at 
▼■Sea.  could  be  reLlebLy  traced  to  either  the  shear 
Layer  or  the  Lower  pLats  botmdery  Layer.  Bence,  be- 
yond this  Location,  the  sheer  fieLds  of  the  two  stceama 
interact.  The  two  streams  interact  much  farther  up- 
stream in  carma  of  the  pressure  fLuctuationa  induced 
by  their  irrsguLar  boundaries.  These  fluctuations  are 
observable  as  vary  low  frequency,  but  substantial  am- 
plitude u fluctuations  in  the  region  of  the  flow  be- 
tween the  two  developing  Layers. 

DISCCSSION  or  SESCLXS 

Evaluation  of  Sheer  Laver  Width 

The  avaluacion  of  the  plana  mixing  layer  growth 
rats  is  facilitated  by  the  definition  of  an  appropriate 
width  measure  of  the  mean  velocity  field.  If  the  flow 
* is  self-preserving,  chan  all  measures  are  ia  fixed 
proportion  and  the  selection  of  a particular  width 
naasura  may  be  arbitrarily  made.  If  the  developing 
shear  layer  is  to  be  characterized,  than  Judgement  la 
the  selection  must  be  exercised.  A desirable  charac- 
tezlatic  of  Che  width  measure  is  chat  it  not  rely  upon 
the  measuramanc  of  a specific  velocity  value;  rather, 
it  is  preferable  that  it  repreeant  a smoothed  measure 
of  several  Independent  velocity  measuramanta . The 
mosMntin  thickness  (S)  utilised  by  Winant  and  Browand 
(2)  is  compatible  with  these  criteria.  However,  it  is 
inappropriate  to  calculate  3 using  single-wire  measure- 
manes  for  the  St  case  since  |v|  does  not  approach  zero 
as  y and  (conaequantly)  tha  Ineagral  of  the  ax- 
perlasntal  data  is  not  wall  defined. 

The  use  of  an  approximate  analytic  form  which  In- 
volves a width  meaaure  as  a parameter  is  an  approprtaea 
response  to  the  stated  criteria;  the  use  of  the  error 
function  (erf)  as  the  analytic  form  is  adopted  for 
this  purpose.  As  will  be  quite  evident,  it  is  not 
assiaad  that  the  erf  can  be  used  to  describe  u for  all 
y;  indeed,  cbls  fitting  process  will  allow  the  agrae- 
mant  baewaan  tha  data  and  this  analytic  exprasaion  to 
be  evaluated.  Tha  fit,  over  tha  region  of  interest, 
is  accocpllsbed  by  using  the  measured  u/T7  to  evaluate 
C as; 

? - 0.3  ♦ erf^  (3) 

where  ; is  the  argument  of  the  Standard  Causslan  comi- 
lativa  distribution  fuoction 

F(;)  exp  dn  (A) 

(Note  that  F has  its  mean  value  at  (*0  and  tha  stan- 
dard deviation  of  the  diatributloB  is  obtained  at  c*l.) 
Since  tha  experimental  data  exists  in  pairs  as  (u/N.y), 
it  is  posslbla  to  form  tha  relationship 

C - ay  + 8 (S) 

Consequantly,  m and  B can  be  found  from  an  application 
of  a least  squares  relationship  to  the  (;,y)  pairs. 
Cslng  (3)  and  (3),  the  cantarlina  of  the  mean  velocity 


y(0.3)  “ -B/m  (6) 

and  the  quantity  s ^ is  seen  to  be  the  standard  davia- 
cion  of  Che  spatial  distribution,  viz., 

± n"^  - y(0.5  ± 0.341  ...  ) - y(Q.3)  (7) 


The  quality  of  the  fit  can  be  assessed  by  evaluating 
the  standard  deviation  (S.O.)  between  the  measured  B/C 
and  that  computed  from  (3).  This  procedure  has  bean 
earrlad  out  for  fotir  cases;  tha  corresponding  m and 
S.O.  values  are  identified  by  chsi  subscript  ntsbers 
r - 4 which  refer  to  a subset  of  the  u/C  values  as  de- 
scclbed  in  Table  2. 

The  CSrtler  (19)  solution  can  be  uritcan  as 


3 + erf 


which  is  related  to  mj  by  the  axpreseion 


(8) 


(9) 


The  vor deity  width  S , which  is  defined  as 

U) 

* ’^^^lyV(0.3) 

can  be  evaluated  as 

The  full  set  of  m*^  values  are  presented  in  Figure 
9;  the  standard  daviaelons  are  presented  in 
Table  3.  These  results  can  be  suasarlzed  as 
follows: 

1)  The  CSrtler  solution  and  the  high  velocity 
side  of  Che  mixing  layer  are  cot  wall  fit  by  the  error 
function  (SSa3Z)  whereas  the  central  region  and  the  low 
velocity  side  of  the  shear  layer  are_qulte  closely  ap- 
proximated by  this  analytic  form  (S0<1T  ...  for  suffi- 
clantly  large  x) . 


2) 


Tha  02^  discrlbnclona  suggest  the  veluas: 


x^(TSL)  - +7. Sea,  x^(LBI.) 
o o 


-4. lea  (U) 

3}  The  spread  constants,  evaluated  from  mJ*  are: 

Oj(TBL)  - 10.19,  OjttJl)  - 13.6  (12) 

which  are  somavhac  dlffarane  from  the  disturbed  ISL 
cases  for  Wygnanski  and  Fiedler  (2)  and  Beet  (10); 

Of >9,  and  the  "quiet'*  LBL  ease  ef~I.iepaana  and  laufer 
(9,) : Ofvll. 

4)  Tha  6 values,  evaluated  from  are: 
u ^ 

i (TBL)/(x-x,)-0.19,  4 (L3L)/(x-x  )-0.13  (13) 

U 0 (I)  o 


and  these  values  are  in  the  general  range  of  other  in- 
vestigator's results;  see  Brown  and  Roshko  (2).  Thair 
relative  magnitude  ia  in  agreement  with  the  conclusion 
of  Batt  (10) , that  the  TIL  eaaa  should  have  a greater 
spreeding  rate  than  the  LBL  condition. 

3)  Tha  pronounced  diffarsneas  in  n3*  and  sT^  for 
both  the  TBL  and  LBL  conditions  suggest  chat  the  O/C 
distributions  are  strongly  asyometric.  Consequently, 
the  maan  vectlcity  distribution  consldarad  by  Slmocakls 
and  Brown  ( 12)  is  also  ssynBatrlc  about  Che  y(0.3) 
location. 
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Fig.  7«.  a/D  v»  ly-y(.3)j/x,  I.3L 

Sotes:  Solid  curve  is  Gdrtlcr  solution  with 
Of  defined  using  mj.  x-locstlons  Is 
. ca  noted  st  left.  Right  side  gre-  • 

duatlons  denote  O.OS  units  of 
[ry(.5)]/x 


e 7s  for 


Sub  a/V  Isage 
1 0.1«u;ns0.99 


0.6  0.* 0.:  0 1.0  0.8  0.6 

Table  2.  Shear  layer  regloBS  used  to  define  ■ and  S.O.  values 

Oef laltlos/ iaterpratatlon 


Three  tssalna  u/C  valuas  which  are  <0.3 
plus  three  atnlnua  u/V  values  which  are  >0.3 

O.ua/UsO.6 

0.4ia/Cd0.99 


>!axlaia  range  over  which  velocity  aagaltude  data  approziaatas 
u(9/3«l  for  D/CvO.l)  and  la  appropriate  for  the  Causaian  fit 
(a/O<1.0) 

approziaatlon  to  u/U  data  which  irlll  define  the  Su/Sy  at  f(0.3) 


low  voloelcy  region 
high  velocity  region 


U. 


Fig.  3a.  a/C  va  Cy-5r(.5)  1/x,  ISL  caa« 


Notaa:  x locations, in  cs.of  axpcriaancal 
data  aocad  on  laft  side,  aach  aark  on 
right  is  a/C- 0.05 


6.  Tha  a~^(x}  distributions  suggast  that  tha  da- 
valopasat  of  tha  LBC  and  TBL  caaas  aca  strongly  dif- 
faranc;  tha  diffaraneas  ara  also  aridant  in  tha  a>'C  vs 
[y-y(.5)l/x  plots  of  Figura  7.  Tha  ■“*  grovth  for  tha 
UI.  casa  is  axtraaaly  rapid  naar  x-0  and  it  appaars  to 
raach  its  final  stata  quita  quickly.  Convarsaly,  tha 
IBI  casa  anbiblts  tvo  distinct  raglons  with  a claar 
ebanga  in  tha  otharvlsa  constant  slopa  (da~Vdx)  at 
approxlsataly  25ea  or  3006]^  units.  Srowand  (11)  notad 
a changa  in  tha  grovth  rata  of  his  TBL  casa  at  x-(400 
--  500)3^  units.  It  is  possible  to  infer  that  soaevhat 
similar  affects  cay  be  present  la  each  flov  slnca  tha 
effective  time  (t)  for  the  evolution  of  tha  layer  will 
be  approximately  the  same  for  tha  two  conditions. 
(T-x/Cg  and  slnca  0,-(Ui-Hl2)/2,  T(ll)/T(prassnt)a 
(4.5/3) (0.3/0.62)  - 1.2.) 

Salf-Frasarvation 

The  obsatvad  llaaar  growth  of  the  shaar  layer 
width  nsasura  Is  a nacaasary,  but  not  a sufflelaat  con- 
dition for  salf-prosarvation . Othar  nacaasary  condi- 
tions aca  avaluatad  below.  Tha  — d/C  v^ua  Is 
indapandanc  of  x for  tha  salf-prasarvlng  condition; 
Figura  10  prasanta  tha  relevant  data.  This  figura 
shows  chat  tha  oaximw  fluecuaclon  latenslcy  distribu- 
tions ara  dramatically  diffaranc  for  tha  two  easaa  in 
tha  ration  0«xs23em  and  that  tha  two  saam  to  ba  tending 
toward  thair  ssynpeocie  limits  by  tha  and  of  tha 
Bsasusamanc  region.  Tha  constant  value  a/C-0.17  has 
baan  added  to  tha  plot  for  visual  rafarsnea.  Tha  ap- 
parent dlffaranca  in  tha  d/C  values  may  ba  a result  of 


Fig.  Sb.  u/C  vs  [y-y(.5)]/x,  T3L  esse 
(see  3a  for  description  of  coordinates) 


Table  3 S.C.  Values  for  the  C/C  raglons  1-4 


LBL 

Casa 

(all 

xlOO) 

X- 

2.5 

5.1 

10 

13 

23 

30 

30 

31 

SD^ 

2 

2.8 

4.3 

3.3 

2.5 

3.6 

3.5 

3.3 

SI)2 

0.4 

3.4 

2.4 

0.8 

0.7 

1.0 

0.7 

1.0 

SD3 

0.9 

2.0 

1.0 

0.3 

0.6 

0.7 

0.6 

0.8 

SOk 

2.0 

0.9 

3.9 

3.1 

2.3 

3.2 

3.0 

2.7 

TBL 

Case 

(all 

xlOO) 

2.5 

3.1 

7.6 

10 

15 

20 

25 

30 

36 

1.4 

1.3 

3.1 

3.3 

2.3 

2.8 

3.7 

3.2 

2.3 

0.6 

0.7 

0.4 

0.6 

0.3 

0.6 

0.8 

0.7 

0.7 

0.5 

0.2 

0.4 

0.6 

0.3 

0.9 

1.0 

1.2 

0.9 

1.1 

1.5 

2.5 

3.2 

1.9 

2.0 

2.9 

2.8 

1.1 

41 

2.9 

0.8 

0.7 

2.2 


tha  Inadaquace  averaging  tlma  of  the  r.n.s.  voleage 
valua  for  tha  L8L  va  tha  TBL  data.  A more  reliable 
eonpariaoa  can  ba  baaed  upon  the  x-depandenca  of  the 
normalised  d values  for  the  separata  LBL  and  TBL  cases 
slnca  the  errors  within  each  data  sac  will  ba  constant. 
This  comparison  is  praaantad  In  Figura  11  ufaera  the 
similarity  variable  { [y-y(.3)  )/(x-x<,) ) is  used  to 
avaluaca  tha  self -preserving  character  of  tha  data.  A 
similar  raprasaneatlon  of  tha  mean  velocity  data  la 
also  prasantad  in  Figura  12.  These  data  support  tha 
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rrrn 


interpretation  that  the  flow  haa  heeoae  eelf-preaervias 
by  Re^~6.7xl0’  and  that  the  turbulent  boundary  layer 
initial  condition  doea  reault  in  a wider  nixing  layer. 
The  3 waluee  can  alao  be  conpared  with  the  3 data  aua- 
■artaed  by  Chaapagna  at.  al.  (U) . The  praaeet  data 
hare  been  added  to  the  plot  taken  d'.reetly  fron  thia 
. raferanea;  aaa  Figure  11.  A very  cloaa  agreeaent  be- 
tween Che  TBt  eaae  and  chat  of  the  Fatal  (^)  and 
Chaapagna  at.  al.  (ll)  acudiea  la  evident.  The  LBL 
data  appear  to  be  In  agreement  with  the  Llapmann  and 
Laufar  raaulca  with  the  exception  of  the  maxlmia 
3 valuea  for  the  preaenc  data. 


Interpretation  of  the  TBL  and  L3L  Initial  Condition 
Sffecta  ' 


The  laminar/ turbulent  acata  of  the  boundary  layer 
at  xHJ  clearly  haa  a algniflcaat  effect  on  the  Initial 
davalepaant  of  the  plane  nixing  layer;  the  atraaawlae 
evolution  of  the  fluecuaclon  Intenalcy  and  the  mean 
velocity  diaerlbutlona  are  quite  different  for  the  two 
«•••••  The  TSL  caae  ahowa  a pronounced  change  in  lea 
characterlatlca  at  x/f^-lOO  or  22ca  vhereaa  the  I.3L 
caae  ta  not  alallarly  dlffarenelaead  except  for  the 
a/r  aaxiaia  valuea. 


-0.2  -0.13  -0.1  -0.05  0 0.05  0.1  0.13 


— _ 

The  quite  in ter eating  queacion  about  the  Initial 
condition  effecta  on  the  taymptoelc  atace  caonot  be 
definitively  anawared  with  eheae  data;  however,  the 
data  coaparlaons  which  involve  the  aiallarlty  coordl- 
nate  { [y-y(  .3)  l/Cx-x,,))  do  lupport  the  propoaltion 
that  the  effecta  paralat  In  the  region  of  aelf-praaer- 
vacion. 

The  praaene  aeudy  la,  however,  not  conatralned  to 
alaply  fora  comparative  evaluationa  ualag  the  aial- 
laricy  coordlnatea.  Since  the  aaaa  apparatua  and  the 
"same”  flow  speed*  and  screaawlae  locatlona  were  uaed 
for  the  aeaauremenca,  a direct  comparison  of  the  ex- 
periaental  data  ia  poaalbla.  Tha  0 and  3 data  for 


*C(LBL)  - 18.39mpa  ' 1.02  C(T3I.) 


11  ill 


Fl|.  13  S/tJ  ▼»  n 

5ot«  original  curvt  with  (J)  , (8,)  «nd  (^)  data 
joints  addad  to  original  data  of  (11)  takan  dlractly 
fro*  rafaranca  (11) . Praaant  data  added  to  plot  with 
u/U<0.5  for  n>0  eooyantlon  of  (11) . 


r"50.8cn  ara  praaaatad  In  Flgura  14.  Thla  raprasanta- 
tlon  of  tha  data  provldas  a vary  itrong  contradiction 
to  tha  aarllar  laiarrad  Influanea  of  tha  Initial  con- 
dltlona  . . . tha  flow  flalda  fro«  both  tha  laalnar  and 
tha  turbulent  Initial  condltlona  am  aaeantlally  Iden- 
tical.* 


0.2 

r-l.O 

Fig.  14.  u/U  and  4 
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*Tha  naxlaiai  r.s.a.  fluctuation  loval  at  x>S0.3aa  waa 
reeheekad  to  evaluate  the  poaelble  influanea  of  an 
Inauffleiont  avaraglng  tlae  for  tha  131  case  data. 
Several  long  tare  (30  tee.)  analog  voltage  slgnala  i 
ware  collaetad  for  both  the  IBl  and  T31  caaea.  Thaae 
reaulta  eonflread  that  tha  a/P  dlatrlbutlon  for  tha  TBl 
caoe  waa  allghtly  wider  but  the  aoplltude  dlffaranca  woa 
raducad  to  >3:.  Haxlaua  d valuae  ware  d/C(ISl)»0 .ISS 
and  a/C(lBL)-0.18. 


With  this  inalght,  it  la  not  difficult  to  roavalu- 
ate  tha  aarllar  evidence  which  seaced  to  suggeat  a con- 
tinuing efface  of  tha  initial  condltlcc.  Specifically, 
If  ona  coebinea  the  self-preaervlng  condition:  dl/dz> 
constant  (id:are  1 Is  a width  aaasure  of  tha  shear 
layer) , with  the  observation  that  a derivative  la  beat 
evaluated  froo  experimental  data  If  the  largaat  poa- 
slbla  span  of  tha  Independent  variable  la  utUlzad,  tha 
use  of  Xg  In  tha  expression  for  tha  similarity  variable 
Is  logical  and  evaluating  It  froo  an  upstream  extrapo- 
lation of  the  available  data  Is  reasonable.  Eowever, 
thla  comonly  accepted  procedure  la  net  easily  adapted 
to  a situation  where  the  z derivative  cf  1 ...  in  this 
case  dajVdx  ...  only  slowly  approaches  Its  asyopcotlc 
value.  3y  inferance,  this  la  the  actual  situation  for 
the  32^  of,  at  least,  the  L3L  case  although  It  Is  too 
subtle  an  effect  to  be  evident  from  Flgura  9.  The 
earlier  quoted  observation  of  Dlaotakus  and  Erown  (11) 
that  . . . the  growth  rate  df^/dz  depends  upon  the  vor- 
tlclty  dlatrlbutlon  which  Is,  In  turn,  related  to 
...  la  quite  useful  In  recognizing  the  cause  for 
the  gradual  change  In  the  slope  for  the  UL  case. 

It  Is  Interesting  to  speculate  on  the  reason  for  the 
apparent  differences  In  the  "time"  to  achieve  an  asyop- 
totlc  state  for  the  two  Initial  boundary  layer  condi- 
tions. A related  point  of  Interest  can  be  Identified 
by  comparing  the  tripped  LBL  data,  e.g.  (£),  (11) . with 
the  present  I3L  and  7BL  cases.  Such  a comparison  sug- 
gests that  the  character  of  the  disturbance,  and  not 
Its  amplitude.  Is  responsible  for  the  substantial 
effect  on  the  Xg  Inferred  from  the  u(x,y)  In  the  de- 
veloping region.  (KOte  that  a2^(x>U,  z*43}  • 
n2*(x"23,  z"71)  see  Fig.  9 and  tl(o,y,42)  (max-LSL)  ■ 

3 u(o,y,71)(nax-LBL)  - 1.2  u(o,y, 71) (nax-TBL) . ) 

The  suggestion  that  is  often  made:  that  a quite 
large  ROj  Is  required  to  observe  a self-preserving  con- 
dition, can  be  Interpreted  In  the  context  of  the  present 
atasursMacs  e It  is  clear  froa  an  txasilajitloo  of 
Figure  9 that  a large  Increase  la  the  z values  would  be 
required  to  Infer  tha  same  Xg  for  the  LBL  and  TBL  cases. 
Conversely,  If  a self-preserving  flow  la  one  In  which 
the  effects  of  tha  Initial  condition  are  lost,  and  if 
an  experimental  program  which  allows  the  two  states  to 
be  obtained  In  the  same  apparatus  is  executed,  then  a 
certain  determination  that  self-preservation  has  bean 
obtained  will  result  from  "identical"  S and  0 distri- 
butions . An  added  benefit  Is  that  the  necessary  Sa^ 
value  will  be  significantly  smaUar  than  that  which 
would  be  required  If  the  Zg  value  were  to  be  precisely 
defined  by  the  upstream  extrapolation  of  l(x). 

SemART 

Data  to  document  the  developing  region  of  a plane 
nixing  layer  have  been  acquired  for  the  two  distinct 
lalclal  conditions:  a laminar  and  a turbtilent  boundary 
layer  at  x-0. 

The  Initial  development  of  these  two  flew  fields 
Is  dramatically  different;  It  la  proposed  that  these 
data  will  constitute  a viable  reference  case  for  the 
evaluation  of  calculation  schemes. 

The  question  of  the  Initial  condition  affects  on 
the  self-preserving  mixing  layer  has  been  addressed.  It 
la  proposed,  on  the  basis  of  these  data,  that  the  Ini- 
tial condition  la  not  relevant  In  the  self-preserving 
state  and  that  the  apparent  Influence  la  a conaequenca 
of  using  an  Inappropriately  evaluated  slmUarlcy  vari- 
able. The  praaant  data,  when  Interpreted  in  the 
standard  sannsr,  rsveal  that  ths  misinterpretation  is 
quits  easily  mads  and  that  ths  correct  evaluation  re- 
quires the  Inference  of  very  subtle  changes  In  ths 
slope  of  the  width  measure's  x-dapendance . 
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NX'MERICAL  SIMULATION  OF  TURBULENT  MIXING  LAYERS 
lUA  VORTEX  DYNAMICS  1 


U.  T.  Ashursc 
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Livermore,  California 


ABSTRACT 

The  limple  concept  of  effective  transport  coeffi- 
cients for  turbulent  flows  is  starting  to  be  replaced 
with  the  realization  that  turbulent  flows  consist  of 
structures  which  arc  created  and  destroyed  and  it  is 
their  interactions  chat  produce  the  transport  of  mass, 
momentum,  and  energy.  The  bursting  phenomena  in 
boundary  layers  is  one  aspect  of  that  structure  and 
vorticlty  (or  eddy)  pairing  la  the  structure  of  the 
turbulent  mixing  layer.  This  paper  describes  numer- 
ical experiments  using  dlscreut  vortices,  in  order  to 
determine  to  what  detail  they  can  simulate  Che  planar 
turbulent  mixing  layer.  Calculations  involving  sev- 
eral thousand  vortices  have  duplicated  the  mixing 
layer  growth,  eddy  pairing,  turbulent  shear  stress 
profile,  and  root-mean-square  velocity  fluctuations 
of  moderate  Reynolds  number  flows.  With  the  excep- 
tion of  the  normal  rms  velocity  fluctuation,  good 
agreement  is  also  found  at  high  Reynolds  number. 

NOMENCLATURE 

H • discrete  vortex  spacing 
L • unit  length  in  computer  calculation 
1 • spacing  between  eddies 
M ■ number  of  vortices  per  unit  length 
N • number  of  vortices  in  computer  system 
P « pressure 

r ■ distance  from  vortex  center 
Re*  Reynolds  number,  AUL/v 
t ■ time 

At*  time  step  in  computer  calculation 
U]*  outer  slow  flow  of  mixing  layer 
U?*  outer  fast  flow  of  mixing  layer 
U * average  velocity,  (Uj  + U2)/2 
AU*  velocity  difference,  Uj  - Uj , and  unit  velocity 
in  computer  calculations 

V * vortex  induced  velocity 
X * flow  direction 

Xc*  long  range  cutoff  length 

V * normal  to  flow  direction 

fu*  shear  layer  vorticlty  thickness 
r * sheet  vorticlty  strength 
< * discrete  vortex  strength 

V * kinematic  viscosity 

a * short  range  cutoff  length  and  error  function 
scale  factor 

9 * shear  layer  momentum  thickness 


Work  supported  by  ERDA. 


INTRODUCTION 

It  has  been  realized  recently  that  the  structure 
of  turbulent  shear  flows  may  be  quite  deterministic 
and  very  Important  to  the  overall  flow.  The  flow 
visualization  done  by  Browand,  et  al.  (1^)  at  moderate 
Reynolds  numbers  and  that  of  Roshko,  et  al.  (2)  at 
"turbulent"  Reynolds  numbers  have  dramatically  shown 
the  free  turbulent  mixing  layer  to  have  a definite 
large-scale  structure  due  to  clusters  of  vorticlty 
that  pair  together  and  hence  chicken  the  mixing  layer. 
While  Che  time-average  turbulent  mixing  layer  thick- 
ness grows  in  a linear  fashion,  the  instantaneous  en- 
trainment is  distinctly  nonuniform.  This  phenomenon 
Is  very  crucial  for  combustion  applications  since 
chemical  reactions  will  only  occur  when  the  reactants 
have  been  mixed  to  the  appropriate  composition.  There- 
fore numerical  simulation  of  turbulent  mixing  layers 
will  be  a valuable  analytical  tool  for  understanding 
many  combustion  systems  (e.g.,  steady  and  non-steady 
intake  flows) . 

Calculations  using  discrete  vortices  to  study 
inviscid  fluid  motion  have  a long  history — from 
Rosenhead's  hand  calculations  in  1931  using  a few 
vortices  to  recent  computer  calculations  involving 
thousands  of  vortices  (2).  Most  of  these  efforts  were 
directed  toward  understanding  the  time  evolution  of 
finite-area  vorticlty  regions  or  Che  initial  breakup 
of  the  laminar  shear  layer  (usually  done  for  short 
times  or  small  regions  with  periodic  boundary  condi- 
tions) . 

Previous  numerical  work  using  finite  difference 
methods  have  beeu  limited  to  low  Rejmclds  number  flow 
since  the  numerical  grid  must  define  regions  whose 
thickness  will  decrease  like  (Reynolds  number)" 
Consequently  the  laminar  instabilities  have  been  thor- 
oughly studied  (O ■ Unfortunately,  most  combustion 
systems  have  high  Reynolds  number  (turbulent)  flow. 
Recently  Chorln  has  suggested  a novel  numerical  method 
for  high  Reynolds  number  flows  (2.)  • The  Inviscid  flow 
is  solved  via  discrete  vortices  (no  finite  difference 
mesh  is  required) , while  the  viscous  effects  are  in- 
corporated via  a random  walk  for  each  vortex. 

I have  applied  this  method  to  Stoke 's  first  prob- 
lem (infinite  plane  wall  set  in  constant  motion  at 
zero  time)  in  order  to  empirically  determine  the 
appropriate  numerical  parameters  for  non-steady  vis- 
cous flow  problems.  Fig.  1 shows  Che  exact  velocity 
profile  (at  reduced  time  of  2)  for  a series  of  Reynolds 
numbers  compared  with  ensemble  averages  from  Che  vortex 
method.  The  agreement  is  quite  good.  (The  disagree- 
ment at  large  Y/L  is  due  to  Che  short  range  cutoff 
(f  L/2)  used  in  Che  vortex  interaction.)  Over  this 
time  period  (zero  to  2)  the  calculated  wall  drag  was 
within  ten  percent  of  the  exact  value  {which  is 
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proportionil  to  (time)"*'^^}.  Noti-steady  corner  flow 
has  also  been  created  (^)  and  comparison  of  these 
results  with  three-dimensional  piston-cylinder  ex- 
periments has  been  very  encouraging. 


Fig.  1 Discrete  vortex  calculation  of  non- 
steady  parallel  flow  near  flat  plate  using  random 
walk.  Velocity  profiles  shown  for  time  2L/U  after 
place  motion  started  (time  step  was  0.025  L/U). 

Therefore,  the  goal  of  this  work  has  been  the 
application  of  Chorin's  method  to  Che  free  mixing 
layer  with  emphasis  upon  what  features  of  turbulent 
flow  are  reproduced  by  Che  discrete  vortex  method. 

KLTERICAI.  SIKLT.ATIOK  OF  ra0-DIME.VSI0N.4t  .WIXIKG  IXYER 

The  ideal  two-dimensional  mixing  layer  can  be 
defined  by  three  parameters:  1)  the  velocity  dif- 
ference between  the  two  flows  that  a£e  to  be  mixed 
iU  ■ 2)  the  average  velocity  U « (Ui-HJ2)/2  of 

the  two  screams;  and  3)  Che  kinematic  viscosity  of 
Che  working  fluid  v.  Good  experimental  technique 
eliminates  other  effects  (e.g.,  flow  non-uniformities, 
boundary  layers  on  splitter  plate  and  free  scream 
turbulence,  aee  Winant  and  Browand) . 

In  Che  numerical  simulation,  the  velocity  dif- 
ference defines  the  vorticity  density  of  a vortex 
sheet  chat  replaces  the  upstream  wall  T/L  • dO,  where 
L it  Che  length  scale.  The  average  velocity  i£  pro- 
duced with  Che  addition  of  a linear  potential  UX 
throughout  the  system.  The  kinematic  viscosity  can 
be  used  to  define  a unit  Reynolds  number  Re  • AU  L/v. 
The  splitter  place  or  upstream  wall  ends  at  Che  origin 
where  the  vorticity  production  per  unit  tine  is  T/e  • 
lU  U (-  i'2/2  for  one  flow  at  zero  velocity). 

The  uniform  sheet  of  vorticity  could  be  replaced 
bv  discrete  vortices  of  strength  < • aU  L/M  and  spaced 
at  distance  K ■ L/M.  Select  the  time  step  so  chat 
this  array  of  dlserace  vortices  will  be  convccted  a 


distance  H ~ 1'  It  in  one  time  step  by  the  average 
velocity  field.  Therefore  one  discrete  vortex  passes 
the  origin  each  time  step  and  produces  ^he  proper 
vorticity  production  rate  of  ic/it  ■ IL'  I’. 

Thus  the  numerical  simulation  consists  of  an  up- 
stream sheet  of  vorticity  (of  density  aL')  ending  at 
che_origin  where  a new  discrete  vortex  (of  strength 
lU  U at)  is  created  each  time  step.  This  new  vortex 
and  all  the  previously  created  ones  are  acted  upon  by 
the  average  velocity  field  C.  There  are  no  outer 
walls. 

Each  discrete  vortex  produces  an  irrotational 
velocity  field  of  V^a^gent  “ where  r is  the  dis- 

tance from  the  vortex  center.  In  order  to  advance 
the  solution  from  time  t to  t + It,  the  velocity  at 
each  vortex  location  must  be  determined.  This  veloc- 
ity has  three  contributions:  1)  the  upstream  sheet 
of  vorticity:  2)  the  average  velocity  field;  and  3) 
the  1/r  interaction  with  all  the  other  vortices  in  the 
system  at  that  time.  For  N vortices  this  is  a computa- 
tional task  proportional  to  (and  N Increases  by  one 
each  time  step!). 

The  above  nuiserlcal  scheme  will  be  a solution  to 
the  inviscid  or  Euler  equations  for  incompressible 
fluid  flow.  Previous  numerical  solutions  using  point 
vortices  have  had  some  difficulty  with  the  velocity 
divergence  at  the  vortex  center.  Chorln  eliminated 
this  problem  by  using  a short  range  cutoff  so  that 
Che  induced  velocity  goes  to  a constant  value  for 
r < a.  The  difference  between  the  Euler  equation 
solution  and  the  numerical  results  approaches  zero 
like  o‘. 

Kelvin's  circulation  theorem  shows  that  vorticity 
moves  with  the  fluid  element  in  an  Inviscid  fluid.  The 
effect  of  molecular  viscosity  Is  to  diffuse  or  spread 
out  concentrations  of  vorticity.  Chorin's  suggestion 
is  that  viscous  diffusion  of  vorticity  can  be  accom- 
plished In  Che  mean  by  adding  a random  walk  component 
to  each  vortex  each  time  step  (^) . The  dispersion  of 
this  random  walk  can  be  defined  in  terms  of  the  unit 
Reynolds  number  (Re  • AU  L/v) 


(root  mean  square)/!  • 


_2_  At  AU 
Re  L 


For  a given  Reynolds  number,  the  time  step  and  number 
of  vortices  per  unit  length  must  be  selected.  From 
Che  laminar  Stokes  problem,  it  was  found  that  a good 
choice  for  Che  average  random  component  Is  a value 
equal  to  half  of  the  short-range  cutoff  0.  (For  the 
plane  viscous  wall,  a discrete  vortex  and  its  negative 
image  would  be  placed  at  t o/2  with  respect  to  the 
wall.)  Coiiq>uttr  generated  movies  showing  the  vortex 
displacement  for  each  time  step  indicated  that  a 
reduced  time  step  of  ~ 0.05  wss  adequate. 
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RISIXTS  FOR  >nxiss  LAYER 


Flixint  L*v«r  Grovth 


The  prellalnary  rtsults  for  th«  siixlng  lay*r 
lusing  QUBcrlcal  paruwetrs  froa  Fig.  1)  Indicated 
chat  cha  random  waik  provides  the  Xaainar  >'?  growth 
race  of  ooaencua  thicknaia  with  a cranalcion  to  the 
turbulent  linear  gro%n:h.  Leaving  out  the  random 
walk  component  itill  gave  a transition  to  linear 
growth  (approximate  same  location)  but  the  early 
growth  race  is  more  like  an  Inverse  fractional  power. 
Thus  the  mixing  layer  linear  growth  race  Is  a conse- 
quence of  the  Euler  equations. 

To  further  Investigate  the  dependence  of  vortlc- 
Ity  coalescence  and  mixing  layer  growth  upon  Reynolds 
number,  two  different  viscous  f^ows  have  been  studied 
at  the  same  velocity  paraneter  U/^U  • l.OS. 


Reynolds 

Number  Vortices 

ALX  per 

u Length,  H 

250  8 

1000  16 


Cutoff  Length 
Short,  o/L Long,  Xg/L 

0.02  80 

0.01  40 


The  time  step  for  both  flows  was  Ac  ■ L/(16  AU)  where 
Che  unit  length  L equals  1 cm  for  comparison  to  cha 
data  of  Vlnanc  and  Browand  (^) . 

Fig.  2 shows  the  time-average  momentum  thickness 
divided  by  downstream  distance  for  the  low  Reynolds 
number  flow.  The  approach  to  linear  growth  race 
occurs  at  about  the  same  location  as  the  water  channel 
results  of  Ulnant  and  Browand,  * 12  cm.  The  high  Re 
flow  had  a cranalcion  at  6 L. 

The  averaging  time  for  Fig.  2 was  64  reduced  time 
units  (t  AU/L)  which  corresponds  to  24  seconds  of  real 
time  If  the  velocity  difference  of  Wlnanc  and  Browand 
is  used  (AU  • 2.62  cm/s,  L ••  1 cm).  A much  longer 
calculation  of  800  reduced  time  units  (•  five  minutes 
real  time  with  CDC  6600  computer  claw  being  3000  times 
longer)  has  produced  a momentum  growth  race  of  Ad/AX  • 
0.021.  Using  Che  error  function  for  the  mean  velocity 
profile  (09/X  i 0.3989  and  ij,  i i^tt/o),  Che  vorticity- 
Chlcknaas  growth  race  is  IX-Xo)  • 0.093  which  falls 
within  cha  experimental  scatter  shown  In  Fig.  10  of 
Brown  and  Roshko  (.2).  The  virtual  origin  Is  -3.8  L 
which  sgreas  quite  wall  with  Che  results  of  Spencer 
and  Jonas  (2)  • 


Computer  generated  movies  of  the  vortex  motion 
clearly  reveal  vorclclcy  coalescence  and  the  large- 
scale  vortex  pairing.  Seeding  the  two  screams  with 
different  color  tracer  particles  dramatically  shows 
the  aperiodic  entrainMnc  behavior.  As  Browsnd's 
movies  indicate,  the  large-scale  vortex  pairing  can 
most  e£sily  be  seen  while  moving  at  the  average  flow 
speed  U.  Fig,  3 presents  screakllne  plots  of  the  dis- 
crete vortices  with  respect  to  the  average  speed  for 
a unit  time  period  (c  ■ L/AU)  with  a field  of  view 
equal  Co  40  L;  each  succeeding  plot  is  displaced  two 
space  units  downstream  and  two  units  later  In  time. 

From  Che  first  plots  of  each  flow  It  can  be  seen 
that  the  first  clusters  of  vortlclty  occur  at  Che  tran- 
sition location.  Neighboring  clusters  were  first  ob- 
served CO  roll  around  each  ocher  In  the  water  channel 
experiments  at  the  transition  location  (2)  • k'lth  the 
faster  flow  on  Che  bottom,  the  rotation  is  counter- 
clockwise and  Che  downstream  cluster  slows  down  as  it 
Is  raised  by  Its  Interaction  with  the  upstream  cluster. 
The  upscresm  cluster  Increases  Its  velocity  as  It  is 
pushed  down  by  this  interaction.  The  original  clusters 
begin  CO  lose  their  Identity  after  rotating  about 
ninety  degrees.  The  water  channel  was  long  enough  to 
observe  four  such  pairings  and  Wlnanc  and  Browand  con- 
clude "chat  the  turbulent  mixing  layer  grows  through 
Che  combination  of  the  large-scale  vortical  struc- 
tures" (1) . 

Moors  and  Saffman  (,S)  have  proposed  a model  In 
which  Che  vortices  grow  continuously  by  entraining 
Irrotaclonal  fluid  until  their  size  to  spacing  reaches 
a critical  value  at  which  point  Che  strain  field  rips 
c)M  vortex  apart  to  form  larger  vortices  spaced  at 
larger  distances.  They  do  not  feel  chst  vortex-pairing 
is  a very  important  contribution  to  mixing  layer 
growth.  In  Fig.  3 the  beginning  stages  of  the  230  Re 
flow  does  resemble  a smearing  process;  however,  farther 
downstream  Che  clusters  are  clearly  rolling  around  each 
ocher.  Increasing  Che  Reynolds  number  to  1000  shrinks 
Che  smearing  region  and  the  pairing  clearly  predomi- 
nates. 

The  tangential  velocity  discontinuity  has  been 
studied  recently  by  Acton  (9)  using  96  discrete  vor- 
tices with  a short  range  cuToff  in  a system  two  wave- 
lengths long  (periodic  boundary  conditions) . The 
initial  wavelength  amplitude  affects  Che  time  it  cakes 
for  the  cluster  pair  to  roll  up.  Acton  concludes  chst 
while  it  is  possible  to  specify  initial  conditions  so 
chat  a large  vortex  will  ingest  Its  smaller  neighbor, 
as  Moore  and  Saffman  have  proposed,  this  process  tskes 
much  longer  to  complete  and  Is  likely  to  be  beaten  by 
the  rollup  pairing  mechanism. 

Thus  Che  rollup  pairing  process  is  the  mixing 
layer  growth  and  Is  very  Important  to  Che  entrainment 
process  of  the  surrounding  non-curbulent  fluid.  The 
experimental  movies  of  the  dye  in  Wlnanc  and  Browand 's 
water  channel  and  the  computer  movies  of  tracer 
particles  reveal  chat  Che  entrainment  occurs  by  the 
engulfmenc  of  irrocatlonsl  fluid  between  the  pairing 
clusters  of  vortlclty  rsther  chan  by  gradual  lateral 
spreading  of  the  rotational  fluid. 


Fig.  2 Tima  average  moaencum  thickness  for  2S0 
Re  flow  divided  by  downstream  distance 
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Fig.  3a  Straakllna  plots  t>{  each  dlscrtct  vortex  for  a unit  tlsic  (I./AC)  with  respect  to  Che  average 
valocltv.  The  field  of  view  la  equal  to  401..  The  cop  plots  have  the  origin  at  Che  left  with  each  succeeding 
plot  displaced  two  units  downscreati  and  cuo  units  later  in  time.  Left  colunn  is  250  Re  flou  and  right  column 
is  1000  Re. 


11.46 


Tla*  (T  iU/L) 


rig.  4 Tr«J«ctori«s  of  vorticlty  clusteis  in  250  Re  flow.  Flowfleld  shown  in  Fig.  3«  starts  at  time  124. 


As  another  way  to  decipher  the  vortex  or  eddy 
pairing.  Brown  and  Roshko  have  made  a space-time  plot 
of  the  eddy  trajectories.  Such  a plot  (Fig.  4)  has 
also  been  constructed  from  the  computer  generated 
streaklinc  plots  for  the  250  Re  flow.  Notice  that 
the  eddies  travel  at  the  mean  speed  and  by  tracing 
backwards  in  time,  the  creation  of  eddies  can  clearly 
be  seen.  From  their  space-time  plot.  Brown  and  Roshko 
measured  the  distance  between  the  eddies  and  divided 
this  by  the  average  downstream  location  to  create  a 
histogram  of  observed  values.  A similar  process  has 
been  followed  for  the  250  Re  flow,  and  the  histogram 
in  Fig.  5,  although  with  only  99  observations,  does 
resemble  the  Brown  and  Roshko  results.  Thus  while 
the  mean  spacing  between  eddies  is  approximately  0.3, 
the  variation  about  this  value  allows  the  thickness 
of  the  layer  to  grow  in  a smooth  linear  fashion  when 
measured  over  many  eddy  passings.  Roshko  has  also 
shown  that  the  space-time  plot  nay  be  used  to  con- 
struct a histogram  of  eddy  lifetimes  (10) . The  re- 
sulting curve  is  fitted  quite  well  by  the  exponential 
envelope  previously  used  to  describe  velocity  space- 
time correlation  curves.  Classically  these  correla- 
tions have  been  interpreted  as  an  indication  of  eddy 
decay,  whereas  we  can  now  see  it  is  really  the  eddy 
mortality  curve. 
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Fig.  5 Histogram  of  eddy  spacings  from  Fig.  4 
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V«loeltv  Results 

The  first  extensive  numerical  simulation  was  done 
to  correspond  with  the  expcrlsMntal  conditions  of  the 
water  channel  used  bv  Winant  and  Browand  (1^)  and  later 
Browand  and  Weldaan  (^) . This  Is  a moderate  Reynolds 
number  flow  of  300  per  cm,  but  they  show  good  agree* 
oent  with  the  Reynolds  stress  distribution  from  high 
Reynolds  number  experiments.  However,  the  ms  veloc* 
Ity  fluctuations  are  glaringly  different  from  high 
Re  flow  In  that  the  normal  (to  flow)  velocity  fluctua- 
tions are  larger  than  the  longitudinal  fluctuations 
(their  results  are  reproduced  In  Fig.  6).  Using  a 
simple  model  of  an  Infinite  row  of  non-interacting 
vortices  spaced  at  two  different  wavelengths  and 
oscillating  In  the  normal  direction,  they  obtained 
the  qualitative  effect  of  the  normal  fluctuations 
exceeding  the  longitudinal  ones. 

They  conclude  chat  Reynolds-scress  production  Is 
associated  with  Che  pairing  process  end  Is  Invariant 
to  Increasing  Reynolds  number  while  the  small  scale 
motion  (l.e. , velocity  fluctuations)  does  change  with 
Reynolds  number. 


Fig.  6 Experimental  data  of  Browand  and 
Wcldman  (11) 


The  numerical  results  for  Raynolds  stress  are 
twice  Che  experimental  value  and  the  velocity  fluctua- 
tions are  the  same  In  both  directions;  see  Fig.  7. 
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Fig.  7 Calculated  flow  with  random  walk 


A second  calculation  was  done  where  aging  of  the 
discrete  vortices  was  included  In  an  appreximace  manner 
by  reducing  the  vortex  interaction  according  to  the  ex- 
act solution  for  a single  Isolated  vortex  In  a viscous 
fluid.  The  overall  effect  is  not  an  exact  solution  of 
Che  Navler-S cokes  equations  but  this  has  been  done  In 
the  same  spirit  as  Chorln's  random  walk  approximation 
for  vorticity  diffusion.  The  discrete  vortex  velocity 
field  Is  now  a function  of  distance  from  the  vortex 
center  and  Che  age  of  Che  vortex  (time  since  it  was 
created  at  the  origin) . 

V(r,t)  • <[1  - exp(-r‘/4vt )] /2yr 

The  results  of  the  aging  calculation  are  dramat- 
ically different.  Fig.  B shows  Che  good  agreement  now 
obtained  %d.ch  Che  experimental  Raynolds  shear  stress 
(dashed  line).  The  separation  In  Che  rms  velocity 
fluctuations  Is  also  reproduced  quite  veil.  Watching 
Che  computer  movies  reveals  that  there  arc  two  differ- 
ing types  of  trajectories  for  the  discrete  vortex  to 
follow:  rising  Into  the  slow  flow  or  falling  Into  the 
fast  flow.  Downstream,  aging  produces  a difference 
between  vortices  that  have  followed  these  two  path 
types  that  Is  not  present  In  the  previous  calculation 
(Fig.  7).  Thus  the  small  scale  destruction  of  vortlc- 
Ity  la  evident  In  the  velocity  fluctuations.  As  the 
Reynolds  number  Is  Increased  even  smaller  length  scales 
are  activated  (without  disturbing  Che  large  scale 
structure  (see  Brown  and  Roshko  (2^))  and  the  normal 
velocity  fluctuations  become  smaller  chan  Che  longi- 
tudinal ones.  The  transition  Reynolds  number  Is  not 
known. 
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Fig.  8 Calculated  flow  with  random  walk  and 

exponential  spreading  for  each  discrete  vortex 

Larse  Revnolds  Kumber  Mlxln^Laver 

A preliminary  calculation  of  a high  Reynolds  num- 
ber flow  has  been  made  In  order  to  approximate  the 
conditions  of  Brown  and  Roshko  (uniform  density, 

L’l,  L’l  • 380,  1000  cm/s,  U/iU  • 1.11,  and  Uj/v  • 

5 X 10“  cm-'). 
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The  numerical  conditions  are: 


Reynolds 

Number 

Vortices 

Cutoff  Length 

Lit 

per 

Short 

Long 

Time  Step 

u 

Length,  M 

a/L 

Xc/L 

It  iLVL 

25,000 

80 

0.004 

8 

0.0125 

So  at  X ■ SL,  the  Local  Reynolds  number  is  iU  X/v  - 
2 X 10^,  which  is  about  half  of  the  experimental  flow. 
This  flow  has  been  calculated  for  64  reduced  time 
units  which  is  only  0.1  seconds  real  time  with  com- 
puter time  being  about  two  million  times  longer.  The 
tlsie-averaged  velocities  produce  a good  linear  growth 
race  %rlch  a momentum  thickness  slope  of  u9/AX  • 0.023. 
Again,  using  the  error  function  for  Che  mean  velocity 
profile,  this  corresponds  to  a vorcicicy-chickness 
growth  rate  of  6(j/(X-Xo)  • 0.102,  which  is  16  percent 
above  the  experimental  value. 

This  calculation  included  Che  aging  effect  on 
each  discrete  vortex,  but  due  to  Che  large  Reynolds 
number  and  short  residence  time  in  Che  flow  field 
(0  i X/L  £ 10),  it  probably  was  of  very  little  import- 
ance. Between  4 and  10  L Che  time-average  Reynolds 
shear  stress  and  longitudinal  nss  velocity  fluctua- 
tions agree  quite  well  with  Che  experimental  data  of 
Spencer  and  Jones  (2)  • However,  Che  normal  nns  veloc- 
ity fluctuations  are  50  percent  larger  (instead  of 
smaller)  than  Che  longitudinal  fluctuations. 

It  is  not  known  what  causes  this  lack  of  agree- 
ment between  the  experimental  and  numerical  results. 

If  Che  numerical  simulation  did  not  have  a small 
enough  length  scale,  Chen  it  seems  that  Che  longitu- 
dinal velocity  fluctuations  would  also  be  in  disagree- 
ment, which  is  not  the  case.  Examination  of  the 
Reynolds  time-average  Navier-Stokes  equations  for  Che 
two-dimensional  chin  shear  flow  shows  that . while  the 
mean  velocity  gradient  supplies  the  U' V'  and  U' ‘ 
quantities,  the  normal  velocity  fluctuations  are  main- 
calned  by  the  pressure-strain  correlation  P 3U'/3X. 

It  is  possible  that  Che  random  motion  supplied  to  each 
vortex  is  producing  an  incorrect  pressure-strain  cor- 
relation. To  dace,  this  has  not  been  measured  in  the 
numerical  calculations. 

Another  possibility  for  Che  disagreement  is  the 
lack  of  Che  third  space  dimension  in  Che  numerical 
simulation.  Further  investigation  of  the  Roshko 
experiments  has  recently  revealed  a transition  region 
(Re  ~ 2 X 10“*  or  about  halfway  down  the  test  section) 
where  the  extent  of  mixing  has  a sharp  20  percent  in- 
crease (12).  Shadowgraphs  [Fig.  Bb  of  Brown  and 
Roshko  (TT]  indicate  the  existence  of  three- 
dimensional  Taylor-type  vortices  with  axes  of  rota- 
tion in  Che  flow  direction.  It  is  felt  that  these 
Taylor  vortices  produce  small  scale  motion  which 
causes  an  Increase  in  mixing.  It  seems  reasonable 
chat  these  Taylor  vortices,  which  are  not  present  at 
low  Reynolds  number  such  as  the  Winanc  and  Browand 
conditions,  could  produce  Che  experimentally  observed 
normal  and  spanwise  velocity  fluctuations  (which  are 
about  half  of  the  longitudinal  fluctuations)  while 
not  affecting  Che  magnitude  of  the  longitudinal  veloc- 
ity fluctuations  found  at  low  Reynolds  number. 

COh'CLL’SlOSS 

The  method  of  discrete  vortex  simulation  of  the 
two-dimensional  free  mixing  layer  has  been  shown  to 
have  excellent  agreement  with  moderate  Reynolds  num- 
ber flows  if  Che  diffusion  and  decay  of  vortlcity 
are  Included.  In  these  calculations  these  effects 


were  approximated  by  a random  walk  component  and  expo- 
nential aging  for  each  vortex.  Presently  it  appears 
Chat  at  high  Reynolds  number  the  mixing  layer,  while 
still  predominately  two-dimensional,  has  Taylor  vor- 
tices with  axes  in  the  flow  direction  which  slightly 
increase  mixing  but  sharply  decrease  the  normal  veloc- 
ity fluctuations  when  compared  to  moderate  Reynolds 
number  flow  and  numerical  simulation  results.  How- 
ever, Che  numerical  simulation  does  provide  computer 
generated  loovies  which  clearly  show  the  aperiodic 
flow  entrainment  and  vortlcity  coalescence.  Further 
work  will  cry  to  quantify  the  entrainment  behavior  in 
terms  of  concentration  distributions  which  will  have 
application  to  combusting  flows. 

ACKNOWLEDGMEhT 

Over  the  past  two  years  I have  enjoyed  technical 
discussions  with  Don  Cbenoweth,  Harry  Dwyer, 

Alex  Shestakov,  and  Alex  Chorln. 

REFERENCES 

1 Winant,  C.  D.  and  Browand,  F.  X.,  "Vortex 
Pairing:  The  Mechanism  of  Turbulent  Mixing-Layer 
Growth  at  Moderate  Reynolds  Number",  J.  Fluid  Mech. 

«,  1974,  pp.  237-255. 

2 Brown,  G.  L.  and  Roshko,  A.,  "On  Density 
Effects  and  Large  Structure  in  Turbulent  Mixing 
Layers",  J.  Fluid  Mech.  64.  1974,  pp.  775-816. 

3 Ruwahara,  R.  and  Takami,  H.,  "Numerical 
Studies  of  Two-Dimensional  Vortex  Motion  by  a System 
of  Point  Vortices",  J.  Phvs.  Soc.  Japan  34,  1973, 
pp.  247-253. 

Kadomtsev,  B.  B.  and  Kostomarov,  D.  P., 
"Turbulent  Layer  in  an  Ideal  Two-Dimensional  Fluid", 
Physics  of  Fluids  15.  1972,  pp.  1-3. 

Christiansen,  J.  P.  and  Zabusky,  K.  J., 
"Instability,  Coalescence,  and  Fission  of  Finite-Area 
Vortex  Structures",  J.  Fluid  Mach.  61.  1973,  pp.  219- 
243. 

4 Pacnalk,  F.  C.,  "A  Numerical  Study  of  Finite 
Amplitude  Kelvin-Helmholcz  Waves",  Report  FM-73-3, 
College  of  Engineering,  U.  C.  Berkeley,  1973. 

5 Chorln,  A.  J.,  "Numerical  Study  of  Slightly 
Viscous  Flow",  J.  Fluid  Mech.  57.  1973,  pp.  785-796. 
(See  also  Shestakov,  A.  I.,  "Numerical  Solution  of 
the  Navier-Stokes  Equations  at  High  Reynolds  Numbers", 
UCRL-S1894,  Lawrence  Livermore  Laboratory  (no  date).; 

6 Aahurst,  W.  T. , "Vortex  Growth  in  a Moving 
Comer"  and  "Turbulent  Mixing  Layer  via  Vortex 
Dynamics",  Bulletin  of  the  American  Physical  Society, 
Series  II,  No.  11,  November  1975,  pp.  1428-1429. 

7 Spencer,  B.  W.  and  Jones,  6.  G.,  "Statistical 
Investigation  of  Pressure  and  Velocity  Fields  in  the 
Turbulent  Two-Stream  Mixing  Layer",  AIAA  paper  71-613, 
1971,  14  pages. 

8 Moore,  D.  W.  and  Saffman,  P.  G. , "The  Density 
of  Organized  Vortices  in  a Turbulent  Mixing  Laver", 

J.  Fluid  Mech.  M,  1975,  pp.  465-473. 

9 Acton,  E. , "The  Modelling  of  Large  Eddies  in 
a Two-Dimensional  Shear  Laver",  J.  Fluid  Mech.  76. 
1976,  pp.  561-592. 

10  Roshko,  A..  "Structure  of  Turbulent  Shear 
Flows:  A New  Look",  Dryden  Lecture  of  AIAA;  AIAA 
paper  76-73,  1976,  12  pages. 

11  Browand,  F.  K.  and  Weidman,  P.  D.,  "Large 
Scales  in  the  Developing  Mixing  Laver",  J.  Fluid  Mech. 
76,  1976,  pp.  127-144. 

12  Konrad,  J. , et  al.,  "The  Development  of  Three- 
Dimensionality  and  the  Extent  of  the  Molecular  Mixing 
in  a Turbulent  Shear  Flow",  Bulletin  of  the  Am.  Phys. 
Soc.,  Series  11,  21,  No.  10,  1976,  pg.  1229. 


SESSION  12 

GENERAL  SESSION-1 

Co-chairmen:  L.  H.  Back 
J.P.L. 

Pasadena,  California  91103 
U.S.A. 

J.  J.  0.  Domingos 
Instituto  Superlo  Technico 
Lisbon  1,  Portugal 


PREDICTION  OF  DIFFUSER  FICW  AND  PERFORMANCE  FCIIX)WINS 
A NORMAt  SHOCK  WAVE-TURBULENT  BOUNDARY  LAYER  INTERACTION 


i 

I 

I ' 

¥ 


ii 

I 


W A KaimI  And  J L Livasay 
Unlvaraicy  of  Salford 
SALFORD  MS  AWT 
England 


ABSTRACT 

A dlff'^ar  flow  aodal  Oaaad  on  tho  ilaultanaous 
loluUon  of  oho  coaproasihla  boundary  layar  and  tha 
pocancial  eora  Is  ascablishad.  Tha  aodal  is  daslgnad 
for  casaa  whan  oha  Inlae  flow  is  axeasslvoly  discur- 
bad,  la  whan  oha  ourbulanca  lavols  aro  sufflslantly 
high  w Influanea  oho  flow  ragiaaa  wishla  oha  dlffusar. 
This  Is  aehiavad  by  allowing  tha  aodal  oo  aecoune  for 
tha  upstraao  history  affaets  on  tha  boundary  layar  d^ 
valopaant.  A slngla  Intagral  paraaatar  Is  usad 
to  dascrlba  tha  Inlat  turbulanea  struetura,  togaohar 
with  tha  Mach  a«abar,  Raynolda  nuatoar  and  two  boundary 
layar  paranatars  la  conaidaratlon  at  a aoro  cooplata 
ropraaantatlon  of  tha  lalat  flow  conditions.  Pradlct- 
lons  of  tha  aodal  ara  eos^arad  with  axpariaantal  data 
for  tha  boundary  layar  growth  in  and  porfoiaanca  of 
conical  dlffusars  pracadad  by  a shock-boundary  layar 
lataraetlea.  Satisfactory  agraaaant  la  obtalnad  for 
unsaparatad  goaaatrlaa. 


NOMENCLATURE 


AR 

B 

C. 


dP 


E 

EL 

r 

B 


Hi, Si. a 


P-p 

Q 


dlffusar  aroa  ratio  at  any  x station 
boundary  layar  bloekod  aroa  fraction,— 
skln  friction  coofflelont,T  _ , 

dlffusar  loss  coafflclants(T.la(^/3At jU*. 
prassura  racovary  coafflelant,  >rpi)/^l-pi) 
antry  pipa  dlaoatar 
antralnaant  rata,  agn  (4) 
antry  plpo  langth/D 
antralnaant  function,  E/o^UR 
boundary  layar  shapa  paraaatar,  l*/t 
4/6,  6j/9,  f (i-|  )dy/6 

inlat  turbulanea  paraaatar,  agn  (24) 

local  Mach  nuabar 

total  and  static  prassura 

charactarlstle  voloclty  seala  of  tha  turbul- 

anca,  agn  (24)  “T  ~T 

turbulant  waloclty,  g‘«u' 

radius  of  duet  at  any  station  x 

Raynolda  nuabar  basad  on  tha  avaraga  lalat 

valoeicy  and  plpo  dlaaatar 

Raynolda  naabar  basad  on  frao  straaa  prepar- 

tlas  and  boundary  layar  aoaantua  thlOcnaas 

radial  dlstanca  froa  duct  contra  lino  or  taa- 

paratura  racovary  factor,  (T,-T^) / (T^-T^) 

shaar  work  intagral,  agn  (127 

Tas^oraturas : static,  total  and  racovary 

axial  valoolty  at  adga  of  boundary  layar 

local  axial  valoelty 

friction  valoelty  *t^/o 

cemponants  of  tha  turbulant  valoelty  In  tha 
X,  y and  x dir actions 


X 

X 

Y 


S 

4*, 9, 9, 


c 


3 


B,T 


(fZ 


coordinata  along  tha  duet  axis 
non-dlaanslonal  axial  dlstanca,  x/R^ 
coordinata  noraal  to  tha  duct  wall 
coordinata  parallal  to  tha  wall  and  noroal 
to  x-y  plana 

(Boundary  layar  thleknsss 

boundary  layar  dlaplacsBont,  moaantTa  and 

anar^  thlc)cnoss  (planar  dafinltlons) 

j^/ou->dA/Bu^Aj^ 

lo&l  danslty  and  shaar  straas 
dlffusar  half  angla 
gas  constant 


Subsesipts 

a conditions  at  adga  of  tha  boundary  layar 

1 valuas  at  dlffusar  Inlat  station 


Suparscsl;)hs 

(*)  tloa  naan  of  fluctuating  quantity  or  naan 

valua  avaragad  ovar  tha  cress  section 
(*)  non-dlaanaional  length  (noraallzad  through  R^) 

1.  INTRODUCTION 

A dlffusar  flow  aodal  designed  far  tha  ease  whan 
the  Inlat  flow  is  axeasslvoly  disturbed,  and  particu- 
larly for  a diffuser  pracadad  by  shock  wava-turbulant 
boundary  layer  Inearactlon  is  astabllshad.  This  type 
of  flow  Is  aat  In  aany  practical  design  situations, 
a.g.  suparsonlc  }at  air  Intakes,  high  speed  centrifu- 
gal compreators  and  suparsonlc  closed  circuit  wind 
tunnels.  In  this  ease  tha  inlet  flow  is  charactarlzad 
by  high  subsonic  or  transonic  Mach  nusbars,  peaky  ve- 
locity profllas  which  ara  In  a rapid  stats  of  decay 
and  high  turbulanea  levels  ganaratad  by  tha  Inter- 
action and  tha  following  profile  decay  (^)  .Tha 
resulting  turbulanea  struetura,  shown  typically  In 
fig  (1)  Is  narkadly  diffaront  from  that  of  naturally 
davaloplng  pipe  flow.  In  addition  to  tha  above  case 
(^)  , tha  affaets  of  tha  Inlat  turbulence  struetura  on 
dlffusar  parforsance  ara  evident  In  tha  cases  of  dlf- 
fusars with  artificially  disturbed  inlet  flow  (using 
vanes  or  centra  bodies)  (3) , dlffusars  pracadad  by  a 
parallal  pipe  whan  tha  InTat  flow  approaehas  fully 
davalopad  conditions  (£)  t (S,)  and  dlffusars  with 
decaying  inlat  valoelty  profllas  (£)  . In  all  thasa 
cases,  tha  laprovaaant  In  prassura  racovary  and  delay 
In  stall  inception  ware  attributed  to  an  Ic^rovad 
turbulanea  struetura  at  Inlat,  and  Its  subsagusnt 
affect  on  valoelty  profile  davalopmant  (or  boundary 
layar  growth) . 

Howavar,  none  of  tha  diffuser  parfonanea  pre- 
diction sathods  iuicwn  to  tha  authors  (a.g.  raf  (7)  , 
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( 3)  and  (9)  , =onsidar*d  tin*  afftcts  of  th*  Inlan  tniz- 
buicnc*  scructur*,  or  included  a turbulenc*  paramatcr 
aoon;  lea  input  quantities.  This  paper  presents  on 
attsapt  to  overcome  this  evident  snortcoainq  by  con- 
siderinq  the  effects  of  upstzsoB  history  on  boundary 
layer  development  and  tb*  fact  tnat  tn*  turbulent 
shear  stresses  laq  in  their  development  behind  th* 
aeon  velocity  profile.  An  inteqrsl  boundary  layer 
approach  vros  considered  more  appropriate  for  incor- 
poraeinq  tb*  additional  inlet  parameters  and  qlvlnq 
hopefully  a sufficient  description  of  the  effects  as 
ta  be  an  aid  in  desiqn.  Two  methods  have  been  deve- 
loped 

i.  Method  SOTS:-  is  a unification  between  th* 
compressible  turbulent  boundary  layer  method  of 
Green  (U1  and  th*  method  of  Hirst  i Reynolds  . 

It  is  based  an  th*  HMTrainment  principle  and  on 
explicit  treatment  of  th*  turbulence  £tructure  via 
th*  turbulent  Icinatic  enerqy  equation  which  is 
transformed  to  qiv*  the  strsamwis*  development  of 
th*  entrainment  function  (F) . 

ii.  Method  ISOEQ:-  is  a unification  between  th* 
compressible  boundary  layer  method  of  Livesay  et  ol 
1121  and  th*  method  of  Goldberq  (1£)  . Th*  mean  flow 
kinetic  enerqy  equation  (I^aclc  Snerqy  ^ficlt  eqn) 
is  th*  boundary  layer  auxiliary  equation,  and  th* 
turbulence  structure  is  treated  implicitly.  A 
simple  diffuaioiwtyp*  eqn  is  used  to  specify  th* 
downstream  developoant  of  the  shear  work  inteqral 
(S)  relatinq  it  to  th*  amount  of  Aperture'  from 
EQuilibrium.  No  compressibility  transforma'tions  are 
used,  but  Morkovin's  hypothesis  is  invoked  to  extend 
to  th*  coapressibl*  boundary  layer  correlations  de- 
veloped orlqinally  for  th*  low  speed  flows. 

2.  THE  OUrOSER  FLOW  MODEL 

Th*  modal  is  based  on  th*  simultaneous  solution  of 
th*  compressible  boundary  layers  and  th*  potential 
cor*.  It  is  dasiqnad  for  th*  unstalled  flow  in  a 
conical  diffuser. 


2.1  3asie  assumptions 

i)  A steady  one-dimensional  isentropic  cor*  flow 
extends  to  tliw  diffuser  exit  (Boundary  layers  do 
not  mexT*) 

ii)  w-.a  'sey  layers:-  adiabatic,  attached,  thin  at 
diffua.  ^*t,  qrowinq  on  a smooth  wall  under 
ordinary  races  of  strain  (no  shock  waves  or  expansion 
fans)  anu  enx  oenerqatie. 

iii)  Fluin  -s  a perfect  qoa  flow  is  axisyiaactric  and 
th*  static  pressure  is  function  of  axial  distance  only. 


2.2  The  model  equations 

i)  Diffuser  overall  continuity  equation:-  Derived 
from  th*  ei^ression  for  continuity  of  the  one- 
disMnsional  cor*  flow  and  in  a differencial  form 

reads 

i^HO  (1-K.^  d(^)  « . H - 9 a - 0 (1) 

2 dx  dx  dx  dx 


ii)  Boundary  layer  momentum  inteqral  equation 
For  an  axially  symmetric  cempressibl*  flow,  it  cakes 
the  form 
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The  turbulence  anisotropy  term,  which  is  the  Normal 
Stress  Contribution  (N.S.C.)  tc  the  momentum  balance, 
is  usually  nsqlsctsd  in  boundary  layer  calculations. 
However,  in  most  practical  situations,  the  diffuser 
flow  is  usually  extended  up  to  and  somscimes  well  in- 
side th*  separation  rsqicn.  For  the  diffuser  boundary 
layer  qrowinq  under  such  sever*  adverse  pressure  qra- 
disnes,  the  nsqlscc  of  this  term  is  unrealistic  and 
leads  to  predictions  in  qreat  error  especially  at 
larqe  area  ratios.  Therefore,  different  eispirical 
correlations  for  the  N.S.C.  ace  presented  in  th*  next 
section  (section  2.3)  and  are  included  in  th*  calcu- 
lations. For  th*  s]cin  friction  coefficient  C,,  a 
modified  version  of  the  Ludwiq  a Tillmonn  correlation 
is  esiployed,  , 

T ^ 

C,  - 0.246^  *xp(-l.S61H).Rj  (3) 

where  R,  • -^2—  R-  , '-a  - viscosity  at  temperature  T 

“ Un  = = 


2 - 2 
l+l.qarM  and  a + 1 - (H+l)/(l*0.2m  ) 

T a * 

e 

Th*  lost  two  relations  or*  obtained  by  employ inq- 
Crocco ' s relation  for  the  tesipesatur*  distribution 
throuqh  the  Boundary  Layer. 

iii)  Boundary  layer  auxiliary  equation 

iv)  History  eqn. 

If  the  diffuser  continuity  equation  is  viewed  as  qivinq 
the  strsamwis*  development  of  the  centre  line  velocity 
0,  and  th*  momentum  equation  os  the  eqn  for  9,  then 
th*  auxiliary  eqn  is  th*  on*  for  th*  shape  parameter 
H.  Th*  form  of  th*  auxiliary  boundary  layer  aquation 
depends  on  th*  method.  It  is  th*  entrainment  eqn  in 
ENTS  and  the  mean  flow  enerqy  deficit  eqn  in  ISDEQ. 

In  either,  a different  turbulence  describinq  quantity 
appears  (F  in  ENTS  a S in  KEDEQ) . Th*  history  eqn  is 
then  viewed  os  qivinq  th*  downstream  development  of  F 
or  S (which  charactarir*  th*  turbulence  structure  of 
th*  boundary  layer)  and  is  different  for  each  method 
as  shown  below :- 
a.  Method  ENTS 

iii) a.  Aux.  Boundary  Layer  eqn  S Entrainment  eqn.  For 
a oocvresslbl*  axisyraoecric  thin  boundary  layer  flow 
th*  entrainment  law  can  be  written  as 


S ■ Ic 


(4) 


which  upon  introducinq  th*  non-dimensional  entrainment 


function  F • S/D  OR  and  the  mass  flow  thickness 
e 


5 -9*  - ; 


S DU 


dy 


(S) 


takas  th*  form 


dd 

= . F - d 
dx 


(1-M  )d(tnD) 
• dx 


d(tnR) 

“dx  ' 


(S) 


and  usinq  th*  definition  * d/9,  it  takes  th*  final 
form 


Idx  dx 


r-H,e|(l-M/)S|!i 


d(lnR)  I 
dx  ' 


(7) 


For  th*  relation  between  th*  shape  parameters  H, iH 
a set  of  correlations  qiven  by  Green  (10)  was  employed 
H,  is  indirectly  related  to  H via  the  transformed 
shape  parameter  H. 

Althouqh  th*  physical,  process**  qovemlnq  ent- 
rainment certainly  involve  the  turbulence  in  the  outer 
reqion  of  th*  boundary  layer,  conventional  entrainment 
procedures  employ  soma  empirical  assumptions  to  relate 
F to  mean  flow  quantities.  Now,  with  an  explicit  con- 
sideration of  th*  turbulence  structure,  F is  assuised 
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3 cbosan  u ^2, 
sacomaa 


jug  ^ , thus  ;ha  ancrainmant  law 


2 • K,3^aQ  or  y ■ -J  (3) 

Iv)  a.  Slstozy  aqn  : Turbtilant  Iclnaclc  anar^y  aqn. 

An  inu^ral  joia  at  tha  T.X.£  aqn  Is  usad  Co  dacar- 
aisa  cba  scraajswisa  avolutlon  of  cna  cuxbulanca 
paraaacar  Q and  consaquancly  cha  antzalnoanc  funcclon 
F.  For  oo^rasalhla  flow,  wich  a naqlaccad  fraa 
scraan  cuijouianca,  ic  can  ba  wrlcean  as 

j *2  < ? 


_;^^rcudyi 


If  Q Is  alaodnacad  using  aqn  (8)  and  cha  dafinltlon 
of  I (aqn  S)  is  incxoducad,  aqn  (9)  caicas  eha  totm 


iaqa  - |l-7SO(H.l)  1 §| 


CO  ba  dacaiainad  priaarily  by  cba  curbulanca  and 
following  Hirsc  and  Raynolds  , F is  assumad  co 
vary  linaarly  wich  a oharaccasiseic  cusbulanc  valociCy 


- 2X^  u,P,oV  (10) 

Saplacing  u,  by  u/C^2,  subcraccing  aqn  (6)  froo  an 
axpansion  of  aqn  (107  and  raarranging,  Cba  liiscory 
aqn  can  ba  caducad  ca 

a eldUnF)  ddnOi  1 d(lnR)  I . jc  ^ (ID 

dx*dx  "Ids  ~2"I 

b.  Matbod  XZOCQ 

iii)b.  Aux.  boundary  layar  aqn  s KinaCic  anargy 
daficic  aqn.  For  an  axisymacric  anisoanargacic 
boundary  layar,  iC  Cakas  cba  fora 

a 

A snieabla  sbapa  paraaacar  is  b • 3r/9.  In  rafar- 
anca  (J^) , was  analycieally  rarralacad  wicb  3 by 
assuaing  a p^ar  law  valocicy  profila  and  aoploying 
Crocco'c  caoparacura  distribution.  Tba  rasulcing 
cocmlation  for  subsonic  Hacb  nuabars  and  for  a laas 
cban  5 takas  cba  fora 

Sj.-  0.0524(-2-)  + 0.13O8(l|— )*0.3S84(-|-f 


S is  Cba  diaansionlass  curbulanca  anargy  production 
Incagcal  across  Cba  layar  whosa  do%aiseraam  davalop- 
aanc  is  spacifiad  by  Cba  history  aqn. 

iv)b-  History  aqn  3 diffusion-typa  aqn  tor  S.  Tha 
basic  principle  involved  hare  is  chat  tba  shear  stress 
profila  depends  on  the  upscraaa  history  of  cba 
boundary  layar  and  lags  behind  Cho  naan  flow  such 
chat  an  abrupt  change  in  the  naan  velocity  profile  is 
followad  by  only  a prograsslva  change  of  cba  shear 
stress.  Based  on  Ooldberg's  (13)  obsarvacien  chat 
cba  aoan  flow  appears  co  racum  co  eqtiillbriua  at  a 
rata  proportional  co  cba  aaount  of  departure  froo 
aquilibriua,  a 'race''  aqn_it  asauaad  to  specify  tba 
scraanviaa  derivative  of  S,  which  takas  cba  fora 

- Kj  (Saqa  - i)  (14) 

iaqa  is  rslacsd  co  its  flat  plats  value  using  an 
aapirical  cerralation  involving  a linaar  function 
of  cba  praasurs  gradient  as  follows 


as^loyad  by  invoking  (terkovin's  bypoebssis. 

Tba  siffusar  continuity  aqn(l) , cba  aooancua  in- 
tegral aqn  (2) , tha  boundary  layar  aux.  aqn  (7  or  12) 
and  the  hiscory  aqn  (11  or  14)  conscicuta  a systaa  of 
four  cotiplad,  firstordar,  non-linaar  ordinary  diffaran- 
Cial  aqua cions  with  0,9,3  and  F or  S as  Cba  dependant 
variables.  A single  compucar  progranaa  was  wrictan 
which  astbracas  both  macbods  wicb  cba  auxiliary  func- 
tions for  each  nacbod  included  in  saparaca  subroutines 
as  shewn  in  appandix  (1) . 

2.3  Correlations  for  tha  N.S.C.  Co  tba  monancun 
balance.  Assuaing  isotropic  curbulanca  in  cna  fraa 
scraam,  cba  noroal  scrass  can  in  cba  aosancua  aqn 
(2)  radueaa  co 

N.S.C  • -^2  ^ { /“(ou'^  - sv'^jdy)  (16) 

0 u ox  o 

a 

As  a oral iainary  approach  Co  including  cba  N.S.C.  carx, 
available  empirical  corralacions  for  cba  incOTprassibla 
boundary  layer  which  dascriba  it  in  cazms  of  aaan 
flow  paraaacars  ware  employed,  a.g. 

i Ross ' corralacicn  ( ^) 

ji.s.c.  - 2^ 

ii  Ooldberg's  corralacion 

N.S.C.  - 0.0365  (H-l)d£*  (18) 

dx 

iii  Correlation  by  Lawkowicz  at  al (15) 

N.S.C.  - 4.75  C,(H-1.3)^  (19) 

All  such  corralacions  could  ba  usad  in  Cba  present 
model  by  once  again  invoking  .Morkovin's  bypoebasis 
cbcc  cba  direct  affect  of  comprassibilicy  on  cba 
turbulence  structure  (especially  on  anisotropic 
quantities)  should  ba  very  small  in  a subsonic  maan 
flow. 

Howavar,  it  will  ba  mors  logical  co  corralaca  tba 
N.S.C.  which  is  a curbulanca  anisotropy  cam  comprising 
gradients  of  cuzbulant  velocities  using  tba  cbaraccaris- 
cic  turbulanc  valocicy  Q,  which  already  appears  in  cba 
modal  (matbod  ENTS) . On  both  dimensional  and  physical 
grounds,  the  integral  in  aqn  (16)  should  finally  raacb 
tba  fom 

'^(cu'^  - ov'  )dy  » ao  Q^9*  (20) 

o a 

where  9'  is  an  arbitrary  Boundary  Layar  cbicknass 
paramater,  i.a.  9*  can  ba  either  9,9*,1,  9.  ate.  Con- 
saquancly, a batter  corralacion  for  Cba  N.§.C.  should 
taka  cba  fom 


N.S.C.  - -2-2  ^ 

CO  dx 


2 • 

(0  0 9 ) 


Bara,  an  inoeoprassibla  flat  plats  correlation  was 


Employing  cba  data  of  Strickland  a Simpson  (^)  and 
choosing  1 as  cba  boundary  layar  paramacar,  cba  value 
of  a >0.4  gave  cba  bast  fit. 

2.4  Tha  inlet  curbulanca  oaramatar  I(? 

To  start  cba  solution  of  cba  modal,  an  initial  value 
of  cbs_quancicy  describing  the  curbulanca  scructura 
(F  or  S)  is  raquirad.  In  ordar  co  maka  possible  cba 
comparison  baewaan  cba  predictions  of  both  methods 
(ENTS  a KEOCQ)  at  cba  same  level  of  inlac  curbulanca, 
it  was  suggastad  chat  a single__^inlac  curbulanca  para- 
matar  ba  used,  co  which  F and  S can  ba  corralatad.  It 
is  mors  logical  and  convanianc  co  provide  the  designer 
wicb  a single  diffuser  inlet  curbulanca  paramacar  easy 
CO  aacimaca  and/or  measure,  rather  chan  leave  him  wicb 
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^kdlous  cask  ai  •ifiieat'tr.g  •ntralsmanc  rsu 
er  Ui»  sbaax  work  ^ta^ral.  Ti-.a  ^anticy  found  cose 
auitaJsla  ia  whick  can  ka  csnaldarad  aa  cha 

saaa  avaragad  cuxbulanea  incanaicy  acrcaa  eba  dldfuaac 
infac  boundary  layar.  Tba  r-I^  corralacion  can  ba 
obcalnad  diracely  from  aqn  (3)  aa 


and  cha  valua  of  K.  • 0.25  racoamandad  in  rafaranca 
(11)  la  uaad._ 

For  tka  i-X^  corralacicn.  a cbaoraeical  axpraa- 
lion  ia  daxivad  from  a ;ipa  flow  analyaia,  whack  cakaa 
tka  fera 


-2’^sl 


(23) 


Tka  valuaa  of  >0.7  and  C2  * 4.0  gava  Cka  baac  fib 
CO  tka  availasla  axpariaancal  data. 

Finally,  CO  allow  tka  siodal  to  pradlec  caaaa  of 
dlffuaars  with  dlacurbad  inlat  £lo%'a  whara  aoaa  fraa 
atraam  curkuiaoca  ia  axpactad  to  axiat,  tka  dafinicion 
of  1q  ia  ali^kcly  aodlflad  to 

-V  - 2 Whara  Q^- 

“ o/*flurdr 


Tka  ckaraccariacic  valoeity  of  tka  turkulanca  ia  now 
obcainad  by  Inta^ratin?  acroaa  tka  diffuaar  inlat 
aacclon  ratkar  than  acrcaa  tka  boundary  layar  alona, 
tkua  containa  tka  turkulanca  anar^  in  tka  fraa 
atraam  aa  wall  aa  in  tka  boundary  layar.  Although 
tka  caaulting  Q will  .not  ba  axactly  that  apacifiad  by 
tka  intagral  foa  of  tka  T.K.E.  aqn  (aqn  3)  , tka  aixa 
of  arror  iavolvad  will  ba  within  tka  fraaa- 

work  of  tka  intaqxal  modal. 

For  an  incompraaaibla  flow,  tka  diffuaar  inlat 
turkulanca  paramatar  radueaa  to 


-i  /^o''^(^  ) ^I^fdf 

A u 


(25) 


whara  A • pcofila  paaJcinaax  • 0/u,  2 • r/R 

I ■ local  turkulanca  intanaicy  • q/u 
Typical  valuaa  of  Iq  in  plpa  flowa 

I)  Incompraaaibla  fully  davalopad  pipa  flow  6k 

II)  Coopraaalkla  ’ ’ i*  * 

ill)  Fallowing  a shock  boimdary  layar  intaraction 

i _ ' 8-13k 

Now,  fiva  input  quantitiaa  (diffuaar  input  para- 
oatars)  ara  raquirad  by  tka  modal  to  tpacify  a ganaral 
inlat  situation  nosaly,  and  !<;. 


Saparation  critaria 

Two  diffarant  flow  datachmant  critaria  wars  in- 
esrporatod  in  tka  modal  to  pradict  tka  point  of  poa- 
sikla  saparation  (or  first  appraciakla  stall) , namaly 
a)  8 • 3.1  which  is  aoraally  uaod  for  conical  diffu- 

sors. 


b)  3 “ 


it(l-a.g4)^(2H.i^ 


0.536 


2Hiii^ 


0.48 


suggastad  in  rafaronea  (T)' 

Tka  calculations  wars  axtandad  bayond  tka  sapa- 
ration  point  to  aasasa  tka  capability  of  tka  modal 
for  slightly  saparatad  diffusars. 


3.  TSCORTICAi  FnCICTICNS 


3.1  Comparison  batwaan  tka  oradietions  of  both 
jjawods 

Tha  two  matkods  SNTS  a KZOEQ  diffar  fundamontally 
in  tkaix  boiadaxy  layar  approach  and  ia  tkair  traat- 
cant  of  tha  turkulanca  structura.  It  is  intarasting 


to  saa  how  tkair  pradictions  cempara  for  tka  sama 
diffusar  gaomatry  and  inlat  conditions.  Tha  vary 
closa  agraamant  typically  shown  in  figs  (2)  and  (3)  ^ 
for  four  diffarant  inlat  situations  for  tka  5 and  12 
diffuaar  raspactivaly,  indicatss  that  both  matkods  ara 
ganarally  of  tka  sama  ordar  of  accuracy.  Sacsndly,  it 
confirms  tka  ralacion  batwaan  tka  two  appreadiaa  for 
tka  traatmont  of  tka  turkulanca  structura,  a ralation 
invascigatad  in  datail  by  McDonald  (17) . It  also 
supports  tka  validity  of  tka  various  ampirical  and 
Sami- analytical  corralations  usad  (aspacially  batwaan 
both  F and  I and  1^) , and  finally  it  confirms  tka 
fact  that  tka  affacts  of  upstraam  history  manifast 
ttamsalvas  as  ckangas  in  tka  local  propartias  of  tka 
boundary  layar  and  turkulanca  structura.  Tha  failura 
of  aarliar  modals  that  did  not  considar  ‘'boundary 
layar  history"  is  intarpratad  as  an  incccplata  spaci- 
ficacicn  of  tbs  inlat  conditions. 

3.2  Pradiction  of  tha  affacts  of  tka  diffusar  inlat 

turkulanca  laval 

For  tka  first  tins,  a diff'isar  flow  modal  which 
predicts  tka  axporimantally  obsarvad  affacts  of  tka 
inlet  turkulanca  laval  on  tka  boundary  layar  growth 
in  and  parformance  of  diffusars  is  astablishad.  Figs. 
(4)  and  (5)  show  that  an  incraasa  in  1q  lands  to  an 
inersasa  in  3-growtk,  a dacraasa  in  3-growtk  and  an 
isprovamant  in  prassura  racovary;  -tka  sansitivity  to  a 
change  in  being  )vigkar  in  tka  low  range.  Tka 
following  table  demonstratas  the  efface  of  an  incraasa 
of  I<p  in  delaying  saparation 


4% 

8% 

12\ 

(H-critarion) 

3.6 

5.3 

3.2 

X,,p  (S  -criterion) 

3.7 

4.1 

4.5 

12°  diffuser  9^-0. 

01  B, 

^-1.4 

■ 0.8 

Fig  (3)  coupled  with  tka  first  saparation  criterion 
shows  that,  if  tka  inlat  turkulanca  is  low  enough,  tka 
flow  in  even  a good  diffusar  will  separata  at  quits  an 
early  stage  (5°  diffuaar  saparatas  at  AS*2.S  with 

Ig  ■ • 

3.3  Medal  oradicts  tha  decay  of  a saaiev  trofila  in  a 
oioa  and  ,oossiblv  in  a diffusar 
The  first  maasura  of  success  cf  tka  modal  is  its 
ability  to  pradict  tha  decay  of  a paaicy  velocity  pre- 
fila  in  a straight  pipa,  demonstrated  in  figs  (6)  and 
(7)  . In  fig  (6)  the  inlat  turkulanca  laval  is  leapt 
constant  while  tka  initial  profile  paalcinass  is  varied. 
As  can  ba  sean,  tka  paakiast  inlat  profile  has  tka 
kighast  rata  of  decay,  but  a residual  difference  in 
tka  value  of  tka  shape  paramatar  still  axists  after 
ton  diametars  of  tka  pipe  length.  Whan  method  KECEQ 
is  omployad,  howaver,  tha  three  curves  closa  in  muck 
fastar  until  tkara  is  practically  no  diffarance  in 
a aftsr  approxioataly  8 diamatars.  Fig  (7)  shows  that 
an  incraasa  of  Iq  leads  to  a much  fastar  rata  of  decay. 
Tha  a-growtk  curves  in  figs  (2)  to  (5)  confirm  tka 
dependanca  of  the  velocity  prefila  devalopmont  in  a 
diffuaar  (growth  or  decay) on  tka  sensitive  balance 
batwaan  tha  initial  values  of  8 and  1^.  Fig  (4)  shows 
that,  if  I,  is  high  in  view  of  Hi,  virtually  taro 
growth  of  »a  profile  can  ba  caiktainad,  with  tka  con- 
saquanca  that  a further  increase  in  will  lead  to 
profile  decay.  TkiS  is  further  subatantiatad  in  figs 
(2)  and  (3)  whara,  at  tka  sama  level  of  Iq,  H aitkar 
grows  staadily  or  decays  over  a conaidarabla  part  of 
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diffuaar  length  bafora  ic  scam  co  grow  again,  de- 
pending an  The  above  resales  are  In  line  wlcb 

Che  expercaencal  findings  of  llvesey  a Turner  (£)  . 

3. 4 Predlecccn  of  che  "Sraeshaw  efface" 

Anochar  success  of  che  nodal  is  presenced  In 
fig  (3)  and  more  clearly  In  fig  (9)  • Coclcrell  and 
Markland  (£)  reporced  chac  che  diffuser  pressure 
recovery  (Cp)  which  decreases  as  che  boundary  layer 
chlcknass  ac  inlac  Increases,  accually  rises  again 
when  che  Inlac  boundary  layer  Is  chick  enough  co 
approx 1 as ee  co  fully  davalopad  pipe  flow.  Bradshaw 
(5_)  observed  che  sane  efface  and  suggasced  chac  che 
fully  developed  curbulance  scruceuxa  of  che  pipe 
flow  is  beccar  able  co  cransfer  aomencua  radially 
chan  che  soaller  scale  curbulance  of  aoderaealy  chick 
boundary  layers.  The  velocity  profile  far  down  che 
diffuser  is  izproved  by  curbulenc  nixing  and  sapara- 
clon  Is  delayed,  ?lgs  (3)  and  (9)  show  chac  che  nodal 
predices  just  chac.  The  Ineeresclng  feaeuxe  here,  la 
chac  chls  is  corraccly  predlccad  when  che  Inlec  cur- 
bulenca  parsnacar  Ig  Is  held  conscane.  Fig  (9)  shows 
also  chac  che  phenomenon  is  expected  co  occur  ac  a 
smaller  Sj,  and  Is  followed  by  a considerable  recovery 
In  performance  for  che  wider  diffuser  angles. 

3.3  The  Insufficiency  of  blockage  as  che  inlee 

boundary  layer  oaraaeeer 

One  of  che  achlaveoencs  of  che  model  Is  chac  Ic 
showed  clearly  chac  the  usual  pracclca  of  lumping  che 
diffuser  Inlac  velocity  profile  parameters  Into  a 
single  quantity  (the  blockage  raclo  Bi.)  la  wrong.  In 
fig  (10) , cwo  different  trends  of  variation  of  che 
pressure  recovery  Cp  with  3i  are  obtained  depending 
on  whether  or  3i'  la  kept  constant.  The  same  is 
predlccad  for  the  separation  point  Xsep.  In  addition 
CO  H<_,  R«  and  Iq  the  aodal  requires  two  Inlet  velocity 
profile  paramecars  (to  be  chosen  from  3^,  and  a^) 
to  Initiate  Che  solution.  The  use  of  3^  alone  co 
specify  che  inlet  situation  Is  Incorrect. 

4.  COMPARISON  HUB  SXPSRIMENTAL  DATA 

For  an  assessment  of  Che  model.  Its  predictions 
are  compared  with  experimental  data  of  diffusers  pre- 
ceded by  a shock  wav»> boundary  layer  Interaction  In 
the  Inlac  plpet  a case  for  which  che  model  was  origi- 
nally designed.  In  che  comparison,  method  sns  was 
chosen  so  chat  the  new  correlation  for  the  N.S.C.  can 
be  tested  and  the  authors'  own  experimental  data  were 
employed  In  order  to  guarantee  that  che  Inlet  condi- 
tions and  the  diffueer  perforaancs  paramsesrs  srs 
exactly  those  specified  by  the  modal.  The  comparison 
Is  made  for  three  diffuser  geometries  (5,12  and  2o 
deg.  total  angle)  with  a sharp  transition  from  the 
parallel  pipe  co  diffuser  cone.  The  diffuser  Inlet 
station  Is  situated  1.3  diameters  upstream  of  the 
geometrical  threat  co  avoid  the  possible  affects  of 
the  comer  on  Inlet  conditions.  The  boundary  layer 
growth  and  performance  data  were  measured  ac  area 
ratios  2,  3 and  4 for  all  diffusers  and  additionally 
at  AR  • l.S  for  the  3'^  diffuser.  Typical  results  of 
the  comparison  for  the  three  diffusers  with  favourable 
(low  inlet  nach  nusibar  and  blockage)  and  unfavourable 
Inlet  conditions  are  presenced  in  figs  (11)  to  (IS) . 

The  comparison  for  the  two  3°  diffuser  test  cases 
(fig  11)  shows  chac  che  predictions  are  exceptionally 
good  in  view  of  the  high  values  of  mlet  blockage 
involved  which  place  them  outside  Che  class  A restric- 
tion O.CS)  . This  success  indicates  chac,  with 

a proper  creacnenc  of  the  turbulence  structure,  che 
model  could  predict  diffuser  flows  with  moderate  to 
■/ery  chick  inlet  boundary  layers  so  long  as  a poten- 
tial core  still  exists  (wnich  is  observed  experimen- 


tally) . Fortunately,  che  predicted  C_  seems  co  be 
relatively  insensitive  co  small  errors  i.t  the  predicted 
boundary  layer  parameters . For  favourable  inlet  con- 
ditions (case  309)  the  model  under  predicts  B at  small 
area  ratios,  while  ac  bigger  ARs  Che  predictions  are 
very  accurate.  Apparently,  the  sharp  comer  results 
in  che  adverse  pressure  gradient  at  the  early  diffusion 
stages  becoming  stronger  chan  chat  assumed  by  che 
theoretical  model,  thus  leading  to  higher  values  of 
a chan  those  predicted.  For  cases  of  high  H,  and 
(e.g.  case  317),  these  effects  are  lass  oarkad  possib- 
ly because  of  the  modifications  of  the  pressure  distri- 
bution at  the  comer  by  che  thicker  inlet  boundary 
layer. 

In  fig  (12)  for  the  12  deg.  diffuser  with  unfa- 
vourable Inlet  conditions,  the  predictions  of 
(especially  when  using  the  new  correlation  for  ^.e 
S.S.C.i  are  adequate  in  view  of  che  poor  predictions 
of  the  boundary  layer  parameters.  For  favourable  in- 
let conditions  (fig  13)  the  trends  are  reversed  with 
better  predictions  of  3 and  3 while  Cp  is  overestimated. 
0n»  possible  explanation  is  that  in  case  121C,  3*  is 
'underestimated  by  the  theory  and  consequently  Cp  is 
over-predicted.  In  case  12C3,  though  3 is  significant- 
ly underestimated  and  3 over-estimated  their  product 
3*  might  be  close  to  the  actual  value  resulting  in  a 
better  prediction  of  Cp.  The  effects  of  both  the 
Inlet  sharp  comer  and  separation  could  be  employed  co 
explain  Che  observed  variation  In  the  accuracy  of  pre- 
dicting che  loss  coefficient  C^  with  che  change  in 
Inlet  conditions  (from  favourable  to  unfavourable) . 

The  comparison  with  che  2o°  diffuser  data  pre- 
sented In  figs  (14  and  13)  is  practically  irrelevant 
si.hce  for  this  geometry  the  flow  over  most  of  diffuser 
length  is  badly  separated  resulting  in  very  Inaccurate 
experimental  data  and  an  Inapplicable  theoretical 
model.  As  expected,  the  same  trends  as  for  the  12' 
diffuser  are  observed  but  the  deviations  are  signifi- 
cantly greater.  The  only  observation  worth  mentioning 
Is  that  the  Cp  predictions  are  In  great  error  even 
before  the  predicted  separation  point.  The  percentage 
error  in  Cp  Is  much  bigger  ac  AR  - 2 that  at  AR  • 4. 

It  appears  that  the  experimental  Cg  curve  has  beer, 
shifted  downwards  from  the  theoretical  one  since  the 
start  of  the  diffusion.  This  suggests  that  the  effects 
of  the  Inlet  sharp  comer  on  the  pressure  gradient 
pectem  rather  chan  che  effects  of  serly  separation 
are  the  major  source  of  discrepancy,  .lore  specifically , 
the  one-dlmenslonal  treamsent  of  the  potential  core 
flow  and  the  neglect  of  streamline  curvature  effects 
on  the  iooundary  layer  aevalcpmanc  lead  to  the  serious 
departure  from  the  experimental  values  In  the  Inlet 
zone. 

Finally,  from  the  comparison  between  theory  and 
experiment  (figs  11  to  13)  the  following  general  con- 
clusions can  be  madat- 

Predlctlon  of  the  F—zrowth;-  For  all  geometries  and 
Inltt  conditions  investigated,  the  poorest  predictions 
are  those  of  the  3-growth.  The  major  source  of  error 
Is  thought  to  be  the  use  of  a skin  friction  law  (the 
Ludwig-Tlllman  correlation)  which  is  not  derived 
directly  from  the  velocity  profile  law  assumed.  The 
epproprlaca  way  wae  to  'use  a Coles-type  velocity  pro- 
file and  Co  employ  the  asymptotic  matching  condition  to 
obtain  an  equation  for  C<,  as  is  the  cate  in  the  orig- 
inal Hirst  and  Reynolds  mec-hod  (^)  . Although  a feem- 
ulaclon  of  the  velocity  profile  (well-wake  type)  for 
compressible  flow  now  exists  (referancs  (18)),  the  in- 
corporatlcn  of  this  profile  would  have  complicated 
the  mat.hamatlcsl  treatment  quite  considerably. 

The  new  correlation  for  the  .N.S.C.  Of  the  t.hree 
correlationt  employed,  only  the  new  correlation  (aqn 
21!  responds  to  the  severe  adverse  pressure  gradients 
encountered  at  the  early  stages  of  diffusion,  espeelal- 
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ly  tax  casM  of  unfavoruabl*  inlat  condltlona  (ylald- 
ir.g  aarliar  sapaxaU.on)  . This  is  ancoura9ih9  sinca 
tha  affachs  of  cha  noroal  scraasaa  ara  icnown  co  ba 
aaasurabla  aaxiy  bafora  saparaclon.  Tha  usa  of  tha 
naw  corralacicn  iaads  to  tha  bast  pradlctlons  of  tha 
prassura  racovaxy  pasfozBanca  for  tha  12°  dlffusar 
(saa  fl9  12  and  13) . ^ 

Saoaratlon  ..-ritarlai-  Tha  s-crltarion  is  rajactad  on 
tha  followin?  grounds 

a)  Although  it  is  sansitiva  to  gaossatrical  varlabias, 
it  is  vaxy  insansitive  to  inlat  conditions. 

b)  Whan  tha  shock  is  oovad  closar  to  tha  diffusar  in- 
lat, thus  uocaaning  inlat  conditions  (incraaaing  both 
H,  and  , tha  S-crltarion  pradlcts  a downstraam 
shift  of  tha  saparation  point;  which  is  tha  wrong 
trand.  Tha  9-crltarion  ramains  valid  for  this  intag- 
ral  class  of  pradietlon  aathods. 
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SPATIALLY  LOCALISED,  SHOCK-WAVE-IOTUCED  CONTIGUOUS  AND  VERY  FAST 
MIXING  BETWEEN  GASES  AND  LIQUID  IN  PARALLEL  FLOW 
(AN  EXPERIMENTAL  STUDY) 

1 

ENRIQUE  DEVIS  j 
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ABSTRACT 

In  many  engineering  applications  the 
mixing  of  flows  must  be  accomplished  on  a 
time  scale  short  compared  to  the  characte- 
ristic times  for  various  kinetic  processes 
associated  with  the  mixed  flow.  The  present 
Investigation  originated  from  considerations 
of  the  problem  of  the  achievement  of  high 
power  continuous  wave  laser  operation  with 
fluid  mixing  chemical  lasers  (1968) . Later, 
the  investigation  extended  to  the  problem 
of  mixing  a jet  of  liquid  into  a supersonic 
stream,  in  view  of  the  possible  applications 
in  combustion  starting  from  a liquid  fuel  as 
well  as  in  other  instances. 

The  fundamental  mechanism  was  the  action 
of  a shock  wave  into  a low-momentum,  high- 
speed-of-sound  fluid  (liquid  or  gas)  that 
produces  a complex  pattern  and  turbulent, 
supersonic  shear  flows  over  a stagnant  bubble 
where  recirculation  of  both  fluids  and  final 
mixing  or  atomization  occur  in  very  short 
times  (a  few  times  10~^  sec)  and  distances 
(about  1 cm)  . 

The  problems  were  studied  in  a shock 
tube  and  in  different  types  of  wind  tunnels, 
using  a chemiluminescent  reaction  (NU  * 0) 
to  measure  the  mixing.  Also,  a correlation 
was  found  between  this  fenomena  and  the 
action  of  a shock  wave  into  a boundary- layer . 

EFFECT  OF  A SHOCK  WAVE  UPON  STRATIFIED 
LAMINAE  OF  GASES  IN  A SHOCK  TUBE. 

The  first  step  (Cornell  University, 
1968-1970)  was  to  produce  an  interaction  of 
an  initially  normal  shock  wave  and  a series 
of  laminae  of  gases  of  different  densities 
and  molecular  weights,  namely,  air  and  a 
mixture  of  helium  and  argon  as  shown  in 
figure  one. 

A typical  result  is  shown  in  that  figure 
The  three  laminae  were  separated  by  very  thin 
lacquer  membranes  (the  width  was  of  the  order 
of  one  wavelength  of  ordinary  light) : two 
sheets  formed  one  mestbrane;  their  effect 
upon  the  flow  was  negligible.  As  the  shock 
started  the  interaction,  a time-dependent 


pattern  developed  that  had  the  following 
main  characteristics. 

1 The  helium-argon  mixture  decelerates 
to  almost  zero  velocity  (in  a coordinate 
system  that  moves  with  the  normal  shock) 
after  passing  (or  not)  through  its  own  normal 
shock  A-D.  After  this,  the  helium  flow  is 
subsonic  and  thus  the  flow  passage  is  diver- 
gent (the  walls  are  A-C  and  D-E) . 

2 The  air  can  pass  through  either  the 
normal  shock  B-F  or  the  first  oblique  shock 
AB  and  the  second,  BC.  After  the  sece^  one, 
the  pressure  rise  equals  that  across  the 
normal  shock.  The  inclination  of  AB  (af)  is 
dictated  near  B by  the  Mach  number  and  by 
the  pressure  in  the  "bubble*,  region  6,  and 
so  is  the  inclination  of  AC  (/f)-  the  flow 
direction  in  zone  2 near  BC.  The  Inclination 
of  BC  is  dictated  by  aC  and  by  the  pressure 
behind  the  normal  shock  that  t.he  flow  behind 
BC  must  match.  The  inclination  of  the  flow 
behind  BC,  ^ , is  not  zero,  and  the  Mach 
number  is  supersonic. 

3 The  pressure  in  the  bubble  is  several 
times  less  than  that  after  BC  or  the  air- 
normal  shock.  An  expansion  fan  centers  at  C 
and  reduces  the  pressure  to  that  of  the 
bubble  and  at  the  same  time  terminates  shock 
BC  at  C.  This  produces  the  first  turn  of  the 
air  towards  the  bubble.  The  pressure  further 
downstream  is  still  larger  than  that  of  the 
bubble,  and  that  imbalance  behind  the  bubble 
is  maintained  by  a vortex-type  of  motion 
accompanied  in  many  cases  by  isentropic  com- 
pressions and  expansions  and  irreversible 
compressions;  the  motion  creates  a flow  of 
air  into  the  bubble  and  induces  and  helps  to 
maintain  a movement  inside  it. 

4 The  first  oblique  shock  AB  is  not 
straight  and  in  some  cases  it  starts  at  A 
as  a compression  fan  (when  the  helium  flow 

. is  subsonic) . Thus  the  flow  after  it  is 
rotational.  AC  constitutes  the  boundary 
laetween  a nearly  stagnant  gas  in  the  bubble 
and  a rotational,  supersonic  flow  of  air  over 
it.  In  figure  2 an  important  case  can  be  seen 
where,  in  one  half  of  the  pattern,  AC  is  a 
nearly  straight  line  at  an  angle  S , but  in 
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the  other  half  instabilities  have  developed 
that  can  be  clearly  seen  due  to  the  membrane 
bits  that  are  pushed  along  with  the  helium- 
air  interface.  These  instabilities  do  not 
decay  with  time  or  along  the  flow,  as  could 
be  expected  in  other  supersonic  flows;  the 
many  runs  that  were  performed  tend  to  indi- 
cate that  after  the  pattern  has  traveled 
some  distance  along  the  test  section  these 
instabilities  start  to  appear  and  produce 
a "le''eling  off"  of  the  boundary  AC,  as  can 
be  seen  in  figure  2.  The  flow  might  become 
locally  turbulent,  as  proposed  in  1970,  and 
is  a shear  flow. 

5 During  its  transit  through  the  test 

section,  the  pattern  grows  in  size;  the 
changes  are  greatest  at  the  begining.  Howe- 
ver, angles  ^ , etc., reach  a steady 

state  rather  rapidly,  and  these  values  are 
in  good  agreement  with  theoretical  predic- 
tions based  upon  the  assumptions  outlined 

in  1,  2 and  3 above,  when  turbulence  has  not 
set  in.  These  predictions,  in  turn,  are  based 
upon  instantaneuous  valves  of  the  Mach 
numbers  which  increase  as  the  pattei^  moves. 
All  these  variations  as  well  as  most  flow 
details  and  transient  conditions  from  the 
time  the  normal  shock  hits  the  helium-argon 
lamina  are  analized  extensively  in  reference 
1. 

6 Due  to  the  necessarily  short  length 
of  the  test  section  the  flow  does  not  reach 

a steady  state;  this  can  only  be  accomplished 
in  a wind  tunnel.  The  bubble  could  continue 
growing  indefinitely  unless  Irreversibilities 
set  in  the  form  of  turbulence  and  momentum 
transfer  (from  the  air  to  the  helium-argon) 
and  mixing. 

7 As  the  helium-argon  mixture  molecular 
weight  increases  the  strength  of  the  interac 
tion  decreases  (but  notice  that  as  the  mole- 
cular weight  of  the  helium-argon  exceeds 
that  of  air,  still  the  Mach  number  is 
smaller  and  Cp/Cv  is  greater;  the  relative 
action  of  the  two  gases  does  not  reverse) . 

8 As  the  Mach  numbers  increase,  the 
strength  of  the  interaction,  vortices  and 
mixing  increases. 

9 As  both  the  ratio  of  the  molecular 
weights  of  the  two  streams  and  the  air  Mach 
number  are  changed,  the  general  geometry 

of  the  interaction  changes;  some  of  the  main 
affects,  such  as  the  vortices  or  the  cente- 
red expansion  might  not  occur  in  some 
Instances.  The  several  cases  that  might 
occur  are  analyzed  in  reference  1.  These 
of  interest,  however,  are  the  ones  so-far 
presented. 

Apparatus  and  other  Main  Flow  Conditions. 

The  equipment  included  a standard 
square-cross-section  shock  tube;  a teat 
section  with  two  glass  walls  normal  to  the 
membranes;  a schlieren  system;  a series  of 


sensors  that  detect  the  passage  of  the  nor- 
mal shock,  placed  on  the  side  wall,  to 
trigger  the  schlieren  system  and  to  indicate 
at  t.he  osciloscope  trace  t.he  passage  of  the 
shock  over  them;  a pulse  amplifier-scope- 
time  delay-triggering  spark-main  spark 
electronic  system;  a helium-argon  and  air 
injection  and  continuous  exhaust  system 
(since  leaks  are  unavoidable,  the  two  leuninae 
•had  to  be  continually  "washed-off") . Initial 
Mach  numbers  used  ranged  from  l.S  to  3.S, 
and  initial  test-section  pressures  were  about 
90  torr  and  200  torr.  The  experimental  evi- 
dence corses  from  more  than  100  successful 
runs  (Ref,  1).  Most  runs  failed  due  to  t.he 
many  delicate  steps  that  had  to  be  performed 
for  a successful  run. 

A Mote  on  Shock-Wave-3oundarv  Laver  Interac- 
tion. 

If  one  considers  only  either  half  of 
the  symmetric  interaction  pattern  then  the 
helium-argon  behaves  as  a boundary  layer 
flowing  along  a wall,  being  acted  upon  by  a 
shock  wave,  with  the  sole  exception  that  the 
gas  must  have  zero  velocity  at  the  symmetry 
line.  This  is  so  here  and  in  the  remaining 
of  the  present  work. 

Main  Conclusion 

When  a shock-wave  system  passes  through 
laminae  of  different  fluids,  one  having  less 
momentum  and/or  higher  sound  velocity,  a 
strong  interaction  like  that  shown  in  Fig  1 
might  occur  that  includes  recirculation  of 
both  fluids  into  a bubble  attached  to  the 
shock  pattern.  It  is  important  to  notice 
that  this  conclusion  might  be  extended  to  the 
case  of  a low-momentum  liquid-instead  of  low- 
momentum  gas,  which  is  the  basis  for  the 
third  part  of  this  work. 

THE  STEADY  STATES  IN  WIND  TUNNELS:  THE 
MI.XING  OF  STREAMS  OP  GASES. 

The  steady-state  mixing  was  investigated 
from  a theoretical  viewpoint  in  reference  1. 
The  main  results  show  that,  for  the  Mach 
number  ranges  and  the  types  of  gases  employed, 
the  equilibrium  conditions  after  the  irrever- 
sible process  with  an  increase  in  pressure 
and  mixing,  do  not  differ  greatly  from  those 
across  a normal  shock.  The  increase  in  entro 
py,  in  particular,  is  practically  equal  to 
the  normal  shock  increment  if  one  Ignores 
the  (important)  entropy  of  mixing.  The 
details  of  the  derivations  or  results  will 
not  be  presented  here,  for  the  sake  of 
brevity. 

This  part  of  the  work  (Cornell  Univerai 
ty  1970-1971)  had  two  main  purposes.  One,  to 
investigate  the  steady  state  characteristics 
of  the  interaction  pattern.  Two,  to  measure 
the  amount  of  mixing  by  employing  a chemical 
reaction  between  the  two  streams. 

The  chemical  reaction  employed  was  one 
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with  well  known  and  investigated  characte- 
ristics (at  that  time) : the  cheiailuiRinescent 
reaction  of  nitric  oxide  and  atomic  oxigen. 

Of  the  many  reactions  that  occur  between 
these  two  and  also  with  other  species  of  the 
flow,  it  was  shown  that  the  following  two 
were  relevant: 

no  + 0-»N02  + photon  (1) 

^^1  « 3.8  X lo'  t 30%  cc  mole"^  sec“l 
at  300  K 

no  + O + M^N02  + M (2) 

k2  - (1.44  * .2)  X lOlS  exp  (1930  * 

100/RT) 

cc‘  mole”^  sec  ^ (307<T<  505  K) 

Reference  1 shows  that  other  equations 
are  not  relevant  and  that  polymerization  of 
no  does  not  occur  in  the  flow.  The  nitric 
oxide  was  introduced  premixed  with  a nitro- 
gen stream  (and,  later,  air:  no  difference 
was  observed  due  to  pre-reactions  with  mole- 
cular oxigen  or  other  gases)  and  the  atomic 
oxigen  was  introduced  along  with  the  helium 
stream  (Figure  4),  and  was  generated  by 
mixing  a small  stream  of  oxigen  with  helium 
and  passing  it  through  a radlo-frecuency 
discharge  at  pressures  below  70  torr,  as 
s.hown  in  the  same  figure.  Therefore,  the 
pressure  at  the  exit  of  the  air  mozzles  had 
to  be  of  the  order  of  30  torr,  or  less,  in 
order  to  produce  a nearly  sonic  stream  of 
helium  (or  helium-argon) . For  an  air  Mach 
number  of  about  3 or  less,  as  before,  the 
air  total  pressure  had  to  be  atmospheric. 
Furthermore,  the  temperatures  at  which  the 
reaction  rata  constants  were  )cnown  favor 
temperatures  below  atmospheric;  thus  it  was 
correct  to  construct  a wind  tunnel  that  takes 
air  from  the  atmosphere  (no  special  prepara- 
tions were  necessary) , mixes  it  with  the 
helium-oxigen-atomic  oxigen  stream  after 
passiP'  through  the  shock  waves,  and  evacua- 
tes the  mixture  using  large  capacity  vacuum 
pumps  in  order  to  obtain  continuous  flows. 

The  mixing  could  be  measured  by  obtalnig 
the  concentration  of  nitric  oxide  present  in 
the  resulting  mixture,  by  employing  the  ex- 
perimental fact  that  the  chemiluminescence 
produced  by  reaction  (1)  in  one  of  every 
million  binary  collissions  follows  the  rule 

I - k ■ C O]  C :i0l  (3) 

that  is,  it  is  proportional  to  the  concen- 
tration of  the  species:  further,  it  has  a 
short  radiative  life- time  as  compared  to 
flow  transit  times. 

Figure  5 shows  a typical  result.  The 
main  characteristics  of  the  flow  conditions 
are: 


1 The  shock  wave  pattern  is  produced 


by  shocks  I-H:  shocks  AB-BC  are  equivalent  ! 

to  t.hose  presented  before,  as  well  as  the  j 

centered  expansion  at  C.  Shock  inclinations  | 

differ  very  little  from  the  theoretical  pre-  i 

dictions  based  upon  normal  shock  val  es  at  | 

the  given  Mach  numbers  for  helium  and  air 

2 The  increase  in  pressure  as  measured  j 

by  the  Mach  numbers  and  the  inclination  of  < 

shocks  ABC  is  equivalent  to  that  across  a I 

normal  shock. 

3 The  air  Mach  numbers  (as  measured 

by  the  inclination  of  Mach  waves)  in  air  were  j 

about  2.8  in  many  of  the  runs.  This  was  in 

close  agreement  with  pressure  readings  and  i 

with  area  ratios  (taking  into  consideration  j 

the  Isoundary-layer  displacement  thi'ekness,  j 

ref.  1).  The  same  can  be  said  about  the  < 

helium  flow  which  enters  sonically  into  the  | 

test  section. 

4 Static  pressure  reading.  -'av  from 
shock  waves  were  exhaustively  pe  .rmed  and 
show  that  t.he  pressure  at  the  bubble  is 
nearly  equal  to  the  total  helium  pressure; 
right  after  the  bubble  the  pressure  increa- 
ses by  some  40%  (this  is  the  region  where 
the  momentum  transfer  that  allows  the  mixtu- 
re to  leave  the  bubble  is  ’felt") , and  then 
in  the  tail  it  decreases  again  to  the  exit 
pressure;  the  tail  experiences  a nearly  sonic 
velocity  as  evidenced  by  shocks  X and  Y. 

5 Shocks  H-J  and  the  one  th:at  starts 
as  a compression  fan  at  0 and  renders  the 
flow  horizontal  would  act  as  a "reflected 
shock"  (I-H  would  be  "incident") 

6 The  radio-frecuency  discharge  and  , 

the  chemical  reaction  produce  insignificant 
variations  in  flow  temperatures. 

7 The  boundary  AC,  as  expected,  levels- 
-off  near  C. 

8 AC  is  the  boundary  between  the  bubble 
and  the  air  flow,  and  it  marks  the  limit  of 
chemical  reaction.  Thus  the  mixing  which 
occurs  inside  the  bubble  is  mostly  responsi- 
ble for  the  reaction.  However,  near  C along 
AC  the  chemiluminescense  forms  a "halo" 
that  extends  in  the  direction  of  B (Figure 
5);  it  is  suspected  that  this  is  caused  by 
the  turbulence,  that  levels-off  AC  and  limits 
the  size  of  the  pattern,  as  it  acts  upon  the 
bounder;.'  layer  that  flows  on  the  two  walls 
parallel  to  the  plane  of  the  paper  in  the 
figure  and  produces  a diffussion  of  active 
species  on  those  layers. 

9 As  will  be  shown  later,  the  chemilu- 
minescense in  the  taii  is  caused  mostly  by 
the  delay  of  the  chemical  reactions  and  not 
by  incomplete  mixing.  The  two  streams  come 
out  of  the  bubble  already  mixed  in  a propor- 
tion of  nearly  6:1  air  to  helium-argon.  The 

mixing  occurs  in  the  bubble  and  also  along  J 

the  turbulent  boundary.  The  tail  has  virtua-  I 

lly  uniform  composition.  j 
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Helium  + O2+  0 from  discnrarge 


To  vacuum  pump 


Shock  holders 


^Air+(NO +N  2I 


Figure  4.  Part  of  the  wind-tunnel  instalation  and 
a scheme  of  the  test  section 
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Figure  5.  (a)  A typical  schlieren  and  chemiluminescence 

(b)  Schematic  of  (a),  (c)  Atypical  result  without  shock 

(d)  Densi  tometer  trace  along  the  flow  axis.  (e)The  chemi. 
luminescent  reaction  lf)vertical  reading  at  bubble  igJAt  the  neck 


Analysis  of  the  Mixing  Characteristics 

The  mixed  reaion  downstream  from  the 
bubble  is  the  only  one  upon  which  an  analy- 
sis can  be  performed.  There  the  static 
pressures  are  of  the  order  of  60  torr  and 
the  temperatures  about  250  K, 

The  luminous  intensity  was  not  directly 
measured  but  a negative  was  obtained  of  the 
image  similar  to  the  negative  shown  in  figu- 
re 5.  The  logarithm  of  the  inverse  of  the 
transmitance  of  the  film,  or  density,  was 
measured  along  the  flow  axis  and  normal  to 
it  (Fig  5) . Exposure  E (intensity  times 
exposure  time)  and  density  D are  related  by 

E_  , e 

Eo  ^ 

where  is  a characteristic  of  the  film. 

Thus 

D-°o  * Y ^09  I/Iq 

Now,  considering  the  flow  direction  that 
coincides  with  the  horizontal  axis  of  symme 
try  along  the  tail,  where  the  velocity  is  v7 
(notice  that  [Nd]  ■ Constant  since  C^Ol^CP]) 


- '"2  Cm]Cno]  dt  - 
m - kg  [M]  [no]  ^ 

or,  since  dl/I  ■ dO/Y 

^ - - "Y  lt2  Lm]  Cno] 

ax  - 

(notice  that  ) 0/.  0) 

iy 

or  TnoI  - - (d  D/dx)  V 

For  one  of  the  types  of  films  used  and  the 
conditions  encountered  at  a typical  location, 
Y - 1.47,  V~  31500  cm/sec,  dD/dx  - .192, 
3.3  X 10”6  moles/cc,  emd  k2  ■ 6.9  x 
10l6  thus  [no] 1.6  X 10”8  moles/cc 

gives  the  concentration  at  the  mixed  stream. 
That  concentration  of  NO  in  the  air  stream 
next  to  the  tail  is  nearly  1.4  x 10~°  moles/ 
cc;  therefore  the  tail  is  composed  mostly  of 
air.  Considering  now  that  the  vertical  tra- 
verses show  a uniformity  of  intensity  in  the 
vertical  direction  (Figure  5)  at  the  exit 
of  the  bubble,  it  can  be  concluded  that  the 
helium  stream  comes  out  of  the  bubble  unifom 
ly  mixed  with  large  amounts  of  air.  How  large 
this  amount  is  can  be  deduced  from  the  volu- 
me of  helium  at  the  helium  nozzle  tip,  per 
unit  of  time,  that  enters  the  bubble  (at 
sonic  speed)  and  that  of  mixed  gases  before 
shoclcs  X and  Y,  also  at  nearly  sonic  speed, 
and  the  order  of  magnitude  is  6 to  1 (air  to 
helium) . 

A comparison  of  a helium  flow  not  acted 


upon  by  shocks  shows  (ref  1)  that  the  ratio 
of  air  concentration  in  the  helium  stream  is 
of  the  order  of  7 times  less  than  in  the 
shock  case,  under  comparable  flow  conditions. 

Furthermore,  if  one  considers  that  t.he 
oxigen  atom  removal  is  proportional  to  the 
emission  intensity,  then  the  extant  of  the 
reaction  from  the  helium  nozzle  tip  up  to 
any  point  X can  be  found  from  the  total 
number  of  0 atoms  removed,  or 

/rea  ^ 

Following  this  method,  it  is  found  t.hat: 

1)  the  reaction  in  the  tail  proceeds  at  a 
rate  equal  to  .having  the  helium  (oxigen) 
mixed  with  large  amounts  of  air  (and  thus 
has  a known  concentration  of  NO,  equal  to 
that  of  the  air  stream),  as  was  s.hown  before, 
and  2)  the  reaction  in  the  shook  wave  actua- 
lly "ends"  in  a shorter  distance  than  in 
this  ideal,  hypothetical  case  due  to  the 
very  important  fact  that  at  least  a part  of 
t.he  gases  mi.x  in  the  bubble  and  stay  there 
for  a time.  The  reaction  thus  occurs  in  a 
localized  region  of  space,  especially  if  it 
is  fast  enough  (the  one  used  here  has  a half 
life  of  2 X 10"'*  sec  under  our  conditions) . 

Notice  that  the  time  it  takes  the  air 
to  travel  a distance  equal  to  the  size  of 
the  bubble  is  about  2 x.l0"5  sec;  this  is 
the  order  of  magnitude  of  the  time  for  com- 
plete mixing  to  occur. 

Finally,  it  can  be  mentioned  that  the 
same  mixing  enhancement  can  be  obtained  with 
a series  of  multiple  helium  inyectors  into 
a flow  of  air;  also,  as  Mach  numbers  or  mo- 
lecular weights  are  varied  the  nixing  proceeds 
in  the  seune  accelerated  manner,  with  some  va- 
riations in  quantity  but  no  quality. 

SHOCK -WAVE  INDUCED  MIXING  AND  ATOMISATION  OF 
A LIQUID  JET  INTO  A GAS. 

A water  jet  into  a supersonic  stream  of 
air  behaves  as  a low-momentum,  high-speed  of 
sound  fluid.  Thus  it  was  decided  to  study 
qualitatively  its  behavior  (Universidad  de 
los  Andes,  1972-1975) . 

The  wind  tunnel  had  to  be  of  the  blow- 
-down  type  in  order  to  exhaust  the  resulting 
water;  also,  the  high  pressures  employed  in 
the  air  tank  (100  psi)  produced  a moderately 
danse  air  flow  at  Mach  3 (about  half  of  at- 
mospheric density)  starting  from  room  tempe- 
rature, and  thus  the  interaction  with  the 
water  jet  would  surely  be  strong  enough.  Fur 
ther,  it  was  thought  that  possible  applica- 
tions, such  as  combustion  of  a liquid  fuel, 
could  start  from  moderately  dense  gaseous 
(in  the  mixing  zone)  oxidants. 

The  air  had  no  special  preparation  as 
it  entered  the  tank  from  a reciprocating  com- 
pressor ; it  then  passed  from  the  large  tank 
to  a small  one  via  a reduced  diameter  pipe 
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(where  condensation  could  occur,  since  flow 
temperatures  were  below  freezing)  and  then 
to  the  nozzle.  These  ones  had  typical  t.hroat 
dimensions  of  1 cm  high  by  2 cm  deep.  Appro- 
priate flow  conditions  were  verified  by  a 
schlieren  system  (ref  2,3). 

The  first  step  was  to  verify  in  a two-dinen 
sional  array  that  the  same  pattern  was  obtai 
ned.  Figure  6 shows  that  it  is  so.  The  air 
flows- at  about  2.7  !iach  number;  the  "inci 
dent"  shoo)c  can  not  be  seen  t.hrough  a 
schlieren  system;  but  due  to  the  fact  that 
the  small  droplets  that  flow  along  the  glass 
walls  (that,  by  t.he  way,  was  the  cause  for 
the  schlieren  to  fail)  form  a bubble  of 
their  own  below  the  interaction  of  the  shoc]c 
with  the  glass  walls  )soundary-layers , these 
shoc)cs  can  be  seen  with  the  na)ced  eye.  The 
water  sheet  flowing  along  the  lower  wall 
(Fig  6)  received  then  t.he  incident  shock, 
experiences  a deceleration  to  stagnant  con- 
ditions in  a bubble,  and  exits  from  the 
bubble  into  the  tail  already  mixed  and  atomi- 
zed with  plenty  of  air,  in  about  one  or  two 
centimeters. 

In  order  to  avoid  any  contact  with  a 
wall,  and  also  to  produce  an  interaction  in 
a way  that  can  be  used  in  practical  applica- 
tions, axi-synmietrlc  flow  nozzles  were  em- 
ployed, where  the  water  jet  is  injected 
along  the  axis  of  flow  as  a round  jet  and 
the  nozzle  walls  are  transparent  (figure  7) 
The  "incident"  shock  is  actually  a mediian- 
strength  convergent  conical  one  that  is  ge- 
nerated by  a "jump"  in  the  air  path  at  Kach 
2.8  at  the  wall  or  a change  in  wall  direc- 
tion. 

As  the  photograph  shows,  a bubble  i» 
formed  after  a deceleration  of  the  water, 
and,  as  in  the  cases  before,  it  exits  only 
after  the  air  has  transmitted  enough  momen- 
tum to  it-after  atomization.  Thus,  as  both 
observations  and  the  photographs  suggest, 
the  mixing  of  the  water  with  air  is  very 
violent  and  very  fast,  and  follows  the  same 
pattern  analyzed  before  (Ref  4,S). 
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ON  SO^^E  ASPECTS  OF  TURBULENCE  SUPPRESSION  BY  TRANSVERSE  MAGNETIC  FIELDS 


H.  Branover,  P.  Gershon, 
Department  of  Mechanical  Engineering 
Ben-Gurion  University  of  the  Negev 
Beersheva,  Israel 


Results  of  direct  measurements  of  turbulence 
intensity  in  duct  flows  placed  in  a transverse 
magnetic  field  have  been  reported  by  several  authors 
during  the  last  decade.  It  was  established  that 
while  the  integral  characteristics  (e.g.,  friction, 
mean  velocity  profile)  of  an  initially  turbulent 
flow  begin  to  correspond  to  the  laminar  flow  theory 
for  a sufficiently  strong  magnetic  field,  local 
velocity  fluctuations  still  remain  at  a very  high 
level.  Different  explanations  of  this  phenomenon 
have  been  suggested.  Whether,  and  in  what  conditions, 
a transverse  magnetic  field  is  able  to  annihilate  the 
velocity  fluctiiations  remained  an  unsolved  problem. 

The  present  work  describes  a further  experimental 
investigation  of  this  problem.  Turbulence  intensity 
and  correlation  measurements  have  been  performed  in  a 
mercury  flow,  by  means  of  two-electrode  and  hot-film 
sensors.  The  apparatus  was  designed  in  such  a manner 
as  to  make  possible  the  verification  of  the  hypothesis 
suggested  for  the  explanation  of  the  persistence  of 
flow  disturbances  after  laminaritation. 

An  undisturbed  laminarized  flow  was  achieved. 

The  analysis  of  the  experimental  data  allowed  us  to 
draw  a physical  picture  explaining  the  remaining 
disturbance  phenomenon. 

NOMENCUTURE 

a,  semi-width  of  the  cross-section  side  parallel  to 
the  magnetic  field  direction  [m] ; 

b,  semi-width  of  the  cross-section  side  perpendi- 
cular to  magnetic  field  direction  [m]; 

B,  magnetic  flux  density  [T] ; 

Ha,  Hartmann  number,  B*b.Co/u)'5; 

L,  distance  from  the  inlet  section,  [m] ; 

Stuart  number,  Ha^/Re 
r,  hydraulic  radius,  ab/(a«b)  [m] ; 

Re,  Reynolds  number,  U'b/v; 
u',  rms  value  of  the  longitudinal  velocity 
pulsations  [m/s]; 

U,  mean  flow  velocity  [m/s] ; 

Greek  Symbols 

S,  aspect  ratio  of  the  channel's  cross-section  b/a; 
u,  dynamic  viscosity  [Kg/(m*s)]; 

V,  kinematic  viscosity  [mvs] ; 

0,  electrical  conductivity  [S/m]; 

Suberipts 


INTRODUCTION 

The  very  first  investigations  on  MHD  duct- flows 
already  dealt  with  the  turbulence  suppression  effect, 
both  theoretically  and  experimentally.  In  the  exper- 
imental works,  the  evaluation  of  the  turbulence 
suppression  was  based  upon  the  comparison  of  the 
measured  friction  factor  value  with  the  value 
predicted  by  the  laminar  flow  theory.  This  permitted 
the  establishment  of  the  existence  of  critical  ratios 
of  the  Hartmann  to  Reynolds  numbers  for  ducts  of 
different  cross-sectional  shapes. 

An  empirical  expression  was  developed  [1]  for 
the  relationship  between  the  critical  Ha/Re  ratio  and 
the  aspect  ratio  B » b/a  of  the  cross-section: 


(Ha/Re) 


[:iS  - 85.exp(-0.356)]'^ 


b,  based  on  the  length  b; 
cr,  critical  value. 


In  the  present  work,  the  Hartmann  and  ReNTiolds 
numbers  are  based  on  the  hydraulic  radius  r * ab/(a-b) 
the  length  of  the  cross-section  side  perpendicular  to 
the  magnetic  field  being  2b  and  of  the  parallel  side  - 
2a.  For  b/a  >>  1,  r » a,  while  for  b/a  <<  1,  r » b. 

The  development  of  measurement  techniques  making 
possible  direct  (local)  turbulence  measurements  in 
^*^D  ducts  brought  about  new  and  surprising  experimen- 
tal evidence:  even  after  the  Ha/Re  ratio  exceeds  the 
critical  value,  a high  intensity  of  velocity  fluctua- 
tions is  still  present  in  the  flow.  Typical  results 
of  such  measurements  [2]  are  presented  in  Fig.  1. 

This  "remaining  disturbances  phenomenon"  constitutes 
a ver>-  interesting  paradox  since  it  deals  with  a 
highly  disturbed  flow  which,  nevertheless,  does  not 
exhibit  turbulent  momentum  transfer. 

Further  measurements  [3, A, 31  showed  that  the 
remaining  disturbances  persist  a ver>'  long  distance 
along  the  experimental  channel,  that  they  are  strongly 
correlated  in  the  field  direction  and  that  they  are 
stronger  in  the  middle  of  the  duct  than  near  the  walls 
The  overall  picture  of  the  available  experimental 
data  regarding  the  level  of  the  remaining  disturbances 
is  given  in  Table  1. 

Two  main  hypotheses  were  suggested  for  the 
explanation  of  the  phenomenon.  The  first  [S] 
connected  it  with  the  trend,  theoretically  discovered 
earlier  [6],  of  the  MHD  turbulence  to  become  two- 
dimensional  as  a consequence  of  the  unequal  suppres- 
sion of  different  velocity  components  by  the  magnetic 

* This  work  was  carried  out  under  a contract  from  the 
Office  of  Naval  Research,  U.S.A.,  N0001A-74-C-0228. 
Correlation  measurements  were  supported  also  by  a 
grant  from  the  Israel  National  Academy  of  Sciences  and 
Humanities,  file  P(B)31. 
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Fig.  1 Turbulence  intensity  aeasurenents  versus 
Ha/Re  ratio  in  rectangular  channels  of 
different  cross>sectional  shapes 
a]  9-5.  ;i,L/a-10:  e.L/a-TO; 

critical  Ha/Re  ratio  marked  "A"; 
C2}  B«0.33:i,Vb-10:  o,L/b-70: 

critical  Ha/Re  ratio  marked  "C". 


field.  Thus,  the  remaining  disturbances  were  supposed 
to  originate  from  The  upstream  turbulence,  brought  by 
the  flow  into  the  field  region  and  "tuned"  to  a con- 
figuration which  is  less  affected  by  the  magnetic 
field. 

According  to  the  second  h>-pothesis  [3] , the 
remaining  disturbances  come  from  the  magnetic  entrance 
region,  where  M-shaped  mean  velocity  profiles  exist 
[■] . In  both  cases,  these  disturbances  would  be  close 
to  two-dimensional  in  a plane  perpendicular  to  the 
magnetic  field  and  thus,  should  be  only  weakly 
influenced  by  it.  At  the  same  time,  the  scale  of  the 
disturbances  is  large  and  they  are  less  affected  by 
the  viscous  dissipation,  a fact  which  explains  their 
very  slow  decay. 

The  purpose  of  the  present  work  was  to  check 
experimentally  each  of  the  two  mentioned  hypotheses. 

A particular  question  which  had  to  be  answered  was 
whether  a nondisturbed  laminarited  flow  can  be 
achieved  at  all  in  a straight,  pressure  gradient’ 
driven  duct  flow. 

EXPERIMENTAL  APPARATUS  AND  MEASURI.NG  TECHNIQUES 

To  make  possible  the  experimental  distinction 
between  the  two  hypotheses  described  above,  a special 
apparatus  was  built.  It  had  to  separate  the  influence 
of  the  turbulence  entering  the  magnetic  field  from 
that  of  the  vortex  generating  M-shaped  mean 
velocity  profiles  in  the  magnetic  entrance  region. 
These  requirements  are  met  in  the  apparatus  shown 
in  Fig.  2. 

One  of  its  particular  features  is  the  shape  of 
the  inlet  section  of  the  channel,  similar  to  that 
used  in  the  classic  Reynolds'  experiment.  This 


rsila  RwO.R 

*•0 


7-10^ 

X.07 

O.BA 

l.OJ-10* 

12.5 

1.3A 

1.7«-10‘ 

1.55 

1 % 

2.6-10* 

2.31 

1.2\ 

2.6-10* 

2.26 

1.4\ 

2.S4-10*  j 

2.31 

1.6i 

2.17-10* 

1.04 

w- 

4-10^  1 

0.11 

0.66% 

’ t.e.— twe-tleetTed*  aathed;  h.w.— hot-wire  eathed 


Slyueerev,  1971 
Hue  t lykoudit,  197« 

hnnover,  Gelfftt,  Kit 
t Plttfileka,  1970 

Platniaks,  1971 
Ut  t Platnleks,  1971 

Brniover,  Gelffet,  Ut 
I Tsinebn.  1970 

Oraewar  I Plataiakt,  1971 


Gardner  A Lykeudle,  1971 


hranovar,  Calftat,  Ut 
I Tilnobar,  1970 

Braaovar,  Slyuaarev, 

I Shcatblsln,  1970 


Praaant  wrk 


12.22 


Fig.  2 Scheutic  of  the  expcriaental  apparatus 

(I)  flow  control  valve;  (21  manoneters; 
(3)  Venturi  tube;  (4)  electromagnet; 

(5)  test  channel;  (6)  upper  tank; 

(?)  buffer  tank;  (8)  filter; 

(9)  control  valve;  (10)  pump; 

(II)  lower  tank. 


feature  insures  the  realitation  of  a nondlsturbed 
flow  at  supercritical  Reynolds  numbers.  The 
insulated  wall  channel  has  a cross-section  of 
0.6  X 3 cn^  (S  • 0.2).  The  overall  length  of  the 
channel  is  69  cm  (230  b) . In  a previous  experimental 
work  [S] , the  critical  Reynolds  number  for  a similar 
channel  was  found  to  be  about  850  (based  on  the 
hydraulic  radius). 

The  test  channel  is  placed  in  the  gap  of  the 
electromagnet  so  that  the  magnetic  field  is  trans- 
verse to  the  axis  of  the  channel  and  parallel  to  the 
larger  side  of  the  cross-section.  The  edge  of  the 
magnetic  poles  can  be  set  anywhere  between  inlet 
and  a point  situated  at  a distance  L • 133  b from 
the  inlet,  experiments  can  also  be  run  with  whole 
entr>'  section,  including  the  converging  noccle , within 
the  uniform  magnetic  field,  so  tnat  mere  is  no 
turbulence  entering  the  field,  nor  M-shaped  velocity 
profiles. 

'.\hcn  the  ugnet  is  moved  downstream  with 
respect  to  the  section  where  the  breakdown  of  laminar 
flow  occurs,  turbulence  is  obviously  brought  into  the 
magnetic  field.  For  prevention  of  M-shaped  velocity 
profiles  in  this  latter  case,  the  flow  in  a channel 
with  S <<  1 at  relatively  low  Reynolds  numbers  seems 
to  be  the  best  choice.  Let  us  analyze  this  question 
in  a little  more  detail.  In  any  duct  with 
arbitrary  0 < S < the  critical  ratio  of  Hartmann 
to  Reynolds  numbers  changes  within  a narrow  interval : 
■.4>10*^  > (Ha/Re),  > 4.6«10*^.  At  the  same  time, 
the  .sharpness  of  tfie  M-profile  is  proportional  to  the 
Stuart  number  S.  ■ Ha^/Re,  based  on  the  size,  b,  of 
the  wall  which  is  transverse  to  the  mametic  field  J71. 

This  number  can  be  expressed  as  (Ha/Rel-x-Hai  b/a.. 
Furthermore,  for  laminarization,  Ha*  C^.6...7.4)iO"'*Re. 
Hence,  the  critical  Stuart  number  corresponding  to 
laminarization  is  (N.)  • (4 .6. . .7 .4)^* lO'® -Re-p,  the 

lower  coefficient  corriSponding  to  8 »>  1 and  the 
higher  one  to  8 <<  I.  According  to  the  assumption 
made  before,  regarding  the  conditions  when  the  M- 
profiles  are  least  developed,  the  measurements  were 
made  in  an  azimuthal  field  (B  <<  1)  at  small  Reynolds 
numbers . 

If  we  return  to  Table  I,  we  note  that  the 
measured  intensity  of  the  remaining  disturbances  was 
lower  for  the  lower  values  of  CN^)  . Surprisingly, 


attention  was  never  paid  to  this  obvious  fact  before. 
Figure  3 presents  the  relationship  between  the  level 
of  remaining  disturbances  and  the  critical  Stuart 

number  (N,  ) 

b cr 


!•<.) 


IS» 


Fig.  .*  The  relationship  between  the  level  of 
remaining  disturbances  and  the  critical 

Stuart  number  (N.  ) . 

D cr 

The  electromagnet  is  provided  with  rectangular 
10  X 40  cm^  poles,  and  can  produce  a field  of  maximum 
0.7  Tesla  in  a gap  of  4.2  cm.  The  field  is  uniform 
within  1%  with  the  exception  of  2 cm  at  each  end  of 
the  pole  piece. 

For  the  turbulence  intensity  measurements,  "two- 
electrode"  probes  were  used.  This  method  is  based  on 
the  potential  difference  induced  by  an  electroconduc- 
tive  flow  between  two  electrodes  perpendicular  both 
to  the  field  and  flow  directions;  it  was  shown  [9] 
to  be  qualitatively  accurate,  particularly  for  the 
flow  configuration  used  in  the  present  work  and  at 
Ha/Re  ratios  bigger  than  3- 10'®. 

Since  for  our  investigation  only  the  fluctuating 
velocity  is  of  interest,  the  d.c.  component  in  the 
potential  difference  (proportional  to  the  average 
velocity)  is  filtered  out,  and  the  fluctuating 
component  is  amplified  by  a factor  of  10®  and 
measured  by  means  of  an  ims  voltmeter.  The  measured 
rms  value,  u' , normalized  by  the  potential 
difference  corresponding  to  the  average  velocity,  U, 
at  the  same  magnetic  field,  is  terawd  the  "turbulence 
intensity".  The  electrode  tips  were  sitiuted  on  a 
line  perpendicular  to  the  larger  side  of  the  cross- 
section,  at  1*0. 05mm  apart  and  at  a distance  of 
0.7mm  from  this  side  C measured  from  the  electrode 
closest  to  the  wall  ). 

For  the  turbulence  intensity  measureawnts , the 
noise  level  was  determined  by  measuring  the  rms  value 
of  the  probe  output,  using  the  whole  amplifying  chain, 
when  the  flow  velocity  was  zero.  This  rms  value, 
which  included  the  common-mode  signal  picked  up  by 
the  probe  cables  and  the  noise  of  the  preamplifier, 
was  subsequently  deduced  from  the  flow  signal . The 
noise  level  was  usually  less  than  10*.  of  the  pulsatile 
coaiponent  of  the  probe  output. 

The  spatial  correlation  measurements  were  per- 
formed by  means  of  quartz  coated  hot -film  probes  of 
the  Model  1210-20  Hg,  manufactured  by  Thermo- Systems, 
Inc.,  U.S.A.  (diasMter  of  the  sensor.  Slu;  active 
sensor  length,  0.1  cm;  distance  between  supoorts, 

0.2  cm). 

Two  identical  probes  were  mounted  on  94  cm  long 
probe  supports,  which  can  slide,  through  mercuiy  tight 
joints,  along  the  whole  test  section  of  the  channel. 

The  sensing  elements  are  situated  on  the  center-- 
line  parallel  to  the  magnetic  field,  symmetrically 
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Kith  respect  to  the  center  point  of  the  cross-section. 

The  length  of  the  hot  film  sensing  area  is 

comparable  with  the  distance  between  the  elec- 
trodes of  the  electric  potential  probes,  so  that  the 
same  spatial  resolution  is  expected.  The  probes  are 
used  in  conjunction  with  the  3SM  System  of  DISA 
Elektronik,  Denmark.  Each  probe  is  connected  to  a 
Bridge  Unit,  whose  output  is  further  processed  by 
means  of  the  CTA  System  of  DISA.  In  the  CTA  System, 
the  flow-proportional  signals  are  normaliced,  mul- 
tiplied and  integrated,  in  order  to  obtain  an 
output  signal  proportional  to  the  cross  correlation 
factor.  This  signal  is  recorded  on  a chart  recorder. 

As  an  auxiliary’  instrument  for  monitoring  the 
output  signal  of  the  Standard  Bridge  units,  a 
Tektroniks  oscilloscope  (Model  5103  N)  is  used. 

Since  the  hot  film  probes  are  very  sensitive  to 
impurities,  a special  system  for  permanent  mercur>' 
cleaning  is  operated,  by  which  the  mercury  is 
bubbled  through  a strong  acid  solution.  The  extremely 
severe  temperature  regulation  requirements  imposed  by 
the  use  of  the  hot-film  technique  in  liquid  metals 
have  a weaker  influence  on  spatial  correlation  meas- 
urements. However,  the  mercury  temperature  during 
the  hot-film  measurements  was  kept  constant,  within 
cO.l  C,  by  means  of  a controlled  cooling  system. 

Oscillographic  recordings  of  the  gradually  sup- 
pressed velocity  pulsations,  as  well  as  spectral 
measurements,  reported  elsewhere  [1],  have  also  been 
performed  in  the  present  investigation. 


SWIN  RESULTS  AND  DISCUSSION 

Figures  4 and  5 present  the  results  of  distur- 
bance intensity  measurements  in  the  cases  (aj  when 
the  non-disturbed  flow  enters  the  magnetic  field  and 
the  breakdown  of  the  laminar  regime  occurs  within  the 
field,  and  (b) , when  the  breakdown  occurs  before  the 
flow  enters  the  magnetic  field.  The  most  significant 
result  is  that  in  the  case  (a) , the  flow  remains 
practically  non-disturbed  after  the  critical  value 
(Ha/Re)  « '.4‘10‘^  is  reached.  This  value  is  in 
fair  agreement  with  that  derived  from  friction  meas- 
urements. In  the  case  (b) , where  already  developed 
turbulent  flow  enters  the  field,  the  level  of  remain- 
ing disturbances  is  higher  than  in  the  first  case, 
but  is  still  essentially  lower  than  in  any  previously 
reported  works. 

.Since  in  this  second  case  the  difference  from 
all  the  former  experiments  consists  only  in  the  lower 
(N.)  , i.e.,  much  less  developed  M-profiles  at  the 

magnetic  entrance,  it  is  most  probably  this  entrance 
effect  which  accounts  for  the  difference  in  results. 

Thus,  at  the  stage  described,  the  possible 
conclusion  was  that  the  main  reason  for  the  remaining 
disturbances  is  the  M-profile  effect,  while  the  trend 
of  the  entering  turbulence  to  become  two-dimensional 
may  still  play  some  role. 

' For  a deeper  insight  into  the  problem,  two-point 
correlations  of  the  longitudinal  velocity  pulsations 
were  measured.  The  results  are  plotted  in  Fig.  6, 


Fig.  4 Turbulence  suppression  in  the  case  when  non-disturbed  flow  enters  the  magnetic  field. 
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togathar  with  ratults  obtainad  aarliar  [4]  in  a duct 
with  fi  > 1.  ~ha  corrasponding  intensity  curves  are 
presented  at  the  bottoa  of  the  figure. 

The  correlation  function  obtained  at  (Ha/Re) 
in  the  present  work,  (S  ■ 0.2],  is  about  two  tines^ 
lower  than  at  B > 1.  In  our  case,  the  correlation 
curve  tends  to  continue  downwards  for  Ha/Re>(Ha/Rc)  , 
while  at  £ > 1 It  goes  upwards.  This  again  proves  ^ 
the  assuaiption  that  the  two>diaensional  remaining 
disturbances  are  generated  due  to  the  H-effect. 
However,  the  comparison  of  the  two  correlation  curves 
obtained  in  the  present  work  shows  that  the  Increase 
of  correlation  In  the  case  when  the  magnet  covers  the 
entrance  (M>effect  completely  absent}  is  only  slightly 
lower  than  in  the  second  case.  Thus,  we  have  to 
conclude  that  the  conversion  of  three  diswnsional 
turbulence  to  two>dimensional  probably  exists.  If 
we  now  look  at  the  bottom  part  of  the  graph,  we  see 
that  whan  the  siaximal  correlation  Is  reached,  the 
intensity  already  becomes  close  to  cero  (the  situ* 
ation  Is  completely  different  at  S > 1).  This  can  be 
interpreted  as  an  indication  that  the  turbulence  con* 
version  effect,  while  existing,  does  not  express  it* 
self  significantly  since  the  overall  decay  of  all 
velocity  components  of  the  disturbed  motion  is  faster. 

This  iustlfies  the  conclusion  that  the  entrance 
effects  (M*shaped  mean  velocity  profiles)  carry  the 
main  responsibility  for  the  usually  observed  roMinlng 
disturbances  in  laminarized  flows. 
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A3STSACT 

A numerical  study  is  made  of  the  effect  of  fluid 
turbulence  on  the  motion  of  charged  particles  in  an 
electric  field.  Attention  is  focused  on  the  turbu- 
lent diffusion  of  the  particles  in  a steep  concen- 
tration gradient  and  is  motivated  by  the  desire  to 
better  understand  and  predict  the  operation  of  elec- 
trostatic precipitators.  The  notion  of  the  particles 
in  the  turbulent  flow  field  is  predicted  using  a 
pressure-velocity  forscilation  for  the  gas  flow  and 
a Lagrangian  formulation  for  the  particle  notion. 
Coupling  between  the  gas  and  particles  is  obtained  by 
iterative  process  between  the  two  programs.  Particle 
diffusion  is  incorporated  into  the  calculation  by 
assuming  that  turbulent  diffusion  acts  as  an  average 
body  force  on  the  particles.  A Pick's  Law  type  re- 
lationship is  used  to  define  a diffusion  drift  veloc- 
ity and  the  particle  diffusivity  is  then  related  to 
the  fluid  turbulence  through  a turbulent  Schmidt  num- 
ber. The  results  demonstrate  known  features  of  elec- 
trostatic separators  and  indicate  that  for  extended 
duct  lengths  turbulent  diffusion  has  an  increasingly 
significant  role  in  redistributing  particle  concen- 
trations . 

KOMENCLATURE 

D Duct  spacing 

d Particle  diameter 

2 Electric  field  strength 

F Particle  body  force 

' Particle  body  force  per  unit  mass 

J Mass  flux 

k Correction  factor  for  drag  coefficient 

Re  Rej'nolds  number 

Sc.,  Turbulent  Schmidt  number 

t Time 

V Velocity  cosrponent 

X Axial  positional  variable 

y Transverse  positional  variable 
e Material  dielectric  constant 

e.  Fluid  momentum  diffusivity 

Permittivity  of  free  space 

E Particle  eddj-  diffusivity 
F 

U Viscosity 

0 Density 

T Characteristic  time 

u Mass  fraction 

Subscripts 
B Body  force 


DIFF  Diffusion 
eff  Effective 
f Fluid 

o Initial 

p Particle 

T Total 

Superscripts 

• :-lass  average 

IHTSODUCTIOB 

The  flow  of  a mixture  of  gas  and  particulate 
matter  is  found  in  many  industrial  processes . Among 
these  processes  the  flow  in  electrostatic  precipita- 
tors has  many  unique  features.  I^je  flow  field  is 
turbulent,  the  particle  loading  is  usually  low,  and 
the  particles  are  in  the  micron  size  range.  Addi- 
tionally, the  particles  are  charged  and  acted  upon 
by  a combination  of  aerodynamic  drag  and  electro- 
static forces  which  often  create  steep  particle  con- 
centration gradients  in  the  direction  perpendicular 
to  the  main  flow.  In  such  steep  concentration  gra- 
dients one  would  expect  to  find  the  effects  of  parti- 
cle diffusion  tc  be  important.  This  paper  presents 
an  analysis  of  the  gas-particle  flow  field  found  in 
electrostatic  precipitators  with  special  esiphasis  on 
the  modeling  of  the  turbulent  diffusion  of  the  par- 
ticles . 

It  is  convenient  in  this  analj’sis  to  treat  the 
gas  flow  field  in  the  Eulerian  frame  of  reference  and 
to  consider  the  particles  in  the  Lagrangian  frame  of 
reference.  Great  advancement  has  been  made  in  numer- 
ical modeling  of  two  dimensional  gas  flow  from  the 
Eulerian  frame  of  reference  (i)  and  these  advances  can 
easily  be  incorporated  into  the  proposed  scheme.  Par- 
ticle motion,  on  the  other  hand,  is  more  easily  treat- 
ed by  following  particle  trajectories.  This  removes 
the  need  for  averaging  over  both  phases  or  the  re- 
quirement for  effective  viscosities  for  the  two  phas- 
es . By  treating  the  two  phases  in  different  manners , 
it  has  been  possible  to  account  for  mass , momentum 
and  germane  heat  and  energy  transfer  between  the 
phases  ig). 

In  the  past  numerical  modeling  using  the  trajec- 
tory-gas  flow  scheme  has  incorporated  the  effects  of 
mean  flow  field  momentum,  mass  and  energy  coupling. 
However,  no  accounting  was  made  of  the  effect  of  the 
fluctuating  part  of  the  flow  on  the  particles  or  of 
the  effect  of  particles  on  the  fluctuating  part  of  the 
gas.  In  the  development  presented,  the  effect  of  the 
fluctuating  part  of  the  gas  flow  field  on  the  particl- 
es will  be  incorporated.  Presently  we  know  of  no 


12.27 


schema  which  cam  he  inchr? erased  icto  a cuserical 
program  chat  ascoucti  for  the  a'fact  of  che  paroicies 
os  Pha  fXuctuapicg  pare  oi  the  gas  flow  fiaxd. 

.'WJEHICAi  JCSSl 

Tha  hunerical  modal  was  dav eloped  =7  Creva, 
Sharaa,  aad  Shock  acd  is  haaad  oa  the  idea  0' 
treatiag  droplets  as  sourcas  0'  mass,  aomeatum  aad 
eaargjr  to  the  gaseous  phase.  The  Tolloviag  is  a 
hriaf  dascriptioa  oi  the  basic  Teaturas  of  the  pro- 
gram. A more  detailed  description  of  the  aathod  of 
including  fluid  turbulence  effects  on  the  particles 
in  an  electric  field  is  presented  later. 

Sasic  Toaceot 

“irst  the  flow  field  is  subdiTided  into  a series 
of  cells  I as  shove  ia  ?ig.  1.  The  example  shove  ia 
the  figure  is  the  trajectories  of  charged  particles 
being  removed  from  the  flow  field  by  an  applied  elec- 
trostatic field.  Sach  cell  ia  regarded  as  a contrcl 
volume  for  the  gaseous  phase  and  particles  traversing 
a given  cell  ia  the  flow  field  asjr  be  considered  as: 

1.  A source  (sink)  of  gaseous  mass  to  the  fluid 
cell  if  the  droplet  is  evaporating  or  condensing. 

2.  A aamentum  au^entation  (deficiency)  to  the 
fluid  cell  ia  the  direction  of  the  droplet  motion. 

3-  A sink  of  thermal  energy  to  the  fluid  cell. 


1 
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Fig.  1 Fluid  cells  aad  particle  trajectories 

For  the  specific  application’ to  charged  parti- 
cles ia  an  electrostatic  field,  solid  spheric^  par- 
ticles ia  tharaal  equilibrium  are  coasidered  ia  the 
recaiaing  description.  The  reader  is  referred  to  the 
original  reference  ig)  For  the  analysis  of  the  energy 
coupling  modes. 

The  finite  difference  equations  for  mass  and 
moment'ua  conservation  are  written  for  each  call  in- 
corporating the  contribution  due  to  the  particulate 
or  condensed  phase.  The  gas  flow  field  is  analysed 
'Utilizing  an  oulerian  approach  which  is  the  most 
straightforward  for  contin-uum  flows.  The  entire  flow 
Field  is  then  obtained  by  solving  the  Finite  differ- 
ence equations  For  each  cell  -with  an  extension  of  the 
TSACH  program  (^)  developed  at  the  Imperial  College 
of  Science  and  Technology  in  london. 

The  TIACS  program  uses  a two  equation  model  for 
turbulence  closure.  The  furbulence  Field  is  describ- 
ed by  the  local  intensity  of  t-urbulenee  and  the  dis- 
sipation rate . The  finite  .difference  form  of  the 
equation  is  incorporated  into  the  model  to  yield  the 
kinetic  energy  of  turbulence  and  the  dissipation  rats 
as  related  to  the  local  mean  velocity  field  according 
to  the  sciiece  proposed  by  launder  and  Spalding  [2)  ■ 
From  the  turb-ulenee  intensity  and  dissipation  rate  in 
a cell,  the  effective  viscosity  is  determined  using 
the  Frandtl-Kolmogorov  formula. 

Since  little  is  known  about  the  quantitative  ef- 
fect of  particle  sice  acd  concentration  on  the  fur- 


bulenee  parameters,  hc  attemtt  is  made  tc  iecl-ude  the 
effect  of  the  particles  on  the  furculence  field. 

Particular  trajectcries  are  obtained  by  inte- 
grating the  eq-uation  of  motion  for  the  particles  in 
the  gas  flow  field.  This  lagrangian  approach  is  the 
simplest  method  of  analyting  the  particulate  phase, 
recording  the  mass  and  momenfum  of  the  particles  as 
they  cross  cell  boundaries  provides  the  source  terms 
for  the  gaa  flow  equations. 

The  equaticn  of  motion  for  the  particles  is 
given  as 


where 


lb  U,  k 


is  the  particle  characteristic  relaxation  time  and  f_ 
represents  a body  force  per  unit  mass.  The  factor  " 
k is  a nodification  to  the  drag  coefficient  which 
allows  calculation  of  the  aerodynamic  drag  for 
Heynolds  cumbers  based  on  particle  relative  velocity 
up  to  1000.  Other  forces  acting  on  the  particle  — ' 
namely  the  pressure  gradient,  virfuai  mass  and  Basset 
-erms  — are  neglected  because  they  are  of  the  order 
of  the  gas/particle  density  ratio  which  fer  most  ap- 
plications of  interest  is  approximately  IC"*.  The* 
Saffman  lift  and  .Magnus  forces  are  also  neglected  be- 
cause the  particles  are  not  in  a high  shear  region  cf 
the  flow. 

Since  the  solution  scheme  for  the  gas  chase  as- 
sumes constant  fluid  properties  in  each  fluid  ceil, 
integration  over  time  steps  smaller  than  the  cell 
dimensions  yields 

’f-  * \ ♦ (v,  ♦ Tf,)(l  - e"''*)  (3 

V Vg  - - 


Where  v_  is  the  particle  velocity  at  the  start  of  the 
^0 

tine  step.  The  new  particle  location  is  determined  by 
•using  a linear  average  of  the  velocities 


X • * (v  * V )At/2  (4) 

^0 

•where  Xg  is  the  initial  particle  location  for  the  time 
step. 

Tt  should  'oe  noted  that  Equation  (1)  was  inte- 
grated only  because  the  fl'uid  properties  were  assumed 
constant  -within  the  cell  boundaries.  For  a complete 
description  of  a panicle  moving  ia  a turbulent  veloc- 
ity field,  tbe  fl’uid  velocity  v,  is  a random  runctlon 
of  space  acd  time,  and  Equation* (1)  is  not  easily 
integrated. 

Also,  the  body  force  term  in  Equation  (1)  becomes 
an  effective  drift  -velocity  due  to  that  force  in 
Equation  ( 3 ) , Tfo . This  fact  is  later  used  to  isel'ude 
the  effect  ef  fl-uid  furbulence  and  the  applied  elec- 
trostatic ferce  on  the  panicle  aoticn  acd  results  ia 
the  definition  of  drift  •.•elceltles  due  to  furbulent 
diffusion  and  the  electrical  force. 

The  complete  solution  for  the  gas  panicle  flow 
Field  is  executed  as  ill-ustrated  in  Fig.  2.  The  cal- 
culation begins  by  solviag  the  gas  Flow  field  ass-uming 
no  panicles  ire  present.  Viing  this  flow  field,  par- 
biole  trajectories  together  with  their  size  history 
along  the  trajectory  are  calculated.  The  mast  ind 
momentum  source  terms  for  each  cell  throughout  the 
flow  field  are  then  determined.  The  gas  flow  field  is 
solved  again  incorporating  these  ic-urce  terms  ana  the 
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new  flow  field  ii  u»ed  to  estetlish  new  particle  tra- 
jectories which  ccnstitute  the  effect  of  the  jas  phase 
on  the  particles.  Calculating  new  source  teras  and 
incorporating  thee  into  the  gas  flow  field  equations 
constitutes  the  effect  of  the  particles  on  the  gas 
phase.  This  completes  a c^cle  of  mutual  Interaction 
or  "two  way"  coupling  between  the  gas  and  particles. 
After  several  iterations  the  gas  flow  equations  are 
satisfied  to  within  a predetermined  value  and  a solu- 
tion which  accounts  for  the  mutual  interaction  is 
coa^lete. 


Fig.  2 Iteration  scheme 
Turbulent  Diffusion 

To  this  point,  a major  limitation  of  the  numeri- 
cal model  is  the  inability  to  describe  the  effect  of 
the  fluid  turbulence  on  the  particle  motion.  In  many 
applications,  including  electrostatic  precipitators, 
steep  concentration  gradients  exist  and  the  role  of 
turbulence  in  redistributing  the  coDceotrations  is 
an  important  factor. 

The  task  of  including  turbulent  diffusion  into 
the  model  is  complicated  because  the  gas  phase  numer- 
ical scheme  deals  with  mean  values  of  the  velocity 
field  rather  than  fluctuating  components.  Fluid  prop- 
erties Including  turbulence  are  treated  as  constants 
within  a cell.  Since  the  particles  are  tracked 
through  the  cells  in  a series  of  time  steps  smaller 
than  the  call  dimensions,  they  see  only  the  mean 
values  of  the  gas  flow  field  and  particle  motion  re- 
lative to  the  instantaneous  turbulent  fluctuations 
cannot  be  obtained. 

To  interface  with  the  gas  phase  solution,  turbu- 
lent diffusion  is  treated  as  an  averaged  effect  on 
the  particle  motion.  Jurewict  and  Stock  (]i)  assumed 


that  turbulent  diffusion  car.  be  treated  as  a body 
force  acting  upon  tae  particles.  'Jsing  this  approach 
and  considering  diffus!''h  as  a body  force  in  aquation 
(l)  leads  to  a diffusion  drift  velocity  term  in  Equa- 
tion (3). 

A first  approximation  for  diffusion  drift  veloc- 
ity is  obtained  from  Tick's  law  of  diff'usion.  The 
mass  flux  relative  to  the  mass-averaged  velocity  is 

(v  - V*)  (5) 

P ? ? 

where  o,,  is  the  particle  mass  concentration  and  v*  is 
the  maas-averaged  velocity  defined  by 


0^ 


(6) 


where  the  p's  are  mass  concentrations.  Assumir.g  that 
the  particle  mass  fraction  Pp/p-  is  relatively  small 
and  can  be  neglected,  the  ratio*Pe/p-<  becomes  unity; 
and  the  mass-averaged  velocity  is  equivalent  to  the 
fluid  velocity.  Equation  (5)  for  the  mass  flux  due 
to  diffusion  becomes 


p p p f 


(7) 


The  term  in  parentheses  represents  an  average  dif- 
fusion velocity  v^^p.p,.  Using  Tick's  law  (i). 


e, 


du 
—2 
P dj- 


where 


P P^ 


(3) 


(9) 


is  the  mass  fraction  of  particles,  and  €_  is  the  tur- 
bulent particle  diffuaivity;  the  diffusion  velocity 
becomes 


'"DIFF 


e du 
-2. 

Up  dy 


(10) 


The  particle  diffuaivity  is  related  to  the  fluid 
turbulence  through  the  definition  of  the  turbulent 
Schmidt  number. 


Sc„ 


(u) 


where 


f 0- 


(12) 


Although  the  turbulent  gas-particle  Interaction  de- 
fined in  this  manner  is  still  an  unresolved  problem 
in  turbulence,  empirical  values  of  Sci;  are  available 
{£,)  and  are  prescribed  in  the  numerical  model. 


IFF 


cc.,  u_  dy 
- P 


and  the  particle  velocity  equation  becomes 
_ _ -t/T 


r e-  dul 


(13) 


(lU) 


Electric  ? 


An  additional  body  force  due  to  the  elecTrostatic 
force  acting  on  the  charged  particles  is  also  included 
in  the  program.  This  requires  the  definition  of 
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inotaer  irirt  or  xigr»tion  veiooiay  relation  in  iqua- 
tion  13) • elactrcstatic  force  on  a aoneonductinfi 
tarticl*  oaarged  by  Ion  iapaction  on  the  particle  sur- 
face and  posscasinfi  a saturation  charge  is  given  by 

'I' 

3ir  E e 

e '>e  ♦ 2;  p o “ 

vhere  £ is  the  oercittivity  of  free  space,  £ is  the 
aaterial  dielectric  constant,  is  the  charging 
electric  field,  and  S is  the  local  electric  field. 

The  particle  electrostatic  drift  velocity  is 

13  T £^  £ E 2 

V ■ - , ° ? (15) 

e (£  + 2)  p d^ 

and  the  final  relation  for  the  total  velocity  of  the 
particle  is 


? p f Sc,  u dy 

3 u-  - ? 

13t  e e S S]  , 

-f£';  2)  plj  - 3’"  ) (IT) 

A??LICAnOS  TO  SLECTSOSTATTC  PSECTPTTATOaS 

Because  of  geoaetrical  and  electrical  siiqilifi- 
cations,  only  the  second  stage  of  a tvo-stage  electro- 
static precipitator  shovn  in  ?ig.  3 la  aodeled.  A 
high  electrical  potential  is  applied  across  the  plates 
and  the  electric  field  lines  are  always  perpendicular 
to  the  nean  flow  direction.  Since  a corona  discharge 
is  sot  present  in  the  collection  section,  electric 
wind  effects  are  neglected.  These  assuaptions  permit 
the  restriction  of  the  electrical  and  diffusion  ef- 
fects to  the  transverse  direction.  Also,  the  parti- 
cles are  assuised  to  obtain  a saturation  charge  in  the 
charging  section  and  enter  the  collection  region  with 
a unifom  concentration  profile. 

^ MIM  eeMMMMM  MMtU 

• ••  ^ : t*,  j (u,  vtw, 

MM  M ...  — f nclUMIM  ,uu 


fig.  3 Two-Stage  electrostatic  precipitator 

A nuaerical  experiaent  was  nade  of  several  paras- 
eters  by  varying  each  froa  a base  line  case  defined 
by: 

particle  nass  fraction  * 5 x 10“* 
electric  field  strength  ■ 10 ’ v/a 
turbulent  Schmidt  suaiber  ■ 0.1 

turbulent  intensity  ■ 0.05 

particle  diameter  • 15  um 

fluid  Seynolds  number  • 1.02  x 10* 

The  results  are  presented  under  separate  headings. 


Seven  particle  diameters  were  used  to  cever  the 


range  cf  sines  t;.-?ical  to  the  precipitation  process 
^ *0  30  ua).  Initially  particle  concentrations 
were  'cnifcra  aoross  the  inlet  and  the  changes  that 
occurred  at  two  lowr.streaa  locations  are  shown  in 
"Ig.  1.  Since  the  area  under  the  relative  concen- 
tration profiles  is  a aeasure  of  the  fractional  col 
lection  efficiency,  the  results  demonstrate  that 
larger  particles  are  collected  acre  readily.  The 
increased  particle  migration  velocities  associated 
with  the  improved  collection  efficiencies  are  shown 
la  Tig.  5 and  6. 
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Tig.  5 Effect  of  particle  siie  on  migration  velocitv 
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Pig.  6 Effect  of  particle  size  on  sigration  velocity 
at  X/D  • 10 

The  shapes  of  the  aigration  velocity  profiles 
display  se\-eral  noteworthy  features: 

1.  Although  the  profiles  are  siiailar  for  the 
various  particle  ilSBeters,  they  are  not  uniforai 
across  the  duct  as  is  usually  assumejl  in  electro- 
static precipitator  analysis. 

2.  The  migration  velocity  decreases  near  the 
collection  surface  and  gradually  Increases  across 
the  duet  'cntil  it  rapidly  drops  off  near  the  opposite 
wall,  later,  this  oehavior  is  shown  to  he  caused  by 
secondary  flow  due  to  a developing  velocity  profile. 
It  forces  the  small  (1  urn)  particles  to  travel  in  a 
direction  opposite  to  the  collecting  force  and  may 
partially  explain  the  difficulty  in  collecting  small 
particles . 

3.  The  rapid  decrease  in  migration  velocity  at 
the  wall  opposite  the  collection  surface  is  due  to 
turbulent  diffusion  and  is  associated  with  the  steep 
concentration  gradients  developed  in  this  area. 

The  variation  for  the  1 urn  particles  at  X/Z)  • 10 
is  most  likely  due  to  the  large  grid  size  used  in  the 
calculations. 

Pazticle  loading 

Variation  in  the  particle  loading  has  little  ef- 
fect on  the  relative  concentrations  and  migration 
velocity  profiles,  as  seen  in  Fig.  7 and  8. 

Per^olis  :iuaber 


Heynolds  number  flow  are  lower  near  the  collection 
surface  and  higher  near  the  opposite  wall.  This  be- 
havior is  due  to  the  developing  flow  in  the  duct. 
Momentum  is  transferred  to  the  center  cf  the  duct  and 
is  indicated  by  the  transverse  velocity  components 
shown  in  Fig.  11.  Since  particles  are  influenced  by 
the  fluid  velocity,  the  particle  collection  velocities 
are  auffaented  on  one  side  of  the  duct  and  diminished 
on  the  other. 


Fig.  7 Effect  of  particle  loading  on  concentrajion 
profiles 


.Results  for  variations  in  the  duct  Reynolds 
number  are  shown  in  Fig.  9,  10,  and  11.  The  concen- 
tration profiles  indicate  an  increase  in  collection 
efficiency  with  Reynolds  number  which  is  consistent 
with  the  form  of  the  migration  velocity  profiles  In 
Fig.  10.  The  migration  velocities  for  the  higher 


Fig.  5 Effect  of  particle  loading  on  migration  velo- 
city 
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Fig.  13  Concsatration  prcflles  and  particle  trajec- 
tories 


Fig.  ll»  Migration  velocity  profiles  and  particle 
trajectories 

SWWAHY  A1.X  CONCL’JSIOHS 

Tne  nodel  has  demonstrated  the  basic  features  of 
the  flov  of  charged  particles  la  an  electric  field. 
These  include  several  previously  hnovn  characteristics 
of  electrostatic  separators,  larger  particles  are 
collected  more  readily  than  smaller  ones  and  increas- 
ing the  separator  length  does  not  lead  to  a correspon- 
ding increase  in  particulate  removal.  However,  the 
cause  of  the  latter  is  usually  attributed  to  electri- 
cal and  mechanical  effects  rather  than  turbulent  dif- 
fusion as  is  shown  here. 

Other  aspects  were  also  demonstrated: 

1.  Turbulent  diffusion  is  a significant  factor 
in  reducing  the  concentration  gradients  and  redistri- 
buting the  particles.  In  some  areas  the  diffusion 
velocity  was  compsorable  with  the  transverse  velocity 
created  by  electrostatic  effects. 

2.  Secondary  flow  considerations  are  important 
when  analyzing  the  motion  of  small  particles.  The 
smaller  charge  on  the  particles  reduces  their  collec- 
tion velocity  to  the  order  of  the  transverse  fluid 
velocity  component  and  makes  the  collection  of  small 
particles  more  difficult. 

3.  The  migration  velocity  profiles  used  in  most 
analyses  of  electrostatic  separators  are  generally 
assumed  to  be  constant.  Diffusion  and  secondary  flov 
effects  have  a substantial  influence  on  the  migration 
velocities  which  are  shown  not  to  have  a uniform  pro- 
file. 

Although  the  numerical  model  provides  a means  of 
investigating  many  complex  multiphase  flov  phencmena, 
it  is  still  restricted  by  several  assumptions.  The 
diffusion  model  is  limited  to  low  particle  loadings 
and  relies  on  a prescribed  value  for  the  turbulent 
Schmidt  number  which  is  still  an  unresolved  turbulence 
parameter.  The  model  tends  to  place  excessive  impor- 
tance on  the  concentration  gradient  rather  than  the 
fluid  turbulence  for  controlling  the  diffusive  effects 
on  the  particle.  Therefore,  a mere  fundamental  rela- 
tionship between  the  fluid  point  and  particle  diffu- 
sivities  is  required.  The  authors  are  presently  in- 
vestigating possible  modifications. 
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ABSTRACT 

It  li  sutgeated  to  introduce  a complex  scalar 
field  F(r)  instead  of  the  real  vector  velocity  field 
v(r)  to  describe  incompressible  and  viscous  fluids. 

In  terms  of  this  field  * the  inviscid  Navier-Stokcs- 
epuation  can  be  described  canonically,  i.a.  as 
functional  derivative  of  a Hamiltonian.  The  viscous 
term  is  added  approxima/tely.  By  introducing  noise 
and  stochastic  damping  a Ipangevin  equation  and  its 
corresponding  Fokkar-Flanck-equation  are  obtained. 

The  stochastic  process  approximately  obeys  detailed 
balance.  This  allows  to  calculate  the  stationary 
distribution  function  for  the  fluctuations  in  a 
homogeneous  turbulent  floid. 

Renormalization  group  equations  for  this 
distribution  function  are  derived  using  Feynman 
graph  techniques.  The  renormslisation  group  trans- 
formation it  defined  by  eliminating  the  long  wave 
lengths  step  by  step.  This  is  opposite  to  the  eosnan 
procedure  for  critical  phenomena,  wf.ere  the  short 
wave  length  fluctuations  are  integrated  out.  If  d > 2 
a non  trivial  fixed  point  of  the  R.C.T.  it  found 
which  is  stable  and  attractive.  The  only  existing 
"critical  exponent"  is  the  field  dimension.  Its 
anomalous  part  gives  rise  to  a correction  u > 0 in 
the  exponent  of  the  turbulence  spectral  function 

E(k)  ■ k The  macroscopic  part  of  the 

correlation  function,  Kolmogoroff 't  5/3,  is  deter- 
mined by  the  scaling  behaviour  of  the  noiae  para- 
meter.w it  calculated  by  i-expantion  of  the  R.C.T. 

2 

(t  ■ d - 2).  One  gets  p • t /8. 

ISTRODUCTIOB 

The  Problem  Of  A Turbulence  Distribution  Function 

A solution  of  the  Haviar-Stokas-aquation 

JjV  ♦ (V  • grad)  v • - grad  (P/o)  * vdv  (I) 

for  a turbulent  fluid  saamt  impotsiblt,  even  when 
using  s computer.  This  difficulty  is  cononly  over- 
cams  by  statistical  satbods.  But  Che  use  of  a sta- 
tistical description  requires  the  knowledge  of  a 
probability  distribution  functional  for  a turbulent 
fluid 

w((v))  ■ exp(-0({v})). 

A Boltzmann  like  anaacz,  which  assumes  b((v})  to  be 
governed  by  the  energy 


♦({v))  - Y / v^{x)dV. 
is  lesding  to  a deficiency.  A Hamiltonian 
H • / v^{x)dV 

does  not  lead  to  the  Nsvier-Stokes  interaction 
(v,grad)v  canonically,  i.e.  as  a functional  deriva- 
tive of  the  Hamiltonian.  This  interaction  in  turn 

would  demand  a term  «v^  in  the  Hamiltonian.  But  such 
a term  is  even  worse,  for  it  results  in  an  unstable 
distribution  function  with  infinite  expectation 
values.  Furthermore  such  a Haxultonian  would  not  be 
time  reversal  invariant  and  Galilean  invariant. 

But  how  might  the  distribution  function  look 
like  ? Although  w(v(x))  is  locally  Gaussian  (Townsend, 
1947)  [l] , experiments  prove  chat  the  joint  proba- 
bility is  certainly  n o c , as  e.g. 

<(v'  - v)*>/<(v'  - v)^>^  • 3, 

<(v'  - v)^>  y 0,  and 

<(s“v/jx‘*)‘>/<(j"v/8x®)^>^ 

deviates  increasingly  more  from  3 with  increasing  n, 
comp.  C.H.Batchelor  0953),  R.  Betchov,  C.  Lorenzen 
(1974)  [2]. 

ORDER  PARAMETER  FTELD 

Introduction  Of  The  Order  Parasm ter  Field 

As  is  seems  to  be  impossible  to  construct  a 
Hamiltonian  in  terms  of  the  Eulerian  afield  from 
which  the  Navicr-Stokes-equation  can  be  derived  ca- 
nonically, the  idea  arises  to  introduce  another  basic 
field  in  terms  of  which  such  a Hamiltonian  of  an  in- 
compressible floid  can  be  expressed.  He  use  a scalar, 
complex  "order  parameter  field''*(r ,t) . It  has  two 
degrees  of  freedom.  Re  T « a aa^  Ir.  P • v,  according 
to  the  transverse  character  of  v,  and  can  be  iBdar- 
stood  as  a generalized  potential,  closely  conneeted 
with  Clebsek'  potential  [4^.  The  velocity  v as  well 
as  the  pressure  P bacesw  observables  in  terms  of  T. 

E.g.,  the  current  of  the  P-field 

T • ^ (7*  grad  1 - c.c.)  (2) 

determines  the  physical  velocity  field,  as  the  velo- 
city is  the  source  free  part  of  j(r,t) 
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ITOCEDINO  PAQB  BLaMK-NOT  FIIMED 


v(r,t)  ■ j(r,t)  - Er»d  4(7) 
where  d hee  co  be  detencined  by  Che  solucion  of 
id  • div  J . 

The  obiervable  pressure  F can  be  calculeced  by 
P - I ♦ D^O  * yD^o  - oO^Y  - 


(3) 

(4) 

(5) 


■ 3^  ♦ v-grad  . 


affected  by  fluctuations  of  » via  j.  Eq.  (7)  repro- 
duces the  viscous  cem  of  the  Navier-Scokes-equacion 
if  one  neglects  mode  coupling  terms  of  higher  order, 
which  are  expected  co  be  of  minor  importance  as 
compared  with  the  kinetic  coupling  (»,»•). grad  f. 

Eq.  (7)  exhibits  a Landau-type  interaction  term 
and  a competition  between  input  v 'grad  Y and 

D 


output  v&T.  This  Y-£ield  description  was  introduced 
by  one  of  the  authors  [bj . 


Stationary  Distribution  Function  For  Turbulence 
Fluctuations 


Here  u^  is  the  constant  internal  energy.  Eq.  (3) 

shows  chat  v(r,c)  is  bilinear  in  terms  of  Y.  The 
representation  (2)- (5)  arises  from  the  flow  of  matter 
which  cakes  place  in  each  fluid  flow. 

The  formal  development  of  t'.ie  Y-field  cheorie 
is  based  upon  Pfaff's  theorem  (1814) [3]  and  a work 
by  Clebsch  (18S7)[4],  who  first  gave  the  generalized 
potential  representation  of  v.  A more  physical  pic- 
ture of  Y is  obtained  by  starting  with  a varia- 
tional principle  for  the  Lagrangian  density. 

L • •j  0 V - const 
Incompressibility 

div  V • 0 

is  taken  care  of  by  a Lagrange  parameter  field  d(r,c)- 
The  velocity  fields  admissable  for  variation 
smac  be  further  restricted  by  the  fact  that  v(r.t) 
it  ^generated  by  the  flow  of  matter.  Thus  if  a label 
a(r,t)  it  attached  to  each  part  of  matter  at  some 
arbitrary  but  fixed  time,  this  label  will  be  a 
streaeiing  invariant  expressing  "conservation  of 
identity".  This  idea  has  been  introduced  already  by 
Lin  . Thus 

9^0  * (vgrad)  a - 0 

is  a second  constraint.  It  it  taken  care  of  by  intro- 
ducing another  Lagrange  parameter  field  Y(r,c).  So 
Che  variational  principle  with  constraints  for  the 
perfect  incompressible  fluid  reads 

‘2  _ ^ 

d / dt  / dV  V - bdiv  V - yO^a  ♦ V'grada)]  • 0 


A variational  principle  which  is  symmetric  in  a and 
V 'ea4s  co  Eq.  (3)  and 

* (v.grad)  Y - 0 (6) 

visa  * • a • iv;  V ts  co  be  considered  at  a functio- 
-s.  ef  * amd  **,  c.f.  Eq.  (3)  cogachar  with  Eq.  (4), 
< * >sviiat  the  exact  validity  of  the  inviscid 

*•  ev-gsamae-vqiMitlan  (y  • 0). 

> '1  saawa  fluid  meyba  dascribad  by  adding  a 
• ■ •'.#  eauacian  ef  motion  for  the  Y-field 

> -ev  reads 


In  order  co  derive  a stationary  distribution 
function  for  the  fluctuating  fields  Y the  following 
approach  is  suggested.  Ac  first  add  a stochastic  force 

E(r,c)  • ♦ i-5^(r,t)  to  the  equation  of  motion 

(7).  This  noise  is  supposed  co  be  due  co  and  co 
represent  properly  the  nonlinear  pseudo  stochastics 
of  the  Navier-Scokes-equations. 

It  is  assumed  co  be  of  Gaussian  type,  i.e. 

<E*>  - 0 

<t“(?.t)  E“’(?’,t’)>-  2Q  6^^^,  5(?-?’)4(t-t) 

As  we  know,  the  coupling  of  stochastic  degrees  of 
freedom  has  two  consequences:  a fluctuating  term  like 
E(r,t)  and  an  overall  damping,  generally  assumed 
to  read  1 x.  Both  are  necessary  if  a Hamiltonian  system 
shall  approach  co  a steady  state.  We  therefore  add 
another  terra, a kinetic  damping,  due  to  the  mode-mode 
interaction 


co  the  equation  of  motion  (7).  One  finds  the  following 
Langevin  equation 

3jY  - - (I  - il)  v-grad  Y ♦ vAY  ♦ £ . (8) 

Stochastically  equivalent  to  this  Langevin  equation 
is  a Fokker-Planck  equation  for  the  probability 
functional  P({Y},t)  of  the  "stochastic"  variable  Y: 

3^P  ■ {v-grad(a  ♦ \y)  • via}  P ♦ 

(9) 

(v-prad(Y  - lo)  - vAy)  P * Q (-Ijj-  ♦ |^)  pj 

It  is  possible  co  find  an  ^approximate)  stationary 
solucion  of  Eq.  (9),  w({Y(r)})  D(Y).  It  is 

w({Y))  . exp  [-  1 / dV  { y p v^(Y)  ♦ y igrad  yI2}]_(10) 

w({r))  is  suggested  to  play  the  role  of  a distribution 
function  for  the  turbulence  stochastics,  if  Q proper- 
ly represents  the  energy  input  through  the  boundaries. 
The  distribution  function  (IQ)  contains  a fourth  order 
4 

interaction  «Y  of  current-current  type.  As  the 
functional  variable  is  Y,  the  distribution  is  not 


’.Y)«grad  • • 0 


(7) 


i»v  eerts,  v^  which  is 
> 'wsieerT,  aed  v.  which  is 


Gaussian,  although  the  weight  vv"  appears  in  the 
exponent. 

Q is  chosen  co  be 

q • (PJ^)  v^^  , 
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■ fflAcroscopic  IcQgch  scale 
aac 

S- 


■ macroscopic  velocicy  scale  on  the  length  scale 


In  3 diffiansions  v.  can  be  connected  with  the 
0 


eoergy  dissipation 


'di*  • 


(ID 


Both  concribucioni  of  (10)  ar«  gauge  invariant  of  Cha 

firit  kind  (•  ■•  a ^ “*''*?)•  Other  invariances  are 
fulfilled  as  well. 

The  distribution  in  sosiantuB  space  is  given  by 
v({?j^})  • ejip(-*) 


vith 


(12) 


Nov  consider  a snaller  volume  V,  vhich  is  w^ithin  V . 

I 0 

The  turbulent  ootion  inside  is  similar  to  that 

inside  V , and  that  in  an  even  smaller  volume  V. 

0 2 

is  again  similar  to  that  in  V|  and  so  on.  Considering 

a sequence  of  nested  volumes  of  decreasing 'sisa 
means  to  follow  the  energy  transport  from  the 
largest  eddies  to  the  smallest  ones  (Richardson, 
Rolsngoroff,  ...  [8].  As  thare  is  no  typical  length 
scale  in  cha  inertial  subrange,  i.e.  as  the  turbulent 


sotion  in  is  similar  to  that  in  there 

should  exist  a similarity  relation  for  the  static 
distribution  functions  for  the  turbulent  motions  in 

the  different  volumes  V.: 

1 


■(I)  (2) 

A main  result  reported  in  the  following  will  be  the 
transformation  lav  from  to  This  simila- 

rity transformation  contains  the  whole  information 
about  the  scaling  behaviour  of  the  turbulent  system. 


Kavenumbers  k with  k 


-1 


■v  V are  determined  esaen- 
0 


tially  by  the  botadariea.  For  larger  k however  the 
turbulence  field  is  approximately  isotropic  and  homo- 
geneous and  has  lost  the  memory  about  the  details  of 
the  boundaries.  Be  t.  the  extension  of  the  isotropic 
- 1 /3 

turbulence,  then  and  the  velocity  field 


v(r) 


<v(r)>,  is  the  stochastic  field  vhich  is 


'■r2 


V(kj.k2:k)  - k,-{l  - k"  it  ) -kj  - k,*  P(k)-kj. 


This  result  was  derived  by  5.  Crossmann  (1975)  [7]. 

TKf  REKORKALIZATTON  SSOVP 
The  Physical  Backsround 

Consider  a volume  V vhich  is  containing  a tur- 
bulent fluid.  Turbulence  is  generated  by  the  stirring 

boundaries  of  V . 

0 


supposed  to  be  properly  represented  by  the  distri- 
bution function  Eq.  (10)  or  (12).  The  statistical 
turbulance  field  therefore  has  a lower  momentum 
cut  off,  i.e.  S,  Eq.  (12),  contains  n o Fourier 
components  k vith  k < I/I^  t A . 


0 Ao 

•i/ip 


A, 

I 

f 


Ai 


-►k 


inertia  region 


THE  REN0!MAI.I2ATI0N  CROCT  TRANSFORMATION 


The  renormalisation  group  transformation  (R. C.T.) 


is  Che  transformation  from  v to  v 
and  so  on. 


(O’ 


from  V 


(1) 


‘(2) 


V . exp(-e(?))  7Xt,Wj,j 
W^JJ  • exp(-*j(T))-  etc. 

i.a.  the  R.C.T.  is  defined  by  integrating  out  the  wave 
numbers  k vith  k a [a^.Aj],  etc. 

This  is  eqiaralenc  to  smoothing  all  degrees  of  freedom 
with  Fourier  components  between  A and  A,. 

0 I ‘ 

The  renormalisation  group  transformation  defined  by 
eliminating  the  long  wave  lengths  step  by  step  is 
opposite  to  the  cotmion  procedure  for  critical  pheno- 
mena, where  the  short  wave  length  fluctuations  art 
integrated  out.  The  common  R. C.  procedure  for  criti- 
cal phenomena  is  reported  e.g.  bv  Wilson  and  Kogut 
(1974)  [9j. 

Our  new  interaction  is  then  defined  by 


ei^(-ej(T))»  |axp(-0(T^^)) 

’k- 

ke[A  ,A  ] 
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This  is  a quantitative  version  of  the  qualitative 
procedure  of  von  WeizsScher  (1945).  Oboukhoff  and 
KolDogoroff  (J962),Gurvich  and  Yagloc  (1967), 
Novikoff  (1972),  ...  ^lO’ . 

Having  evaluated  the  partial  trace,  the  result 
represents  a syster  with  a higher  conentuin  cutoff 

A.  • s A . with  another  velocity  scale  v'  as  well  as 
1 o'  h 

another  noise  energy  Q*  and  viscosity  v' . In  order 
to  conpare  this  system  with  the  initial  one  we 
rescale  the  momenta 


k'  - k/s,  as  A|  i k < - -►A^  ^ k'  < « . 

This  means  something  like  having  a glance  through  a 
magnifying  glass,  so  that  A'j  looks  like 

To  make  the  similarity  complete  not  only  the 
number  of  degrees  of  freedom  have  to  be  adjusted  by 
rescaling  k but  also  the  field  (velocity)  scale  must 
be  adjusted.  The  rescaled  fields  are  introduced  by 


•k 


According  to  the  changed  boundaries  of  V|  we 

have  another  noise  energy  Q'.  Because  of  the  simi- 
larity we  demand  that  the  Reynolds  numbers  of  the 
flows  in  V and  be  equal.  This  results  in  ad- 
justing also  V - v' 


■ V*’’  *Q  * ‘ 


d*2/3 


'•» 


.4/3 


(13) 


Having  done  this  elimination  and  rescaling  proce- 
dure, a formally  equal  9 is  obtained  which  has 
another  set  of  coefficients.  These  new  coefficients 
contain  the  influence  of  the  eliminated  degrees  of 
freedom  on  the  remaining  ones.  Each  single  step  re- 
duces the  number  of  degrees  of  freedom  by  only  a 
small  amount.  This  justifies  to  calculate  the  re- 
nomslization  group  transformation  perturbatively. 
Repeated  application  of  the  R.C.T.  sums  up  the 
effects  of  all  steps,  thus  finally  many  degrees 
of  freedom  are  regarded. 


Results  Of  The  Renormalization  Croup  Transformation 


It  turns  out  that  the  Navier-Stokes  interaction 
of  Eq.  (12)  with  its  transverse  projector  is  repro- 
duced by  each  renormalization  step.  Therefore  it 
is  possible  to  calculate  the  R.G.T.  once  and  then 
iterate  these  equations. 

The  sequence  of  distributions  turns  out  to  con- 
verge, i.e.  the  coefficients  of  9 do  not  change  any 
more  after  some  R.C.T. 's.  The  resulting  coefficients 
are  called  a fixed  point.  The  fixed  point  distribu- 
tion function  is  interpreted  as  description  of  the 
inertial  regime  and  expresses  its  universality. 

The  properties  of  the  correlation  function, 
particularly  of  the  specervar  E(k)  are  evaluated  by 
using  the  fixed  point  value  of  the  field  scaling 
parameter  C*.  One  finds  a deviation  of  Kolcx>goroff 's 
5/3  lav  if  the  formally  extrapolated  dimans ionality 
is  d > 2.  This  is  due  to  the  effect  of  the  non- 
linear interactions  of  the  field  fluctuations.  It 
has  not  yet  been  possible  to  deduce  the  5/3  exponent 
but  only  to  show  a method  to  determine  deviations 
from  5/3. 

Each  renormalization  step  generates  terms  •f’(O), 
which  is  a formally  undefined  expression.  These 
terms  arise  due  to  the  assumed  translational  invari- 
ance of  the  fully  developed  turbulence  which  is 


correct  approximately  only  owing  to  the  effects  of 
the  boundary.  The  transverse  projector  Piq),  Eq.  (12), 
was  derived  in  Ref.  [6]  neglecting  the  boundaries  when 
solving  Eq.  (4),  The  exact  Green's  function 
of  the  boundary  value  problem  which  solves  Eq.  (4) 
would  lead  to  a non  singular  P at  q • 0. 

The  fluctuation  correction  to  Kolmogoroff 's  law 
has  been  calculated  using  an  c-expansion.  It  is 
c • d - 2.  We  found 

E(k)  « with  u % c^/8  . 

For  d • 3 (c  ■ 1)  this  seems  to  be  in  good  accordance 
with  experimental  results  as  given  e.g.  by  van  Atta 
and  Park  (1972)  [ll]. 

The  Renormalization  Group  Equations 

It  is  convenient  to  introduce  dimensionless 
momenta 


q • k/.Ag,  *0  ' 9 i “ 


dimensionless  fields 


a 

<l 


>v/2Q  A, 


(d*2)/2 


and  a dimensionless  interaction  constant 

u - A a"*”^  Q/(2p  v^)  . 

0 


1 

1 

i 


^ (14) 


Then  the  distribution  function  9 can  be  written  as 

♦ (».)  ■ I * 

9 ^ 


*J  J J >4«>l-92:^,'92)«(9,*V^,-tj)*‘  s s. 


91  92  Hi 


- 9j  ♦ 9j. 


1 '*2  "1  ■‘2 
(15) 


We  abbreviate 


q“l  (2x)‘^ 


^ / • 


One  starts  with  u^  ■ q . Already  the  first  R.G.T. 
gives  a propagator  uj  with  the  general  form 

Uj(q)  • q^  ♦ r ♦ O(t^)  (q  ^ ♦ «q  * ...)  . 


The  interaction, 9^  is  represented  graphically 

^1  ^2 

“X 

incoming  arrows  belong  to  a,  momentum  q^,  outgoing 
belong  to  a*,  momentum  . 
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Th*  iDCcraceion  tucrixiltDan:  is  due  to  cht  The  equivalent  analytical  focrula  reads 

particular  forr  of  the  Navier-Scokes-equacion 


“4  <11  • 

" T “ LT  ■ ?1^*‘’<12  ■ ^2^'  3 <12  * ^2^ 

♦ T (f,  *•  1;)-P(?,  - - q,)*  { (?2  • q,)]  (i6) 


d 2 ^ 

ujiq)  ■ * ' “•'<*1^  * ^ 1 


» U4(»qip:*qtp) 
1 - 
p-i 


U-(p) 


s u (sq.p.jp  ,sq)  u,(p  ,p,;p  ,p  ) 

16  / / i-T - * ‘ 

p,.p,-l  Uj(p,l  u,(F,J  U,tp,) 


(1?) 


As  the  degrees  of  freedoc  with  Fourier  eooponencs 
beevaen  1 and  s shall  be  integrated,  the  fields  a 

q 

are  splitted  into  one  part  a^iq).  vhieh  contains 

the  Fourier  coaponents  between  I and  s,  and  another 
a^Cq),  which  contains  tha  Fourier  coaponents  between 

s and  •>. 

d'(a')  is  then  defined  by 


exp  (-♦’  (a',))  - const  exp{  - d-Ca,)}* 

q r I 


■ < exp  { - Sj  (a^ 


a,))> 


a , 

o 


Gauss  . 


(17) 


Gaussian  expectation  values  are  calculated  by  the 
generalised  Wick's  thcorca 


Gauss 


•xp(-«p(.)y^exp(-dp) 


■ *n,c  "l  “l  '*2  ‘‘2  •••  ’n  '‘n  * 


, UA(»q.p, ;p,.»q»F,-p,)  (»q*p,-p,.p,;p, .sq) - 

-8  / / ! — S ! — = — - — S — ! 

Pj.Pj-l  “2<P|5  “2^'’:^  UjCsq^Pj-Pj) 


♦ 0 (u^). 


The  contributions  to  the  interaction  ratrix  decent 
are  calculated  froc 


The  equation  for  u!  reads: 

4 

“4<1l’l2’^l’^2^  - u^Csqj.sqjisfj.sfj) 


possible  different  coabinations , with  the  contraction 
defined  by 


r-.  «(ii  - fj) 


1.- 


i j "2<'*i^ 


4(kj  - k^)  - (Iv)**  «•*(?.  - kj) 


(IS) 


. * “i(»q,.P;»A,.»q,-p-»5,)  U^(?*sfj-s^,,s^,;p,s5,) 
P“I  U2(p)  u,(sq|*p-sf |) 

^ » U;,(»q,.sq^;p.sq^»sq2-P)  “4<»^|*»q;-P.Pnf , .s^^)  - 


p-l 


Ujtp)  Uj(sq|*sq,-p) 


Frost  Eq.  (17)  Uj  u^,  ...  are  calculated.  A graphical 
representation  of  tha  two  lowpst  perturbative  orders 
in  u to  the  propagator  u^  is  (each  closed  line  re- 
presents a centrsetiea,  (18)) 


* Ofu-*)  . . C20) 

Eqs.  (19)  and  (2C)  are  the  renomalixation  equations 
for  the  propagator  u^  and  the  interaction  u^.  They 

are  calculated  pertutbatively  unoer  the  assustption 
that  u is  a snail  expansion  paraaetar.  u proves  to  be 
a snail  parameter  in  the  vicinity  efd>2(u«t>d 

* 2)  near  the  fixed  point.  Therefore  the  vrexpansios 
is  a perturbation  expansion  arouid  the  dinension 

d > 2. 

^io£lifie£j_Two_ParMieter_Ren£rBal^satioc_Grou£ 

E£uation£ 

In  order  to  study  soaia  characteristic  properties 
of  the  P..G.  equations  (19,20)  a sisplified  though 
approxisate  two  paraaeter  version  can  be  used.  Only 
r,  u are  retained  as  paraswtars  and  a R.G.T.  consists 
of  transforcing,  r,  u to  r',  u'.  Tha  two  paranetar 


0(u*) . 
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R.C.  •quation  art 


vich 


2C 


C 


(21) 


To  derive  Eqt.  (21)  we  uaed  Che  projeccor  propercies 

2 

of  u^,  and  its  homogeneity:  u^(sq^)  • s u^(q^). 
Furthermore  we  made  a q ^ expansion,  i.e.  we  omitted 
terms  of  order  p /(sq)  , where  p c ,I,sJ  and 

sq  s "s ,») . 

The  multiplicities  of  the  graphs  are  derivable 
from  Che  syosecry  propercies  of  u^  and  fror  the  fact 

chat  V is  a two  component  (complex)  field.  Linear 
in  u there  are  no  fluctuation  corrections  to  the 
Caussian  field  scaling  behaviour 

(tj^  • E**  a^):  E*  • s i.e.  linear  in  u 

there  arc  no  corrections  to  Kolmogoroff 's  law.  This 
it  not  trivially  so,  but  it  is  due  to  the  particular 
form  of  Che  matrix  element  u^(qj ,q2:q| >$2^ ' namely 

being  built  with  the  transverse  projeccor  product 


?.p(^;,).;  = ?,-p(H,).?,  , 

which  in  turn  reflects  the  Navier~Scokes  interaction. 
So  the  first  order  results  in  a mats  renormalization 
(•  rja^l^)  only.  Only  second  order  terns  contribute. 

Eqs.  (21)  exhibit  two  fixed  points.  A trivial 
one  it  Che  Caussian  fixed  point,  u*  • r*  • 0. 

In  Che  neighbourhood  of  Che  fixed  points  the 
R.C.Eq.'s  (21)  can  be  linearized.  The  stability  of 
Che  fixed  point  it  decerminad  by  Che  eigenvalues  of 
Che  linearized  matrix  which  transforms,  r,  u to 
r',  u'.  One  finds 

Aj  • s ^ < I and  Aj  • *^  , 

which  means  that  Che  Gaussian  fixad  point  is  attrac- 
tive for  c < 0,  i.e.  d < 2,  when  iterating  Che 
linearized  R.C.T. 

The  second  fixad  point  it  non-Caussian 

r*  • t ^ * *t  tIZ,  linear  in  c,s  near  to  1, 
s -1 

u*  • c ^ ■*  ^ 2 tr  linear  in  c. 

The  eigenvalues  of  Che  linear  R.C.T.  near  this  fixed 
point  are  • s A^  • s * . 

Thus  this  non-Cauasian  fixad  point  it  accracciva  for 
t ■ d - 2 > 0.  In  particular  there  are  non-Caussian 
fluctuation  eoncribuciont  in  3-dimensional  flows. 
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have  to  be  scaled  coo.  Consequently  has  another 
different  scaling  behaviour  chan  a^.  As  mentioned 

before  boundary  terms  determine  the  P(0)  terms.  Ve 
know  chat  the  interaction  differs  for  very  small  q 
from  the  transverse  projeccor.  This  region  is  elimi- 
nated by  each  R.C.  step  in  favour  of  an  effective  Q 
and  V.  Now  we  recognize  the  "analytical"  reason  for 
renormalization  of  Q andvwhen  eliminating  the  low 
wave  number  degrees  of  freedom:  the  F(0)  terms  are 
determined  by  the  boundaries  and  are  supposed  to  be 
responsible  for  the  scaling  behaviour  of  Q and  v 
according  to  the  changed  boundaries.  But  as  long  as 
we  cannot  calculate  these  terms  we  connect  the 
scaling  behaviour  of  Q and  v with  the  conservation 
of  energy  dissipation  Eq.  (il)  and  find: 


Q' 

as  A'  ■ s 


CDC 
-I 


2/3 

dis 

A. 


^.-d-2/3  . ,d>2/3q 


The  scaling  dimension  of  v is  determined  by 

Re'  • Re  • 


and  turns  out  to  be 


4/3 


Thus  we  find 

(d+2/3)/2  _ 

’’k'  - —2 \ • 

For  E*  we  get  up  to  the  second  order  c-expansion 
^ ^-(d-2+c^/16)/2 

From  this  it  is  easy  to  calculate  the  scaling 
behaviour  of 


E(k) 


, d-1 


Sik-C) 


The  field  seeling  of  the  non-Caussian  fixed  point 
yields 


E{k) 


. ^-(5/3  * t/8) 


(const) . 


A detailed  description  of  the  R.C.  procedure  for 
turbulence  fluctuations  will  be  published  [l2]. 

It  is  known  thet  two  dimensional  flow  is 
different  from  three  dimensional  one.  Especially 
conservation  of  energy  dissipation  contradicts  the 
conservation  of  vortieity.  (which  is  a rigorous 
result  for  a two  dimensional  flow).  Therefore  the 
scaling  of  the  noise  Q and  of  the  viscosity  v cannot 

be  connected  with  c..  in  2 dinensions.  A connection 
dl  s 

with  the  conservation  of  enstrophy  instead  leads  to 

E(k)  «k  ^ (see  e.g.  Crossmann  (1975)  [l3])  for 
d ■ 2.  In  our  language  this  has  to  be  described  by 
the  P(0)  terms.  The  rasults  reported  here  are  con- 
cerned only  with  the  fluctuation  corrections  in 
addition  to  these. 


Vc  have  introduced  reduced  fields  and  momenta 
by  Eqs.  (14).  As  we  know,  e.f.  Eqs.  (13),  Q and  v 
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ABSTRACT 

The  paper  describes  measurements  of  mean 
velocities  and  Reynolds  stresses  in  recirculating 
flows  associated  with  the  flow  past  a number  of 
simple  bluff  bodies.  The  principal  instrument  used 
was  the  pulsed-wire  anemometer. 

The  main  content  of  the  paper  concerns  the  flow 
behind  a backward-facing  step.  The  mean  flow  pattern 
is  represented  by  screaaU.ines:  distributions  of 
Reynolds  stresses  are  given  for  the  recirculating 
zone  and  for  the  mixing  layer  which  is  compared  and 
contrasted  with  the  plane  mixing  layer.  Measurements 
for  mean  velocity  and  turbulence  energy  are  compared 
with  Che  predictions  of  a computer  program  based  upon 
the  turbulent  viscosity  concept. 

The  data  represent  interim  results  for  a con- 
tinuing program  of  work  on  flow  past  basic  shapes; 
as  an  example  of  this  work,  results  for  a forward- 
facing  step  are  briefly  presented. 

NOMENCLATURE 


B 

c 

h 

k 

n 

P 

Po 

U 

t’o 

ue 


X 

y 

Fm/: 

z 


width  of  place 
constant 

height  of  step  _ 

turbulence  energy  (•  j(u’*v^*w’)) 

frequency  of  vortex  shedding 

static  pressure 

reference  static  pressure 

mean  velocity  in  x-direction 

main  scream  mean  velocity  in  x-direction 

mean  velocity  in  x-direction  outside  mixing 

layer 

velocity  fluctuation  in  x-direction 
velocity  fluctuation  in  y-direction 
velocity  fluctuation  in  z-direction 
screaiawise  co-ordinate 
transverse  co-ordinate 
transverse  co-ordinate  at  which  U • ^Ug 
spanwise  co-ordinate 
boundary  layer  thickness 
displacesient  thickness 
race  of  dissipation  of  turbulence  energy 
per  unit  volume 

(y  - ym/2)  ! * 

density 

stream  function 


INTRODUCTION 

Regions  of  high  turbulence  and  particularly  those 
involving  recirculating  flows,  where  the  velocities 
may  undergo  constant  reversal  of  sign,  have  received 
less  attention  than  those  where  these  features  are 
lacking.  In  many  practical  applications,  however,  it 
is  these  areas  which  are  of  interest.  In  particular, 
in  civil  engineering,  when  wind  effects  on  buildings 
are  considered,  separation  is  invariably  involved  and 
it  is  generally  the  near  region  with  its  recirculating 
flows  that  is  of  greater  interest  than  the  far  wake. 
There  is,  then,  a compelling  practical  need  for  a 
fuller  understanding  of  these  regions,  but  difficul- 
ties in  velocity  measurement  in  these  areas  have 
inhibited  the  detailed  study  which  is  needed  as  a 
basis  for  the  development  of  analysis. 

Furthermore,  mathematical  methods  for  the  pre- 
diction of  turbulent  shear  flows  have  in  the  past 
concentrated  upon  thin  shear  layers  of  the  boundary 
layer  type.  With  the  extension  of  such  methods  to 
flows  governed  by  elliptic  equations,  the  need  for 
the  corresponding  experimental  data  is  now  more 
urgent. 

The  relatively  recent  development  of  the  pulsed- 
wire  anemometer  has  removed  some  of  the  difficulties 
associated  with  the  desired  measurements;  it  is  well 
suited  to  highly  turbulent  and  reversed  flows  and 
yields  all  three  components  of  velocity  fluctuations. 
The  principal  object  of  this  paper,  then,  is  to 
describe  the  use  of  this  instrument  in  the  investi- 
gation of  the  detailed  flow  patterns  in  the  neighbour- 
hood of  a number  of  basic  two-dimensional  bodies  sec 
perpendicular  to  Che  main  flow,  all  involving  separ- 
ation and,  consequently,  recirculating  flows.  For  the 
reasons  indicated  above,  the  studies  are  directed 
mainly  to  the  near  region.  The  measurements  were 
supplemented  by  others  using  X-array  hot-wire  anemo- 
meters for  the  measurement  of  shear  stresses  so  chat 
the  quantities  measured  thus  include  mean  velocities 
and  Reynolds  stresses  in  addition  to  surface  pressure 
measurements. 

A normal  flat  place  with  free  edges  was  asmng 
the  first  body  shapes  investigated  with  the  pulsed- 
wire  anemometer  and  served  to  afford  comparative 
studies  of  the  use  of  the  hot-wire  in  recirculating 
flows.  The  mcasurtmencs , largely  alreacy  reported 
elsewhere,  are  briefly  summarised  here  as  a prelim- 
inary. The  studies  have  now  been  extended  to  bodies 
typical  of  buildings  in  chat  they  are  set  on  a base 
plane  parallel  to  the  main  flow,  in  concraat  to  the 
two-dimensional  flat  plate  with  its  two  free  edges. 

One  of  the  simplest  of  such  shapes  is  a square  step, 
perpendicular  to  the  main  flow  and  spannsng  the  full 
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width  of  a wind  tunnel.  For  the  present,  attention 
is  concentrated  mainly  upon  a backward-facing  step, 
where  the  studies  of  previous  workers  form  a context 
for  the  present  work.  The  results  for  a forward- 
facing step  are  indicated  more  briefly. 

The  underlying  objective  of  the  work  has  been 
not  merely  to  examine  the  flow  in  particular  simple 
cases,  but  rather  to  obtain  a better  fundamental 
understanding  of  bluff  body  flows  generally,  extend- 
ing the  work  to  bodies  of  less  simple  shape.  The 
special  case  will  have  wider  significance  if  the  data 
presented  serve  to  establish  the  basis  for  the  treat- 
ment of  a whole  class  of  flows,  as  may  be  done  if  they 
are  used  to  examine  the  applicability  of  a mathemat- 
ical model  of  turbulence.  Whilst,  then,  the  authors' 
prime  object  in  the  present  paper  is  to  make  avail- 
able data  for  this  purpose,  the  opportunity  has  been 
taken  to  compare  some  of  the  measurements  for  the 
backward-facing  step  with  the  predictions  of  a 
computer  program  based  upon  one  such  mathematical 
model. 

EXPERIMESTS 

The  normal  flat  plate  investigated  was  made  of 
aluminium,  width  B • 50mm,  having  the  sharp-edged 
cross-section  shown  (Fig. 1)  and  being  fitted  with  end 
plates  to  minimise  the  effect  of  the  wall  boundary 
layers  on  the  two-dimensionality  of  the  flow.  It  was 
set  perpendicularly  across  tha  longer  dimension  of  a 
wind  tunnel,  cross-section  762mm  x 610iaa,  in  a 
uniform  air  stream  having  a velocity  Ug  of  the  order 
of  lOm/s.  Traverses  were  made  using  hot-wire-  and 
pulsed-vire  aneisameters,  as  appropriate,  to  measure 
mean  velocities  and  turbulence  intensities  in  and 
around  the  recirculating  zone  behind  the  plate. 


Fig.l  Flat  Plate  - Mean  Streamlines 

The  model  for  the  steps  was  constructed  in 
acrylic  sheet  suitably  stiffened  and  provided  with 
pressure  tappings  (Fig. 2).  Its  total  length  was  2m 
with  a square  step  of  height,  h,  76itm,  constructed 
at  the  half-distance.  This  model  was  set  across  the 
longer  dimension  of  a larger  wind  tunnel,  cross- 
section  13723m  X 1067mm.  Preliminary  tests  showed 
^hat  the  flow  at  the  centre  of  the  model  was  effect- 
ively two-dimensional  and,  further,  that  the  pressure 
distribution  upstream  of  the  step,  to  within  a short 
distance  of  the  edge,  was  very  closely  the  same  as 


for  the  case  when  the  step  was  eliminated  by  continu- 
ing the  plane  at  the  same  level  throughout.  A tapping 
30iim  from  the  edge  could  thus  be  used  to  provide  a 
valid  reference  pressure  pg.  The  reference  velocity 
Ug  was  measured  by  a pitot-static  tube  set  at  a 
similar  longitudinal  station  but  in  the  uniform  stream 
above  the  boundary  layer.  The  velocity  in  the  air 
stream  approaching  the  model  was  again  of  the  order  of 
lOm/s:  a little  upstream  of  the  step  the  turbulent 
boundary  layer  displacement  thickness,  62,  was  approx- 
imately 0.1  times  the  step  height. 


Fig. 2 Backward-facing  Step  - Wind  Tunnel  Model 

It  was  possible  to  use  the  same  model  for  the 
experiments  on  the  forward-facing  stap  by  simply 
reversing  its  direction  in  the  tunnel. 

Mean  velocities  and  normal  Reynolds  stresses 
were  measured  with  the  pulsed-wire  anemometer,  the 
traverses  being  repeated  with  the  probe  set  for  each 
of  Che  three  principal  directions  to  yield  in  turn 
longitudinal,  transverse  and  spanwise  components. 
Turbulent  shear  stresses  were  measured  with  an  X-array 
hoc-wire  probe  while  Che  pressures  at  the  tappings 
along  the  model  surface  were  measured  with  an  elec- 
trical micro-manometer. 

FLAT  PLATE 

The  detailed  results  for  the  plate  have  been 
reported  more  fully  elsewhere  (1,  2);  Che  present 
account,  therefore,  is  intended  primarily  to  indicate 
their  place  in  the  development  of  Che  pulsed-wire 
anemometer  for  Che  investigation  of  such  regions  and 
Co  give  emphasis  to  a comparison  with  Che  use  of  the 
hoc-wire  in  similar  situations. 

From  the  traverses  of  mean  velocity  obtained 
with  Che  pulsed-wire  it  was  possible  Co  evaluate  the 
stream  function  along  each  traverse  position  and  hence 
CO  draw  mean  scream  lines  (Fig.l).  The  greatest  mean 
velocity  in  the  reverse  direction  is  about  O.SUq  while 
Che  total  reverse  flow  race  per  unit  width  is  approx- 
imately 0.2SUgB.  Vortex  shedding,  although  present, 
is  in  no  way  shown  in  this  pattern  which  rapresencs  a 
time  average  over  a period  equal  to  siany  vortex- 
shedding  cycles.  A hoc-wire  outside  the  near-wake 
served,  when  its  signals  were  processed  by  a correla- 
tor, CO  confirm  the  existence  of  vortex-shedding  and 
to  measure  its  frequency,  indicating  a Scrouhal  number, 
nB/Ug  of  O.IA.  Work  is  now  in  hand  on  conditional 
sampling  whereby,  using  such  a hot-wire  as  a synchron- 
ising signal,  velocity  samples  may  be  taken  by  the 
pulsed-vire  at  the  same  phase  in  a series  of  vortex- 
shedding  cycles.  The  secs  of  streamlines  so  obtained 
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could  chus  show  che  mean  form  of  che  vortex  at 
successive  stages  of  its  formation  and  movement  down- 
stream. 


u. 


Fig. 3 Flat  Place  - Screamvise  Turbulence  InCensicies 

The  high  turbulence  in  che  reverse-clow  region 
is  shown  by  che  series  of  traverses  of  (Fig. 3), 
peak  values  approaching  0.3Uq  with  maximum  centre- 
line values  of  O.&Uq.  A point  of  particular  interest 
was  chat  while  the  spanwitc  w-component  of  turbulence 
tended  to  be  very  similar  to  this  u-componenc,  the 
magnitude  of  the  transverse  v-componenc  was  notably 
higher,  often  being  of  che  order  of  twice  as  great. 
Such  anisotropy  is  almost  certainly  a.saociacad  with 
the  vortex-shedding.  It  is  perhaps  worth  noting  that 
che  presence  of  strong  vortex  shedding  invalidates 
che  application  of  existing  turbulent  flow  prediction 
methods  to  flows  of  this  type. 

Comparative  studies  (2)  of  che  hot-wire  anemo- 
meter used  in  the  same  situation  led  to  che  conclu- 
sion chat  it  would  be  incautious  to  make  even 
qualitative  use  of  hoc-wire  data  in  such  highly 
turbulent  flows. 

BACKWARD-FACme  STEP 

In  che  present  experiments,  che  Reynolds  number 
of  che  flow  over  the  backward-facing  step  was  about 
3 X 10"  based  on  the  step  height.  At  this  Reynolds 
number,  che  flow  in  the  separation  tone  is  highly 
turbulent  and  one  would  not  expect  any  significant 
Reynolds  number  effects.  In  addition  if  Che  boundary 
layer  thickness,  i,  upstream  of  che  step  is  small 
compared  to  che  step  height,  h,  then  again  one  would 
not  expect  cne  ratio  of  boundary  layer  thickness  to 
step  height  to  have  any  significant  effect  on  the 
flow  structure  in  the  separation  zone.  Thus,  che 
flow  structure  could  be  a function  only  of  the 
spatial  co-ordinates'  x/h  and  y/h. 

Fig. 4 shows  che  surface  pressure  distribution 
over  che  faces  of  che  step.  On  che  face  of  the  step 
the  pressure  coefficient  is  slightly  negative  with  a 


Fig. 4 Backward-facing  Step  - Pressure  Distribution 

value  of  about  -0.03.  The  pressure  Chen  falls  further 
to  a minimum  of  about  -0.08  (JcUo^)  at  about  three 
step  heights  downstream  of  the  step  which  corresponds 
to  about  half  che  length  of  che  separation  zoue.  The 
pressure  then  rises  to  a maximum  of  about  0.26  (ioUg^) 
before  beginning  to  fall  again,  gradually  approaching 
che  free-sCream  static  pressure  far  downstream.  This 
pressure  distribution  compares  closely  with  results  of  { 

Tani,  luchi  and  Komoda  (3),  who  measured  the  pressure  j 

distributions  for  a range  of  ratios  of  boundary  layer  ; 

displacement  thickness  to  step  height  of  about  0.1  to  | 

2.0.  From  their  experiments,  it  seems  that  complete  j 

independence  of  boundary  layer  thickness  had  not  been 
achieved  even  for  che  smallest  ratios  studied  but  che  i 

effect  of  boundary  layer  thickness  seems  not  to  have 
been  very  significant  once  che  ratio  was  less  chan 
about  0.3.  The  effect  of  che  upstream  boundary  layer 
on  che  flow  structure  in  che  present  case,  where  the  j 

ratio  of  boundary  layer  thickness  to  step  height  is 
about  0.7,  can  therefore  be  expected  to  be  small. 
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Fig. 3 Backward-facing  Step  - Mean  Velocities 
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Ic  is  of  incerssc  co  note  chat  Sioiiions  (4)  has 
suggested  that  if  the  velocity  on  the  separated  free 
stream  lines  in  a bluff  body  flou  is  c Uq  then,  as 
might  be  inferred  from  a simple  application  of 
Bernoulli's  theorem,  a good  approximation  to  the  base 
pressure  coefficient  is  (1  - c^).  In  the  case  of  a 
backward-facing  step,  where  the  dividing  streamline 
is  initially  nearly  parallel  to  the  main  stream,  c is 
likely  to  be  of  the  order  of  unity  and  the  base 
pressure  coefficient  correspondingly  small. 

Fig. 3 shows  the  values  of  mean  longitudinal 
velocities  at  a series  of  cross-sections  in  the  re- 
circulating zone.  The  overall  pattern  is  similar  to 
that  found  by  Tani  et  al  (3),  but  supplemented  by  the 
more  reliable  measurements  now  possible  in  the  central 
zone  with  its  continual  reversals  of  flow.  Mean 
streamlines  plotted  as  contours  of  the  stream  function 
111,  calculated  from  the  values  of  mean  streamwise 
velocity,  are  shown  in  Fig. 6.  They  agreed  well  with 
the  general  pattern  shorn  by  the  flow  visualisation 
photographs  prepared  using  the  helium  bubble  techniqim. 
The  maximum  value  of  mean  velocity  in  the  reverse 
direction  is  slightly  greater  than  O.ZUq  4nd  the  total 
reverse  flow  rate  per  unit  width  in  the  region  is 
approximately  O.OSL'oh,  so  that  the  strength  of  the 
reverse  flow  is  considerably  less  than  that  found 
behind  the  flat  plate.  In  contrast  to  the  flat  plate, 
there  is  no  evidence  of  vortex  shedding;  it  would  be 
desirable  to  study  the  spectra  of  the  fluctuating 
velocities  and  whilst  the  possibility  of  doing  this 
with  the  pulsed-virc  anemometer  using  a random 
sampling  technique  has  been  demonstrated  (5) , the  on- 
line computing  facilities  necessary  were  not  avail- 
able for  this  experiment. 

Secondary  recirculation,  in  the  opposite  sense, 
occurs  in  the  corner  at  the  bottom  of  the  step. 
Although  this  could  be  detected  clearly  by  the 
velocity  measurements,  the  size  of  the  probe  was 
too  great  on  the  scale  of  the  experiment  co  permit 
detailed  examination. 

When  an  oil  film  wax  applied  co  the  downstream 
plane  Che  area  of  re-atcachmenc  could  be  seen  sharply 
defined  in  the  pattern  in  Che  oil,  perpendicular  co 
Che  main  flow.  The  flow  thus  appears  co  be  two- 
dimensional;  no  evidence  of  Che  spanwise  cell 
structure  sometimes  noted  could  be  observed. 

Fig. 7 shows  Che  distribution  of  u^,  v^,  w^  and 
uv  at  stations  ^ ■ 3,  5 and  7 respectively  with  Che 
distribution  of  mean  velocity  U and,  where  appropri- 
ate, Che  dividing  streamline  shown  for  comparison  in 
each  case.  It  should  be  noted  that,  since  uv  was 
measured  with  Che  X-array  hoc-wire  probe,  Che  values 
are  only  likely  co  be  accurate  in  the  regions  where 
Che  turbulence  level  relative  co  Che  local  velocities 
is  less  chan  about  30Z . It  will  be  seen  chat  Che 
maximum  values  of  the  Reynolds  stresses  are  found  in 
each  case^in  the  region  where  the  transverse  velocity 
gradient  ~ is  close  co  a maximum.  Further,  Che 
results  confirm  the  observations  of  Tani  et  al  (3) 
chat  Che  zone  of  maximum  shear  initially  lies  close 
CO  the  dividing  streamline  but  deviates  outwards  from 
it*  downstream. 

The  peak  values  of  the  stresses  in  Che  mixing 
layer  increase  at  first  with  distance  downstream 
approaching  their  maxima  a little  before  Che  region 
of  Che  re-attachment,  thereafter  they  decrease,  as 
observed  by  Bradshaw  and  Wong  (6).  It  may  be  noted 
that,  while  is  in  general  the  greatest  of  the 
normal  stresses  in  the  mixing  layer  and  the  least, 
after  rc-accachmanc  retains  a higher  value  close 
CO  the  solid  boundary  chan  either  I7‘  or  This 


perhaps  may  be  seen  as  according  with  Bradshaw  and 
Wong's  statement  chat,  at  re-attachment,  where  Che 
longitudinal  rate  of  strain  is  high,  and 
might  be  expected  to  increase  near  the  surface  while 
u^  tended  to  decrease,  although  there  would  be  an 
opposing  tendency  for  co  be  reduced  by  the  presence 
of  the  solid  boundary  while  --nd  iP  increased. 
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Fig.S  Backward-facing  Step  - Turbulence  Energy 


From  Che  discribuicon  of  turbulence  energy  k 
• j (u*  ♦ 7*  + IT-')  shown  in  Fig. 8,  it  may  be  seen  that, 
although  the  values  fall  away  from  the  peaks  in  the 
mixing  layer,  they  remain  throughout  much  of  the  re- 
circulating region  an  appreciable  fraction  of  chose 
■peak  values,  although  the  mean  velocity  locally  may 
be  very  small.  It  is  not,  of  course,  possible  co 
express  Che  turbulence  intensities  in  terms  of  the 
respective  local  mean  velocities  in  Che  region,  since 
these  velocities  may  approach  zero.  The  greatest 
values  of  longitudinal  turbulent  fluctuation  encoun- 
tered, almost  0.2Uo,  are  less  than  half  chose  found 
behind  the  flat  place. 

A comparison  may  usefully  be  attempted  between 
Che  present  mixing  layer  and  the  plane  two-dimensional 
turbulent  mixing  layer,  which  is  one  of  Che  simplest 
shear  flows  and  one  which  has  received  considerable 
study.  In  Figs. 9 and  10,  therefore,  Che  mean  veloci- 
ties and  longitudinal  turbulent  fluctuations  are 
compared  with  Che  results  of  Champagne,  Pao  and 
Wygnanski  (7)  in  whose  studies  air  was  exhausted  at 
velocity  Ug  through  a rectangular  nozzle  and  allowed 
CO  mix  at  one  of  its  boundaries  with  quiescent  air, 

Che  remaining  three  boundaries  being  solid.  The 

. . U U' 

quantities  and  for  Che  mixing  layer  have  beer. 

plotted  against  ■i(”(y-yn/2) /x) . (Ug  is  treated  as  the 
mean  velocity  in  the  main  scream  at  the  particular 
cross-section  whereas  for  the  plane  mixing  layer  Ug  is 
simply  the  exit  velocity:  y • ym/Z  where  U • jUg). 

It  will  be  seen  chat  on  the  high  speed  side,  U 
and,  CO  a less  marked  extent,  show  not  dissimilar 
distributions  for  Che  two  layers.  The  aoproximacc 
nature  of  Che  comparison  must  be  acknowledged:  in  the 
present  case  the  mixing  layer  follows  a curved  path  so 
chat  the  velocity  in  Che  main  flow  outside  the  same 
byer  is  nbc  constant  and  lines  perpendicular  co  the 
solid  boundary  are  not  perpendicular  co  the  centre- 
line of  the  layer.  In  particular,  on  the  low-speed 
side  there  is  the  recirculating  region  with  its 
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revtrsed  flow  rather  chan  a simple  quiescent  zone. 

It  cannot  be  suggested  that  the  low-speed  side  is  at 
all  closely  comparable,  for  the  high  levels  of  tur- 
bulence already  noted  in  the  separated  zone  are  far 
higher  chan  Che  corresponding  values  in  the  plane 
mixing  layer.  Nevertheless,  Che  comparison  for  the 
high-speed  side  appears  valuable  and  it  is  of  interest 
too  to  note  that  the  maximum  value  of  uv/U^^ 
measured  in  the  mixing  layer  is  approximately  0.01, 
comparable  to  the  figure  of  Wygnanski  and  Fielder  (8). 

Whilst  Che  immediate  purpose  of  this  paper  is 
CO  present  experimental  data  rather  chan  to  give  an 
account  of  Che  development  or  testing  of  mathematical 
models  of  turbulence,  an  indication  may  be  given  of  a 
comparison  made  with  one  such  model,  this  has  been 
made  possible  by  collaboration  with  Dr.  I.  Castro  of 
the  Central  Qeccricicy  Generating  Board  who  applied 
CO  the  present  case  a computer  program  based,  as 
described  by  baunder  and  Spalding  (9),  upon  the 
turbulent  viscosity  concept  and  making  use  of  a two 
equation  model  whereby  the  turbulent  viscosity  is 
expressed  in  terms  of  Che  turbulence  energy  k and 
the  race  of  dissipation  of  turbulence  energy  e.  the 
computed  figures  are  shown  for  comparison  against  the 
measured  results  for  U and  k in  Figs. 5 and  3.  the 
overall  mean  pattern  is  well  predicted  together  with 
the  general  levels  of  turbulence  although  in  Che 
latter  case  there  is  some  difference  in  the  detailed 
distribution.  Many  issues  arise  in  Che  application 
of  such  program  to  problems  of  this  type  and  no 
detailed  treatment  is  attempted  here. 

forward-facing  step 

The  work  is  being  extended  to  other  basic  shapes. 
As  an  example,  mean  streamlines  prepared  from  velocity 
measurements  with  a forward-facing  step  are  shown 
(Fig. 11).  The  two  separated  regions  represent  a more 
complex  situation  chan  chat  of  Che  backward-facing 
step. 

In  Che  separated  region  downstream  of  the  edge, 
Che  reverse  flow  race  per  unit  width,  was  of  Che 
order  of  O.OlL'oh  and  the  maximum  mean  velocity 
encountered  was  about  0.3Uo.  The  stresses  in  Che 
mixing  layer  showed  a behaviour  similar  to  chat  of 
the  backward-facing  step  in  rising  to  a 
maximum  near  the  position  of  re-attachment,  with  the 
line  of  maximum  screes  deviating  from  the  dividing 
streamline  downstream.  On  the  ocher  hand,  the 
stresses  were  considerably  greater  in  this  case; 
in  particular  uv  rose  to  0.03Uo^compared  to  O.OlUg^, 
while  7^  reached  O.lOUo^  compared  to  O.OAUq^. 

The  reverse  flow  in  the  other  recirculating 
region  before  Che  step  was  very  much  weaker,  the  flow 
race  per  unit  width  being  no  more  chan  O.OlUgh.  (In 
Fig. 11,  Che  mean  streamlines  for  this  region  are  shown 
for  intervals  of  0.002  rather  chan  0.02  as  for  all 
ocher  regions  in  order  to  give  better  definition  to 
Che  flow  pattern.)  Again,  the  line  of  maximum  stress 
in  Che  mixing  layer,  which  passed  close  to  the  cop  of 
the  step,  deviated  from  the  dividing  streamline  which 
mat  Che  face  of  the  step  in  a point  of  rc-accachmanc 
at  a height  of  0.6h.  The  peak  values  of  rose 
along  Che  mixing  layer,  approaching  figures  of  0.04L'g‘ 
close  to  the  cop  of  the  step  while,  in  this  case,  no 
measured  values  of  uv  exceeded  O.OOdUo'. 


Fig. 9 Backward-facing  Step  - Mean  Velocities, 

Mixing  Layer 


Fig. 10  Backward-facing  Step  - Streamwise  Velocity 
Fluctuations,  Mixing  Layer 
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Fig.  11  Forvard-c'acing  Seep  - Mean  Screamlines 
REFERENCES  (continued) 


This  paper  has  described  some  preliminary  results 
of  studies  of  Che  flow  over  a number  of  bluff  bodies. 
The  work  is  intended  to  provide  not  only  further 
information  on  the  characteristics  of  the  separation 
zones,  but  also  to  provide  experimancal  test  data 
with  which  to  compare  Che  turbulent  flow  prediction 
methods  that  arc  now  being  developed  for  application 
to  recirculating  flows.  The  results  in  this  present 
paper  represent  only  Che  earliest  results  of  this 
work  and  a mure  extensive  programme  is  now  in  pro- 
gress to  obtain  more  detailed  information  about  the 
structure  of  turbulence  in  flows  of  this  type. 
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ABSTRACT 

Tha  raicructucacion  of  a Curbulant  flow  paac  a 
strong  geonacrical  par tur bat ion  cauaad  by  a suddan 
anlargamant  is  scudiad.  Tba  axpariaantal  rssults  on 
tha  maan  propartias  as  vail  as  tha  Raynolds  strasa  ara 
prasantad  for  thraa  valuas  of  tha  anlargaaant  factor 
(n  ■ 0,1,  •) . Tha  thaoratical  analysis  basad  on  na- 
thamatical  oodals  of  turbulenca  is  dsvalopad  accor- 
ding to  singla  point  datura  aasumptiont.  Tha  ratul- 
ting  miaierical  pradictions  ara  found  to  ba  in  agrae- 
mant  vith  tha  axpariaantal  data  if  it  is  takan  into 
considaration  also  tha  extant  of  tha  parturbation 
along  vith  its  intansity  in  the  choica  of  tha  model. 

NOMENCLATURE 

g Stop  height  Cease  A) 

I Unity  tensor 

L Length  scala 

P Maan  pressure 

r,y  Transversal  co-ordinate 

Ro>Ri  Radius  upstream  and  dovnstream  of  tha  parturba- 
tion 

Mean  velocity  componants 
V Mun  velocity  vector 

uv  Reynolds  strastes/'p 
u',v',v'  r.m.s  values 

u,  V,  V,  uv  max.  of  u',v',v',uv  in  tha  same  section 
X Longitudinal  co-ordinate 

3 Enlargament  factor 

f Boundary  layar  thickness  or  charaetaristic  vidth 

^ Turbulant  dissipation  rate 
I Reynolds  stress  tansor/0 

uj  Cinematic  eddy  viscosity 

Subscripts 


Inlet  conditions 
Center  line  value 


Ovarscript 

T Transposed  tensor 

Other  symbols  are  difinad  in  the  text. 

INTRODUCTION 

•Among  tha  turbulent  shear  flovs,  tha  domain  of 
thin  shear  layers  has  beer,  scudiad  by  many  workers, 
bringing  out  a numbar  of  prediction  methods  of  accep- 
table accuracy.  In  most  cases,  this  fact  results 
mathematically  from  the  parabolic  nature  of  the  aqua- 
tions, owing  CO  Prandcl's  assumptions,  and  physically 
from  tha  axiscanca  of  a suasi-equilibrium  of  turbulent 
energy . 


For  more  complex  shear  flovs,  as  occur,  for  exam- 
ple, vhan  an  extra  rata  of  strain  is  acting,  both  phy- 
sical analysis  and  nuaierical  prediction  become  more 
complicated  : one  has  nov  to  consider  diffusion  and 
convaccion  mechanisms  and  elliptic  equations  in  co-or- 
dinate space. 

As  noticed  by  BRADSHAW  ec  al  (J_) , it  was  legiti- 
mate to  solve  these  previous  difficulties  by  conside- 
ring complax  shaar  flows  as  percurbad  versions  of  clas- 
sical Chin  shaar  layers.  Proceeding  in  this  way,  we  can 
consider  Che  problem  as  chat  of  tha  rearrangement  of  a 
simple  flow  after  soma  strong  perturbation.  Tba  sudden 
anlargamant  of  a circular  duct  is  approached  in  such  a 
way. 

If  wa  define  (Fig-O  bhe  anlargeaianc  factor  a as 
3 ■ (Rt-Ro)/Ro,  cwo  incarasting  limiting  cases  may  be 
pointed  out  : 

3-0,  obtained  by  putting  So  - “ (t.he  height  of  the 
step  H • R]-Ro  remaining  finite) 

3 - obtained  by  putting  R]  - “ (Rc  can't  be  reduced 
CO  0 without  losing  physical  significance) 

In  the  first  casa,  tha  raadjuacment  of  the  flow 
regime  cakes  place  to  form  a similar  type  of  flow  to 
that  existing  before  the  parturbation.  Such  a configu- 
ration charafore  allows  the  detailed  study  of  the 
influanca  of  external  paramacars  (Uq,  do 
development  of  tha  mixing  zona  associated  with  tha 
perturbation. 

In  the  second  casa,  the  flow  regime  readjusts  it- 
self CO  a "jet  type”  flow.  This  permits  tha  influanca 
of  internal  parameters  (encrainmanc  race..)  to  ba 
analysed. 

These  two  limiting  casas  thus  allow  a more  precise 
definition  of  Che  structure  of  the  flow  in  general 
configurations (corresponding  to  finite  values  of  3, 
about  unity)  where  Che  readjustment  of  Che  flow  over 
itself  cakes  place  after  Che  development  of  a mixing 
layar  influenced  simultaneously  by  internal  at  well  as 
external  parameters. 

Each  of  these  three  flows  hat  been  separately 
studied  by  a large  number  of  workers,  both  axperimen- 
taly  and  theoretically.  So  far  the  cate  of  enlargement 
of  pipe  flow  is  concerned,  vc  can  mention  e.g.  the 
papers  of  CHATURVEDI  (2) , RUNCHAL  (2  ) , HEBRARD  (4) . 

The  separated  flow  over  a step  has  been  created  bv 
TANI  (5),  GREEN  (6),  NARAYA.NAN  at  al  (7),  MASBER.NAT  (3) 
among  several  others  and  the  round  jet  by  CORRSIN  (9), 
DAVIES  ec  al  (W , WyCNANSKI  at  al  (J^) . ^ODI  (22)  .T. 
the  list  is  far  from  being  complete. 

However  these  studies  have  not  been  carried  on  in 
Che  same  way  which  is  adopted  in  the  present  paper. 

That  is  the  reason  why  shall  return  to  experimental, 
theoretical  and  numerical  considerations  before  discus- 
sing the  comparison  of  Che  result. 
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PHYSICAL  Analysis  of  the  perturbed  flows 


"S«p«rat>d  flow"  coni igurations 

The  general  configuracion  of  a separated  flow  is 
given  in  Fig.].  The  separation  results  from  the  sudden 
enlargement  of  a circular  duct,  in  vhich  a fully  or 
partially  developed  flow  exists.  On  the  streamwise, 
one  can  distinguish  three  different  regions  : 

0 < X t X)  Recirculating  region 
X]  $ X ^ X2  Reattaching  region 
X2  ^ X Recovering  region 

One  can  observe  that,  in  the  reattaching  region 
although  such  a sensible  reverse  flow  is  not  present 
at  the  outer  boundary  of  the  mixing  zone,  aa  in  the 
first  region,  it  is  only  in  the  third  one  that 
Prandtl's  assumptions  may  be  adopted. 

Transversally,  in  case  of  partially  developed 
flows,  a "potential  core"  (zone  "0")  exists  in  the 
separation  section  which  extends  towards  the  wall  in 
the  form  of  a classical  boundary  layer,  where  the 
peaks  of  turbulent  energy  and  dissipation  arc  staying. 
For  positive  values  of  m,  this  zone  gives  rise  to  a 
mixing  zone  in  vhich  the  mechanism  of  a production  of 
turbulent  kinetic  energy  would  become  amplified  by  the 
presence  of  a complete  mean  deformation  rate 
OU/3r  * 3V/3x). 

As  a result, the  turbulent  energy  reaches  high 
levels  all  the  laorc  increased  aa  the  dissipation  col- 
lapses down  from  its  initial  value  in  the  same  time. 
This  leads  to  a strong  diffusion  of  the  zone  "2"  into 
the  flow  : the  rates  of  expansion  reach  values  of 
about  0.3  (£)(j2)< 

Beyond  the  reattachment  area,  the  situation  is 
modified  due  to  the  presence  of  the  wall  near  which 
a new  boundary  layer  "3"  will  progressively  develop 
leading  to  equilibrium  of  the  same  type  as  those  exis- 
ting initially  in  the  flow  (zone  "1"). 

"Jet"  configuration 

In  this  case,  for  identical  inlet  conditions, 
three  different  regions  can  also  be  distinguished 
longitudinally  ; in  the  first  one,  where  a "potential 
core"  remains,  a third  one,  or  self-preserving  region, 
and  a transition  region.  Of  course,  if  the  initial 
flow  is  fully  developed,  one  can  no  longer  speak  of  a 
"potential  core"  since  all  the  energy  transfer  mecha- 
nisms cake  place  throughout  the  cross  section. 

Transversally,  in  region  I,  a mixing  layer  ap- 
pears in  which  the  dissipation  race  vanishes  for  Cha 
same  reason  as  in  the  previous  case.  The  production 
is  also  important  but  the  diffusion  is  lower.  (The 
race  of  expansion  is  approximacively  0.16). 

Beyond  this,  in  region  It,  Che  flow  reorganises 
to  a jet  type  one  vhich  implies,  in  particular,  Che 
transformation  of  the  form  of  turbulent  energy  profi- 
les, by  the  shift  of  their  oaximums  from  Che  periphe- 
ry towards  Che  axis  zone.  This  leads  in  region  III 
to  the  classical  self  preserving  profiles,  Che  self 
preserving  conditions  being  reached  at  different 
values  of  x a^sordiqz  to  ch^ considered  properties 
(U  or  u^ , or  ^ , or  ^ , or  uv) 

Taking  into  consideration  this  previous  analysis 
it  seems  clear  chat  the  fundamental  interest  of  Che 
previous  configurations  lias  in  the  study  of  general 
characteristics  of  a turbulent  flow  in  rapid  evolution 
between  different  equilibrium  simple  shear  states.  To 
examine  this  objective  thoroughly,  we  have  developed 
both  experimental  and  theoretical  approaches  chat  we 
shall  now  discuss. 


Fig.l  Flow  configurations 
EXPERIMEiNTAL  STUDY 


Installations 

The  experimental  study  on  Che  perturbed  flows  has 
been  developed  on  four  distinct  installations  : 

The  first  two  of  them  are  devoted  to  the  plane 
separated  flow  over  a step.  In  cha  first  case,  a subso- 
nic (55  m/s)  wind  tunnel  is  equiped  with  a 10  cm  high 
step.  This  quite  large  value  allows  a fine  exploration 
of  Che  recirculating  zone.  The  thickness  of  the  initial 
boundary  layer  can  be  varied  by  altering  the  rugosity 
of  Che  bottom  wall  of  the  12:1  convergent  (the  outer 
part  of  Che  velocity  profile  remains  uniform).  In  the 
second  case,  a quasi-plane  flow  over  a blunt  body  is 
obtained  in  an  Eiffel's  wind  tunnel  of  2.4  m in  diame- 
ter and  a 40  m/s  maximum  velocity.  An  elliptical  two- 
dimensional  profile  with  a bluff  trailing  edge  (2H  • 

10  cm)  is  inserted  between  two  parallel  plane  walls. 

The  second  installation  is  conceived  for  the  ana- 
lysis of  Che  round  jet  issuing  from  a pipe.  It  essen- 
tially consists  of  a seamless  bronze  duct  of  4 cm  in 
diameter  (2Ro)  and  a L • 1 75  Ro  length.  One  of  the 
extremities  is  connected  to  a thermally  stabilised 
compressed  air  generator  through  cranquilising,  filte- 
ring sections  and  a convergent  section.  The  axis  of 
Che  tube  is  horizontally  situated  at  a distance  of 
1.50  m above  the  ground  level,  Che  nearest  wall  of 
fluid  flow. 

The  last  installation,  concerning  recirculating 
flow  consists  of  a first  7,2  cm  in  diaisecer  duct,  the 
length  of  which  la  adjustable  between  0.3  m and  2 m. 

By  varying  Che  ratio  L/Ro  it  is  possible  to  choose 
different  levels  of  the  initial  boundary  thickness.  A 
second  duct  of  4 m length  follows  it  coaxially.  Its 
diameter  can  be  fixed  at  11.6  cm,  14.4  cm  and  19.2  cm 
in  order  to  obtain  three  different  values  of  the  enlar- 
gement factor  a (0.61  ; 1 ; 1.66).  Owing  to  the  large 
flow  rates,  Che  system  is  fed  by  a group  of  ventilators 
powered  by  a variable  speed  motor,  through  different 
stages  of  tranquiliser  sections. 

A large  number  of  experiments  has  been  performed. 
The  main  characteristics  of  Che  runt  that  we  shall 
discuss  here  and  presented  in  table  I. 

Measurements 

The  different  measured  parauce^s  a£c  related  to 
Che  mean  (U,P)  and  fluctuating  (u2 , v2 , W2 , uv)  motion. 
The  instrumcncacion  consists  of  different  pressure 
transducers  (the  probe  diameters  ranging  from  I mm  to 
3 mm)  and  DISA  type  55  D hot  wire  anemosM cert , operating 
at  constant  cemperacurt.  After  linearisation  (55  D 10), 
mean  values  are  processed  with  a time  domain  analyser 
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The  mcasurcmenc  of  Che  previous  paraaecers  in  the 
above  mentioned  flow  paccems  posed  a lot  of  difficul- 
ties due  to  : 

i)  The  existence  of  locally  high  levels  of  turbu- 
lent intensities,  associated  with  very  steep  gradients. 

ii)  The  presence  of  zones  vhera  the  valocicy 
direction  reverses. 

Owing  to  these  problems  we  have  used  a number  of 
precautions. 

As  far  the  pressure  valuas  are  concerned,  correc- 
tions of  static  and  dynamic  values  has  bean  adopted 
(14)  caking  into  considaration  the  high  turbulent 
intensities.  Due  to  the  steep  gradients,  only  normal 
or  inclined  single  wire  probas  have  bean  employed.  A 
number  of  methods  for  increasing  Che  hot  wire  measu- 
rement precision  has  been  published  including  turbu- 
lence effects  (12)  (13)  and  directional  properties  of 
the  probes  ( 16)TT7) . Similar  work  has  also  been  dave- 
lopad  by  Che  authors  (18) . Tor  the  saka  of  uniformity 
it  must  ba  yet  pointed  out  chat  such  corrections  nave 
not  besn_Jncroduced  in  the  given  results.  However, 
for  the  v*  , w*  and  uv  measurements  by  Che  rotated 
inclined  hoc  wire  technique,  the  angular  sensitivity 
of  each  probe  was  spacifically  calibrated. 

In  the  regions  were  Che  velocity  vector  locally 
reverses,  the  hot  wire  anemometer  measurements  losa 
all  their  significance  since  the  thermal  dissipation 
only  depends  on  the  square  of  some  effective  cooling 
velocity.  The  results  given  by  this  method  in  the 
reverse  flow  are  therefore  not  given  except  to  indica- 
te them.  Those  obtained  by  the  use  of  a Pitot  cube, 
aftar  detecting  the  correct  sense  of  the  local  veloci- 
ty, seem  to  be  sxire  accurate. 

In  concluaion,  we  chink  Chat,  in  spica  of  the 
precautions  that  we  have  taken  and  which  can  certainly 
be  improved,  Che  experimental  rasulcs  in  such  flow 
patterns  are  still  having  large  errors.  This  fact 
oust  be  kept  in  mind  for  Che  comparison  with  numerical 
predictions. 
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THEORETICAL  ASPECTS 

The  theoretical  problem,  as  seen  here,  consists 
in  solving  the  local  Reynolds'  equations  completad 
by  some  convenient  closure  asstmipcions.  The  mean 
steady  state  momentum  equations  of  a Newtonian  incom- 
pressible fluid,  in  Che  absence  of  external  body 
forces  may  ba  written  as  : 


div(cV  (X  V) 


grad  P ♦ div(oZj) 


where  stands  for  the  censorial  product_and_^cI^ 
represents  the  Reynolds  stress  censor  (ov v) . 


All  the  models  chat  we  have  used,  include  single 
point  closure  schemes,  based  either  on  a turbulent 
viscosity  concept  or  on  transport  equations  of  turbu- 
lent stresses.  We  can  therefore  distinguish  : 

i)  Eddy  viscosity  models  (E.V.M. ) for  which  the 
closure  rests  in  the  direct  use  of  Reynolds  censor 
through  the  coefficient  defined  by  : 


^ (gTad  V * (gTTd  V)T)  - 2Ik 


Two  proposals  have  been  tested  for  the  eddy  visco- 
sity Vj  :hat  of  : 

. Prandtl  Kolmogorov  vy  ■ L (3) 

and  . Chou  v-  - CwCpC^/k  (4) 

ii)  Raynolds'  stresses  transport  models  (R.S.T.H.), 
where  the  closure  implies  the  following  transport  aqua- 
tions ; 


dTv[pV  (g  Ij]  - -oCIj  3 grad  V ♦ (*j  grad  V)T] 

- div  0 [v  (g(  V ;x5  V ] 

•»  [(grad  V ♦ (grad  v)T] 

“ [grad(^)  ♦ (grad(^))T]*  a d Ix 

- 2u  (graid  v)  (ji  (grad  v)T  (5) 

where  Q)  stands  for  the  contraction  product  of  two 
second  order  censors. 

The  equations (5)  have  to  be  modelled  through  the 
classical  assumptions  for  diffusion  dissipation  and 
redistribution  carma. 

Eddy  viscosity  models  (E.V.M.) 

Either  of  the  schesMS  (3)  or  (4)  requires  the 
determination  of  the  turbulent  energy  k.  This  is  obtai- 
ned by  solving  a model isad  transport  aquation  whica 
can  be  written  for  axisymmacric  flows  ; 


♦ JL  Dl 

Dt  ax  jjJlt  ax  j 


i ° 'r  ^ 


v‘)  - e 

ax 


The  diffusion  term  is  schematised  according  to  a 
classical  gradient  typa  formula  and  the  dissipation 
rata  c is  obtained  either  : 

- directly,  from  local  isotropy  assumption  : 

C - Cd  k’/'/L  (7) 

where  the  length  seals  L is  prescribed  algebraically. 

- or  indirectly,  by  using  a second  transport 
aquation  modelised  as  : 

D£  _ a at.  . 1 a 3€\  _ - £ ^1'  _ r 4* 


D£  a /^T  ae,  I a /Vt_  a£.  . £ “ ^ t 

Dt  aX  'hg  ox'  r ar  Oj  ar  ' k ar  2 < 

(8) 

OT^can  thus  define,  one  or  two  transport  equation 
models  (E.V.M. 1)  and  (E.V.M. 2),  which  may  be  integrated 
in  a more  general  way,  in  the  models  based  upon  trans- 
port equations  of  k and  k’^^L^. 

A certain  number  of  constants  are  necessary  intro- 
duced into  the  procedure.  The  values  chat  we  adopted 
are  given  in  table  2,  and  correspond  to  those  univer- 
sally used  in  Che  literature.  The  numerical  pradictcons 
were  not  therefore  optimised  over  the  experimental 
results  for  the  particular  flows  previously  deserioad. 


Table  2 
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R«\-nolds'  str«$s  transport  3iod«l5  (R.S.T.M.) 


For  ch<  porcurbad  flows  chat  wt  ha}^  considetad. 
cha  significant  Raynolds'  scrataas  ara  u* , v‘ , w*  and 
iiv.  All  cha  modals  Chat  wa  hava  used  employ  a trans- 
port equation  for  cha  turbulent  shear  scraas  uv.  Among 
Cha  different  basic  proposals  that  have  been  published 
and  which  have  been  reviewed,  in  ref . (19) , wa  have 
more  particularly  used  cha  closure  schasias  of  LAI7M3ER 
ec  al  (20) . This  leads  to  an  aquation  which  can  be 
vriccen,  for  the  parabolic  case,  as  : 


r 17 


- — 
lev*  auv. 

T17“> 


- O-ci)  v^  ^ - 3 i w (9) 

The  closure  can  be  definitively  achieved  either  : 
i)  with  the  aid  of  some  distribution  assumption 
of  Cha  energy  over  Che  three  components  : 


This  gives  rise  to  a thraa  transport  equation 
model  (R.S.T.M. 3)  in  which  Eq.(9)  takas  the  following 
form  : 

Duv  . . , I 3 . 3^1  . k*  uv 

- (l-a)  ai  k 1^  - S ^ uv  (10) 

Tha  valuaa  of  the  new  constants  are  given  in 
table  3. 


Table  3 

11)  or  by  Che  use  of  three  supplamancary  transport 
equations  for  the  normal  stresses  (12) 

Dt?  a 1 3 , 3u^'  , — 3U  C j 2 . , 

or  * ® 7 IT  T 17“^  ■ 17  ■ “ k ■ 3 


kv^  3u^ 


IT)  ■ 


(PU»)  .i|^ 
Coovtceion 


■Li7<‘’^  17>  * 717 


Diffusion 

where  9 stands  for  any  transportable  quantity. 

Putting  0>1,  and  with  a conviniant  choice  of  the  coef- 
ficients, Cha  above  aquation  gives  rise  to  the  conti- 
nuity aquation,  and  can  also  hava  a number  of  parcicu- 
laritias  like  : 

i)  Che  non  linearity  if  $ ■ U 

ii)  Cha  parabolical  character  in  space  if  bi  ■ 0 
Different  cosiputing  programs  hava  bean  developed 

CO  solve  this  problem  (21) (22) . They  all  require  finite 
difference  discretisation  and  we  shall  limit  ourselves 
in  this  paper,  to  some  particular  and  original  points. 

Solving  the  elliptical  equations 

Our  method  owes  its  origins  to  the  common  point 
of  works  dons  by  GOSMAN  at  al  (23),  CREEMPAK  (24).  The 
formulation  is  of  the  Poisson-Helwltz  type  (<l^ ,->>).  The 
discretisation  Is  achieved  by  tha  integration  over  an 
elementary  domain  bounded  by  distinct  lines  of  the  net- 
work. For  the  convection  terms,  upstream  difference 
schemes  are  used  (^) . 

Three  different  boundary  conditions  have  been 
considered  : 

i)  Real  distributions  In  the  inlet  section,  which 
implicitaly  take  into  consideration  the  downstream 
Influence  of  the  flow. 

11)  Cancelling  of  the  longitudinal  second  order 
derivatives  as  the  downstream  conditions,  according  to 
Che  weakly  elliptical  character  of  the  problem  in  the 
oulet  section. 

ill)  Couette's  values  on  the  solid  boundaries  in 
order  to  avoid  an  extremely  tight  network  In  that  zone. 

Solving  the  parabolical  equations 


k\P  sip. 


2 „ — 30  2 , 

3-0  uv^-ye 


.i(P- 


UW  a i c / KV  tfw  . 6 

dt*  8 ir^  -a.^(;p 


-yauV37-yC  (13) 

One  can  thus  obtain  the  (R.S.T.M. 3)  bas^  upon 
five  transport  equations  for  the  quantities  u* , v* , 
V*,  uv  and  c , the  constants  of  which  ara  given  in 
cable  4. 


Table  4 


IJCMERICAL  COSSIDERATTON'S 


tn  general,  the  numerical  problem  consists  in 
solving  a system  having  the' partial  differencial  aqua- 
tions of  Che  type  : 


The  results  on  flow  problems  governed  by  paraboli- 
cal equations  have  been  obtained  by  two  distinct  pro- 
grams ; 

i)  In  confined  domain,  where  the  pressure  and  mean 
velocity  are  adapted  using  a predictor-corrector  pro- 
cess. Cantered  finite  differences  are  used  for  Che 
first  seven  steps  of  the  network  and  beyond,  decencered 
schemes  of  cha  Duforc-Frankel  type.  The  conditions  at 
Che  walls  are  imposed  by  the  use  of  a fictlve  limit  at 
the  outer  boundary  of  cha  viscous  sublayer  where  the 
velocity  is  described  by  the  classical  logarithmic 
distribution. 

ii)  In  an  infinite  medium,  where  the  equations  arc 
prealably  transformed  using  the  Von  Mlses  variables 
(x,’ii) . Following  the  ideas  of  PATANKAR  at  al  (23)  we 
have  worked  out  an  original  version  of  computing  the 
equations  in  which  particular  attention  has  bean  given 
on  : 

. Che  determination  of  the  step  in  function  of 
the  cransversa  network  chosen,  in  order  to  obtain  auto- 
matically Che  stability  of  cha  method. 

. The  regularisacion  of  the  flux  at  the  free  boun- 
dary of  the  jet  whatever  be  the  matching  conditions 
imposed  by  the  different  profiles. 

. The  Iterative  procedure  for  tha  source  terms 
implied  by  the  downstream  dlscraclsacion  which  brings 
out  unknown  values  of  the  functions  in  cha  calculated 
section.  This  point  is  as  important  at  Che  diffusion 
term  of  the  momantmn  equation  of  the  R.S.T.  models 
is  effectively  considered  as  a source  term  (abandon  of 
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fhc  eddy  viscoiicv  even  as  an  incermadiace  variable 
la  Che  calculacioh) . 
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RESULTS  AMD  DISCUSSION 

Among  Che  available  results,  ua  have  chosen  chose 
whose  paraaccers  make  Che  comparison  easier.  Ue  shall 
successively  discuss  Che  three  following  points  : 

i)  Screamwise  variation  (along  x)  of  the  charac~ 
ceristic  values  of  different  variables 

ii)  Transversal  distcibucioos  (variation  along  r 

or  y) 

iii)  Turbulent  energy  belances. 

Streaawise  variations 

Axial  velocity.  The  first  representative  parame- 
ter of  Che  longitudinal  effect  of  the  perturbation  is 
naturally  the  cancer  line  velocity  U^.  In  the  Fig. 2 
are  shown  the  different  relations  obtained  numerical- 
ly as  well  as  experimentally  for  each  flow  pattern. 

For  Che  configuration  B,  the  mean  center  line  velocity 
has  bean  arbitrarily  located  at  the  coordinate  y ■ 2H. 


Fig. 2.  Screamwise  variation  of  Ug^ 

One  can  notice  that,  in  spice  of  the  disappea- 
rance of  Che  potential  core  in  the  case  C,  the  velo- 
city weakly  decreases  along  the  axis  leichin  the  first 
sections.  On  the  contrary,  for  the  case  B the  sudden 
enlargamant  of  the  geometry  leads  to  a rapid  decrease 
of  this  parameter.  Consequently,  the  comparison  of 
these  two  configurations  does  not  exhibit  a simple 
link  with  the  enlargement  factor  o.  Furthermore,  whe- 
rees,  for  ease  B,  the  ratio  U/U(  tends  to  a finite 
constant  value  (A  when  a equals  1)  , it  linearly 
varies  with  (x-x‘)  for  the  case  C.  The  value  of  the 
slope  (0.350)  deduced  from  R.S.T.5  model  is  very  close 
to  Chose  obtained  by  several  workers,  see  for  instance 
VTCHANSRI  ct  al  (1 I)  who  has  obtained,  for  very  diffe- 
rent exit  conditions,  0.3S6.  These  characteristics 
arc  reached  at  dovnscream  distances  respectively  equal 
to  20Ro  and  40Ro  ; the  calculation  shows  in  addition 
that,  in  case  C the  "pole"  of  the  jet  is  located  at 
the  abscissa  x*  • 3Ro.  In  Che  first  configuration, 
after  e small  initial  acceleration  (x  < 5H) , and  a 
subsequent  small  deceleration  ((Ue/Ug)Blni  ’’  0.38) 
the  flow  gradually  gets  back  its  initial  velocity. 

So  tar  as  the  numerical  predictions  are  concerned, 
one  can  note  that,  in  case  B,  the  influence  of  initial 
boundary  layer  thickness,  as  shounby  the  E.V.M.2, 
vanishes  as  Che  abscissa  becomes  20Ro.  In  cast  C,  such 
types  of  models  do  not  lead  to  satisfactory  dtertase 
of  Che  center  line  velocity,  except  by  the  use  of  ad 
hoc  empirical  adjustamencs  (26) . 

Axial  turbulent  energy 

In  Pig. 3 are  shown  the  evolutions  of  the  axial 
turbulent  energy  (kc)  for  Che  two  cases  B and  C. 


Fig. 3.  Screamwise  variation  k^ 

This  quantity  has  bean  normalised  by  dividing  by  ui 
in  order  to  compare  the  energy  levels.  For  both  cases 
the  energy  reaches  a maximum  value  (corresponding  to 
X • 1 1.5  Ro  and  20  Ro  rasp.)  , the  level  of  which  is 
higher  for  the  separated  flow  chan  for  Che  jet  (3.3  10~- 
and  1.9  10”^  rasp.) 

Dealing  with  the  numerical  predictions,  it  can  be 
noticed  that  the  results  computed  from  Che  R.S.T.5 
model  fit  the  experimental  measurements  better  than 
Chose  obtained  with  Che  E.V. model  (in  Che  ease  B) . This 
could  arise  from  many  reasons  ; a relative  inadapeation 
of  the  E.V. model  to  predict  strongly  perturbed  flow, 
although  limited  in  the  space  : a batter  accuracy  of 
Che  numerical  values  eompucad  through  a closer  network 
in  the  parabolical  case  ; rather  poor  precision  of  the 
measurements  (in  case  B)  due  to  Che  lack  of  direct  w- 
values.  and  the  consequent  assumption  needed  for  it 
■ w^) . Such  an  approximation  can  be  particularly 
wrong  in  the  vicinity  of  the  separation  point  where 
the  energy  distribution  over  the  three  components  is 
highly  anisotropic. 

Turbulent  intensities.  The  center  line  value  of 
k does  not  correspond  to  the  maximiaa  of  its  distribu- 
tion. The  screamwise  variations  of  Che  r.m.s  peak  va- 
lues for  each  fluctuating  velocity  component,  as  indi- 
cated by  u,  v*  and  if'  respectively,  are  Chen  given,  in 
the  adimensional  form  (after  division  by  Uo)  i.n  Fig. 4. 


Fig. 4.  Strsamvise  variation  of  turbulent  maximum 
intensities. 

In  Che  case  A,  the  experimental  results  ef  HSU  (28) 
and  CHANDRSURA  (29)  are  also  plotted  and  clearly  indi- 
cate Che  influence  of  different  inlet  conditions.  One 
can  also  notice  chat  each  of  the  maxima,  in  the  above 
cases,  appear  at  different  downstream  distances. 
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(x  • 6B,  X 3.5Ro,  X ISRo  rtsp.) 

From  ch«  compariion  wich  cha  compucad  curves,  it 
can  be  seen  chat  Che  whole  predictioni  fit  Che  experi- 
mental results.  The  S.S.T.3  modal  allows,  besides,  in 
the  case  C to  specify  some  particularities  of  the  ener- 
gy transfer  mechaajsos.  Starting  with  tha  anisotropic 
conditions  ^ > vi)  the  analysis  of  the  computa- 

tion reveals,  first  of  all,  a rapid  increase  of  each 
of  Che  three -curbulanc  intensities. (zone  I.  Fig.^e). 

In  the  zone  2,  the  rate  of  increase  becomes  smaller 
although  the  difference  between  the  v' and  w values 
vanishes.  The  equality  is  achieved  when  u'  reaches  its 
niaviimmi  (x  13Ro).  Up  to  X • 17*0,  the  v'  and  w'  com- 
ponents are  quite  identical,  and  increase  (zone  3}  whi- 
le u'  has  already  started  decreasing.  Finally  in  the 
zone  4,  the  general  evolution  towards  the  characteris- 
tic distributions  of  the  round  turbulent  jet  takes 
place  progressively. 

In  order  Co  complete  the  analysis  of  tha  last 
flow  pattern,  we  have  plotted  in  Fig. 3,  the  dimension- 
less values  : u/Dg^, . . . One  can  chut  conclude  that  the 
self  preserving  co^ition  of  the  u'  distribution  is 
reached  before  chose  for  v'  and  w' . The  numerical  va- 
lues (50Xo  and  64Ro  rasp.)  are  lower  than  chose  given 
by  WTGNANSKI  at  al  ( IJ,) . We  feel  that  this  could  be 
explained  by  the  exit  characteristics  which  are  quite 
different  in  the  two  experiments  : a quasi  laminar 
flow  on  one  hand,  a fully  developed  pipe  flow  on  the 
other. 


quantities  subjected  to  steep  special  variations.  These 
observations  are  equally  valid  on  the  normal  stresses. 

Total  pressure  and  iet  expansion.  Wa  conclude  the 
presentation  of  the  screamwise  evolutions  with  chat  of 
Che  total  center  line  pressure  (Fig. 7). 

P»  - Fj^  * T 0 

This  parameter  it  deduced  from  Che  momentum  equa- 
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In  the  case  B,  tha  extrapolation  of  the  curve 
towards  x ■ 0 (Fig. 7)  leads  to  the  value  - 0.39,  alto- 
gether comparable  to  chat  given  by  the  Borda's  formula 
(-0.36).  In  case  C,  the  total  pressure  drop  it  lower 
since  the  dynamic  pressure  alone  varies  in  that  flow 
configuration  according  to  the  spanwita  law  of  the  jet. 
The  computed  value  of  the  expansion  rata  corresponding 
to  the  self-preserving  region  is  constant  (0.085)  and 
quits  similar  to  Che  classical  measured  ones  (12) . 

^ 2 .qA  I ft  xm^ 
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Fig. 10.  Mean  valocity  profllas  (ease  C) . 

The  result  in  Che  cate  C ace  given  in  Fig. JO.  In 
spite  of  the  absence  of  reverse  flow,  one  can  observe 
a clear  evolution  fron  the  pipe  distribution  towards 
Che  jet  one  (appearance  of  an  inversion  point).  The 
similitude  of  Che  velocity  profiles  is  almost  achieved 
in  Che  section  x/Ro  ■ 50. 

Revnoldtstresset^.  The  normal  turbulent  stresses 
are  shown  In  Fig. 11  and  reveal  some  analogies  between 
Che  rescrueturacion  mechanisms  of  the  different  flows; 

1)  Sudden  increase  of  Che  maximum  and  center  line 

values 

ii)  Shift  of  the  peak  values  cowards  the  axis. 

It  may  be  noticed  chat  u^  reaches  its  mj-rimum 
(along  x)  upstream  of  u^.  This  confirms  a more  regular 
distritacion  of  the  energy  beyond  the  section  where 
■ w2.  Dealing  with  the  ^ cosiponenc,  it  can  be  men- 
tionned  that  in  the  two  cases,  the  value  rea*> 

ches  the  axis,  which  does  not  occur  for  u^  in  Che 
round  jet,  at  least  up  to  x • lOORo. 


Fig.J],  Turbulent  iocensicies. 

The  tangential  component  is  given  in  Fig. 12.  The 
maximum  value  of  the  distribution  is  roughly  located 
at  constant  distances  of  about  Ro  from  the  axis.  This 
result,  already  shown  by  (10)  and  (30)  for  the  round 
jet  with  uniform  initial  vTTocity  seems  to  indicact 
chat  chit  partme''*r  is  relatively  insensitive  to  the 


inlet  conditions.  We  can  complete  this  remark  by  Che 
fact  chat  Che  linear  part  of  the  distribution  (near  the 
axis)  associated  with  the  duet  flow,  almost  disappears 
in  the  two  cases  B and  C when  x • iRo. 

i 
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Fig. 12.  Turbulent  shear  stress. 

Energy  balance 

To  make  the  comparison  easier,  Che  energy  balances 
have  been  plotted  for  each  flow  cases  in  three  particu* 
lar  sections.  The  first  one,  located  near  Che  singula* 
ricy,  corresponds  to  roughly  constant  values  of  x/6 
(x  ■ 3H  for  cases  A and  B,  x ■ 6Ro  for  case  C) . The 
second  one  is  taken  in  the  zone  of  decreasing  turbulent 
intensity,  that  is  slightly  downstream  of  Che  reattach* 
ment  point  (x  ■ 6H  and  x • !2Ro  fer  cases  A and  B)  and 
at  X ■ ISRo  for  case  C.  The  last  one  is  situated  in 
the  restrucCuracing  flow. 

Certain  analogies  can  be  deduced  between  the  three 
cases  in  Fig. 13a. 14a. 15a  in  spice  of  Che  fact  that  the 
levels  are  not  exactly  the  same.  This  upstream  section 
is  characterised  by  a strong  production  of  turbulent 
energy  associated  with  an  intense  mean  deformation  race. 
The  energy  is  pertly  convecced  by  the  mean  velocity, 
partly  diffused  cowards  Che  axis  and  the  outer  boundary 
of  Che  mixing  layer.  'The  rest  of  Che  production  is 
dissipated  at  the  same  place.  Thus  the  flow,  in  this 
section  it  far  from  equilibrium  since  convection, 
diffusion  and  dissipation  arc  of  Che  same  order. 

In  Che  intermediate  section  Fig.  13b. 14b. 15b,  the 
production  decreases  in  its  amplitude  but  spreads  out 
in  spaca,  due  Co  Che  mixing  layer  expansion.  The  dif* 
fusion,  still  quite  important,  progressively  decreases, 
while  the  dissipation  tends  to  overtake  Che  convection. 

Finally  we  observe  Fig, 1 3c. 14c. 15c,  chat  for  the 
cases  A and  B,  the  peaks  of  production  and  dissipation 
shift  cowards  the  wall,  while  the  diffusion  gets  redu- 
ced. Dealing  with  the  longitudinal  evolution  of  these 
energy  balances,  one  can  notice  that  although  the 
rcaccachmenc  takes  place  earlier  in  Che  case  A 
(x  • 6.4H  instead  of  9Ro  for  the  B case),  the  rcstruc* 
curacion  it  slower  chan  in  a confined  flow.  This  point 
is  confitaed  by  the  results  of  the  jet  where  the  ten* 
dancy  towards  Che  rescrueturacion  takes  place  far  away 


I 

i 


13.15 


downstream.  At  x • 200Ro,  the  curves  are  quite  similar 
to  those  obtained  by  UTGKANSKX  et  al  (11)  thus  confir- 
ming the  recovery  of  a classical  jet  type  flow  out-of- 
equilibrium,  contrary  to  the  cases  A and  B. 


Fig. 13.  Turbulent  energy  balance  in  the  plane  separa- 
ted flow 


Fig. 14.  Turbulent  energy  balance  in  the  confined 
separated  flow 


Fig. IS.  Turbulent  energy  balance  in  Che  jet. 
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Fig.  16.  ''Universal"  streamwise  variation  of  the  dimen- 
sionless maximum  shear  stress. 

If  we  focuss  our  attention  on  Che  mean  velocity 
profiles,  Che  previous  classification  corresponds  to 
an  increasing  value  of  the  number  of  scales  necessary 
to  define  the  flow  after  Che  relaxation  (none  for  the 
case  B,  one  transversal  length  scale  for  Che  case  A, 
one  velocity  and  one  length  scale  for  Che  last  case) . 

It  seems  therefore  quite  natural  to  introduce  at  least 
one  extra  scale  to  characterise  the  perturbed  zone.  If 
we  choose  for  example  Che  longitudinal  distance  L whe- 
re Che  maximum  turbulent  shear  becomes  equal  to  its 
initial  value,  it  is  then  possible  to  group  the  longi- 
tudinal variations  for  each  case  into  one  single  curve 
(Fig,]6).  The  above  classification  corresponds  now  to 
increasing  values  of  this  length  scale. 

Although  this  single  parameter  cannot  represent 
Che  turbulent  properties  of  the  whole  perturbed  zone, 
it  seems  chat,  in  spice  of  the  sure  analogies  in  Che 
energy  balance  levels,  the  "memory  effect"  plays  a 
fundaiBcncal  role  on  this  type  of  flows.  This  allows 
us  CO  try  to  justify  the  rather  correct  results  of  the 
E.V.  models  when  recirculating  motion  accelerates  Che 
restructuracion  process  while  only  R.S.T  models  can 
satisfactorily  predict  the  less  strongly  perturbed  but 
slower  restructured  last  flow. 
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ABSTRACT 


u,v  velocity  components  x and  y direction 


Computations  of  transonic  and  hypersonic  shock-  x 

separated  boundary-layer  flows  using  zsro-epuation 
(algebraic),  one-equation  (kinetic  energy),  and  two- 
equation  (kinetic  energy  plus  length  scale)  turbulence 
eddy  viscosity  models  are  described  and  compared  with  ° 

measurcmcnta.  The  computations  make  use  of  a new 
Navler-Stokes  computer  algorithm  that  has  reduced  com- 
puting times  by  one  to  two  orders  of  magnitude.  The  y 

algorithm,  and  how  the  turbulence  models  are  incorpo- 
rated into  it,  are  described.  Results  for  the  tran- 
sonic flow  show  that  the  unmodified  one-equation  model  S 
is  superior  to  the  zero-equation  model  in  skin-friction  ^ 
predictions.  For  the  hypersonic  flow,  a highly  modi-  ° 

fled  one-equation  model  that  accurately  predicts  sur- 
face pressure  and  heat  transfer  is  described.  9 

Preliminary  tvo-cquatlon  model  results  are  also 
presented. 

MOMENCHATURE 

Cp  skin-friction  coefficient:  ® 

TSBLl,  2Tv/ouJ  HSBLI,  2t„/o,u£ 


axial  coordinate 

TSBLX,  axial  location  of  foot  of  shock  pressure 
rise  measured  from  nozzle  throat 
HSBLI,  axial  location  of  invlscid  shock 
intercept  with  wall  measured  from  apex  of 
, center  body 

distance  normal  to  wall,  HSBLI,  r-R;  TSBLl,  R-r 
ratio  of  specific  heats,  Cp/c^, 
boundary-layer  thickness 

boundary-layer  thickness  just  ahead  of  shock, 

1 in..  Figs,  1 and  2 

shock  generator  angle,  15°,  Fig.  2 
molecular  viscosity 
turbulent  eddy  viscosity 
density 
wall  shear 


Ch  Stanton  number,  q^o.u.Cp (Tg-T„) 

c,c  sound  speeds,  yp/o,  yp/o 

Cp,c,,  specific  heats  at  constant  pressure  and 
volume,  respectively 

D velocity  divergence,  Ujj+v^^+v/r 

E total  specific  energy,  e + (u^  v^)/2 

e specific  internal  energy,  c^T 

Rk>Hs  turbulence  source  functions 

k turbulence  kinetic  energy  ou'^u^/2o 

L length  scale  function  1-,  2-equaclon  models 

i length  scale  function  0-equatlon  models 

M Mach  number 

p static  pressure 

p combined  pressure,  p-4  2sk/3 

q,,  wall  heat  flux 

R HSBLI,  center  body  radius;  TSBLl,  duct  radius 

Rbxq  free-stream  Reynolds  number 

Ry  turbulence  Reynolds  number,  o^'kt/u 

r radial  coordinate 

s additional  length  scale  defining  turbulence 

variable 

T.Tg  temperature,  stagnation  temperature 


Subscripts 

e boundary-layer  edge 

w wall  value 

x,y  partial  derivatives  in  x and  y,  3/3x.  5/3y 

'>  free-stream  value 

IHTR0DUCTI057 

Recent  advances  in  computer  algorithms  (1)  for  the 
viscous  gas-dynamics  equations  have  reduced  computing 
times  by  one  to  two  orders  of  magnitude  and  have  facil- 
itated systematic  studies  of  turbulence  models  for  com- 
plex flows.  This  paper  represents  such  a study  and 
presents  solutions  for  two  shock-separated  turbulent 
boundary- layer  flows. 

The  experiments  were  conducted  at  Ames  Research 
Center.  The  first  of  these  (shown  in  Fig.  1)  consists 
of  a transonic  normal  shock-wave  boundary-layer  inter- 
action (TSBLl)  in  a circular  duct  at  an  upstream  Mach 
number  of  about  1.4  (2).  The  second  flow  (Fig.  2)  con- 
sists of  a hypersonic  oblique-shock-wave  boundary-layer 
interaction  (HSBLI)  in  axially  s>’mmetric  flow  at  Mach 
numbers  of  about  7 (3).  The  documentation  for  these 
flows  includes  surface  measurements  and  mean  and 
fluctuating  flow-field  measurements  (2,4,5). 

These  flows  are  simulated  by  numerically  solving 
Che  time-averaged  compressible  Navier-Stokes  equations 
Incorporating  sets  of  zero-,  one-,  and  two-equacior. 
models  of  turbulence.  Zero-equation  models  constitute 
the  simplest  of  a class  of  turbulence  models  in  which 
Che  turbulent  stress  censor  and  heat  flux  are  modeled 


13.19 


mtCEDINO  PAiX 


BLAMC-NOT  riIMKD 


D 


by  means  of  an  eddy  vlsocicy  function  The  more 
advanced  members  of  the  class  are  the  cne-  and  two- 
equaclon  models  in  which  additional  field  variables  are 
introduced  and  used  to  represent  the  eddy  viscosity 
function  (6,7).  Considerable  success  has  been  achieved 
with  these  advanced  models  in  simpler  flows  where  the 
zero-equation  model  has  not  been  so  successful  (8-11), 
The  purpose  of  this  paper  is  to  describe  how  these 
models  have  been  incorporated  into  the  Navier-Stokes 
code  and  to  present  initial  applications  using  them. 

A.NALYSIS 

Governing  Eouations 

The  differential  equations  used  in  this  study  are 
the  time- dependent,  mass-averaged  Navier-Stokes  equa- 
tions for  axially  symmetric  flow  of  a compressible 
fluid.  Depending  on  the  turbulence  model  used,  chess 
equations  are  augmented  by  additional  equations;  chat 
is,  Che  one-equation  or  kinetic-energy  model  employs 
one  additional  equation  while  the  cvo-equaclon  models 
employ  two  additional  equations.  All  models  use  the 
eddy  viscosity  hypothesis,  that  is,  the  Reynolds  stress, 
heat-flux  and  kinetic-energy  flux  terms  are  assumed 
related  to  the  mean-flow  velocity,  temperature  and 
kinetic  energy  gradients  through  an  eddy  transport 
coefficient  chat  is  simply  added  to  the  corresponding 
molecular  viscosity  or  transport  coefficient.  The  same 
hypothesis  is  used  for  the  second  field  variable  in  the 
two-equation  models.  Additional  conditions  on  Che 
equations  include  the  perfect  gas  assumption,  constant 
specific  heats,  the  Sutherland  viscosity  law,  and  zero 
bulk  viscosity.  The  resulting  equations,  expressed  in 
conservation  form  are  written  as  follows: 

Ut  + rx  + r'‘(rG)y-H  (1) 


r=i 

“ ou  "" 

AU 

su^-^xx 

u ■ 

ov 

T m 

DVU+Txy 

oE 

(0E-hJxx)'»+TxyV+qex 

ok 

oku+q^,5 

.0®. 

L o®“+<lsx  J 

■ C 

■ 

OV  “ 

= “^^xv 

H ■ 

G ■ 

ov2+Ow 

(oE+Ovv)'^xy“''^ey 

Hk 

' okv+qjjy 

L H 

S -J 

L 0»'^sy 

®xx  “ P-2Uv(ux-D/3) 

9ex  * -'■'eex 

9ey  ■ -9e«v 

Oyy  -fl-2u  (Vv-D/3) 

9kx  ■ -“k^e 

<!ky  ■ -“klSr 

098  • p-2Uy(v'/r-D/3) 

<lsx*-''s®x 

9sv  • -“sSv 

Txy  • -Uv(Uv+Vx> 

D • Ux+Vy+v/ r • div  0 

E ■ e+(u2ivA)/2 

p"p+2ok/3 

e • CvT  p • (y-Doe  ) 

y - r-R  ’ 

These  equations  are  written  explicitly  for  the 
hypersonic  flow  problem  where  R is  the  radius  of  the 
center  body.  For  the  transonic  problem,  R represents 
the  radius  of  Che  duct  and  Che  equations  may  be 
obtained  from  Che  given  ones  by  the  transformation 

y-'R-r,  dy--dy,  v»-v  (1) 

with  all  ocher  variables  unchanged. 

>:umerieal  Method 

The  numerical  procedure  used  to  solve  these  equa- 
tions is  Che  basic  MacCormack  method  which  has  been 
modified  and  improved  by  the  incorporation  of  a new 
algorithm  called  Che  Rapid  Solver  (1).  Ue  include  here 
a brief  description  of  Che  new  method  including  its 
adaptation  to  the  additional  turbulence-model  equations. 


The  field  vector  C in  Eq.  (1)  is  discretized  on 
a computational  mesh  and  advanced  in  time  by  means  of  a 
symmetric  sequence  of  operators  as  indicated  below. 

U(t+21c)  -y(21t)U(t) 

Outer  Mesh 

|>x(6t)av{at)./vCit)yx(it):HSBUl 
^ ^ |i^(it)yy(2At)i-x{it)  :TSBLlJ 

Inner  Mesh 

i-(2At^.|t^x'“^^^p(^'^-'h<^T)K^(AT):(_(iT)y  (1t)]-’:KSBLI| 
l[ifh(AT)^p(iT)Xx(2AT)yp(AT);<h(^^)I^  :TSBLl| 

At  • At/S 

(5) 

In  the  outer  or  invlscid  part  of  the  mesh  Che  mesh 
spacing  in  Che  y direction  is  relatively  coarse,  and 
the  original,  explicit,  MacCormack  operators  >x  -^v 
arc  used.  In  Che  inner  or  viscous  part  of  the  mesh, 
close  CO  the  wall,  the  mesh  spacing  is  selected  suffi- 
ciently fine  to  resolve  the  turbulent  boundary  layer  in 
Che  viscous  sublayer.  This  imposes  severe  time  step 
limitations  on  the  explicit  operators  and  has  motivated 
Che  adaptation  of  the  Rapid  Solver.  In  this  algorithm 
the  explicit  operator,  'J\,,  is  replaced  by  two  new  oper- 
ators, and  Up,  which  dramatically  reduce  computing 
times.  The  operators  used,  defined  by  Che  equations 
they  solve  according  to  the  concept  of  time  splitting, 
are  shown  below.  Also  shown  ace  the  maximum  stable 
time  steps  associated  with  each  operator,  and  the  total 
time  step  2At. 

■ nin[Ax/( 1 ul+c+v_/Ax) 1 (6) 


;Atx 


ifx(itx)  :Dt+Fx  - 0 
ifv(Atv)  :D£+r~l  (rG)y  - H ; Aty  • min[ Ay/ ( ! v|+tr4^y/Ay)  ] (7) 
yp(Atp ) -.U^-r-lCrG''),.  - H'':Atp  - - (8) 

y(,(Ath) -i'b(Ath)ifa(^^h^  ;Ati,  ■ mln(Ay/ 1 v| ) 
jfa(Ath)  :ov^S  ■ 0 (v^+v^/r)  ■ 0 

p'^“p'^2ok/3  ;C-«YP^/c 

i(b(Ath):Ut'^r-’*(rCC)y-H‘= 
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Outer  Mesh:ACc 
Inner  Mesh:  N 
HSBLI:  Mn 
lAt  ■ 2-CFL- Atj 


■ min(Atx,ACy/Mn) 

■ Int[Atc/min(Ath,Atx/Mn)+ll 
■1  TSBLI:Mn-2 

CFL-  .9 


(13) 


(11) 


(15) 


The  source  term,  H'',  is  plus  the  terns  in  G-G’^ 

Chat  are  not  included  in  G'^,  with  and  v<^ 
interpreted  as  p and  v. 

In  Eq.  (5)  the  number  of  operators  and  their 
sequencing  order  may  be,  to  a certain  extent,  arbitrary, 
The  number  and  sequencing  of  operators  shown  for  the 
two  problems  has  been  chosen  to  minimize  Che  number  of 
computing  operations  in  real  time,  c. 

The  operator  is  called  the  hyperbolic  opera- 

tor because  the  equations  it  solves  are  hyperbolic  in 
space-time.  It  is  split  into  two  subsidiary  operators 
jg  and  kb'  operator  j/g  solves  the  simplified  set 

of  equations  for  velocity,  vO,  and  combined  pressure, 
p”^,  given  by  Eqs.  (10)  and  (11),  by  a linearized  method 
of  characteristics.  In  this  operation  the  local  densi- 
ties and  sound  speeds,  c,  are  considered  constant  over 


Che  else  Interval  and  an  auxiliary'  network  of  grid 
points  Is  constructed  with  spacings  proportional  to  the 
local  sound  speed.  This  enables  the  pressures  and 
velocities  at  each  point  in  space-tine  to  be  computed 
by  means  of  simple  arithmetic  and  the  solution  advanced 
over  the  many  characteristic  time  steps  required  to 
advance  the  solution  the  full  time  step  It  • At/N 
which  is  a large  fraction  of  the  total  time  step,  2At. 
The  pressures  and  velocities,  p-  and  v’^,  resulting  from 
this  computation  are  averaged  in  space  and  time  and 
saved  for  use  with  the  operator 

The  operator  which  solves  £q.  (12),  is  the 

standard  explicit  HacCormack  operator  with  one  impor- 
tant difference.  Use  of  Che  convection  velocity  v^ 
and  combined  pressure  p*^,  time  averaged  over  Che  rela- 
tively large  time  step  At/N,  in  place  of  the  local 
velocity  and  pressure  v and  p,  evaluated  basically  at 
the  original  time  level,  allows  Che  maximum  stable  time 
step  to  be  increased  from  it^  ■ minfiy/ ( | v|  + c) ] to 
Atv  * mlndy/ ! v| ) , This  is  a substantial  Increase 
because  of  the  elimination  of  the  sound  speed,  c.  from 
the  relationship. 

The  modification  in  the  operator  Ka  arising  from 
the  additional  turbulence  model  equations  consists  of 
using  the  combined  pressure  p‘^  • p*^ 2ok/3  which 
includes  the  turbulence  pressure,  2ok/3,  rather  than 
the  static  pressure,  p^,  alone.  The  modification  is 
accomplished  by  combining  the  turbulent  energy  equation 
in  Eq.  (12)  with  the  equation  for  p‘^  to  form  Che  equa- 
tion for  p^^.  Initial  computations  using  only  p'^,  and 
placing  2ok/3  in  Eq.  (8)  for  were  weakly  unstable 

in  that  a high-frequency  self-sustained  oscillation  in 
the  pressure  and  velocity  were  observed  at  all  mesh 
points  very  close  to  the  wall. 

The  operator  ifp  is  called  the  parabolic  operator, 
and  solves  an  essentially  parabolic  sec  of  equations  in 
time.  It  is  implicit  and  uses  the  Thomas  algorithm  to 
invert  a set  of  scalar  tridiagonal  matrices  which 
Include  Che  diffusion  terms,  G^,  shown  in  Eq.  (14). 

The  source  terms  Hy  and  for  the  velocity  equations 
are  generally  small  and  are  created  explicitly.  The 
solutions  for  the  velocities  are  advanced  in  time  first. 
The  solutions  for  Che  remaining  variables  are  then 
advanced,  using  the  updated  velocities  in  the  source 
terms  %)hich  may  be  large  and  can  cause  instabilities 
if  created  explicitly.  The  source  terms  for  the  turbu- 
lence model  equations  will  be  shown  in  detail  later. 

The  density  is  absent  from  the  equations,  having  been 
fully  updated  by  the  operator. 

As  stated  earlier,  the  computational  grid  is 
divided  into  a coarse,  outer  mesh  and  a fine  inner  one. 
The  mesh  points  in  the  outer  mesh  arc  uniformly  spaced 
while  chose  in  the  inner  mesh  are  stretched  exponen- 
tially in  Che  y direction  with  the  first  mesh  point 
away  from  the  wall  being  at  a value  yj  ■ •'OT^y^/u^  . 
less  chan  S,  placing  it  in  the  viscous  sublayer.  In 
the  X direction,  the  grid  point  spacing  is  uniform  in 
both  inner  and  outer  grids  and  is  relatively  coarse.  Ax 
being  about  O.Sdg  in  the  hypersonic  problem  and  Idg 
in  Che  transonic  problem.  The  value  of  dg  for  both 
problems  is  1 inch.  The  specific  number  of  grid  points 
in  the  fine  and  coarse  grids  is  as  follows.  For  the 
HSBLI  problem:  29  points  in  the  x-direcclon,  45  points 
in  the  y-dlrection,  and  20  points  in  the  fine  grid. 

The  corresponding  numbers  in  the  TSBLI  problem  are  36, 
30,  and  20.  A finer  distribution  of  points  was  investi- 
gated in  the  early  stages  of  this  study.  It  was  found 
that  although  considerably  better  resolution  of  the 
ipviscid  flow  field  and  shock  were  possible,  details  of 
the  surface-pressure,  skin-friction  and  heat-transfer 
predictions  using  the  coarse  grid  were  in  reasonable 
agreement  with  chose  of  the  fine  grid  computations. 


Boundar.-  and  initial  conditions  used  for  the 
mean-flow  variables  are  described  in  earlier  studies 
(2,3).  Boundary  and  initial  conditions  used  for  .he 
turbulence  variables  will  be  de  cribed  in  the  section 
on  turbulence  modeling. 

The  reduction  in  computing  time  resulting  from 
Che  new  algorithm  is  substantial,  being  about  a factor 
of  10  for  HS3LI  problem  and  a factor  of  60  for  the 
TSBLI  problem.  Typical  computing  times  to  obtain  fully 
converged  solutions  starting  with  the  basic  initial 
conditions  are  about  5 min  on  a CDC  7600  computer  for 
the  HSBLI  problem,  and  20  min  for  Che  TSBLI  problem. 

TURBL’LENCE  MODELS 


This  section  describes  the  various  turbulence 
models  chat  are  under  study.  The  reasons  for  studying 
eddy  viscosity  models,  in  contrast  to  other  models, 
lies  in  their  simplicity,  their  close  relationships  to 
one  another,  their  wide  use  and  proven  capabilities  for 
simpler  flows,  and  what  may  be  called  their  code  com- 
patibility. The  first  three  items  are  covered  in  the 
book  by  Launder  and  Spalding  (6)  and  will  not  be  dis- 
cussed here.  The  last  item,  code  compatibility, 
deserves  some  comment.  Code  compatibility  refers  to 
the  ease  of  incorporation  into  the  Uaviar  Stokes  algo- 
rithm described  in  the  previous  section.  Other  turbu- 
lence models  such  as  the  Bradshaw  one-equation  model 
(12)  and  the  Donaldson  Revnolds  stress  model  (13) 
appear  to  be  more  difficult  to  code.  The  reason  for 
this  rests  in  Che  nature  of  Che  parabolic  operator  y„. 
For  the  Bradshaw  and  Donaldson  models,  it  is  not  clear 
Chat  Che  stress  and  diffusion  terms  can  be  treated 
implicitly  as  easily  as  is  done  with  the  eddy  viscosity 
models.  If  these  terms  are  not  treated  implicitly  the 
maximum  stable  time  step  for  the  operators  will  be 
reduced  to  irapractlcally  low  values,  as 'it  is  when  Che 
corresponding  eddy  viscosity  terms  are  created  explic- 
itly. Implicit  methods  chat  simultaneously  solve  Che 
velocity,  energy  and  turbulence  equations  using  block 
crldiagonal  matrix  inversions  are  possible  but  are 
considerably  more  time  consuming.  The  extension  of  the 
present  Navier-Scokes  algorithm  (or  any  other  compress- 
ible Navier-Scokes  algorithm)  to  these  important  models 
would  be  an  important  advance. 

Zero-Equation  Models 

For  the  zero-equation  models  Che  equations  solved 
do  not  Include  Che  turbulence  variables  k and  s,  and 
the  only  modeling  done  is  for  Che  eddy  dlf fusivicles 
which  are  modeled  algebraically.  The  expressions  for 
the  total  viscosity,  thermal  energy  dlffusivity,  and 
pressure  are 

Uv"U  + ut  1 

Ug  • y (i/Pr  4- up/Prp)  ■ K^/c.^,  ) 

p-p  (17) 

where  u-  is  the  turbulent  eddy  visocity,  kg  is  the 
total  thermal  conductivity,  Pr  and  Prp  are  the  molec- 
ular and  turbulent  Prandtl  numbers  equal  to  0.72  and 
0.9,  respectively,  and  u is  Che  molecular  viscosity 
given  by  the  Sutherland  viscosity  law.  Two  types  of 
zero-equation  models  are  discussed,  the  equilibrium 
and  nonequilibrium  (or  relaxation)  models. 


Equilibrium  model.  The  standard  or  baseline  model 
used  by  many  investigators  is  expressed  in  terms  of  an 
inner  and  outer  eddy  viscosity  function  as 


ut  • inner 
’•'Touter 


c 1 I Uv  v^ ' _ : y A.  Vg 

.0168iu*4*/ (1  + 3.5(y/{)' ] ; y > y^. 


(18) 


where  y^  is  the  first  point  at  which  'JT inner 
exceeds  bTgyjgg.  Ihe  function  t is  Che  Prandtl 
mixing  length  modified  by  the  van-Driest  'amping  factor 
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£ • icy[l  - exp,<-i/o^ 


(19) 


where  <*0.4  and  A'''>26  are  Che  von  tCanaan  and  van 
Driest  constants,  respectively.  The  edge  velocity. 


is  sec  CO  Che  maximum  value  of 


for  y < V 


being  chosen  slightly  outside  the  boundary  layer, 
displacement  thicknesses  are 


The 


5*  a r^’max 
'o 

{*  . ^ymaxQ 
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• u/u,) (r/R)dy 
ou/o,u,) (r/R)dy 
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Eq. 


The  boundary- layer  thickness 
(13),  Is  assumed  as 

6 - 


& , appearing  In 


(21) 


with  Cq  being  1.735  for  Che  BSBLI  problem  and  4.54 
for  Che  TSBLI  problem.  These  constants  were  obtained 
by  comparing  experimental  measurements  and  equilibrium 
boundary- layer  solutions. 

Nonequlllbrlua-relaxatlon  model.  Shang  and 
Hankey  were  the  first  to  apply  the  relaxation  model  to 
shock  boundary-layer  flows,  and  a number  of  Investiga- 
tors have  subsequently  experimented  with  different 
variations  of  It  (2,14,15).  The  results  reported  here 
all  use  Che  original  Shang-Hankey  model  called  by  Hung 
and  MacCormack  the' upstream  relaxation  model  (14).  The 
eddy  viscosity  In  this  model  Is  written 


Uj  • UT, 


eq  '“leq  l‘ti)«*P[-(x  - xi)/!,] 


(«T. 


(22) 


I R :R  < .75 

H(R)  - jft-  (ft  - .75)=^;.75  <ft  < 1.2! 
' 1 ;1.25<ft 

a - .2,  C - 3.93,  Ro  - 110,  ; -0 
Prx-  .9,  Pr^-  2.5 


where  ^Tgq  the  local  equilibrium  eddy  viscosity 
and  the  subscript  1 refers  to  a location  selected 
slightly  upstream  of  separation,  • C^dg  Is  a relaxa- 
tion length  parameter,  Cj.  being  an  arbitrary  constant 
and  dg  the  upstream  boundary-layer  thickness. 

The  zero-equation  model  results  reported  here  use 
the  above  formulations,  although  many  other  variations 
have  been  tested. 

One-Equation  Model 

The  one-equation  or  kinetic  energy  model  uses  one 
additional  partial  differential  equation  to  simulate 
turbulence.  Several  different  versions  of  this  model 
exist  but  only  one  Is  used  In  the  present  study.  This 
model  originated  with  Prandtl  and  Kolmogorov  and  was 
developed  for  Incompressible  flat  plate  boundary-layer 
flows  by  Glushko  (8)  who  specified  the  low  Reynolds 
number  and  the  algebraic  length  scale  functions.  It 
was  studied  by  Beckwith  and  Bushnell  (9)  In  more  com- 
plicated boundary-layer  flows  and  was  generalized 
(Rubesln,  Ref.  16)  to  compressible  flows  using  mass- 
averaged  variables  (Rubesln  and  Rose,  Ref.  17).  In  a 
recent  paper.  Initial  tests  using  the  full  model  as 
formulated  by  Rubesln,  are  described  (18).  In  this 
paper  a slsipler  version  Is  used  In  which  certain  com- 
pressibility terms  Involving  first  derivatives  of  the 
strain  rate  tensor  (or  first  derivatives  of  the  temper- 
ature) are  omitted.  In  Ref.  18  these  terms  were  found 
to  be  of  negligible  Importance.  This  model  - which 
will  be  designated  the  G-R  model  and  has  only  one  tur- 
bulence source  function  - Is  described  below. 

Glushko-Rubesln  Model  (G-R) . 

Hk  - UxS2  + (CM^/y  - 2/3)okD  - Cu^k/L^ 

Si  • (uv  + v_)2  + 2(u^  + vl  + (v/r)l]  - 2D^/3 
RT  • D»'C  L/u 
■jj  • auRxH(Rx/Ro) 

ft  :R<.75  \ } (23) 
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The  algebraic  length  scale  function  L specified 
by  Glushko  (8)  Is  shown  in  Fig.  3 (models  1 and  A). 

The  boundary-layer  thickness  is  defined  in  the  same 
manner  as  the  zero-equation  model;  that  Is,  6-Cg!^ 

(see  Eq.  (21)).  The  value  of  the  compressibility 
parameter  ;,  Initially  suggested  by  Rubesln  was 
I'R/ll.  In  Ref.  18  solutions  for  the  TSBLI  problem 
were  found  to  be  relatively  Insensitive  to  specific 
values  of  this  parameter,  and  the  Initial  choice, 
(•8/11,  has  been  used  here.  This  value  was  found  to 
be  too  large  In  the  HSBLI  problem  and  subsequent  Inves- 
tigations in  this  case  use  ('O. 

The  total  kinetic  energy  dlffuslvlty  Is 

represented  as  follows: 

• U + ux/Ptjj  (24) 

The  total  viscosity  Uy,  and  the  thermal  energy 
dlffuslvlty  u,,  are  represented  as  shown  In  Eq.  (16), 
and  the  turbulence  Prandtl  numbers.  Pry,  and  Pr]^  are 
Included  In  the  summary  of  constants.  Variations  In 
the  use  of  the  Prandtl  numbers  Pry  and  Pr^^  have  been 
used  In  the  earlier  Investigation  U8)  where  the 
options  of  either  Including  these  parameters  Inside  the 
argument  of  the  eddy  viscosity  damping  function  H,  or 
leaving  them  out  were  tested.  The  above  formulation 
shows  the  Prandtl  numbers  left  outside  of  the  argument. 
The  transformation  from  the  above  formulation  to  the 
optional  one,  for  the  Prandtl  number  Pry,  Is 

a(Ry/Rg)  - H(RT/PryRg)  (25) 

The  two  usages  will  be  reported  In  the  results 
section  of  this  paper  as  each  case  Is  discussed.  For 
Che  one-equation  (and  two-equation)  models,  Che  com- 
bined pressure  p,  replaces  the  static  pressure  p,  as 
shown  In  Eqs.  (3)  and  (11). 

Two-Equation  Models 

The  two-equation  models  presently  under  study  are 
the  mclels  of  Jones-Launder  (10)  and  Wllcox-Tracl  (11). 
These  models  were  selected  because  considerable  experi- 
ence has  been  gained  In  their  application  to  simpler 
flows,  and  because  they  Include  low  Reynolds  number 
terms  that  permit  Integration  to  the  wall.  These 
models  use  two  partial  differencial  equations  to  simu- 
late turbulence,  the  first  equation  being  Che  turbulent 
kinetic  energy  equation,  as  In  Che  one-equaclon  model, 
and  the  second  equation  being  used  to  define  Che  turbu- 
lence length  scale.  The  turbulence  source  functions, 
and  R,,  for  these  two  models  are  described  below. 

Jones-Launder  Model  (J-L). 

Hit  - uyS‘-2okD/3-2u(»'k)J-oc 

Hj  ■ [Cl  (uyS^-2okD/3)+2uuyku^/0E-C2f2O£]c/k 

c-k3/2/L-s 

$2  - (uy+Vx)^2[uJ-K'^+(v/r)2l-2D^/3 
Ry  • p,/jt  L/u  • ok^/ut 
uy  - uCyfyRy 

fu  -exp[-2.5/(l+Ry/50)] 
f2  - 1-0.3  exp(-Rf) 

Cu  -0.09,  Cl  - 1.55,  C2  - 2.0 
Pry  - 0.9,  Pr,t  ■ l-O* 


(26) 
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Wllcox-Tracl  Model  (W-T) . 

H)t“  (a*S-C*D-3*a/s)ok 

[e+2o(L^Lj)]a:/o}pu- 
u-  • “ s 

S ■ { (^  + + 2[ux  + + (v/r)^]}^'^- 

Rx^oi^k  L/u*o^k/uu 

UT  ■ uRj 

a* -aid  - (10/11)*xp(-2Rt)] 
a - a.[l  - (10/ll)exp(-Rx/2) 1 
S*  - 9/100,3  - 3/20,?*-  5/2.ai-  3/10, a,  - 1/3 

Pr'j-3/9.  Pri^«2,  Pr^  - 2 ■ l/o 

The  additional  dlffuslvlcy  u,  for  the  two  oiodals 
Is  wriccan 

Uj-U  + Uf/Pt,  (28) 

where  the  additional  Prandtl  nunber,  Pr,,  Is  Included 
In  the  suaoary  of  constants  with  Prj  and  Pr^. 

The  Wllcox-Tracl  model  Is  essentially  the  same  as 
that  described  In  Ref.  11.  The  production  term  In  the 
Jones-Laundcr  model  has  been  generalized  to  compressi- 
ble flows  using  the  Navler-Stokes  equations  by  the 
following  replacement: 

■^k  • - UTUyZ  * -T^jUi  ^ ^ 

- ^“l.j'^^j  , l^‘^\.k*13  ^“l,J 

•UTS^-2okD/3  (29) 

where  J\  Is  the  turbulent  energy  production  tens. 

Is  the  Reynolds  stress  censor,  and  u^  ^ Che 
velocity  gradient  censor. 

Boundary  Conditions  and  Special  Procedures 

The  wall  boundary  condition  on  the  turbulence 
kinetic  energy  Is  k • 0.  This  variable  frequently  may 
be  driven  negative  In  computations  near  the  wall  and 
near  the  edge  of  the  boundary  layer.  In  this  case,  k 
Is  sec  CO  zero  In  the  one-equaclon  model  cosvucatlons. 
The  procedure  Is  more  complicated  for  the  cwo-cquaclon 
models  snd  Is  described  below. 

The  wall  boundary  condition  on  Che  additional 
turbulence  variable  depends  on  Che  s»del.  The  original 
J-L  model  used  s*c~0  but  recent  applications  have 
used  3s/9y~0.  Initial  studies  have  not  shown  much 
difference  In  predictions  using  either  of  these  two 
boundary  conditions.  The  U-T  model  wall  boundary  con- 
dition on  s«u^  Is,  theoretically,  s-***  for  smooch 
walls,  but  In  practice  Is  sec  equal  to  a large  value. 
The  condition  Is 

/s  • w • (B„\/u^a*)  Sj  (30) 

where  the  roughness  function,  Sg,  Is  taken  to  be  a 
large  number;  chat  Is,  300-3000. 

Boundary  conditions  that  are  used  In  boundary- 
layer  codes  sc  the  edge  of  the  boundary  layer  are  not 
appropriate  to  Che  Navler-Stokes  code  where  Che  turbu- 
lence equations  arc  Integrated,  with  the  ocher  equa- 
tions, In  the  free  scream.  At  the  present  time  k and 
s art  given  very  small  values  Initially  In  the  free 
stream  and  then  held  bounded  above  and  below  by  con- 
stants. This  type  of  pro  idure.ls  also  used  In  the 
main  part  of  the  boundar*'  layer.  The  procedure  there 
Is  CO  specify  a lower  bound  on  Che  kinetic  energy  at  a 
given  y location;  this  value  presently  being  l/lOO 
Its  value  at  the  Inflow  boundary  at  Che  same  value  of 
y.  The  bounds  on  s are  determined  by  using  the 
definition  of  s In  terms  of  k and  L and  two  limit- 
ing length  scale  distribution  (.nax^X)  ^In^X^' 

The  bounding  relationships  arc  then 

k^''‘/^x  ‘ • t < k^^‘/f.Bln  : 

o^>i/iiax  ' s - <c*k/4in  ; 


Initial  tests  with  the  cwo-cquaclon  models  using 
Che  Navler-Stokes  code  on  simple  flat  place  boundary- 
layer  flows  did  not  require  this  procedure  for  s.  The 
need  for  It  has  arisen,  however,  in  the  more  severe 
SBLI  flows  and  is  believed  due  to  the  fact  chat  t.he 
variable  s contains  k to  a positive  power  and  L 
to  a negative  power.  In  an  Isolated  region  close  to 
Che  wall  near  the  rcatcachmenc  point  In  the  HSBLI 
problem,  using  the  J-L  model,  the  computed  values  of 
k and  L can  get  very  small;  this  makes  the  value  of 
s very  sensitive  to  small  changes  in  k and  L and 
causes  the  code  difficulty.  Introducing  the  bounds  on 
s,  as  Indicated,  results  in  stable  solutions. 

The  limiting  length  scale  distributions  Irmax 
are  taken  to  be  fixed  ratios  (e.g.,  0.1  and  5.0, 
respectively)  of  the  length  scale  function  defined  at 
Che  inflow  boundary.  The  latter  function,  which  Is 
also  used  to  define  the  variable  s at  the  Inflow 
boundary  In  terms  of  k and  L,  Is  assumed  proportional 
CO  the  Glushko  length  scale  function.  The  factor  of 
proportionality  Is  obtained  by  equating  kinetic  energy 
dissipation  functions  of  the  one-  and  cwo-equatlon 
models.  (It  is  also  obtained  In  ocher  cases  by  equating 
eddy  viscosity  functions  of  the  two  models.) 

For  the  one-equation  models  the  Inflow  kinetic 
energy  profile.  In  the  TSBLI  case.  Is  assumed  to  be  the 
Klebanoff  distribution.  In  the  HSBLI  case.  It  Is  an 
equilibrium  distribution  obtained  by  Integrating  the 
equations  from  a location  1 ft  upstream  of  the  inflow 
boundary  starting  with  a triangular  distribution  simi- 
lar CO  the  Klebanoff  distribution  and  with  a magnitude 
obtained  from  frequent  trials.  For  the  two-equation 
models,  the  inflow  kinetic  energy  profile  Is  the  same 
as  that  used  for  Che  one-equaclon  model. 

Ac  Che  Inflow  boundary,  Che  static  pressure  p 
must  be  modified  to  include  Che  effect  of  Che  turbu- 
lence pressure.  This  Is  done  by  assuming  the  cosdslned 
pressure,  B»p  + 2o)c/3,  to  he  constant  across  the 
boundary  layer  (in  conformity  with  boundary- layer 
theory)  and  equal  to  the  free-stream  pressure.  This 
introduces  a variation  In  the  static  pressure  and 
requires  an  adjustment  In  the  density  In  order  to 
retain  the  temperature  profile  which  Is  obtained  from  a 
boundary-layer  code.  This  Is  done  by  requiring  the 
adjusted  density  and  pressure  to  satisfy  the  perfect 
gas  equation  of  state.  In  the  TSBLI  problem,  these 
adjuscmcncs  are  small  (12)  but  In  Che  HSBLI  problem 
they  are  not  so  small,  with  the  maximum  turbulent  pres- 
sure attaining  values  up  to  102  of  Che  free-stream 
pressure. 

RESULTS 

Results  for  the  TSBLI  problem  are  presented  in 
Figs.  4-6,  and  chose  for  the  HSBLI  are  given  in 
Figs.  7-9.  The  measurements  are  described  In  kefs.  2-4. 
Reference  18  describes  initial  tests  with  the  one- 
equaclon  model  In  which  model  parameters  were  systemati- 
cally varied  to  ascertain  model  sensitivity  to  these 
parameters  and  to  seek  improved  agreement  with  measure- 
ments. In  chat  study.  It  was  found  chat  Che  shape  of 
Che  length-scale  function  was  by  far  the  most  Important 
factor  In  controlling  solution  behavior.  In  this  paper 
only  Che  most  significant  results  found  in  Ref.  18  arc 
reported. 

Transonic  SBLI 

For  Che  transonic  flow  problem,  computations  using 
the  two  zero-equation  turbulence  models  discussed  In 
the  text  and  two  variants  of  the  onc-cquatlon  model 
will  be  compared  with  exocrlmcncal  measurements  of  sur- 
face pressure,  skin  friction,  and  velocity  profiles. 
Comparisons  of  measured  kinetic  energy  of  turbulence 
profiles  with  calculations  are  also  presented. 


J-L  ’ 
w - T 


(31) 
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Surtact  srtdlctloo*.  Coaparisons  of  computed 
slcln-frictlon  and  surface-pressure  distribution  for  the 
transonic  SBLI  are  shown  in  Fig.  i for  a Reynolds  num- 
ber, Just  ahead  of  the  shock,  of  3.67x10^.  The  experi- 
mental skin-friction  results  are  from  Ref.  2,  while  the 
wall-pressure  measurements,  normalized  to  the  free- 
streao  value  about  15  in.  ahead  of  Xo,  are  taken  from 
some  recent  work  of  Mateer  (private  communication) . 

The  baseline  model  is  the  standard  equilibrium  model 
described  earlier.  Both  this  model  and  the  zero- 
equation  relaxation  model  predict  the  measured  pressure 
distribution  very  well.  Ahead  of  Xg,  the  measured  and 
calculated  baseline  model  and  relaxation  model  skin- 
friction  results  agree;  however,  downstream  of  reattach- 
ment the  calculations  are  in  considerable  disagreement 
with  the  experiment.  Downstream  of  reactachment  the 
relaxation  model  gives  the  poorest  skin-friction 
prediction. 

In  Fig.  A the  two  ons-equation-model  solutions 
shotra  also  agree  well  with  the  measured  pressure  dis- 
tribution. In  addition,  however,  they  both  predict  the 
measured  rise  in  skin  friction  downstream  of  reattach- 
ment significantly  better  than  do  either  of  the  zero- 
equation  models  shown.  The  one-equation  model,  labeled 
model  1,  was  chosen  for  this  comparison  because  it 
represents  the  original  Clushko-Rubesln  model.  It  uses 
the  length  scale  shown  in  Fig.  3,  the  option  of  includ- 
ing the  Prandtl  numbers  Pr^  and  Pr^  in  the  argument 
of  the  eddy  viscosity  damping  function,  H,  and  is 
model  AlaO  of  Ref.  18.  This  model,  however,  does  not 
agree  well  with  the  skin-friction  measurements  near 
Che  upstream  boundary  and  the  predicted  separation 
region  is  suspected  of  being  too  small.  Recent  meas- 
urements by  Mateer  (private  communication)  suggest  chat 
the  length  of  the  separated  region  in  this  case  is 
larger  (-2.36g).  Model  2 (model  Bla4  of  Ref.  18), 
represents  a modified  one-equation  model.  This  model 
differs  from  model  1 primarily  in  that  the  length  scale 
has  been  altered.  The  modification  decreased  the 
length  scale  slope  in  regions  where  the  maximum  kinetic 
energy  increased  with  x and  Increased  the  slope  in 
regions  where  this  'tnergy  decreased  with  x.  This  has 
the  effect  of  lowering  the  eddy  viscosity  in  the  region 
of  rapid  pressure  rise  and  raising  the  eddy  viscosity 
downstream  of  this  region.  This  results  in  a larger 
separation  bubble  and  good  agreement  with  the 
measurements  of  the  skin  friction. 

Velocity  profile  comparisons.  Figure  5 shows  com- 
parisons between  measured  and  computed  velocity  pro- 
files for  Che  TSBLI  experiment  at  various  locations 
downstream  of  the  shock.  Both  zero-equation  models 
yield  similar  results  as  do  both  of  Che  variants  of  the 
one-equation  model.  All  of  the  calculated  velocities 
agree  generally  with  the  measurements,  even  to  display- 
ing the  decrease  in  velocity  near  the  centerline. 
Clearly,  however,  the  one-equation  model  results  are  in 
better  agreement  with  the  measurements.  Near  the  sur- 
face at  (x-Xg)/5g>4,  model  2 of  Che  one-equation 
models  has  a slightly  more  "laminar-like”  velocity  pro- 
file which  is  consistent  with  Che  larger  separation 
region  shown  in  the  previous  figure.  The  separation 
bubble  was  so  chin  in  this  experiment  chat  it  was  not 
possible  CO  obtain  measured  velocities  of  the  reversed 
flow.  The  computed  bubble  was  also  very  chin,  that  is, 
-O.Oldg,  and  this  explains  the  apparent  absence  of  a 
computed  reversed  flow  profile  in  Fig.  5(a).  At 
(x  - Xo)/4o  • 16,  profiles  corresponding  to  the  two  one- 
equation  models  are  coincident  and  appear  as  a single 
curve . 

Kinetic  energy  comparisons.  Computed  and  measured 
profiles  of  Che  kinetic  energy  of  turbulence  at  various 
X locations  are  shown  in  Fig.  6.  One-equation  model  2 


is  used  in  this  comparison.  Similar  results  have  been 
obtained  with  model  1 and  are  given  in  Ref.  18.  The 
measured  kinetic  energy  (Fig.  6(a))  was  determined 
from  a measurement  of  v'  (see  Fig.  12,  Ref.  2)  and 
the  assumption  that  u'^:v'^:w'*  ■ 4:2:3.  This  assump- 
tion was  observed  recently  to  be  reasonable  for  equi- 
librium flows  at  high  subsonic  Mach  numbers  (19).  It 
is  apparent  from  Fig.  6 that  the  computed  and  measured 
profiles  of  the  kinetic  energy  of  turbulence  are  gener- 
ally similar  and  chat  the  trends  with  distance  are  in 
agreement.  The  experimental  results  do  show  a signifi- 
cant amount  of  free-scream  turbulence  downstream  of  the 
shock  which  has  not  yet  been  Included  in  the  calcula- 
tions. Inclusion  of  this  effect  would  tend  to  increase 
the  calculated  skin  friction  downstream  of  reactachment 
relative  to  the  results  shown  in  the  preceding  figures. 

It  is  apparent  from  the  calculated  results  that 
Che  shock  wave  has  a very  strong  influence  on  the 
kinetic  energy  of  the  turbulence.  Ahead  of  the  shock, 
except  for  the  peak  of  k being  closer  to  the  wall, 

Che  profile  is  not  coo  different  from  Klebanoff's  meas- 
urements. As  the  pressure  rises  rapidly,  due  to  the 
shock,  the  turbulence  energy  increases  and  the  peak 
moves  away  from  the  wall.  Downstream  of  this  rapid 
pressure  rise,  the  peak  turbulence  decays  with  distance 
and  a smaller  peak  begins  to  re-emerge  adjacent  to  the 
wall.  Far  from  the  shock,  one  would  expect  to  recover 
a profile  similar  to  chat  at  (x  - xo)/Sg  • -12. 

Hypersonic  SBLI 

For  the  hypersonic  problem  a nuad>er  of  zero-  and 
one-equation  variations  have  been  tested,  and  a few 
preliminary  tests  using  the  two-equation  models  have 
been  made.  Results  comparing  two  zero-  and  two  one- 
equation  model  predictions  will  be  discussed  first.  In 
these  comparisons,  the  zero-equation  models  are  the 
unmodified,  equilibrium  or  baseline  model,  and  the  modi- 
fied, nonequilibrium  or  relaxation  model.  The  unmodi- 
fied one-equation  model,  called  model  A,  is  the  basic 
G-R  model  described  in  the  text.  It  is  Identical  to 
model  1 used  in  the  TSBLI  study,  except  chat  Che 
Prandtl  numbers  and  Pr;^  are  excluded  from  the 

argument  of  Che  function,  H,  in  Eq.  (25).  The  modified 
one-equation  model,  called  model  B,  is  an  extensive Iv 
modified  model  in  which  the  length  scale  I and  the 
constant  Rg  in  Eq.  (23)  have  been  adjusted  so  as  to 
force  agreement  of  predictions  with  measurements  of 
surface  pressure  and  heat  transfer.  The  length  scale 
functions  for  these  two  models  are  shown  in  Fig.  3. 

The  process  by  means  of  which  model  B was  developed  is 
described  more  fully  in  Ref.  18. 

Surface  predictions.  Predictions  of  surface 
pressure  are  compared  with  measurements  in  Fig.  7(a). 

In  these  comparisons,  both  the  unmodified  zero-  and 
one-equation  models  overpredlct  the  measured  peak  pres- 
sure, and  fail  to  predict  the  plateau  pressure  rise. 

The  separation  bubble  predicted  by  these  two  models  Is 
very  thin  (see  Fig.  8).  The  reason  for  this  is  that 
the  predicted  eddy  viscosity  is  too  large  in  the 
neighborhood  of  the  maximum  pressure  gradient,  espe- 
cially in  Che  middle  part  of  the  boundary  layer.  This 
permits  Che  high-speed  fluid  in  the  ou‘ tr  part  of  Che 
boundary  layer  to  exert,  through  elev  - nd  shear,  coo 
great  a force  in  opposition  to  Che  pressure  gradient. 

The  high  pressures  downstream  are  thus  prevented  from 
strongly  influencing  the  flow  further  upstream. 

Predictions  of  surface  pressure  are  improved  using 
the  modified  zero-enuaciop  (or  relaxation)  model.  In 
this  case  the  eddy  viscosity  in  the  critical  region  of 
maximum  pressure  gradient  is  reduced,  being  now  a com- 
bination of  Che  low  upstream  value  and  the  high  local 
value.  The  improvements  using  this  model  appear 
limited,  however,  in  chat  it  has  not  been  possible  to 


achieve  a higher  pressure  plateau  or  lower  peak 
pressure  hy  varying  the  relaxation  constant  C^.  In 
addition,  as  will  be  discussed  below,  this  modal  Is 
deficient  In  predicting  skin  friction  and  heat 
transfer. 

The  surface  pressure  prediction  of  the  modified 
onc-equatlon  model  S provides  the  best  agreement  with 
measurements.  The  modification  by  means  of  which  this 
prediction  was  achieved  was  done  by  lowering  the  maxi- 
mum value  of  the  length  scale  upstream  of  the  Inter- 
action to  Lmax  ' O.lSdoi  1°  conformity  with  recent 
experimental  results  of  Backx  and  Richards  (20)  and 
Chen  lowering  it  even  more  in  the  interaction  zone,  as 
shown  In  Fig.  3.  This  modification  alone  to  the  outer 
values  of  the  length  scale  produced  essentially  Che 
same  surface  pressures  as  shown  for  model  B,  although 
additional  modifications  to  the  imar  length  scale  were 
required  for  the  Improved  skin-friction  and  heat- 
transfer  predictions  of  model  B. 

Skln-fricclon  and  heat-transfer  predictions  are 
shown  in  Figs.  7(b)  and  7(c).  In  this  case  all  the 
models  predict  a rcatcachmenc  point  (Cf  • 0) , downstream 
of  Che  measured  point.  This  seems  to  be  an  inherent 
characcsrlsclc  of  all  models  tested  to  date.  The  best 
prediction  of  reaccachment  Is  provided  by  the  onc- 
equatlon  model  A,  and  the  worst  is  provided  by  the 
zero-equation  relaxation  model.  The  unmodified  zeror 
and  one-equation  models  (Baseline  and  Modal  A)  over- 
predlct  maximum  skin  friction  and  show  a delayed  rise 
in  surface  heat  transfer.  The  modified  zero-equation 
(relaxation)  model  grossly  undcrpredlcts  skin  friction 
and  heat  transfer  downstream  of  reattachsMnt. 

Improved  predictions  of  Cf  and  Ch  with  the 
relaxation  modal  can  be  made  by  lowering  the  value  of 
the  relaxation  parameter,  C^.,  but  in  this  case  surface 
pressure  predictions  suffer.  It  is  felt  that  surface 
pressure  is  the  more  important  prediction  variable 
since  if  pressure  predictions  are  poor  but  Cf  and  C{{ 
predictions  good,  then  modeling  changes  Improving  pres- 
sure will  more  chan  likely  adversely  affect  skln- 
fricclon  and  heat-transfer  predictions.  Conversely  if 
surface  pressure  predictions  are  good  Chen  modeling 
changes  to  improve  Cf  and  Cy  can  generally  be  made 
without  adversely  affecting  pressure  predictions. 

The  above  effect  Is  Illustrated  by  the  predictions 
of  Che  one-equation  model  B,  in  which  surface  heat 
transfer  is  predicted  accurately  and  best  overall 
agreement  in  skin  friction  Is  achieved.  The  improved 
agreement  Is  attained  using  the  adJusesMne  function  g 
shown  In  Fig.  3.  In  this  modification,  Che  length 
scale  in  Che  separation  zone,  close  to  the  wall,  is 
grtatly  increased  over  Its  unmodified  value,  resulting 
In  large  Incraases  in  kinetic  energy  and  eddy  viscosity. 
The  maxlmtim  value  of  the  length  scale  In  this  adjust- 
ment Is,  however,  unchanged.  The  adjustment  was  done 
by  modifying  g in  such  a way  as  to  force  agreement  of 
heat  transfer  predictions  with  measuresMnes.  Initial 
attempts  CO  force  agreement  with  Cf  were  made  but 
were  unsuccessful  In  chat  Che  rcattachment  point  could 
not  be  made  to  move  upstream  to  coincide  with  the  meas- 
ured point.  The  severe  adjustments  to  L embodied  In 
Che  adjustment  function  g were  found  to  have  very 
litcle  effect  on  surface  pressure  predictions. 

Velocity  profile  predictions.  Measured  and  com- 
puted velocity  profiles  are  shown  In  Figs.  8(a)-8(e). 

The  locations  of  these  profiles,  in  terms  of  dimension- 
less distance,  (x-Xo)/6o,  are  also  Indicated  and  may 
be  referred  to  Fig.  7.  Figure  8(c)  shows  profiles  of 
maximum  flow  reversal.  In  this  case  the  locations  of 
Che  corresponding  measured  and  computed  profiles  differ 
by  about  a third  of  a boundary- layer  thickness.  In  all 
ocher  cases  the  locations  are  the  same. 


Comparing  Che  profiles  of  maximum  flow  reversal 
(Fig.  8(c)),  it  Is  observed  Chat  the  unmodified  zero- 
and  one-equation  models  fall  to  produce  a profile  chat 
is  even  close  to  Che  measured  one.  The  reason  for  this 
has  already  been  Identified:  the  eddy  viscosity  In  the 
region  of  maximum  pressure  gradient.  In  the  middle  cf 
Che  boundary  layer.  Is  too  large.  The  modified  zero- 
and  one-equaclon  models,  on  the  ocher  hand,  are  consid- 
erably better  In  their  predictions.  The  characteristics 
of  interest  for  these  profiles  are  their  curvature  In 
the  region  of  flow  reversal  and  their  maximum  negative 
velocities.  The  one-cquaClon  model  B provides  Che  best 
predictions  of  these  characteristics.  This  Is 
explained  by  the  modification  to  the  Inner  length  scale 
made  to  achieve  Improved  heat-transfer  predictions. 

The  relatively  large  Increases  in  kinetic  energy  and 
eddy  viscosity  close  to  the  wall  resulting  from  the 
modification  directly  account  for  the  reduced  profile 
curvature  and  maximum  negative  velocity. 

Figure  8(b)  compares  profiles  close  to  separation. 
Here  again  the  one-equation  model  B provides  the  best 
predictions.  The  reason  probably  Is  due  to  the 
Increased  eddy  viscosity  close  to  the  wall  as  explained 
previously. 

Figures  8(d)  and  8(e)  compare  profiles  downstream 
of  reattachment.  In  these  cases  the  unmodified  zero- 
equation  or  baseline  model  provides  the  best  overall 
predictions,  closely  followed  by  the  unmodified  one- 
equation  model  A. 

The  modifications  embodied  In  the  one-equation 
model  B,  although  complicated,  have  provided  some 
Insight  into  what  Is  required  In  a good  turbulence 
model.  Modifications  such  as  these  should  and  will  be 
tried  for  the  zero-equation  models,  and  will  likely 
result  In  Improved  predictions.  It  Is  clear,  however, 
chat  unless  the  modifications  can  be  correlated  with 
flow-field  variables  they  will  not  be  very  useful  or 
universal.  Correlations  of  this  type  have  been  cried 
for  the  one-equaclon  model  without  much  success  (IS). 

For  this  reason  the  cwo-equatlon  models  are  attractive 
because  they  automatically  provide  a length  scale  which 
embodies  more  physics  of  the  flow  chan  do  the  zero-  and 
one-equaclon  models.  Preliminary  results  using  a cwo- 
equatlon  model  will  now  be  described. 

Preliminary  two-equation  model  predictions.  Pre- 
liminary results  using  the  Jones-Launder  two-equation 
model  are  shown  in  Fig.  9.  The  model  used  is  a varia- 
tion of  Che  original  J-L  model  In  chat  Che  low  Reynolds 
number  terms,  2u(kV)|  and  luuiku^y/oc  In  Eq.  (26),  are 
created  differently.  The  first  term  Is  replaced  by 
luk/y*-  (which  Is  similar  to  the  corresponding  one- 
equaclon  model  term)  and  the  second  term  Is  omitted 
entirely.  Numerical  difficulties  in  the  Initial  devel- 
opment stages  of  the  cwo-equatlon  model  code  thought  to 
be  due  to  poor  resolution  of  Che  derivatives  In  these 
terms  led  to  this  replacement.  The  upstream  length 
scale  function,  L^,  used  to  define  c,  and  used  In 
Eq.  (31)  CO  place  bounds  on  c,  is  0.32  times  the 
upstream  length-scale  function  used  for  the  onc- 
equatlon  model  B._  The  bounding  length  scales  arc 
^ln*0.f  U)  And  Imax  * 2 boundary  condition 

on  c Is  tv  ■ 0 at  the  wall. 

The  solution  presented  for  the  two-equation  model, 
near  the  reaccachment  point  and  downstream  of  It,  Is 
unsteady  In  time,  oscillating  with  a frequency  cf  about 
3000  Hz.  It  Is  not  known  whether  this  unsteadiness  Is 
physical  or  numerical  but  experimental  measurements  of 
Che  flow  also  exhibited  unsteadiness,  with  spikes  In 
Che  energy  spectrum  at  frequencies  of  10000,  ISOOO,  and 
20000  Ht. 

Figure  9(a)  shows  the  envelopes  of  the  computed 
surface  pressures  taken  over  the  last  two  cycles  cf 
oscillation.  Figure  9(b)  shows  the  computed  surface 
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preisure  at  chc  poinc  of  maxlmuEi  excursion  and  are 
caken  over  the  last  four  cycles  of  osclllaclon.  The 
cocal  numocr  of  cycles  from  the  Inlcial  scare  is 
approximately  nine,  about  tvlce  Che  time  required  to 
achieve  steady-state  solutions  for  the  one-equatlor. 
models. 

It  Is  premature  to  make  any  conclusions  from 
these  results  other  chan  to  state  chat  the  specific 
computer  code  and  specific  turbulence  model  used  have 
Che  capacity  to  produce  unsteady  solutions  chat  may 
simulate  observed  phenomena.  It  Is  quite  possible 
that  changes  or  Improvements  In  the  code  or  model  will 
produce  results  In  conflict  with  chose  presented  here. 

coNa.ror.vG  rqiasks 

This  paper  has  described  how  one-  and  two-equaclon 
turbulence  models  have  been  Incorporated  Into  the  new 
Navler-Scokas  algorithm  In  use  at  the  Asms  Research 
Center,  and  has  presented  Initial  results  using  the 
models.  The  reductions  In  computing  time  resulting 
from  Che  new  algorithm  pccmlcced  the  Initiation  of  a 
sysccsuclc  study  of  turbulence  models  for  complex  flows. 
It  Is  quite  probable  that  turbulence  models  developed 
for  simpler  attached  flows  will  not  be  adequate  for 
accurate  predictions  of  complex  separated  flows.  The 
development  of  Improved  turbulence  models  Is  then 
essential  for  progress.  The  Improvement  will  coise 
only  from  a close  coordination  of  experimental  and  com- 
putational research.  This  paper  emphasizes  the  compu- 
tational aspect  of  this  research  and  Illustrates  some 
of  Che  complexities  Involved. 

The  results  presented  Indicate  chat  Che  one- 
cquaclon  turbulence  model  Is  superior  In  some  respects 
to  Che  zero-equation  models.  For  chz  transonic  case. 
Improved  predictions  of  velocity  profiles  and  skln- 
frlcclon  downstream  of  separation  are  achieved  with 
few  or  no  modifications  to  the  basic  one-equaclon 
model.  For  the  hypersonic  problem,  where  the  extent 
of  separation  Is  greater,  neither  of  the  unmodified 
models  does  well.  The  modified  zero-equation  model 
discussed,  and  many  others  tested  but  not  discussed, 
have  not  been  a great  Improvement  over  Che  unmodified 
model.  This  does  not  mean  chat  future  modifications 
CO  the  zero-equation  models  will  not  be  successful.  It 
simply  means  they  are  not  yet  known. 

The  one-equaclon  model  occupies  a unique  position 
within  Che  class  of  eddy  viscosity  models.  In  essence 
It  conaclcutes  a bridge  between  Che  simple  zero- 
equation  models  and  chc  more  complicated  two-equaclon 
models.  An  apparent  disadvantage  of  the  one-equaclon 
model  is  the  algebraic  length  scale  but  this  In  fact 
may  be  a strength,  as  discussed  by  Reynolds  (7).  The 
freedom  to  manipulate  Che  length  scale  to  fit  data  may 
result  In  knowledge  leading  to  improvements  In  the  one- 
and  two-equaclon  models,  or  It  may  lead  In  directions 
as  yet  unknown.  The  complicated  adjuacments  In  Che 
one-equation  model  to  achieve* improved  agreement  with 
experiment  In  Che  hypersonic  problem  are  simply  an 
example  of  how  knowledge  can  be  gained  in  this  way. 

It  Is  hoped  chat  similar  adjustments  will  not  be 
necessary  for  Che  two-equaclon  models. 

The  results  presented  here  are  Initial  In  nature 
and  In  no  way  suggest  the  so-called  universal  turbu- 
lence model.  With  due  regard  to  chc  complexities 
involved,  the  position  taken  must  be  and  Is  to  test 
the  best  turbulence  models  available  using  the  best 
computer  algorithms  available  on  Che  beat  documented 
flows  available  with  confidence  that  the  knowledge 
thus  gained  will  ultimately  lead  to  progress. 
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layer  Interaction  experlnent 
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Fig.  3 Length  scale  functions  used  for  one-equation 
aodels 
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Fig.  5 Comparison  of  velocity  profile  measurements 
with  zero-  and  one— equation  model  predictions 
for  the  transonic  shock  boundary-layer  Inter- 
action experiments  (RSx<j*  3.67»10^,  1.44) 
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6 Comparison  of  turbulent  kinetic  energy  profile 
measurements  with  one— equation  model  2 predictions 
for  the  transonic  shock  boundarv-layer  interaction 
experiment  (Rexj,  • 3.67«10’,  M^»l.-«) 


13.27 


8 Comparison  of  velocity  profile  measurements 
with  zero-  and  one-equation  model  predictions  for 
the  hypersonic  shock  boundary-layer  interaction 
experiment  (Rex,,  • 1. 3*10^,  M„"6.85,  6 *15’) 
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7 Comparison  of  surface  pi'essure,  skin-friction 
and  heat-transfer  measurements  with  zero-  and 
one-equation  model  predictions  for  the  hypersonic 
shock  boundarv-laver  interaction  experiment 
(Rexo-l-J^lO',  M.-6.83.  0-15*) 


Fig.  9 Comparison  of  surface  preesure  measurements 
with  two-equation  model  predlctlonN  for  the 
hypersonic  shock  boundarv-layer  Interaction 
experiment  (Rex  - 1.3k10',  “ 6.35,  5 • 15*) 
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ABSTRACT 

Previously  reported  work  on  two- 
dimensional  separated  flows  (e.g.  refer- 
ences 1 to  S)  has  shown  wide  discrepancies 
between  results  obtained  on  similar  geo- 
metric configurations.  The  results  pres- 
ented In  this  paper  show  how  variations  In 
upstream  conditions  (almost  Inevitable 
from  one  experimental  rig  to  another)  can 
produce  differences  In  flow  characteristics 
large  enough  to  explain  such  discrepancies. 

The  work  was  carried  out  in  an  open 
circuit  wind  tunnel  having  a working  sec- 
tion of  rectangular  cross  section  contain- 
ing a step. 

The  Reynolds  No.  of  the  flow  in  the 
approach  to  the  step  was  about  10’.  Measu- 
rements were  made  with  a DISA  hot-wire 
anemometer  system  In  the  centre  plane  of 
the  duct  where  the  flow  was  truly  two- 
dimensional  . 

The  approach  flow  conditions  studied 
included  simple  duct  flow,  duct  flow  with 
boundary  layer  suppression  and  duct  flow 
with  Imposed  shear. 

Spatial  distributions  of  mean  velo- 
city, turbulence  intensity  and  shear  stress 
are  presented  as  functions  of  upstream 
velocity  profile  for  two  separate  step 
heights. 

NOMENCLATURE 

u • local  value  of  streamwise  component 
of  mean  velocity 

u.  ~ average  value  of  the  streamwise  velo- 
city of  the  flow  approaching  the  step 

(u )^/Ug  - streamwise  component  of  the 

turbulence  intensity  normalised 
w.r.t.  the  mean  approach  flow 
velocity 

(u 'V ' )/u^  “ turbulent  shear  stress  norma- 
lised w.r.t.  the  mean  approach 
flow  velocity. 

y - mean  value  of  stream  function 

mean  value  of  total  stream  function 
across  the  duct  upstream  of  the  step 


INTRODUCTION 

A brief  survey  of  published  experiment- 
al data  on  two-dimensional  separated  flows 
created  by  downstream-facing  step  configura- 
tions reveals  wide  discrepancies  In  distri- 
butions of  turbulence  parameters.  Figs  1 
and  2 show  a comparison  of  the  maximum  tur- 
bulence intensity  and  the  maximum  shear  stress 
values  published  by  Tmilet  al  (1),  Mueller 
et  al  (2),  Chaturverdi  (3),  Abbott  and  Kline 
(4)  and  Denham  (5) . 

There  may  be  two  reasons  for  the  dis- 
crepancies shown  in  these  figures: 

(1)  the  different  geometries  used  by  each 
author  does  not  allow  strict  comparison  as 
attempted  In  figures  1 and  2. 

(ii)  the  methods  used  by  the  various  authors 
to  collect  and  analyse  their  data  (mostly 
hot-wire)  were  varied  and  prone  to  error . 

The  double  step  (or  single  step  back- 
to-back)  results  of  Chaturverdi  should  ob- 
viously be  treated  with  reservation  in  view 
of  the  often  asymmetric  nature  of  such  flows. 
However  the  flow  geometries  used  by  the  re- 
maining authors  are  very  similar  and  this 
prompted  a closer  look  at  the  Influence  of 
approach  flow  condition  on  the  nature  of  the 
flow  after  separation  In  a downstream-facing 
step  situation.  Tani  et  al  and  Abbott  and 
Kline  declare  their  support  to  the  popularly 
held  view  that  the  high  degree  of  turbulence 
created  upon  separation  swamps  any  contribu- 
tion which  may  be  made  by  the  approach  flow 
conditions  to  the  nature  of  the  recircula- 
ting flow.  In  both  cases,  however,  some 
noticeable  effect  of  approach  flow  conditions 
was  measured . 

EXPERIMENTAL  ARRANGEMENTS 

The  present  results  were  obtained  as 
part  of  a wider  study  of  separated  flows 
using  the  open  circuit  wind  tunnel  sketched 
In  figure  3.  Interchangeable  working  sec- 
tions consisted  of  rectangular  ducts  having 
height  to  width  ratios  of  9:1  to  provide  a 
two-dimensional  flow  over  the  central  region . 
Working  sections  were  made  with  step  enlar- 
gements of  various  sizes.  The  condition  of 
the  flow  approaching  the  step  could  be  varied 
by  means  of  a shear  profile  generator  which 
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could  b«  Inaorted  between  the  exit  of  the 
tunnel  contraction  and  the  entrance  to 
working  section.  The  generator  was  placed 
a sufficient  distance  downstream  of  the 
contraction  so  that  It  did  not  Interfere 
with  contraction  performance  and  a suffi- 
cient distance  upstream  of  the  step  so  that 
the  flow  had  settled  down  before  reaching 
the  separation  plane.  The  shear  profile 
generator  was  manufactured  according  to  the 
design  of  Owen  and  Zlenklewlcz  (6)  and 
consisted  of  an  array  of  parallel  tensioned 
wires  the  spacing  of  which  controlled  the 
amount  of  shear  Imparted  to  the  flow. 

ANEUOHETRT  TECHNIQUE 

Following  the  early  efforts  of  Escu- 
dier  (7)  several  attempts  have  been  made  to 
produce  a technique  which  will  allow  the 
constant  temperature  hot-wire  anemometer 
to  be  used  In  studies  of  highly  turbulent 
Flows.  In  the  main  these  new  techniques  are 
based  upon  an  analysis  of  a squared  wire 
response  equation  and  multiple  measurements 
at  a point . They  differ  in  the  method  used 
to  separate  the  mean  and  fluctuating  velo- 
city components.  For  example,  the  techni- 
que used  by  Bodl  (8)  achieved  separation 
by  making  order  of  magnitude  ass\imptions 
about  velocity  terms  In  a manner  analogous 
to  that  used  In  a conventional  hot-wire 
analysis.  The  results  reported  in  this 
paper  are  based  upon  a technique  developed 
by  Davies  (9)  In  which  separation  of  velo- 
city terms  Is  achieved  via  assumptions 
about  the  nature  of  the  wire  signal.  Refi- 
nements Include  a more  accurate  wire  response 
equation  (Siddall  and  Davies  (11),  Davies 
and  Patrick  (12))  and  allowance  for  the 
effect  of  instantaneous  flow  reversal  (dl 
.Gesso  and  Davies  (10)).  This  technique 
appears  to  give  plausible  results  when 
applied  to  a free  Jet  (see  dlGesso  and 
Davies  (10))  but  for  the  purpose  of  the 
present  work  the  absolute  accuracy  achieved 
Is  secondary  to  the  trends  shown  by  the 
results . 

RESULTS 

The  results  given  here  are  distribu- 
tions of  normalised  mean  streamwlse  velocity 
component,  streamwlse  turbulence  Intensity 
component  and  shear  stress  for  three  sepa- 
rate approach  flow  situations  and  two  differ- 
ent step  heights.  The  approach  flow  condi- 
tions ware 

(I)  unobstructed  duct  flow  with  natural 
boundary  low  growth  between  the  wind  tunnel 
contraction  and  the  point  of  flow  separation. 

(II)  flow  leaving  the  wind  tunnel  contract- 
ion passed  through  uniformly  spaced  wires 
(effective  boundary  layer  suppression)  before 
reaching  the  separation  point. 

(ill)  flow  leaving  the  wind  tunnel  contract- 
ion passed  through  a shear  profile  generator 
before  reaching  the  separation  point. 

Power  spectral  density  measurements, 
not  reported  here,  showed  that  for  all  flow 
situations  no  periodicity  was  present  In  the 
approach  flow. 


Mean  Velocity  Distributions 

The  least  spectacular  effect  of  a change 
In  the  nature  of  the  flow  approaching  the 
separation  point  was  reglstered_ln  the  dis- 
tributions of  mean  velocity,  u/Ug. 

Figure  4 shows  three  sets  of  normalised 
mean  velocity  profiles  for  the  case  of  a flow 
from  a 100  mm  duct  Into  a 150  mm  duct  via  a 
so  mm  step.  In  all  the  figures  showing  dis- 
tributions within  the  working  section,  the 
linear  duct  dimensions  are  distorted  such 
that  the  cross  stream  distance  Is  twice  the 
downstream  distance.  This  Is  to  allow  more 
clarity  of  presentation  of  profiles.  Figure 
5 shows  normalised  mean  velocity  profiles  for 
flow  from  a 100  mm  duct  Into  a 175  mm  duct 
via  a 75  mm  step.  The  full  curves  represent 
the  situation  of  unobstructed  duct  flow 
approaching  the  separation  point.  The  dashed 
curves  show  the  results  obtained  when  the 
shear  profile  generator  was  used  with  uniform 
ly  spaced  wires.  The  dotted  curves  show  the 
results  obtained  with  a degree  of  shear  in- 
troduced Into  the  approaching  flow. 

Figures  6 and  7 show  the  normalised 
stream  function  distributions  for  uninter- 
rupted flow  over  the  50  mm  and  75  mm  steps 
respectively. 

Turbulence  Instensltv  Distributions 

Figures  8 and  9 show  the  distrlbutlons_ 
of  streamwlse  turbulence  Intensity,  (u'^):/uo 
for  the  SO  mm  and  75  mm  steps  respectively 
and  for  the  flow  situations  corresponding  to 
those  shown  In  figures  4 and  5 respectively 
l.e.  full  curves  - natural  boundary  growth, 
dashed  curves  - boundary  layer  suppressed, 
dotted  curves  - upstream  shear  Introduced. 

Shear  Stress  Distributions 

Figures  10  and  11  show_the  distributions 
of  turbulent  shear  stress,  u'v'/ug’,  for  the 
50  mm  and  75  mm  steps  respectively.  Again 
the  full  curves  show  the  situation  prevailing 
when  the  flow  enjoys  an  uninterrupted  Journey 
towards  the  point  of  separation.  The  dashed 
curves  show  the  result  obtained  when  the  flow 
Is  passed  through  a uniformly  spaced  array  of 
wires  (no  results  for  75  mm  step) . The  dot- 
ted curves  show  the  distributions  of  shear 
stress  associated  with  a uniformly  sheared 
approach  flow. 

DISCUSSION 

The  effect  of  changes  In  the  nature  of 
the  flow  approaching  the  plane  of  separation 
are  most  noticeable  In  the  distributions  of 
turbulence  Intensity  and  shear  stress  across 
the  shear  layer.  This  result  is  In  contrast 
to  the  view  that  turbulence  generation  upon 
separation  Is  so  dramatic  that  changing  the 
flow  approaching  the  separation  plane  can 
have  little  effect.  This  view  was  perhaps 
based  on  observations  of  changes  In  mean 
velocity  profiles  and  compounded  by  uncer- 
tainties associated  with  measurement  tech- 
niques In  highly  turbulent  flows. 

The  effect  of  suppressing  boundary 
layer  growth  by  passing  the  approach  flow 
through  a uniformly  spaced  wire  array  la  to 
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deflect  the  "shear  wedge"  towards  the  step 
side  of  the  flow.  Relntroductlon  of  a small 
degree  of  shear  in  the  upstream  flow  appears 
to  pull  the  "shear  wedge"  back  somewhat  to- 
wards the  centre  of  the  duct . 

The  variations  In  turbulence  Intensity 
and  shear  stress  distribution  brought  about 
by  the  changes  In  the  nature  of  the  approach- 
ing flow  are  large  enough  to  explain  the  dis- 
crepancies between  previously  reported  re- 
sults on  very  similar  geometrical  configura- 
tions. These  discrepancies  may  have  been 
caused  by  variations  In  approach  flow  condi- 
tions or  by  variations  In  the  unspecified 
anemosetry  techniques  employed  by  the  various 
authors.  We  feel  sufficiently  confident  In 
the  anemometry  technique  employed  by  us  that 
we  can  attribute  the  principal  changes  In 
flow  parameters  downstream  of  separation  to 
the  changes  In  flow  parameters  upstream  of 
sepau-atlon . 
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KEY  TO  FIGURES 

unobstructed  flow  between  contraction 

and  working  section. 

approach  flow  passed  through  uniformly 
spaced  wires  thus  diminishing  boundary 
layer  thickness  at  separation. 

approach  flow  passed  through  shear 

profile  generator  and  thus  possessing 
uniform  shear  at  separation. 
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Figure  1 

Comparison  of  Ma.ylmum  Turbulence  Intensities 
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Figure  5 

Profiles  of  u/u^  for  a 75  mm  step 
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2.  Settling  chambers 

3.  Contraction 

4.  Working  section  with  step 


Figure  3 


Sketch  of  Wind  Tunnel  Arrangement 


Figure  6 - Distribution  of 
for  unobstructed  flow  over  s 50  mm  step 
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Figure  9 - Profiles  of  turbulence 
intensity  for  75  on  step 
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ABSTRACT 


Greek  lynbols 


The  solution  of  cwo-diaenslonal,  time- averaged 
conservation  equations,  in  elliptic  form,  is  reported 
for  a range  of  boundary  conditions  corresponding  to 
seven  practical  flow  configurations.  The  solution 
procedure,  which  is  aobodied  in  the  TEACH  computer 
program,  is  described  and  numerical  tests  reported. 
The  calculated  properties  of  the  seven  flows  are 
compared  with  experiment  and  demonstrate  that  the 
procedure,  with  a two-equation  turbulence  model,  pro- 
vides adequate  precision  for  many  engineering  appli- 
cations. The  two-equation  model  rs  shown,  however, 
to  be  deficient  in  detail. 


exchange  coefficient  for  i 

viscosity 

density 

dissipation  of  energy 
kinematic  viscosity 
shear  stress 

general  dependent  variable 
rib  height 


Subscripts 


NGHENCLATURE 


P 

s 

S 

=t 


area 

coefficient  in  equation  6. 


b 

c 

d 

eff 


pressure  coefficient, 
constants  in  turbulence  model. 


constant  in  turbulence  model. 
Curtet  number  defined  by : 

1 .1  ...2, 


t 2 - ^ 


m 


) da  - ^ 


D,d 

E 

h 

k 

P 

P 

r 

R* 

R 

S 

Sj 

St 

T 

U 


law  of  wall. 


i<u^ 


-2  -2, 

V ♦ w ) , 


2/(WU  0 r^)di/(R/pu  rdr) 


b 

X 

Y 

yi 

'/a 


diameter, 
constant  in 
enthalpy . 

kinetic  energy  of  turbulence 
pressure, 
pitch  of  ribbed  rouq^ness  elements . 

Schmidt  or  Prandtl  number  for  any  variable  d 
radial  distance  from  axis  of  symmetry. 
Reynolds  ntoaber. 
radius  of  duct, 
swirl  number  defined  as: 
source  or  sink  of  variable  $ 

Stanton  number, 
absolute  tessera ture. 
mean  axial  velocity, 
axial  normal  stress, 
mean  radial  velocity. 
radial  normal  stress,  (:'v  ). 
mean  tangential  velocity.  . 
tangential  normal  stress,  (■'w") 
velocity  vector, 
axial  coordinate 
radial  coordinate, 
distance  normal  to  the  wall. 


fu 

G 

i 

j 

lam 

m 

max 

min 

tot 

t 

w 

0 


annular 

bulk 

coolant 

position  of  maximum  tangential  velocity 

effective  (i.e.  containing  both  laminar  and 

turbulent  effects) 

fuel  stream 

free  stream 

species 

3st 

laminar 

mean 

minimum 

total 

turbulent 

wall 

centreline 


1.  INTRODUCTION 


width  of  the  annular  space. 


In  the  classical  literature,  'or  instance 
Schlichting  (1)  and  the  papers  referred  to  therein, 
turbulent  recirculating  flows  receive  slight  attention 
due  to  the  unavailability  of  appropriate  solution 
tediniques.  However,  the  past  two  decades  has  seen 
the  development  of  'mathematical  models'  of  such  flows 
(2,3)  which  allow  them  to  be  described  in  terms  of  a 
closed  set  of  differential  equations;  and  of  computer- 
based  numerical  methods  capable  of  solving  the  equa- 
tions, such  as  those  described  in  references  (4)  and 
(5).  The  latter  method  in  particular  has  allowed 
solutions  to  many  important  turbulent  flows . For 
example,  problems  such  as  wall  jets  (6) , wall  jets 
with  backward-facing  steps  (7)  and  diffusion  flames 
in  furnaces  (8)  were  considered  and,  to  an  extent, 
explained  by  the  procedure  of  reference  (5) . An 
important  disadvantage  of  this  method  was,  however, 
the  use  of  stream  function  as  dependent  variable  since 
it  precluded  convenient  extension  to  three-dimensional 
flows. 


13.35 


i 


PRECEDINO  PAOl  BLAMC-NOT  PIIMKD 


In  recent  years,  n'jnerical  schemes  for  the  so- 
lution of  the  two-or  three-dimensional  elliptic 
equations  appropriate  to  recirculating  flows,  have 
been  reported  by  many  workers  including  Caret' .o  et 
al.  (9)  and  make  'jse  of  the  so-called  primitive 
variables  i.e.  the  numerical  analysis  has  been  per- 
formed with  pressure  and  velocity  as  dependent 
variables  and  spatial  coordinates  as  independent 
variables . These  procedures  appear  to  be  more  con- 
venient to  use  than  that  of  reference  (5)  but  their 
applicability  to  a wide  range  of  turbulent  recircu- 
lating flow  problems  has  not  been  reported  and  an 
assessment  is,  therefore,  lacking.  One  purpose  of 
this  paper  is  to  allow  this  assessment  by  making  use 
of  the  procedure  of  reference  (9)  to  solve  equations 
appropriate  to  a range  of  two-dimensional  recircula- 
ting flows.  For  this  purpose,  it  is  embodied  in  the 
'TEACH'  computer  program  described  in  (10) . 

The  procedure  described  in  reference  (10)  allots 
the  solution  of  elliptic  partial  differential 
equations  of  the  form: 


It  may  also  be  emphasised  t.nat  the  availability' 
of  experimental  data  in  recirculating  f i ows  is 
considerably  less  than  for  bcundary-layer  flows. 

The  reason  is  that,  although  conventio.nal  measuring 
techniques  such  as  pressure  and  hot-wire  probes  may 
be  'used  with  satisfactory  precision  in  boundary- 
layer  flows,  this  is  not  so  in  regions  of  recircula- 
tion. It  is  not  easy  to  assess  the  precision  of 
measurements  by  these  techniques  in  recirculating 
flows  and,  to  an  extent,  this  renders  the  assessment 
of  turbulence  models  difficult.  It  is  to  be  hoped 
that  the  Increasing  'use  of  laser-Doppler  anemometry 
will  improve  this  sit-jation  in  the  near  future. 

The  paper  has  been  prepared  in  three  main 
sections  which  describe  respectively:  the  numerical 
procedure  and  general  tests  which  have  been  carried 
out;  the  physical  assumptions,  their  basis  and  their 
status  with  respect  to  alternatives;  and  the  results 
of  calculations.  The  paper  ends  with  a discussion 
and  conclusion  section. 

2.  EQUATIONS  AND  SOLUTION  PSOCEDUHE 
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where  r»l  converts  the  equation  from  the  cylindrical 
form  to  the  rectangular  Cartesian  form.  The  descrip* 
tion  of  turbulent  flows  by  equations  of  this  type 
presumes  that  the  time^mean  values  of  the  dependent 
veuriables  of  the  turbulent  flow,  i.e.  can  be 
represented  by  this  form  of  equation  together  with 
appropriate  boundary  conditions.  Since  equation 
represents  a two*dimensional,  time-average  form  of 
the  Navier*Sto)ces  equations , this  implies  that  the 
flow  must  be  two-dimensional,  that  the  time  depen- 
dence of  the  flow  can  be  characterised  by  a turbu- 
lence model  and  that  the  tu^ulence  model  can  have 
the  form 


r.  - u u,  (2) 
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In  cime-averaging  Che  Naviar-Scokas  equation, 
information  has  been  lost  and  the  solution  of 
equation  (1)  with  any  turbulence  model  can  serve 
only  as  an  approximation.  It  is  to  be  hoped  that  a 
convenient  and  general  form  of  turbulence  model 
exists  which  will  allow  the  representation  of  the 
important  characteristics  of  tuAulent  flows.  A 
second  purpose  of  this  paper  is,  therefore,  to 
determine  the  extent  to  :dilch  turbulent  models  of 
the  type  described  in  reference  (3)  can  be  used  to 
represent  turbulent  flows.  The  present  calculations 
have  bean  performed  with  a 'two-equation'  model  (11, 
12,  13,  14)  euid  comments  relating  to  the  sir^lifica- 
tion  or  extension  of  this  model  are  provided. 

To  achieve  the  two  purposes  stated  in  the  pre- 
vious paragraphs,  seven  flow  situations  with 
significant  ellipcicity  ara  axamined.  Firstly,  the 
influence  of  the  finite-difference  grid  is  deter- 
mined; the  influence  of  boundary  conditions  is  then 
considered;  and  the  cuxbulenca  modal  is  appraised  by 
comparing  cha  calculated  flow  properties  with 
available  measurements.  A sample  number  of  calcu- 
lations outsida  tha  range  of  experiments  arc  also 
provided  as  an  illustration  of  tha  use  of  the  pro- 
cedure for  design  purposes. 


2.1  Differential  Equations 

The  set  of  partial-difference  conservation 
equations  (pdes)  taken  to  govern  the  flows  examined 
herein  are  compactly  represented  by  equation  (1)  and 
the  accompanying  Table  1,  which  lists  the  dependent 
variables  and  the  associated  definitions  of  F^  and  S^: 
these,  when  substituted  into  equation  (1)  give  rise 
to  the  familiar  continuity,  momentum  (axial,  radial 
and  tangential)  and  thermal  energy  equations,  together 
with  those  for  turbulence  energy  and  its  dissipation 
rate.  The  task  of  the  solution  procedure  is  to  solve 
this  equation  set  with  the  appropriate  boundary  condi- 
tions (which,  due  to  the  elliptic  nature  of  the  pdes, 
take  the  form  of  prescriptions  on  b or  its  normal 
gradient  at  all  boundaries  of  the  solution  domain)  and 
auxilietry  algebraic  equations  su:di  as  (7)  for 
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Finite-Difference 


For  tile  purposes  of  solution  the  flow  domain  is 
overlaid  with  a rectangular  grid  (Figure  1)  whose 
intersection  points  or  'nodes'  denote  the  location  at 
which  all  variables,  with  the  exception  of  the  veloci- 
ties, are  calculated.  The  latter  are  computed  at 
locations  mid-way  between  the  pressures  which  drive 
them,  as  indicated  by  the  arrows  in  Figure  1.  The 
nodes  of  a typical  grid  cluster  are  labelled  as  P,  N, 
S,  E and  M. 

The  finite-difference  counterpart^  of  the 
general  pde  (1)  is  derived  by  supposing  that  each 
variable  is  enclosed  in  its  own  control  volume  or 
'cell',  as  illustrated  in  Figure  1.  The  pde  is 
integrated  over  the  control  volume,  with  the  aid  of 
assumptions  about  the  relations  between  the  nodal 
values  at  b and  the  rates  of  ereation/destruction 
of  this  entity  within  the  cells  and  its  transport 
by  convection  and  diffusion  across  the  cell  bounda- 
ries. The  former  is  represented  in  linearised 
form  as: 
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when  Pe  is  large  in  magnitude.  Bere  the  subscripts 
P and  W refer  to  the  central  and  W nodes  respectively, 
and  w denotes  the  intervening  cell  boundary.  Assem- 
bly of  the  above,  and  similar  expressions  for  the 
remaining  boundaries  yields  the  fde; 
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where:  I denotes  summation  over  the  neighbouring 
nodes,  N,  S,  E and  Wt  Ap  i ^A^i  and  Sq  and  Sp  arc 
deduced  from  the  $(('*  of  Table  1.  Equations  of  this 
Icind  are  written  fox  each  of  tha  variables,  o,  V,  M, 
A,  e and  h at  every  call,  with  appropriate  modifica- 
tions being  made  to  the  total  flux  expressions  (4) 
and  (5)  at  calls  sdjoining  tha  boundaries  of  the 
solution  doawin  to  take  account  of  the  conditions 
imposed  there. 


An  aquation  for  tha  remaining  unlcnown  pressure, 
is  obtained  by  combining  the  continuity  and  oomenttm 
equations  in  the  manner  explained  in  Reference  (9): 
this  entails  connecting  changes  in  pressure,  denoted 


'^Excluding  the  continuity  equation,  which  receives 
special  treatment. 


V-(»ll 

Fig.  1.  Grid  arrangement 


by  p'  with  changes  in  the  velocities  O',  V by 
approximate  formulae  derived  from  the  momentum  fdes. 
Suostitution  of  these  formulae  into  the  continuity 
equation  then  yields  a pde  for  p*  similar  to  (6) , 
with  Sq  now  representing  the  local  continuity  im- 
balance in  the  prevailing  velocity  field. 


Solution  Algorithm 


The  fdes  are  solved  by  iteration,  employing  inner 
and  outer  iteration  sequences.  The  outer  sequence 
involves  the  cyclic  application  of  the  following  steps 
firstly,  a field  of  Intermediate  axial  and  radial 
velocities,  denoted  by  U*  and  V*,  is  obtained  by  sol- 
ving the  associated  momentum  equations  using  the  pre- 
vailing pressures  p*.  Then  continuity  is  enforced, 
by  solving  the  equations  for  p'  and  thereby  determin- 
ing the  required  adjustments  to  the  velocities  and  the 
pressures.  The  equations  for  the  remaining  variables 
are  then  solved  in  turn,  and  the  whole  process  is  re- 
peated until  a satisfactory  solution  is  obtained. 


The  inner  iteration  sequence  is  employed  to  solve 
the  equation  sets  for  the  individual  variables.  Solu- 
tion is  by  a form  of  block  iteration,  in  which  a sim- 
ple recurrence  'orstulae,  described  in  Reference  10 
among  others,  it  used  to  solve  simultaneously  for  the 
C's  along  each  grid  line,  in  the  line-by-line 
counterpart  of  point  Gauts-Seidel  iteration.  Complete 
convergence  of  the  inner  sequence  is  not  necessary, 
and  usually  one  to  three  applications  of  the  olock 
procedure  suffices. 
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2.4  Mxscallenous  0«tail3 

Convargencg  and  accuracy  The  simultaneous  and 
non-linear  character  of  the  fdes  necessitates  that 
special  measures  be  employed  to  procure  numerical 
stability  (converpence) ; these  xnclude  under-relaxa- 
tion of  the  solution  of  the  momentum  and  turbulence 
equations,  with  factors  typically  ih  the  range  0.3- 
0.5;  and  linearisation  of  the  non-linear  source/sink 
terms  in  the  equations  for  k and  c. 

The  numerical  solution  is  required  to  pass  two 
acceptance  tests:  firstly,  it  must  satisfy  the  fdes 
when  substituted  into  them  (typically,  the  imbalance 
must  be  1\  or  less);  and  secondly,  it  must  be  in- 
variant with  further  increase  in  the  number  of  grid 
nodes.  Details  will  be  given  of  Che  grids  found  to 
be  satisfactory  for  the  individual  test  cases. 

Boundary  conditions  at  walls  and  outlets  Special 
practices  are  employed  to  impose  the  boundary  condi- 
tions at  impermeable  walls:  these  are  described  in 
section  3 below.  As  for  outlet  planes,  the  condi- 
tions at  these  are  seldom  )cnown,  so  the  practice 
here  employed  is,  unless  otherwise  stated,  to  locate 
(by  trial  and  error)  the  outlet  boundary  in  a region 
where  the  flow  is  strongly  outwards-directed,  and 
therefore  insensitive  to  downstream  conditions.  It 
then  suffices  to  estimate  Che  streamline  direction, 
which  in  the  present  exasples  is  taken  as  normal  to 
the  boundary:  the  upwind  differencing  practice  en- 
sures that  tha  remaining  conditions  are  automatically 
applied. 

3.  PHYSICAL  .MODELLING 
3.1  Turbulence  Models 

As  can  be  seen  from  Table  1,  the  equations  for 
turbulence  energy  and  dissipation  rate  involve  four 
constants.  In  addition,  the  equation 

■4.  • C.  ak‘/t  (7) 

t 0 

is  necessary  to  close  the  sac  of  equations;  this 
involves  one  further  constant.  The  five  constants 
necessary  for  the  turbulence  model  are  shown  in 
Table  2:  they  are  identical  with  chose  recocnanded 
in  rafarenca  (10) . 


Table  2.  Turbulence  modal  constants 
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The  validity  of  the  two-equation  turbulence 
model  has  been  tested  previously  for  the  case  of 
recirculating  regions  downstream  of  blunt-body 
baffles.  Pope  and  Ii'nitelaw  (14)  demonstrated  that, 
although  it  could  not  accurately  represent  the 
length  of  the  recirculating  region  or  the  development 
of  the  downstream  wake,  it  was  only  marginally  less 
satisfactory  than  five-equation  models.  It  can  be 
expected,  therefore,  that  the  two-equation  model  will 
result  in  predictions  of  turbulent  recirculating 
flows  which  are  less  than  perfect;  on  the  other 
hand,  it  is  necessary  to  quantify  the  extent  of 
any  discrepancies  which  result  from  the  model  over 
a wide  range  of  flow  situations. 

3.2  Wall  Functions 

In  order  to  minisiiza  computer  storage  and  run 
times,  the  dependent  variables  at  the  wall  were 
linked  to  chose  at  the  first  grid  node  from  the  wall 
by  equations  which  arc  consistent  with  the  logarith- 
mic "law  of  the  wall".  Thus,  the  resultant  velocity 
parallel  Co  the  wall  in  question  and  at  a distance  y^ 
from  it  corresponding  to  the  first  grid  node  was 
assumed  to  be  represented  by  tha  'law  of  tha  wall' 
aquation 

V O kV(7  /D)  - 7 ln{E  C.''  k**  y C/u)  <8) 

O D ' w < D I 

from  which  the  wall  shear  stresses  ware  obtained  in 
solving  the  moracntiss  equations, 

Tha  calculations  of  turbulent  kinetic  energy  and 
Che  rate  of  dissipation  at  the  first  grid  node  were 
determined  in  a manner  consistent  with  the  use  of  the 
law  of  the  wall  for  the  mean  velocity  components: 
details  are  given  in  references  (10)  and  (11) . 

In  Che  present  numerical  procedure , the  above  wall 
functions  could  readily  be  replaced  by  those  appropri- 
ate Co  the  viscous  sub  layer  and  previously  employed 
in  boundary  layer  procedures  (11).  An  important  con- 
sequence for  the  calculations  of  the  following  section 
would  however  be  large  increases  in  the  required 
storage  and  run  time. 

4 . RESULTS 

The  calculations  presented  in  this  section  are 
intended  to  demonstrate  chat  the  present  numerical 
procedure,  endbodying  its  two  equation  turbulence 
modal,  can  be  used  for  calculations  in  a range  of  flow 
configurations.  These  configurations  are  presented  in 
an  order  which  conforms  approximately  to  increasing 
sllipcicicy  of  the  equations  which  describe  the  flow, 
i.e.  Che  turbulent  diffusion  in  the  x and  y directions 
tend  to  the  same  magnitude.  In  each  case,  the  geometry 
and  flow  arrangement  are  described  and  the  results 
presented  and  compared  with  available  measurements. 

All  of  the  calculations  discussed  below  were  per- 
formed with  20x20  grid  nodes  except  that  of  4,7  which 
required  30x30  nodes.  The  corresponding  storage 
requirements,  on  a CDC  6600  ra.nged  from  approximately 
20k  words  Co  40k  words.  The  corresponding  calculation 
times  ranged  from  approximately  100  to  6(30s  and  were 
longer  than  might  normally  be  required  since  sspecially 
stringent  convergence  criteria  wars  imposed.  It  should 
be  emphasised  that  the  locatien  of  the  grid  nodes  to 
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ensure  grid-independent  solutions  requires 
experience  end  skill. 

i.l  Swirling  Pipe  flow 

experiaentel  investigations  of  Weske  and 
Sturov  (15)  relate  to  the  flow  of  swirling  air  in  a 
pipe.  The  degree  of  swirl  was  varied  according  to 
the  rotational  velocity  of  Che  inlet  pipe  and  the 
neasurements  of  three  velocity  components,  obtained 
with  a hot  wire  anemometer,  were  recorded  at  down- 
stream locations  for  two  values  of  the  ratio  of  the 
maximum  tangential  velocity  to  the  mean  axial  velo- 
city at  the  inlet  plane.  The  measured  values  of 
mean  velocity  components  and  the  corresponding  tur- 
bulence intensity  were  available  at  the  inlet  plane 
and  were  used  as  boundary  conditions)  the  rate  of 
dissipation  in  the  inlet  plane  was  calculated  from 
the  expression; 

e - /O.OOSD 

which  presumes  the  existence  of  a constant  mixing 
length  across  the  duct.  The  downstream  boundary  con- 
dition corresponded  to  zero  x-gradiants  and  ware 
assigned  at  a value  of  x/D  ot  160.  The  calculated 
results  were  found  to  be  cos^aratively  insensitive  to 
meshes  greater  than  16  x 16. 

Figures  2 and  3 show  the  calculated  values  of 
the  tangential  component  of  velocity,  W,  for  the 
two  degrees  of  swirl  and  at  downstream  locations 
corresponding  to  x/D  of  0.35  and  5.1  respectively; 
the  corresponding  profiles  of  turbulence  )cinetic 
energy  are  also  presented.  The  measurements  and 
calculations  are  in  general  agreament.  Discrepancies 
exist  close  to  the  wall  of  the  pipe  and  may  be 
attributed  to  the  two-equation  turbulence  model 
which  is  Jtnown  to  be  ii^erfect  for  axisymmetric 
flows.  The  wall  jet  calculations  of  references  (6) 
and  (7)  and  the  confined  jet  calculations  of 
reference  (3)  showed  similar  trends.  The  discrepan- 
cy may  be  attributed,  at  least  in  part,  to  equation 
(7)  which  requires  that  the  location  of  zero  velo- 
city gradient  be  identical  with  that  of  zero  local 
shear  stress. 

Swirling  flow  in  a pipe  may  also  be  achieved 
with  the  aid  of  va.nes.  An  experiment  of  this  type 
was  carried  out  by  Ba)cer  (16)  who  measured  mean 
velocity  coB^nents,  with  a direction-sensitive  im- 
pact probe,  at  a number  of  values  of  x/D  and  with  a 
swirl  number,  S,  defined  as  SP/uwr^dr/vDU^  D^)  of 
0.55.  (Ulculations  were  performed  to  compare  with 
these  results  at  x/D  of  15  euid  35.  The  inlet  pro- 
file sf  the  radial  velocity  component  was  assumed 
to  decrease  linearly  with  radius  to  a value  of 
-C.2^,  near  the  wall  but  numerical  tests  showed  that 
the  inlet  profile  did  not  influence  the  calculations 
of  Figure  4 significantly;  the  inlet  tangential 
velocity  profile  was  assumed  to  inorease  linearly 
with  the  radius. 

The  assumed  y:inetic  energy  and  dissipation  cate 
profiles,  which  correspond  to  a mixing  length 
assui^tion,  did  not  have  a svgnificant  influence  on 
calculations  downstream  of  x/D  of  4 and  did  not, 
therefore,  i.nfluence  the  results  of  Figure  4.  The 
downstream  bbundary  conditions,  i.e.  3o/3x  « O, 
weze  assigned  at  x/D  of  100.  Figure  4 compares 
measured  and  calculated  values  of  the  tangential 
velocity  component  at  two  downstream  locations  and 
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rig.  4 Measured  and  calculated  profiles  cf 
tangential  velocity  in  the  swirling 
pipe  flow  of  reference  16. 
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clearly  demonecracee  ciiat  the  calculations  lie  within 
the  axperiaental  scatter.  The  results  of  Roberts 
(17)  obtained  with  the  corputer  program  of  reference 
(5),  a two-equation  turbulence  taodel,  and  an  aniso- 
tropic viscosity  model  are  shown  for  comparison. 

The  swirling  pipe  flow  calculations  require  the 
solution  of  elliptic  equations  because,  as  is  clearly 
shown,  the  tangential  component  of  velocity  varies 
significantly  in  the  longitudinal  ind  radial  direc- 
tions. The  gradients  in  the  radial  direction  are. 
however,  greater  than  chose  in  the  axial  direction 
and  the  extent  of  the  ellipticity  of  the  equaUons 
which  represent  the  flow  is  less  than  will  be  encoun- 
tered in  subsequent  problems.  The  main  defects  of 
the  results  presented  on  Figures,  2 3 and  4 stem 
from  the  two-equation  turbulence  models.  The  need 
for  a model  to  represent  the  non-isotropy  of  swirling 
flows  has  been  discussed  by  Idlley  (18),  for  example, 
and  partly  developed  by  Morse  (19)  and  Ribeiro  (20). 

4.2  Pipe  Jet  With  and  Without  Swirl 

The  extent  of  mixing  and  recirculation  was  inves- 
tigated by  Barchilon  and  Curtet  (21)  and  Craya  and 
Curtet  (22)  for  a jet  of  air  in  a pipe;  this 

arrangement  induced  a secondary  flow  through  the 
annulus  formed  between  the  jet  nozzle  and  the  pipe 
diameter  and  resulted  in  recirculation  in  the  vicini- 
ty of  the  pipe  wall  for  high  values  of  jet  to  annulus 
velocity  ratio.  The  investigations  of  reference  (21) 
and  (22)  were  carried  out  in  a duet  of  diameter 
0.162m  and  a nozzle  diameter  of  0.012m.  The  static 
and  total  head  pressures  were  recorded  at  various 
^cations  in  the  flow  for  a variety  of  velocity  ratios. 
The  results  are  shown  on  Figures  5a  and  5b  in  terms 
of  the  Curtet  number  and  the  ratio  of  mass  flowing  in 
the  upstream  direction  to  that  in  the  downstream 
direction.  The  corresponding  calculations  are  shown 
on  the  figures  and  were  obtained  from  a JcnowlSdge' of 
the  mean  jet  velocity,  a„d  assumed  inlet  profiles 
of  velocity,  Itinetic  energy  and  dissipation  rate. 

The  initial  velocity  profile  was  assumed  to  be  that 
of  a fully  developed  turbulent  pipe  flow  with  a 
corresponding  distribution  of  turbulent  Jcinetic 
energy  and  dissipation  based  on  a mixing  length 
assumption,  bownstream  boundary  conditions,  corres- 
ponding to  zero  x-gradients  were  assigned  at  a value 
of  x/D  of  10.  Numerical  tests  showed  that  these 
assumed  boundary  conditions  had  no  influence  on  the 
calculations  shown  on  Figure  5. 


Fig.  5 Measured  and  calculated  variations  of 
recirculation,  zero  size  and  location  with  pipe  jet 
flow  of  references  21  and  22. 

*e  • 3 X 10*  •,!  Nessurenants  — Calculations 


The  calculations  are  in  reasonable  agreement 
with  the  measurements  although  the  latter,  as  might 
be  expected  from  the  simple  instrumentation,  show 
considerable  scatter  and  are  subject  to  an  uncertai.ic.- 
which  is  difficult  to  specify.  The  experimental 
uncertainty  is  iikmly  to  be  greatest  at  large  Curtet 
number,  due  to  the  use  of  pitot  tubes,  and  this  is 
reflected  in  the  experimental  scatter.  The  calcula- 
tions of  El-Ghobashi  (23),  obtained  with  a )c-c 
turbulence  model  and  a different  numerical  scheme, 
are  in  general  agreement  with  the  present  results. 

In  the  more  recent  measurements  of  Craya  and 
Utrysito  (24)  , a direction-sensitive  citot  probe  was 
wed  to  measure  the  centre  line  axial  velocity  distri- 
bution and  the  profiles  of  the  tangential  velocity  in 
a geometry  similar  to  that  described  above;  the  swirl 
was  induced  in  the  jet  flow  with  swirl  numbers  ran- 
ging frcm  .0-.81.  The  boundary  conditions  were 
assumed  to  be  similar  to  those  used  for  the  results 
of  Figure  5 with  the  additional  assumption  of  a linear 
profile  of  tangential  velocity  at  the  inlet  plane: 
the  influence  of  the  assumed  initial  conditions  did 
not  extend  beyond  the  first  two  grid  lines,  i.e.  x/D 
of  0.15.  Calculations  were  performed  for  a ratio  of 
annulus  to  jet  mass  flow  rate  of  15  and  for  five 
swirl  numbers.  As  indicated  on  Figure  6,  the  calcu- 
lations agree  with  the  experiments  at  low  swirl 
numbers  but  agree  less  well  as  the  swirl  number 
increases  to  0.81.  The  results  correspond  to  Curtet 
numbers  between  1.26  and  1.38  and,  in  )ceeping  with 
Figure  5,  did  not  reveal  recirculation.  Correspon- 
ding profiles  of  the  tangential  velocity  component 
are  shown  on  figure  7 and  allows  conclusions  consis- 
tent with  those  appropriate  to  Figure  6. 


Fig.  6 Measured  and  calculated  centreline  distributions 
of  mean  axial  velocity  in  the  pipe  jet  flow  of 
reference  24. 

R,  • 1.5  X 1(34  present  calculations 

0,A,T,x,C  measurements 


Fig.  7 Measured  and  calculated  profiles  of  mean 

tangential  velocity  in  the  pipe  jet  flow  of 
reference  24  for  S • 0.81. 

• measurements  present  calculations. 
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4.3  Flow  Ovr  A B«ekw«ni-fac:.i.<;  St«o 


Abbott  and  Klin*  CS)  obiarvad  turbulant  flow 
downstraam  oi  a plan*  auddan  axpansion  with  the  aid 
ai  smoh*  and,  in  th*  vicinity  of  th*  raattachmant 
position,  with  tufts.  The  results  tended  to  be  'luali- 
tativ*  but,  as  indicated  on  Figure  3,  th*  repeatabi- 
lity of  th*  deteraination  of  reettachment  is  remarlc- 
ably  good.  Th*  authors  observed  that  the  regions  of 
recirculation  on  both  side*  of  th*  syasetry  plan* 
were  identical  for  snail  expansion  ratioi  however,  for 
large  values  of  expansion  ratio,  th*  two  recirculatiai 
regions  appeared  to  interact  and  to  result  in  an  asyn- 
■setric  region  of  recirculation)  indeed,  at  sod*  condi- 
tions, two  regions  of  recirculation  were  observed  on 
on*  Sid*  of  the  synnetry  plan*  and  on*  on  th*  other. 
For  th*  syvatrical  situation,  the  reattachnant  loca- 
tion tended  to  correspond  to  approxioately  9h  a*  th* 
value  of  2h/d  increased  above  0.8. 

Th*  calculations  of  figure  3 were  obtained  In 
th*  rang*  of  2h/d  for  which  symmetry  had  been  ob- 
served and  they  are  clearly  in  good  agreement  with 
th*  experiments.  To  obtain  these  calculations,  a 
symmetry  plan*  was  asstmed  and  profiles  in  th*  cor- 
ner of  th*  step,  were  assumed  to  conform  to  half  of 
a fully  developed  channel  flow.  The  imposed  down- 
stream boundary  conditions,  were  again  taro  x-grad- 
dients  and  were  assigned  at.  different  downstream 
positions  depending  upon  th*  value  of  2h/d)  the 
actual  location  was  determined  by  trial  and  error 
with  th*  criterion  that  they  were  far  enough  down- 
stream not  to  influence  th*  upstream  calculations. 


Although  Abbott  and  Klin*  did  not  provide 
detailed  measurements  in  th*  recirculation  region, 
they  car.  be  provided  by  th*  calculation  procedure. 
Figure  9 indicates  velocity  profiles  corresponding 
to  three  values  of  2 h/d. 


recirculation  zone  'ength  with  expansion 
ratio  in  plan*  and  axisymmetric  flows. 

R,  • 5 X 10^  — present  calculation 

I uncertainty  bounds  of  measurements  of 
zeferencs  25.  
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4.4  Axisynaetric,  Sudden  Expansion  Flow 

The  flow  downstream  of  an  axisymmetric,  sudden 
enlargement  was  investigated  by  Back  and  Roschke  (26) 
for  a rang*  of  Reynolds  numbers  10*  to  10*  based  on 
th*  dismeter  of  th*  smaller  pip*.  Th*  expansion 
ratio  was  0.385.  Calculated  values  are  caopared 
with  measurements , at  turbulent  Reynolds  numbers , on 
Figure  3 which  also  present  the  calculations  and 
measurements  for  the  plans  exparaion  of  Abbott  and 
Kline:  the  single  measurement  of  Back  and  Roschke 
corresponds  to  a value  of  2h/d  of  1.6  and  x^/h  of 
3.5. 


As  an  example  of  th*  information  whid:  can  be 
obtained  from  th*  calculation  procedure,  Figure  10 


^in 

(a)  Contours  of  isovelocity, 
kinetic  energy  and 
pressure  for  ^M.385 

and  R ■ 5 X 10^. 

* 


(b)  Contour*  of  )t/w 
and  f/L  for 
^ 0.385  and 

° 4 

R • 5 X 10  . 

e 


(c)  Contour*  of  isovelocity .kinetic  energy 
and  pressure  for  "O.!  and  R^woxiO"* 


Fig.  10  Calculated  flow  properties  in  the  sudden 
expansion  geoaetry  of  reference  26. 
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has  bsen  preparad.  Its  prassnts  contours  of  axial 
mean  velocity,  static  pressure,  turbulence,  kinetic 
energy  and  length  scale  for  the  geooetry  of  Back 
and  Roschke  and  for  a Reynolds  number  of  oxlO" . 

There  are  no  measuremonts  with  which  to  compare  the 
calculations;  they  are.  however,  in  accord  with 
reasonable  expectations.  The  calculations  can 
readily  be  extended  to  indicate  wall  properties  such 
as  the  shear  stress  and  heat  transfer  coefficient, 
as  will  be  demonstrated  in  later  examples. 

The  above  calculations  were  performed  with  a 
velocity  profile  of  the  form 

U/U  - (l-2r/d) 
o 

assumed  xn  the  inlet  plane  of  the  expansion  and 
with  zero  x-gradients  assumed  at  x/D  of  16.  Tests, 
with  a uniform  axial  velocity  profile  at  iiUet 
indicated  different  dcwnstxeam  centreline  values  of 
mean  velocity,  by  up  to  5%,  but  then  become  negligi- 
ble at  x/D  of  2.8.  The  initial  values  of  turbulence 
kinetic  energy'  and  dissipation  rate  corresponded  to 
fully  developed  pipe  flow  and  did  not  have  a strong 
influence  on  the  downstream  flow. 

4.5  Flow  Over  Roughness  Rib  Slaments 


flow  properties  were  obtained  by  solving  the  conser- 
vation equations  of  mass,  aooent\mi,  turbulent-kinetic 
energy  and  its  dissipation  rate  and  the  stagnation 
enthalpy . 

No  inlet  profiles  of  mean  velocity  components, 
kinetic  energy  of  turbulence  and  dissipation  rate 
““f*  reported  in  reference  (27)  . the  mean  axial 
velocity  profile  at  inlet  was  assumed  to  be  that  of 
fully  developed  channel  flow;  the  radial  component 
to  be  zero;  and  the^kinetic  energy  distribution 
corresponded  to  k/lT*  0.005.  The  influence  of  varying 
k/U  between  0.003  and  0.03  on  the  centreline  velo- 
city distribution  was  less  than  4».  The  dissipation 
rate  was  assumed  to  follow  a mixing  length  hypothesis 
and  the  influence  of  this  assumption  dimiiushed  at 
downstream  distances  less  chan  one  rib  height.  The 
inner  roughened  wall  was  heated  with  1.2 

while  the  outer  smooch  wall  was  not  heated. 

Figure  12  presents  detailed  contours  of  mean 
velocity,  static  pressure,  turbulence  kinetic  energy, 
and  length  scale  for  the  smaller  pitch  to  rib  height 
ratio  of  Wilkie.  Once  again  there  are  no  measurements 
with  which  to  compare  and  the  calculations  are  pro- 
vided to  indicate  the  details  with  which  calculated 
results  can  be  obtained. 


The  flow  over  places  and  in  channels  with  sur- 
faces roughened  by  rib*  is  relevant  to  the  augmenta- 
tion of  heat  transfer  and  has  been  examined  experi- 
mentally, for  example,  by  Wilkie  (27)  and  Mantle 
( 23) , Wilkie  measured  the  fully-developed  pressure 
and  Stanton  number  distributions  in  an  juci-symmetri- 
cal  arrangement  with  two  ratios  of  pitch  to  rib 
height.  Measurements  and  calculations  are  shown  on 
Figure  11  and  arc  in  good  agreement:  there  were  no 
pressure  measurements  for  the  smaller  pitch  to  rib 
height  ratio.  An  indication  of  the  regions  of 
separated  flows,  obtained  from  the  calculations,  is 
also  provided  on  Figure  11.  The  calculated 


Fig.  11  Measured  a.nd  calculated  Stanton  number  and 
pressure  coefficient  distributions  between  two  rough- 
ness rib  elements, 

^ P/2.  • 15.  OjAmeasurements  of 

reference  27  . — present  ^icuiation*. 

(b)  P*  ■ 1.913x10’,  p/i  a 7.2.  i measurements  of 
reference  27  — present  calculation*. 


The  measurements  of  recirculation-zone  length 
obtained  by  Mantle  are  shown  on  Figure  13  together 
with  calculations  and  the  two  are  in  good  agreement. 
Although  Mantle  did  net  observe,  with  his  wool  tufts, 
reattachment  for  value  of  P,fl  less  than  6.6,  the 
calculations  indicate  reattachment  to  much  lower 
values:  for  values  of  P,®  less  than  around  2.5,  the 
calculation*  did  not  exhibit  recirculation. 

Figure  13  also  present*  calculated  values  of 
overall  Stanton  number  and  pressure  coefficient  for 
a range  of  pitch  to  rib  height  ratio*.  It  can  be 
seen  from  the  figure  that,  as  the  pitch  is  decreased 


(b) 


Fig.  12  Calculated  contours  of  mean  velocity, 

pressure,  kinetic  energy  and  length  scale 
for  the  flow  over  roughness  rib  element*. 

(a)  Contours  of  isovelocity  and  kinetic 
energy . 

(b)  Contour*  cf  k/uv  and  i/L. 
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and  icinccic  energy  are  in  good  agreesenc:  siaiZar 
caiculacions , with  a eisple  turbulence  model,  were 
obtained  with  a computer  program  bated  on  the  solution 
of  ecuations  for  stream  function  and  vorticity  (5) 
but  required  a longer  computing  time  and  storage.  In 
addition,  these  earlier  calculations  were  in  good 
agreement  with  measurements  largely  because  the  alge- 
braic length-scale  assumptions  was  formulated  cn  Che 
oasis  of  the  measurements. 

4.7  Flow  In  Pie  WaJee  Of  A Disc 


Fig.  13  Variation  of  recirculation  zona  length, 
overall  Stanton  number  and  pressure 
coefficients  as  a function  of  the  ratio 
of  rib  pitch  to  height. 

4 measurements  of  reference  28. 

— present  calculations. 


for  the  same  rib  height,  the  overall  Stanton  number 
and,  therefore,  the  heat  flux  to  the  wall  increases. 
Unfortunately,  the  required  pressure  drop,  as  indi- 
cated by  Che  pressure  coefficient,  also  increases 
and,  for  the  lower  values  of  P/^  the  rate  of  in- 
crease of  pressure  drop  is  similar  to  the  rate  of 
increase  of  heat  transfer  rate. 

4. 6 Plane  Wall-Jet  Flows 

Kacker  and  Hhitelaw  (29)  used  a hot-wire 
anemcoeter  to  measure  mean  velocity  and  turbulent 
kinetic  energy  downstream  of  wall  jet  geometries 
with  four  different  velocity  ratios  of  slot  to  free- 
stream  velocity.  In  the  particular  case  of  a thick 
slot  lip  there  is  a substantial  region  of  recircu- 
lation immediately  downstream  of  the  lip  and  this 
necessitates  the  solution  of  elliptic  aquations. 
Unlike  the  recirculation  regions  of  previous  flows, 
these  are  not  bounded  by  surfaces  on  two  sides. 

Measured  and  calculated  values  of  mean  velocity 
and  turbulence  kinetic  energy  are  presented  on 
Figure  14  for  two  values  of  the  velocity  ratio  and 
two  downstream  stations.  Hie  region  of  reversed  flow 
is  not  large  at  the  first  downstream  station  where 
measurements  are  available  and,  at  further  downstream 
stations,  the  influence  on  the  recirculation  has 
disappeared.  The  calculations,  however,  encompass 
the  region  of  recirculation  and  the  results  shown 
on  the  figures  have  been  influenced  by  upstream 
recirculation. 


Surao  and  lAiitelaw  (30)  reported  values  of  axial 
velocity  and  the  corresponding  normal  stress  measured, 
by  laser  anemometry,  in  the  wake  of  a disc  surrounded 
by  an  annular  jet.  The  measured  axial  distribution 
cf  velocity  and  a radial  profile  at  x.'O  of  0.3  are 
shown  on  Figure  15  together  with  calculations  on- 
tained  with  the  range  of  assumed  values  of  the  radial 
velocity  component  at  the  exit  from  the  annular  jet. 
Measured  initial  values  of  the  axial  velocity  compo- 
nent and  the  corresponding  normal  stress  were  used 
in  the  calculations. 

The  radial  velocity  component  was  initially 
assumed  zero  and,  as  can  be  seen,  the  agreement  be- 
tween calculation  and  measurement  is  imperfect.  In 
particular,  the  length  of  the  recirculation  region  is 
calculated  to  be  around  75%  of  the  measured  value  and 
the  minimum  velocity  is  overestimated.  The  influence 
of  finite  radial  velocity  is  also  shown  on  the  figure 
and  is  significant:  thus,  the  absence  of  measured 
initial  values  of  this  radial  component  can  be 
serious.  In  the  present  case,  the  radial  values  are 
likely  to  be  very  close  to  zero  and  the  discrepancies 
between  calculation  and  measurement  can  be  attributed 
more  to  the  turbulence  model  than  tc  incorrect  initial 
Condi tions . 

There  are  also  differences  between  calculations 
and  measurements  in  the  decay  of  the  centreline  velo- 
city in  the  jet  region  and  also  at  the  outer  edge  of 
the  jet.  The  former  can  be  attributed  to  the  turbu- 
lence model,  as  discussed  by  Pope  and  Hhitelaw  (14), 
but  the  latter  is  linked  to  the  distribution  of  grid 
nodes  in  the  outer  region  of  the  flow  and  to  the  ra- 
dial location  at  which  the  free  boundary  condition  is 
assigned.  For  the  calculations  of  Figure  IS,  the 
outer  grid  boundary  was  located  at  lOD  from  the  centre- 
line and  corresponded  to  34/3r  of  zero:  the  grid  mesh 
was  30x30  with  16  grid  nodes  between  the  velociry 
maximum  of  figures  15b  and  the  centreline.  Tests  with 
smaller  numbers  of  grid  nodes  suggested  that  the 
distributions  shown  on  Figure  ISb  were  grid  indepen- 
dent but  the  calculated  profile  in  the  outer  region 
cf  Che  jet  cannot  be  considered  to  be  independent  of 
radial  location  of  Che  assigned  boundary  condition, 
even  with  this  radial  location  at  100.  The  inner 
region  of  the  flow  was  not  influenced  Isy  Che  Iccaticr. 
of  the  boundary  condition  and  the  outer  region  became 
less  influenced  with  increasing  downstream  diameter. 

5.  CONCLUDING  ROIARKS 


The  initial  conditions,  with  t.he  exception  of 
dissipation  rata  which  was  calculated  with  the  help 
of  a mixing  length  assumption,  were  provided  in 
reference  (29)  : once  again  the  downstream  boundary’ 
conditions  of  zero  x-gradients  were  located  at  a 
station  such  chat  upstream  calculations  were  unin- 
fluenced. 

The  measured  and  calculated  values  of  velocity 


The  results  presented  in  the  previous  section 
demonstrate  chat  the  present  solution  procedure, 
together  with  conservation  equations  in  time-averaged 
form  and  a two-equation  turbulence  model,  can  be  used 
to  represent  a range  of  flows  with  adequate  precision 
for  many  engi.neering  applications.  The  procedure  is 
acceptably  economic  of  computing  time  and  storage 
and  can  be  adapted  to  a wide  range  of  boundary 
conditions . 
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Fig.  14  Maasurad  and  calculatad  profllaa  of  naan  ve- 
locity and  kinetic  energy  distribution  of  the  wall 
jet  of  reference  29. 

(a)  U^/Os  ~ 0.7S  O.A  maasuraBants 


Fig.  15  Measured  and  calculatad  values  of  naan  axial 
velocity  in  the  wake  behind  the  disc  of  reference  30. 

measurements 

— calculation  with  inlet  radial  velocity-0. 

— — calculation  with  inlet  radial  valocity-0.0 

— calculation  with  inlet  radial  velocity— 0.05U 

inlet 

(a)  centre-line  distributions 

(b)  radial  profiles. 


The  two-equation  turbulence  model,  although 
adequate  for  engineering  purposes,  does  not  allow  pre- 
cise representation  of  the  present  flows.  In  partic- 
ular, swirling-pipe  flow  and  bluff-body  stabilised 
flows  reveal  significant  discrepancies  between  calcu- 
lation and  experiment.  In  the  former  case,  the  non- 
coexistence of  the  velocity  maximum  and  zero  shear 
stress  are  shown  to  invalidate  the  effective  viscosity 
hypothesis.  In  regions  of  flow  recirculation,  and 
particularly  chose  attached  to  a single  surface,  the 
model  is  also  deficient  but  the  reason  is  less  easy 
to  identify.  Pope  and  Uhitelaw  have  demonstrated  that 
higher  models  do  not  result  in  a better  representation 
and  attribute  the  blame  to  the  ccoison  equation,  i.e. 
the  dissipation  equation.  In  view  of  the  assumptions 
contained,  it  is  likely  that  the  dissipation  equation 
is  Che  reason  for  at  least  part  of  the  deficiency. 

It  should  be  remembered,  however,  that  information  is 
lost  in  the  time-averaging  process  and  the  resulting 
equations  are  bound  to  be  less  than  exact. 
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ABSTSACT 

Scudie*  with  che  Direct  Interaction  Approxima- 
tion and  Burgers'  model  turbulence  of  both  the 
structure  and  performance  of  sub-grid  models  are 
reporteda  These  suggest  that  the  discrepancy  between 
Lilly's  evaluation  of  the  Smagorinsky  constant  and 
the  value  required  to  stabilise  practical  calculatiots 
is  not  due  to  che  effects  of  the  filter  nor  to  the 
unrealistic  spectral  form  assumed;  it  may  well  be  due 
to  inhomogeneicy a The  investigation  supports  the 
standard  eddy  viscosity  sub-grid  model,  and  suggests 
chat  the  performance  will  be  improved  if  the  local 
root  mean  square  strain  censor  is  replaced  by  an 
average  over  a large  volumea  Further  study  will  be 
needed  to  show  whether  this  modification  is  appro- 
priate for  large  eddy  simulations  of  the  Navier- 
Scokes  equations  a 

NOMENCLATURE 

A • non-dimensional  constant  in  sinusoidal 

driving  force  for  Burgers'  equation 
c • non-dimensional  constant  in  Smagorinsky 

sub-grid  model 

c.  ■ non-dimensional  constant  in  sub-grid  isodel 

for  Burgers'  equation 

DIA  • Direct  Interaction  Approximation 

E(t)  ■ .Mean  energy /unit  length  for  Burgers' 
equation 

E(k,t)  ■ energy/unit  scalar  wavenumber 
f ■ forcing  function  in  Burgers'  equation 

G(x,x')  • filter  function;  G(k)  Fourier  transform 

• general  field  variable;  g • grid  scale 
component;  g'  • sub-grid  scale  component 

• finite  difference  mesh  interval 

■ scalar  wavenumber;  k ■ vector  waveniaiber 

■ cut-off  wavenumber 

• wavenumber  in  i direction 

• wavenumber  peak  in  assumed  spectral  form 

• Kolaiogorov  constant 

• length  of  Burgers'  flow  field 

■ scalar  wavenumber,  also  kinematic  pressure; 
£ ■ vector  wavenumber;  ^ • grid  scale  kine- 
matic pressure 

■ residual  stress  in  Burgers'  equation 

• residual  stress  in  Navier-Stokes  equations 

■ scalar  wavenumber;  £ • vector  wavenumber 
)•  inertial  transfer  of  energy/unit  wavenumber 

into  and  out  of  wavenumber  k 

• grid  scale  rate-of-s train  tensor  squared 

• grid  scale  rate-of-strain  tensor 
U(lc)  • backscatcar  of  energy/unit  wavenumber 

I 

I 


u 


u. 
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<1 

e 

^ev 


r 


mv 


• fluid  velocity  in  Burgers'  equation 

• i component  of  fluid  velocity;  u.  grid 

scale  component;  u.'  sub-grid  scale 
component  ^ 

- position  of  shock  front 

■ averaging  length  scale 

■ dissipation  rate;  t ~ grid  scale  component 

• eddy  viscosity  dissipation  rate 

■ filtered  molecular  viscosity  dissipation 
rate 

■ resolvable  scale  dissipation  rate 

- sub-grid  scale  dissipation  rate 

• kinematic  viscosity 

• outscatter  eddy  viscosity  coefficient 

- eddy  viscosity  coefficient 

• eddy  viscosity  coefficient  in  Burgers' 
equation 

■ frequency  of  sinusoidal  driving  force  in 
Burgers'  equation 


Superscripts 


A • triangle  condition  |k-?|srsk*p 

U » average  of  variable  over  length  W 


1,  ISTRODVCIiaH 


Several  numerical  simulations  of  high  Reynolds 
number  three  dimensional  turbulent  flows  have  been 
reported  in  the  literature  (1,2, 7, 17, and  18) . These 
have  all  been  Large  Eddy  SimlTlations,  in  which  sub- 
grid models  are  used  to  represent  the  non-linear 
interactions  between  grid  and  sub-grid  scales  of 
motion.  Despite  the  success  of  these  calculations  it 
is  still  not  clear  either  how  accurate  the  sub-grid 
modelling  is,  nor  how  accurate  it  needs  to  be. 

Large  Eddy  Simulations  are  solutions  of  the 
spatially  filtered  Navier-Stokes  equations  and  give 
the  motions  of  the  large  eddies  only.  They  assume 
that  the  velocity  field  car.  be  divided  into  large 
and  small  eddies,  and  that  the  motions  of  the  large 
eddies  can  then  be  calculated  separately.  This  is 
possible  because  the  motions  of  the  large  eddies  are 
not  sensitive  to  the  details  of  the  small  dissipation 
eddies,  which  need  not  therefore  be  represented  in 
the  calculation.  The  method  further  assumes  that  the 
non-linear  interactions  between  the  large  eddies  and 
small  eddies  can  be  approximated  in  terms  of  the  large 
eddies  only,  that  is,  by  a sub-grid  model.  The  first 
assumption  is  necessary  because  the  great  range  in 
size  of  eddies  present  in  a high  Re  flow  means  that 
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Che  Kevier-Scokes  equations  cannot  be  solved  by  a 
head-on  computational  attack.  The  second  assumption 
is  necessary  to  conserve  energy  in  a purely  large- 
eddy  simulation. 

Grid  scale  variables  are  defined  by 

gU.C)  • / g(x',t)  G(x,x')dx'  (1) 

space 

and  sub-grid  variables  by 

g'(x,t)  - g(x.t)  - f(x,c)  . C) 


Reynolds  number  is  very  high:  moreover,  a limited 
number  of  exact  time-dependent  solutions  is  known. 
These  solutions  can  be  compared  with  the  correspond- 
ing coarse  mesh  solutions  using  sub-grid  modelling 
techniques,  and  this  comparison  has  been  repeated 
both  for  single  realizations  and  ensemble  averages. 
This  permits  us  to  explore  the  effectiveness  of  the 
techniques. 

2.  APPLICATIONS  OF  CLASSICAL  CLOSURES  TO  SUB-GRID 
MODELLI.NG 


This  follows  Che  notation  of  Leonard  (10) , G denoting 
a filter  function  with  characteristic  length  A. 
Filtering  the  Navier-Stokes  equations  according  to 
eqn  (I)  we  obtain 


Tf  “i  ^i  “j  * *ij>  - 

J 


where 


(3) 


2.1  The  nature  of  the  problem 

The  flow  will  be  supposed  to  be  homogeneous,  and 
the  analysis  will  be  made  in  wavenumber  space  through- 
out. The  sub-grid  scales  will  be  nearly  homogeneous 
except  near  boundaries,  but  the  grid  scales  cannot  be 
so.  The  effect  of  inhomogeneicy  on  sub-grid  modelling 
is  not  known:  indeed,  it  is  one  of  the  most  important 
questions  in  this  field  of  investigation.  The  class- 
ical closures  are  able  to  handle  anisotropy,  but  for 
purposes  of  exposition  we  shall  suppose  chat  all 
scales  are  isotropic.  We  shall  also  use  the  spheri- 
cally sharp  filter 


R.  . - (IT.  H.  - u.  TI.)  ♦ u.  ' u.  ♦ u.  ' u.  + u.  ' u.  ')(4) 
ij'ij  ij  ij  jl  ij' 


G(k)  - 1 if  k i K| 


(5) 


denotes  the  residual  stresses.  The  dependent 
variables  in  eqn  (3)  vary  smoothly  over  lengths  of 
0(A)  and  thus  permit  the  use  of  a relatively  coarse 
mesh.  Without  filtering  the  mesh  interval  h would 
need  to  be  smaller  chan  the  smallest  dissipation  eddy, 
demanding  the  use  of  a very  fine  mesh  with  far  more 
grid  points  chan  can  be  accommodated  on  existing 
computers.  The  price  paid  for  making  the  calculation 
tractable  on  a relatively  coarse  mesh  is  that  the  u- ' 
are  unknoim.  To  close  the  filtered  equations  of 
motion  terms  involving  the  Uj^'  must  be  approximated 
by  expressions  involving  the  'u^.  This  is  the  tech- 
nique of  sub-grid  modelling. 

Although  there  are  strong  reasons  for  believing 
sub-grid  models  to  be  more  universal  chan  one  point 
closure  isodcls  , the  choice  of  sub-grid  model  can 
nevertheless  greatly  influence  the  success  of  a large 
eddy  simulation.  A wide  variety  of  subgrid  models, 
filters,  boundary  conditions  and  finite  difference 
schemes  have  been  cried.  Yet  despite  this  neither 
Che  optimum  choice  of  sub-grid  model  nor  the  reasons 
for  making  the  choice  are  clear.  This  is  because 
the  complex  interaction  between  the  physics  and  the 
nusMrics  in  a large  eddy  simulation  meant  that  it  is 
very  difficult  to  unscramble  the  effects  of  the  var- 
ious processes  present.  This  in  cum  implies  chat  it 
is  difficult  to  study  the  effectiveness  of  sub-grid 
modelling  procedures  by  numerical  calculations  on  the 
high  Re  Navier-Stokes  equations.  We  have  therefore 
examined  the  nature  and  effectiveness  of  sub-grid 
modelling  by  using  a classical  closure,  the  Direct 
Interaction  Approximation  or  DIA  (^,  8)  and  by  num- 
erical solution  of  Burgers'  equation. ~ The  DIA  gives 
approximate  closed  equations  of  motion  for  the 
evolution  of  the  velocity  covariance,  and  yields  a 
detailed  picture  of  the  energy  transfer.  This  permits 
us  to  explore  the  structure  of  the  terms  responsible 
for  Che  sub-grid  energy  drain  in  large  eddy  simula- 
tions, but  the  investigation  is  limited  to  the  en- 
semble average  of  the  aquations  of  motion.  Burgers' 
equation  is  a one-dimensional  analogue  of  the  Navier- 
Stokes  equations.  Its  one-dimensional  character 
means  chat  all  scales  of  motion  can  be  modelled  in 
the  computation,  even  if  the  (equivalent  of  the) 


• 0 if  k > K, 

to  illustrate  the  principles  of  the  work.  (G(k)  is 
the  Fourier  transform  of  the  function  G(x-x')  defined 
by  equation  (1)).  With  this  simple  filc?r7  wavenumbers 
< K|  belong  CJ  Che  grid  scales  and  chose  with  wave- 
numbers  > K]  to  the  sub-grid  scales.  Ocher  filters 
have  been  studied  and  results  for  them  are  reported 
below,  but  the  physics  is  particularly  clear  when  the 
form  (S)  is  used. 

Energy  transfer  from  one  wavenumber  to  another 
and  particularly  from  grid  scales  to  sub-grid  scales, 
is  by  interaction  between  a wcvenumber  triad  k,p,r 
whose  members  can  form  a triangle.  For  isotropic 
turbulence  the  inertial  transfer  depends  on  scalar 
k,p,r  only  and  the  triangle  condition  reduces  to 

|k-pUrs  k*p  . (6) 

The  equation  of  motion  for  E(k,t),  Che  energy  per  unit 
scalar  wavenumber  range  is 

+ 2vk^jE(k,c)  • forcing  term  ♦ 

♦ j IJ  S(k|p,r)dpdr  . (7) 

For  a large  eddy  simulation,  k will  be  in  the  grid 
scale  range  k<K| . The  "forcing  term"  which  sustains 
the  turbulence  is  local  in  wavenumber  space  and  will 
be  represented  in  the  numerical  scheme. 

The  second  term  on  the  right  side  of  equation 
(7>  represents  inertial  transfers  into  and  out  of 
wavenumber  k.  The  affix  A on  the  integral  signs  in- 
dicates that  p r are  constrained  by  the  triangle 
condition  (6):  the  region  of  integration  is  shown  in 
figure  I.  Superimposed  on  this  figure  are  the  lines 
p,r  • K|  which  divide  it  into  grid  and  sub-grid  regions. 
The  contribution  from  p,r<R|  (region  I in  the  figure) 
represents  inertial  transfers  within  the  grid  scales, 
and  these  will  be  explicitly  included  in  the  large 
eddy  simulation.  Contributions  from  the  other  three 
regions  represent  transfers  between  grid  and  sub-grid 
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scales 


Fig  I Regions  of  inccgracion  for  che  inercial 
cranifer  cerm. 
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If  there  is  a long  inertial  range,  it  may  be  shown 
that 

<S>  « <€>-^5  . (11) 

Equation  (10)  is  therefore  modified  to 


where  c is  a non-dimensional  constant. 

To  form  an  equation  of  motion  compatible  with 
(7)  from  the  Smagorinsky-Lilly  procedure,  one  must 
multiply  the  raw  equation  of  motion  ((3)  plus  (8) 
plus  (12))  by  u.  and  then  perform  the  ensemble 
averaging  operaHon  <>  on  the  ensuing  raw  energy 
equation.  The  result  for  homogeneous  turbulence  is 
of  the  form 

sub-grid  term  ‘ ^ u.  • (^  u . ♦ ^ u ) (13) 

J j 1- 

where  "sub-grid  term"  is  that  part  of  the  inercial 
transfers  which  is  not  explicitly  represented  in  the 
large  eddy  simulation  (see  eqn  (7)).  Lilly  evaluated 
this  sub-grid  term  by 

I . assianing 


The  problem  of  sub-grid  modelling  is  to  portray 
the  latter  class  of  transfers  as  functionals  of  grid 
scale  quantities  such  as  E(k,t).  To  do  this,  we  must 
know  (or  guess)  the  functional  dependence  of  S(k{p,r) 
on  E(k,t)  and  only  the  classical  closures  provide 
this  sort  of  detail.  This  problem  therefore  provides 
a rather  unique  instance  in  which  the  complexity  of 
these  closures  is  positively  necessary,  in  which  they 
can  provide  results  of  practical  value,  and  where  no 
simpler  method  can. 


sub-grid  term  • - <v_><-^  u.  •(•?!-  u.  + u.)> 

i . 1 oa  • I jX  . j 

1 J >• 

..^2^2  <S>l/2  u .(-jI-  u * u )>  (14) 

J J i ■ 

i.e.  assuming  that  is  a constant  independent 
of  X or  k 


2.2  The  Smagorinsky-Lillv  approximation 

The  need  for  some  form  of  sub-grid  model  was 
clear  to  Smagorinsky  (19)  when  he  originated  large 
eddy  simulations,  and  he  suggested  that  the  transfer 
from  grid  scales  should  be  approximated  by 


2.  postulating  an  inertial  range  spectrum  at 
all  finite  waventanbers. 

With  these  assumptions,  c is  determined  by  energy 
conservation  and  can  be  calculated  without  knowing 
che  detailed  form  of  S(klp,r).  He  found 


R.  . • ^ S, , i. . 
ij  3 Tck  13 


v_  S . . 
T IJ 


(8) 


c - 0.135 


(15) 


where 


I 
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I 3 - 

lir“i 


u . 
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(9) 


is  che  grid  scale  local  racc-of-strain  or  deformation 
tensor,  and  is  a turbulent  viscosity.  He  there- 
fore supposed  chat  the  variation  of  the  drain  term 
across  the  grid  scales  would  be  similar  to  chat  of 
the  molecular  dissipation.  Smagorinsky  postulated 
chat  V-  was  determined  by  c,  Che  instantaneous  local 
rata  o^  dissipation  of  turbulent  energy  per  unit 
volume:  his  argument  is  reminiscent  of  Kolmogorov's. 
Dimensional  analysis  Chen  suggests 

<v^>  « 4“/^  . (10) 

Here  <>  denotes  an  ensemble  average  and  4 is , as 
before,  a measure  of  the  averaging  length  of  che 
filter,  c is  not  known  directly,  and  Smagorinsky 
estimated  it  from  che  grid  scale  strain  race 


Later  workers  have  followed  this  lead,  though 
some  have  preferred  to  estimate  c from  che  grid  scale 
vorticicy  and  Schumann  (2)  uses  a modified  formalism 
near  boundaries.  In  practice,  c must  be  chosen  so 
that  the  computation  conserves  energy.  The  values  so 
determined  do  not  agree  well  with  (15),  c>0.10  being 
typical.  The  reason  for  the  discrepancy  has  not  been 
clear,  and  classical  closures  have  been  used  to  exam- 
ine some  of  che  possibilities. 

2.3  Sub-grid  modelling  according  to  the  DIA 

All  known  classical  closures  give  very  similar 
results  in  this  application:  the  DIA  has  been  used 
throughout  since  it  is  che  simplest  and  the  best  known. 
According  to  these  closures 

sub-grid  term  • - 2k2uj(k)E(k,t)  ♦ U(k)  . (16) 

Here  E(k,c)  is  the  grid  scale  component  of  E(k,t)  and 
U(k)  is  che  energy  scattered  back  from  che  sub-grid 


14.3 


scales  CO  the  grid  scales:  che  first  tens  on  the 
right-hand  side  of  (16)  represents  the  outscatter 
(that  is,  che  drain  in  the  opposite  direction).  The 
fact  chat  che  classical  closures  give  this  division 
naturally  and  withoughc  further  approximation  is  cne 
of  che  strongest  reasons  for  chinking  chat  they  may 
be  broadly  correct.  Eqn  (16)  is  a statistically 
averaged  relation.  Therefore,  chough  v^vk)  may  be 
dependent  on  k,  it  does  not  fluctuate  from  one 
realisation  to  the  next, 

With  the  approximations  listed  above,  the 
Saagorinsky-Lilly  procedure  can  be  put  into  the 

sub-grid  term  » - 2k^v^  E(k,t)  (17) 

and  this  differs  from  (16)  in  that  the  drain  and  the 
backscatter  are  rolled  into  one,  and  the  resultant 
net  eddy  viscosity  is  supposed  to  be  independent  of 
k.  Conversely  the  closures  imply  that  the  outscatter 
but  not  the  backscatter,  is  of  eddy  viscosity  form 
and  that  the  drain  or  outscatter  eddy  viscosity 
mignt  be  k-dependent. 

DIA  gives  explicit  forms  far  ’C(^)  as 

functionals  of  E(k,t)  and  the  infinitesimal  response 
function  (see  ref  ^).  They  are  mainly  but  not  wholly 
determined  by  the  spectral  form  in  the  sub-grid  range 
of  wavenumbers.  Kraichnan  has  applied  these 
forms  to  the  situation  studied  by  Lilly,  namely,  a 
sharp  filter  with  inertial  range  spectra  at  all  wave- 
numbers. He  finds  that  for  k<<Ki  (the  cut  wavenumber) 
is  constant  and  U(k)  is  very  small.  However,  as 
k approaches  K\  both  terms  have  singularities  of 
order  (Ki-k)"^'^.  These  cancel,  and  the  net  eddy 
viscosity  defined  by 

v^(k)  • v.(k) . (IS) 

2k^E(k,t) 

has  a finite  cusp  at  k».Ki  . It  would  therefore  seem 
that  the  Smagorinsky-Lilly  approximation  can  only  be 
correct  on  t.ne  average  and  that  it  can  be  very  wrong 
in  detail.  (Such  a result  can  only  be  derived  if 
one  has  a specific  form  for  S(k|p,r)). 

To  test  the  universality  of  this  finding  the 
method  has  been  applied  to  3 "graded"  filters , which 
fall  smoothly  rather  than  sharply  from  1 to  0.  The 
filters  studied  are  a Gaussian,  the  tophat  filter 

G(k)  - S(k^h)  B(k2h)  3(k,h)  ; 3 (5)  « 

which  is  equivalent  to  the  simplest  finite  difference 
scheme  in  configuration  space,  and  the  (cubical)  box 
filter 


G(k)  - 1 if  Ikj^I,  Ikjl,  ikj  < Kg 
« 0 otherwise  , 

which  is  used  in  the  StIPEP.BOX  code  of  Orszag  and 
Patterson  (^).  The  Gaussian  is  isotropic,  and  it 
may  be  shown  that  the  effect  of  the  anisotropy  of 
the  tophat  filter  is  trivial:  the  effect  of  the  mucn 
stronger  anisotropy  of  the  box  filter  needs  further 
study. 

Even  when  the  grid  scale  spectrum  is  of  purely 
inertial  range  form,  the  gentle  fall  of  (e.g. ) the 
Gaussian  filter  greatly  softens  the  behaviour  of  v,. 
There  is  no  cusp,  and  vj  is  virtually  constant  over 
the  grid  scale  range,  v.  falls  somewnat  with  in- 
creasing k,  but  not  so  much  as  to  make  its  approx- 
imation with  a constant  value  unreasonable. 


Tne  grid  scale  spectrum  will  : 
of  inertial  range  form,  and  the  eff: 
type"  spectra  of  the  form 


:(k) 


-5/3 


A^(y) 


.ainly  not  be 
of  "production- 


(1?) 


on  the  distribution  and  magnitude  of  the  eddy  '.ms- 
cosity  has  been  examined.  Ko  is  the  Kolmogorov 
constant  and  tne  preferred  value  is  n*l.  The  cal- 
culations have  been  done  for  various  values  of 
which  determines  the  position  of  the  spectral  peak 
in  relation  to  the  filter  width.  There  are  now  _ 
complications  about  relating  the  dissipation  to  S, 
but  the  formalism  gives  enough  information  to  over- 
come these. 

With  a sharp  filter,  tne  effect  of  a production 
type  spectnsn  is  to  soften  the  cusp  found  by  Kraichnan 
(^).  With  graded  filters,  its  effect  is  less  dramatic. 

2.1  SiirmiaT-v  of  imtlications  for  Large  Eldv 
Simulations 


2.1.1.  Although  the  closure  gives  explicit 
forms  for  the  drain  eddy  viscosity  V;j(k)  and  the 
backscatter  U(k),  no  convincing  representation  has 
been  found  for  the  latter.  It  is  therefore  recommend- 
ed that  a net  eddy  viscosity  v.(k)  should  be  computed 
according  to  equation  (iS):  this  approach  implies  the 
use  of  a standard  spectral  form. 

2.1.2.  This  form  could  be  used  directly  in  a 
wavenumber  space  caiculatioh.  This  would  be  incon- 
venient in  configuration  space.  Since  v.  does  not 
vary  strongly  with  k if  the  filter  is  graded  and  the 
spectrum  is  of  production  range  form,  the  use  of  a 
(constant)  average  value  is  recommended,  the  average 
being  defined  so  as  to  conserve  energy.  The  effect 
of  this  recommendation  is  to  endorse  the  represent- 
ation of  Smagorinsky  and  Lilly,  provided  only  that 
Lilly's  approximation  (11)  is  reasonably  accurate. 

The  DIA  leads  immediately  and  without  furtner  approx- 
imation to  the  form  (16),  and  the  ri^t-hand  side  of 

( 11 ) proves  to  be  a reasonable  approximation  to  this 
form:  however,  it  is  the  right-hand  side  of  (13) 
which  expresses  the  Smagorinsky-Lilly  procedure. 

2.1.3.  Lilly's  approximation  (11)  can  be  avoid- 
ed, and  the  Smagorinsky-Lilly  procedure  brought  closer 
to  the  results  derived  from  the  DIA  if,  in  eqn  (12), 

is  replaced  by  <S>‘'‘.  This  realisation  average 
may  be  approximated  by  an  integration  over  a relative- 
ly large  volume  of  space.  As  reported  below,  an 
integrated  or  non-local  eddy  viscosity  aas  beer,  com- 
pared with  the  more  usual  local  form  in  coarse  mesh 
calculations  or.  Burgers'  equation:  the  non-local 
version  is  found  to  be  superior.  This  rather  sur- 
prising finding  should  now  be  tested  for  Navier- 
Stokes  turbulence. 

2.1.1.  The  deduction  from  the  DIA,  that  the 
dependence  of  v,  on  k is  weak,  agrees  well  with  the 
computations  of  Leonard  (il)  on  Navier-Stokes  turbu- 
lence and  bur  own  computaticns  on  Burgers  turbulence. 
In  both  cases  it  is  found  that  the  spectral  distri- 
bution of  the  net  drain  across  the  grid  scale  wave 
numbers  is  similar  to  that  of  the  dissipation  by 
molecular  viscosity. 

2. ‘..5.  Two  of  the  four  filters  (the  sharp  and 


-ae  GaussianJ  are  isotropic.  rSe  oophat  fi.ter  is 
veaily  aaisotrcpic  and  it  nas  osen  foraaily  deaoc- 
strntoc*,  using  the  detailed  account  of  energj-  trans- 
fer given  hy  the  DIA,  that  the  effect  of  this  aniso- 
tropy on  tne  results  is  trivial,  cince  nost  finite 
difference  schenes  are  similar  to  the  tophat,  this 
provides  reassurance  that  no  correction  need  he  made 
for  filter  anisotropy  in  normal  large  eddj-  simula- 
tions (except  perhaps  near  houndaries/.  However, 
the  effect  of  the  high  anisotropy  of  the  box  filter 
may  not  be  negligible. 


2.4.6.  In  the  first  instance  the  DIA  results 
vere  deduced  assuming  all  scales  to  be  isotropic.  It 
has  been  formally  demonstrated  that  these  results 

are  unaffected  by  any  degree  of  grid  scale  anisotropy. 

2.4.7.  Values  of  the  Lilly  constant  c have 
been  inferred  for  all  three  graded  filters  and  for  a 
range  of  values  of  iKp.  These  results  permit  the 
sub-grid  model  to  be  varied  over  the  flow  field. 

2.4.8.  with  the  tophat  filter,  the  production 
-type  spectrum  (1?)  (n»l)  centred  in  the  middle  of 
the  grid  scale  range  and  Ko“1.4l  (Lilly's  value), 
c«0.l62.  This  is  only  12'  lower  than  Lilly's  value 
115)  for  a sharp  filter  and  a pro duct ion-type 
spectrum.  This  shows  that  the  effects  of  the  filter 
and  of  spectral  shapes  are  not  responsible  for  the 
discrepancy  between  Lilly's  result  and  practical 
calculations. 

2.4.9.  It  is  speculated  that  the  discrepancy 
may  be  due  to  defects  in  the  boundary  conditions 
and/or  the  sub-grid  model  at  the  boundaries.  This  is 
supported  by  the  worh  of  Kwah  et  al  (J)  who  find  that 
Lilly's  c-value  gives  good  results  in  a Large  Sddy 
Simulation  of  a homogeneous  flow. 

2.4.10.  Sub-grid  modelling  of  the  pressure, 
the  effects  of  grid  scale  inhomogeneity  and  of  sub- 
grid scale  anisotropy  remain  to  be  investigated. 

3.  -TUMERICAL  STODES  OF  BLUGZP.S'  EQUATION 

3.1  Introductor;  remarhs 

The  solutions  to  Burgers'  equation 

^ u(x,t)  + u u u • f(x,t>  (20) 

display  many  qualitative  similarities  to  Navier- 
StoJces  turbulence.  However  there  are  important 
quantitative  differences  between  the  two  flows. 

For  example  eqn  (20)  describes  a one-dimensional 
shock  wave  process  in  which  energy  cascades  from  low 
wavenumbers  to  high  wavenumbers  where  it  is  dissi- 
pated by  viscous  forces.  The  solutions  to  this 
equation  display  a k”*  inertial  range  at  intermediate 
wavenumbers  (see  fig. 2)  while  in  Navier-Stokes  turbu- 
lence the  inertial  range  '^aires  as  Neverthe- 

less, this  separation  of  the  low  wavenumber  energy- 
containing  nodes  from  the  high  wavenumber  dissipation 
region  oy  a universal  inertial  range,  implies  that 
the  motion  of  the  large  scale  structure  in  Burgers' 
model  turbulence  are  unaffected  by  the  details  of  the 
dissipation  process.  This  in  turn  suggests  that  the 
large  eddy  simulation  technique  can  also  be  applied 
in  computing  solutions  to  Burgers'  equation,  and  that 
the  application  can  give  information  on  performance 
of  sub-grid  modelling  techniques  at  high  Be.  We 
present  results  on  the  structure  of  the  sub-grid 


Fig.  2 Evolved  velocity  spectra  for  Burgers' 
equation  at  varying  Re 


drain  term  and  compare  coarse  mesh  solutions  with 
corresponding  exact  and  fine  mesh  solutions.  These 
results  are  abstracted  from  more  comprehensive 
limited  circulation  reports  (^,  14 ) . 

Filtering  eqn  (20)  according  to  eqn  (1)  we 

obtain 


_2 

^U(x,t)  eu  -^u)  t f(x,t). 

where  in  complete  analogy  with  eqns  (3)  and  (4) 
R • - ^ {(u  - u ) + 2 u u'  ♦ u'^  } 


(21) 

(22) 


denotes  the  res^idual  stresses.  Multiplying  eqn  (21) 
throughout  by  u and  then  taking  the  ensemble  average 
we  find 


* T +r  +<u'?> 
dt  2 rs  sgs  mv 


(23) 


This  i*  an  equation  of  motion  for  the  energy  balance 
in  the  grid  scale  velocity  field.  The  grid  scale 

dissipation  rates  T , T and  F are  defined  as 
rs  sgs  mv 


u )> 


(24) 


sgs 


(25) 


and 


_ _ 5*  _ 

t * v<u  u> 
mv  3x‘ 


(26) 


In  eqn  (21)  the  non-linear  terms  are  responsible  for 
the  drain  of  ener^  from  the  flow  field,  whereas  in 
the  absence  of  filtering  they  are  energy  conserving, 

3.2  Fine  mesh  calculations 


The  time  evolution  of  ensembles  of  initially 
Gaussian  velocity  fields  was  computed  from  eqn  (20) 


Id.S 


using  periodic  boundary  conditions  and  with  all  length 
scales  fully  resolved.  ?ne  results  of  tnese  calcu- 
lations were  then  spatially  filtered  according  to 
ecjn  (1)  to  give  tne  gross  or  large  scale  notions  of 
the  flows.  The  investigation  was  for  freely  decay- 
ing ensenbles  at  low  and  hign  He,  i.e.  with  f(x,t)»0, 
and  also  for  a stochastically  forced  ensemble  at  high 
He,  i.e.  with  f(x,t)  given  as  a random  driving  force. 
For  this  case  f(x,t)  was  constructed  to  have  Gaussian 
statistics  and  its  action  was  confined  to  low  wave- 
numbers. Althou^  there  is  no  precise  correspond- 
ence between  Reynolds  numbers  in  one  and  three  dimen- 
sions, we  believe  that  a Reynolds  number  of  l80  in 
Burgers'  equation  is  equivalent  to  channel  Reynolds 
number  of  'v  5 10^.  Both  the  definition  of  Reynolds 
number  and  the  computational  techniques  used  have 
been  described  in  reference  (13) . 

The  evolved  dissipation  spectra  plotted  on 
fig  3 were  obtained  from  a low  Re  free  decay  run  (13) 
with  the  Gaussian  filter 

G(t)  “ (6/iri^)^^^  exp(-6:-/h^)  (ST) 

where  z « x-x'.  These  results  are  seen  to  be  qual- 
itatively very  similar  to  the  results  presented  in 
fig  (i*),  which  were  obtained  by  Leonard  and  Patterson 
(11)  for  isotropic  low  Re  Jiavier-Stohes  turbulence. 
This  similarly  was  also  found  to  hold  for  the  stoch- 
astically forced  runs  which  were  at  high  Re.  The 
results  of  this  run  are  shown  on  fig  5,  'rtiich  also 
shows  that  the  magnitudes  of  Cj.3  and  s^pr  compared  to 
Tsgs  hre  relatively  smaller  at  high  Re  than  at  low 
Re,  and  that  at  high  Re  has  a high  wavenumber 
tail  absent  at  low  Re.  These  figures  suggest  that 
the  division  of  the  energy  transfers  from  the  grid 
scales  to  the  sub-grid  scales  is  very  similar  in 
Burgers'  model  turbulence  and  three-dimensional  tur- 
bulence. It  is  interesting  that  Srs  psaxs  at  a 
higher  wavenumber  than  ^egs-  This  suggests  that  £..3 
plays  an  important  role  in  controlling  high  wave- 
number  excitations  in  large  eddy  simulations.  In  all 
three  figures  Tj-j  is  seen  to  peax  near  the  peak  of 


T„y,  and  the  figures  furtner  suggest  that  £3^3  aas  a 
similar  structure  to  shape  of  the  nigh  wav 

number  tail  in  fig. 5 is  influenced  by  the  choice  of 
filter.  With  for  example  u“l/32  the  tail  is  atten- 
uated and  Tj-y  approaches  the  shape  of  Tjgg  more  closs 
These  latter  observations  suggest  that  tne  sub-grid 
drain  term  can  be  'usefully  approximated  'oy  an  eddy 
viscosity  model. 


Fig  L Dissipation  spectra  for  isotropic  low  Re 
Ha'vier-Stokes  turbulence  (Re.  “50) 

(taken  from  Leonard  and  Patterson  (11) 


Fig  5 Dissipation  spectra  fer  ourgers'  equation  a 
high  Re  (Re“500). 

3.3  Coarse  Mesh  calculations 


issipation  spectra  for  Burgers'  equation  at 
ow  Re  (Re“l6) 


Eqn  (21)  was  solved  on  a coarse  mesh  with 
flx,t)  ■ - A sin  2x(x/L  - t/To)  ; v “ 0 


nr.  exact  solution  to  eqn  (20)  exists  for  tnis  case 
(^)  ••aich,  if  ve  scale  all  distances  with  L and  all 
tines  ■••it.".  1^,  ta.:es  tne  fora 

u(x,t)  • 1 + (2A/e)*''-  3ia':i  (x-t)  3 < x < x^ 

• 1 - (2A/e)*^2  sine  (x-t)  x < x < 1 . (29) 

3 

This  solution  descri'oes  a discontinuous  travelling 
wave  vnicn  sveeps  periodically  across  the  flow  field. 
The  location  of  tne  discontinuity  Xj  is  determined 
oy  tne  condition 

r u(x,t)dx  • 1 - (2Tr)^^^  cose(x  -t ) • 3 , 

'0  3 

while  the  speed  at  which  the  shoes  fronts  propagate 
is  given  by  the  average  velocity  of  the  adjacent 
fluid  elements.  In  the  comparisons  of  this  solution 
with  the  coarse  mesh  calculations  we  set  A^IO  and 


used 

the 

following  sub-grid  models  to  close  eqn 

(21): 

Model 

^ . 

R ■ 3u/3x  ; 

(30) 

Model 

2: 

R - a2/2A  32ir/3x^  - 3Tr/3x  ; 

(31) 

Model 

3: 

R ■ A^/12  (3u/3x)2  - .j  3ir/3x  . 

* J 

(32) 

Eacn  of  these  models  is  essentially  a definition  of 
a turbulent  viscosity  u.,. . In  model  1 we  simply  I’ump 
all  of  the  resid'oal  strips  R into  a single  eddy  vis- 
cosity term.  The  style  of  models  2 and  3 is  to 
divide  R into  terms  of  O(i^)  and  terms  of  higher  order 
in  A.  This  division  is  based  on  a Taylor  series  ex- 
pansion of  the  type 

g(s)  • g(z)  / 3(x)dx  + J g(i)  / x^G(x)dx. 
space  space 


Using  the  expansion  we  find  for  the  Gaussian  filter 
defined  in  eqn  (2T) 


1 i a2/2A  #/3x23I^ 

(33) 

and 

(TIT’) 

• A‘/2A  u 3^/3x‘  u 

(3A) 

Model  2 only  represents  the  term  appear- 

ing in  R by  the  series  expansion,  while  Model  3 re- 
presents both  this  term  and  the  term  3/3x  (u  u' ) in 
this  manner.  In  both  models  the  remaining  residual 
stress  terms  are  lumped  into  the  eddy  viscosity  tern, 
which  is  supposed  to  approximate  their  role.  There 
is  no  advantage  in  taking  these  expansions  to  higher 
order  since  this  would  imply  the  need  for  high  order 
finite  difference  approximations  which  are  difficult 
to  implement,  and  also  there  are  in  any  case  serious 
doubts  about  the  convergence  of  the  series  ( Ih,) . 
Combined  with  eqn  (21)  Models  1 through  3 yield 
closed  equations  of  notion  for  u once  the  form  of  the 
is  specified.  We  effect  the  closure  by  assuming 


''Ti  ’ ®i^  |3u/?x|  (35) 

where  c^  is  a constant  and  |3u/3xJ  denotes  the 
average  over  a length  w of  the  quantity  |STI/9x|. 

C^  is  determined  by  deaianding  ^ 

/ u(x,t)  7(x,t)  dx  « r{t)  » ^ (x,t)>  (36) 

at  t"0.  Here  we  have  replaced  the  ensemble  average 
<>  by  a volume  average.  In  the  limit  w<<3  eqn  (351 
tends  to  the  one-dimensional  equivalent  of  the  Smag- 
cri.hsky  sub-grid  model  (see  eqns  (3)  and  (12))  based 


on  the  local  value  of  tne  strain  tf-nsor;  in  tne  limit 
as  w-L  it  tenas  to  a non-local  sub-grio  moael  similar 
to  that  suggested  by  Cirect  Interaction  (see  12). 

Figure  6 shows  the  results  from  1 computations 


Fig  6 Optimisation  of  filter  width 

in  which  the  time  evolution  of  u(x,t)  was  computed 
from  eqn  (21)  and  (31)  with  w«L/2  and  A«0,  h,  2h  and 
Ah.  Setting  i“C  is  equivalent  to  ignoring  the  res- 
idual stress  terms  i.e.  dispensing  with  both  filter 
and  sub-grid  model.  Tbe  gross  distortion  and  e’rratic 
behaviour  of  the  computed  velocity  spectrum  at  high 
wavenumbers  for  tnis  case  shows  very  clearly  the  need 
for  sub-grid  modelling.  In  tne  absence  of  tne  sub- 
grid drain  term  there  is  no  mechanism  for  dissipating 
the  energy  which  is  transferred  by  the  non-linear 
inertial  forces  frum  low  wavenumbers  to  high  wave- 
numbers.  The  consequence  of  this  is  the  pile-up 
observed  at  the  high  wavenumber  end  of  tbe  spectrum, 
and  ultimately  a break  down  in  the  computation.  For 
the  remaining  3 choices  of  i the  high  wavenvaaber  pile 
up  is  absent,  though  it  is  seen  that  in  all  cases 
there  is  some  distortion  *t  hi^  wev-hUEbers . The 
figure  suggests  the  choice  of  A v 2h  is  optimum,  which 
supports  the  findings  of  Kwak  et  al  (X). 

The  coarse  mesh  velocity  spectra  shown  on  Fig. 7 
were  obtained  from  computations  'using  residual  stress 
models  1 through  3 with  w«I,.  We  concl-ude  from  this 
figure  that  of  the  models  studied  residuail  stress 
model  2 gives  the  best  representation  of  the  sub-grid 
energy  drain.  This  result  was  confirmed  on  repeating 
the  calculations  with  varying  w.  Details  of  these 
latter  calculations  are  given  elsewhere  (iU).  Fig." 
also  suggests  that  there  is  not  a lot  to  choose  between 
the  models.  Models  1 and  2 give  the  best  represent- 
ation of  the  S'ub-grid  terns  and  the  choice  between 
these  models  depends  'upon  the  price  one  is  prepared  to 
pay  in  comp'uting  time  for  tne  moderate  improvement  in 
accuracy  which  residual  stress  model  2 offers  over 
residual  stress  model  1. 

uth  order  finite  difference  schemes  were  used 
throughout, ^because  the  residual  stress  terms  are  of 
0(a*)  't  O(h-).  Computations  'using  2nd  order  difference 
schemes  give  significantly  poorer  res'ults  than  those 
reported  above.  Details  of  these  calculations  are 


log,,  EU,^) 


Fig  7 Cosparison  of  risi.'uai  stress  aodels: 
velocity  spectra 

(1)  residual  stress  aodel  1 
(3)  residual  stress  aodel  2 
(3)  residual  stress  aodel  3 
(It)  exact  filtered  spectrum 

available  elsewhere  (15). 

The  results  presented  in  Fig  S were  obtained 
using  residual  stress  aodel  2 with  d*2h  and  w vary- 
ing froa  0 through  1/2.  They  show  that  a narsed 
iaprovenent  occurs  in  the  coarse  aesh  calculations 
when  the  eddy  viscosity  is  averaged  over  a length  of 
0(ud).  These  results  favour  the  Direct  Interaction 
or  non-local  sub-grid  model,  tnouga  a detailed  numer- 


Local vers'js  non-local  edd;.-  viscosities 


ical  investigation  (^)  of  tne  effect  suggests  tie 
following  explanation.  In  Burgers'  aodel  turbulence, 
energy  transfers  from  the  grid  scales  to  the  sub-grid 
scales  are  concentrated  in  tne  regions  of  high  vort- 
icity  i.e.  in  the  shoch  fronts.  In  the  coarse  aesh 
calculations  distortions  due  to  cisreoresentaticns  of 
the  sub-grid  drain  teres  spread  out  from  the  shock 
fronts,  and  a local  eddy  viscosity  coefficient  causes 
these  localised  regions  of  steepened  velocity  gradient 
to  evolve  into  smaller  shocks  away  from  the  main  shcci 
These  subsidiary'  shocks  can  be  regarded  as  a genuine 
but  unwanted  feafure  of  the  coarse  aesh  solution. 
Tneir  fonnatioa  is  inhibited  by  the  use  of  a non- 
local eddy  viscosity  coefficient  because  this  smooths 
over  regions  of  weak  vorticity,  thereby  feeding  the 
calculation  the  information  that  the  transfer  of 
energy  frea  the  grid  scales  to  the  sub-grid  scales  is 
localised  in  regions  of  high  vorticity,  (which  are 
the  main  shock  fronts).  This  mechanism  is  not  so 
obviously  operative  in  Ravier-Stokes  turbulence,  and 
therefore  it  cannot  be  assumed  that  the  non-local 
eddy  viscosity  will  necessarily  be  superior  in  this 
case  also. 

The  coarse  aesh  calculations  reported  above  are 
for  simple  non-stochastic  situations.  They  give  in- 
formation on  the  ability  of  the  large  eddy  simulation 
technique  to  handle  simple  flow  features.  To  provide 
a more  rigorous  test  of  the  technique  we  have  simu- 
lated on  a coarse  mesh  the  motions  of  the  large  scale 
components  of  the  fine  mesh  calculations  described  in 
53.2.  The  results  of  this  investigation  support  the 
earlier  findings  on  the  optiaum  ratio  of  filter  to 
aesh  interval,  choice  of  sub-grid  model,  and  use  of 
a non-local  viscosity  coefficient.  Sampling  errors 
were  fairly  large  in  these  claculations  and  conse- 
quently the  differences  between  results  from  the 
different  models  was  less  marked  then  for  the  period- 
ic travelling  wave  solution.  Also,  since  these  flew 
fields  consist  of  a chaotic  mixture  of  shock  waves , 
it  'Was  not  possible  to  identify  why  the  use  of  a non- 
local eddy  viscosity  coefficient  gave  s-^ericr  results 
to  the  use  of  a local  coefficient. 

Rgure  9 is  for  a free  decay  run  with  Re*l8C.  It 

aE(t)/E(t«0) 


.lae  variation  of  energ;.' 

(1)  exact  field 

(2)  exact  filtered  fiel 

(3)  coarse  mesh  field 


saovs  the  rate  of  change  of  aoraalised  total  energy’ 
i;t;/H(i“OJ  for  the  exaot  field,  the  exact  filtered 
field  and  coarse  aesh  field  with  Z~  •0.1,l»2h,W«,l  ia 
the  coarse  aesn  claciLlatioa.  It  is  seen  that  tne 
coarse  aesh  calculation  reproduces  the  rate  of  change 
of  energ}'  in  the  exact  filtered  field  very  well.  An 
interesting  point  to  eaerge  froa  this  fig-ure  is  that 
neither  the  exact  filtered  or  coarse  aesh  plots  show 
the  sharp  hinx  at  tvj.l  shown  hy  the  exact  field. 

This  icini:  corresponds  to  the  onset  of  shocks.  During 
the  first  stage  of  evolution  little  dissipation  takes 
place  since  the  dissipation  occurs  predoainantly  in 
the  shock  fronts,  which  have  yet  to  fora.  Energ;' 
cascades  froa  low  wavenuabers  to  high  wavenuabers  un- 
til high  wavenuabers  are  excited  and  tne  viscous 
forces  can  begin  to  play  a role.  In  the  coarse  aesn 
calculation  this  cascade  appears  as  an  apparent  diss- 
ipation even  in  the  early  stages  of  evolution. 

The  coarse  aesn  spectrua  plotted  in  fig  10  was 
obtained  with  residual  stress  aodel  2 and  the  para- 
aeter  settings  described  above.  It  is  seen  that  the 


rig  10  Coarse  aesh  and  exact  filtered  velocity  spectra 

(1)  coarse  mesh  field 

(2)  fine  aesh  field 

coarse  aesh  calculation  predicts  the  gross  features  of 
the  fine  aesh  calculation  satisfactorily,  and  in  part- 
icular it  predicts  very  accurately  the  motions  of  the 
lowest  nodes  -which  contain  the  bulk  of  the  energy. 

■More  significantly  this  figure  iaplies  that  in  aore 
complex  flows  the  top  naif  of  the  wavenumber  range  in 
a large  eddy  siaulation  can  be  doainated  by  error, re- 
ducing the  effective  resolution  by  a factor  of  2. 

3.W  Suawan--  of  iatlications  for  Large  Eddy  Simulations 

I.**,!,  aurgers'  eq-oation  has  been  sho-wn  to  yield 
useful  inforaation  on  sub-grid  modelling  at  both  low 
and  nigh  Se,  and  investigations  using  this  equation 
support  many  of  the  earlier  findi.ngs  of  Leonard  and 
ratterson  (1^)  and  K'wak  et  al  (J) . 

3. **.2.  It  has  been  snown  that  sub-grid  modelling 
works,  and  that  coarse  mesh  celculations  can  reproduce 
the  gross  features  of  both  simp.e  and  conplex  flows  at 


high  Se.  It  seems  nowever  that  error  propagation  in 
tne  nigh  wavenuabers  can  reauce  the  effective  resolu- 
tion cf  a large  eddy  siaulation  by  a factor  of  3. 

i.'.S.  both  the  coarse  aesh  calculations  and 
tne  observed  similarity  between  t and  T-v  in  *he 
ftne  mesh  calculations  support  tne'standarc  aethod  of 
sub-grid  modelling,  provided  only  tnat  the  local  root- 
aean  - square  strain  tensor  is  replaced  by  tne  square 
root  of  an  average  over  a large  voluae.  Despite  the 
agreeaent  befween  this  finding  and  52. w. 3 it  is  not 
clear  that  tnis  modification  is  appropriate  for  Da-rier 
Stokes  turbulence  and  its  extension  to  this  case  will 
need  careful  studj-. 

3.^*.1*.  Tav  »nd  Trs  peak  at  higher  wavenumbers 
than  fjgj  which  suggests  they  have  an  important  role 
to  play“in  controlling  nigh  wavenumber  excitations. 

This  is  supported  by  the  coarse  mesh  calculations  wnich 
favour  residual  stress  aodel  2 tsee  eqn  (31}y.  This 
in  turn  favours  fourth  order  differencing  with  explicit 
representation  of  the  resolvable  scale  component  of 
the  residual  stresses,  which  also  supports  the  earlier 
findings  of  Kwak  et  al  (J) . 

3.2.5.  The  need  to  pre-filter  the  governing 
equations  has  been  demonstrated  and  tne  optimum 
filter  width  has  been  confirmed  to  be  about  twice  the 
aesh  interval. 

I*.  CONCLUSIOES 

It  is  clear  that  large  eddy  simulations  offer 
great  potential  in  the  understanding  and  prediction 
of  turbulent  flows.  Although  much  remains  to  be  dene 
before  sub-grid  aodelling  is  properly  understood,  the 
results  of  this  investigation  have  helped  to  put  it  on 
a firmer  base.  For  the  near  future  questions  on  the 
influence  of  inhomogeneity  on  both  sub-grid  models  and 
large  eddy  simulations  should  perhaps  be  addressed 
with  most  urgency.  We  believe  that  large  eddy  simula- 
tions cannot  play  an  effective  role  in  design  studies 
until  this  problem  has  been  carefully  studied. 
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ABSTRACT 


plant  chonntt  how  (K) 


A finite  difference  schame  for  direct  numerical 
simulation  of  turbulent  velocity-,  pressure-,  and 
temperature-fields  in  plane  channels  and  annuli  is 
describad.  The  fluid  is  incompressible  and  has  con- 
stant density  and  diffusivities.  The  method  is  an 
extended  and  revised  version  of  an  earlier  one.  It 
nov  includes  simultaneous  simulation  of  the  tempera- 
ture field  and  employs  a revised  sub-grid  scale  model 
which  has  been  axtended  to  allow  for  moderately  high 
Reynolds  numbers  (Re>100C0)  and  poorly  resolving 
grids.  The  purpose  of  this  paper  is  to  report  and  de- 
monstrate the  improved  capabilities  of  the  method. 

NOMENCLATURE 

a dimensionless  conductivity  (•  I/Fe  ) 

a.  SGS  turbulent  conductivity  ^ 

c"  SGS  model  coefficient 

0 distance  between  the  walls 

JF  grid  cell  surface  with  normal  in  xj-direc- 

tion 

IM.JM.XM  ntnber  of  grid  cells  in  x| ,X2,X3-direccioo 
h grid  spacing  (Ax|  • 4x2  * 1x3) 1/3 

p kinematic  prassure 

^ wall  heat  flux 

R| /R2  innar/outer  radius 
t time 

T temperature 

ui  velocity  components 

ub  bulk  velocity 

Uo  wall  shear  stress  velocity 

x^  coordinates,  see  Fig.  I 

V kinematic  viscosity  (•  1/Re.) 

0 correction  factor 

wall  shear  stress 

9 any  dimensionfull  quantity  y 

y'  fluctuating  part 

<y>  time  mean  valua 

yj  gr^d  volume  mean  valua 

'^y  surface  mean  value  (taken  over  '^F) 

rms  root  time  moan  square  value 

nJTROOUCTION 

Direct  numerical  sismlation  of  turbulent  flows 
is  a new  important  tool  to  study  the  basic  proper- 
ties of  turbulence.  Here,  we  describe  an  improved 
and  extended  finite  difference  simulation  of  turbu- 
lent flows  in  plane  channels  and  annuli.  The  geome- 
try is  shown  in  Fig,  I,  The  schema  is  designed  for 
Reynolds  numbers 

Re  • Ub  6/v  > 10  000  (I) 


Fig,  I:  Channel  Geometry 

In  this  stage  we  restrict  ourselves  to  non-bouyant 
flows  with  constant  viscosity  v and  conductivity  a 
so  that  the  temperature  is  a passive  scalar.  The 
direct  numerical  simulation  describes  the  time-de- 
pendent and  three-dimansional  large-scale  turbulence 
under  statistically  steady-state  conditions.  The  lar- 
ge scales  are  those  which  are  resolved  bv  the  three- 
dimensional  grid  of  the  finite  difference  achwse.  Typical- 
ly upto  32  grid  points  can  be  used  in  each  direction.  The 
effect  of  the  sub-grid  scale  (SGS)  motion  it  accounted  for 
by  a SGS  model.  This  approach  has  been  developed  byDear- 
dorff/l/and  others  and  formed  the  basis  of  the  code  TURBIT- 
I /2,3/ ("TURBulentet  Impult  Transport"). 

Further  investigations  hove  been  concentrated*  on 
the  following  items  /4/: 

- development  of  a code  "TURBn-2''  for  simultaneous 
simulation  of  turbulent  temperature  fields  in  ad- 
dition to  velocity  and  prassure  fields  for  plane 
channels  and  annuli. 

- extansion  of  the  SGS  model  for  SGS  temperature 
transport  and  improvement  of  the  existing  models 
in  order  to  allow  for  a wider  range  of  Reynolds 
numbers  (from  moderate  to  very  high)  and  to  get 
reasonable  results  even  on  very  coarse  grids 
(which  reduce  the  necessary  computing  time) . 

- verification  of  the  accuracy  of  the  temperature 
simulation  by  comparison  with  experiments. 

As  a result,  TURBIT-2  has  been  established  and 
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several  cases  have  been  run  in  order  to  study 
the  effect  of  the  isproved  SCS  aodel.  For  this 
purpose  we  used  between  2048  and  32766  grid  cells. 
The  present  code  is  capable  of  larger  grids;  however, 
the  computing  time  required  to  attain  steady  state 
conditions  becomes  prohibitive  long  for  more  grid 
points;  in  earlier  studies  a grid  with  32x32x64  • 
6SS76  points  has  been  used  111.  In  the  following 
we  give  some  details  of  the  method,  sinnsarixe  the 
experiences  got  up  to  new,  and  present  some  results 
obtained  with  respect  to  the  temperature  simulation, 

THE  METHOD  USED  IN  TURBIT-2 


The  mean  pressure  gradient  or  driving  force 
2 is  introduced  so  that,  the  fluctuating  pressure 
field  p has  a zero  mean  gradient  in  the  axial  direc- 
tion. Ue  assume  that  the  axial  mean  temperature  gra- 
dient is  zero  too.  Otherwise  a transformation  has  to 
be  used  as  given  in  /4,  p.6S/. 

The  averaged  products  can  be  rewritten  as 


^“i 

(9) 

^T  ♦ ^’ujT^ 

(10) 

Finite  Difference  Scheme 


The  code  TURBIT-I  is  based  on  a finite  differ- 
ence scheme  which  approximates  the  Navier-Stokes 
equation,  the  continuity  and  the  temperature  equa- 
tion. For  the  deduction  of  this  scheme  the  basic 
equations  are  averaged  over  finite  grid  volumes  as 
described  in  111.  Hereby,  the  triple  integral  de- 
fining the  average  is  integrated  by  parts  with  re- 
spect to  the  divergence  type  terms  so  that  the 
average  is  expressed  in  terms  of  finite  differences 
of  surface  mean  values.  This  allows  us  to  account 
for  anisotropies  introduced  by  grid  cells  with  dif- 
ferent spacings  4x^  and  by  cylindrical  coordinates. 
The  nomenclature  is  as  follows: 


5.  y 

J 


V- 

y 


finite  difference  operator  applied  to  some 
space  fraction  y,  e.g.  (2) 

i,y-;^Z>'(xi+43Cl/2.X2.='3)-y(*I-ixi/2,X2,x3)7 

surface  mean  value,  e.g. 

'y  ■ 4^  dx,  y(X|.*2.*3)'‘*3d^2 


volume  meen  value 
V-.  _ I 


+ ijC^u.u.)  - -4."^6j(v 


(3) 


^ " 4X] 4X24X2  4X)  4X2  ^*3 
• dZ3  dZ2  dZ] 

The  resultant  equations  are 
- averaged  momentum  (Navier-Stokes)  equation 

3 V- 


(4) 


(5) 


£VdrASsd  sifiss  (cc&«isul»y/ 

- 0 (6) 


averaged  temperature  equation 


(7) 


The  susDaCion  convention  is  assumed  .All  quan- 
ticies^are  made  dimensionless  by  means  of  the  length 
scale  D,  the  friction  velocity  uq  ■ (to/fg)''^  (?  " 
tisM  mean  wall  shear  stress  - averaged  over  both  ° 
walls,  • constj(nt  density),  and  the  heat  flux 
temperature  Tq  ■ 4^//?  ? 2o.' 

heat  flux,  c ■ specific  heat  capacity) . The  dimen- 
sionless dif fusivicies  are  v • 0/(ug6)  end  a • 
a/ (ug  5) . The  cosmon  Reynolds  number  Re  and  the 
friction  coefficient  cf  are  related  to  Re^  • l/v  by 

Re^  ■ Re  (u^/u^)  ■ Re  IcflS'  (8) 

' for  repeated  lower  indices 


Where  u!  “ vt  - , T'  ■ T - ^T.  The  second  part  of 

each  sum  foru  the'SGS  fluxes. 

So  far,  no  approximations  have  been  involved. 
Indeed,  equations  (5-7)  are  the  conservation  laws 
written  in  their  integral  form  for  grid  volumes. 
However,  the  equations  are  as  yet  unclosed.  The  next 
step,  therefore,  is  to  express  all  quantities  in 
terms  of  grid  quantities.  We  employ  a staggered  grid 
as  shown  in  Fig.  2.  This  allows  us  to  retain  the 
continuity  equation  in  its  exact  form,  eq.  (6).  The 


Fig.  2:  Staggered  Grid 


quantities  not  defined  on  the  grid  are  approximated 
in  a linear  and  second  order  manner  using  algebraic 
averages  like  yJ,  e.g. 

y'  “ Y /y{X|+4xi/2,X2,X3)  + y(xi-4x;/2,X2,X327  (11) 


This  results  in  the  following  finite  difference 
scheme  which  we  write  without  space  averaging  bars; 
the  superscript  n refers  to  the  time  level  (t°  ■ 
n4t) : 


(u^“*'  - uj^°"')/(24t)  - -6j(uj^  u^  ) 
-j-i  -i-j'  * *il  % 


♦ 6.(v6.u.  -^uTuT)° 


(t"*'  - T°’')/(24t)  • -«j(Uj  T^) 
+ {j(a6jT  - ■’iI]T^)“"'  * Q" 


(12) 


(13) 


The  pressure  p"  is  determined  from  a Foisson-equation 


6.6.p“  - 5.u."*'/(24t) 


(14) 


so  that  the  new  time  level  velocities 


“i"*'  ■ “i°*'  ■ ^i’’” 

satisfy  the  continuity  equation  (6).  Eq.  (14)  it 
solved  using  fast  Fourier  transform  151.  Eq.  12-13 
correspond  to  a leap  frog  scheme  which  it  started 
with  an  initial  Euler  step  and  interrupted  by  an 
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averaging  itap  every  nj_  tiae  steps  (typically,  n^^  • 
SO).  The  actual  code  can  be  applied  also  for  cy- 
lindrical coordinates  and  non  equidistant  grid 
spacings  in  the  x^-direction. 

The  Sub-grid  Scale  Flux  Approximations 

The  general  fora  of  the  model  for  the  SGS 
stresses  iuTuT'  is  as  described  in  111 ; several  im- 
provements been  added  /4/,  however.  The  SGS 
heat  flux  ^u^'  has  been  modelled  in  an  analogues 
manner  /4/.  ‘hve  main  characteristics  are  as  follows: 


First,  the  SGS  fluxes  are  split  into  a fluctua- 
ting and  a time  mean  part,  e.g. 


"locally  isotropic  "inhomogeneous 
part"  part" 


(16) 


and  approximated  by  eddy  diffusiviry  models 

- -^a,  6.(''f  - <''!>)-■’ a*,  «,  <''f>  (17) 

J ^ J t J 

■’a^  - jcj  (•>?  jc5''i')'^^/Oj  (18) 

it\-  Sjj  i ^ I 63  < 'Gj  > ! fg  (mesh)  (19) 


The  corresponding  eddy  diffusivities  111  of 
Che  SGS  stresses  are 

- Cj  ^jc  (^F  jcj  ''e’)'''^/o,  (20) 

• 6.,  5j3  1 S3  < 'u,  > 1 f (mesh)  (21) 

The  "isotropic"  eddv  diffusivities  -^a^  and  '’’^u 
are  determined  under  the  assumption  of  locally  iso- 
tropic turbulence.  Here,  the  characteristic  length 
scale  is  derived  from  the  surface  area  '^F  of  the 
grid  cell  over  which  the  average  is  defined,  and 
Che  characteristic  velocity  from  the  SGS  kinetic 
energy  The  coefficients  )c5,  ''^c,  Jc.,  /2,4/ 

account  for  geometrical  details  of  Che  mesh  and 
the  finite  difference  scheme  and  are  of  order  one. 
The  coefficients  C2  and  cyo*  must  be  de- 

termined so  chat  the  energy  or  temperature  variance 
disslpftticsi  dus  to  shs  eddy  diffusivicie*  1&  che 
simulated  gross-scale  flow  is  of  Che  same  magni- 
tude as  the  molecular  dissipation  in  reality.  For 
this  purpose  we  assume  the  validity  of  cha  well 
known  Kolmogorov-Spectrum  for  Che  kinetic  energy 
E(k)  (k  ■ wave  number)  and  its  counterpart  for 
camperatura  E^(k) : 

E(k)  - a<e>‘'^^  tj(lt)  • 6<e»"‘ (22) 

/ E(k)dk  - -Ir  <u.'4>,  / E_(k)dk  - <T'*>  (23) 

o ^ o ^ 

e • v(3u./ox^)“,  • 2a(3T/3x^)^  (24) 

According  to  several  experiments  /4/  we  assume 
the  Kolmogorov-  and  Batchelor-conscancs  3 and  S to 

be 

3-1.5  , a - 1.3  (25) 

By  means. qf  these  assumptions  all  coefficients 
c.,,  c.p3,icj,  ^^c,  ^c.^  can  be  evaluated  /2,4/  without 


further  approximations. Nevertheless,  in  /18,20/we  use 
the  coefficients  oy  and  eg  to  adjust  the  models  numero- 
eopirically  and  to  account  for  the  deficiencies  of 
Che  theory.  The  values  of  the  coefficients,  c..,  are 
dependent  on  Che  geometry  of  the  mesh.  Typical  values 
of  all  SGS  coefficients  are  listed  in  Tab.  I.  The 
value  of  C2  is  different  from  that  given  in  111  which 
was  erroneous  due  to  a sign  error  in  the  underlying 
theory  15,  see  4/.  This  (and  the  changes  in  the  ener- 
gy equation,  see  below)  result  in  a reduction  of  the 
factor  0]  from  3 111  to  1.4  /4/.  The  assumption  of 
spectra  of  Che  Kolsiogorov-cype  is  not  necessary.  More 
realistic  spectra  which  depart  at  small  as  well  as  at 
high  wave-numbers  have  also  been  used /4, 6/.  The  chan- 
ges of  C2  introduced  by  these  spectra  remain  less 
than  20  £ for  the  cases  considered  up  to  now.  They 
become  important,  however,  for  fine  grids  and  small 
Reynolds  numbers,  where  the  grid  scale  becomes  com- 
parable CO  tha  Kolmogorov  micro-scale. 

The  "inhomogeneous"  eddy  diffusivities  ^a^*  and 
iJu*  are  derived  from  the  common  mixing  length^models 
(l.fjj-  mixing  lengths  for  momentum  and  heat  /4/).The 
cructal  factors  here  ace  the  damping  functions  f and 
f„.  They  are  designed  so  that  for  very  coarse  meshes 
the  SGS  model  becomes  equal  to  the  common  models  for 
time  averaged  turbulence  (f,fu  - 1).  For  very  fine 
resolution  the  functions  go  to  zero  since  in  this 
case  all  SGS  fluxes  are  described  by  Che  isotropic 
parts.  We  use  /4/: 

2.1/2 

f(mesh)  - Min  (1  ,C|(3/(iXjiX2'‘iX3) /F^j7  ) (26) 

fg(mesh)  - Min  (1  ,/J,p<tj,Q(ix,^iX2‘4x3)‘''*/F^’^T  (27) 


The  important  parameter  here  is  F , the  grid 
surface  required  to  make  Che  SGS  fluxei  equal  to 
the  total  turbulent  fluxes.  The  coefficients  c^^ 
and  c_,g  are  correction  factors  which  have  been  ad- 
justed numero-empirically,  the  coefficient  de- 

pends also  on  the  molecular  Prandtl  number. 

The  Sub-grid  Scale  Kinetic  Energy  Transport  Equation 

The  SGS  kinetic  energy  - i '^(u.-'^u.)  ^ is 
calculated  integrating  an  additional  trinsporc  equa- 
tion as  described  in  111.  The  following  changes  and 
extensions  have  been  introduced  /4/: 


The  production  term,  eq.  (24,36)  of  111,  has 
been  extended  to  include  the  SGS  energy  production 
caused  by  Che  inhomogeneous  part  of  the  SGS  stres- 
ses. This  change  has  been  found  to  be  important  in 
Che  near  wall  region,  especially  in  annular  channels, 
in  order  to  predict  a correct  cross-scream  energy 
profile.  * 


The  dissipation  rate  c is  now  modelled  by  means 
of  three  terms  e - t.  * ♦ ^ttt'  ttra 

replaces  the  old  model  (£3  as  in^/2/): 

Cj  - C3(''E’)^^^/Min  (h,C3,n  (28) 


The  inclusion  of  the  minimum  function  makes  Che  mo- 
del suited  for  very  coarse  grids,  in  particular  near 
Che  walls,  where  the  mixing  length  Ibecomes  smaller 
than  cha  mash  scale  h.  For  small  Reynolds  numbers  it 
has  been  found  to  be  necessary  to  add  the  second  caim 
which  describes  Che  direct  viscous  dissipation: 

*il  ■ ''  '32  '^'/ZMio(h,,C3,t27^  (29) 
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Th«  values  of  have  been  determined  74/  from 

Che  empirical  cilcrg^'spcccra  proposad  by  Fao  77/ . 
According  to  Jonas  and  Laundar  7S7t  finally  the 
term 

‘III  - 2vZ-£3  (30) 

has  been  added,  which  accounts  for  the  dissipation 
in  the  viscous  sublayer.  It  is  of  negligible  magni- 
tude, however,  for  chose  Reynolds  numbers  and  mesh 
sizes  considered  up  to  now.  The  relative  magnitude 
of  these  chrae  dissipation  terms  is  shown  in  Fig.  3 
for  two  examples. 

Tab_j_^:  SC5  Coefficients  for  an  Isotropic  Grid 
(iX|"dX2"4X3  “ I7I6)  ,(Re"250000,  Pr-0.7) 


strati  model 
r,  0.0709 

IS.  0.8283 

^ ^c  1 ,4744 

12c  0.8233 

eio  2.0 

F 1. 28 

J?  1.4 


kinetic  energy  model 
cT  0.6336 

c|  0.74 

c^‘  20.0 

c,g  0.8044 

heat  flux  model 
CT2  0.1788 

‘c_  I.O 

0-  1.4 

I.O 


R»>2SOOOO 
Ri  /R;  e 1 
K2J3 


®1<e) 


0.2  04  0.6 

Rts  25000 
Ri7Rj.Q25 
Z2.2 


8^f*e  e i(^«) 

0.8  to 

*3 


Fig.  3:  Energy  dissipation  rata  <c>  and  its  three 
parts  for  two  cases,  K2.3  and  Z2.2 

The  Boundary  Conditions 

In  Xj-  and  x.,-dirtction  we  assume  periodicity 
with  pariMic  lenitht  X,  and  X2  (or  angle,  rasp.), 
tha  valuat  of  which  ara  liscad  in  Tab.  II. 


In  X3-direcCion,  at  the  walls  we  set  the  normal 
velocity  to  zero.  In  addition,  the  no-slip  boundary 
condition  requires  prescription  of  the  wall  shear 

stresses  . ^ 3ui  ...  , . ,, 

• V — ^ and  the  normal  wall  heat  flux 
n °^3 

J 'T 

■ a 4—  as  a function  of  the  velocities  and  tec- 

3X3 

peracures  in  Che  wall  adjacent  grid  calls.  The  stres- 
ses are  computed  as  in  727  with  two  important  changes 
747  which  refer  to  eq.  (45)  of  727.  First,  the  tine 
mean  value  <T„>,  which  is  equal  to  one  in  the  present 
units  for  a steady  state  plane  channel  flow,  is  not 
prescribed  this  way  rather  than  recalculated  by  pro- 
per averaging  from  the  actual  and  recent  velocity 
fields.  Secondly. Che  wall  roughness  coefficient  E can 
be  a function  of  the  equivalent  sand-roughness  height 
and  the  X2~coordinate.  This  allows  us  to  study  secon- 
dary flows.  The  boundary  condition  in  terns  of  the 
heat  flux  iz  approximated  for  small  Peclet  numbers 
by 

^ (’'^1  - V (31) 

('^fj  ■ first  grid  cell  value,  T^  • wall  temperature). 
For  large  Peclet  numbers  we  use 


- < 4^  > Ct, 


T,)7<  ’'f,  - T„  > 


whare  either  < 6 > or  ” must  be  prescribed  and  the 
unknown  part  is  determined  from  the  logarithmic  law 
of  the  wall  7 97  averaged  over  the  first  grid  cell 

<''T|>  /"fn(Re^<T^>'^*)  * fn(4x3)-l_7 


(r  ■ 0.465,  B_  • function  of  wall  roughness  and 
Prandtl  number^747). 

By  setting  U3"-'  • 0 at  Che  walla,  instead  of 
using  (12),  Che  Neumann  boundary  condition  {3P  - 0 
at  Che  wall  follows  from  (15). 

RESULTS 

The  purpose  of  this  chapter  is  to  demonstrate 
the  general  agreement  between  experiments  and  TrRBIT-2 
results. 

Tab.  II;  Case  Specifications 


K7 

K2.2 

K2.3 

Z2.2 

2 

3.2 

4 

3,2 

X2 

1 

2 

2 

5 

D1 

16 

32 

64 

32 

JM 

8 

16 

32 

32 

KM 

16 

16 

16 

16 

Ri7Ri 

I 

I 

1 

0.25 

Re 

18700 

25000 

250000 

25000 

Pr 

0.71 

0.007 

0.7 

0.7 

CPU- time 

IBM  3707168 

40  min 

3 h 

I8h 

7 h 

problem  time 

6.05 

4.24 

4.23 

4.51 

no.  of  clmo 
stops 

2128 

2350 

3224 

2625 
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SCS  Model  S€n5itivity 

S«v*ral  preliainaty  eases  havt  baas  run  in  order 
CO  scudy  Che  effecc  of  Che  free  SSS  paraoecers  Oj, 
c_  , c..,  and  c-j.,  che  values  of  which  can  be  esci- 
maced  be  of  order  one  cheorecically  buc  remain  co 
be  fixed  numero'ecpirically . For  chis  purpose  a 
rachar  coarse  grid  has  bean  used  (K7,  see  Tab.  II). 
Typical  resulcs  /4/  are  a IS  Z increase  of  che  kine~ 
cic  energy  near  Che  walls  (which  is  che  mosc  sansi- 
Cive  measure)  as  a resulc  of  a 20  Z increase  of  Oj 
and  a 5 Z decrease  of  Che  same  quancicy  as  a resulc 
of  a 10  Z increase  of  c^^.  Aa  shown  in  Fig.  4,  che 
imporcance  of  che  caatperacure  model  cocfficiencs  o_ 
and  c_,Q  are  smaller.  The  values  finally  used  are  ^ 
chose  iisced  in  Tab.  I.  One  should  remind  chac  an 
even  weaker  sensicivicy  is  observed  for  finer  grid 
resolucions. 


Pr  . 07 
• Ciio*0 


Fig.  4.  cemperacure  flucCuacions  in  che  radial 
calls  ac  K - 2 and  K • > KM/2  (channel 

riddle)  as  a fimccion  of  Che  SCS  coefficients, 
case  K7. 

Flow  Field  and  Velocicy  Scaciscics 

Fig.  5 shows  a typical  resulting  turbulent 
flow  field  for  case  Z2.2.  This  is  an  annulus  ((1/ 

R2  • 0.25)  heated  from  the  inner  rod  with  an  adia- 
batic outer  wall.  The  contour  lines  and  velocicy 
vectors  show  the  known  quasi-random  behaviour.  The 
flow  is  from  left  to  right.  The  velocicy  contour 
lines  show  soma  inclination  against  the  flow  direc- 
tion cowards  the  channel  middle;  this  is  observed 
in  all  plots  of  chis  type.  The  fluctuating  kinetic 
energy  is  generally  a rather  smooth  space-function 
except  for  some  peaks  (bursts?)  near  the  walls, 
which  are  mainly  contained  in  the  directly  resolved 
part  of  the  flow  field.  As  expected  from  experiments 
/ 10,  It/,  the  kinetic  energy  is  larger  near  the 
outer  wall  chan  near  che  inner  one.  This  result 
was  not  so  obvious  in  che  older  code-version  /3/. 

The  temperature  fluccuaciona  are  larg  near  the 
heated  inner  wall  only. 


Z As  S Ts  Ik.SDS 


Fig.  5:  Vector-  and  contour-line  plots  of  the  instan- 
taneous resolved  fluctuating  velocities  u.'  • 
ui  - < ui  >,  SCS  kinetic  energy  total 

energy  Eg,,  ■ ''Z'  * u^  /2,  fluctuating  pres- 
sure p and  temperature  T'  in  an  annulus  (22.2). 
4 ■ contour  line  increment,  dashed  curves  cor- 
respond co  negative  values. 

The  time  mean  value  of  the  kinetic  energy  is 
shown  in  Fig.  6.  Also  plotted  in  Chit  figure  is  Che 
SCS  part  which  aaiounts  to  less  chan  25  Z of  the  total 
value.  The  corresponding  distipetion  races  arc  depic- 
ted in  Fig.  3 mentioned  above.  Here  we  sec  Che  effect 
of  the  three  model  parts  for  two  different  Reynolds 
numbers.  The  direct  viscous  dissipation  rate  c.^  is 
not  negligible  especially  near  the  walls.  The  cetiputed 
velocity  profile  given  in  Fig.  7 shows  very  good  agree- 
ment with  the  corresponding  experimental  results  of 
Ball  /1 2/  and  Lee  /1 3/.  The  difference  between  the 
measured  and  computed  maximum  value  < u,  > itself 
is  lets  chan  I Z if  we  refer  co  Lee.  The°tiisults  of 
Ball  art  smaller  by  10  Z,  chis  seems  to  be  a conse- 
quence of  rather  densly  located  spacers  used  by  Ball 
in  his  annular  channel.  Fig.  8 shows  che  shear  stress: 
The  smaller  values  correspond  to  that  part  of  the 
shear  stress  resolved  directly  by  the  large  scale 
flow.  We  conclude  that  the  major  part  of  the  momancim 
transport  is  accomplished  by  che  resolved  flow  ^arc. 

No  experimental  data  are  available  for  this  ratio  of 
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radii.  Uc  have  includad  some  measurements  for  ocher 
radii  to  show  the  general  agreement. 


R 


Fig.  6:  Total  (<E>)  and  SCS  (<''e'>)  kinetic  energy 


Fig.  7:  Tima  mean  velocity  profile 


For  a plane  channel  ve  compare  our  computed  rms 
velocity  fluctuations  with  the  measured  results  of 
Comte-Belloc  /I4/,  see  Fig.  9.  The  differences  are 
less  Chan  about  20  '.  Some  of  the  differences  might 
be  attributable  to  the  SCS  part  which  has  been  com- 
puted from  Che  SGS  kinetic  energy  and  added  to  Che 
resolved  pert  under  the  assumption  of  local  isotropy. 
In  all  our  simulations  we  observe  a surprising  re- 
sult: The  u^-rms-values  are  larger  chan  Che  uj-values 
by  a few  percent  in  Che  middle  of  the  channel.  This 
might  be  a consequence  of  anisotropy  and  different 
resulting  energy  supply  (o  these  velocity  components 
by  means  of  Che  pressure  fluctuations.  It  is  not  clear 
from  experiments  whether  this  effect  is  real,  because 
Che  accuracy  of  Che  measurements  is  not  sufficient  for 
this  purpose.  Interestingly,  this  result  is  not  dis- 
cordant with  Che  maasuremencs  of  Comte-Bellot  /I4/. 


Pressure  Statistics 

The  time  mean  value  of  the  pressure  is  not  a con- 
stant as  shown  in  Fig.  10.  Using  an  arbitrary  mean 
value  (Che  mean  is  sec  to  rero  in  Che  first  cell  near 
the  left  wall  by  Che  Foisson-solver  used)  we  compare 
our  computations  with  Che  experiments  of  Patterson 
cc  al.  /IS/.  The  rms  pressure  fluctuations  are  plotted 
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Fig.  II:  Rms  praisur*  fluctuations 

in  Fig.  II.  Tha  nu  value  at  Che  uall,  2.7,  corre- 
spondswell  vicb  expcrioencs , sec  /3/.  No  internal 
aeasurements  arc  known  for  this  geometry.  The  case 
K7  gives  rather  small  rms  values,  this  is  a consc' 
quence  of  too  small  periodicity  lengths  and  X^, 
which  result  in  a filtering  of  Che  low  frequency 
fluctuations. 

Fig.  12  shows  a contour-line  plot  of  the  in- 
scancaneous  fluctuating  pressure  at  the  wall  of  a 
plane  channel  (X2.3)  and  Che  corresponding  experi- 
mental result  of  Dinkelacker  ec  al.  /1 6, 17/.  Both 
plots  arc  sealed  so  Chat  the  spatial  dimensions  arc 
directly  comparable.  In  both  figures  we  observe  a 


45°-inclinat’nn.  From  the  numerical  results  it  is  ob- 
vious chat  Che  pressure  fluctuations  are  correlated 
over  longer  distances  in  Che  x.,-  than  in  the  meat 
flow-direction  xj . This  finding  agrees  with  earlier 
results  '3/  and  experiments  /IS/. 

Temperature  Statistics 

The  mean  temperature  profile,  corresponding  to 
Fig,  5 (22.2)  is  shown  in  Fig,  13.  The  agreement  with 
experimental  data  /I2,I3,I9/  is  satisfactory  except 
for  the  results  of  Ball,  which  depart  probably  due 
CO  the  above  mentioned  spacers  and  a rather  short 
thermal  entry  length.  The  Nusselt-number,  calculated 
from  this  mean  temperature  profile,  is  Nu  ■ SO, 6. 
Experimental  results  deviate  from  this  value  by 
* IS  Z /4/. 

For  a plane  channel  with  a rather  coarse  grid  (K7),ve 
show  the  rms  temperature  fluctuations  in  Fig.  14.  In 
this  case  the  fluid  is  heated  by  a voluaecrical  heat 
source  within  the  fluid  and  cooled  at  both  walls  by 
prescribing  constant  and  equal  wall  temperatures . No 
equivalent  experimental  data  are  known  for  a place 
channel.  We,  therefore,  refer  to  the  pipe  data  of 
Bremhorst  et  al,  /20/  which  are  in  reesonable  agree- 
ment. In  Fig.  IS  we  show  Che  correlation  coefficient 
between  the  temperature-  and  the  cross-scream  veloci- 
ty component  for  the  same  channel  in  comparison  to 
several  experiments  /20-23/.  The  good  agreement  shows 
that  Che  turbulent  heat  flux  is  correctly  simulated. 
This  is  mainly  a consequence  of  the  inhomogeneous 
part  (16,19)  of  the  SGS  heat  flux  model;  it  was 
found  /4/  that  neglection  of  the  inhomogeneous  SOS 
heat  flux  model  results  in  higher  temperature  rms. 
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Fig.  13:  Time  mean  cemperacure  profile  normalized 


by  Che  wall  temperacures  at  the  inner 
and  outer  walls 


Fig.  14:  Rm*  temperature  fluctuations.  The  ex- 
perimental results  are  for  a pipe  flow 
1201. 


values, see  Fig.  4, which  cause  smaller  turbulent  heat 
flux  correlation  coefficients.  Further  results  with 
respect  fo  varying  molecular  Frandcl  numbers  and  re- 
sulting turbulent  Prandcl  numbers  /4,24/  will  be 
published  elsewhere.  Also,  secondary  flows  induced 
by  varying  wall  roughness  have  been  observed  numeri- 
cally. 

CONCLUSIONS 

Our  main  conclusion  is  that  TURSIT-2  is  a well 
suited  code  to  simulate  directly  turbulent  velocity 
and  temperature  fields  in  channel  flows  even  if 
rather  poorly  resolving  grids  are  used.  This  result 
is  a consequence  of  several  improvements  which  have 
been  added  to  the  SGS  model.  In  particular  the  SCS 
hinetie  energy  equation  and  the  inhomogeneous  pact 
of  the  flux  approximations  has  been  improved. 


Fig.  15:  Cross-stream  velocity  - temperature  corre- 
lation coefficient 

It  has  been  shown  that  the  resulting  temperature 
fields  are  rather  insensitive  with  respect  to  the  mo- 
del coefficients.  The  differences  between  the  numeri- 
cal results  and  experimental  data  are  small  in  com- 
parison with  the  scatter  of  the  latter. 

We  are  now  able  to  produce  results  which  can 
hardly  be  measured,  lilce  e.g.  the  pressure  statistics 
and  pressure-temperature  correlations,  using  only  a 
modest aiaount  of  computing  time  (e.g.  40  minutes  for 
case  E71 . This  achievement  has  to  be  payed  for,  however, 
by  a small  increase  in  empirical  information  required; 
also,  the  amount  of  novel  information  extractable  from 
a direct  siisulation  decreases  with  decreasing  resolu- 
tion. 

REFERENCES 

/I/  J.W.  Deardorff,  A numerical  study  of  three-di- 
mensional turbulent  channel  flow  at  large  Rey- 
nolds numbers,  J.  Fluid  Mech.  41,  1970,  453-480 

111  U.  Schumann,  Subgrid  scale  model  for  finite 
difference  simulations  of  turbulent  flows  in 
plane  channels  and  annuli,  J.  Comp.  Fhys., 

18,  1975,  376-404 

111  U.  Schumann,  Numerical  investigation  of  the 
wall  pressure  fluctuations  in  channel  flows, 
Nucl.  Eng.  Des.,  32,  1975,  37-47 

/4/  G.  GrStzbach,  Direkte  numeriscl e Simulation 

turbulenter  Gaschwindigkeits-,  Druck-  und  Tem- 
peraturfelder  in  Kanalstrdmungen,  thesis, 
Universitat  Karlsruhe,  1977,  KFK  2426  in  pre- 
paration 

111  U.  Schumann,  Ein  Verfahren  zur  direkten  numeri- 
schen  Simulation  turbulenter  Strdmungen  in  Flat- 
ten- und  Ringspaltkanaicn  und  Uber  seine  Anwen- 
durg  zur  Untersuchung  von  Turbulenzmodellen, 
thesis,  Universitat  Karlsruhe,  1973,  CTK  1854 

/6/  G.  Ldrcher,  Laser-Doppler-Messungen  von  Energie- 
dichtespektren  in  turbulenter  Kanalstriinung, 
thesis,  Universitat  Karlsruhe,  1977 

ni  Y.H.  Fao,  Structure  of  turbulent  velocity  and 
scalar  fields  at  large  wave  numbers,  Fhys. 
Fluids,  8,  1965,  1063-1075 


14.18 


/B/  K.P.  Jones,  3.B.  Launder,  The  calculation  cf  lev 
S.eynolds-nu2ier-phenomeaa  with  a two-equation 
aodel  of  turbulence,* Inc.  J.  Heat  Mass  Transf . 
16,  1973,  1119-1130 

,'9/  B.A.  Kader,  A.M.  Yaglon,  Heat  and  sass  trans- 
fer laws  for  fully  turbulent  wall  flows,  Inc. 

J.  Heat  Mass  Transf.  15,  1972,  2329-2351 

/lO/  J.A.  Brighton,  J.B.  Jones,  Fully  developed 
turbulent  flow  in  annuli,  J.  Basic  Eng.  86, 
1964,  835-844 

/ll/  C.J,  Lawn,  C.J.  Elliott,  Fully  developed  tur- 
bulent flow  through  concentric  annuli,  1971, 
CEGB-Report  RD/B/N  1878 

/12/  H.D.  Ball,  Experioental  investigation  of  eddy 
diffusivities  of  air  in  turbulent  annular  flow, 
Ph.  D.  thesis,  ICansas  State  Univ.,  1972 

/1 3/  T.  Lee,  Turbulent  flow  and  heat  transfer  in 

concentric  and  eccentric  annuli,  Ph.  D.  thesis, 
I'niv.  of  Liverpool,  1964 

/1 4/  G.  Conta-Belloc,  Ecoulesent  turbulent  entre 

deux  parols  parallcles.  Publications  ScienCi- 
fiques  et  Techniques  du  Ministere  da  I'Air, 

No.  419,  1965 

713/  G.K.  Patterson,  W.J.  Ewbank,  V.A.  Sandbom, 
Radial  pressure  gradient  in  turbulent  pipe 
flow,  Phys.  Fluids,  10,  1967,  2082-2084 

716/  A.  Dinkelacker , M.  Hcssel,  G.E.A.  Meier, 

C.  Schewe,  Further  results  on  wall  pressure 
fluctuations  in  turbulent  flow.  Fed.  Rep. 
Germany  Hydroacoustics  Symp.,  Froc.  Ed.  H. 
Merbt,  Frauanhofer  Ges.  Miinchen,  3,  1975, 

29-38 

7177  A.  Dinkelackcr,  M.  Hessal,  G.E.A.  Meier, 

G.  Schewe,  Investigation  of  pressure  fluctua- 
tions beneath  turbulent  boundary  layer  by  means 
of  an  optical  method,  submitted  for  publ.  in 
a Suppl.  to  Phys.  Fluids,  1976 

718/  J.M.  Clinch,  Maasuremant  of  the  wall  pressure 
field  at  the  surface  of  a smooch  wall  pipe 
containing  turbulent  water  flow,  J.  Sound 
Vib.,  9,  1969,  398-419 

7197  H.  Barrow,  Fluid  flow  and  heat  transfer  in  an 
annulus  with  a heated  core  Cube,  Proc,  IME, 

169,  1957,  1113-1124 

720/  K.  Bremhorst,  K.J.  Bullock,  Spectral  measure- 
ment of  turbulent  heat  and  momentum  transfer 
in  fully  developed  pipe  flow,  Inc.  J.  Heat 
Mats  Transf.,  16,  1973,  2141-2154 

721/  M.Kh.  Ibragimov,  V.I.  Subbocin,  G.S.  Tsranov, 
Velocity  and  camparacure  fluctuations  and 
their  correlations  in  Che  turbulent  flow  of 
air  in  pipes,  Inc.  Chem.  Engng.,  11,  1971, 
659-665 

722/  J.F.  Schon,  J,  Machieu,  A.  Bailie,  J.  Solal, 

C.  Comtc-Belloc,  Experimental  study  of  diffu- 
sion processes  in  unstable  stratified  boundary 
layers,  Adv,  in  Ceophys., 18B,  1974,  265-272 

723/  M.M.  Pimenta,  R.J.  Moffat,  W.M.  Kays,  The  tur- 
bulent boundary  layer:  an  experimental  study 
of  Che  transport  of  momentum  and  heat  with  Che 
effect  of  roughness,  Stanford  Dniv.,  1975, 
Report  HMT-21 

724/  G.  GrBtzbach,  Erste  Ergebniste  der  direkten 
numeritchen  Simulation  von  Tempcracurfeldcm 
bei  curbulencer  KacriumserSmung,  1976,  KFK 
1276/2,  129-6  - 129-11 


14.19 


IMPROVED  METHODS  FOR  LARGE-EDDY  SIMULATIONS  OF  TURBULENCE 


by 

N.  N.  Man sour 
P.  Moin 

W.  C,  Reynolds 
and 

J.  H.  Ferziger 

Department  of  Mechanical  Engineering 
Stanford  University 
Stanford,  California  94305 


abstract 

By  using  Fourier  transforms  for  evaluating  spa- 
tial derivatives,  we  are  able  to  improve  the  accuracy 
of  the  large-eddy  simulation  of  homogeneous  isotropic 
turbulence.  Especially,  the  treatment  of  certain 
terms  that  arise  In  filtering  the  equations  Is  consid- 
erably improved  in  both  speed  and  accuracy.  Use  of 
vorticity  as  the  principal  variable  is  shown  to  be  a 
viable  and  potentially  useful  alternative  to  the  pri- 
mitive variables.  A method  of  deriving  conservation 
properties  of  numerical  schemes  is  given  which  is 
much  simpler  than  previous  methods  and  is  widely  ap- 
plicable. The  methods  are  applied  to  tbe  computation 
of  homogeneous  isotropic  turbulence,  and  it  is  found 
that  the  subgrid  scale  model  is  improved  by  using 
finite  differences  in  place  of  "exact"  derivatives. 

1.  INTRODUCTION 

One  of  the  promising  approaches  to  solving  "gen- 
eral" turbulence  problems  is  "large-eddy  simulation." 
The  basic  motivation  for  this  approach  is  provided  by 
the  observation  that  the  large-scale  turbulent  struc- 
tures differ  markedly  from  one  flow  type  to  another 
(e.g.,  jet  vs.  boundary  layer),  while  the  small-scale 
turbulent  structures  are  quite  similar.  Thus,  while 
there  is  little  hope  of  concocting  a "general"  model 
for  Che  large-scale  structures,  it  is  quite  likely 
possible  to  do  so  for  Che  small-scale  motions.  In 
large-eddy  simulations,  then,  one  contemplates  calcu- 
lating the  large-scale  turbulent  motions  with  a rela- 
tively coarse  time-dependent,  three-dimensional  com- 
putation which  in  cum  uses  some  sort  of  model  (the 
"subgrid  scale  model")  for  the  smaller  scales. 

Kwak  at  al.  [3]  and  Shaansn  et  al.  [13)  have 
shown  that  homogeneous  turbulent  flows  can  be  simu- 
lated reasonably  well  with  finite-difference  methods 
using  a relatively  small  number  of  mesh  points  (16  « 

16  » 16  ■ 4096).  Kwak  used  a fourth-order  conserva- 
tive method,  while  Shaanan  used  a modified  staggered 
grid  method,  and,  while  both  were  successful,  they 
also  have  their  inconveniences.  In  order  to  assess 
Che  subgrid  scale  models  used,  to  study  Che  effect  of 
various  numerical  schemes  on  them,  and  also  for  ex- 
tensions CO  more  complex  flows,  especially  flows  with 
Inhomogenelcies  in  turbulence  Incenslrv  and  length 
scale,  it  is  important  to  obtain  the  maximum  amount  of 
computational  accuracy  possible  with  a given  amount  of 
memory  and  computer  time.  It  is  therefore  important 
CO  seek  new  numerical  methods  which  promise  rhe  im- 
proved accuracy. 

In  this  paper  we  report  our  recent  explorations 
into  a number  of  computational  methods  which  show 
promise  in  large-eddy  simulations.  The  basic  equations. 


in  primitive  variable  form,  are  outlined  in  52.  The 
resetting  of  rhe  problem  in  vorticirv  form  is  done  in 
§3. 

In  54  we  introduce  the  spatial  differencing  meth- 
ods and  show  how  the  modified  wavenumber  concept  can 
be  used  to  assess  the  accuracy  of  candidate  schemes. 

In  55  we  give  the  methods  used  for  solving  the  Poisson 
equations  (for  the  pressure  in  primitive  variables, 
for  the  stream  vector  potential  in  vorticity  varia- 
bles) that  arise  in  conpuring  Incompressible  flows. 
Time-differencing  is  taken  up  in  57. 

It  is  of  utmost  importance  in  any  clme-dependenr 
flow  computation  that  momentum  and  energy  conservation 
be  obtained  exactly  in  a numerical  sense.  Failure  to 
do  so  almost  always  results  in  computational  instabil- 
ity. The  demonstration  that  a method  is  conservative 
has  usually  been  a tedious  calculation  in  the  oast 
(especially  for  energy  conservation)  and  has  had  ro  be 
done  for  each  case  separately.  A straightforward 
method  of  demonstrating  conservation  for  a class  of 
methods  is  given  in  56. 

58  describes  the  physical  problem  which  will  be 
considered  and  lists  the  parameters  of  the  calcula- 
tions. The  results  of  these  computations  are  given 
in  19. 


2.  DYNAMICAL  EQUATIONS  IN  PRIMITIVE  FORM 


In  the  large-eddy  simulation  approach,  rhe  first 
and  most  fundamental  step  is  defining  the  large-scale 
field.  A general  approach  that  recognizes  the  contin- 
uous nature  of  the  flow  variables  is  the  "filter  func- 
tion" approach  of  Leonard  [7].  If  u is  some  flow 
variable,  we  can  decompose  it  as  follows: 

u - u -4  u'  (2.1) 


where  u is  the  large-scale  component  and  u'  is  the 
residual  field.  Leonard  defined  the  filtered  field  as 


u(x.t) 


Jr  G(x-x 
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G(x-x') u(x' . t )dx ' 


(2.2) 


where  !•  fbe  filter  function  and  the  inte- 

gral is  expended  over  the  whole  flow  field.  One  can 
think  of  u as  a local  snatlal  average  field. 

We  can  apply  (2.2)  to  the  incompressible  Navier- 
Stokes  equations  to  get  the  dynamical  equations  of 
large-scale  field. 
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where  we  have  decomposed 
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depends  upon  small-scale  quantities  and  must  be 
modeled.  We  can  write  (2.3)  in  the  following  equiva- 
lent torn: 


3Ui  _ ^ ^2- 

3t  dxj  ii  i 


5) 


where 


P - p/t  -r  i (u^U^)  + f 


ij 


- R. 


■ 3 ^ck^ij 


The  rationale  for  choosing  this  form  of  the  convective 
terns  will  be  explained  later. 

The  question  arises  as  to  hov  to  handle  the  sec- 
ond tern  on  the  left-hand  side.  From  £q.  (2.2)  we 
have 


(3u  \ /•■+“  _ 3u.\ 

Previously  (e.g.,  Kwak  et  al.  [3]  and  Shaanan  et  al. 
[13]),  we  treated  this  term  by  using  a Taylor  series 
on  the  right-hand  side.  This  is  unnecessary,  and  for 
Improved  accuracy  we  Fourier-transfom  the  above  equa- 
tion, to  get: ^ 

3xJ  |_“j\3xj  3xJ 

where  A denotes  a Fourler-cransfomed  quantity;  a 
A over  a bracket  means  the  transform  of  the  brack- 
eted quantity.  Thus,  given  a velocity  field,  u , , 
one  can  compute  the  term  In  the  brackets  on  the  right- 
hand  side  of  the  above  equation  and  multiply  it  by  G 
and  Invert  the  transform  to  obtain  the  desired  tern. 

In  the  calculations  reported  here,  we  take  G to 
be  a Gaussian  function. 


exp 


-y(x-x')^/-^[ 


(2.6) 


where  y is  a constant  and  a Is  the  filter  width. 
For  all  calculations  reported  here,  we  have  used  r * 
6 and  .1^  • 2d,  where  d Is  the  computational  grid 
size.  For  a detailed  Investigation  of  the  effects  of 
choosing  different  dy^/d,  see  Moln  et  al.  [9],  where 
some  numerical  results  are  presented  using  a filter 
which  corresponds  to  a sharp  cutoff  In  Fourier  space. 

An  eddy-vlscoslty  model  Is  used  for  t. 
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where 


?u,_ 


"ijk  i.x 


is  the  large-scale  vortlcity  and  C^,  is  a constant. 
Note  that  in  our  earlier  work  (see  Kwak  et  al.  [5])  we 
found  that.  In  the  range  of  wavenumbers  of  interest, 
the  two  models  are  virtually  equivalent.  More  will  be 
said  about  the  subgrid  scale  model  in  ‘9. 

The  governing  equation  for  pressure  field  is  ob- 
tained by  applying  the  divergence  operator  to  the  dy- 
namical equations  of  the  large-scale  field.  Using  the 
equation  of  continuity,  one  obtains 


'j 


(3u,  3u,  \ 

T (2'j_: 


S^^)|  (2.10) 


Note  that,  since  at  the  high  Reynolds  numbers  consid- 
ered here  the  direct  viscous  dissipation  In  the  large- 
scale  field  is  negligible  compared  to  the  subgrid-scale 
transfers,  the  viscous  terns  are  neglected. 

3.  DYNAMICAL  EQUATIONS  IN  VORTICITY  FORM 

In  many  flows  of  practical  Interest  there  are  in- 
teractions between  Irrocatlonal  regions  and  turbulent 
regions.  Examples  of  such  flows  are  the  shear  layer, 
turbulent  jet  flows,  and  turbulent  boundary  layers  with 
Irrocatlonal  free  scream  flow.  In  such  flows  Che  re- 
gions are  separated  by  a very  thin  superlayer  across 
which  there  Is  normally  a Jump  in  the  vortlcity  paral- 
lel CO  Che  layer.  The  dynamical  equations  for  the  vor- 
clclty  seem  to  be  Che  best  choice  for  simulating  such 
flows,  since  the  vortlcity  would  be  Identically  zero  in 
the  irrocatlonal  region. 

The  appropriate  equations  can  be  derived  by  taking 
the  curl  of  the  filtered  primitive  equations  (2.5)  to 
get: 

3a) . 
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depends  on  small-scale  quantities  and  hence  must 
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be*^ modeled.  Ue  note  chat  any  nwdel  of 
possess  Che  following  properties: 

1.  It  should  be  anClsysmetrlc,  since  V 
ancisvsiiiecrlc  censor  and  therefore 


should 


Is  an 


1 ®*j 


ij 


Is  the  filtered  strain  race  tensor  and  vj  is  an  eddy 
viscosity  associated  with  Che  residual  field  motions. 
Smagorlnsky  [14]  suggested  the  following  model  for  v.j: 


-Ij. 


It  is  therefore  Important  to  preserve  the  an- 
tisymmetry property  of  , since  the  dynam- 
ical equations  for  the  vortlcity  do  not  contain 
a pressure-like  term  to  adjust  the  divergence 
of  the  vortlcity. 

2.  It  should  vanish  in  an  Irrocatlonal  region, 

since  vanishes  In  such  regions. 

3.  It  should'be  an  energy  sink,  since  it  repre- 
sents the  subgrid  scale  effects. 

The  curl  of  Che  model  (2.7)  could  be  used  Co  model 
this  would  give: 


W 


where  C Is  a constant.  In  the  calculations  with  the 
primitive  equations  reported  here,  we  have  used  the 
following  model: 


ij 


ijk 
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where  and  y.j  are  defined  by  Eqs. 

respectively. 

Another  modeL  has  been  used  for 


(3.2) 
(2.8)  and  (2.9), 
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where  is  defined  as  in  Eq.  (2.9).  Both  Eodels 

setisfv  all  three  criteria  and  have  been  tested  (see 
39). 

4.  NTMERICAL  METHODS 


Finally,  ve  have  used  the  collocation  or  pseudo- 
spectral  method  (see  Orszag  [101  and  Fox  and  Orszag 
[3])  in  calculations  using  both  primitive  variable 
and  vortlclty  equations.  Applying  this  scheme  to  the 
simple  Fourier  wave  discussed  previously,  we  obtain: 


In  problems  in  which  there  are  significant  small- 
scale  variations  (high  wave  number  components),  the 
order  of  difference  approximation  in  the  conventional 
sense  (ex,  2nd  order,  0(1^))  nay  not  be  the  approp- 
riate criterion  for  choosing  a differencing  method. 
Bather,  one  should  look  at  the  entire  range  of  wave 
numbers  up  to  :r/4,  the  highest  wave  number  that  can 
be  represented  on  a grid  of  size  4,  In  order  to 
sake  this  point  clear,  we  inquire  how  various  numeri- 
cal differencing  schemes  differentiate  a simple  Four- 
ier wave  f(x)  • e^*“.  The  correct  answer  is,  of 
course,^  f • ikf  for  the  first  derivative  and 
f"  • -k*f  for  the  second  derivative.  As  a first 
case,  consider  the  fourth-order  differencing  scheme: 


6x 
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(4.1) 


(Throughout,  we  use  6 to  represent  the  numerical 
approximation  of  9),  which  was  used  in  some  of  the 
calculations  using  the  vorticlty  equations.  For  the 
Fourier  wave  discussed  above,  this  scheme  yields 


ik’f. 


where 


8 sln(4k)  - sin(2Ak)J 


(4.2) 


is  the  modified  wave  number. 

Next,  consider  the  following  fourth-order  compact 
scheme  (see  Kopal  [4],  Orszag  & Israeli  [11],  and  Moin 
et  al.  [9]): 

X..  D.u 
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where  D is  the  central  difference  operator. 

( Vi  - Vi) 

o o 


IT 


and  and  D_ 
ence  operators:* 


are  the  forward  and  backward  dlffer- 
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This  scheme  was  used  in  some  of  the  calculations  re- 
ported here,  using  the  dynamical  equations  in  primi- 
tive form.  The  above  scheme  is  a three-point  finite- 
difference  scheme  despite  being  fourth-order,  and 
hence  it  appears  attractive  in  boundary  value  problems 
with  nonperiodic  boundary  conditions.  However,  the 
main  disadvantage  of  this  scheme  in  this  case  is  that 
it  requires  an  estimate  of  du/dx  at  the  boundary. 
Here,  x denotes  the  direction  normal  to  the  bound- 
ary. 

Applying  (4.3)  to  a Fourier  wave,  we  obtain: 


ikf 


k • 


liHUSsir I .1  (4  4) 

4 l_2  + cos(k4)J  ' ' 


fj  - ikf^  (4.5) 

Figure  1 compares  the  modified  wave  numbers  for 
S ■ 16  mesh  points.  It  is  clear  chat  for  a given 
number  of  nwsh  points,  the  ultimate  accuracy  can  be 
obtained  using  the  pseudo-spectral  metnod:  also,  at 
high  wave  numbers,  Che  compact  scheme  (4.3)  is  more 
accurate  than  Che  conventional  fourth-order  scheme 
(4.1).  In  this  figure  k"  is  the  modified  wave  num- 
ber for  the  second-order  difference  operator,  Dg. 

5.  NUMERICAL  SOLUTION  OF  POISSON  EQUATION 

As  was  explained  in  S2,  we  obtain  the  pressure 
equation  (2.10)  by  caking  the  numerical  divergence  of 
equation  (2.3).  This  step  must  be  done  very  carefully 
(see  Kwak  et  al.  [5]  or  Shaanan  et  al.  [13]).  One 
must  set  the  pressure  field  at  the  current  time  step 
such  that  continuity  is  satisfied  at  the  next  time 
step.  One  way  to  achieve  this  goal  is  to  use  the  same 
numerical  differencing  scheme  for  gradient  and  diver- 
gence operators.  In  general,  hotraver,  chj^s  leads  to  a 
less  accurate  numerical  scheme  for  the  7^  operator 
in  Che  Poisson  equation. 

In  the  numerical  simulation  of  Che  vortlclty  equa- 
tion, we  have  to  obtain  the  velocity  field  from  the 
vortlclty  field  in  order  to  be  able  to  advance  in  time. 
To  do  so,  we  will  define  a vector  potential,  (see 

Lamb  [6]),  such  chat 


“i  • ^ijkl^^k  (5.1) 

can  be  chosen  CO  be  solenoldal,  l.e., 

^Pi  - 0 (5.2) 

Taking  the  numerical  curl  of  (5.1)  and  using  (5.2),  we 
have 
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. (5.3) 
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Solving  the  Poisson  equation  (5.3)  and  using  (5.1),  we 
get  the  velocity  field  from  the  vortlclty  field. 

6.  CONSERVATION  PROPERTIES 


As  was  pointed  out  by  Phillips  [12],  numerical 
integration  of  the  finite-difference  analog  of  the 
Navier-Stokes  equationa  may  introduce  nonlinear  insta- 
bilities if  proper  care  is  not  taken.  Arakawa  [1], 
working  with  the  two-dimensional  vorticlty  equation, 
showed  that  by  properly  conserving  vorticlty,  energy 
and  enscrophy  (uj^u.^) , these  instabilities  disap- 
peared. Lilly  [8],  working  with  the  primitive  vari- 
ables, developed  a spatial-differencing  scheise  chat 
conserves  momentum  and  energy.  By  conservation  we 
mean  chat,  in  Che  absence  of  external  forces  and  vis- 
cous dissipation,  the  only  way  that  Che  momentum  and 
kinetic  energy  in  a control  volume  can  change  is  by 
flow  through  the  surface.  This  property  must  be  re- 
tained in  Che  numerical  spatial-differencing  method. 

In  the  simple  case  of  periodic  boundary  conditions , we 
have : 


0 (l.e.,  momentum  conservation)  (6.1) 
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energy  coneervation) 

(6.2) 

Ic  Is  usually  easy  co  devise  a nuoerloal  approxiaa- 
Cion  CO  Che  dynamical  equations  In  primitive  form  chat 
conserves  momentum,  l.e.,  summation  over  Che  flow  vol- 
ume of  Che  approximated  equations  would  give  the  dis- 
crete equivalent  of  Eq.  (6.1).  However,  rhe  difficul- 
ties arise  when  trying  to  show  energy  conservation, 
since  in  general  the  identity 


* 3^(ivi) 


(6.3) 


does  not  hold  in  finite-difference  form. 

Writing  the  equations  of  motion  In  the  following 
form  (Tennekes  and  Lumley  115)). 


/p  ^ 1 \ 

11  u 1 

\»Xj 

U 2 11/ 

• 0 


(6.5) 


and  integrating  over  the  flow  volume,  we  get  Eq.  (6.1) 
by  using  integration  by  parts  and  the  continuity  equa- 
tion (6.5).  Multiplying  Eq.  (6.4)  by  uj,  the  non- 
linear terms  on  the  left-hand  side  of  the  equation  sum 
CO  zero  by  symmetry;  then,  integrating  over  the  flow 
volume,  we  get  Eq.  (6.2)  by  using  integration  by  parts 
and  Che  continuity  equation  (6.5).  We  notice  chat 
written  in  the  form  shown  by  Eq.  (6.4),  we  did  not 
need  the  Identity  (6.3)  to  show  energy  conservation 
from  the  dynamical  equations  in  pflaltlve  form;  the 
conservation  properties  were  obtained  by  making  use 
of  only  integration  by  parts  and  the  continuity  equa- 
tion. 

Consider  the  numerical  approximation  of  Eqs. 

(6.4)  and  (6.5); 

3 /su^  iu^  \ { /p  1 \ 


s 

£x. 


- 0 


(6.7) 


1 

where  we  are  using  6/i-x^  to  denote  the  numerical 
approximations  to  the  partial  derivatives  a/Jx^,  and 
Che  same  approximations  are  used  in  both  equations 
(6.6,  6.7)  for  any  given  Independent  variable.  In 
order  to  have  long-term  integration  stability,  Eq. 
(6.6)  should  numerically  conserve  momentum  and  energy. 

If  we  follow  the  steps  used  in  deriving  Che  con- 
servation properties  from  Eqs.  (6.4)  and  (6.5),  one 
realizes  that  the  conservation  properties  will  follow 
if  we  can  establish  numerical  susntatlon  by  parts. 
Consider  the  one-dimensional  case,  where  we  have,  for 
periodic  boundary  conditions. 


f (x)dx 


u(x)dx 


The  numerical  analog  of  the  above  equation  Is: 

S-1  . N-1  , 

2 u(n)  y—  f(n)  • - ^ f(n)  v — u(n)  (6.8) 

n-o  ^*n 

Expanding  u(n)  in  Fourier  series,  we  get: 

N/2-1 


u(n)  • 

5*  u(J)  exp(2xiJn/N)  ; n « 0,1,.. 

. . ,N-1 

J— N/2 

uU)  - 

N 

2 u(n)  exp(-2xiJn/N)  ; J - - y ,... 
n"o  ^ 

N 

■ » T * 

Also, 

i 

5x 


f (n) 


N/2-1  , 

J— N’/2 


(J) 


ll  -V 
I s 


f(n') 


exp(-2TUn'  /N)[exp(2TlJn/K) 


(6.9) 


where  k (J)  is  the  modified  wave  number,  k (J)  de- 
pends on  the  finite-difference  scheme  used,  and  exam- 
ples have  already  been  given  in  S4. 

Substituting  Eq.  (6.9)  into  Che  left-hand  side  of 
Eq.  (6.8)  yields: 

N-1  . , N-1  X-1  N/2-1  * 

^ u(n)  f(n)  ■ jj  S E E 
n“o  ” n ‘ n”o  n^o  J“-S/  2 

• f (n')exp(-2xiJn'/N)exp(2riJr./N) 

Now,  changing  the  summation  index  in  the  last  sum  from 
J to  -J,  we  see  that  this  expression  will  agree 
with  the  right-hand  side  of  Eq.  (6.8),  provided 


k (J)  - - k (-J) 

“*(-1)  • " 


(6.10) 

(6.11) 


Condition  (6.10)  is  satisfied  by  all  the  methods 
under  consideration,  and  k (-N/2)  -0  is  true  for 
the  finite-difference  methods  (4.2)  and  (4.4).  The 
pseudo-spectral  method  caruiot  differentiate  between 
f " exp(lirx/d)  and  f • exp(-ixx/A),  and,  due  to 
this  confusion  at  J • -N/2,  k(-N/2)  is  set  equal  to 
zero  for  the  pseudo-spectral  method.  Hence,  summation 
by  parts  is  obtained  when  (6.10)  and  (6.11)  hold. 

Now,  sunning  Eq.  (6.6)  over  all  mesh  points,  using  the 
generalization  of  (6.8)  to  three  dimensions  and  using 
Eq.  (6.7)  will  yield  the  numerical  equivalent  of 
(6.1).  Multiplying  Eq.  (6.6)  by  uj^,  the  nonlinear 
term  in  the  left-hand  side  of  (6.6)  will  sum  to  zero 
by  symmetry;  then  summing  over  all  mesh  points,  using 
as  before  the  three-dimensional  generalization  of 
(6.8)  and  (6.7)  will  yield  the  numerical  equivalent  of 
Eq.  (6.2). 

Now  that  we  have  shown  that  the  nunwrlcal  approxi- 
mation of  the  governing  equations  of  motion  written  in 
the  form  (6.6)  and  (6.7)  conserves  the  required  prop- 
erties, we  would  like  to  obtain  the  difference  approxi- 
mation to  the  vortlclty  equation. 

In  order  to  Insure  that  the  numerical  vortlclty 
equations  are  equivalent  to  the  numerical  primitive 
equations,  the  numerical  curl  must  be  applied  to  E^. 
(6.6).  Using  the  fact  that  numerically  01v(curl  v; 
and  CurKgrad  S)  will  be  identically  equal  co  zero, 
if  for  any  given  direction  the  same  numerical  approxi- 
mation is  used  for  all  operators  (7g,7x,7),  and  ap- 
plying the  numerical  curl  to  Eq.  (6.6)  yields: 

(m.u,  - u.u  ) • 0 (6.12) 

6Xj  J i 1 1 

Ic  is  in  this  form  chat  we  will  approximate  the  vor- 
tlclcy  equations. 

Note  that  by  sussing  Eq.  (6.10)  over  all  grid 
points  we  get : 

^ - 0 
^ all  grid  ^ 
points 

Hence  in  Che  form  (6.6),  the  primitive  equations  also 
conserve  vortlclty. 
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TIME  DIFTERENXING 


To  advance  time,  a second-order  Adams-Bashforth 
method  was  used.  It  has  been  shown  by  Lilly  [S]  that 
this  method  is  weakly  unstable,  but  the  total  spurious 
computational  production  of  kinetic  energy  is  small, 
and  in  problems  with  turbulence  decay,  it  causes  no 
problem.  _ 

The  Adams-Bashforth  formula  for  u,  at  time  step 
n + 1 is 


— n+1 
“i 


+ Lt 


(n) 


3 


+ C(it  ) 


where 


Higher-order  methods  could  be  used,  but  there  is  no 
incentive  to  do  so. 


8.  DECAY  OF  ISOTROPIC  TniBl.TJ3:CE 

In  order  to  assess  the  computational  methods  dis- 
cussed earlier,  we  used  them  to  simulate  the  simplest 
flow  in  turbulence,  namely,  the  decay  of  homogeneous 
isotropic  turbulence.  The  experimental  grid  turbu- 
lence of  Comte-Bellot  and  Corrsin  [2]  were  used  as  the 
"target"  for  our  numerical  predictions.  This  experi- 
ment approximates  homogeneous  isotropic  turbulence, 
when  viewed  in  a coordinate  frame  moving  with  the  mean 
flow  velocity. 

Since  the  computation  will  treat  the  filtered 
field,  we  used  a flow  field  which  had  the  same  fil- 
tered energy  spectrum  as  that  of  the  above  experiment 
for  our  initial  condition.  The  initial  field  was  also 
constructed  to  be  divergence-free  and  otherwise  random. 

The  residual  stress  model  constant  (see  (2.9))  was 
obtained  by  matching  the  computational  rate  of  filtered 
energy  decay  to  that  of  the  experiment,  as  judged  by 
consideration  of  the  slope  of  the  curve  (Fig.  2).  The 
values  of  the  constants  obtained  using  different  nu- 
merical schemes  were,  in  most  cases,  within  ten  per 
cent  of  each  ocher. 

9 . RESCLTS 


The  results  presented  here  arb  the  energy  spectra 
obtained  at  Che  dimensionless  time  Ugt/H  • 98,  where 
I'g  • 10  m/sec  is  the  experimental  free-scream  air 
speed,  M ■ 5.08  cm  is  Che  size  of  the  experimental 
turbulence-generating  grid,  and  c is  the  time  in 
seconds.  The  initial  conditions  were  based  on  Che 
data  at  h'^c/M  • 42.  Fig.  3 shows  the  energy  spectrum 
obtained  from  pseudo-spectral  calculations  of  the  pri- 
mitive equations  using  16^  mesh  points.  If  the  ex- 
perimental curve  is  considered  as  Che  "target",  we  see 
chat  for  1 i.  h ^ 2.5  the  computed  results  are  lower 
than  Che  experimental  values.  Evidently  the  subgrid 
scale  model  cakes  too  much  energy  from  these  wave  num- 
bers and  too  little  from  the  ocher  wave  numbers.  In 
this  case,  we  used  Che  pseudo-spectral  approxlsiacion 
CO  calculate  the  subgrid  scale  terms  as  well  as  the 
other  terms;  thus  the  problem  must  lie  with  the  sub- 
grid scale  model,  the  only  significant  approximation 
in  Che  calculation.  Fig.  4 shows  Che  energy  spectrum 
obtained  using  second-order  central  differencing  to 
approximate  all  the  derivatives  appearing  in  the  sub- 
grid scale  model.  It  can  be  seen  chat  the  computa- 
tional points  follow  Che  experimental  curve  closely, 
except  for  a small  accumulation  of  energy  at  Che  ex- 
treme end  of  the  spectrum  which  was  also  present,  to  a 


lesser  extent,  in  Fig.  3.  One  way  to  look  at  the  dif- 
ference between  the  results  demonstrated  by  Figs.  3 
and  4 is  to  regard  them  as  corresponding  to  two  differ- 
ent subgrid  scale  models.  Although  cney  arc  both  ver- 
sions of  vorticity  model  iEq.  (2.9)),  the  second-order 
scheme  produces  a different  approximation  chan  docs  the 
pseudo-spectral  method,  due  to  truncation  error.  In 
this  case,  it  turns  out  that  the  second-order  approxi- 
mation represents  a subgrid  scale  model  which  docs  a 
better  job  in  terms  of  agreement  with  the  experiment. 

Figure  5 shows  the  energy  spectrum  obtained  from 
32^  pseudo-spectral  calculations  with  the  second- 
order  differenced  subgrid  scale  modal.  We  sec  that 
the  agreement  with  the  experiment  is  quite  good. 

Figures  6 and  7 show  the  energy  spectra  obtained 
from  the  16^  compact  scheme  (Eq.  (4.3))  calculations. 
In  the  result  shown  in  Fig.  6,  the  compact  scheme  is 
used  to  compute  the  subgrid  scale  model  (in  addition 
to  other  quantities),  while  in  the  result  shown  In 
Fig.  7,  the  second-order  schema  is  used  to  calculate 
the  subgrid  scale  terms.  Again,  we  see  that  the 
second-order  differenced  model  does  a better  job  in 
terms  of  agreement  with  the  experiment. 

Figures  8-11  show  the  energy  spectra  obtained  by 
using  Che  dynamical  vorticity  equations.  Fig.  8 is 
obtained  by  fourth-order  finite-differencing  the  vor- 
clcicy  equation,  using  the  curl  of  Che  vorticity  , 
model,  Eq.  (3.2),  for  the  subgrid  scale,  with  a 16^ 
mesh.  We  obtain  a good  agreement  with  the  experimen- 
tal results  up  to  wave  ntssber  2.5,  after  which  the 
Inaccuracy  of  the  fourth-order  differencing  begins  to 
take  effect.  This  success  is  expected,  since  fourth- 
order  finite-differencing  the  primitive  equations  pro- 
duced good  agreement  with  the  filtered  experimental 
results  using  the  primitive  variable  version  of  this 
model  (Kwak  ec  al.  [5]).  . 

Figures  9 and  10  are  results  from  a 16'^  compu- 
tation using  the  pseudo-spectral  method,  and  Eq.  (3.3) 
as  Che  subgrid  scale  model.  Ve  note  the  saise  behavior 
in  Fig.  9 as  Chat  of  Fig.  3;  the  computed  spectrum 
falls  lower  chan  the  experimental  spectrum,  indicating 
chat  Che  subgrid  scale  model  using  pseudo-spectral 
method  to  compute  the  spatial  derivatives  damps  too 
much  energy  in  the  wave  number  range  1-2.5.  Using 
second-order  finite-differencing  to  compute  the  par- 
tial derivatives  in  the  subgrid  scale  model,  Eq. 

(3.3),  we  note  a significant  improvement  in  the  com- 
puted spectrum.  These  results  are  consistent  with  the 
results  obtained  using  Che  primitive  variables.  .Fig- 
11  shows  the  energy  spectrum  obtained  from  a 32'’ 
pseudo-spectral  calculation  using  second-order  finite- 
differencing  CO  compute  the  partial  derivatives  in  the 
subgrid  scale  model,  Eq.  (3.3).  The  results  arc  sim- 
ilar to  the  16’  results. 

Throughout  this  investigation,  the  Reynolds  num- 
ber based  on  Taylor's  microscale,  R\',  was  approxi- 
mately 58. 

10.  CONCLUSIONS 

This  paper  is  aimed  at  providing  understanding  of 
what  is  necessary  to  compute  at  least  simple  turbulent 
flows,  and  provides  the  basis  for  attempting  computa- 
tion of  more  complex  flows  by  large-eddy  simulation. 

Both  the  primitive  variable  and  vorticity  equa- 
tions have  been  shown  to  provide  satisfactory  bases 
fer  Che  simulation  of  homogeneous  isotropic  turbulence; 
we  can  ()etecc  no  significant  difference  in  the  results 
obtained  with  the  two  sets  of  equations  for  Che  cases 
treated.  The  choice  of  method  is  thus  dictated  by  the 
particular  problem  to  be  Created.  We  believe  chat  the 
vorticity  approach  is  probably  better  for  free  shear 
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flows,  while  Che  prioiclve  equations  are  likely  better 
for  bounded  flows. 

As  In  our  previous  work,  proper  treacDent  of  the 

'ujll.,  Cera  chat  arises  In  filtering  the  equations  Is 
found  to  be  very  loportanc.  However,  the  use  of  Four- 
ier cransfonii  methods  allows  both  more  accurate  and 
faster  treatment  of  this  term.  This  is  a definite 
iaprovemenc  over  the  earlier  treatment  (involving  the 
"Leonard"  stresses) , which  we  believe  should  be  used 
only  when  the  use  of  transform  methods  Is  Impossible. 

A general  approach  to  the  derivation  of  conser- 
vation properties  which  Is  applicable  to  any  numerical 
problem  In  incompressible  fluid  mechanics  has  been 
given  and  should  simplify  the  analysis  of  numerical 
schemes. 

Ue  found,  in  agreement  with  earlier  results,  that, 
for  the  calculations  treated  herein,  the  optimum  sub- 
grid scale  constant  depends  slightly  on  the  numerical 
method  used.  The  variation,  which  Is  not  surprising. 

Is  In  most  cases  only  about  ten  percent  and  Is  not 
likely  to  have  significant  effects  on  the  results  com- 
puted In  shear  flows.  The  use  of  Fourier  spatial  dif- 
ferencing has  allowed  us  to  look  more  carefully  at  the 
subgrid  scale  model,  and  It  was  found  that  replacing 
exact  derivatives  with  second-order  differences  (which 
Is  roughly  equivalent  to  averaging  the  model  spatially) 
produces  Improved  behavior  of  the  spectrum. 
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ferencing for  S.G.S.  C ■‘0.19.  i • 1.0  cni. 
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I.  6.  Filtered  energy  spectra.  Compact  scheme 

(Eq.  (4.3))  with  mesh;  2nd-order  dif- 

ferencing for  subgrld  scale  model.  C • 
0.23,  1 • 1.5  cm.  '' 
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Fig.  8.  Filtered  energy  spectra.  4ch-order  differ- 
encing (Eq.  (4.1))  with  If^  mesh;  curl  of 
vorticlty  model  for  S.G.S.  • 0.235. 
i • 1.5  cm. 
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Fig.  9.  Fllctrsd  energy  spectre.  Pseudo-spectral 
conputatlon  vith  16^  mesh;  subgrid  scale 
aodel  (Eq.  (3.3)).  C - 0.186,  d • 1.5  as. 
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Fig.  lO.  Filtered  energy  spectra.  Pseudo-spectral 

computation  with  16^  mesh;  2nd-order  differ- 
encing for  S.G.S.  (Eq.  (3.3)).  C • 0.188, 

A ■ 1.5  cm. 


K(cm"') 

Fig.  11.  Filtered  energy  spectra.  Pseudo-spectral 

calculation  with  32^  mesh;  2nd-order  dif- 
ferencing for  S.G.S.  (Eq.  (3.3)).  C • 

• 0.188,  A - 1.5  cm.  '' 
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ABSTRACT 

This  paper  presents  restilts  from  a comprehensive 
investigation  of  large-eddy  simulations  of  homoge- 
it<ous  isotropic  turbulence.  Calculations  have  been 
made  using  16^  and  32^  grid  meshes,  a number  of  flow- 
field  filters,  and  two  simple  subgrid  scale  turbu- 
lence iBodels.  Particular  attention  has  been  paid  to 
the  degree  of  isotropy  and  the  ability  of  the 
approach  to  predict  higher-order  statistical  quanti- 
ties (skewness  and  flatness) . Directions  for  needed 
improvement  in  the  simulation  approach  arc  indicated, 
and  a plea  is  made  to  experimenters  to  process  their 
data  in  a way  which  will  facilitate  comparison  with 
large  eddy  simulations. 

1.  EITRODDCTION 

Large  eddy  simulation  Is^  a three-dimensional 
time-dependent  computational  method  in  which  one 
attempts  to  "capture"  the  large  scale  turbulent 
motions  and  model  the  small  ones.  This  is  necessary 
because  computer  resource  availability  limits  the 
wavenumber  range  that  can  be  covered  in  a simulation. 
One  filters  out  the  small  scales,  which  necessarily 
raseves  some  information  about  the  flow  field.  This 
paper,  which  follows  our  earlier  reports  [1,2], 
further  explores  the  sensitivity  of  various  predicted 
quantities  to  the  parameters  of  the  large  eddy  simu- 
lation for  homogeneous  isotropic  turbulence.  Here 
we  use  the  numerical  technique  of  Rwak  [1],  with 
modifications  to  be  mentioned.  For  evaluation  of 
alternative  methods,  see  our  companion  paper  [3]. 

More  details  will  be  given  in  a forthcoming  report 
[4). 

Rwak  [1]  and  Shaanan  [2]  each  cosq>uted  only  one 
realization  of  homogeneous  isotropic  turbulence. 

When  repeats  of  their  calculations  were  made  with 
different  random  initial  fields,  istportant  differ- 
ences were  found  in  higher-order  statistical 
quantities  (e.g.,  skewness).  Quantities  closely 
related  to  the  skewness  play  a key  role  in  deter- 
mining transfers  emong  the  Reynolds  stress  com- 
ponents, and  it  is  important  that  the  large  eddy 
sisulation  predict  them  accurately.  We  therefore 
made  a detailed  study  of  how  various  computed 
quantities  are  affected  by  changes  in  the  computa- 
tional method  and  input  parameters.  This  paper  and 
Ref.  [3]  give  selected  results  of  that  study. 

In  ! 2 we  review  the  analytical  background  of 
large-eddy  sisulation  and  discuss  the  selection  of 
computational  parameters;  § 3 exasU.nes  the  effects 
on  low  order  scaclstlcal  quantities,  energy  and 
spectrum;  i 4 discusses  the  effects  on  other 
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statistical  quantities.  In  I 3 we  evaluate  the  basic 
approach,  and  made  recooBendatlons  for  future  devel- 
opment . 

2.  MATHEMATICAL  BACKGROUSD 

Following  Leonard  [5],  the  filtered  value  of  a 
flow  field  variable  u(x, t)  is  defined  by 

u(x,t)  - / G(x-x')u(x',t)dx'  (2.1) 

“D 

where  the  integration  is  carried  out  over  the  entire 
flow  field.  The  filter  GM  should  be  chosen  to 
retain  the  large  scale  behavior  of  u while  resuvlng 
Che  small  scale  variations. 

Computationally  it  is  more  convenient  to  compute 
Che  filtered  value^of  a quantity  by  Fourier  transform- 
ing (2.1),  since  U ■ u(k)G(k)  . Thus,  it  is  really 
Che  Fourier  transform  of  Che  spatial  filter  chat  is 
of  most  interest.  In  [1,2]  we  claimed  to  use  the 
Gaussian  filter, 

G(£)  • A • exp(-6r*/j“)  (2.2) 

where  the  factor  6 appears  for  convenience,  and  the 
constant  A is  adjusted  for  proper  normalization. 

The  exact  continuous  Fourier  transform  of  (2.2)  is  a 
Gaussian  in  wavenumber  space , 

G(k)  - *-*'*■^*''24  (2.3) 


However,  in  numerical  calculations  the  variables  are 
defined  only  on  a discrete  grid  and  a discrete  Fourier 
transform  must  be  used.  The  discrete  Fourier  trans- 
form of  (2.2)  is  not  exactly  a Gaussian  in  k-spece; 
Fig.  1 compares  the  discrete  transform  of  (2.2)  with 
(2.3);  (2.3)  was  used  in  [1.2]. 

Filters  rejected  in  our  earlier  work  are  the 
"top  hat”  or  "box"  filters.  The  x-spacc  top  hat 
filter  is 


otherwise 


while  Che  k-space  top  hat  filter  is  a sharp-cutoff  in 
wavenumber  space: 


Equation  (2.4)  was  rejected  because  its  Fourier 
transform  (kA/2)"3  slnJ(ki/2)  oscillates  at  high 
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Fig.  1 Filters  and  their  transforms; 

(A)  Discrete  Fourier  transform  of  Eqn.  (2.2) 

(3)  Continuous  Fourier  transform 

wavenumber  and  does  not  remove  small  scales  suffi- 
ciently well;  this  Is  Che  filter  Implicitly  used  by 
chose  who  have  employed  "box  averages."  Filter  (2.3) 
retains  all  of  Che  Fourier  modes  for  , and 

hence  allows  direct  comparison  of  the  energy  spectrum 
for  low  wavenumbers  with  experiments.  The  spectral 
method  of  Orssag  [6}  Is  equivalent  Co  Che  use  of  (2.3) 
with  k^  > r/h  , Che  highest  wavenumber  chat  can  be 
supported  by  a mesh  of  size  h . However,  this  filter 
poses  problems  unless  special  provisions  are  made  for 
handling  aliasing  problems.  There  Is  no  reason  why 
kf  cannot  be  smaller  chan  i^/h  , and  If  k,. 

Che  aliasing  problem  disappears  entirely. 

A related  problem  discussed  In  [1,2]  revolves 
around  the  "Leonard  stresses,"  UjrU,  - * which 

arise  when  the  Ilavler-Stokes  equations  are-^  filtered. 

In  [1,2]  we  approxl^ced  these  using  a Taylor  series 
expansion  of  the  u field;  (2.3)  cannot  be  used  In 
this  approach.  However,  If  Instead  one  simply  com- 
£u^es  u,u,  hy  computationally  filtering  the  product 
uj^Uj  as^descrlbed  above,  no  such  difficulty  Is 
encountered,  and  anv  filter  can  be  used.  This  Is  the 
procedure  we  now  employ. 

The  equations  governing  Che  large  eddy  field  are 
obtained  by  filtering  the  (Incompressible)  Havler- 
Scokes  equations,  using  u ~ u -f  u'  , 


1 2TT/(3h) 


(UiUj).j 


-P.^  + vT^u^ 


ij.j 


(2.6) 


Here  an  overdoc  denotes  time  differentiation.  Indices 
after  commas  denote  the  directions  of  partial  diff- 
erentiation, and  the  subscript  summation  convention 
Is  employed.  Also 

(2.7a) 
(2.7b) 

^ - u^u^  + u^u^ 

The  T,  represent  Che  (negative)  subgrld  scale 
stresses,  which  must  be  modeled. 

We  have  used  two  subgrid  scale  stress  models 
of  the  form 


ij 


■^'■'T^lj  ■ "''T^''l,)'*^j,l^ 


(2.8) 


Tne  first  is  Smagorinsky's  model  [7] 


— i/'i 

(C^l)  (2S^,S,,)'/- 


(7.9) 


The  second  uses  rotation  In  place  of  strain  race. 


(C^A)'(Uj^u)j^) 


1/2 


(2.10) 


where  u Is  the  vortlclty  of  the  filtered  field.  The 
constant  (C  or  C ) Is  the  sole  empirical  constant 
In  the  simulation,  and  Is  adjusted  to  give  the  proper 
rate  of  energy  decay  for  Isotropic  turbulence. 

Equation  (2.10)  may  be  of  Interest  for  eventual  use 
In  flows  with  Irrotatlonal  regions  (e.g.,  above  a 
superlayer) , which  should  be  devoid  of  small-scale 
stresses.  When  using  the  cop-hat  k-space  .filter 
(2.3),  we  take  A • r/k^. 

In  the  work  reported  here  we  solved  these  equa- 
tions using  Kwak's  [1]  fourth-order  energy-conserving 
finite  difference  method.  Velocities  are  advanced  In 
time  explicitly  using  a second-order  Adams-Bashforth 
method  and  the  pressure  Is  adjusted  to  maintain 

• 0 as  required  by  continuity. _ This  requires 
solution  of  a Poisson  equation  for  P . The  only 
substantive  changes  from  [1]  are  In  the  handling  of 
Che  Leonard  terms,  as  described  above,  and  the 
Inclusion  of  Che  viscous  term  (which  Is  of  minor 
Importance) . 

A number  of  Che  simulation  parameters  affect 
Che  results.  Those  considered  here  are: 

a)  The  number  of  grid  points  In  each  direction, 

H . We  would  like  to  use  the  smallest 
number  of  points  chat  will  yield  an  accepta- 
ble solution.  FFT  requirements  dictate  chat 
N be  a power  of  2 , and  we  have  used 

N - 16  and  32. 

b)  The  width  of  the  filter,  A , or  In  the  case 
of  (2.3)  Che  cutoff  wavenumber  k^  . Here 
we  seek  an  optimum.  A large  value  of  A 

(low  k(.)  averages  away  all  of  Che  significant 
Information,  leaving  a meaningless  computa- 
tion. A small  value  of  A (high  k^)  means 
chat  excessive  resources  will  be  devoted  to 
computing  small  scales.  The  optimum  A 
(or  v/k^)  should  be  related  to  the  Important 
turbulent  length  scale  for  the  flow  at  hand, 
and  hence  will  depend  upon  the  flow  being 
considered. 

The  computational  mesh  size,  h . This  must 
be  such  chat  all  waves  of  Importance  In  Che 
filtered  field  can  be  accurately  represented 
and  differentiated. 

The  choice  of  filter;  discussed  above. 

The  treatment  of  the  Leonard  stresses;  dis- 
cussed above. 

The  subgrid  scale  model;  we  have  used  only 
algebraic  models  (2.9)  and  (2.10)  to  date, 
but  more  complex  models  could  be  employed. 
Numerical  methods;  see  [3]  for  further 
discussion. 

In  order  to  guide  the  selection  of  these  parame- 
ters we  have  used  a hierarchy  of  test  levels: 

a)  Overall  energy  decay  In  Isotropic  turbulence. 
Although  the  model  constant  Is  adjusted  to 
fit  the  decay  rate,  the  shape  of  the  decay 
curve  should  be  predicted  well. 

b)  The  (filtered)  energy  spectrum.  A calcula- 
tion begun  with  the  proper  Initial  spectrum 
should  produce  the  proper  spectrum  at  a 
later  time. 

c)  Higher-order  statistics;  from  a practical 
point  of  view  we  are  limited  to  those 
measured  experimentally  (usually  onlv 


c) 


d) 

e) 

f) 


g) 
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skewness  and  flatness) . It  would  be  very 
rewarding  if  the  conputation  could  correctly 
predict  the  results  of  the  experinents.  In 
aaking  comparisons  with  experiments,  the 
major  difficulty  is  in  accounting  for  the 
filtering. 

Ue  have  done  a number  of  computations  with 
various  secs  of  parameters,  and  will  look  at  these 
with  respect  to  the  above  criteria  in  the  following 
sections. 

All  calculations  were  carried  out  on  a COC  7600 
computer.  A typical  calculation  takes  about  2 sec 
and  17  sec  per  time  step,  respectively,  for  163  and 
323  calculations.  He  have  used  of  the  order  of  100 
time  steps. 

3.  ENERGY  DECAY  SATES  AHD  SPECTRA 

He  have  applied  the  approach  outlined  in  § 2 
to  Che  decay  of  homogeneous  isotropic  turbulence. 

The  experimental  grid  turbulence  (2"  mesh)  data  of 
Comte-Bellot  and  Corrsin  [9]  were  used  as  the  target. 
Periodic  boundary  conditions  were  used;  this  causes 
the  motions  on  one  side  of  the  computational  domain 
to  be  exactly  correlated  with  those  on  the  opposite 
face,  which  is  of  course  artificial,  but  is  a 
reasonable  computational  approach  provided  that  Che 
motions  at  the  middle  of  the  computational  domain 
are  uncorrelaced  from  chose  at  the  ends.  The  cal- 
culations were  started  at  point  T • U^T/M  ■ 42 
of  [9]  with  a random  field  constructed  to  be  diver- 
gence-free and  CO  match  the  filtered  experimental 
spectrum.  The  subgrid  scale  model  constant 
(Cg  or  C^)  iras_determined  by  matching  the  com- 
puted energy  (uj^u^^  averaged  over  the  computational 
field)  to  Che  filtered  experimental  energy  at 
. T • 93  . The  three-dimensional  energy  spectrum 
function  E(k)  was  calculated  by  summing  Che  energy 
in  shells  in  k-space  (using  Che  discrete  Fourier 
representation  of  Che  ij  field)  and  Chen  determining 
Che  energy  per  unit  wavenumber.  The  numbers  of 
points  in  each  shell  are  shown  by  the  histogram  in 
Fig.  2.  The  parameters  used  are  listed  in  Table  1. 
The  number  of  grid  points  in  each  direction  (N)  , 

Che  grid  spacing  (h)  , and  the  averaging  interval 
(A)  or  the  cut-off  wavenumber  (k^)  were  the  same 
in  all  three  directions. 

The  effect  of  filtering,  for  the  k-spacc  cop 
hat  filter  (2.5),  is  shown  in  Fig.  2.  For  the  range 
of  parameters  that  we  were  able  to  consider,  the 
filtered  field  captures  only  about  half  of  the  total 
turbulence  energy.  This  poses  a problem  when  com- 
parisons with  experiments  are  to  be  made.  Com- 
parisons with  properties  that  are  sensitive  to  Che 
small-scale  field  arc  Impossible  to  make. 

In  flows  of  practical  Intareac,  quantities  of 
engineering  importance  are  low-order  scatlsclcal 
quantities,  i.e.,  skin  friction,  heat  transfer,  etc. 
The  influence  of  the  moderate-scale  motions  rejected 
by  Che  filtering  on  these  low-order  quantities 
remains  to  be  investigated  for  technically  interest- 
ing flows.  It  may  be  chat  the  large-scale  motions 
which  are  correctly  captured  by  large-eddy  simula- 
tion suffice  Co  predict  these  quantities.  On  Che 
ocher  hand,  if  it  turns  out  that  Che  moderate  scales 
make  important  contributions  to  skin  friction,  heat 
transfer,  etc.,  chan  it  will  be  necessary  to  develop 
more  complete  subgrid  scale  models. 

The  evolution  of  the  filtered  spectrum  without 
Che  subgrid  scale  terms  is  shown  in  Fie.  3.  An 
energy  build-up  occurs  at  high  wavenumber,  and 
therefore  it  is  essential  chat  some  subgrid  scale 
model  be  included  in  any  large  eddy  simulation. 


WAVE  NUMBER,  k cm 


Fig.  2.  Initial  spectrum  and  wavenumber  histogram 
showing  number  of  Fourier  modes  in  each  _ 
spherical  shell  of  thickness  Ak  « 0.1  cm  , 
for  N • 32  . 

Table  1.  Variation  of  Model  Constant  with  Grid  Size 
and  Filter. 


' ” 1 

No. 

Filter 

h,cm 

A/h 

'‘c 

Model 

C 1 

!- J 

16^  runs 

1 ^ CG 

1.3 

1.8 

SM 

1 

0.238 

2 

CG 

2.0 

2.0 

— 

SM 

0.230 

3 

DG 

1.5 

1.5 

— 

SM 

0.231 

4 

DG 

1.5 

1.8 

— 

SM 

0.226 

5 

DG 

1.5 

2.0 

— 

SM 

0.222 

6 

DG 

2.0 

2.0 

— 

SM 

0.223 

7 

THK 

1.5 

2.0 

1.047 

SM 

0.199 

3 

THK 

1.5 

1.6 

1.309 

SM 

0.213 

9 

THK 

2.0 

1.6 

0.982 

SM 

0.223 

10 

THK 

2.62 

1.6 

0.748 

SM 

0.236 

11 

DG 

1.5 

2.0 

— 

VM 

0.251  1 

12 

DG 

2.0 

2.0 

— 

VM 

0.254  1 

32^  runs 

13  1 DG 

1.0 

2.0 

SM 

1 

0.213  1 

14 

DG 

1.0 

1.8 

— 

SM 

0.214 

15 

DG 

1.5 

2.0 

— 

SM 

0.219 

16 

DG 

1.75 

2.0 

— 

SM 

0.222 

17 

THK 

1.0 

1.62 

1.943 

SM 

0.188 

18 

THK 

1.75 

1.6 

1.122 

SM 

0.215 

19 

DG 

1.75 

2.0 

— 

VM 

0.252 

20 

THK 

1.75 

1.6 

1.122 

VM 

0.243  1 

DG  - Discrete  transform  of  special  Gaussian 
CG  - Continuous  transform  of  spatial  Gaussian 
THK  - Continuous  transform  of  k-space  top-hat 
SM  - Smagorlnsky ' s model 

VM  - Vorticltv  model 
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Fig.  3. 


Filtered  energy  spectrum  evolution  without 
subgrid  scale  model;  N ■ 32,  k » 1.12  cm~^. 
lines  are  experiments,  dots  are  computed 
points. 


Fig.  4.  Decay  of  filtered  turbulent  energy.  Lines 
are  filtered  experiments,  points  are 
computations.  Line  A is  unfiltered. 


The  decay  of  filtered  turbulent  energy  with  non- 
dimensional  time  T is  shown  in  Fig.  4.  Here  the 
brackets  < > denote  an  average  over  the  entire 
computational  field.  Recall  that  the  model  constant 
was  adj-  sted  to  give  agreement  at  T • 98  ; the  agree- 
ment at  other  times  is  quite  good.  Hence,  it  appears 
that  even  a simple  subgrid  model  will  give  accurate 
predictions  for  the  decay  of  the  filtered  energy. 

The  averaging  interval  A must  be  larger  than 
the  grid  size  h . We  have  explored  a range  of  ratios 
d/h  , and,  as  [1,2],  find  that  d/h  • 2 works  well. 
Figures  3-7  show  the  predicted  spectra  for  these 
tests.  In  these  figures  SM  denotes  Smagorlnsky ' s 
model  (2.9),  and  VM  denotes  the  vorticlty  model  (2.10). 
Finre  3 shows  the  rather  surprising  result  that  a 
16^  calculation  does  a remarkably  good  Job  of  pre- 
dicting the  spectral  evolution,  provided  that  the 
computational  parameters  are  carefully  chosen. 

The  top-hat  filter  allows  a direct  comparison  between 
the  computed  results  and  the  experiments  at  low  wave- 
numbers,  and  does  a better  Job  of  capturing  the 
large-scale  energy,  which  makes  it  the  preferred 
filter  from  these  points  of  view. 

For  each  calculation  the  model  constant  was 
adjusted  as  described  above.  It  is  encouraging  that 
chare  is  only  a slight  dependence  of  the  model  con- 
stant upon  Che' filter  used,  upon  Che  number  of  mesh 
points,  and  upon  the  filter  width  or  cut-off  wave- 
number.  This  has  encouraged  us  to  cry  Che  same 
models  in  other  flows. 


Examining  the  lower  two  secs  of  curves  in  Fig. 
6 and  7,  in  the  range  k > 2 cn“^  , we  see  that  the 
vorticlty  model  removes  less  energy  at  high  wave- 
numbers  than  Smagorlnsky 's  model.  Sut,  in  view  of 
Che  uncertainty  in  Che  experimental  spectrum,  it  is 
not  possible  to  cell  which  of  these  models  is 
better.  Thus,  the  choice  of  model  for  Che  moment 
remains  open. 

In  [1]  and  [2]  we  chose  the  grid  size  for  a 
fixed  H such  that  Che  maximum  percentage  of  total 
energy  was  captured  in  Che  computations.  Reference 
[1]  used  h • 1.3  cm  and  1.0  cm  respectively  for 
N • 16  and  32  . We  see  from  Figs.  5 and  6 chat 
h • 2.0  and  1.75  cm  respectively  for  N • 16 
and  N • 32  predict  the  energy  spectra  better. 

The  reason  for  this  will  be  discussed  shortly. 


OTHER  STATISTICAL  QUANTITIES 


In  the  previous  section  we  demonstrated  that 
Che  spectrum  can  be  predicted  accurately.  We  would 
like  to  determine  what  else  can  be  predicted  using 
Che  simple  subgrid  scale  models.  In  particular,  it 
would  be  very  desirable  if  quantities  which  govern 
transport  races  in  more  complex  flows  could  be 
correctly  simulated. 

The  skewness  of  Che  velocity  derivative  is 
important  as  it  is  related  to  Che  inertial  spectral 
transfer  of  energy,  and  in  shear  flows  to  the 
pressure-strain  term,  which  effects  transfer  of 
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Filtered  energy  spectra  for  N ■ 16  , the  Fig.  6.  Filtered  energy  spectra  computed  using  the 

top  two  secs  use  Che  discrete  transform  discrete  transform  of  the  Gaussian  spatial 

of  Che  Geusslan  spatial  filter.  Lines  are  filter,  with  N • 32  . Lines  are  expcvimencs 

experiments,  points  are  computations;  points  are  computations. 

Smagorlnsky's  model. 
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skewness  develops,  in  agreeisent  with  experiments,  but 
quite  different  values  are  obtained  with  different 
sets  of  simulation  parameters,  and  In  some  cases  the 
simulation  shows  a subsequent  drop  in  skewness  that 
is  not  characteristic  of  experiments. 

Figures  9 and  10  show  representative  results  from 
32^  computations.  Note  that,  with  a careful  choice  of 
computation  parameters.  It  is  possible  to  obtain 
reasonably  good  Isotropy  among  skewness  components, 
especially  in  the  32^  computations.  Other  runs  with 
the  same  parameters  but  different  Initial  conditions 
tend  to  have  the  same  dispersion  among  $2,  and 

S3  , and  approximately  the  same  mean,  so  it  is 
reasonable  to  make  conclusions  based  on  the  cases 
shown;  c.f.  Fig.  9.  The  16^  calculations  show  so 
much  variation  that  they  should  not  be  used  to  predict 
skewness.  For  32^  calculations,  stable,  reasonably 
Isotropic  predictions  are  obtained  for  h ■ 1.75  cm. 

For  comparison,  the  integral  scales  reported  experi- 
mentally vary  from  1.3  cm  to  4.9  cm,  and  thus  Is  seems 
that  a reasonable  criterion  for  obtaining  isotropy 
of  skewness  Is  that  the  computational  domain  be  at 
least  ten  Integral  scales  long. 

On  closer  investigation.  It  appears  chat  Che 
bulk  of  any  one  skewness  value  Is  contributed  by  a 
few  small  spatial  regions  (3-6  for  16^  and  as  many 
as  50  for  the  best  32^  cases) . These  regions  seem 
to  be  roughly  a few  Integral  scales  In  size,  occupy 
only 'a  few  percent  of  the  total  volume,  and  are  roughly 
spherical  In  shape.  The  detailed  nature  of  these 
regions  requires  further  Investigation,  but  it  seems 
chat  Che  primary  requirement  for  statistically  sig- 
nificant predictions  of  the  skewness  Is  chat  a 
sufficient  number  of  these  regions  be  captured;  this 
Is  consistent  with  Che  above. 

Comparing  Figs.  9 and  10,  we  sec  chat  the  Gaussian 
filter  generally  results  In  higher  values  of  the  skew- 
ness chan  Che  sharp  cutoff  filter,  and  Che  vorclclcy 
model  generally  produces  higher  values  than  Smagor- 
Insky's  model.  All  values  of  -S  for  filtered  field 
are  considerably  lower  than  the  experimental  values 
for  the  full  field.  Since  Che  skewness  Is  dominated 
by  high  wavenumbers.  It  Is  not  surprising  that  the 
filtered  skewness  Is  less  In  magnitude  Chan  chat  of 
Che  actual  flow. 

We  have  also  examined  Che  Isotropy  of  the  com- 
puted flow  fields  by  looking  at  Che  rms  turbulent 
Intensity  ratios. 


where  again  < > denotes  an  average  over  Che  full 
flow  field.  The  results  are  shown  In  Fig.  11.  Note 
chat,  with  Che  choice  of  computational  parameters, 
suggested  above,  reasonably  isotropy  is  obtained. 

Another  check  for  Isotropy  was  made  by  computing 

<(uj,l)>  , < * f^“3,l^^’' 

which  should  be  equal  In  isotropic  turbulence.  The 
variation  for  the  cop-hap  k-spacc  filter  averaged 
about  13Z,  while  with  Che  Gaussian  filter  the  average 
variation  was  about  SZ,  for  the  largest  computa- 
tional domain. 

The  development  of  the  flatness  (or  kurtosls) 
of  Che  velocity  derivatives  Is  shown  in  Fig.  12.  The 
initial  field  has  a flatness  of  about  3,  correspond- 
ing CO  a Gaussian  distribution,  but  Che  changes 
produced  by  the  two  models  are  strikingly  different. 
Experimentally  one  observes  flatness  greater  chan 
3.0,  and  hence  Fig.  12  might  lead  one  to  prefer  the 
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Fig.  11.  Filtered  turbulent  intensity  ratios. 

the  vorclclcy  model  over  Smagorlnsky' s model.  How- 
ever, since  filtering  removes  much  high  wavenumber 
information,  which  Is  important  In  the  flatness.  It 
really  Is  difficult  to  make  a Judgment  on  this  point. 

We  have  also  computed  the  autocorrelation  func- 
tions, pressure-strain  terms,  dissipation  race,  Taylor 
microscale,  and  Integral  scales.  .Both  subgrid  scale 
models  give  practically  the  same  values  for  these 
quantities,  but  Che  selection  of  the  filter  and  filter 
parameters  greatly  Influences  these  values.  We  cannot 
make  a direct  comparison  with  the  values  found  by  [9] 
because  there  Is  no  way  to  filter  their  values  for 
comparison  with  our  filtered  quantities. 


Fig.  12.  Filtered  flatness  of  the  velocity  derivatives. 

We  have  explored  two  ways  of  defllcerlng  our 
results  in  order  to  predict  measured  quaptiej^gs.  The 
first  method  Is  based  on  the  fact  chat  u • uG  . 

Knowing  u and  G we  can  divide  to  get  u . Figure 
13  shows  the  result  for  one  case  which  employed  the 
Gaussian  filter.  A reasonable  representation  of  the 
spectrum  Is  obtained.  Of  course,  for  the  top  hat 
k-spacc  filter  the  computation  Is  unflltcred  below  k^  , 
and  above  k^.  no  defllcerlng  is  possible.  We  have  used 
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Fig.  13. 


Dcfilcered  spectrum  at 
h - 1.5  cm,  i/h  - 1.8 


T - 98;  N • 16, 


the  defllcarcd  velocity  to  compute  a number  of  statis- 
tical quantities,  shown  plotted  at  tha  zero-point 
on  the  abscissa  In  Fig.  14. 

The  other  approach  Is  to  filter  tha  computed  u 
field  two  or  three  additional  times,  and  then  ex- 
trapolate backwards  to  determine  tha  unflltered 
value.  Figure  14  shows  that  this  process  produces 
an  extrapolated  energy  which  matches  the  deflltcred 
energy:  but  this  process  does  not  work  at  all  for 
the  skewneas  or  flatness.  Note  that  additional 
filtering  decreases  both  the  skewness  and  flatness, 
as  one  would  expect. 

In  summary,  we  have  no  reliable  method  of  com- 
paring higher-order  statistical  quantities  with 
experiment,  except  perhaps  at  low  Reynolds  number 
where  accurate  calculations  of  all  Important  scales 
are  feasible. 

A comment  comparing  our  work  with  that  of 
Orszag  [6,10]  la  In  order.  He  uses  a viscosity 
several  orders  larger  than  the  actual  viscosity. 

This  corresponds  to  (2.8)  with  a large,  fixed 
In  some  work  he  has  used  spectral  methods;  In  a 
grid-based  computation  the  counterpart  la  to  use 
the  top-hat  k-spaca  filter  and  a psaudospactral 
numerical  technique  such  as  described  In  [3]. 


NUMBER  OF  TIMES  u IS  FILTERED 


Fig.  14  Behavior  of  statistical  quantities  with 

defllterlng  or  additional  filtering.  Dis- 
crete Gaussian  filter,  N ■ 16,  3 ■ 2h, 
h • 2 cm;  vortlclty  model. 

5.  CONCLCDINC  RQIAKKS 

Based  on  the  results  presented  here,  we  draw 
the  following  conclusions: 

1.  l^rga  eddy  simulations  can  predict  lower- 
order  statistics  such  as  the  (low  wave- 
number portion)  of  the  energy  spectrum. 

2.  Filtering  la  essential  to  a successful 
calculation.  Because  of  the  necessity  for 
filtering,  not  all  of  the  flow  energy  Is 
captured.  Whether  or  not  this  la  Important 
In  flows  of  engineering  Interest  remains  to 
to  determined. 

3.  The  Leonard  stress  terms  may  be  handled  by 
direct  computation,  with  increased  accuracy 
and  efficiency,  allowing  use  of  the  top  hat 
k-space  filter. 

4.  The  top  hat  k-spaca  filter  captures  more  of 
the  energy  than  the  Gaussian  and  allows  a 
direct  comparison  of  the  low  wavenumber 
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pai:t  of  ch*  spectrum  without  defllterlng. 

The  Gaussian  produces  larger  skewness  nag- 
nlcudes,  which  may  be  important  in  shear  flow 
simulations. 

3.  The  algebraic  subgrid  scale  models  are  suf- 
ficient for  predicting  the  spectra  in  homo- 
geneous Isotropic  turbulence,  and  have  the 
valuable  property  that  the  empirical  con- 
stant need  not  vary  substantially.  Whether 
or  not  they  will  be  sufficient  for  more 
complex  flows  remains  to  be  determined. 

6.  The  computational  box  size  must  be  at  least 
twice  the  distance  at  which  the  longitudinal 
and  transverse  correlations  arc  negligibly 
ssMll.  This  is  of  the  order  of  ten  Integral 
scales. 

7.  If  the  Gaussian  filter  is  used,  the  filter 
width  t should  be  twice  the  mesh  size  h . 

8.  Higher-order  statistics  depend  significantly 
upon  the  choice  of  filter  and  subgrid  scale 
model. 

9.  The  computations  cannot  be  compared  fully 
with  cxpcriisents  because  of  the  filtering; 
we  make  a plea  to  experimenters  to  provide 
data  in  a form  that  could  be  filtered  for 
comparison  with  large  eddy  simulations,  or 
to  carry  out  such  filtering  themselves. 

10.  While  both  the  Sugorlnsky  and  vorticlty 
model  predict  the  spectra  and  energy  rather 
well,  there  arc  istportant  differences  in 
higher-order  statistics,  where  neither  does 
very  wall.  There  is  insufficient  basis  for 
making  a choice  between  these  two  models 

at  this  time. 

11.  Because  of  the  difficulties  in  predicting 

higher-order  statistical  quantities,  use  of 
large  eddy  simulations  to  determine  constants 
in  simpler  phenomenological  sxidels  of 
turbulence  should  await  further  development 
of  the  approach.  , . 

These  conclusions  are  all  based  on  16''  and  32''  calcu- 
lations, and  validation  at  64^  is  recoimended. 
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passive  scalar  field 
fluctuating  component  of  0 
non-local  contribution  to  0 in 
subgrio  model 


A subgrid  model  is  presented  for  a passive 
scalar  advected  by  a randomly  prescribed  frozen 
velocity  field.  In  addition  to  an  eddy  diffusivity 
it  has  a term  which  describes  the  injection  of 
noise  from  tne  subgrid  scales,  and  a term  which 
implicitly  describes  the  coupling  between  the  large 
eddies  and  the  eddies  just  below  the  limit  of  res- 
olution of  the  finite  difference  grid.  The  construe' 
tion  of  the  model  is  based  upon  an  iterative  proce- 
dure which  first  models  away  the  dissipation  range 
eddies,  and  then  the  eddies  of  a slightly  larger 
size,  etc.  . 


Introduction 

Most  turbulence  models  describe  the  enhancement 
of  transport  processes  due  to  velocity  fluctuations 
by  a gradient-diffusion  hypothesis (^)  , 


where  0'  and  u are  the  fluctuating  components  of  the 
property  being  transported  and  the  velocity  field 
respectively.  This  hj’pcthesis  has  two  serious  defic- 
iencies even  in  the  simple  case  of  almost  homogeneous 
isotropic  turbulence; 

(a)  The  existence  of  a continuum  of  length  scales, 
from  that  of  the  energy  containing  eddies  to  the 
Kolmogorov  microscale,  requires  the  "constant",  C, 
to  be  replaced  by  an  integral  operator  whose  fourier 
transform  has  a peculiar  cusp  like  behavior  at  the 
bottom  of  the  inertial  range  (£,3,)  . 

(b)  All  detailed  statistics  of  the  small  scales  are 
lost  when  the  original  equations  of  motion  are  con- 
tracted by  the  process  of  taking  the  mean  value. 

Their  effect  in  the  mean  is  represented  by  an  eddy 
diffusivity,  but  the  fluctuations  about  the  mean 
which  should  be  described  by  an  "eddy  noise" , are 
ignored . 

These  deficiencies  are  distinct  form  the  additional 
complications  found  in  the  analyses  of  strongly  inho- 
mogeneous flows,  which  often  require  that  C not  be 
determined  by  local  flow  properties,  but  rather  by 
a transport  equation  for  C lor  for  a length  scale 
which  determines  C)  itself. 

In  the  context  of  the  random  advection  of  a 
passive  scalar  0,  we  show  that  these  two  effects, 

(a)  and  (b) , are  related,  and  that  the  crucial  fea- 
tures which  are  omitted  by  a gradient-diffusion 
model  are: 

(A)  A description  of  turbulence  must  incorporate, 
as  a fundamental  building  block,  the  interaction  of 
three  contiguous  scales  of  fluctuations  (the  use  of 
two  widely  separated  scales  yields  gradient-diffusion 
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proportionality  coefficient 

energy  density  of  the  velocity  spectrum 
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vector  valued  scalar  flux 
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neargrld  component  of  £ 
velocity  covariance  tensor 

dimensionless  form  of 
root  mean  square  value  of  u 

dimensionless  eddy  diffusivity 
energy  dissipation  rata  per  unit  mass 
molecular  diffusivity 

generic  eddy  diffusivity 


sequence  of  subgrid  modeled  eddy 
dlffusivities 

final  subgrid  modeled  eddy  diffusivity 

sequence  of  diffusive  time  scales 
eddy  turnover  time 


(B)  The  use  of  a constrained  mean  value  operation, 
which  is  limited  to  a partial  average  over  the  fluc- 
tuations of  intermediate  size,  produces  a contracted 
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description  which  aakes  explicit  the  injection  of 
eddy  noise  from  tlie  small  to  the  large  scales  of 
motion. 

We  present  a model  equation  for  the  time  evolu- 
tion of  9 in  the  special  case  of  a frozen  (time 
independent)  velocity  field.  This  model  is  limited 
in  that  it  is  only  suiuble  for  calculating  the  mean 
response  of  0 to  an  external  disturbance.  It  is 
unsuitable  for  calculating  the  scalar  correlation 
function,  , because  only  some  of  the  factors 

which  contribute  to  the  eddy  noise  have  been  consi- 
dered in  detail.  The  linearity  of  the  equation  of 
motion  for  9 enables  these  two  features  to  be  sep- 
arated and  this  is  the  reason  why  the  passive  scalar 
system  was  chosen. 

The  fourier  representation  of  our  model  is 
found  in  equation  (12).  !c  is  a cut  in  fourier 
space  located  at  the  boundary  between  the  energy 
containing  range  and  the  inertial  range  of  the  pre- 
scribed advecting  velocity  field, u.  It  is  used  to 
decompose  the  set  of  all  wavenumber s,)c,  as  follows: 

The  suoergrid  region,  with  Ic  such  that  Ic^  )c  . 

V o 

The  subgrid  region,  with  )c  such  that  k} 

The  neargrid  region,  with  )c  such  that  )t^^lt^2)c^. 

The  energy  spectrum  of  u is  specified  in  the  inertial 
range  by  the  parameter  m according  to  S ()c)/^/ l/lc°. 

Our  model  refers  explicitly  to  the  supergrid  passive 
scalar  field  and  Jo  the  supergrid  and  neargrid 
velocity  fields.  The  neargrid  velocity  field  is 
considered  to  be  random.  A weaJely  wavenumber  depen- 
dent eddy  diffusivlty,  yU()c),  appears  which  implic- 
itly depends  on  m.  It  was  assumed  that  the  sxibgrid 
velocity  field  is  )30th  homogeneous  and  isotropic. 

No  assumptions  have  been  made  concerning  the  super- 
grid  velocity  field. 

There  are  two  features  of  our  model  which  dis- 
tinguish it  fraa  the  usual  subgrid  models.  The 
first  is  the  explicit  retention  of  coupling  between 
the  supergrid  scalar  modes,  and  the  neargrid  veloc- 
ity modes.  This  is  one  of  the  factois  which  con- 
tribute to  eddy  noise.  We  have  called  this  coupling 
"eddy  advection".  The  second  feature  is  the  uu0 
term  in  (12)  which  we  have  called  "eddy  mediated 
advection* . It  may  be  regarded  as  a non-local  con- 
tribution to  the  scalar  flux  in  configuration  space. 
Eddy  mediated  advection  represents  the  possibility 
of  an  exchange  of  scalar  eddies  between  the  super- 
grid  and  subgrid  scales.  Alternatively,  it  des- 
cribes the  apparent  loss  of  local  conservation  of 
scalar  density.  This  affect  is  an  inherent  proper- 
ty of  measurements  made  on  the  passive  scalar  sys- 
tem with  instruments  which  have  a spatial  resolution 
limited  to  eddies  with  size  greater  thar,  lA  . 

Though  this  model  has  no  direct  application  to 
the  study  of  real  turbulence  because  of  its  assump- 
tions about  the  subgrid  velocity  field  and  because 
it  is  a model  for  a linear  system,  we  believe  it  is 
useful  as  an  illustration  of  some  of  the  features 
which  a turbulence  model  should  contain. 

The  mathematical  method  we  will  use  is  )cnown 
as  the  renorvalization-group,  though  no  prior 
familiarity  with  it  is  assumed  on  the  part  of  the 
reader.  In  the  past  few  years  it  has  proven  to  be 
a powerful  tool  for  understanding  critical  phenom- 
ena (4) . There  are  significant  differences  between 
these  pnanomer.e  and  that  of  turbulence  and  one  does 
not  expect  to  find,  in  the  application  of  the  ren- 
ormalizatior.-group  to  subgrid  modeling,  the  spec- 
tacular success  exhibited  in  calculating  the  prop- 
erties of  critical  phenomena.  Our  modal  will  remain 
a tentative  one  until  it  is  closely  compared  with 
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experiment. 

Eddy  Diffusivity  Models 

Consider  a passive  scalar  field,  0(r,t),  advec- 
ted  by  a turbulent  fluid  with  a solenoidal  velocity 
field,  u(r,t),  a prescribed  random  function, 

2 

^(£,t)  - 0(r,t)  « -u  (£,t)  ^0(r,t) . (1) 

•bt~  ’ ~ ^ 

The  summation  convention  for  repeated  latin  sub- 
scripts, "j"  assuming  the  values  1,  2 and  3 in  (1), 
will  be  used.  /I  is  the  molecular  diffusivity.  The 
fourier  transform  of  (1)  is 

^(k,  t)  + ^)c^0(k,  t)  ■ -ik  J d^p  u . (^,  t)  0 (£,  t)  . (2) 

it  / ^ 

If  u represents  strong  turbulence,  then  its  energy 
spectrum  E(k)  has  a long  inertial  range  where  E(k)~ 
lA  • 1'he  precise  value  of  a is  not  relevant  for  our 
purposas,  though  the  classical  Kolmogorov  value  of 
S/3  is  used  when  presenting  numerical  results.  Let 
the  wavenumber  k^  mark  the  bottom  of  this  range,  k^ 
the  top,  and  let  V be  the  r.m.s.  value  of  u, 

° k 

! - 1 /u  u S - 1 E(k)dk«  \ °E(k)dk  . 

2 ° J 3 3'  Jg  Jg 

Typically,  ^ is  small  compared  to  V /k  . 

The  philosophy  behind  many  turbulence  models, 
the  subgrid  models  jjeing  a certain  variety  (5_,6_,2.,8^, 
9,10,11,12,13,14) , is  that  in  calculations  which  are 
only  concerned  with  smoothly  varying  quantities,  the 
effect  of  the  many,  quickly  evolving  small  scales 
of  motion  may  be  represented  by  enhanced  transport 
coefficients  in  the  original  equation  of  motion.  For 
the  system  described  by  (2)  , su)3grid  models  would 


replace  9 

by  its  truncation  at*)c  , 

ft 

1 

fd^k  0(k,t)e^-  “^Jd^k  0(k,t)e^-- 

~ k<.k  ' 

^ o 

u by  an  analogous  truncation,  and /f/  would  be  replac- 
ed by  an  eddy  diffusivity  ^42  , which  must  be  of 

order  V /k  'by  dimensional  analysis.  The  effect  of 
these  replacements  is  to  drastically  reduce  t.'.e  num- 
ber of  dynamic  degrees  of  freedom.  This  reduction 
must  somehow  be  made  if  the  calculation  is  to  fit  on 
present  day  computers.  Note  that  as  an  alternative 
to  truncating  in  fourier  space,  it  is  common  to  work 
with  a finite  difference  representation  of  (1)  on  a 
grid  initially  fine  enough  to  resolve  all  the  signif- 
icant scales  of  motion.  The  fine  grid  is  then  repla- 
ced by  a much  coarser  grid,  simultaneously  adjusting 
the  equation  of  motion  to  compensate  for  the  loss  of 
spatial  resolution.  This  adjustment  also  amounts  to 
replacing  ^ by 

Though  the  detailed  prescription  for  calculating 
^ depends  on  the  particular  model,  the  following 
reasoning  is  common.  The  fundamental  proparty  of 
strong  turbulence  is  the  transfer  of  energy  form 
large  eddies  to  small.  For  the  passive  scalar,  the 
conserved  quantity  which  plays  an  analogous  role  to 
energy  Is  the  mean  square  scalar  fluctuation,  called 
the  scalar  variance.  It  too  is  transferred  to  small 
eddies.  The  eddies  of  intermediate  size,  with  wave- 
numtsers  k <.  k^  k^  serve  as  intermediaries  in  the 
transfer  process.  If  the  truncation  indicated  in  (3) 
is  made,  the  mechansim  by  which  the  now  no  longer 
referred  to  modes  removed  scalar  variance  from  the 
large  scale  modes  must  be  compensated  for.  Since  the 
diffusive  tcrm,^7^0  , removes  scalar  variance,  it 
might  be  possible  to  realize  this  compensation  by 


U.42 


suitably  enhancing  the  numerical  value  of /U . To  es- 
timate this  enhancement,  a dimensionally  correct  com- 
bination of  large  scale  parameters  is  chosen.  Clear- 
ly, k"*  is  a relevant  length  scale,  and^jSu/^  r|^ 
(with°the  spatial  derivative  evaluated  in  a coarse 
grid  with  mesh  spacing  1/k  ) is  a relevant  time  scale 
, so  that 

o 

The  above  procedure  captures  some  of  the  essen- 
tial physics,  but  it  has  a fundamental  inconsistency 
which  results  from  following  the  detailed  evolution 
of  individual  realizations  of  the  supergrid  codas, 
while  at  the  same  time  compensating  for  the  effect  of 
the  unresolvable  subgrid  modes  only  in  the  statisti- 
cal mean.  vAiile  it  is  true  that  the  fine  scale 
modes,  say  those  with  k^2k  , evolve  so  quickly  that 
their  effect  on  individual  realizations  may  be  repla- 
ced by  an  equivalent  mean  effect,  there  is  a strong 
coupling  between  the  supergrid  modes  and  the  neargrid 
modes  which  cannot  be  thus  represented. 

In  place  of  the  eddy  diffusivity  models,  one  is 
constructed  which  realizes  the  special  properties  of 
the  neargrid  scales.  This  is  accomplished  through 
the  use  of  a constrained  mean  value  operation  which, 
in  a sense  to  be  precisely  defined,  only  performs  a 
partial  average  over  the  neargrid  modes,  and  thus 
allows  them  to  implicitly  interact  with  the  super- 
grid modes,  in  a realization  dependent  fashion. 


Systematic  Elimination  of  High  Wavenumber  Modes 

Divide  the  set  of  equations  represented  by  (2) 
into  two  subsets.  The  first  contains  those  equa- 
tions whose  left  hand  member  refers  to  a 0(k,c)  such 
that  k^k  . The  second  contains  all  the  others.  In 
principle  one  can  eliminate  explicit  reference  to  the 
latter  set  by  solving  them  for  the  high  k modes  in 
terms  of  the  low  k modes,  and  chan  substituting  the 
results  into  Che  first  set  wherever  any  reference  is 
made  to  a high  k mode  (^) . The  resulting  system  can 
be  further  simplified  by  performing  some  kind  of  av- 
erage over  the  high  k velocity  modes,  whose  statis- 
tics are  presumed  Co  be  given.  In  practice,  only  an 
approximation  to  this  algorithm  can  be  accomplished. 

To  Illustrate  Che  kind  of  approximation  used 
without  being  encumbered  by  the  unwieldy  algebra  of 
many  coupled  equations,  the  following  simple  model 
will  first  be  examined  in  detail. 


dX(t)/dt  +X  X(t)  - -i(a  *a  )■  (X(t)+Y(t) ) (4) 

X y 

dV(t)/dt  + 201  y(t)  - -i(a  +a  ) • (X(t)  ♦Y  (t) ) . (5) 

X y 


X and  Y are  two  functions  of  time,  is  a positive 
constant,  a and  a are  specified  time  independent 
random  variolas  with  zero  mean  and  covariances 
<a2^  and  <|a^ ) respectively.  The  identifications 
to  me  made  witK  (2)  are  the  following: 

X is  a scalar  mode  0(k  ) with  k ^k 
X X ' o 

a^  is  a frozen  velocity  mode  u(kj^) 


Y is  a scalar  mods 


l(k  ) with  k > k 
V V'  c 


a is  a frozen  velocity  mode  u(k  I 

y ^2 

is  the  dampi.hg  associated  with  k^ 

2 X is  Che  higher  damping  associated  with 


The  equality  of  the  right  hand  sides  of  aquations 
(4)  and  (S)  is  of  no  consequence.  The  algebraic 
structure  of  (2)  which  is  preserved  by  Che  above 


model  is  chat  both  high  and  low  wavenumber  passive 

scalar  modes  may  be  advecced  by  both  high  and  low  | 

wavenumber  velocity  modes. 

In  the  context  of  equations  (4)  and  (5)  a "sub-  I 

grid  model"  is  obtained  by  solving  (5)  for  Y(t)  in  j 

terms  of  X(c),  and  then  substituting  this  solution  i 

into  (4)  CO  obtain  a single  equation  for  Xlt). 

Though  this  ceui  be  done  exactly,  the  corresponding 
operation  in  (2)  is  impossible.  A full  description 
of  Che  approximations  used  to  subgrid  model  equation 
(2)  is  given  later.  For  Che  moment,  let  us  content 
ourselves  with  only  a brief  sketch  of  the  parallel 
development  for  equations  (4)  and  (5) . 

Assuming  chat  the  subgrid  modes  evolve  more 
quickly  (a  Markovian  approximation)  than  the  super- 
grid modes,  and  that  the  amplitude  of  the  subgrid 
modes  is  smaller  than  those  of  the  supergrid  modes, 
it  is  plausible  to  use 

Y(t)  - -i(a  ■••a  ).X(t)/2>.  (6) 

X y 

as  an  approximate  solution  to  (5) . Substitute  (6) 
into  (4)  to  obtain 

dx(t)/dt  ♦ tX  X(t)  • -i(a  +a  )X(t)  - (a  +a  )^X(t)/2J(  . 

X y X y 

Sines  a corrtsponds  to  a subgrid  valocity  modes 
which  Is  reg^ded  as  random^  it  is  tempting  to  replace 
(7)  by  the  equation  which  results  from  the  substitu- 
tions 

ayX(t)->  <ay>X(t)  - 0 
aya^X(t)->  <ay^a^X(t)  - 0 

ajx(t)-^ 

However,  in  a sense  to  be  defined  in  the  next  section, 
only  the  latter  two  of  the  above  are  consistent  with 
the  properties  in  the  mean  of  the  original  system, (4) 
and  (5).  with  these  substitutions  we  obtain 

dX(t)/dt+(X +S(X  )X(t)—i(a  *a  ) X(t) -a‘x(t) /2  X (8) 

X y X 

whsre 

as  a "subgrid  model"  for  (4)  and  (5) . 

The  interpretation  of  the  various  terms  in  (3) is: 

(i)  SX  is  the  enhancement  of  the  molecular  diffus- 
ivity by  the  subgrid  velocity  modes, 

(li)  la  X is  the  advection  of  the  supergrid  scalar 
field  by  the  supergrid  velocity  field, 

(ill)  ia  X is  the  random  advection  of  the  supergrid  i 

scalar  fiaid  by  the  subgrid  velocity  field, 

(Iv)  (a-/2oc>X  represents  the  boosting  of  a supergrid 
scalar  eddy  into  the  subgrid  regime  by  a supergrid 
velocity  eddy  (which  gives  the  first  a factor) , and 
ICS  return  to  the  supergrid  regime  by  itt  interaction 
with  a second  supergrid  velocity  eddy  (which  gives  the 
second  a factor) . 

The  transformation  of  (7)  into  (8)  might  be  described 

as  a partial  average  over  the  subgrid  velocity  field 

statistics.  The  use  of  a partial  subgrid  average,  as 

opposed  CO  the  use  of  an  indiscriminate  total  average, 

is  one  way  in  which  this  model  differs  form  the  usual 

ones.  As  a consequence , the  term  described  in  (ill)  j 

appears  which  would  otherwise  be  absent.  The  appear-  I 

ance  of  the  unusual  term  in  (iv)  may  be  explained  by 

saying  that  an  average  was  performed  over  Che  subgrid 

scales  with  a probability  distribution  function  con- 


J 
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iitionad  wish  r*sp«ct  so  she  values  assuaed  by  she 
superprid  scalar  field.  Physically  shls  corresponds 
so  she  facs  shas  she  supergrid  scalar  eddies  do  nos 
conssisuse  an  isolased  syssem.  There  is  a conssans 
exchange,  across  she  mashenasical  conssrucs  in 
fourier  space  as  teak  (or  in  she  language  of  config- 
urasion  space,  an  exchange  froD  eddies  resolved  by 
She  coarse  finise  difference  grid  so  she  unresolved 
eddies  lying  besween  she  grid  poinss) , of  scalar 
eddies  which  causes  she  subgrid  scalar  field  so  res- 
pond and  reacs  back  on  She  supergrid  scalar  field. 

To  jusSify  She  ^d30ve  inserpresasion  we  muss  re- 
turn so  she  original  sec  of  equations,  (2),  and  per- 
form she  same  manipulaSions  which  led  so  (8) . Since 
S(kl  falls  off  exponensially  for  k^k^  Share  will  be 
a negligible  consribusion  So  from  this  wavenum- 

ber range.  Thus,  for  Che  purpose  of  conscrucsing  a 
subgrid  model,  Che  syssem  represented  by  (2)  may  be 
truncated  at  k^.  However,  even  at  k^,  it  is  clear 
that  the  approximation  which  led  so  T6)  would  be  un- 
tenable if  /Cl  were  saiall  enough.  For  She  analog  of 
(6)  So  be  valid,  whan  y corresponds  so  a subgrid 
scalar  mode  with  wavenumber  k,  we  muss  have  V. //CCk^ 
1 where  V?  is  the  energy  per  unit  mass  of  the'^veloc- 
icy  modes  in  Che  neighborhood  of  k.  This  ratio, 
which  may  be  thought  of  as  a wavenumber  dependent 

Reynolds  number,  assumes  its  largest  value  for  k>k  , 

o 

VyW'o  <5> 


fourier  space  should  be  divided  in  order  Shat  the  most 
accurate  subgrid  model  is  produced.  Clearly,  two 
shells  are  better  than  one,  and  three  better  than  two, 
bus  after  we  have  passed  so  the  limit  of  many  shells, 
IS  is  not  a simple  matter  to  decide  upon  the  optimum 
number.  Fortunately,  the  resulting  model  is  not  vary 
sensitive  so  this  decision.  Laser  we  shall  discuss 
some  criteria  for  making  this  choice.  For  the  moment, 
simply  assume  that  there  are  N shells  wish  inner  and 

outer  radii  k*"*  and  resoecsivelv,  r.«l,2, 

N,  where  d d - - 


and  f is  a parameter  between  zero  and  one.  The  super- 
script n“l  corresponds  to  the  outer  shell  bounded  by 
fk^  and  k^,  and  the  value  n-N  is  the  innermost  shell 
bounded  by 


and  k^/f.  A fractional  decrease  of  radius  size  is  Che 
natural  choice  for  an  energy  spectrum  which  obeys  a 
power  law. 

After  n shells  have  bean  removed  there  is  an  eff- 
ective dlffusivity  denoted  by  JU}^^  (k) , defined  for 
k^k^"^.  If  the  velocity  covariance,  U (o)  , 


For  most  problems  of  practical  interest,  this  Reynolds 
number  is  much  larger  than  one. 

If  we  could  solve  for  the  subgrid  modes  in  terms 
of  Che  supergrid  modes  in  such  a way  that  the  eddy 
dlffusivity  appeared  in  (9)  instead  of  the  molecular 
dlffusivity,  then  the  estimate  in  (9)  would  be  lower- 
ed significantly.  This  can  be  partially  realized  by 
regarding  the  ultimate  subgrid  model  as  the  product 
of  two  subsidiary  calculations.  The  first  calculation 
models  away  Che  modes  between  k^  emd  k /2.  The  eff- 
ective Reynolds  number  for  this°preliminary  calcula- 
tion is  much  smaller  than  that  in  (9)  because  in 
place  of  V 


k^/2 


(p)dp 


is  used,  and  in  place  of  k , k /2  is  used.  The  sys- 
tem (2)  is  replaced  by  one  wltn  an  upper  cutoff  of 
kj/2,  and  with  a dlffusivity  enhanced  by  the  amount 


w/(kj/2). 

Next,  the  second  calculation  models  away  the  modes 
between  k^/2  and  k . The  effective  Reynolds  number 
for  this  calculation  is  smaller  than  that  in  (9)  be- 
cause is  replaced  /U  * . 

The  above  process,  whereby  Che  subgrid  model  is 
produced  in  two  stage,  can  be  further  subdivided  by 
eliminating  all  of  the  si^rid  modes  in  several 
stages.  If  we  regard  the  original  system  as  a ball 
in  fourier  space  of  radius  k^,  than  by  removing  the 
subgrid  modes  one  shall  at  a time,  beginning  at  k. 
and  working  in  to  k , the  affective  dlffusivity  will 
be  boocstrapad  up.  Sit  by  bit.  Whan  all  the  shells 
between  k and  k.  have  been  removed,  the  effective 
dlffusivity  has  attained  its  full  value,  of  or- 

der V^/k  . In  this  way,  the  Reynolds  number  for  the 
removal  of  a particular  shall  is  always  order  unity, 
and  the  final  subgrid  modal  has  been  constructed 
with  the  use  of  a sequence  of  uniformly  valid  approx- 
imations. 

It  remains  to  be  determined  into  how  many  shells 


obeys  a power  law 


“ii'a' 


where  \ is  any  inverse  length  scale,  is  a dimen- 
sionless function,  and  C is  a dimensionfull  constant 
wit.h  the  dimensions 

[c]  - i/t^l"-^  , 
and  if  n is  large  enough  such  chat 


.1/2 


(m+l)/2 


V 


then  the  relationship  between  (k) 


and  (k) 

is  simple.  As  a function  of  wavenumber  normalized 


to  k^n*!*  and  k^"* 
forms  are  similar,  with 


respective 
(n+ 


1 


.(m*l)/2 


(n) 


tr' 


their  functional 
being  larger  than 


(k/f) 


(11) 


,(n) 


and  JiX  IS  independent  of  the  molecular  dlffusivity. 

SquaCion  (11)  is  exact,  but  the  actual  evaluation 
of  is  approximate.  The  limiting  subgrid  model 

obtained  for  f-el  is  of  particular  interest  because, 
for  reasons  to  be  discussed  in  the  next  section,  it 
is  believed  tliac  the  models  obtained  for  f near  one 
are  the  most  accurate.  In  addition,  the  analytic 
form  of  the  resulting  subgrid  model  is  simple.  Using 
approximations  which  parallel  those  leading  to  (8) , 
we  obtain 

g*o»k 


V a (k,t)  ♦ (x 

> t / 


(k)k  0(k,t)  - -ik. 


.3 

d p 


u^  (£,t)®(£,  t)  - 
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-k. 

-I 


!m+l)/2 


L3 

dp  d s 

/i-ElA 


3 U.(k-D,t)U  (O-S, t) 0 (S. t) 

r.  3 **  *■»  n *»  — 

(3-m)/2  - . 


(12) 


as  the  final  subgrid  model  in  the  limit  of  f*^l. 

The  eddy  diffusivity  ^Xi()c)  is  conveniently  expressed 
in  terms  of  the  dimensionless  function  ^ defined 
by 

/?  (ItAo)  - (k^Vc)‘^^/(k)  . 

For  th*  spectral  choice 

i.e.  ma5/3,  and  f>0,9.  It  assumes  the  values  V (0)- 
.78,  ^ 


Note  that  the  value  oal  is  a dividing  point  be- 
tween tvo  different  regimes  of  behavior.  The  expo- 
nent (3-m)/2  “ 2-{id+1)/2,  simply  expresses  the  com- 
petition between  the  decrease  of  p,  for  p'w.k^"*,  and 
the  increase  of  ^ A)  w^th  n in  the  determination  of 
a typical  diffusion  time  , 


(n) 


•[/<'"’ (P)P‘J’' 


(k!">)'"-3>A. 

d 


(13) 


For  the  Harkcvlan  aspect  of  the  approximation  used  in 
(6)  to  be  valid,  the  subgrid  scalar  modes  must  ba 
more  quickly  evolving  than  the  supergrid  modes, which 
implies  that  ^ ^ This 

division  at  m>3,  in  the  context  of  subgrid  scale  mod- 
eling, has  been  previously  noted  by  Kraichnan  (^) 
for  different  reasons. 


in  (4),  after  y has  been  substituted  for  according  to 
the  first  two  approximations,  which  contain  no  more 
than  two  factors  of  the  form  a or  a,  . For  the  real 
subgrid  model  it  means  that  terms  of''' the  form  uu0  are 
retained  but  that  terms  of  the  form  uuu0,  uuuu0,  ... 
have  been  ignored. 

The  fourth  and  last  approximation  is  concerned 
with  the  procedure  for  partial  averaging.  Since  the 
goal  of  subgrid  modeling  is  to  replace  the  initial 
set  of  equations  by  a smaller  set  which  is  equivalent 
to  the  first  modulo  the  calculation  of  statistical 
properties,  we  demand  that  the  transformation  induced 
by  partial  averaging  leave  these  properties  invariant. 
The  precise  criterion  we  have  chosen  is  based  on  the 
Taylor  series  representation  of  the  solution  to  (7) . 

In  this  representation  it  is  required  that  the  mean 
value  of  X(t),  with  respect  to  a , be  invariant  up  to 
and  including  terms  of  order  a^.^  This  criterion 
allows  us  to  replace  (7)  by  (8) . Note  that  this  is 
consistent  with  the  retention  of  terms  of  order  a^  in 
the  third  approximation.  If  the  third  aroroximation 
were  expanded  to  retain  terms  of  order  a^,  which 
corresponds  to  terms  of  the  form  uuuu0  in  the  real 
subgrid  model,  then  the  invariance  c|iterion  would  be 
extended  to  include  terms  of  order  a . 

In  addition  to  the  questions  concerning  the  de- 
tails of  the  above  approximations  there  remains  the 
choice  of  the  parameter  f which  determines  in  how 
many  stages  the  modes  between  k^  and  k^  are  modeled 
away.  The  value  of  f would  not  matter  if  a subgrid 
model  could  be  constructed  with  sufficient  accuracy. 
This  does  not  mean  that  the  form  of  the  resulting 
equations  would  look  the  same,  only  that  they  would 
yield  the  same  numerical  results  for  a given  calcula- 
tion of  the  supergrid  scalar  field.  At  the  present 
time  we  do  not  have  any  quantitative  estimates  for 
the  choice  of  f which  would  yield  an  optimal  model. 
Such  an  estimate  could  be  obtained  by  constructing 
the  subgrid  model  which  retained  terms  of  the  form 
UUUU0 , and  then  varying  f until  the  changes  produced 
by  these  additional  terms  is  minimized.  Qualitatively 
It  is  felt  that  the  optimal  value  of  f is  closer  to 
one  than  to  zero  because  if  the  successive  shells  in 
fourier  space  that  are  being  modeled  away  are  thin, 
the  effective  diffusivity  has  time  to  adjust  to  t.he 
energy  in  the  velocity  modes  being  discarded. 


Nature  of  the  Approximations  Used  in  Deriving  the 
Model 

The  approximations  used  in  obtaining  (12)  are  of 
four  different  kinds.  For  simplicltly  their  detailed 
description  will  be  in  the  context  of  the  transfor- 
mation from  (4)  and  (S)  to  (8).  The  first  assumes 
that  within  the  subgrid  scales,  the  scalar  variance 
decreases  with  increasing  wavenumber.  It  is  then 
reasonable  to  perturbatively  solve  (5)  by  inserting 
a formal  expansion  petrametar,  ^ , in  front  of  y on 
the  right  hand  side  of  the  equation  and  solving  for 
y in  terms  of  X as  a power  series  in  $ . The  series 
is  truncated,  and  S is  sat  equal  to  one.  Secondly, 
it  is  assumed  that  the  subgrid  scalar  modes  are  more 
quickly  evolving  than  the  supargrid  modes,  and  we 
therefore  make  the  approximation  that  y(t)  quickly 
decays  to  the  steady  state  solution  of  (5) . This  is 
called  a Markovian  approximation.  For  example,  the 
formal  expansion  of  y to  zeroth  order  in  i , and 
subsequent  Harkovlanization  yields  (6) . The  third 
approximation  is  an  arbitrary  one,  and  we  have  no 
justification  for  it  except  to  say  that  without  one 
like  it  we  could  not  proceed.  It  may  be  regarded  as 
an  implicit  constraint  on  the  .number  of  terms  retain- 
ed in  the  expansion  in  S . We  assume  that  a consis- 
tent model  is  produced  by  only  retaining  those  terms 


Su)agrid  Modeled  Scalar  Transport 

The  unusual  uu0  term  in  (12)  has  a simple  inter- 
pretation in  configuration  space.  If  the  inverse 
fourier  transform  of  (12)  is  taken,  and  <k)  replaced 
by  its  value  at  k^,  we  obtain  ^ 

> 0(r,t)/^  t - - ^•i(r,t)  . (14) 


0(r. t)  is  given  by  (3)  and 

J_(£,t)  ■ ^ 0 (r ,t)+0 (£, t)u^  (r ,t)+0  (r , t)u^ (r, t)  + 

with 


U((£,t)  • I 


j3  , io*r 
d p u(£,  t)e  — 


u,(r,t)  - j d^p  u(£,t)e^£- - 


(2") 
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where 


g(£)  - 1 — 

U (k  ‘ J 2 

r ° ° k ."pczk 

/ 0\  o 

Th«  5irit  cwo  contributions  to  th*  scalar  flux, 
are  expected.  They  correspcnd  to  gradient  diffusion 
and  supergrid  velocity  field  advective  transport 
respectively.  The  third  represents  "eddy  advection" 
by  the  neargrid  velocity  field,  and  it  is  looked  upon 
as  a random  quantity.  If  we  consider  the  subgrid 
model  to  be  a description  of  the  original  passive 
scalar  system  based  upon  observations  made  through  a 
microscope  whose  resolution  is  limited  to  objects 
with  spatial  dimension  greater  than  l/k  , then  eddy 
advection  is  the  advection  of  clearly  seen  scalar 
eddies  by  invisible  velocity  eddies.  The  last  con- 
tribution to  ^ is  the  supergrid  advection  of  a non- 
local scalar  density,  ■ Looking  through  our  mi- 
croscope, it  would  be  described  by  the  following 
sequence  of  events: 

i)  A velocity  eddy  is  seen  advecting  a scalar  eddy  at 
spatial  location  r ' . 

ii)  The  scalar  eddy  disappears  form  view. 

iii)  It  reappears  distributed  at  other  space  points 

r,  with  a density  0 proportional  to  9(r-£'),  being 
advected  by  visible  velocity  eddies.  ~ 

Since  this  sequence  represents  the  advection  of  a 
scalar  eddy  which  has  descended  into  the  subgrid 
scales  and  than  reemerged, let  us  call  it  "eddy  me- 
diated advection" . 

It  is  instructive  to  consider  a numerical  exam- 
ple of  eddy  mediated  advection  in  fourler  space. 

Let  the  superscale  velocity  field  be  given  by 


with  kj^  k , and  V a constemt  with  the  dimensions 
of  velocity.  Let  there  also  be  a time  independent 
source  of  passive  scalar,  3(^),  on  the  right  hand 
side  of  (12) , 

S(s)  - j^S(V‘'l>  * ^ <'Jy’^‘‘’z’  ' 

with  k ^k  . We  wish  to  compare  the  various  con- 
tributlons°to  the  damping  of  the  passive' scalar,  0. 
Since  eddy  advection  represents  the  effect  of  a con- 
tinuum of  random  velocity  modes,  its  contribution  is 
more  or  less  additive  and  smoothly  varying  with  the 
parameters  k^  and  k^.  Let  us  therefore  ignore  it  in 
the  comparison  between  eddy  diffusivity,  supergrid 
advection,  and  eddy  mediated  advection.  Consider 
the  following  two  cases: 

Case  I.  , — = r 


V '/>'l  * ‘'j  ^ ^’'o 

There  are  six  supergrid  scalar  o^es*  9(tk,,0s0)  and 
The  latter  four  are  iiQplicifly  coupled 
to  t/ie  subgrid  aodes  by  eddy  mediated  advection. 
Omitting  the  effects  of  eddy  advections  and  approx- 
imating by  (k  ) , we  obtain  the  following  set 

of  equations  from  (12?, 

^(k^)kj^0(kj,O,O)— ikjv|^0(kj,k2,O)+0(kj,-kj,O)'j  ♦! 
pik^)  (kj^+kj^)0(kj,kj,O)— ikjV0(kj,O,O)  - 


;k , ~V^0(k.  

// (k  )k*“**'^^(k/»4k,^) 

>*  O O 1 2 

and  the  equations  for  are  identical.  The 

delta  functions  in  wavenudber  belonging  to  the  scalar 
modes  have  been  suppressed.  Solving  these  equations 
for  0(k^,O,O}  it  Is  found  that 

0"^kj,O,O)  - ^<(k^)kj‘  » 


2k^  V 


’'o^ 


k )k‘“*i>^^k,W) 

O O 12 


* '‘2  2>'o 


The  point  of  view  we  adopt  is  that  in  t.he.  first  case 


/k.^-fk-*^  is  marginally  less  than  k , and  that  the 
'12  O 

second  case  is  obtained  from  the  first  by  increasing 
k,  by  a small  amount.  There  are  two  supergrid  scalar 
modes,  0(tk. ,0,0)  which  eure  coupled  to  other  modes 
only  through  eddy  mediated  advection: 

U()ig)lCj‘0(lCj,3.Ol— kjV0(kj,O,O)  ♦ 1 

0'^  (k.  ,0,0)-^'(k^)k^» kjfvf 

° //(k  )k<“*"^2(k,^k,2)<'-">^'‘ 

/"  O O 1 

Since  In  . typical  supergrid  realization  V^(V  ) 
•and  k,  and  k..  are  both  o(k  ),  the  responses  of  0 in° 
the  a£ove  two  cases  are  computed  to  be  comparable. 
Physicelly,  the  responses  should  be  identlcel  since 
we  heve  supposed  the  two  ises  to  be  marginelly  diff- 
erent when  viewed  from  the  full  set  of  passive  scalar 
equations.  Though  identical  responses  were  not  found 
it  has  bean  demonstratad  how  addy  mediated  advection 
tekei  over  for  the  loss  of  damping  associated  with  ' 
the  coupling  of  one  supergrid  scalar  mode  to  another, 
which  occurs  when  supergrid  interactions  boost  an 
eddy  into  the  highaz  wavenumbers  of  the  subgrid  scale. 
A subgrid  model  which  only  had  an  eddy  diffusivity 
term  would  be  forced  to  have  a diffusivity  which  rose 
sharply  for  wavenumbers  approaching  k^  to  compensate 
for  the  above  affect. 

Time  Dependent  Velocity  Fields  and  t.he  Transfer  of 
Scalar  Varience 

The  determination  of  what  constitutes  a reeiistic 
choice  for  the  Turbulent  velocity  field,  u,  is  not 
simple.  It  is  cossacn,  in  e problem  like  that  of  the 
passive  scalar,  to  make  the  simplifying  assumption 
that  the  physically  realized  u may  be  represented  by 
a Gaussian  process  with  the  same  mean  and  covariance. 
We  shell  soon  question  the  validltj'  cf  this  aesumption 
in  the  construction  of  a subgrid  modsl,  but  first  let 
us  sxaminc  soma  of  its  qualitative  consequences. 

Since  the  resulting  subgrid  model,  no  matter  how 
It  is  constructed,  is  used  with  a given  reelizetion 
of  the  supergrid  velocity  field,  the  subgrid  velocity 
statistics  should  be  conditioned  with  respect  to  that 
realization.  This  implies  that^u(k,  t)u(£,t' ) ^ , 

whsre  ths  subscript  "c"  stands  for  conditlonsd,  with 
k and  p greater  than  but  comparable  to  k^,  is  signif- 
icantly inhomogenecus , i.e.  the  offdiagonal  elements 
(k'^£  ^ C)  ars  comparable  in  magnitude  to  the  diagonal 
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elements  (k+£»0) . We  therefore  face  the  immediate 
difficulty  of  finding  a suitable  analytic  expression 
which  describes  the  corssover  of  from 

an  inhomogeneous,  supergrid  scale  dependent!  Eehavior 
for  Ic  and  p 5;  ic  , to  the  oresumed  universal,  Kolmo- 
gorov-like  (^)  , behavior  characteristic  of  fully 
developed  turbulence  in  the  limit  of  k and  p^^  k^. 
Though  it  is  true  that  the  unconditioned  covariance 
assumes  a universal  behavior  for  wavenumbers  much 
greater  than  some  wavenumber  determined  by  the  exter- 
nal flow  geometry,  the  covariance  conditioned  with 
respect  to  |u(k)jk^k^^  does  not  assume  a universal 
behavior  until  wavenumbers  ouch  greater  than  k are 
attained.  There  is  also  the  question  of  the  time  de- 
pendence assumed  by  ^i(it,t)u(o,t‘ Near  k , 
the  dependence  on  t and  t'  is  also  inhomogeneous  in 
that  it  depends  on  (t+t*)  as  well  as  (t-t').  For 
large  wavenumbers,  k,  the  decay  of  the  unconditioned 
covariance  with  increasing  |t-t'|  is  determined  by 
the  Sulerian  dephasing  time,  1/kV  ( 17) . In  contrast, 
the  conditioned  covariance  has  a aifferent  Eulerian 
dephasing  time  in  which  the  r.m.s.  subgrid  velocity 
is  used. 

The  principle  difference  between  a physically 
realized  turbulent  velocity  field  and  a Gaussian 
process  with  the  same  mean  and  covariance  is  that  the 
former  has  statistical  correlations  beyond  those  im- 
plied by  the  covariance.  Consider  the  subgrid  model- 
ing step  in  which  the  in+Dth  fourier  space  shell, 
modes  with  wavenumbers  k satisfying 


is  removed.  A partial  average  is  performed  over  the 
velocity  modes  in  this  shell,  conditioned  with  res- 
pect to  all  the  velocity  modes  whose  wavenumbers  are 
smaller  than  • If  k ‘ , the  Gaussian 

process  modes  with  wavenusiSers'^smallsr  than 
are  almost  statistically  independent  of  the  modes  in 
the  (n'l-Dth  shell  because  in  this  wavenumber  range 
the  covariance  is  approximately  diagonal.  The 
corresponding  physically  realized  velocity  field 
modes  are  not  independent.  In  particular,  we  spec- 
ulate that  the  decay  time  for  a typical  velocity 
covariance  in  the  (n^-Dth  shell,  conditioned  with 
respect  to  all  ve^pcity  modes  with  wavenumbers 
smaller  than  k ' ^ , is  the  eddy  turn  over  time, 

T (k)'*' ( , 


where  £.  is  the  energy  dissipation  rate  per  unit 
mass,  and  not  the  Eulerian  dephasing  time  which  is 
characteristic  of  a covari^Ulca  conditioned  with 
respect  to  the  supergrid  velocity  modes.  Therefore, 
even  at  the  level  of  a crude,  Gaussian,  calculation 
which  ignores  the  spatial  and  temporal  inhomogen- 
eltles  of  the  true  subgrid  velocity  field,  it  is 
essential  that  the  velocity  covariance  decays  accor- 
ding to  the  eddy  turnover  time.  The  generalization 
of  the  subgrid  model  presented  in  (12)  to  this  time 
dependent  velocity  field  is  straightforward,  though 
the  algebraic  details  have  not  yet  been  fully  inves- 
tigated. He  believe  that  such  a modal,  or  perhaps 
a slightly  more  sophisticated  one  which  roughly  des- 
cribes the  crossover  behavior  for  the  velocity  co- 
variance,  is  suitable  for  calculations  of  ^0^  ,, 
but  of  doubtful  utility  for  calculations  of  i 

it  is  the  inhoiiiogeneities  in  the  large  scale  velocity 
and  scalar  eddies  which  datemlne  the  transfer  of 
scalar  variance  across  k , and  its  calculation  is 
therefore  sensitive  to  tRe  modeling  of  these  inho- 
mogeneltias  and  the  associated  crossover  behavior 
of  the  velocity  covariance. 


Though  we  have  little  to  say  about  the  construc- 
tion of  a subgrid  model  which  is  suitable  for  the  cal- 
culation of  both  ^ 0 ) and  ,•  let  us  mention  one 

qualitative  feature,  the  presence  of  a subgrid  random 
scalar  source,  which  has  been  omitted  from  (12). 

This  source  is  distinct  from  the  eddy  advection  term 
which  injects  .noise  into  the  supergrid  scales  due  to 
the  presence  of  a random  subgrid  velocity  field.  The 
physical  process  represented  by  this  source  is  the 
collision  of  subgrid  velocity  and  scalar  eddies  to 
yield  random  supergrid  scalar  eddies.  Technically, 
such  a term  arises  when  the  partial  averaging  criter- 
ion, which  was  used  to  replace  (7)  by  (S) , is  supp- 
lemented by  the  demand  that  ^ be  invariant. 

Summary 

A subgrid  model  for  the  random  advection  of  a 
passive  scalar,  0,  has  been  presented  in  the  special 
case  of  a frozen  velocity  field.  Its  application  is 
limited  to  the  calculation  of  the  mean  value  of  0 
because  only  one  of  the  contributions  to  the  fluctua- 
tions of  0 has  been  included. 

There  are  two  principle  differences  between  this 
model  and  the  usual  subgrid  models.  These  arise  from 
the  recognition  of  the  strong  coupling  between  the 
large  (supergrid)  eddies  and  the  (neargrid)  eddies 
lying  just  below  the  limit  of  resolution  of  the  finite 
difference  grid.  One  is  the  explicit  injection  of 
noise  from  the  neargrld  eddies  into  the  supergrid 
eddies.  The  other  is  a spatially  non-local  contribu- 
tion to  the  scalar  flux. 

The  ia^lications  of  our  qnalysis  are  not  confined 
to  the  class  of  models  which  are  .narrowly  defined  as 
"subgrid”.  Any  model  which  attempts  to  describe 
scalar  transport  by  simple  advection  and  gradient 
diffusion  will  have  difficulty  in  handling  the  above 
mentioned  contributions  to  the  scalar  flux.  The  sig- 
nificance of  our  model  lies  not  in  the  numerical 
value  for  the  eddy  dlffusivity,  which  has  been  approx- 
imately calculated,  but  in  its  form,  equations  (12), 
(14)  and  (15),  which  allows  for  a new  mode  of  scalar 
transport, 
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Teitperature  and  velocity  fields  in  a round  hea- 
ted jet  were  investigated  in  detail.  Both  conven- 
tional and  conditional  (cane  averages  and  point 
averages)  aeasureaents  were  perforced.  Filtered  cor- 
relation aeasxirefflents  show  that  large  scale  tur'oulent 
notions  are  responsible  for  the  bulk  of  aomentus  and 
heat  transport,  and  also  that  soall  scales  are  aiore 
efficient  in  transporting  heat  than  momentun.  In  no 
case  is  heat  transported  farther  or  aore  than  nooen- 
tua,  however.  These  results  are  discussed  in  details, 
particularly  with  regard  to  the  entrainment. 

INTRODUCTION 

Free  turbulent  shear  flows  have  been  a subject  of 
considerable  experimental  investigation  in  the  past. 
The  axisysatetric  jet,  in  particular,  has  been  inves- 
tigated as  early  as  1943  by  Corrsin,  Kinie  and  Van  der 
Hegge  Zijnen  (1949)  and  later  in  aore  detail  by  Corrsin 
and  Uberoi  (1950).  Although  these  experiments  have 
clearly  established  the  preferential  lateral  trans- 
port of  scalar  quantities  like  heat  over  vector  quan- 
tities like  aoacr.tiia— as  translated  into  the  inequali- 
ties of  the  eddy  dlffusivities  for  aocentua  and  heat- 
no  light  has  been  thrown  upon  the  possible  differences 
in  transport  mechanisms.  From  the  discovery  of  inter- 
mittency  in  free  turbulent  shear  flows  by  Corrsin 
(1943)  and  one  of  the  first  comprehensive  stxulies  of 
this  phenomenon  by  Corrsin  and  Kistler  (1354),  it  has 
been  recogniced  t.hat  intermittency  plays  a dominant 
role  in  such  flows.  Or.  the  one  hand,  this  double  sta- 
tistical structure  requires  for  detailed  srudies  t.hat 
measurements  be  made  either  separately  in  turbulent 
and  non-turbulent  cones  (conditional  cons  averages)  or 
hit.')  respect  to  *.he  interface  location  (conditional 
point  averages) . On  another  hand,  to  investigate  the 
difference  in  the  transfer  mechanisms  of  heat  and 
coner.tuH,  filtered  correlation  measurements  ujVr  and 
At  -.eed  to  be  made.  These  measurements,  obviously 
rwcucre  simultaneous  and  continuous  signals -for  velo- 
:it'  concorents  and  temperature;  tec.hniques  to  obtain 
"SB  -ere  sevelopeo  ana  used  here. 

CC  IXFWIMENTAL  TECHNIQUES 

~>e  '•ared  et  facilitv  consists  mainly  of  an 
•■rdei  '.eme  fir  driven  bv  a *.S  H.P.  X motor  with 
•re*  •»"  Kf  speed  control  which  maintains  the 
eefvae*  -itnaa  1 This  disc.narges  t.hrough 
eae  ' ( 'immM  -eaters  :22.S  kw]  into  a diffuser 

• Me  eeee  lectirw  -f  -etcA  is  Circular.  After 
• -ewe-  •eu.rcea  -it.t  screens  a.nd  .-.onevcomb 


and  a 16:1  contraction,  the  axisymmetric  cirrular  jet 
emerges  with  a diameter  D of  32.3  cm  into  the  room 
from  the  center  of  a flat  circ-alar  plate  124  cm  in 
diameter.  From  the  diffuser  onwards,  the  jet  facility 
is  insulated  t.hrsughout  with  fiber  glass  and  to  pro- 
duce as  rectangular  as  possible  an  exit  temperarure 
profile  a collar  heater  (which  circulates  air  at  the 
same  temperature  as  that  of  the  jet)  is  provided  at  the 
end  of  the  contraction.  In  order  to  detect  readily  any 
buoyancy  effect,  the  whole  unit  was  installed  horicon- 
tally.  At  13  diameters  downstream  where  both  horiton- 
tal  and  vertical  profiles  were  measured,  no  marked  de- 
parture from  sytssetty  was  observed.  Nominal  values  of 
the  mean  velocity  and  temperature  (above  ambient)  at 
t.he  jet  exit  were  23  m/s  and  20*C,  respectively,  while 
t.he  turbulence  intensity  was  measured  to  be  a littlj 
less  than  O.a^i.  Tnis  gives  us  a value  of  0.23x10*-’ 
for  the  ratio  of  buoyant  forces  to  the  inertia  forces 
{gLlS/ (SO^) } . Thus  it  is  clear  t.hat  the  temperature 
could  be  treated  as  a d>'naaically  passive  scalar  field. 
Previous  measurements  by  Chevray  and  Tutu  (1972)  using 
the  same  jet  facility  and  same  exit  conditions  demon- 
strated the  virtual  identity  of  velocity  spectra  for 
the  heated  (non- isothermal)  and  isothermal  jets. 

Empirical  expressions  relating  the  heat  transfer 
from  cylinders  to  flow  characteristics  are  usually  -used 
as  a basis  for  hot-wire  anemometry.  In  non-isothermal 
flows,  due  to  temperature  variations,  however,  these 
relations  become  "functionals"  of  fluid  properties  and 
as  a result  continuous  signal  of  the  velocity  is  not 
readily  obtainable.  Because  of  this  difficulty, 
Wygnanski  and  Fiedler  (19*9)  and  Sunyach  (13*1)  have 
conducted  t.he  comparative  studies  of  the  thermal  and 
kinematic  structures  of  free  shear  flows  by  meas-uring 
in  both  the  heated  and  non-heated  flows.  Corrsin  (194?; 
has  presented  a technique  which  permits  measurements  of 
mean  velocity,  mean  temperature,  velocity  and  tenperi- 
fure  flucfaation  levels,  as  well  as  turbulent  heat 
transfer  and  shear  to  be  made  in  heated  flows;  and 
Corrsin  and  Uberoi  (1930)  have  -used  this  technique  to 
make  measurements  in  a heated  turbulent  atr  jet.  The 
procedure  involved,  however,  is  quite  cumbersome  and 
measurement  errors  are  large,  but  more  critically  the 
method  does  not  provide  continuous  and  sitailtaneous 
signals  for  velocity  and  temperature.  This  becomes 
essential  when  it  is  required  to  obtain  joint  statistics 
of  fluctuating  velocity  components  and  temperature  or 
simply  to  compare  directly  the  intermittency  straefares 
of  t.he  temperature  and  velocity  fields.  The  instrament 
developed  for  this  study  and  reported  on  earlier  by 
Chevray  and  Tutu  (1972)  permits  the  aforenentionec 
measurements  to  be  made.  Essentially,  it  consists  of 
two  hot-wire  probes,  one  operated  in  low  overheat  cen- 
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stant  current  node  thus  providing  a signal  directly 
proportional  to  temperature,  whereas  the  second  hot 
wire  operated  in  constant  temperature  mode  provides  a 
signal  containing  information  on  both  the  temperature 
and  velocity.  The  manner  in  which  the  signal  depends 
on  the  temperature  is  determined  by  the  heat  transfer 
equation  describing  the  behavior  of  the  hot  wire. 
Information  on  the  velocity  field  alone  can  thus  be 
obtained  from  this  second  hot  wire  by  generating  the 
proper  function  of  temperature  given  by  the  first  and 
conditioning  the  signal  through  an  analog  circuit. 
These  functions  were  evaluated  theoretically  and  veri- 
fied experimentally  for  air.  D>"namic  compensation  was 
provided  so  that  a linear  signal  representative  of  the 
velocity  field  alone  could  be  obtained.  This  techni- 
que was  adapted  to  a cross  wire  configuration,  thus 
permitting  not  only  direct  measurements  of  the  shear 
stress  and  heat  transfer  but  also  the  measurement  of 
filtered  correlations  between  velocity  and  temperature. 


Another  instrumentation  problem  of  concern  in 
this  study  is  due  to  the  well-known  fact  that  raea- 
sxirements  of  components  of  the  turbulent  stress  ten- 
sor in  high  intensity  turbulent  flows  like  free  tur- 
bulent jets,  mixing  layers,  etc.  are  not  reliable. 
This  is  usually  thought  of  as  a consequence  of  trun- 
cating the  series  expansion  of  the  hot-wire  response 
equation  , . , - j. 
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where  Ugff  is  the  instantaneous  effective  cooling 
velocity, ^Unojjial  And  are  the  components  of 

the  velocity  vector  normal  and  parallel  to  the  hot 
wire,  respectively,  and  k is  the  axial  sensitivity  of 
the  hot  wire.  While  Champagne  and  Sleicher  (1967j 
have  already  given  the  corrections  (valid  for  small 
turbulence  intensities)  to  be  applied  to  measurements 
owi,ng  to  the  influence  of  k,  another  important  source 
or  error  is  the  resultant  rectification  of  the  velo- 
city signal  by  the  hot  wire;  the  hot  wire  being  sen- 
sitive only  to  the  magnitude  of  the  effective  cooling 
velocity.  Rectification  occurs  whenever  the  compo- 
nent  of  velocity  normal  to  the  hot  wire  crosses  lero. 
Although  for  a hot  wire  held  normal  to  the  flow  this 
will  obviously  happen  only  during  flow  reversals,  this 
is  not  so  for  cross-wires  which  are  inclined  to  the 
flow.  Since  Ujff  is  always  positive,  the  errors  due 
to  rectification  arise  not  because  of  truncation  of 
the  series  expansion  of  the  right-hand  side  of  Eq.  (1) 
but  because  during  signal  processing  the  modulus  sign 
implicit  on  the  right  hand  side  of  Eq.  (1)  is  ignored. 
It  is  therefore  clear  that  in  high  intensity  turbulent 
flows,  besides  the  axial  sensitivity  k and  the  sen- 
sitivity to  the  w component  of  velocity,  rectivication 
is  an  additional  source  of  error  in  conventional 
measurements  with  cross  wires.  Champagne  and  Sleicher 
(1967)  have  demonstrated  that  the  error  in  second- 
order  moments  due  to  k is  negative.  Tutu  and  Chevray 
(19*S)  have  shown  that  the  errors  due  to  the  other  two 
causes  (independently)  are  of  the  same  sign. 


For  all  the  measurements,  two  hot-wire  probes 
were  used.  When  only  longitudinal  velocity  component 
and  temperature  were  needed,  a standard  DISA  3SA39 
hot-wire  probe  was  used.  This  probe  has  two  mutually 
orthogonal  hot-wire  sensors  that  are  perpendicular  to 
the  probe  axis.  For  simultaneous  measurements  invol- 
ving quantities  other  than  the  abovementioned,  a cross 
wire  was  used  with  the  temperature  sensor  located  up- 
stream from  and  perpendicular  to  both  cross  wires. 

In  the  constant  temperature  mode,  all  sensors  were  3.8 
um  diameter  tungsten  wires  spot  welded  to  the  prongs. 
For  temperature  measurements,  the  sensor  was  etched 


from  a spot  welded  Wollaston  wire  (101  Rh.,  .“t)  having 
a diameter  of  .633  urn.  This  wire  was  operated  in  a 
constant  current  mode  with  a sensor  current  of  O.IS  nA 
using  a Flow  Corporation  1900-1  constant  current  ane- 
mometer, thus  acting  as  a simple  resistance  thermome- 
ter. At  this  low  probe  current  the  velocity  sensiti- 
vity of  the  hot  wire  was  smaller  than  the  noise  in  the 
temperature  signal.  Ac  zero  flow  velocity  the  fre- 
quency response  was  good  up  to  (3dB  down)  5.7  kH:  and 
this  increased  to  10.7  kKi  at  a flow  velocity  of 
S m/sec.  Thus  there  was  no  need  for  electronic  fre- 
quency compensation  of  the  temperature  signal. 

Throughout  this  investigation,  DC  coupling  has 
been  used  for  all  measurements.  Although  this  renders 
measurements  more  tedious  it  is  well  worth  the  advan- 
tage of  eliminating  the  distortion  in  signals  due  to 
low  frequency  loss  encountered  in  AC  coupling.  Most 
measurements  were  made  digitally  using  Hewlett-Packard 
2212A  voltage  to  frequency  (100,000  pulses/s/V)  con- 
verters and  modified  (with  seven  digits  and  a 100  s 
gate  time)  Hewlett-Packard  S330A  Preset  Counters  to 
perform  a true  integration.  To  minimiie  scatter,  long 
integration  times  (five  minutes)  were  used.  For  mea- 
surements of  odd  moments  and  cross  correlations  a DC 
electronic  splitter  was  built  in  order  to  separate  the 
signal  into  positive  and  negative  parts  for  simulta- 
neous integration. 

GROSS  CHARACTERISTICS— CONVENTIONAL,  POINT  .AND  CONE 
AVERAGES 

All  the  measurements  were  performed  at  x/D « IS; 
this  choice  was  dictated  more  by  experimental  con- 
straints than  by  any  theoretical  considerations. 

While  Wygnanski  and  Fiedler's  (1969)  measurements  in 
an  isothermal  round  jet  clearly  show  that  the  complete 
d>‘namical  similarity  is  reached  only  about  some  *0  dia- 
meters downstream  of  the  jet  exit,  at  such  large  x/D 
values,  a much  larger  exit  temperature  difference 
would  be  needed  to  permit  temperature  measurements  to 
be  made.  This  would  obviously  conflict  directly  with 
our  requirement  that’ the  temperature  field  be  dynami- 
cally passive.  Figure  1 shows  the  mean  longitudinal 


Figure  1.  Longitudinal  velocity  and  temperature 
profiles 

velocity  and  temperature  profiles  together  with  the 
measurements  of  Wygnanski  and  Fiedler  (1969)  made  in 
the  self-preserving  region.  This  relatively  flatter 
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distribution  of  ter.oerature  as  compared  to  mean  velo-  much  lower  frequency  than  the  fluctuations  in  the 

city  is  associated  with  the  preferential  transport  of  turbulent  tone,  and  since  differentiation  is  nothing 

heat  over  nomentun.  It  must  be  mentioned  here  that  but  selective  amplification  of  high  frequenc>‘  compo- 

the  temperature  profile  has  been  corrected  for  the  nents,  au/3t  should  provide  a good  contrast  between 

contamination  due  to  the  influence  of  the  velocity  the  turbulent  and  nonturbulent  states.  Moreover, 

sensing  hot-wire.  This  was  done  by  measuring  the  assuming  isotropy  and  Taylor's  h>-pothesis,  5u/ct  can 

mean  temperature  profiles  with  the  velocity  sensing  also  be  visualized  as  being  proportional  to  the  square 

hot  wire  on  and  off.  The  corrections  were  signifi-  root  of  turbulent  energy  dissipation;  thus  a reasonably 

cant  only  for  r/rij  > 1.65.  good  detection  can  be  expected  from  it. 


Velocity  and  temperature  fluctuation  intensities 
are  presented  in  Fig.  2.  The  relatively  large  value 
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Figure  2.  Velocity  and  temperature  fluctuations 
at  x/D  • IS 

of  temperature  fluctuations  at  the  tails  of  the  jet 
is  due  to  fluctuations  in  the  ambient  temperature. 

Had  we  used  AC  coupling  (with  a cut  off  at  0.3  Ht, 
say)  these  ver)'  low  frequency  ambient  temperature 
fluctuations  would  have  been  filtered  out,  and  thus 
might  have  remained  unnoticed.  Again,  in  the  outer 
regions  of  the  jet  the  9'  profile  was  obtained  by 
switching  the  velocity  sensing  wire  off.  In  agree- 
ment with  Wygnanski  and  Fiedler's  (1969)  measurements 
v'  is  everywhere  less  than  u' . This  is  presumably 
because  being  an  axis  of  symmetry,  the  center  line  of 
the  jet  serves  as  a constraint  for  the  radial  motions. 

To  distinguish  between  the  turbulent  and  nontur- 
bulent states  unambiguously,  it  is  obvious  that  we 
must  monitor  a property  of  the  flow  which  shows  a 
jump  across  the  turbulent/nonturbulent  interface.  An 
ideal  detector  probe  would  then  be  a vorticity  probe 
giving  us  a continuous  signal  proportional  to  a com- 
ponent of  vorticity.  However  such  a probe  would  have 
at  least  four  hot  wires  by  itself  with  possibly  an 
additional  cross  wire  for  u,v  measurements  and  a sin- 
gle hot  wire  for  temperature  measurements.  Obviously, 
not  to  mention  the  difficulties  in  building  such  an 
arrangement,  there  will  be  too  many  hot  wires  (and 
prongs)  in  a small  volume  to  make  any  reliable  mea- 
surements. Contrarlly  to  what  is  generally  thought, 
a two  wire  probe  sensitive  to  3U/3y  is  not  a good 
substitute  for  a vorticity  probe, either , because  al- 
though in  the  turbulent  region  3U/3y  » 9v/?x,  in  the 
nonturbulent  region  oC/3y  • 3v/3x.  Besides,  and  more 
importantly,  instantaneous  values  3U/3y  and  3V/3x  are 
of  the  same  order;  so,  even  in  the  turbulent  region 
3U/»y  is  not  a good  approximation  for  fre  vorticity 
component.  For  simplicity,  therefore,  .t  was  decided 
to  use  3u/3t  as  the  basic  signal  from  which  to  gen- 
erate the  Intermittency  function.  Since  the  velocity 
fluctuations  in  the  non-turbulent  region  are  of  a 


Since  the  turbulence  detector  was  designed  and 
built  (197;) , many  other  turbulence  detection  schemes 
have  appeared  in  the  literature  (i.e.,  Thomas,  1973; 
Paitis  and  Schwarz,  1974).  The  approach  used  here  is 
described  by  Tutu  (1976)  and  is  basically  the  same  as 
used  by  Kibens  (1968) . The  actual  circuit  design, 
however,  has  been  improved;  in  particular,  the 
so-called  'hold  time  stage'  (smoothing  circuit)  works 
on  a completely  different  principle  and  is  free  of  the 
defects  and  limitations  of  previous  hold  time  stage  as 
described  by  Tutu  and  Chevray  (1976). 

The  time  averaged  value  I of  the  intermittency 
function  at  a given  point  in  space  is  called  the 
intermittency  factor  and  is  usually  denoted  by  y. 

It  is  simply  the  fraction  of  time  the  flow  is  turbu- 
lent at  a given  location.  Another  important  parameter 
that  can  be  defined  from  I(t)  is  its  "frequency"  fy, 
which  represents  the  number  of  turbulent  bulges  pass- 
ing by  a given  location  per  unit  time.  Unfortunately, 
this  has  been  referred  to  as  the  interface  crossing 
rate  in  the  literature,  but  it  is  important  to  note 
here  that  the  interface  crossing  rate  is  2£y . Let 
Q(x,t)  be  a fluid  mechanical  property,  then  we  can 
define  its  conventional  average  Q(j),  its  turbulent 
zope  average  5^(5)  • 5,  and  its  nonturbulent  zone 
average  Qji(jc)  * Q.  Based  on  these  three  kinds  of 
averages,  three  kinds  of  fluctuations  arise: 

q • Q-Q;  qt  • Q-Q^;  % * Q-5n 

If  P(s,t)  is  another  fluid  mechanical  property,  then 
three  kinds  of  cross  correlations  suggest  themselves. 

pq  • (P-P) CQ-Q) 

. (P-Pj)(Q-Q5)I/I 
■ (P-fn^  (Q-Qn)(l-I)/rnTT 
where,  as  it  is  clear,  - denotes  the  conventional 
average,  * denotes  the  turbulent  zone  average,  and  = 
denotes  the  non-turbulent  zone  average.  The  following 
relations  are  then  easily  proved. 

Q • (l-T)Qn 

M • YP^t  * fl*''')^i;-Y(l-Y)fPc5- *?n5n  - Pt5n 

- 

^ • Y^  * (1-Y)^  * Cl-Y){Qt;-'5n-^ 

We  call  the  terms  in  the  braces  'switching  tents'  be- 
cause they  arise  from  the  switching  of  mean  level  from 
turbulent  to  nonturbulent  regions.  Let 

?(s,t)  • 'i(i(s,t)  * |i(x,t)  |] 

and  F(x,t)  • 'sf  I i (x,t)  I - i (s,t)] 

where  I is  the  time  derivative  of  I.  ^(t)  is  then  a 
series  of  positive  going  i-function$  with  each  pulse 
occurring  at  the  leading  edge  (downstream  crossing  — 
where  I (t)  changes  from  zero  to  unity).  These  func- 
tions can  then^be  used  to  define  the  leading  edge 
point  avwage  Q of  Q and  the  trailing  edge  point 
average  Q of  Q as 
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We  can  also  define  a niore  general  t>'pe  of  conditional 
^oint^average,  where  the  detector  probe  (from  which 
p or  p is  derived]  and  the  sampling  probe  (which 
supplies  Q]  are  separated  by  a certain  distance  r in 
space  and  t in  time 

Q(4.r,t)  • Q(i+r.t*T)p(2.t)/f^(jc] 

Figure  3 shows  the  conditional  tone  averages  of 
U and  © across  the  jet.  As  expected,  the  fluid  in 


Figure  3.  Conditional  velocity  and  temperature 
profiles 


the  turbulent  tones  is  seen  travelling  much  faster 
than  the  fluid  in  the  nonturbulent  tones.  The  non- 
zero value  of  temperature  in  nonturbulent  tones,  and 
the  observation  that  gradients  of  3 and  3 have  the 
same  sign,  is  rather  curious.  Its  possible  implica- 
tions will  be  dissussed  in  the  next  section. 

Again,  in  the  turbulent  zones  the  temperature  dis- 
tribution is  much  flatter  than  U^,  showing  that  the 
scalar  field  is  'mixed'  much  better  than  the  momentum. 
Figure  4 shows  the  fluctuation  intensity  of  the  longi- 


Figure  4.  Cone  averaged  longitudinal  velocity 
profiles 


tudinal  component  of  velocity  in  the  two  zones.  As  a 


comparison  with  Fig.  2 shows,  for  r/ru  > I.IS  the 
local  turbulent  intensities  in  the  two  zones  are  less 
than  the  unconditioned  local  turbulence  intensity. 

The  maximum  value  of  about  0.7  for  ul/U^  is  much  less 
than  the  maximum  value  of  1.2  for  u'/C;  thus  showing 
that  the  errors  due  to  assumed  simple  linearized  hot 
wire  response  are  not  as  great  as  the  unconditioned 
local  turbulence  intensity  would  indicate.  The  con- 
ditional averages  of  the  radial  component  of  velocity 
depicted  in  Fig.  5 show  that  as  expected  the  nontur- 
bulent fluid  is  moving  in  on  an  average  while  the 


Figure  S.  Cone  averaged  lateral  velocity  profile 

turbulent  fluid  is  moving  out.  Near  the  tails  of  the 
jet,  the  relatively  large  positive  values  of  indi- 
cate that  once  in  a while  the  turbulent  bulges  are 
shooting  out.  Similarly,  large  negative  values  for 
V'n  deep  inside  the  jet  show  that  the  nonturbulent 
fluid  is  rushing  in  to  be  entrained,  which  suggests 
that  perhaps  there  are  deep  crevices  on  the  turbulent/ 
nonturbulent  interface  in  regions  of  high  y where  sig- 
nificant entrainment  is  taking  place.  For  high  radial 
positions,  the  strange  behavior  of  the  unconditioned 
radial  velocity  ^ comes  from  the  effects  of  rectifi- 
cation and  distortion  due  to  high  turbulence  intensity. 

Let  C be  the  velocity  of  the  interface  with  res- 
pect to  the  fluid:  if  this  propagation  velocity  is 
very  small  as  compared  to  the  fluid  velocity  at  the 
interface,  then  the  convection  velocity  of  the  inter- 
face can  be  assumed  to  be  equal  to  (at  least  for  the 
sake  of  qualitative  interpretation  of  results)  the 
fluid  velocity  at  the  interface.  As  Corrsin  and 
Kistler  (1954)  and  Phillips  (1972)  suggested,  |C| 
should  be  of  the  order  Kolmogorov  velocity  scale  (ev)'-. 
For  isotropic  turbulence,  an  estimate  for  iQj  is 


Id 


.Swi' 


/5v' 


u 

With  the  conditions  at  the  center  line  of  the  jet  at 
x/D  » IS  these  two  estimates  reduce  to  0.18S  m/sec 
and  0.06  m/sec,  respectively.  The  measured  longitu- 
dinal component  of  the  point  averaged  fluid  velocity 
at  the  interface  is  1.24  m/sec  at  v • 0.41,  which  is 
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nueh  larger  than  the  estimated  iCp|.  It  therefore 
seems  reasonable  Jo  interpret  the  point  averaged 
velocity  profile  UCr)  as  the  profile  for  the  inter- 
face convection  velocity.  This  leading  as  well  as 
trailing  edge  velocity  (longitudinal  component)  and 
temperature  profiles  are  presented  in  Fig.  6.  These 
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Figure  6.  Point  averaged  temperature  ana  velocity 
profiles 

reveal  that  on  an  average  the  fluid  at  the  leading 
edge  (front)  is  travelling  with  the  same  longittidinal 
velocity  as  the  trailing  edge  (back).  That  the  point 
averaged  temperature  profile  is  flatter  than  the 
point  averaged  velocity  profile,  giving  yet  another 
evidence  that  the  temperature  field  is  more  homo- 
geneous in  the  turbulent  tones  than  the  velocity 
field,  was  expectej^.  The  remarkable  feature  here, 
however,  is  that  3c,'3r  and  3G/3r  are  both  positive 
for  y > 0.93.  This  can  only  be  explained  if  unusually 
large  entrainment  is  taking  place  deep  inside  the  let 
in  these  regions  of  high  v,  which  is  consistent  with 
earlier  observation  (Fig.  3)  of  large  negative 
values  of  V'n  in  the  regions  of  high  y. 

To  find  out  the  distribution  of  the  radial  com- 
ponent of  fluid  velocity  near  the  interface  and  with- 
in the  turbulent  region,  conditional  point  measure- 
ments with  respect  to  the  existence  of  the  interface 
(at  the  point)  at  a certain  time  t before  or  after 
were  made.  For  measurements  near  the  leading  edge, 
the  velocity  component  V was  sampled  at  fixed  inter- 
vals after  the  interface  was  detected.  To  make  mea- 
surements near  the  trailing  edge,  the  tape  (on  which 
velocity  and  temperature  signals  were  recorded  and 
the  intermittency  function  added)  was  run  backwards 
and  the  above  procedure  was  repeated.  The  results 
are  plotted  in  Fig.  7 and  show  several  interesting 
features.  Chief  among  these,  the  radial  velocities 
near  the  interface  behave  very  differently  at  the 
'fronts'  than  they  do  at  the  'backs'.  For  r/ru  < 1.66 
the  fluid  near  the  'front'  is  moving  inwards,  while 
beyond  r/ri,  • 1.66  it  is  moving  outwards.  In  con- 
trast, however,  the  fluid  near  the  trailing  edge  is 
on  an  average  always  moving  inwards. 

E.vrsA:N:.2.\T  a.vd  preferential  transport 

•is  the  experimental  results  for  the  average  tur- 
bulent Prandtl  number  indicate,  the  turbulent  Prandtl 
number  is  very  different  from  unity.  It  is  different 
for  different  flows  and  as  the  results  presented  ear- 
lier indicate  it  even  varies  from  location  to  loca- 
tion for  the  same  flow.  Although  this  behavior  is 
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Figure  '.  Point  averaged  lateral  velocity  distri- 
bution inside  the  turbulent  bulge  at 
x/D  - IS 

far  from  being  understood,  it  has  been  recognited 
early  that  the  intermittency  phenomenon  plays  a domi- 
nant role  in  such  flows  [Townsend  (1956)],  Mayer  and 
Divoky  (1966)].  It  has  also  led  investigators  to 
believe  that  the  transport  mechanisms  for  momentum 
and  scalar  quantities  are  not  identical.  Townsend 
(1949)  has  suggested  that,  in  the  intermittent  region 
gradient  type  diffusion  (small  scale  fluctuations) 
would  be  mainly  responsible  for  the  transport  of 
momentum  while  both  gradient  type  diffusion  and  bulk 
convection  (large  scale  fluctuations)  would  be  respon- 
sible for  the  transport  of  heat.  Recently,  Fiedler 
(1973)  has  also  suggested  an  ordinary  gradient  dif- 
fusion mechanism  for  momentum  in  a plane  turbulent 
mixing  layer.  To  be  consistent  with  this  model,  how- 
ever,  the  shear  correlation  uv  should  get  most  of  its 
contribution  from  the  small  scale  region.  Useful  as 
they  are  in  problems  of  engineering  relevance,  the 
classical  mixing  length  theories  have,  unfortunately, 
been  unable  to  predict  these  transfer  differences. 
Refolds  analogy  and  Prandtl 's  mixing  length  theor>- 
both  imply  identical  temperature  and  velocity  profiles 
(Cj  • 1.0).  Taylor's  (1931)  vorticity  transport 
theor>',  however,  does  predict  differences  between  the 
temperature  and  velocity  distributions,  but  this  pre- 
diction, to  be  sure,  is  only  oualitative.  The  inade- 
quacies of  these  theories  should  not  be  surprising 
because  as  Taylor  (1933)  has  shown,  his  theor>’  is 
valid  only  when  the  mean  and  turbulent  motions  are 
confined  to  two  dimensions,  .kmong  other  objections  to 
Prandtl 's  theory,  because  momentum  of  a fluid  particle 
is  not  conserved  during  its  motion,  it  is  not  valid  in 
any  case. 

Corrected  turbulent  'shear  stress'  and  the  later- 
al component  of  the  turbulent  heat  transfer,  both 
unconditioned  and  in  the  turbulent  tones,  are  plotted 
in  Fig.  S.  That  the  turbulent  tone  values  are  less 
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An  additional  neans  to  study  itooentur.  and  heat 
transport  is  to  compare  the  site  or  eddies  responsible 
for  the  bulk  of  the  transport.  Filtered  correlations 
ueVf  and  serve  just  this  purpose.  Since  simul- 
taneous signal  fcr  u,  v and  6 were  available,  this  was 
done  by  using  two  identical  wave  analyzers  (HP  iOZ.\, 
bandwidth:  6Hi)  set  at  the  same  center  frequencies. 

In  order  to  make  measurements  at  low  frequencies,  the 
tape  recorder  was  played  back  31  times  faster.  By 
definition,  of  course. 
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Figure  8.  Distribution  of  turbulent  shear  and 
heat  transfer 

than  the  conventional  averages  in  the  central  region 
is  merely  due  to  the  'switching  terms'  relating  the 
two  being  of  a certain  sign.  Since  the  nonturbulent 
tone  averages  for  the  'shear  stress'  and  heat  trans- 
fer were  too  small  (about  an  order  of  magnitude  less) 
to  be  measured  accurately,  they  were  assumed  to  be 
effectively  null.  Distributions  of  75”  and  uv  have 
similar  shapes  and  reach  their  maximum  values  at 
approximately  the  same  radial*  location.  This  suggests 
that  the  transport  mechanisms  for  momentum  and  heat 
are  perhaps  not  radically  different.  Mean  velocity 
and  teiBperature  profiles  presented  earlier  show  the 
inflexion  points  to  be  roughly  at  r/rj,  • 1.1  whereas 
uv  and  vS”  reach  a maximum  at  approximately  r/r),  • 

0.78,  thus  demonstrating  the  weakness  of  a simple 
gradient  type  transport  mechanism  for  either  momentum 
or  heat. 

As  pointed  out  by  Corrsin  and  Uberoi  (1950) , the 
turbulent  Prandtl  number  o^,  defined  as  the  ratio  of 
"eddy  diffusivities"  for  momentum  and  heat,  does  not 
have  any  fundamental  physical  basis;  nevertheless  it 
provides  an  empirical  measure  of  the  ratio  of  momen- 
tum to  heat  transfer.  In  terms  of  the  various  mea- 
sured quantities  it  can  be  expressed  as 

a 

Its  variation  across  the  jet  was  computed  from  the 
least  square  curves  fitted  to  the  observed  data.  In 
qualitative  agreement  with  Hinte  and  Van  der  Hegge 
Zijner. 's  (1949)  indirect  measurements,  varying  from 
.4  to  .7,  5.  is  hardly  a constant  across  the  jet.  In 
view  of  the  aforementioned  inadequacy  of  a simple 
gradient  t>T)e  transport  to  describe  this  flow,  this 
shoula  not  be  surpris'ng.  It  might  be  mentioned  in 
this  connection,  that  in  view  of  the  considerable 
scatter  in  their  data,  Corrsin  and  Uberoi  (1950)  con- 
cluded that  q»  was  a constant  across  the  flow  but 
nonetheless,  our  average  value  of  about  0.6  is  less 
than  their  estimated  value  of  about  0.7. 
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Since  uv  and  vF  measurements  were  made  independently, 
accuracy  of  the  filtered  correlation  measurements 
could  be  checked  from  the  above  relations.  The  dif- 
ference (for  both  uv  and  vF)  was  about  9'«.  Later, 
these  measurements  were  repeated  with  a single  wave 
analyzer  using  the  identify 

(Uf+V^)‘  - (Uf-Vj)"  • 4UjVj. 

This  method  insures  the  center  frequency  to  be  exactly 
the  same.  With  it,  more  scatter  was  noticed  at  high 
frequencies,  otherwise  the  results  were  unchanged. 

For  these  measurements  shown  in  Fig.  9 no  attempt  has 
been  made  to  convert  frequency  to  wavenumber  since  on 
the  one  hand  Taylor  h>pothesis  is  not  applicable  for 
our  case  and  on  the  other  hand  the  proper  convection 
velocity  is  strongly  dependent  on  wave  number  (Kygnan- 
ski  and  Fiedler,  1970) . 
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Figure  9.  Filtered  correlations  at  r/n.  • 0.8 

From  integration  of  the  distributions  of  Fig.  9, 

uv  gets  about  70^  of  its  contribution  belo«  10  Ht 
while  vF  gets  about  50%.  Although  the  bulk  of  the 
transport  (for  temperature  as  well  as  momentum)  is 
accomplished  by  the  large  scales,  the  small  scales  are 
more  efficient  in  transporting  heat  than  momentum. 

Thus  gradient  t>’pe  diffusion  is  more  Important  for  heat 
than  it  is  for  momentum  transport.  Although  this  nay 
look  surprising  at  first,  the  physical  reason  for  this 
can  be  translated  to  the  fact  that  the  "mixing  length" 
for  temperature  is  larger  than  it  is  for  the  momentum. 
This  is  because  while  a scalar  is  conserved  during 
fluid  motion  (in  the  absence  of  molecular  diffusivity) 
momentum  is  not;  and  since  the  momentum  of  a fluid 


particle  associated  with  these  sicall  scale  motions  is 
continuously  "bleeding",  the  effective  mixing  length 
is  reduced. 

UfV£  drops  sharply  at  100  He,  and  since  does 
not  show  such  behavior,  it  was  suspected  that  this 
strange  cut  off  for  U£Vc  might  be  due  to  the  distor- 
tions in  the  velocity'signals  because  of  high  turbu- 
lence intensity.  In  order  to  investigate  this  effect 
on  the  UfVf  spectrum,  u(t)  and  6(t-T)  signals  at  the 
center  line  were  assumed  to  simulate  undistorted  u 
and  V signals.  A delay  line  was  used  to  delay  the 
temperature  signal,  with  a delay  t such  that  the  cor- 
relation coefficient  between  uCt)  and  3(t-T)  at  the 
centerline  was  the  same  as  at  r/r^  • 0.8.  The 
filtered  correlation  between  these  two  signals  was 
measured  and  served  as  the  'reference'  (or  true] 
spectrum.  By  analog  means,  these  simulated  signals 
were  than  distorted  just  as  a cross  wire  would  under 
conditions  of  pure  rectification  at  r/r^,  • 0.8.  Fil- 
tered correlations  were  measured  again  and  compared 
with  the  'reference'  spectrum.  From  these  results, 
it  is  seen  that  the  effect  of  pure  rectification  is 
to  reduce  the  correlation  U£V«  algebraicly;  this 
correlation  is  shown  in  Fig.  §.  In  the  absence  of 
molecular  conductivity  (and  consequently  molecular 
Viscosity) , the  conservation  equation  for  temperature 
reduces  to  D@/0t  • 0;  indicating  that  the  temperature 
of  a fluid  particle  is  indeed  conserved  during  its 
motion.  Thus,  considering  the  diffusion  of  tanpera- 
ture  field  by  small  scales  only  Prandtl's  mixing 
theory  should  hold  good.  Also,  it  is  clear 
that  the  only  mechanisms  responsible  for  the  trans- 
port of  heat  (besides  molecular  diffusion)  are  bulk 
convection  and  turbulent  diffusion  (or  more  correctly 
convection  by  all  scales).  Seglecting  molecular 
viscosity,  the  momentum  equation  reduces  to  Dy/Dt  » - 
j7p.  Thus  it  is  immediately  apparent  that  the  momen- 
tum of  a fluid  particle  is  not  conserved  during  its 
motion,  but  is  continuously  changing.  It  also  shows 
that  besides  bulk  convection  and  turbulent  diffusion 
there  is  an  additional  mechanism  for  the  momentum 
transport:  namely,  pressure  forces.  At  first,  it 
could  be  expected  that  due  to  an  additional  mechanism 
for  transport,  the  velocity  profile  should  be  flatter 
than  the  temperature  profile.  This,  however,  has 
just  the  opposite  effect.  Because  of  continuous 
'bleeding'  of  momentum  from  a fluid  particle  due  to 
pressure  forces,  the  effective  mixing  length  for 
momentum  is  less  than  that  for  heat.  Within  the 
turbulent  region,  therefore,  the  transport  due  to 
pressure  forces  is  achieved  at  the  expense  of  trans- 
port due  to  convection,  thus  resulting  in  an  overall 
reduction  in  the  net  momentum  transport.  Momentum, 
as  opposed  to  heat,  can  be  imparted  to  fluid,  in  the 
nonturbulent  region  through  pressure  forces  across 
the  interface.  Since  this  results  in  the  momentum 
being  distributed  over  more  fluid  volume  (assuming 
that  there  is  no  negative  entrainment  heat  cannot  be 
transported  across  the  turbulent/nonturbulent  inter- 
face^, this  further  makes  the  0-  profile  steeper  than 
the  oj  profile. 


Using  the  classical  mixing  length  arguments,  the 
lateral  component  of  the  heat  flux  vector,  q,  and  the 
turbulent  shear  stress,  t,  are  given  by 
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where  Cp  is  the  specific  heat  at  constant  pressure,  t 
is  the  "mixing  length",  and  is  the  turbulent 
Prandtl  number.  If  we  restrict  our  attention  to  small 
scales,  but  which  are  large  enough  so  that  'bleeding' 
of  momentum  and  heat  due  to  molecular  actions  can  be 
neglected,  we  can  write  equations  of  the  type  (2)  for 
individual  length  scales.  This  would  result  in  a 
range  of  frequencies  where  the  filtered  correlations 
would  behave  as; 


Between  45  H:  and  230  H:,  which,  based  on  mean  velocity 
would  correspond  to  length  scales  between  3 cm  and  1" 
cm  (as  compared  to  the  microscale  X • 4.53  mm  and 
Kolmogorov  length  n « .09  mm),  vJcT  does  indeed  drop 
as  f*“.  If  we  define  a turbulent  frandtl  number  o (f) 
for  individual  eddies  as  a function  of  frequency  using 
filtered  correlation  measurements  we  see  that  for 
large  eddies,  bulk  convection  is  an  equally  important 
and  efficient  mechanism  for  momentum  transport.  These 
eddies,  being  of  a size  comparable  to  the  shear  flow 
itself  do  not  experience  an  appreciable  inviscid  drag, 
but  as  their  size  becomes  smaller  the  inviscid  drag 
(due  to  pressure  forces)  increases  and  c consequently 
drops. 

This  preferential  transport  of  a scalar  has  none- 
theless to  be  viewed  with  the  proper  perspective; 
namely  that  it  results  in  a more  uniform  distribution 
of  the  scalar  property  than  the  momentum  within  the 
flow  field.  It  does  not  necessarily  imply  that  rela- 
tively more  scalar  flux  is  transported  laterally.  It 
does  not  imply  either  as  shown  by  Jenkins  and  Gold- 
schmidt (1973)  that  the  scalar  is  transported  mucK 
further  into  the  ambient  fluid.  To  see  this,  let  us 
split  the  round  jet  into  two  regions  at  the  radial 
location  where  the  heat  flux  and  shear  stress  attain 
their  maxima;  all  fluid  elements  in  the  central  zone 
are  losing  both  momentum  and  heat  on  an  average , while 
fluid  elements  in  the  outer  region  are  gaining 
these.  Since  in  a turbulent  jet  the  longitudinal 
momentum  and  heat  flux  is  constant  at  every  section, 
wo  define 

m • longitudinal  momentum  flux) 

h « q^j^/  (Total  longidutinal  heat  flux) 

then  the  ratio  m/h  is  a good  measure  of  the  relative 
transports  of  momentum  and  heat;  from  our  measurements 
we  get 

m/h  - 0.94 


which  is  much  higher  than  the  turbulent  Prandtl  number 
of  0.61.  If  we  consider  the  interfaces  for  velocity 
and  temperature  to  be  the  same,  the  mass  flow  rate  V.^ 
which  carries  the  momentum  is: 
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while  the  mass  flow  rate  .^1),  which  carries  the  heat  is 

r . T- 

• j c2rr  I (tiu  dr. 


Since  I(t)  < 1,  It  is  obvious  that  M),  < V.^-  So,  con- 
trary to  the  implications  of  the  turbulent  Prandtl 
number,  momentum  is  distributed  over  more  fluid  mass 
than  heat;  and  this  also  contributes  in  making  the 
temperature  profile  relatively  flatter. 
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Since  the  presence  or  absence  of  turbulence  is 
independent  of  the  magnitude  of  a passive  scalar, 
there  can  be  only  one  turbulent/nonturbulent  inter- 
face which  we  designate  the  velocity  interface.  For 
the  temperature,  we  will  call  interface  the  boundary 
across  which  there  is  a temperature  variation — the 
fluid  on  one  side  of  which  being  at  the  ambient  tem- 
perature. Figure  10  shows  the  simultaneous  traces  of 


"de-entrained”  irrotational  fluid  will  not  exhibit 
temperature  "luctuations  characteristic  of  the  turbu- 
lent fluid,  but  will  instead  exhibit  low  frequency 
fluctuations  . h'hen  these  are  of  the  sane  order  as 
the  ambient  temperature  fluctuations,  one  is  likely 
to  conclude  that  the  interfaces  for  velocity  and  tem- 
perature are  the  same  even  though  they  actually  are 
not.  Thus  the  presence  of  ambient  temperature  fluc- 
tuations in  our  experiments  as  well  as  those  of  other 
investigators  (Jenkins  and  Goldschmidt,  Kovastnay  and 
Firasat  Ali,  Fiedler)  prevents  us  from  firmly  estab- 
lishing the  coincidence  of  velocity  and  temperature 
interfaces . 


Figure  10.  Simultaneous  traces  of  U,  V and  G 
at  r/rjj  « 1.33 

U,  V and  G signals  at  various  locations  in  the  jet. 

The  difficulties  in  establishing  the  coincidence  of 
temperature  and  velocity  interfaces  with  absolute 
certainty  are  immediately  apparent.  Because  of  the 
contamination  of  the  temperature  signal  (predominant- 
ly in  regions  of  reserve  flow)  due  to  the  influence 
of  the  velocity  sensing  hot  wire,  there  exists  some- 
times large  temperature  excursions  in  the  nonturbu- 
lent  regions.  Although  these  can  usually  be  identi- 
fied as  such  (because  of  their  peculiar  shape) , it 
is  not  always  so;  and  this  makes  the  interface  com- 
parison difficult.  As  expected,  the  temperature  sig- 
nal shows  a jump  across  the  interface,  whereas  the 
velocity  signal  is  comparatively  smooth.  By  studying 
a large  number  of  simultaneous  U,  S traces  we  con- 
cluded that  within  the  present  uncertainty  inherent 
in  our  measurement  technique,  the  temperature  and 
velocity  interfaces  are  coincident  (Chevray  and  Tutu, 
1972) . Several  other  investigators  have  arrived  at 
the  same  conclusion.  Fiedler  and  Head  (1966),  by 
comparing  the  signals  from  the  outputs  of  a hot  wire 
anemometer  and  a photoelectric  smoke  detector  found 
identity  of  smoke  and  turbulence  distributions  in  a 
turbulent  boundar>’  layer.  Based  on  this  result 
Fiedler  (1973)  assumed  the  coincidence  of  temperature 
and  velocity  interfaces  in  a plane  turbulent  mixing 
layer.  In  their  work  on  the  wake  of  a heated  flat 
plate,  Kovastnay  and  Firasat  Ali  (1974)  used  the  tem- 
perature signal  to  construct  the  intermittency  signal 
[I(t)],  thus  implicitly  assuming  the  coincidence  of 
the  temperature  and  velocity  interfaces.  All  this 
night  perhaps  suggest  that  the  identity  of  velocity 
and  temperature  interfaces  is  firmly  established. 

This  however  is  not  the  case.  Were  the  interfaces 
for  velocity  and  ter.perature  different,  it  is  clear 
that  the  temperature  interface  could  only  be  outside 
the  turbulent/nonturbulent  interface.  This  can  hap- 
pen only  if  during  certain  times  the  instantaneous 
entrainment  is  negative;  that  is,  the  turbulent  fluid 
becomes  irrotational  and  mixes  with  ambient  fluid. 
Since  the  dissipation  of  turbulent  energ>’  has  to  occur 
by  molecular  mechanisms,  it  follows  that  this 


Negative  entrainment  can  occur  only  by  two 
mechanisms:  (a)  bulk  de- entrainment  in  which  the  lump 
of  turbulent  fluid  is  detached  from  the  main  body  of 
turbulent  fluid  and  decays  by  viscous  dissipation  and 
diffusion,  and  (b)  reduction  in  the  volume  of  turbu- 
lent flow  by  viscous  dissipation  and  diffusion  across 
the  turbulent/nonturbulent  interface — in  this  case  the 
interface  travels  into  the  turbulent  fluid.  Since 
measurements  to  record  the  shape  of  turbulent  bursts 
[either  by  direct  flow  visualication  or  by  using  a hot- 
wire rake  similar  to  Kaplan  and  Laufer's  (1968)]  have 
been  done  only  in  a plane,  whether  lumps  of  turbulent 
fluid  do  detach  from  the  main  body  of  the  turbulent 
flow  has  never  been  established.  On  another  hand,  as 
Corrsin  and  Kistler  (19S4)  and  Phillips  (1972)  argue, 
due  to  viscous  diffusion  and  rapid  production  of  vor- 
ticity  stemming  from  the  random  rate  of  straining 
induced  by  the  turtulence,  the  turbulent/nonturbulent 
interface  always  travels  into  the  nonturbulent  fluid 
(positive  entrainment) . In  view  of  this  argument  (b) 
seems  impossible  and  one  is  thus  inclined  to  dismiss 
the  idea  of  negative  entrainment  and  consequently 
assume  the  identity  of  the  interfaces  for  velocity  and 
temperature.  There  are,  however,  two  important  experi- 
mental observations  which  strongly  suggest  that  in  free 
turbulent  shear  flows,  there  might  be  occurrences  of 
instantaneous  negative  entrainment.  First,  by  choosing 
the  reference  level  for  temperatxare  measurements  as  the 
mean  ambient  temperature,  the  nonturbulent  tone  avera- 
ged profile  of  temperature  should  be  a horitontal 
straight  line  « 0 and  this  even  in  the  presence  of 
ambient  temperature  fluctuations.  But  as  can  be  seen 
from  Fig.  (3)  not  only  is  ^ large  it  also  decreases 
with  the  radial  coordinate  r.  Since  the  sign  of 
e5]i/3r  is  same  as  that  of  9ct/Br,  these  measurements 
would  be  consistent  with  the  idea  of  negative  entrain- 
ment. An  obvious  explanation  could  be  that  there 
exist  an  ambient  temperature  gradient  set  up  in  the 
room  due  to  some  hot  air  being  recirculated.  This 
would  seem  plausible  were  it  not  for  the  fact  that  the 
same  trend  is  seen  in  all  reported  conditional  measure- 
ments of  temperature:  Kovastnay  and  Firasat  Ali  (IS'A, 
wake  of  a heated  flat  plate) , Fiedler  (1973,  plane  tur- 
bulent mixing  layer),  Jenkins  and  Goldschmidt  (1974, 
two  dimensional  plane  jet),  Davies,  Keffer  and  Baines 
(1975,  plane  turbulent  jet).  Observation  of  this  be- 
havior for  Gfl  has  prompted  Davies  et  al . (1973)  to 
conclude  that  conduction  heat  transfer  is  taking  place 
across  the  turbulent/nonturbulent  interface  (presumably 
because  they  rejected  the  notion  of  the  negative 
entrainment).  It  is  very  unlikely  however  that  this  is 
happening.  First  of  all,  since  the  interface  is  not  a 
material  surface  but  is  continuously  propagating  with- 
in the  fluid  medium,  one  has  to  be  careful  in  talking 
about  conduction  heat  transfer  across  the  turbulent/ 
nonturbulent  interface.  Assuming  that  the  entrainment 
is  only  positive  (if  negative  entrainment  is  allowed 
conduction  across  the  interface  will  only  be  a second 


order  effect) , the  velocity  (or  nore  properly  vorti- 
city)  interface  is  travelling  into  the  nonturbulent 
fluid  with  a velocity  Z which  is  of  the  order  of 
(ev)-  (Corrsin  and  Kistler,  Phillips).  Let  in  an 
inertial  coordinate  system  at  time  t • 0 both  the 
vorticity  and  temperature  interfaces  be  coincident: 
these  are  going  to  propagate  into  the  nonturbulent 
fluid  by  actions  of  molecular  viscosity  and  conduc- 
tivity. If  the  molecular  Prandtl  number  Pj.  is  grea- 
ter than  unity,  the  thermal  interface  will  always 
lag  behind  the  velocity  interface;  if  it  is  less  than 
unity  as  for  air,  then  the  thermal  interface  will 
overtake  the  velocity  interface.  This  however  is  not 
the  case.  Considering  the  conduction  heat  transfer 
from  a plane  wall  kept  at  a constant  temperiture  to  a 
semi- infinite  medium,  it  can  be  shown  that  the  velo- 
city of  the  thermal  interface  is  proportional  to 
>^a/t,  where  a is  the  molecular  diffusivity  and  t is 
the  time.  Since  the  velocity  of  the  vorticity  inter- 
face is  constant,  it  will  soon  overtake  the  thermal 
interface.  Thus  in  the  limit  the  velocity  and  ther- 
mal interfaces  will  be  coincident,  and  as  such  there 
will  be  no  conduction  heat  transfer  across  the 
turbulent/nonturbulent  interface.  This,  of  course, 
happens  because  the  propagation  of  vorticity  inter- 
face is  accelerated  by  the  random  stretching  of  vor- 
tex lines,  while  no  such  mechanism  exists  for  the 
thermal  interface. 

Another  equally  important  observation  has  been 
made  by  Mobbs  (1968) . His  experiments  in  a homo- 
geneous turbulent  flow  surrounded  by  a potential  flow 
moving  with  the  same  mean  velocity  (no  mean  shear  and 
unstrained  flow)  have  clearly  demonstrate  that  there 
is  a reduction  in  the  volume  rate  (of  flow)  of  tur- 
bulent fluid  with  the  downstream  distance.  His  sub- 
sequent measurements  by  subjecting  the  homogeneous 
free  turbulent  flow  to  a plane  straining  show  that  a 
reasonably  high  degree  of  anisotropy  combined  with 
straining  by  the  mean  flow  is  required  before  entrain- 
ment of  nonturbulent  fluid  can  occur  at  the  inter- 
face. He  thus  concluded  that  "In  free  turbulent  shear 
flows,  the  potential -turbulent  flow  boundary  will 
advance  into  the  nonturbulent  fluid  at  a rate  which 
depends  on  the  local  mean  rate  of  strain  and  the 
local  degree  of  anisotropy  adjacent  to  the  front. 
Contraction  is  expected  to  occur  on  those  occasions 
when  the  boundary  lies  in  a region  of  zero  mean  rate 
of  strain,  or  when  the  anisotropy  of  the  turbulence 
is  low."  .furthermore,  he  states,  "It  may  be  expected 
that  the  anisotropy  of  the  turbulence  adjacent  to  the 
bounding  surface  will  be  a maximum  when  the  front  is 
located  near  the  point  of  maximum  shear,  and  this 
will  be  the  location  most  favorable  to  spreading  of 
the  turbulence."  And  this  is  consistent  with  our 
measurements  showing  large  negative  values  of  V';,  and 
positive  83/9r  in  the  region  of  maximum  shear. 

Mobb's  experiments  clearly  demonstrate  that  negative 
entrainment  is  possible.  What  is  debatable,  however, 
is  whether  there  is  negative  entrainment  occurring 
periodically  in  a given  turbulent  shear  flow  (the 
average  entrainment  rate  is  of  course  positive) . 

This  can  only  be  resolved  by  a very  careful  inter- 
face comparison  technique  with  negligibly  small 
ambient  temperature  fluctuations.  If  it  is  found 
that  the  entrainment  is  indeed  negative  during  certain 
durations,  another  important  question  to  be  settled 
will  be  the  mechanism  by  which  this  happens;  bulk 
de-entralnment  or  inward  (into  the  turbulent  region) 
propagation  of  the  turbulent/nonturbulent  interface. 

If  one  believes  in  the  arguments  of  Corrsin  and 
Kistler  (1954)  and  consequent  Phillips'  (19T2)  assum- 


ption that  the  interface  is  always  travelling  into 
the  nonturbulent  fluid,  bulk  de-entrairment  will  be 
the  only  mechanism  by  which  negative  entrainment 
could  occur. 

CONCLUDING  RE'IARKS 

Within  the  present  uncertainties  in  our  measure- 
ment technique  such  as  ambient  temperature  fluctua- 
tions, contamination  of  temperature  signal  by  the 
velocity  sensing  hot-wire  in  regions  of  reverse  flow, 
the  velocity  and  temperature  interfaces  are  coincident. 
There  nevertheless  exists  a distinct  possibility  of 
instantaneous  negative  entrainment  (and  consequent 
occasional  non-coincidence  of  temperature  and  velocity 
interfaces)  on  the  basis  of  other  previously  published 
measurements  in  free  turbulent  shear  flows. 

From  our  conditional  measurements,  fluid  partic- 
les in  the  turbulent  cone  are  seen  to  move  fast  (as 
compared  to  the  mean  velocity)  and  outward,  whereas 
fluid  particles  in  the  nonturbulent  cones  are  moving 
slowly  and  inwards . Point  measurements  with  respect 
to  the  interface  suggest  that  jets  of  fluid  are 
s.hooting  out  periodically  from  the  central  regions, 
thus  greatly  increasing  the  surface  undulations  of  the 
interface.  The  measurements  also  suggest  that  the 
interface  has  crevices  in  cones  of  high  y where  rapid 
entrainment  is  taking  place. 

The  conventional  turbulent  Prandtl  nuiber  was 
found  to  be  a variable  across  the  flow  with  a value 
of  0.61  at  the  location  of  maximum  shear.  Filtered 
correlation  measurements  show  that  large  scale  turbu- 
lent motions  are  responsible  for  the  bulk  of  momentum 
and  heat  transport,  and  also  that  small  scales  are 
more  efficient  in  transporting  heat  than  momentum. 
Consequently,  whereas  bulk  convection  cannot  be 
neglected  for  momentum  transport,  gradient  type  dif- 
fusion cannot  be  neglected  for  heat  transport  if  it  is 
included  for  momentum  transport. 
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abstract 


The  far  waka  of  a mildly  haatad  cyllndar  was 
axplorad  with  a naw  four-vlra  proba  and  tanparature 
was  usad  as  a tracar  to  ravaal  mora  of  tha  flow 
structura.  An  axtantlva  coeputar  program  for  digital 
procasslng  of  output  signals  of  tha  probe  was  devel- 
oped. Full  nonlinear  response  aquations  for  tha  four 
sensors  wars  solved  slmultanaousl)^  yielding  "true" 
Instantaneous  values  of  three  components  of  velocity 
and  tamparaturc  at  any  point  of  tha  turbulent  waka. 
Additional  special  features  are:  full  Instantaneous 
corrections  for  free-straam  velocity  and  temperature 
fluctuations,  first-order  corractions  for  D.C.  drifts 
of  tha  signals,  complete  elimination  of  all  60  Uz- 
relatad  noise.  Instantaneous  corrections  for  tha 
straamwlsa  displacement  bitween  the  sensors,  etc. 

A number  of  conditionally  sampled  correlations 
was  computed  with  respect  to  conventionally  averaged 
flow,  turbulent  and  potential  zone  averages,  as  well 
as  tbs  free  stream  conditions  providing  new  physical 
Insights  Into' tha  structure  of  a two  dimensional 
turbulent  waka  flow.  This  Information  Is  needed  for 
development  of  prediction  methods  especially  those 
trying  to  take  In  account  large-scale  Intermittent 
features  of  the  turbulent  flow.  The  more  lisportant 
correlations  Involving  temperature  characteristics 
are  presented  In  this  paper  In  some  detail. 

NOMENCLATURE 

D diameter  of  a cylinder  (6.2684  mill- 

meters) 

K flatness  factor 

1 (x  - X )D,  self-similar  length  scale 

q°  fluctuating  part  of  velocity 

S skewness  factor 

D,u,u'  total  .fluctuating  and  RMS  values  of 

streamwlse  component  of  velocity 
Uj  defect  of  streamwlse  component  of 

velocity 

U^,U,  free  stream  velocity  (6.46  meters  per 

second) 

V,v,v'  total, fluctuating  and  RMS  values  of 

lateral  component  of  velocity 
V,w,w’  total, fluctuating  and  RMS  values  of 

spanwlse  component  of  velocity 
X streamwlse  coordinate 

X • -40  D,  virtual  origin  of  the  waka 

y lateral  coordinate 

z spanwlse  coordinate 

3 coefficient  of  thermal  dlffuslvlty 

y Incerslttancy  factor 


S,6,9'  total,  fluctuating  and  RMS  values  of 

temperature  overheat 
maximum  wake  temperature  overheat  at 
x/D  - 200  (0.4227  C) 

( Reynolds  averages;  averages  of 

fluctuating  quantities  computed  with 
respect  to  conventional  average  as 
base 

i ) 2^  zone  averages;  averages  of  fluctuating 

quantities  computed  with  respect  to 
zone  (heated  or  unheated)  average  as 
base 

( ) time  averaged  value 

INTRODUCTION 

Turbulent  wake  flow  of  a cylinder  remains  to  be 
of  great  Interest  both  technologically  and  fundamen- 
tally. Investigation  of  wake  velocity  and  tempera- 
ture fields  simultaneously  reveals  interesting  fluid 
phenomena  and  answers  some  heat  transfer  questions. 

The  last  ten  years  have  seen  rapid  development 
of  large  digital  computers.  Their  power  revolu- 
tionized prediction  methods  of  turbulent  flows 
leading  to  Increasing  number  of  equations  with 
Increasing  cumber  of  turbulent  characteristics.  Of 
necessity  terms  and  coefficients  In  these  equations 
are  based  on  Intuitive  assumptions.  It  Is  the  task  o 
experimentalists  to  provide  more  physical  Insights 
Into  the  complex  turbulent  Interactions.  The  new 
"conditional  sampling”  technique  (^  combined  with 
Increasingly  effective  digital  processing  of  data 
provide  ouch  more  statistically  significant  detail 
data.  For  many  applications,  such  structured  data 
could  be  used  for  advanced  prediction  methods. 
Recently  a method  (^,2)  been  put  forward  which 
extends  prediction  to  the  more  physical  conditioned 
turbulent  averages. 

To  make  better  use  of  available  digital  pro- 
cessing of  data  It  Is  essential  to  develop  better 
experimental  probes  and  data  processing  methods. 

An  effort  In  this  direction  (£)  generated  a special 
four-wire  proba  that  Is  practTcally  Interference 
free.  Also,  a method  of  processing  the  signals  was 
developed  to  yield  time  series  of  uncontaslnatsd 
Instantareous  values  of  temperature  and  three  ve- 
locity components  at  a point  in  a turbulent  flow. 

This  paper  presents  Information  on  tha  strucutrs 
and  statistics  of  turbulence  correlations  Involving 
temperature  In  the  two  dimensional  wake  of  a mildly 
heated  cylinder. 
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EXPEREffiNTAL  APPARATUS  AilD  TECHXIQUE 
Floy  Conditions 

The  expartaencs  conducced  ware  In  a wind  runnel 
with  0.91A  by  0.609  meter  rectangular  test  section 
at  a velocity  of  6.46  meters  per  second.  Measured 
turbulent  fluctuation  levels  In  the  free  stream  were 
u'/U_  - 0.00055,  v'/u^  - 0.00042  and  w'/U,  - 0.0007 
(after  Instantaneous  compensation  for  spurious  very 
low-frequency  pressure  Induced  fluctuations  and 
60  Hz  noise,  see  (^)).  A cylinder  of  diameter  D • 
6.2434  millimeters  was  slightly  heated  so  that  the 
aaxlmum  temperature  at  x/D  • 400  was  only  0.34  C and 
the  wahe  exhibited  no  trace  of  buoyancy  effects.  The 
Indicated  rms  free-stream  temperature  fluctuations 
were  0.0014  C (which  was  essentially  electronic  noise 
level) . 


To  assure  that  the  system  (probes,  calibrations, 
processing,  and  correction  technique)  was  functioning 
properly  as  a whole.  It  was  checked  extensively 
against  established  analog  methods.  For  example, 
several  u',  v',  and  w'  wake  profiles  have  been 
measured  each  one  using  three  different  analog 
methods  or  probes.  Also,  the  cold  wake  was  rotated 
90  degrees  within  the  tunnel  by  mounting  the  cylinder 
vertically  while  the  four-wire  probe  remained  fixed 
and  results  were  compared. 

GOVESNISG  EQUATIONS 

Derivation  of  the  "turbulent"  equations  for  mean 
and  fluctuating  thermal  fields  Is  given  elsewhere 
(£) . Uhen  simplifications  are  made  for  stationary 
two  dimensional  thin  shear  flow  the  mean  conservation 
of  heat  reads: 


The  Four-Wire  Probe 


The  probe  Is  shown  in  Figure  1.  It  basically 
consists  of  an  x-wlre  unit  (sensors  1 and  2) , a Jawed 
sensor  3 (primarily  for  w coiaponent  of  velocity)  and 
a temperature  sensor  4 In  front.  Angular  calibration 
was  performed  and  the  cosine  law  confirmed  for  all 
three  Jaw  sensors.  All  sensors  were  made  of  Uol- 
laston-processed  Pt-lOZ  Sh  filaments  0.625  microns  In 
diameter.  When  the  overheat  of  the  upstream  sensor  3 
was  decreased  to  150  C the  thermal  Interference  with 
sensors  1 and  2 was  brought  to  a level  of  less  than 
one  per  cent. 


3u6  3v6 

3x  " 3y 


3^9 
“iy^  • 


where  the  second  term  on  the  right  dominates. 


(1) 


Because  the  temperature  Is  a scalar,  the  dy- 
namlcs  of  the  mean  square  temperature  fluctuations 
9“  Is  governed  by  a single  scalar  equation: 


1/2  I-  (^9^)  - 1/2  (ve‘)  + 


Processing  of  Signals 


1/2  a 


3^9^ 

axldxl 
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(2) 


As  psrt  of  signal  processing  the  full  response 
equations  were  written  for  all  sensors  taking  into 
account  the  dependence  of  all  flow  properties.  These 
equations  were  solved  simultaneously  using  the 
Newton-Raphson  technique  to  yield  tr\ie  Instantaneous 
values  of  U,  V,  W,  and  9,  Free  stream  velocity  and 
temperature  were  measured  by  two  additional  probes 
and  their  values  were  subtracted  simultaneously  from 
the  corresponding  quantities  In  the  wake.  This 
Improved  Che  accuracy  of  measurements  of  true  wake 
effects  In  low  centperacure  and  low  velocity  defect 
regions  of  the  wake.  All  measurements  were  taken 
after  at  least  six  hours  of  steady  running  to  mini- 
mize drifts  for  any  given  run.  The  first  and  Che 
last  acquisition  of  data  was  always  carried  out  In 
the  free  stream.  The  running  time  of  data  acquisi- 
tion at  different  wake  positions  was  always  recorded. 
It  was  assumed  chat  any  remaining  D.C.  drifts  were 
slow  and  linear  In  tlsw  between  Che  first  and  Che 
last  data  acquisition  aud  appropriate  corrections 
were  coded  In  for  all  channels. 

The  time  span  for  200  digitized  samples  coin- 
cided with  exactly  three  periods  of  60  Hz  power  line 
on  which  the  acquisition  was  triggered.  This  fact 
was  utilized  to  ensemble-average  and  educe  the  free 
scream  signal  to  obtain  Che  60-cycle  associated 
"noise"  for  each  channel.  These  signals  were  then 
subtracted  resulting  In  a substantially  Improved 
accuracy  of  measurements  In  low  turbulence  regions. 


where  Cartesian  censor  notation  is  used  in  the 
molecular  "dissipation"  terms  (second  derivatives) . 

EXPERIMENTAL  RESULTS 

Data  were  recorded  and  processed  for  wake 
locations  x/D  • 200  and  400,  each  at  twelve  lateral 
profile  poeltlons.  Prandcl  number  for  air  being 
near  unity,  a slsq>la  teaq>eracure  threshold  was 
effective  In  distinguishing  between  turbulent  (heated) 
and  potential  (non-heaCed)  parts  of  Che  flow. 

Careful  processing  of  signals  made  possible  Che  use 
of  very  low  threshold  levels  of  approximately  four 
per  cent  of  mean  maximum  wake  overheat  at  any  x 
position,  e.g.,  0.013  C at  x/D  • 400.  Conditional 
averages  were  computed  for  Che  turbulent  and  po- 
tential zones  of  the  time  series  and  also  as  point 
averages  at  Che  front  (downstream)  and  back  (up- 
stream) Interfaces  of  the  turbulent  bulges.  These 
were  compared  to  normal  time  means  ("Reynolds 
averaging”)  such  as  app«ar  In  Che  equations  of  Che 
preceding  section.  The  contrast  between  conditional 
fluctuations  averages  (with  respect  to  local  zone 
averaged  properties  as  base)  and  Che  corresponding 
Reynolds  averages  revealed  additional  processes 
within  Che  turbulent  and  potential  parts  of  the  flow, 
e.g.  contributions  to  Reynolds  stresses  by  the 
uncontamixated  potential  motions. 

Instantaneous  Quantities 


Correction  for  relative  screamwlse  displacement 
of  the  sensors,  bssed  on  Instantaneous  streamwlse 
velocity  was  also  Introduced. 


Let  us  first  focus  on  the  instantaneous  picture 
at  a point  to  provide  a "feel"  for  Che  nature  of  the 
flow  under  scrutiny,  keeping  In  mind  that  no  finite 
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nuabcr  of  correlations  can  describe  it  fully.  Figure 
2 displays  traces  of  instantaneous  flow  quantities, 
obtained  by  digital  processing  as  previously  de- 
scribed, at  x/D  - 400  and  y/D  - 7.2  corresponding  to 
an  intertaittency  factor  of  y • 0.65.  While  the 
turbulent  field  is  clearly  random  in  character,  some 
quasi-repeatable  patterns  are  discernible.  An  ex- 
haustive discussion  on  question  of  presence  and 
importance  of  the  nonrandom  processes  is  given  in 
(7).  The  fact  that  the  coherent  structures  exhibit 
wide  distribution  of  sizes  and  mutual  distances  and 
are  obliterated  by  truly  random  turbulent  processes 
has  been  responsible  for  rather  late  recognition  of 
their  existence  (^,  £,  . 

Let  us  single  out  an  isolated  short  turbulent 
bulge  at  time  t ■ 150  ms  on  Figure  2.  It  has  a lower 
streamwise  velocity  than  the  potential  patches 
upstream  and  downstream  of  it.  There  is  a virtual 
coincidence  of  the  heated  (turbulent)  region  and  the 
region  of  rapidly  changing  lateral  velocity.  The 
front  (downstream)  part  of  this  turbulent  entity  is 
moving  rather  rapidly  toward  the  wake  centerline 
(negative  V)  while  its  back  part  is  moving  in  the 
opposite  direction.  The  minimum  of  the  streamwise 
velocity  seems  to  occur  approximately  at  the  time  of 
the  maximum  positive  time  derivative  of  the  lateral 
velocity  but  with  some  shift  to  a region  of  the 
outward  moving  fluid.  The  trace  of  the  spanwise 
velocity  indicates  increased  movement  in  tne  span- 
wise  direction  compared  to  the  upstream  and  down- 
stream potential  flow  patches.  The  temperature 
increases  on  the  downstream  side  of  the  turbulent 
bulge  "ramp "-like  (see  (11))  while  the  decrease  on 
the  upstream  side  is  rather  abrupt. 


Mors  of  less  similar  flow  pattern  is  repeated  a 
number  of  times.  Differences  in  sizes,  mutual  time 
shifts  and  a degree  of  obliteration  by  smaller  eddies 
are  present  as  explained  elsewhere  {J) , Generally, 
decreases  of  the  streamwise  velocity  are  somewhat 
more  rapid  than  its  increases.  Changes  to  the 
outward  motion  are  more  rapid  than  changes  to  the 
inward  motion.  Gradients  of  the  lateral  velocity 
seem  to  be  the  highest.  One  could  say  that  the 
sharpest  gradients  in  lateral  velocity  correspond  to 
"rolling  over"  of  turbulent  bulges  by  a faster  moving 
potential  flow  chat  produces  strong  spanwise  vor- 
ciclcy.  Quite  frequently  sharp  gradients  are  present 
in  the  spanwise  velocity  suggesting  a possibility 
chat  some  of  strong  vortices  could  Cum  from  spanwise 
to  lateral  direction.  In  Che  literature  (.7)  there  is 
a talk  of  possible  "vortex  loop  formed  by  pinching 
off  and  Joining  together  of  vortices  from  opposite 
sides  of  Che  street"  (wake). 

Temperature  Distributions 


Temperature  distributions  were  extensively 
investigated  for  a similar  geometry  by  laRue  (12)  at 
downstream  locations  at  x/D  • 400  and  500.  The 
locations  being  relatively  close  to  each  ocher  and 
probably  in  the  self-preserving  region  no  differences 
were  noticed  in  conditional  levels  of  temperature  in 
Che  turbulent  bulges  at  two  locations.  We  have  done 
ceasuramants  at  x/D  ■ 200  and  400.  Figure  3 compares 
these  temperatures  plotted  in  selfslmllar  coordi- 
nates. Conventional  averages  show  only  slight  dis- 
crepancy at  two  locations.  The  conditional  tem- 
peratures in  outer  part  of  turbulent  bulges  show 
somewhat  more  measurable  differences.  At  Che  first 


downstream  location  turbulent  bulges  move  somewhat 
further  outwards  (in  self-similar  coordinates)  and 
their  average  temperature  is  lower.  A possible 
cause  of  this  would  be  a relatively  increased  en- 
trainment CO  outer  parts  of  Che  bulges  due  to  higher 
lateral  and  streamwise  velocity  differences  between 
potential  and  turbulent  bulges  at  x/D  ■ 200  (see 
(5)). 

We  have  also  recorded  average  temperatures  at 
"front"  and  "back"  (downstream  and  upstream  edges)  of 
the  turbulent  bulges.  These  temperatures  are  of 
course  just  above  the  discrimination  threshold 
temperature  (equal  to  0.013  C at  x/D  - 400).  However, 
data  (see  Fig.  22  in  (^))  show  that  temperature 
slopes  33/ Sc  are  higher  at  Che  upstream  edge  of 

turbulent  bulges.  The  average  slope  increases  more  | 

and  more  as  one  moves  further  outwards  from  Che  wake  1 

centerline.  j 


Streamwise  and  Lateral  Velocities 


Enhanced  transfer  of  heat  and  momentum  is  due  to 
large  scale  lateral  eddy  motion  in  Che  turbulent  wake 
flow.  Figure  4 displays  various  averages  of  the 
lateral  velocities.  The  conventional  average  has  a 
small  negative  value  showing  t'nac  there  is  a net 
inflow  toward  Che  wake  centerline.  Comparable 
measurements  of  this  velocity  are  difficult  to  find 
in  Che  literature.  The  potential  cold  flow  moves 
cowards  the  wake  centerline  and  the  average  velocity 
of  those  less  frequent  potential  lumps  which  pene- 
trate farther  inward  increases  with  closeness  to  the 
wake  centerline.  Similar  trends  but  with  Che  op- 
posite sign  Cake  place  for  Che  warm  turbulent  outward 
moving  fluid.  Fronts  of  the  heated  interfaces  move 
faster  toward  the  wake  centerline  than  the  average 
potential  flow.  This  is  an  indication  chat  turbulent 
bulges  are  being  "rolled  over”  by  fester  moving 
potential  flow.  This  picture  is  consistent  with  one 
for  the  outer  part  of  turbulent  boundary  layers  (1, 
13). 


Figure  5 displays  the  streamwise  velocity  defect 
at  x/D  ■ 400.  As  expected  the  patches  of  the  po- 
tential flow  move  faster  than  the  average  flow  at  all 
lateral  positions  in  the  wake.  This  difference 
increases  as  the  potential  flow  penetrates  closer  to 
the  wake  centerline.  However,  these  inner  potential 
patches  move  slower:  in  ocher  words,  they  have  been 
decelerated  by  interaction  with  even  slower  turbulent 
bulges.  This  deceleration  has  been  accomplished 
through  pressure  fluctuations  since  Che  potential 
flow  has  not  experienced  shear  stresses  or  "mixing." 


The  turbulent  bulges  in  turn  move  slower  chan 
the  average  flow  as  should  be  expected.  The  maximum 
difference  is  not  as  high  as  chat  for  the  pocenciax 
flow;  this  is  a consequence  of  Che  profile  shape  of 
the  conventional  mean  velocity  defect.  On  the 
average,  Che  front  of  a turbulent  bulge  moves  faster 
than  Che  potential  flow,  presumably  encroaching  upon 
Che  latter.  On  the  average,  Che  back  is  slower  than 
potential  average  but  faster  chan  Che  average 
turbulent  flow.  This  is  interesting  as  some  might 
expect  Che  opposite  namely  chat  the  potential  flow 
would  be  more  likely  to  "push"  the  back  of  turbulent 
bulges  chan  to  "suck"  the  front.  Positive  differ- 
ences between  Che  velocities  of  fronts  and  backs  of 
turbulent  bulges  are  consistent  with  the  observed 
lengthening  of  the  turbulent  bulges. 


i 


Second  Order  Corr«l«tlons 

Figure  6 displays  profile  of  ceaperature  fluc- 
tuations . Uhen  fluctuations  arc  computed  with 
respect  to  the  local  conventional  average  temperature 
as  base  ("Reynolds  average")  their  (conditional) 
value  in  heated  fluid  Increases  monotomically  from 
the  centerline.  "Temperature  fluctuations"  in  the 
"cold"  potential  flow  reach  very  high  values  when 
computed  in  this  way.  Of  course  there  should  be  no 
temperature  fluctuations  in  potential  flow  and  indeed 
when  fluctuations  are  computed  with  respect  to  local 
zone  average  temperatures  becomes  neglegible. 

This  is  one  of  the  facts  which  corroborates  the 
efficacy  of  the  choice  of  the  threshold  value. 
Zone-averaged  temperature  fluctuations  within  tur- 
bulent bulges  for  y F 1 remain  significantly  high 
with  possibly  an  assymptotlc  behavior  at  the  walte 
edge.  The  peak  fluctuation  appears  to  correspond 
approximately  to  the  inflection  points  of  the  res- 
pective mean  profile. 

The  vS  correlation  is  shown  in  Figure  7.  It  is 
a very  important  correlation  since  it  characterizes 
the  lateral  transpor:  of  i eat  per  unit  area  of  planes 
y ■ const.  The  lateral  gradient  of  this  correlation 
dominates  the  redistribution  of  the  mean  thermal 
energy  lateraly  in  thin  shear  layers  and  its  product 
with  the  lateral  gradient  of  temperature  is  res- 
ponsible for  the  main  production  rate  of  temperature 
fluctuations  The  profile  of  v6  has  some  simi- 

larity with  the  8^  profile.  One  can  see  that  a 
considerable  amount  of  heat  is  transferred  by  tur- 
bulent fluctuations  within  intermittent  heated 
bulges.  It  is  actually  comparable  to  heat  trans- 
ferred by  outward  moving  bulges  t.Hemselves  (product 
of  conditional  turbulent  zone  averages  V and  £) . 

Figure  3 displays  correlation  of  fluctuations  of 
temperature  and  the  streamwlse  velocity  component. 

In  thin  shear  layers  this  correlation  does  not 
contribute  significantly  to  heat  transfer  in  the 
equations  because  its  streamwlse  gradient  is  small. 

Third  Order  Transport  Correlations 

In  this  section  streamwlse  and  lateral  transport 
of  9^  and  v9  will  be  discussed.  These  quantites 
appear  in  Reynolds-averaged  equations  for 
v9,  and  ue,  of  which  only  the  first  is  currently 
used.  However,  the  analogy  with  the  growing  belief 
that  Che  most  conslscanc  tractable  set  of  equations 
for  describing  Che  turbulent  velocity  field  would 
Involve  the  Reynolds  stresses  as  unknowns . conser- 
vation equations  for  uO  and  especially  v6  are  likely 
to.be  considered  in  Che  near  future.  The  present 
data  would  Chen  provide  a background  for  assumptions 
and/or  useful  test  cases.  The  instantaneous  quantity 
9^  is  always  positive  and  is  similar  to  that  of 
the  turbulent  kinetic  energy  1/2  q^.  The  full 
equation  for  9‘  was  given  in  a previous  section. 
Figure  9 presents  the  lateral  transport  of  square  of 
temperature  fluctuations.  Conventionally  averaged 
v9*'  correlation  shows  chat  the  square  temperature 
fluctuations  are  generally  transported  away  from  the 
region  of  their  high  intensity.  Conditional  averages 
disagree  with  the  "gradient  transport  law"  and  in 
fact  exhibit  intensive  transfer  of  Che  squared 
temperature  fluctuations  toward  the  wake  edge  by  Che 
turbulent  bulges. 


Figure  10  indicates  a streamwlse  transport  of 
Che  squared  temperature  fluctuations.  For  the 
central  part  of  the  wake  the  correlation  is  positive 
indicating  that  the  faster  moving  pieces  of  the  fluid 
exhibit  higher  temperature  fluctuations.  At  the  wake 
edge  this  is  true  for  slower  moving  fluid. 

Figure  11  displays  a profile  of  the  uv9  cor- 
relation. This  correlation  could  be  interpreted  in 
several  ways,  e.g.,  as  a correlation  between  In- 
stantaneous uv  and  temperature.  Negative  value  of 
uv9  correlation  in  outer  part  of  the  wake  probably 
means  chat  contribution  of  the  turbulent  bulges 
(having  mostly  positive  5 and  netagive  uv)  predomi- 
nates  over  contribution  of  Che  potential  bulges.  The 
uv6  correlation  changes  sign  in  a region  closer 
CO  the  wake  centerline  though  none  of  Che  second 
order  correlations  does.  Physical  meaning  of  Che 
reversal  deserves  more  attention.  Another  way  of 
looking  at  this  correlation  would  be  as  streamwlse 
transport  of  v9  flux.  Specifically  transport  equa- 
tion for  v9  correlation  can  be  written  as  it  is 
sometimes  dom'  for  the  Reynolds  stress.  A third  way 
of  Incerprecln^’.  this  correlation  is  as  lateral 
transport  of  the  u9  flux.  It  is  in  this  way  that 
the  reversal  of  sign  in  uv9  could  be  explained  namely 
as  transport  of  u9  away  from  maximum  of  u9,  at  least 
as  far  as  the  conventional  averages  arc  concerned. 

Figure  12  displays  the  v‘-d  correlation  which 
represents  lateral  transport  of  v9.  Conventional  v9 
correlation  is  positive  at  Che  upper  side  of  Che 
single  wake  and  is  transported  away  from  the  region 
where  it  is  Che  highest,  chat  is,  toward  the  wake 
center  and  edge.  Transport  by  heated  bulges  is 
substantial  and  positive  while  unheated  bulges 
transport  in  the  opposite  direction. 

Statistics  of  Time  Derivatives  of  Temperature 

It  is  the  small  scale  of  turbulence  which  is 
primarily  responsible  for  dissipation  of  turbulent 
Icincclc  energy.  Similarly  the  small  scale  of 
spatial  temperature  variations  is  responsible  for  Che 
dissipation"  of  temperature  fluctuation  intensity 
9'‘  by  molecular  action.  In  the  small  scale  iso- 
tropic approximation  -6a(99/9x)''  is  used  to  calculate 
the  rate  of  dissipation  of  the_traperature  fluctua- 
tions. Ratio  of  09/9x)“  to  29-” determines  the 
Taylor  microscale  of  the  temperature  fluctuations. 
Since  in  the  far  wake  with  relatively  small  turbulent 
intensities  Taylor's  hypothesis  is  rather  well 
satisfied,  investigation  of  Che  statistics  of  the 
39/3t  fluctuations  ("^  U 39/3x)  should  provide  some 
insight  into  the  small  scale  structure  of  thermal 
turbulence.  Figure  13  displays  profile  of  averaged 
squared  time  derative  of  temperature.  Similarly  with 
the  profile  of  9-  is  apparent  while  t'aat  is  not  the 
case  with  averaged  squared  time  derivatives  of  three 
velocity  components  (see  Figure  167  in  (^)).  By  far 
the  highest  intensity  of  dissipation  of  temperature 
fluctuations  is  at  the  crests  of  the  intermittent 
turbulent  bulges.  The  values  of  (59/3t)-  in  the 
potential  regions  arc  nagllglblc,  again  validating 
the  efficacy  of  the  threshold. 

The  assimption  of  isotropy  of  small  scale 
temperature  fluctuations  has  been  checked  in  (li) 
and  found  to  be  true  to  an  excellent  degree.  Our 
check  (page  6.66  in  (^))  of  squared  time  daratives  of 
components  of  velocity  shows  some  disagreement  with 
assumntion  of  isotropy. 
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Figure  14  presents  Che  profile  of  the  skewness 
fsetor  of  the  time  derivative  of  temperature.  For 
the  most  part  of  the  wake,  the  skewness  factor  has 
an  almost  constant  value  of  minus  one.  This  is  an 
indication  chat  a rather  regular  relationship  might 
exist  between  upstream  and  downstream  slope  of  the 
temperature  trace  (''ramps'*  seen  In  Figure  2)  re- 
gardless of  lateral  position  in  the  wake.  As  one 
approaches  the  top  of  turbulent  bulges  the  skewness 
factor  becomes  more  negative.  Figure  15  displays  the 
profile  of  the  flatness  factor  of  the  time  derivative 
of  temperature.  The  value  at  the  centerline  is  equal 
to  eight.  This  is  certainly  the  most  pronounced 
daylacion  from  Gaussiani  of  the  turbulent  quantities 
3u/3c,  3v/3c,  3w/3c,  and  36/9t  whose  K factor  was 
computed  at  Che  centerline.  It  can  be  Inferred  chat 
"dissipation"  of  thermal  turbulence  Is  an  Inter- 
mictanc  process  within  the  fully  curbulanc  flow  (see 
15) . The  value  of  decreases  slightly 

away  from  the  centerline  still  in  the  fully  tur- 
bulent flow.  In  the  Intermittent  flow  the  level  of 
Che  conventionally  computed  Increases 

dramatically  toward  the  edge  of wake.  This 
increase  is  only  partially  due  to  actual  increase  of 
Che  slope  of  the  temperature  trace  in  the  inter- 
mittent turbulent  fluid  as  seen  in  Figure  2,  however, 
heavy  concribuclon  of  Che  potential  non-heaced  fluid 
CO  decrease  the  conventional  standard  deviation 
(36/3t)^  contributes  even  more  to  Che  sharp  Increase 
of  the  flatness  factor.  If  39/35  computed 
for  intermittent  heated  flow  oiuy  its  value  continues 
to  drop  as  the  wake  edge  is  approached  tending  toward 
Che  Gaussian  value  of  three. 

SUMMARY  AIB  CONCLUSIONS 

A special  four  wire  probe  was  made  and  a method 
of  digital  processing  of  its  signals  was  developed 
yielding  unconcamlnated  instantaneous  values  of  three 
components  of  velocity  and  temperature  at  a point  of 
a turbulent  flow.  The  method  of  processing  of  the 
signals  included  instantaneous  corrections  for  a wind 
tunnel  free  scream  velocity  and  tempeacure  fluctua- 
tions, first  order  corrections  for  D.C.  drifts  of  the 
signals,  elimination  of  all  60  Hz  related  noise,  and 
others. 

The  probe  and  the  methods  were  used  for  con- 
ditional sampling  in  the  turbulent  far  wake  of  a 
slightly  heated  cylinder.  Instantaneous  traces 
of  U^,  V,  W,  and  3 in  the  intermittent  region  of  the 
wake  indicate  chat  "decarmlnlsclc"  structures  (large 
eddies)  are  present  being  more  or  less  obliterated  by 
smaller  more  random  structures. 

Conditional  U,  V and  C profiles  show  chat  the 
heated  turbulent  bulges  move  slower  in  Che  screamwlse 
direction  than  Che  average  flow  while  moving  lat- 
erally outwards.  The  cold  potential  flow  moves 
fsstsr  Chan  the  average  flow  and  moves  laterally 
Inwards  coward  the  wake  centerline. 

A number  of  conditional  second  and  third  order 
transport  correlation  Involving  temperature  are 
given.  Aim  was  to  provide  data  to  aid  new  prediction 
methods.  High  levels  of  temperature  fluctuations, 
heat  transfer  and  transport  of  thermal  turbulence  are 
present  in  the  turbulent  bulges  in  Che  Intermittent 
region.  While  Che  concept  of  eddy  dlffusivlty  of 
might  be  a rough  approximation  for  Che  conven- 
tional profiles,  it  falls  completely  for  the  con- 
ditional profiles. 


Uisslpaclon  of  thermal  turbulence  is  the  most 
incense  in  Che  turbulent  bulges.  Statistics  of 
36/3C  fluctuations  sharply  deviate  from  Gaussianicy. 

Negative  values  of  Che  skewness  factor  may  be  as- 
sociated with  Che  "ramo"  like  trace  of  temperature. 

The  flatness  factor  far  exceeds  Gaussian  value  even 
at  the  centerline  suggesting  an  intermittent  nature 
of  Che  dissipation  of  the  thermal  turbulence  in  fully 
turbulent  flow. 
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ABSTRACT 

Bccktr,  HocccI  and  Willlamt  have 
daterolned  many  charactarlstics  of  cha 
nozzlt  fluid  concaneratlon  field  of  the 
round  turbulent  free  Jet:  the  aean  concen- 
tration, concentration  fluctuations,  Inter- 
nlttency  factor,  snectruo  and  correlation 
functions,  and  integral  scales.  In  the 
present  work  a such  larger  jet  nozzle  was 
used,  7.62  ca  throat  diaaetar  compared  to 
0.635  ca  in  the  reference,  and  the  Reynolds 
nuaber  was  correspondingly  greater  around 
270,000  compared  to  54,000.  The  same  light- 
scatter  technique  and  smoke  marker  were 
employed.  Measurements  were  made  up  Co  6 m 
downstream  of  Che  nozzle,  at  which  point  Che 
turbulence  scale  was  enormous  coapared  to 
the  observed  control  volume.  The  results 
support  Becker,  ec  al's  findings  and  extend 
the  range  of  the  data.  In  particular,  Che 
spectrum  of  Che  concentration  fluctuations 
has  been  measured  into  the  viscous  convec- 
tive subrange  where  a (-1)  power  mode 
dependency  on  wave  number  is  indicated,  as 
expected  for  the  slow  diffusing  smoke  marker. 
Other  new  results  Include  the  skewness, 
kurtosis,  and  probability  density  function 
of  the  concentration  fluctuations.  The 
probability  density,  as  expected,  is  essen- 
tially Gaussian  on  the  Jet  centreline,  but 
shows  marked  skewness  Cowards  the  jet  edges. 

NOMENCLATURE 

Variables 

b concentration  hal,f-radlus  of  jet 

(r  - b at  r « *i  f ) , m 
V*  dlffuslvicy  of  marker  particles  in 

fluid,  m^/s 

e.  turbulence  kinetic  energy  per  unit 

mass  of  fluid,  m^/s^ 
one-dimensional  wave-number  spectral 
density  function  of  conesncrsclon 
fluctuations,  kg^/m^ 
f frequency,  s'*  • hz 

G^(f}  frequency  spectral  density  function 

of  concentration  fluctuations, 
kg‘s/m®_ 

kj^  ■ 2fff/  Uj^ , wave  number,  m“' 

k^  • critical  wave  number  for 

transition  between  (-5/3)  and  (-1) 


power-law  modes  of  spectrum,  m~^ 
r radial  position  in  jet  (in  cylin- 

drical polar  coordinates) , m 
R • R(x,  6,  t),  radial  position  of  a 

point  on  the  turbulent  jet  boundary, 
_ m 

R mean  jet  radius  defined  on  the  cur- 

_ bulent  jet  boundary,  m 

U^  mean  velocity  component  in  Che  local 

mean-flow  direction  (magnitude  of 
the  mean  velocity  vector),  m/s 
X axial  position  in  jet  (in  cylindri- 

cal polar  coordinates),  origin  at 
the  center  of  Che  jet  source  exit 
port , m 

r jet  source-fluid  concentration, 

kg/m^ 

Y » r - r,  jet  source-fluid  concen- 
tration fluctuation,  kg/m^ 

5 intermittency  function,  5 ■ 1 if 

r>0:5-0ifr-0 

5 » prob  (T  > 0),  intermittency  factor 

c rate  of  dissipation  of  turbulence 

kinetic  energy  per  unit  mass  of 
fluid,  m*/kg  s’ 

n * r/(x  - x^) , dimensionless  radial 

position,  X • x^  being  the  position 

of  the  virtual  jet  origin 
.\  longitudinal  integral  scale  of 

velocity  fluctuations  on  jet  center- 
line, m 

t.  longitudinal  Integral  scale  of  con- 

' cencratlon  fluctuations  on  jet 

centerline,  n 

V kinematic  viscosity,  m*'/s 

Z separation  distance  between  points 

(x,  r,  d)  and  (x  + 5,  r,  6),  m 

0 standard  deviation  of  R,  m 

1 angular  position  in  jet  (cylindrical 
polar  coordinates),  rad 

Dimensionless  quantities 

C 5 y^Yj/y^'' j , correlation  function 

for  concentration  fluctuations  at 
two  points,  A and  B 

C(x,  0;  X S,  0)  correlation  function  for 
concentration  fluctuations  at  two 
points  on  the  jet  axis,  separation 
distance  C;'the  axial  correlation 
function ' 


< 


C(x,  0;  X,  r)  correlation  function  for 

concentration  fluctuations  at  points 
on  and  off  the  Jet  axis,  separation 
distance  r;  the  'radial  correlation 
function ' 

C(x,  r,  4;  X,  r,  4 '^)  correlation  function 

for  concentration  fluctuations  at 
points  on  opposite  sides  of  the  jet 
axis,  separation  distance  2 r;  the 
'synmctrlcal  lateral  correlation 
function' 

Re  “ 2r^U^/v,  jet  Reynolds  nuaber 

S ■ Y^/y^,  skewness  of  the  prob  ity 

distribution  of  y 

K • y‘*/y‘*,  kurtosis  of  the  probaolllty 

distribution  of  y 

Overscrlnts 

(^)  tlae-avcrage  value 

( ) root-aean-square  value;  square  root 

of  7 


Subscript 


c centerline  value 

0 value  at  jet  source 


INTRODOCTION 

The  fields  of  aean  velocity,  teapera- 
ture,  and  source  fluid  concentration  In  a 
turbulent  jet  discharging  through  an 
essentially  still,  infinite  aedlua  have 
been  aapped  aany  tlaes.  The  velocity  and 
temperature  fluctuations  associated  with  the 
turbulent  alxlng  have  been  examined  by 
means  of  hot-wire  anemoaetry  (^,^,3^)  • Con- 
centration fluctuations  were  first  charac- 
terized by  Rosensweig,  Hottel  and  Uilliams 
(£)  who  used  this  flow  system  to  prove  the 
feasibility  of  a light-scatter  technique 
for  studying  the  turbulent  mixing  of  several 
streams,  one  of  which  Is  marked  with 
colloidal  particles.  This  technique  was 
refined  by  Becker,  Hottel  and  Williams  (^) 
who  subsequently  used  It  (^)  In  a com- 
prehensive study  of  mixing  In  a small  air 
jet  (6. 35  mm  nozzle  dla.)  at  a aoderataly 
high  Reynolds  nuaber  (54000).  Becker  (]_) 
has  recently  written  a review  article  In 
which  the  name  marker  nepheloaetry  Is 
suggested  for  techniques  In  which  concen- 
tration fields  and  mixing  processes  arc 
studied  ^ situ  by  means  of  light  scattering 
measurements  on  colloidal  particles  Intro- 
duced In  one  of  the  streams  entering  the 
system.  Since  spatial  resolution  In  marker 
ncphelometry  Is  dependent  on  the  scale  of 
the  turbulence  relative  to  the  observed 
control  volume  whose  diameter  is  typically 
about  1 am,  it  Is  advantageous  to  have  this 
size  ratio  as  large  as  possible  If  the 
signal  Is  to  represent  point  concentrations. 
One  objective  of  the  present  work  was, 
therefore,  to  check  the  accuracy  of  the 
previous  measurements  by  studying  a very 
large  turbulent  jet  that  easily  satisfies 
the  assumptions  about  negligible  nozzle 
effects,  full  turbulence,  and  good  spatial 


resolution . 

Another  objective  was  to  determine  the 
probability  density  function  of  the  concen- 
tration fluctuations,  and  the  associated 
skewness  and  kurtosis  (3rd  and  4th  moments). 

Because  of  the  large  scale  of  the  jets  It 
was  also  possible  to  measu  i the  spectrum 
of  the  concentration  fluctuations  beyond  the 
wave  number  k = (e/v^)^s  where  Batchelor's 

(^)  k~^  viscous-convective  subrange  is  pos- 
tulated to  begin  for  a slow  diffusing 
species  such  as  the  present  smoke  marker. 

Although  several  Investigators  (9,,^)  have 
reported  evidence  of  this  sub-range,  the 
data  presented  have  been  more  Indicative 
than  conclusive.  Our  results  are  unfor- 
tunately no  better  In  this  respect. 

However,  It  does  appear  that  with  further 
extremely  careful  work,  marker  nephelometry 
should  be  capable  of  resolving  this  question. 

APPARATUS 

The  jet  source  for  most  of  the  work  was  a 
7.62  cm  throat  dla.  round  nozzle.  Two  other 
sources  were  also  used  to  provide  additional 
convenient  conditions  for  measurements  of 
*hlgh  wave-number  spectra  and  the  probability 
density  function;  these  consisted  of  long 
tubes  of  1.27  cm  and  5.08  cm  inside  diameter. 

The  principles  of  marker  nephelometry 
have  been  described  previously  (4--^) . A 
5mW  He-Ne  laser  was  usually  used  as  the 
light  source  In  the  present  work,  but  a 500 
mW  Argon  laser  was  employed  for  the  high 
wave-number  spectra.  Control  volumes  were 
1. 0-1.5  mm^  and,  because  of  Che  great  size 
of  the  jets,  the  corrections  for  volume- 
averaging  were  usually  unnecessary.  Inter- 
mltcency  was  measured  by  Che  method  of 
Becker,  Hottel  and  Williams  (11,).  Two- 
polnc  correlation  functions  were  measured  . 
with  a Dlsa  correlator,  an  analogue  system. 

Spectra  were  measured  from  tape  recordings 
of  Che  amplified  photomultiplier  Cube 
signal,  by  means  of  a Bruel  and  Kjaer 
frequency  analyser.  Various  combinations  of 
record-playback  speed  on  Che  tape  recorder 
allowed  for  spectrum  measurements  down  to 
1 Hz.  Skewness  was  determined  by  measuring 
Che  correlation  between  the  Instantaneous 
square  of  the  fluctuating  signal  and  the 
signal  Itself.  Kurtosis  was  measured  by 
squaring  Che  Instantaneous  fluctuation  twice 
Co  yield  the  fourth  moment.  Probability 
density  function  was  determined  by  digitiz- 
ing and  computer-analyzing  c.ic  analogue 
tape-recorded  signal. 

The  averaging  times  used  for  caking 
time-averages  of  signals  were  60  sec  for 
centreline  measurements  and  up  to  300  sec 
for  meesurements  cowards  Che  edge  of  Che 
jet.  A time  average  of  up  to  20  min  was 
required  for  the  two-polnc  correlations. 

The  cape  recordings  for  the  spectra  were 
40--60  min  long.  The  tape  record  length 

used  In  the  probability  density  measure-  ^ 

mencs  was  10'--17.5  min  and  Che  digital  data  I 

samples  ranged  from  12000  to  21000  points,  j 

providing  a good  approximation  to  a scatls-  > 

deal  population.  ^ 


13. 


Th€  thr«e  jets  were  run  at  the  follow- 
ing Reynolds  numbers:  7.62  cm  throat 
diameter,  Re  • 270,000;  5.08  cm  dla.  Re  • 
21,000;  and  1.27  cm  dia.  Re  - 45,000.  All 
Jets  were  operated  In  a large  room  free  from 
drafts  and  disturbances. 

EXPERIMENTAL  RESULTS 

Mean  concentration  field 

Mean  concentration  along  the  jet 
centreline  is  expected  to  vary  as  x~^  in 
self-preservation.  This  behavior  is 
approached  asymptotically.  Pig.  1.  The  data 
set  is  fitted  by 

- {1.  x/r^  < 5; 

1 + 0.0923  X - 0.047[1  - exp(-  0.0702 
X)l,  x/r^  > 5),  (1) 

X = x/r  " 5.  Thu* 
o 

V 0.0923(x/r  - 3.35),  (2) 

o c o 

X > 40  r • This  may  be  compared  with  the 
earlier  result  of  Becker,  et  al  (£)  obtained 
by  marker  naphelomctry  on  a much  smaller  jet, 

r„/f  - 0.0925(x/r„  - 4.8),  (3) 

o e o 

X > 35  r , based  on  data  over  the  range 
o 

10  r < X < 80  r . 
o 0 

The  spreading  of  the  jet  is  measured  by 
the  'concentration  half-radius'  b, 

r - b at  r(x,  r)  - ij  7^(x)  , 

which  should  vary  as  x in  self-preservation. 
The  data.  Fig.  1,  indicate  that  far  down- 


stream,  about  x > 40  r^. 

b - 0.105(x  - 3.35  r ) . 

0 

(4) 

Becker,  et  al  (^)  found 

b - 0,106(x  - 4.8  r ) 

0 

(5) 

The  radial  profile  of  the  mean  concen- 
tration should  be  of  the  form 


f f (n)  , n S r/(x  - 3.35  r^) 

in  self-preservation,  where  x • 3.35  r is 

0 

the  virtual  jet  origin  established  by  (2) 
and  (4).  The  present  data  for  n < 0.17  are 
fitted  by 

T • exp(-  Ar^) , (6) 

where  A has  the  following  values: 

x/r  20  25  30  35  40  60  80 

o 

A 79.6  73.7  70.4  68.6  64.9  62.4  60.9 

The  failure  of  A to  fully  reach  a .constant 
value  is  perhaps  due  to  a small  non-ideality 
in  the  ambient  conditions.  However,  the 
data  for  > 40  are  also  quite  well  rep- 


resented by  A • 61.6,  the  self-preserving 
value  reported  by  Becker,  et  al  (^) . The 
data  for  the  outer  region  ^ > 0.17  (roughly 

T /'^  < 0.15)  at  x > 40  r are  falrlv  well 

c o 

fitted  by 

r - 10  exp(-  141  r;-).  (7) 

Becker,  et  al  there  found  f ■ 2.93  exp 
(-  97  ni). 

The  data  for  n < 0.17  actually  behave 
as  though  the  virtual  jet  origin  in  respect 
to  radial  profile  shape  lias  at  x • 6.7  r^ 

instead  of  3.35  tg.  Thus,  if  we  define 
1 • r/(x  - 6.7  r ),  then  A takes  a constant 
value  of  55.5. 

The  concentration  fluctuation  intensity 

The  concentration  fluctuation  intensity 
on  the  jet  centerline  is  shown  in  Fig.  2 in 
a form  suggested  by  Becker,  et  al  (.0  . The 
linear  region  is  fitted  by 

Y,  - 0,219  r /(I  + 0.52  (8) 

C C CO 

and  indicates  that  in  self-preservation 

Y • 0.219  T . Becker,  et  al  found 
c c 

Y,  - 0.222  * /(I  + 0.6  f,/r„).  (9) 

C C CO 

The  radial  profiles  of  Y appear  to  be 
self-preserving,  within  the  scatter  of  the 

data,  from  x • 20  r onwards.  Thev  are  well 
o 

fitted  by  a functional  form  proposed  by 
Becker , et  al  (^) : 

Y^  - 0.196  f f - 0.158  (10) 

c 

Their  experimental  values  of  the  constants 
were  very  similar,  0.205  and  0.156. 

intermittenev 

Within  the  turbulent  jet  fluid  T > 0 
and  outside  it  F ■ 0.  Intermlttency  can 
therefore  be  characterized  by  the  function 

6 - {1,  r > 0;  0,  r - 0). 

The  time-average  of  6, 

T » prob (7  > 0)  , 

is  the  intermlttency  factor.  If  the  boundary 
of  the  turbulent  jet  fluid  is  not  too 
strongly  convoluted,  then  (.^)  its  local 
radial  position  r • R(*,  x)  is  everywhere 
single-valued  at  any  instant  and  T • 1 - F(R), 
where  F(R)  is  the  probability  distribution 
function  of  R.  Further,  R(x)  is  the  mean 
jet  radius  defined  on  the  turbulent- j et 
boundary  and 

r ■ R at  T • b. 

For  a normal  distribution 

T - >5  erfc[(r  -R) /ovT]  (11) 
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rx«  ra^t-al  Ictigcx  sc^Xc  ar  'wr-likl,*  axsXt- 
t»±*'  af  ex«  catt»alacta»»-^»»«a.ci*I.Xy  =x« 
scaXc  af  rxa  'Xarga  cadtas' — Is  aeasxref 
Xt  =X«  scaadard  aaTzaciaa  af  S.  •«  zaTs 

r-  - (*  - E)^  f(EJ  dE 


fr  - Ei*  ^ dr. 


vaarc  -rT/Sr  Is  caa  aaXaa  af  raa  ?.d.f. 
C^cadaadXlCT  dcastr?  faaccdos) . fCE>,  ac 
r • E.  Tlxa  sraraaaa:  af  cXds  a^aarlon  X7 
Eacsar.  ar  aX  CIXl  raarados  a ^rdzrar's 
arrar;  raa  lawar  Xlaic  af  taragrarlan  la 
rXaXr  aaaarlaa  CZl  saaaXd  Xa  xac  3. 

XXa  arasaac  dara  far  a > 23  r ara 
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aaira  sail,  rearasaarad  Xa  fU).  TXa  saaa 
Jar  radios  aad  rXa  arlaaXa  aa^tllrada  are 
flrcad  Xy 

E - a-I92fa  - 3.35  r 1 C13J 

9 

1 - 3.a32ECa  - 3.35  r^J . CliJ 

glTlzg  r • S.I&E  E.  Fra*  C^).  rxa  exaaclaa 
af  raa_rsairaarraclaa  aaLf-radtas,  X • 

3.5»7  S.  Eacaar.  ar  aX  faoad 

S - 3.L39(x  - 4..S  r ).  C15J 

9 

T - s.asascx  - i.s  r_j  ci«) 

9 

Skegness  aad  kartasta 

skevness  S and  knrrssls  E. 

S E ^/T*.  E = 

aare  xaasared  over  a radlaX  rravarsa  ar 
a - KX  r la  rXa  Jar  fra*  rXa  7.3  =a  dla 

saarca.  TXa  rasaXrs.  Fig.  3.  s'aaa  rXar  aa 
raa  Jar  caararllaa  rxa  dlsrrlXarloa  af  '' 

Is  essaarlaXXy  aaraaX  CSaasslaal  slace 
rxare  S ^ 3 aad  E ^ 3.  EXsaaXare  S Is 
gaslrlaa.  sod  la  rXa  lareralrraac  reglaa 
XarX  S aad  E dayarr  seraagXy  fra*  rXalr 
Xaas  s laa  vaX xas . 

FrasaalXlr-r-  daaslr-y  faarrlaa 

TXa  7.d.f.  af  raa  caaeaarrarlaa  fXae— 
rxarloas,  fCy).  ^as  aaasared  ar  sa7eral 
radial  aaslrlaas  ar  a • X3S  r la  rXa  Jar 

9 

fro*  eXa  X.27  r*  dla  saarca.  TXa  rasaXrs 
far  ~ • 3,  3.373  aad  3.X3S  ara  s'aa«a  la 
Fig.  A.  TXa  aaslrlaas  raasaa  royrasnr 
raa  Jar  caararllaa.  rXa  aalar  aXara  v Is 
aaaioaa.  aad  rXa  yalae  r • X.  oXX  aasaa- 
rlsXXy  la  raa  rarXoXaar  Jar  care  wXara 
T a as  already  ladlcarod  Xy  rXa  saav- 

aass  aad  carrasls.  Fig.  ir  Is  arldaar 
rxar  raa  caaeaarrarlaa  flacroacloas  xere 
ara  fairly  aaraalXs-  dlsrrlXared. 

Saasareaaars  vara  aXsa  aada  la  rXa 
lararslrraacXy  rarXaXaar  reglaa.  TXa 
srraag  aaslrlaa  saaoaass  af  rXa  coacoarra- 
rloa  flaeraarloas  se  lov  z rased  a araXIe* 
dare  as  rXa  gaas  at  raa  g.d.f.  leaded  ea  Xa 


lasc  la  raa  Xacagraaad  aalsa.  XyglcaX 
a.d.f.'s  far  rassaaly  goad  aaasareaaar  raa— 
dirlaos  Cl. a.,  fairly  alga  Tl  are  saaaa  la 
Fig.  S.  The  dlracrXy  aaasarac  lararxlrraacr 
Xesala,  3.95  ar  7 • 5.1»3  aad  3.55  ar  ” • 

3. 153.  ara  caaflraad  Xy  raa  fracrlaa  af 
saasla  aolars  faaad  ra  Xa  ar  raa  sysrax 
aa Isa  XaraX . 


rSa  frasoaocy  saacrraX  daaslry  foacrlae 


-r-  - C^CfJ  df. 

'a 

Is  rraasfcraaXla  Ixra  raa  aaa— dlsaaslaoal 
waa— aaaaar  saacrraX  daaslry  faacctaa 

xadar  raa  assaxorlaa  af  laylar’s 

ayaacoasls.  glala* 


E , J dk.  . 


• Itc/  Slaca  raa  SeXaldc  aaaoar  at 

raa  saada  urkar  la  air  aas  aery  large. 
aXaar  43333.  eXa  aaxa-aoaXar  saaerroa  Is 
azsacred  ca  Xa  af  rXa  far*  arcdlcraz  Xy 
EacrXalar  C^}  fac  sXov-dlf faslag  scalars. 
rXos.  far  sysrc«s  ac  adgX  Eayaalds  aaxXar.  a 
Ealaagaraf f loarr lal-cae-Taer Ira  saXraaga  Is 
axaaccad  la  oXici  E_,  varies  as  k.”*' '. 

fallaaad  Xy  a sdscaas-doavacri-xa  saXraaga 
aXara  Ir  varlas  as  5l^~-.  TXa  rraaslrlaa 

Xamaa  raasa  soaraages  Is  araoad 

k^  - k^  = fe/a*)*.  Ftaslly.  araoad  k^^  ” 

is rXa  asrkar  caaeaarrarlaa  addles 
sXaald  Xagla  re  dlsslaarc  Xy  xarkar  asx-rlclc 
dlffaslaa  aad  E . sXaold  fall  Tary  rasidly 
»lrX  k... 

TXa  crlrlcal  wav-a  aaxXar  k_  ar  rXa 
rraaslrlaa  Xaroaaa  rXa  aad  f-l> 

aa*ar-Ia«  sodas  caa  Xa  asriaarad  as  fallaas. 
Ealaagaraff 's  XvaarXasls  glaes  ayaraxlaaraly 
Cll,13) 

c V 3.1 

3a  ria  Jar  caararllaa  C^,^) 
a^  = I f*-:*  V‘ 


1^  » 3.3395  a.  = 3.a-iS.5  a. 


12.5  a r /a. 
a a 


1 * 3.1  la 


TXa  oac— dlaaaslaaal  saaerro*  aas 
aaasarad  aa  rXa  Jar  caararllaa.  3aa  sar  at 
dara  vas  rakaa  over  rXa  raaaa  af  a'r  tram 
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ZS  ca  123  aa  eXa  Jar  fro*  rXa  7.5  ra  dla 
aazcla  aaararad  ar  la  • 273.330.  aslag  rXa 
5 mS  Ea-5a  laser  as  rXa  tlgfec  sooree  far 
aarkar  aaaXaloaarry.  TXasa  resales.  Fig.  5. 
coaflr*  ria  C-5/31  oaw*r-la»  iaXavtar  osar  a 
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wide  wav€-nunber  range  beyond  • 2,  as 

orevlously  observed  by  Becker,  et  al  (^) . 
However,  Che  measur eoenc s could  not  be 
extended  bevond  k.A  • 100  in  wave  nunber 

1 y 

or  much  bevond  x • 120  r in  downstream 

o 

distance  because  of  low  signal/noise  ratios. 
Thus  the  hypothesized  k”*  viscous- 
convective  subrange  of  the  spectrum  was  out 
of  reach  in  these  experiments. 

An  effort  was  then  made  to  extend  the 
accessible  range  of  k^A^  by  all  available 

means.  The  5.08  cm  dia  tubular  jet  source 
was  used  because  that  system  allowed  obser- 
vations at  vary  large  values  of  x/ig  within 

the  laboratory  space.  The  Reynolds  number 

was  decreased  by  a factor  of  13,  to  21000, 

to  lower  Che  critical  wave  number  k . A 

c 

300  mW  argon  ion  laser  was  used  as  Che 
light  source,  raising  the  signal  level  by 
a factor  of  over  1000,  about  100  due  to  the 
Increase  in  power  and  the  rest  due  to  the 
shift  in  light  wave  length  into  the  region 
of  peak  senaltlvlcy  of  Che  photomultiplier 
Cube.  Spectra  were  chan  measured  at  x/r^  ■■ 

2A0  and  280  where  the  local  mean  velocity 
was.  0.33  m/s  and  0.28  m/s  respectively. 

The  results,  corrected  for  noise  and 
control-volume  averaging  as  described  by 
Becker,  at  al  (.5,2.),  are  also  shown  in  Fig. 
6.  The  order-of-magnlcude  estimate  of  the 
critical  wave  number  is,  from  (17),  “ 

174,  The  data  do  indeed  show  a visible 
tendency  Cowards  a (-1)  slope  beyond 
kj^A.^  ■ 200.  Unfortunately  measurements 

could  not  be  made  at  k^A.^  higher  chan  600, 
owing  to  the  limitations  of  the  system. 

Integral  length  scale 

The  Integral  longitudinal  length  scale 
of  concencraclon  fluctuations  is  given  by 

r 

- C(x,  r,  ®;  X + ',  r,  6)  dC.  (18) 

' o 

Along  Che  jet  centerline  application  of 
Taylor's  hypothesis  gives 

Ay  - Y Ey^(0)/7^  (19) 

Values  of  Ay  so  obtained  from  measurements 
of  E.^j^(O),  Fig.  1,  are  fitted  by 

Ay  - 0.0420  X.  (20) 

Becker,  cc  al  (^)  obtained 

- 0.0445  X.  (21) 

Two-point  correlation  function 

The  two-point  correlation  function  was 
measured  in  three  modes:  (i)  the  longitu- 
dinal correlation  function  C(x,  0 ; x + ; , 

0)  for  points  on  the  jet  centerline  with 
Che  separation  distance  t;  (il)  Che  radial 


correlation  function  C(x,  0;  x,  r),  with 
one  point  on  the  jet  centerline  and  the  other 
at  tdlus  r,  separation  distance  r;  and  (ill) 
the  symmetrical  lateral  correlation  function 
C(x,  r,  (t  ; X,  r,  t + t)  for  points  on  oppo- 
site sides  of  the  jet  axis,  separation 
distance  2 r. 

The  results  on  the  longitudinal  corre- 
lation function  are  shown  in  Fig,  7.  This 
function  was  also  estimated  by  Fourier 
transformation  of  the  one-dimensional  wave- 
number  spectrum  which  was  Itself  estimated 
from  Che  frequency  spectrum,  as  already  des- 
cribed, under  the  assumption  of  Taylor's 
hypothesis.  This  hypothesis  states  chat, 
if  the  turbulent  velocity  fluctuations  are 
not  too  intense  (say  »'e,  <<  U,  ) , then  the 

turbulence  field  in  the  neighborhood  of  any 
point  is,  to  a good  approximation,  trans- 
lated past  that  point  like  a frozen  pattern 
moving  at  the  local  mean  velocity.  Observa- 
tions of  fluctuations  at  the  point  are  then 
equivalent  to  spatial  sampling  of  the  field 
along  a line  in  the  direction  of  the  mean 
motion.  The  fairly  good  agreement  between 
Che  directly  measured  results  in  Fig.  7 and 
chose  Inferred  from  the  spectrum  thus 
indicates  chat  Taylor's  hypothesis  is  fairly 
well  satisfied  on  the  jet  centerline. 

The  present  direct  measurements  of  the 
longitudinal  correlation  function  for  con- 
centration fluctuations  are  the  first  to  be 
reported,  the  results  of  Becker,  et  al  (^) 
being  wholly  based  on  Foprler  transformation 
of  the  spectrum.  The  present  direct  data 
are  well  fitted  by 

C(x,  0;  X + 5,  0)  - exp(-  1.11  e/Ay).(22) 

The  curve  shown  by  Becker,  et  al  in  their 
Fig.  13  is  fairly  well  fitted  by  this  form 
with  a constant  of  1.15,  Che  value  producing 
coincidence  at  l/Ay  " 1. 

The  results  on  the  symmetrical  lateral 
correlation  function.  Fig.  8,  agree  very  well 
with  those  of  Becker,  et  al  (6). 

The  radial  correlation  function.  Fig. 

9,  shows  a slightly  slower  decrease  with 
separation  distance  than  the  symmetrical 
function.  Becker,  et  al  did  not  study  this 
function  in  their  work  on  the  free  jet  (^) , 
but  they  did  observe  the  same  trend  in  a 
mildly  confined  jet  (14)  . 

DISCUSSION 

The  present  work  and  chat  of  Becker,  et 
al  (£)  were  both  very  carefully  done  and 
due  corrections  were  made  for  all  signifi- 
cant sources  of  error.  Their  small  jet 
allowed  very  good  control  of  the  boundary 
conditions,  but  the  observed  control  volume 
could  not  be  made  as  small  as  might  be 
desired  for  some  of  the  measurements  and  so 
an  appreciable  correction  for  volume- 
averaging  was  sometimes  necessary.  Measure- 
ment of  Che  spectrum,  in  particular,  could 
not  be  carried  to  wave  numbers  extending 
into  Che  vlscous-convecclvc  subrange. 

The  boundary  conditions  for  the  very 
large  jets  in  the  present  study,  by 


is.rs 


concrasc,  were  cercainly  less  Ideal  in  that 
air  currents  in  the  required  large  rooms 
could  not  be  as  effectively  suppressed  or 
controlled.  However,  volume-averaging  in 
the  marker  nephelometry  was  in  nearly  all 
measurements  reduced  to  negligible  propor- 
tions and  spectrum  measurements  could  be 
carried  to  much  higher  wave  numbers. 

The  present  results  and  those  of 
Becker,  et  al  (^)  show  good  agreement  in 
nearly  all  respects.  The  differences 
noted,  principally  in  the  shapes  of  the 
mean  concentration  profiles,  appear  to 
reach  significant  levels  only  in  the  outer 
fringe  of  the  intermittently  turbulent 
region  where  they  may  be  due  to  non-ideality 
of  the  boundary  conditions.  The  results 
thus  Indicate  that  in  free  jets  at  Reynolds 
numbers  above  20,000  the  turbulence  is 
quite  fully  developed  and  any  differences 
in  structure  are  very  minor.  Further,  the 
effect  of  volume-averaging  in  marker 
nephelometry  is  adequately  described  by 
the  corrections  of  Becker,  et  al  (^>2.)-  In 
particular,  the  results  support  reference 
(^)  as  to  (i)  the  theoretically-based 
correction  of  the  spectral  density  function 
up  to  Che  end  of  the  (-5/3)  power-law  sub- 
regime,  and  (11)  the  empirical  correction 
of  the  correlation  function  in  terms  of  a 
displacement  effect. 

The  present  work  shows  chat  Taylor’s 
hypothesis  is  reasonably  valid  on  the  jet 
centerline.  The  degree  of  weakness  in  the 
assumption  can  be  quantitatively  assessed 
by  calculating  the  integral  scale  from 

direct  measurements  of  the  correlation 
function,  using  (18),  and  from  the  spectrum, 
by  (19).  The  values  estimated  from  the 
spectrum  are  about  lOT  high  relative  to  the 
presumably  true  values  given  by  (18). 
Uygnanskl  and  Fiedler  (^)  found  a similar 
discrepancy,  about  9T,'ln  the  case  of  Che 
longitudinal  integral  scale  associated  with 
axial  velocity  fluctuations. 

The  wholly  new  results  reported  here 
are  all  on  the  further  statistical  des- 
cription of  concentration  fluctuations: 
the  probability  density  function,  the 
higher  moments  (skewness  and  kurtosls),  and 
the  viscous-convective  subregime  of  Che 
spectrum.  The  p.d.f.'s  and  Che  higher 
moments  show  chat  concentration  fluctuations 
are  essentially  normally  distributed  on  the 
Jet  centerline,  but  increasingly  non- 
Gaussian  away  from  the  centerline  to  very 
strongly  non-Causslan  at  the  jet  edges. 

The  radial  profiles  of  skewness  and  kurtosls 
arc  very  similar  to  those  reported  by 
Hygnanskl  and  Fiedler  (1^)  for  Che  axial 
component  of  velocity  fluctuation,  u^. 

Rlbeiro  and  Uhlcslaw  (^)  have  found  that 
both  u^  and  the  radial  velocity  fluctuation, 

u^,  have  positively  skewed  distributions. 

The  positive  skewness  of  v is  therefore 
rather  expected  from  chat  of  u^,  and  vice- 

versa,  from  simple  physical  reasoning. 

The  present  evidence  for  the  (-1) 
power-law,  viscous-convective  subrange  is 
interesting  but  not  wholly  conclusive;  to 


be  quite  convincing,  the  .elevant  data 
should  cover  a broader  wave-number  range. 

The  apparent  transition  point  from  the 
(-5/3)  power-law  inertial-convective  sub- 
range, Fig.  6,  is  at  about  - 200,  which 

is  very  close  to  the  order-of-magnitude 

estimate  k A - 174.  The  close  agreement  is 

c y ■ ^ ^ 

fortuitous,  particularly  since  k^  B (e/v')* 

is  really  defined  for  the  three-dimensional 
spectrum  and  should  be  multiplied  by  an 
appropriate  constant  for  the  one-dimensional 
spectrum.  Nevertheless,  the  transition 
still  appears  to  occur  within  the  expected 
region . 

Evidence  for  the  viscous-convective  sub- 
range has  also  been  renorted  by  Gibson  and 
Schwarr  (£)  and  Nye  and  Brodkey  (^)  , but  on 
very  different  systems  and  by  different 
techniques.  Their  results  suggest  that  the 
transition  occurs  at  a wave  number  k^  nearly 

an  order  of  magnitude  below  k^,  which  is 

rather  different  from  our  observation.  It 
is  possibly  significant  chat  neither  of  these 
studies  was  done  at  a sufficiently  high 
Reynolds  number  to  show  a broad  approximately 
(-5/3)  power-law,  inertial-convective  sub- 
regime . 

If  work  is  to  be  done  to  further  pene- 
trate the  high-wave  number  region  of  the 
spectrum  by  means  of  marker  nephelometry, 
then  the  method  of  Becker,  et  al  (^)  for 
correcting  the  spectral  density  function  for 
volume  averaging  needs  calibrating  in  the 
(-1)  power-law  region.  The  existing  experi- 
mental calibration  (^)  is  wholly  based  on 
data  in  the  (-5/3)  power-law  region.  This 
was  one  of  Che  factors  chat  limited  the 
present  efforts  to  detect  the  viscous- 
convective  subrange.  It  will,  of  course, 
never  be  possible  to  extend  measurements  to 
the  region  of  diffusive  dissipation  of 
marker  concentration  fluctuations,  simply 
because  Che  slgnal/nolse  ratio  in  almost 
any  feasible  system  is  thoroughly  degraded 
by  marker  shot  noise  at  wave  numbers  well 
below  chose  in  question. 

Finally,  it  should  be  understood  that 
in  this  study,  as  well  as  in  all  others  done 
in  our  laboratory,  marker  nephelometry  has 
been  used  primarily  to  measure  gas/gas 
mixing;  i.e.,  mixing  at  a Schmidt  number  Sc 
on  Che  order  of  unity,  and  not  at  chat  of 
the  smoke  marker,  roughly  40000.  Thus  cur 
system  was,  for  example,  arranged  to  measure 
effectively 


-k 


- I = dk,. 


and  not 


dk,, 

' o 


where  the  asterisk  indicates  values  for 
marker/gas  mixing  and  the  omission  of  it 
means  chose  for  gas/gas  mixing,  T e 
differences  between  these,  and  the  questions 
of  how  to  ensure  that  gas/gas  mixing  is 
simulated,  have  been  discussed  by  Becker  (7.); 
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It  suffices  here  :o  say  that  the  experl- 
aeatal  ptoblea  Is  not  severe  and  poses  no 

difficulties.  

The  present  data  on  T,  y*,v3/Y', 

Y'/^**.  T,  f(Y),  C,  and  — namely  the  mean 

concentration,  the  fluctuation  variance, 
the  skewness,  the  kurtosls,  the  Inter- 
mlttency  factor,  the  probability  density 
function,  the  tvo-polnt  correlation  func- 
tion, and  the  Integral  length  scale--thus 
all  are  appropriate  to  gas/gas  mixing  or, 
generally,  the  case  Sc  = 1.  So  also  Is  the 
spectral  density  function  up  to  the  end  of 
the  (-5/3)  power-law,  inertial-convective 
subregime.  However,  around  the  critical 
wave  number  k^  ■ k^  Che  spectrum  for 

Sc  > 1 enters  the  final  region  of  diffusive 
dissipation  whereas  chat  for  Sc  >>  1 enters 
Che  viscous-convective  subrange.  Thus  the 
(-1)  power-law  region  In  Fig.  6 is  peculiar 
CO  Che  marker/gas  mixing  and  In  this  res- 
pect the  ordinate  would  be  better  labelled 

* 

£^^(k^),  to  make  the  distinction  explicit. 
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ABSTRACT 

Spectral  measurements  have  been  made 
in  a region  cf  "negative  production"  of 
temperature  fluctuations , produced  by  a 
slightly  heated,  two-di.mensional  jet  super- 
imposed upon  a conventional  mixing  layer. 

The  spectra  of  velocity  and  temperature  are 
normal.  In  contrast,  the  cospeotra  of  the 
lateral  transport  term  indicate  the  presence 
cf  a dual  population  of  the  turbulent 
structure,  distinct  in  size.  It  is  shovm 
that  the  large  eddy  component  of  the  flow 
is  responsible  for  the  "negative  production’! 

IMTRODUCTIO.V 

In  turbulent  shear  flows,  the  term  des- 
cribing the  production  of  turbulent  kinetic 
energy  conventionally  represents  a transfer 
from  the  mean  field  to  the  turbulent  notion. 

The  equations  which  govern  these  pheno- 
mena can  be  expressed  as  follows.  For  a 
steady,  two-dimensional  essentially  incomp- 
ressible turbulent  motion  the  turbulent  ki.n- 
etic  energy  equation  can  be  written, 

V = -4  ' 

Jy 


In  the  general  case  r is  positive  and  the  _ 
i.mplication  is  that  there  is  an  increase  in 
kinetic  energy  of  the  turbulent  motion  at 
the  expense  of  the  .mean  notion. 

For  the  equivalent  situation  of  a thermal 
field,  of  weak  intensity  superimposed  upon 
the  velocity  field,  the  equations  for  the 
temperature  fluctuation  intensity,  9^~stuff, 


can  oe  written, 

dCFi'l)  . rr  3(P/2) 

t: — — JZ — ' 
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3(^V2)  . 3 ^e^v, 

^ - 3y"  - - ly 


is  the  thermal  dissipa- 


where  e.  = a — ) 
a oX. 

tion  or  molecular  smearing,  a bei.ng  the 
thermal  diffusivity,  and  the  corresponding 
thermal  production  terms  are: 
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We  can  construct  an  equivalent  mean 
thermal  energy  field  by  multiplying  the 
enthalpy  equation  by  the  mean  temperature 
variation, - Sg) , giving: 


. 3 u(£  * SI) 

tfX  C 


+ IT  - e 


e 


3(^-e„)^'2  - 3(?-9„)^': 

+ V ® 


where  c » v (3u,. /3x.  )^,  is  the  dissipation  of 

kinetic  energy  by  viscosity,  V = Fv/o’,  is  the 
lateral  convection  velocity  expressed  in  a 
form  which  accounts  for  any  slight  density 
variations  which  could  arise  in  the  fluid  due 
to  slight  heating  by  a contaminant  such  as 
heat  (F.AVRE,  19*3)  and  the  dynamic  production 
terns  are 


ay 


- - ly  - h 

As  in  the  ’kinetic  energy  situation  tg  is 
generally  positive  and  the  expression  fcr 

9'^- stuff  shows  this  as  an  increase  in  the 
level  of  fluctuation  intensity.  The  net 
rate  of  change  of  (?-0^)‘  in  the  mean  ther- 
mal energy  equation  within  a given  vol'ume 
will  be  negative  corresponding  tc  a decrease 
in  the  mean  temperature  since  (T-£,)  is 

positive  in  the  present  experiment.  We  note 
here  that  in  our  case  heat  is  not  considered 
tc  be  an  energy  quantity,  rather,  as  a 
passive  scalar  contaminant  which  effectively 
marks  the  fluid  in  a manner  similar  to  an 
inert  tracer. 


(u^  - v 


The  above  term  also  appears,  but  with  oppo- 
site sign  in  the  aquation  of  .mean  kinetic 
energy; 

" 3(ijV2) . 


ox 


, 3(7/2) 
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In  severax  rlows,  where  rhe  near,  velo- 
profile  is  asynaiaorio , it  has  been 
srved  that  a displaoenent  occurs  between 
points  where  the  tangential  Reynolds 
ess  a.-.d  the  gradient  of  near,  velocity  are 
D (x3KI'i'AII  and  VZH,  lS3e;  3RADSKAW  and 
, 1362  ; TAILIAICI  and  .MATHIZU,  1967  ; 

■Zn  and  KZmK,  1372).  In  this  tone  the 
• describing  the  produation  of  turbulent 
ttuation  intensity  becomes  negative  and 
isplication  is  that  a local  transfer  of 
rgy  from  the  turbulent  to  the  mean  motion 
es  olace. 


Figure  I. 


rig.  1 Schematic  of  t.he  flow 


III? 


g.  2 .Mean  intensity  profiles 


.A  similar  situation  has  beer,  observed 
for  an  ecuivaler.t  thermal  field  (SZGl’IZf. , 
F!;L.ACK:Z3,  KZZZZ.^  and  I'JMAS , 197  S ; BZ3UIZR, 
FUIACKIZ?.  and  KZFFE.R,  1976).  Figure  1 
s.hows  a schematic  of  the  flew  which  was 
studied,  representing  a slightly  heated. 


quiescent  medium  on  one  side  and  into  a uni- 
form velocity  stream  on  the  other.  The  vel- 
ocity of  the  jet  and  acco.mpanying  strea.m  were 
equal  thus  producing  a mixing  layer  with  a 
jump  in  temperature  at  the  free  edge.  The 
results,  plotted  in  figure  2,  showed  that  a 
displacement  between  the  seres  of  the  lateral 
transport  term  57  , and  the  mean  temperature 
gradient  35/ 3y  , existed  and  it  was  deter- 
mined subsequently,  that  the  production  of 
thermal  fluctuation  intensity  was  negative 
in  this  region  (FULACKIZR,  KZFFZ.R  and  5ZGUIZ?. 
1375)  indicating  a transfer  of  heat  from  the 
fluctuating  to  the  mean  field.  A model  for 
describing  the  lateral  transport  cf  enthalpy 
i.n  the  zone  was  developed. 

The  purpose  of  the  present  paper  is  to 
investigate  the  region  of  negative  produc- 
tion in  detail  by  examining  the  spectral 
components  of  the  various  fluctuating  quanti- 
ties and  thus  to  suggest  an  explanation  for 
the  physical  mechanisms  which  produce  this 


(a)  ^ Fw 

Urn* 


T1,  (4.0)  . -0.31< 


Fig.  3 Spectra  cf  three  compenents  of 
Velocity  at  J = 0 . 
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Figure  3 preser.ts  the  spectra  of  the 
three  components  of  the  velocity  fluctua- 
tions, F,,  , F,.  and  F as  a function  of 

J V V! 


frequency  n , at  the  position 


0.31“ 


where  the  lateral  transport  of  temperature, 
(in  .non-di.mensional  form), 

i - - - e.)u„ 

HI  6 in 


IS  zero, 
zhat 


rhe  areas  have  been  r.ormalized  sc 


dn  2 1 . 


Included  as  well  is  the  spectrum  of  v , 

( (isc)  calculated  from  the  spectrum 

of  u using  the  isotropic  relation, 

F^  (iso)  * j [F.,  - nOF,j  /3n)]  and  it 

is  seen  that  the  flow  is  effectively  iso- 
tropic for  frequencies  beyond  “00  He.  This 
corresponds  tok;i>l/Xe  where  k,  slrrn/U  and 


= C C2u^  /(3u  /3t)^]^^  S mm, 

the  longitudinal  microscale  of  the  turbulence . 
The  turbulent  .Reynolds  number, 

was  about  800,  high  enough  so  that,  between 
80  and  800  Hz  approximately,  the  spectrum  for 
F obeyed  the  -S/3  law. 


Spectra  cf  temperature  and  velocity 
vector  at  » * i) 


-As  the  frequency  approaches  zero,  it  is 
found,  similar  to  the  results  for  the  veloc- 
ity mixing  layer  of  WYSKAIISKI  and  FIFTLI? 
(1370),  that 


V — w 

■ - 5 v^F 

u — V 


= j F,(n*0) 


permits  a determination  of  the  macroscale 
ratio  for  the  turbulence. 


5 V 


Figure  “ shows  the  results  of  actlvin? 
the  analogy  of  rJLACKIFR  and  DTMAS  (1375),' 
between  the  temperature  and  the  velocity 
vector  spectra, 


Q=(u*F  + v'F 
u V 


+ F,,)  'q‘ 


The  results  here  have  been  obtained  for  a 
situation  where  the  velocity  and  temperature 
fields  are  significantly  different.  Never- 
theless it  can  be  seen  that  the  two  spectra 
are  approximately  the  same.  The  imperfect 
matching  can  be  attributed  mainly  to  experi- 
mental error. 

The  existence  of  a peak  is  evident  at 
22  .Hz.  This  results  from  a resonance  cf  the 
fan  used  to  produce  the  jet  flow.  The  ef- 
fect on  the  spectra  is  very  localized  how- 
ever and  is  virtually  undetectable  in  the 
conventional  log-log  representation  in  fig- 
ure 3.  From  these  preliminary  results  it 
can  thus  be  seen  that,  despite  the  rather 
unusual  initial  conditions,  the  spectra  of 
the  velocity  and  especially  the  temperature 
fluctuations  behave  normally. 

In  order  to  investigate  the  structure 
of  the  flow  in  the  region  of  negative  pro- 
duction, the  co-spectra  of  the  lateral  tran- 
sport terms,  Fsy,  has  been  measured.  The 
quantity  is  defined  in  terms  of  the  flux, 
so  that  ^ 

I Fg^dn  “ ♦ 

c 

The  magnitude  of  F9.,.(n)  was  obtained  from 
the  difference  of  two  spectra  as  follows. 


EevCn)  s aC(kiV^+kje^)*-(k,v^-k2S^)‘]  . 

where  the  subscript  n refers  to  the  filtered 
value  of  a quantity  and  a,  ki  and  kj  are  the 
coefficients  of  amplification.  It  is  not 
necessary  to  determine  these  independently 
since  the  overall  co-efficient  “akikj  can’ 

be  obtained  from  the  normalizing  relation- 
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“or  the  special  situation  in  the  flow 
where  the  transport  terr.  $ = j , the  above 
nornalitation  method  cannot  be  used  and  it 
is  necessary  to  proceed  in  the  following 
manner.  direct  dete_rmination  of  the  cor- 
relation coefficient,  between  the 

filtered  fluctuations  and  Vj,  is  made  from 

the  four  measured  quantities  contained  in, 

?..  . = f V /(9^  v’)** 

r_'  „ n n n n 

The  spectra,  Fg  and  are  then  introduced 
to  give  the  oo-spectrum 


(9^v^) 

(S-r^-yu 

mem 


OHZ 


Fig.  5 Cospectra  of  lateral  transport  term 


The  evolution  of  nF^v  i taken  across 
the  flow,  is  presented  in  figure  S.  In 
particular,  the  upper  diagram,  figure  5a, 
shows  the  co-spectrum  for  the  location  where 
the  negative  production  is  a maximum,  i.e. 
no  * - J.137  at  which  point 

3C(5-e^)/(e„-9.)]/9no  = 0.27 
e m e c 


and  4 = - 0.0050.  It  can  be  seen  from  these 
results  that  the  regions  with  opposite  sign 
effectively  serve  to  define  the  contribu- 
tions from  the  low  and  high  frequency  com- 
ponents of  the  motion.  The  change  in  sign 
occurs  at  about  ICO  Hz  which  corresponds  to 
ki  ^ 1/Ly.  The  portion  of  Fay  corresponding 
to  the  highest  frequencies  is  of  the  same 
sign  as  the  mean  temperature  gradient  where- 
as the  lowest  frequencies  produce  a trans- 
port having  a sign  opposite  to  that  of  the 
gradient.  It  can  thus  be  inferred  that  the 
low  frequency  components,  which  are  related 
to  the  largest  eddies  of  the  flow,  are  the 
main  mechanism  for  the  negative  production 
of  temperature  fluctuation  intensity. 

The  above  results  are  similar  to  these 
found  for  the  velocity  field  in  an  asymmetric 
plane  jet  (BE6UIER,  1969)  or  in  a fully  de- 
velooed  asymmetric  flow  in  a clane  channel 
(HANJALIC  and  LAUNFE?.,  1972  ).'  Their  work 
supports  the  concept  of  a double  structure 
in  the  flow  where  the  high  frequency  compon- 
ents are  related  to  the  local  gradient  and 
the  low  frequency  components  to  the  large 
eddies.  This  has  been  described  by  a second 
order  model  of  the  turbulent  transport  for 
regions  of  negative  production  (HINZE  1970; 
BEGUIER,  1959;  LAUNDER,  1968;  FULACHIER, 
BEGUIER  and  KEFFFR,  1975). 

An  examination  of  curve^l  and  -, 

in  figure  5 b,  taken  outside  the  region  of  ne 
gative  production  where  the  gradients  are  ap- 
proximately linear,  shows  the  persistence  of 
the  double  structure,  as  evidenced  by  the  bi- 
modal  shape.  The  situation  for  the  point  of 
maximum  temperature,  curve  2 where  the  gradie 
is  zero  is  consistent  with  the  above  results. 
The  contribution  to  the  co-variance  from  the 
smallest  eddies  is  effectively  zero  which 
confirms  that  these  higher  frequency  compon- 
ents are  directly  related  to  the  gradient  of 
mean  temperature. 

Finally,  the  results  for  the  position 
where  the  transport  term,  4=0  are  presented 

The  contribution  from  the  two  populations  is 
clearly  evident  and  as  would  be  expected  for 
zero  transport,  the  areas  for  the  high  and 
low  frequency  components  are  equal. 

Additional  measurements  have  been  made 
to  confirm  the  interpretation  given  above. 

As  has  been  seen,  four  measurements  are  re- 
quired to  determine  the  correlaticn  co-effi- 
cient and  this  can  introduce  sources  of  error 
We  have  thus  examined  a quantity  related  to 
the  filtered  correlation  co-efficient, 

(kiv_+k29^)^  - kiv^-k26^)* 

(k,v„+k2e„)^  t (kiv^-kjf^)* 
n n n n 


(ki‘v^+kie„‘ ) 


rig.  6 .Apparent  spectal  scrrelation 
co-efficient 


The  above  variable  was  evaluated  for  the 
five  locations  across  the  flow  as  shown  in 
figure  5.  These  results  are  seen  to  be  gen- 
erally consistent  with  the  data  in  figure  5 
in  the  sense  that  there  is  a change  in  the 
sign  of  the  correlation  term  for  i-0  (curve 
3)  in  the  region  beyond  approximately  5C  H. 
which  defines  the  contribution  from  the-  low 
and  the  high  frequencies. 

"urthermore , the  double  structure , as 
raar.<ed  by  the  temperature,  while  si.milar  to 
that  in  figure  5 shows  additionally  a complex 
evolution  of  the  large  eddy  structure  as  the 

flow  is  traversed.  Even  though  this  portion 
of  the  spectru.m  could  be  affected  by  the  par- 
asitic influence  of  the  fan,  there  appears  to 
be  a consistent  dependence  of  the  low  frecuen' 
cy  structure  upon  the  sign  of  the  mean  temp- 
erature gradient.  This  a maximum  of  i^6j,Vj,l 
on  one  side  of  the  mean  temperature  profile 
and  a minimum  as  the  other  side  at  approxi- 
mately the  same  frequency,  the  slight  shift 
occurring  primarily  because  of  the  difference 
in  convection  velocities  on  the  two  sides. 


S UKM^RV 

The  negative  production  of  velocity 
fluctuations  or  of  conta-minant  fluotuatio.ns 
such  as  temperature  thus  appear  tc  be  a direct 
result  of  the  large  eddy  structure  cf  the 
Turbulent  motio.':.  "urthermcre , the  results 
support  the  concept  that  the  tangential  Rey- 
nolds stress  or  conversely,  the  lateral  tran- 
sport of  a contaminant  by  the  turbulence, 
must  depend  directly  upon  the  double  eddy 
structure  in  these  regions. 
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Reynolds  shear  stress 
longitudinal  heat  flux 
transverse  heat  flux 

directions  parallel  and  nostial  to  the  wall 
boundary  layer  thickness  at  the  heated  step 
thermal  intarmittency  factor,  proportion  of 
time  for  which  flow  is  heated 
temperature  fluctuation 


Statistical  properties  are  presented  of  velocity 
and  tasiperatura  fluctuations  associated  with  an 
internal  thermal  layer.  This  layer  is  formed  whan  a 
fully  developed  turbulent  boundary  layer  is  subjected 
to  a step  change  in  surface  heat  flux.  Upstream  of 
the  step,  the  wall  heat  flux  is  zero  while  downstream 
of  the  step,  the  magnitude  of  the  heat  flux  is  ssiall 
enough  for  the  temperature  field  to  be  treated  as  a 
passive  contaaiinant  of  the  flow. 

Individual  and  joint  pr^tability  density 
functions  of  longitudinal  u and  normal  v velocity 
fluctuations  and  of  the  temperature  fluctuation  6 are 
presented  both  in  the  conventional  sense  and  in  the 
conditional  mode,  when  only  the  heated  or  non-heated 
parts  of  tha  flow  are  considered.  For  the  conditional 
measurements , the  probability  density  function  of  6 
is  used  to  effectively  locate  tha  edge  of  the  thermal 
interface. 

Individual  and  joint  probability  densities  of 
u and  V in  the  heated  part  are  batter  approximations 
to  Gaussian  distributions  when  ccoparad  with  either 
conventional  densities  or  those  in  tha  non-heated 
pert  of  tha  flow.  There  is  a strong  similarity, 
especially  in  the  heated  flow,  between  p(u,  v)  and 
p(v,  9)  except  at  small  distances  from  tha  step  or 
for  large  negative  values  of  6 because  of  tha 
relatively  sharp  cut-off  in  tat^aratura.  Contribut- 
ions of  conventional  and  conditional  joint  probabil- 
ity density  functions  of  (u,  v) , (u,  8)  and  (v,  9)  to 
tha  'ejection*,  "sweep*  and  "interaction*  events  are 
calculated  at  several  distances  downstream  of  the 
step.  Tha  contribution  from  the  "ejection*  event  is 
larger  than  that  from  tha  "sweep*  event  while 
contributions  from  each  event  ^in  tha  heated  flow  are 
generally  10-15%  higher  than  conventional  contribut- 
ions. 


mean  value 

conventional  or  conditional  r.m.s.  value 
taken  with  respect  to  conditional  mean 
<••9-  ^ or  »i-b*  - (a.  - e.)(h  ■ 


In  the  visual  studies  of  Kline  et  al.  (1)  and 
Corino  and  Brodkey  (2) , attention  was  focused  on  the 
bursting  phenomenon  and  the  turbulence  production 
process.  From  observations  of  tha  streaky  sublayer 
structure,  Kim  et  al.  (3),  willmarth  t Lu  (4),  Wallace 
et  al.  iS)  have  shown  that  tha  bursting  process  may  be 
characterized  by  a sequence  of  events  of  sweeps  of 
high  straamwisa  momentum  fluid  into  low  momentum  fluid 
near  the  wall  alternating  with  ejections  of  the  low 
momentum  fluid  away  from  the  wall.  Tha  structure  and 
generation  of  Reynolds  shear  stress  and  turbulent 
energy  appears  to  be  strongly  dominated  by  this  inter- 
mittent sweep-ejection  cycle. 

Recently,  attention  has  bean  given  to  a cosg>arison 
of  the  statistical  properties  of  the  instantaneous 
Reynolds  shear  stress  uv  with  those  of  the  instantaneous 
heat  flux  v9.  Venkataramani  et  al.  (6)  and  Antonia  and 
Sreenivasan  (7)  measured  joint  probability  density 
functions  of  velocity  and  teiig>erature  fluctuations  in 
a heated  jet.  Perry  and  Hoffmann  (8)  have  made  a 
preliminary  study  of  tha  properties  of  uv  and  v6  in 
the  case  of  a zero  pressure  gradient  turbulent  boundary 
layer  with  a heated  (constant  tang>eratura)  wall.  In 
Parry  and  Hoffmann's  study,  the  virtual  origins  for 
the  thermal  and  momentum  layers  were  made  coincident 
and  the  authors  reported  marked  similarity  in  behaviotir 
of  the  uv  and  v9  fluxes.  In  this  study,  we  investigate 
tha  behaviour  of  these  fluxes  in  a theicmal  layer  which 
grows  do%mstream  of  a step  change  in  surface  heat  flux 
but  which  is  fully  immersed  within  a self-preserving 
turbulent  boundary  layer.  The  interface  associated 


fluctuating  quantities  trtiich  stand  for 
either  u or  v or  9 

probability  density  function  of  tha  fitted 

Gaussian 

probability  density  function  of  quantity  a 
joint  probability  density  function  of  a,  b 
correlation  coefficient  between  a and  b 
threshold  on  temperature  fluctuation 
free  stream  velocity 

velocity  fluctuations  in  x,  y direction, 
respectively 
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with  this  thsrasl  iaysr  has  baen  studied  both  qualit- 
atively and  quantitatively  by  Johnson  (9)  and  Antonia 
at  al.  (10)  but  no  attempt  wm  made  to  investigate  the 
similarity  of  heat  and  momentum  transfer  processes  in 
the  non  self-preserving  region  immediately  downstream 
of  the  step. 

In  this  paper,  the  decision  about  the  position 
of  the  thermal  interface  is  determined  from  the 
orobability  density  function  of  ten^erature . Individ- 
ual and  joint  probability  density  functions  of  u,  v 
and  6 are  presented  for  both  heated  and  non-heated 
parts  of  the  boundary  layer.  Contributions  from 
"sweep"  and  "ejection”  events  are  estimated  for 
different  streamwise  stations,  downstream  of  the  step, 
and  various  positions  across  the  layer. 

EXPERIMENTAL  TECHNIQUES  AND  CONDITIONS 

Velocity  and  temperature  fluctuations  were 
measured  in  a developing  thermal  layer  growing  under- 
neath a fully-developed  turbulent  boundary  layer  with 
zero  pressure  gradient.  The  boundary  layer  developed 
on  the  floor  of  a 38  cm  x 23  cm  working  section  of  a 
low  turbulence  wind  tunnel.  The  first  1.83  m section 
of  the  floor  was  unheated  and  this  was  followed  by  a 
heated  section  (constant  surface  heat  flux)  of  2.44  m 
length.  The  free  stream  velocity  Oj  was  9.45  m/sec 
and  the  wall  teoDerature  T at  the  heated  step  was 
approximately  10°C  above  tne  ambient  temperature  T^ 
of  the  free  stream.  At  the  position  of  the  surface 
heat  flux  step  the  moeientum  boundary  layer  is  self- 
preserving  and  has  a thic)cness  5 equal  to  4.45  cm. 
Further  details  of  experimental  facilities  and 
techniques  may  be  found  in  Antonia  »t  al.  (10)  and 
Danh  (11) . 

Fluctuations  u,  v and  9 were  obtained  with  a 
combined  X-wire/single  wire  arrangesient.  A miniature 
DISA  X-wire  (5  um  dia.  Ft  costed  tungsten  wires) 
operated  by  Vma  channels  of  non-linearized  DISA  55M10 
constant  temperature  amemometers  was  used  for  the 
measuresient  of  u and  v.  The  tes^^rature  fluctuation 
9 was  measured  with  a 1 um  diameter  platinum  "cold" 
wire,  operated  with  an  uncompensated  constant  current 
anemometer  with  a current  value  set  at  0.2  mA.  This 
wire  was  at  a distance  of  1 an  from  the  geometrical 
centre  of  the  X-wire.  Contamination  of  the  X-wire 
signals  Isy  9 was  removed  using  the  method  described 
in  (12).  Signals  proportional  to  u(t),  v(t)  and  9 (t) 
were  recorded  on  a Philips  Analog  - 7FM  tape  recorder 
at  speed  of  38.1  cm/sec"l.  The  tape  recorder  was 
later  played  bac)c  at  2.38  cm/sec  and  the  signals  were 
amplified  and  filtered  (low-pass  electronic  filter 
with  a sh^up  cut-off  frequency  set  at  500  Hz)  prior 
to  digitization  (with  a 10  bit  plus  sign  analogue  to 
digital  converter)  at  a sampling  frequency  of  1000  Hz. 
Amplification  was  required  to  ensure  that  the  signals 
covered  a major  portion  of  the  range  (without  ever 
exceeding  it)  of  the  digitizer.  The  digitized  signals 
ware  processed  on  the  DEC  POP  11/45  coo^uter  (16  bit 
processor,  92X  memory)  in  the  Faculty  of  Engineering 
(University  of  Sydney)  computing  centre.  Records  of 
512000  saa^les  (32  see)  were  analysed  to  compute 
probability  density  functions. 

The  tssgiecatxire  9 was  used  to  determine  the 
appropriate  threshold  levels  and  hence  the  thermal 
intarmittency  factor  y . In  Antonia  »t  at.  (10) 
analogue  circuitry  was^used  to  discriminate  between 
heated  and  non-heated  fluid  by  comparing  the 
temperature  signal  with  a threshold  voltage.  This 
method  however  involves  some  degree  of  stibjectlvlty 
on  the  part  of  the  Investigator.  Digital  processing 
of  turbulence  signals  has  enabled  probability  density 


functions  of  scalar  quantities  such  as  temperature  or 
concentration  to  be  accurately  conputed.  These 
probability  density  functions  provide  a satisfactory 
determination  of  y , Two  methods  of  obtaining  y^  are 
used  here.  The  first  method  is  applied  whenever 
is  close  to  unity.  When  this  occurs,  the  probability 
density  function  p(9)  should  cut-off  sharply  at  a 
level  which  corresponds  to  the  nominal  ambient 
temperature.  When  9 exceeds  this  "cut-off"  value,  the 
flow  may  be  considered  to  be  heated.  The  "cut-off" 
value  is  therefore  tajcen  as  the  appropriate  threshold 
for  9 and  is  Chen  used  to  obtain  conditional  statistics 
of  u and  v in  the  heated  part  of  the  flow. 

The  second  method  is  to  fit  the  part  of  p(9) 
which  is  near  the  ambient  tes^erature  cut-off  with  a 
Qaussian  distribution  as  suggested  by  Bilger  et  cl. 

(13)  . The  method  follows  from  the  observation  that 
the  probability  density  function  cf  teiroeracure 
fluctuation  in  the  wake  of  a slightly  heated  cylinder 

(14)  and  in  a heated  jet  (Antonia  and  Sreenivasan  (7) ) 
has  a bimodal  sh^e  with  a spike  structure  appearing 
near  the  ambient  temperature  level  of  the  freestream. 
This  spike  is  assumed  to  be  associated  with  the 
presence  of  freestream  temperature  fluctuations  and 
electronic  noise.  It  should  therefore  closely  follow 
a Gaussian  probability  density  G.  The  area  under  this 
Gaussian  curve  is  assumed  to  be  equal  to  (1  - y^)  and 
can  be  determined  to  an  accuracy  of  better  chan  t 0.02 
when  there  are  about  10  data  points  to  fit.  With  the 
assus^tion  that  the  area  under  the  Gaussian  curve 
represents (1  - y„) , the  threshold  Th  can  be  set  so 
that  [p(9)  -"g]  d9  - G d9. 

UnlDce  prolaability  density  functions  of 
temperature  in  the  wake  or  mixing  layer  (idiich  may 
exhibit  a tri modal  shape,  e.g.  (IS))  Che  distribution 
of  p(9)  in  the  boundary  layer  does  not  exhibit  a 
distinct  two-peak  structure.  The  absence  of  this 
, structure  is  probably  due  to  poorer  signal  to  noise 
ratios  of  taiiq>eratura  fluctxiations  in  the  (soundary 
layer  as  compared  with  those  in  the  free  stream  layers. 
The  lower  signal  to  noise  ratio  may  be  speculatively 
attributed  to  the  lower  entrainment  rate  in  the 
boundary  layer  than  in  free  shear  layers.  In  spite 
of  the  absence  of  a clear  two-peaked  structure,  that 
part  of  p(9)  which  is  near  the  ambient  temperature 
level  may  be  satisfactorily  fitted  with  a Gaussian 
curve.  This  suggests  that  the  method  of  Bilger  et  at. 
may  be  used  in  the  boundary  layer  when  Y_  < 1 but  the 
accuracy  in  determining  y„  and  the  conditional 
probability  density  is  not  esqiected  to  be  as  good  as 
in  the  case  of  free  shear  layers.  The  values  of  y^ 
determined  from  p(6)  are  found  to  be  in  reasonable 
agreement  with  those  presented  in  Antonia  st  at.  (10) 
particularly  when  Y_  x.  0.5  since,  for  this  range  of 
Y_,  the  peak  of  p(6T  is  also  the  peak  of  Che  fitted 
Russian  curve.  The  value  of  Th  determined  by  the 
method  of  Bilger  al.  is  used  here  to  obtain 
conditional  probability  density  functions  of  u,  v and 
9 for  either  the  heated  (9/9'  > Th)  or  non-heated 
(9/9'  < Th)  parts  of  the  flow.  Both  conventional  and 
conditional  densities  are  nonsalized  so  that  the  area 
under  each  probability  ctirve  is  equal  to  unity,  i.a. 

£2  p(a)  da  • 1 or  C p<*S> 

PROBABILITY  DENSITY  FUNCTIONS  OF  VELOCITY  AND 
TEMPERATURE 

Probability  density  functions  of  u,  v ac\d  9 at 
x/i  • 2.3  are  shown  in  Fig.  1 at  y/4g  “ 0.092 
(Y-  - 0.68).  Although  p(u)  is  nearly  Gaussian,  p(v)  is 
distinctly  non-Gaussian,  presumably  as  a result  of 
the  constraint  iaposed  by  the  wall.  This  departure 
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from  Gmussianity  has  b«en  found  {sat  ill)  and  tha 
momsnts  in  Tablt  1)  to  dscraasa  with  incraasing 
distance  from  the  wail,  at  least  in  the  fully 
turbulent  region  of  the  layer.  The  density  p(6)  is 
highly  non-saussian  with  correspondingly  large 
skewness  and  flatness  factors.  A cos^lete  picture  of 
the  variation  in  p(9)  across  the  thermal  layer  at 
three  x-stations  has  been  presented  by  Danh  (11) . 


Fig.  1 Probability  density  functions  of 
u , V and  9 at  x/6  • 2.3  (y/5  « 

0.092)  . a , u;  A , v;  O . 9; 

— , Gaussian. 

The  main  feature  of  these  results  is  that  the  major 
departure  from  Gaussianlty  of  p(9)  occurs  very  close 
to  the  wall  and  near  the  position  of  the  thermal 
interface  although  the  s]cewnes8  of  9 is  of  opposite 
sign  in  these  two  regions.  It  s)iould  be  noted  that 
the  odd  order  moments  of  u are  probably  questionable 
very  near  the  wall  (e.g.  odd  order  moments  of  u in 
Table  1 for  y/5  • 0.033  at  x/5g  • 2.3)  because  of  the 
non-linearity  of  the  anemooecer.  When  y is  very 
close  to  unity,  little  difference  is  ei^ected  between 
the  conditional  probability  densities  in  the  heated 
flow  and  the  conventional  densities.  For  < 1.0, 
conditional  probability  densities  of  u,  v and  9 are 
shown  in  Figs.  2-3  at  x/5  >2.3.  A noticeable 

feature  of  these  figures  is  that  p(u;)  and  especially 
p(v*)  represent  improved  approximations  to  the 
Gaussian  curve  when  compared  with  the  conventional 
densities  p(u)  and  p(v).  Also,  p(Uv)  !■  mote  closely 
Gaussian  than  p(u*)  while  p<v*)  is  mors  sysewtrlcal 
than  p(v*).  These  observations  are  clearly  reflected 
in  the  results  of  Table  1 which  show  that,  tdiereas 
there  is  little  difference  between  even  order  moeients 
of  V*  and  u.*,  odd  order  moments  of  v*  are  smaller 
than'those  3f  v*.  This  trend  is  in  general  observable 
at  all  other  stations  x.  The  distribution  of 
temperature  p(9*)  remains  significantly  different 
from  the  Gaussian  density  but  the  moments  of  9*  are 
closer  to  the  Gaussian  values  than  are  the  convent- 
ional raosmnts  (Table  1) . Moments  of  9*  have  been 
Included  in  Table  1 mainly  for  the  sa)cS  of  complete- 
ness. Although  p(9*)  has  ]>aan  assumed  to  be  Gaussian, 
the  effect  of  imposing  a threshold  on  9 has  been 
considerable  on  the  odd,  but  not  the  even,  order 
moments  of  9*. 


Fig.  2 Conditional  probability  density 

functions  of  u,  v and  9 in  heated 
part  of  the  flow  at  station  x/5  > 
2.3  (y/5  • 0.092).  Symbols  are  as 
for  Fig.  1. 


Fig.  3 Conditional  probability  density 

functions  of  u and  v in  non-heated 
flow  at  x/5^  • 2.3  (y/5  - 0.092). 
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TABU  1:  Convencional  and  conditional  high  order  monants  of  u,  v and  9. 


Order  of  normalized  moment 


Order  of  normalized  moment 


y/£  jsignal  3 

' 1 

5 

6 

7 1 

rvi 
® 1 

4 

1 

* 1 

6 

7 

8 

2.3 

0.033 

u 

- .32 

3.05 

- 2.95| 

16.3 

- 28.8 

128.4  { 

V 1 

1 

.685 

4.56 

9.1 

46.5 

150 

758 

0.092 

u 

- .161 

- 1.42 

12.6 

- 12 

75.5 

.354 

3.53 

4.1 

26.5 

59.4 

343 

“h 

- .005 

- .04 

13.2 

.65 

79.2 

'^h 

.264 

3.48 

3.05 

24.5 

44 

300 

u* 

c 

- .123 

2.321 

- 1.15 

12.7 

- 10.5 

77.6 

V* 

.10 

3.47 

1.30 

24 

20.4 

276 

1.54 

5.68 

19 

75 

3U 

1386 

e* 

c 

-.48 

2.60 

-3.54 

11.6 

-25 

77 

0.254 

u 

- .232 

2.32 

- 1.94 

12.3 

- 15.68 

78 

V 

.3031 

3.31 

3.05 

20.2 

33.5 

■M 

"i 

- .044 

2.63 

- .30 

10.4 

- 1.48 

51.3 

"h 

.144 

3.02 

1.12 

15.35 

3.46 

^^3 

u* 

c 

- .224 

2.33 

- 1.92 

13 

- 16.0 

80.7 

V* 

.280 

3.30 

2.86 

20.3 

32.5 

3.0 

17 

113 

881 

7580 

70132 

8! 

-.49 

2.9 

-4.1 

14.8 

-34 

x/9^  - 5.7 


0.209 

u 

"h 

u* 

c 

- .26 

- .102 

- .235 

1.98 

2.92 

2.94 

3.04 

8.3 

- 2.41 

- 1.12 

- 2.46 

36 

14.65 

14.45 

16.9 

183 

- 23.6 

- 12.7 

- 29.2 

1022 

m 

V 

''S 

V* 

c 

0* 

c 

.268 

.14 

.06 

-.53 

3.30 

3.24 

3.34 

2.82 

2.69 

1.51 

.50 

-4.4 

20.5 

19 

21 

14.8 

30.3 

18.6 

1.46 

37 

200 

168 

211 

117 

x/9o- 

42.9 

0.176 

B 

- .23 

2.44 

- 1.74 

10.26 

- 14 

64 

V 

.274 

4.15 

3.85 

33.4 

65 

442 

0.441 

fl 

- .39 

2.36 

- 3.27 

15 

- 28.6 

116 

V 

.29 

3.02 

2.86 

18.9 

36 

212 

- .35 

3.10 

- 3.21 

17 

- 30 

145 

^h 

.244 

3.46 

2.88 

24.5 

44 

305 

B 

- .36 

3.19 

- 4.03 

20.3 

32 

226 

V* 

c 

.006 

3.51 

.76 

24.7 

21.2 

285 

0.706 

B 

-1.106 

4.32 

-11.6 

42.5 

-15= 

623 

V 

.73 

4.9 

10.5 

57.6 

212 

1202 

- .427 

3.08 

- 4.06 

18.3 

- 43.2 

196 

’'h 

.217 

3.43 

1.84 

21.0 

15.5 

180 

- .84 

3.63 

- 7.5 

27.7 

- 73.6 

342 

v» 

.36 

4.27 

4.7 

39 

80 

606 

JOINT  PROBABILITY  DENSITY  FUNCTIONS  OF  VELOCITY  AND 
TStPERATURE 


In  the  previoue  section,  individual  probahility 
density  functions  indicated  the  measure  of  departure 
from  Saussianity  of  u and  6 fluctuations.  Joint 
probability  den-eity  functions  of  u,  v and  9 are  now 
examined  as  they  may  reveal  more  detailed  information 
as  to  the  nature  of  the  difference  between  u,  v and  6. 
The  joint  probability  density  function  p(a,  b)  of 'a 
and  b is  defined  so  that  ^ p(a,  b)  da  db  • 1. 
Conventional  isodansity  contours  for  p(u,  v) , p(u,  9) 
and  p(v,  9)  are  shown  in  Figs.  4 and  5 at  two  values 
of  X.  In  the  wall  region,  the  contours  are  not 
symetrical  with  respect  to  any  of  the  coordinate  axes 
u,  V and  9.  In  the  case  of  p(u,  v)  however,  the 
contours  (Fig.  5)  are  approximately  syimatrical  with 
respect  to  the  line  with  slope  r^^.  This  line  and  its 
inverse  r"^  represent  conditional  means  for  jointly 
normal  random  variables  and  appear  to  be  reasonable 
approximations  to  the  measured  conditional  mean  values 
of  u and  v except  at  large  negative  values  of  u and  v. 

Contours  of  p(u,  9)  and  p(v,  9)  stretch  out 
significantly  into  the  (-u,  +9)  and(*v,  +9)  quadrants 
but  liXt  closely  grouped  together  in  the  two  quadrants 


that  include  the  negative  9 axis,  mainly  as  a result 
of  the  ambient  temperature  cut-off. 

As  the  distance  from  the  wall  increases  (Fig.  5) 
the  symmetry  of  p(u,  v)  with  respect  to  the  line  of 
slope  r^^  is  is^taired.  Contours  of  largest  p(u,  v) 
values  move  well  into  the  fourth  ('Mi,  -v)  quadrant. 

The  departure  of  measured  conditional  averages  of  u, 

V and  9 from  straight  lines  of  slopes  r^^,  r^  and 
r„g  becomes  particularly  evident  at  large  values  of 
u,  V imd  9.  Contours  of  p(v,  9)  however  remain 
essentially  unchanged.  This  suggests  that  the  maximum 
contribution  to  the  a'verage  values  of  the  shear  stress 
uv  and  heat  flux  u9  comes  from  the  second  quadrants 
[(u  < o,  V > o)  and  (u  < o,  9 > o)]  because  of  the 
large  amplitude  but  less  probable  fluctuations  of  u, 

V and  9,  and  the  fourth  quadrants  [(u  > o,  v < o)  and 
(u  > 0,9  < o)].  The  results  for  p(u,  9)  and  p(v,  9) 
in  Fig.  4 (x/9q  • 2.3)  at  y/i  • 0.254  are  probably 
not  meaningful  as  the  main  source  for  9 at  this 
location,  characterized  by  a vary  small  value  of  is 
the  combination  of  electronic  noise  and  ambient  temp- 
erature fluctuations.  The  contours  become  more 
symmetrical  about  the  6 • o axis  as  a result  of  the 
small  values  of  r^e  and  r^  (Table  2) . 

When  y^  < 1.0,  contours  for  constant  p(u*,  v») 
show  a closer  degree  of  synmiatry  with  raspact^to  ue 
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Fi7*  5 Conv«ntion*l  isoprobability  dansity  contours  for  u,  v,  9 *t  x/5  ■ 42.9. 

Symbols  Q,0  rsprsssnt  conditional  maan  valuas  of  a (ordinata)  ^and  b (abscissa) 
^••P*^ivaly.  Straight  linas  art  Gaussian  conditional  maans. 


ri9-  6 Conditional  iaoprobability  dansity 
contours  at  x/6^  ■ 2.3. 

origin  as  wall  as  to  tha  lina  of  slopa 
particularly  for  large  values  of  |u^{  and  |vj||  (Figs. 
6 and  7) . Tha  paaJc  value  of  tha  probability  density 
is  closer  to  the  origin,  whan  coapared  with  tha 
conventional  case.  Contours  of  p(uj‘,  9j|)  and 
p(v*,  S*)  canain  constrained  by  the'  sharp  anbiant 
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Fig.  7 Conditional  iaoprobability  density 

contours  at  x/i.  ■ 42.9.  Symbols  are 
as  for  Fig.  5. 

taatparature  cut-off  but  are  altaost  symmetrical  with 
respect  to  lines  of  slope  ‘uf^Bj*  and  respectively 

These  lines  are  reasonable  estimates  of  conditional 
naan  values  of  uj^  and  vj*  over  a large  range  of  values 
of  6f[  as  shown  in  Fig.  7. 
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An  estimate  of  the  contribution  to  ab  from  all 
four  quadrants  in  the  (a,  b)  plane  is  qiven  in  Table 
2.  As  an  example,  the  contribution  from  the  (a  > o, 
b > o)  qu^ldrant  is  calculated  from  ab  • ab  p^(a,  b) 
da.db,  where  p^(a,  b)  is  the  joint  probaoility  density 
(a,  b) , arbitrarily  truncated  at  a • ± 3.4a'  and 
- ± S.ib' 


TABIX  2:  Percentage  contribution  to  ab  from 
different  quadrants  of  (a,  b)  plane, 
(a)  x/6  - 2.3:  (b)  x/6  - 5.7; 

(c)  x/6°  - 42.9. 

0 


TABLE  2(a) 


— 

I 

II 

III 

TV 

y/s 

a 

b 

a>o 

[ a<o 

a<o 

a>o 

'ab 

V 

•T 

b>o 

b>o 

b<o 

b<o 

.038 

u 

V 

- 31 

+105 

- 48 

+ 74 

*.24 

1 

u 

d 

- 20 

+ 63 

- 14 

+ 70 

-.42 

V 

d 

+ 69 

- 11 

+ 52 

- 10 

+ .45 

.092 

u 

V 

- 21 

+ 83 

- 28 

+ 66 

-.34 

.68 

u 

d 

- 12 

+ 66 

- 20 

+ 65 

-.37 

V 

d 

+ 74 

- 13 

+ 58 

- 19 

+ .34 

"h 

"h 

-2B 

+ 86 

- 32 

+ 74 

-.30 

"h 

®h 

- 24 

+ 86 

- 39 

+ 77 

-.36 

®h 

* 32 

- 18 

+ 65 

- 21 

+ .30 

u* 

c 

V* 

c 

- 56 

+124 

- 64 

+ 96 

-.19 

.254 

u 

V 

- 18 

+ 79 

- 23 

+ 62 

-.37 

.06 

u 

d 

- 54 

+119 

- 59 

+103 

-.19 

V 

d 

+146 

- 85 

+132 

- 93 

+ .13 

TABLE  2(b) 


y/6 

a 

b 

I 

a>c 

b>o 

II 

a<o 

b>o 

III 

a<o 

b<o 

IV 

a>o 

b<o 

'ab 

Yt 

.114 

u 

V 

- IS 

+ 73 

- 20 

+ 62 

-.39 

.99 

u 

d 

- 11 

* 67 

- 16 

+ 61 

-.43 

1 

i 

V 

d 

+ 68 

- 13 

+ 61 

- 16 

+ .40 

1 

1 

.209 

u 

V 

- 13 

+ 72 

- 18 

+ 59 

-.42 

.55 

u 

d 

- 12 

+ 64 

- 25 

+ 73 

-.34 

V 

9 

+ 70 

- 12 

+ 64 

- 22 

+ .32 

"h 

’h 

- 18 

+ 72 

- 23 

+ 67 

-.37 

"h 

®h 

- 22 

+ 83 

- 36 

+ 75 

-.27 

9; 

+ 79 

- 20 

+ 72 

- 31 

+ .28 

h 

h 

u* 

u* 

- 29 

+ 91 

+ 30 

+ 78 

-.28 

c 

c 

^ The  truncation  was  necessary  because  of  the 
limited  storage  capacity  of  the  POP  11/45  computer. 
The  value  of  ab  estimated  from  p^  agreed,  to  better 
than  lOA,  with  the  value  obtained  when  the  full 
range  of  (a,  b)  la  used. 


I 

II 

III 

IV 

y/6 

a 

b 

a>o 

a<o 

a<o 

a>o 

^ab 

■>+  . 

b>o 

b>o 

b<o 

b<o 

T 1 

.176 

V 

- 26 

+ 87 

- 33 

+ 72 

-30 

u 

d 

- 15 

+ 72 

- 11 

+ 54 

-.40 

V 

9 

+ 80 

- 27 

+ 64 

- 17 

+ .36 

.441 

u 

V 

- 22 

+ S3 

- 32 

+ 66 

-.29 

•a8| 

u 

d 

- 11 

+ 69 

- 13 

+ 55 

-.40 

1 

: 

V 

d 

+ 76 

- 17 

+ 57 

- 16 

+ .32 

1 

“h 

"h 

- 27 

+ 92 

- 36 

* 71 

-.28 

1 

«h 

- 14 

+ 72 

- 18 

+ 60 

-.39 

i 

'^h 

®h 

+ 77 

- 21 

+ 67 

- 22 

+ .33 

i 

u* 

c 

V* 

c 

- 71 

+ 138 

- 83 

+116 

-.15 

.706 

u 

V 

- 21 

+ 92 

-36 

+ 65 

-.39 

.33  j 

u 

d 

- 17 

+ 69 

- 39 

+ 87 

-.69 

1 

V 

6 

+ 

- 27 

+ 96 

- 40 

+ .57 

“h 

'^h 

- 27 

+ 91 

- 41 

+ 77 

-.27 

®h 

- 35 

+ 94 

- 49 

+ 90 

-.29 

'^h 

®h 

+ 92 

- 37 

+ 89 

- 44 

+ .30 

u* 

c 

V* 

c 

- 39 

+119 

+ 80 

-.30 

Near  the  step  (Table  2(a))  and  at  y/f  • 0.C3B, 
contributions  to  u6  and  v6  from  the  ejection^  quadrants 
are  nsetrly  identical,  although  contributions  from  the 
sweep  quadrant  are  significantly 'larger  for  ue  than  for 
v6 . This  difference  is  reflected  in  the  compensating 
increase  in  contributions  from  the  interaction 
quadrants  in  the  case  of  u6.  There  is  little  similar- 
ity between  contributions  to  uv  from  those  to  ud  or 
vd , with  contributions  from  all  four  quadremts  being 
larger  in  the  case  of  uv  than  for  ud  or  vd.  As  the 
distance  from'  the  wall  increases  (Table  2 (a)  , y/6  • 
0.092) , there  is  a decrease  in  contribution  to  uv  from 
the  sweep  and,  in  particular,  the  ejection  quadrants. 

On  the  other  hand,  contributions  from  these  two 
quadrants  are,  in  general,  slightly  increased  in  the 
case  of  u6  and  vdj_so  that  the  similarity  between 
contributions  to  uv  and  vd  is  significantly  improved. 
This  is  especially  true  when  only  the  heated  part  of 
the  flow  is  considered. 

At  a short  distance  downstream  from  the  step 
(Table  2 (b) ) , the  similarity  between  contributions  to 
uv  and  vd  from  ejection  and  sweep  quadrants  is 
ia^roved  further.  In  the  case  of  ud,  the  contribution 
from  the  sweep  event  is  larger  than  that  for  the 
ejection  event  at  y/i  • .209.  When  the  effect  of 
thermal  intermittency  is  taken  into  account , contrib- 
utions to  ud  become  similar  to  those  to  uv  or  vd. 

The  results  at  x/6  • 42.9  (Table  2(c))  provide  further 

confirmation  of  the  trends  shown  by  Table  2(b). 

The  present  contributions  to  uv,  for  all  values 
of  x/6  , are  in  general  consistent  with  estimates  made 
by  Wallace  et  si.  (5)  and  Brod)<ay  «t  at.  (16)  obtained 
in  the  wall  region  of  an  oil  channel  flow.  In  the 
region  insnediately  outside  the  sublayer,  their  results 
show  that  the  ejection  event  contributes,  on  average, 

^ Note  that  the  ejection  quadrant  is  the  (-u,  *d) 
or  second  quadrant  in  the  case  of  ud  and  the  ('-v,  *6) 
or  first  quadrant  in  the  case  of  vd. 


13.43 


r 


71g.  8 Conditional  probability  danaltiaa  of 
u,  V,  e at  x/6^  • 42.9  (y/«  - .176). 
Curvat  art  Gauatian  distributions. 


about  25%  more  to  tha  Raynolds  strass  than  tha  swaap 
avent  whila  tha  intaraction  avants  contributa  aJaout 
20%  aach  to  uv.  For  a turbulant  boundary  layar  with 
a ralatlvaly  thick  sublayar,  Willnarth  and  Lu  (4)  and 
latar  Lu  and  Willaiarth  (17) , obtainad  similar  rasults 
for  contributions  to  -uv  from  difftrant  avants  %#ith 
tha  usa  of  tha  "hola  siza"  tachniqua.  Parry  and 
Hoffmann  (3)  appliad  tha  'holt  siza'  tachniqua  of 
Lu  and  Wlllmarth  (17)  to  waiqhtad  joint  probability 
dansity  functions  of  (u,  v)  and  (v,  9)  and  found  that 
’ajactions  and  swaaps"  in  Raynolds  strass  art  usually 
accoapaniad  by  aquivalant  oceurrancas  in  htat  flux. 
Contributions  to  uv  and  v8  obtainad  by  Parry  and 
Hoffmann,  obtainad  for  a uniform  tamparatura  surface 
with  no  unheatad  starting  length,  art  qualitativaly 
similar  to  tha  present  astimatas.  A quantitative 
cos^arison  batwaan  tha  rasults  is  not  justifiable 
since  tha  use  of  tha  hola  size  tac)uiiqua  tends  to 
a:9)tasiza  contributions  from  tha  ejection  quadrant, 
especially  in  tha  case  of  v9. 

Tha  deviation  from  Gaussianlty  of  joint 


Fig.  9 Conditional  probability  densities  in 
heated  part  of  tha  flow  of  u,  v,  8 at 
x/5^  • 42.9  (y/6  • .706).  Curves  are 
Gaussian  distributions. 


probability  density  functions  may  be  examined  by 
taJcing  cross-sectional  cuts  of  the  p(a,  b)  contours 
at  either  constant  a or  constant  b values.  In  Fig.  8, 
conditional  probability  dansity  functions  of  u and  v 
are  shotm,  at  x/6  • 42.9  and  y/6  « 0.176,  for  given 

values  of  V or  e.°  In  Fig.  9,  tha  same  type  of 
Information  it  presented,  at  tha  same  station  but  for 
y/6  a .706,  in  only  the  heated  part  of  the  flow.  Alto 
plotted  in  these  figures  is  the  bivariate  Gaussian 
dansity  function 


p(a,b) 


2ir  a'b'(l-r  . ) 

Aid 


exp{- 


corresponding  to  tha  experimental  value  of  the 
correlation  coaffieiant  r|^.  In  the  case  of  Fig.  9, 
a,  b and  in  tha  exprataion  for  p(a,  b)  are 
replaced  by  afj,  bj^  and  ratpectivaly . 

Fig.  8 shows  that  fof  large  |v|,p(u/v)  is 
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nearly  Gaussian  except  near  u > o.  Foe  smaller  |v|, 
p(u/v)  follows  the  Gaussian  curve  more  closely  when 
V is  positive  than  vrtien  v is  negative.  When  v • o, 
the  distribution  for  u < o is  mors  Gaussian  than  that 
for  u > o. 

Conditional  densities  p!u/3)  and  p(v/S)  are 
reasonably  Gaussian  for  positive  values  of  9.  The 
approximation  to  Gaussianity  breaks  do*m  coe^letely 
for  large  negative  values  of  9 , presuiudsly  because  of 
the  lower  bound  on  9 which  corresponds  to  the  ambient 
temperature  value.  For  moderately  negative  values  of 
9,  p(v/S)  is  better  approximated  by  tha  Gaussian 
distribution  than  p(u/e). 

Conditional  densities  in  the  intermittent  region 
of  the  layer  (Fig.  9)  indicate  a fair  approximation 
to  Gaussianity  for  positive  vg  and  9{^,  at  least  in  the 
case  of  p(ug/vg)  and  p(v*/0»).  The  Gaussian  approx- 
imation is,  however,  not  as  good  as  in  Fig.  8.  The 
similarity  between  p(u,  9)  and  p(v,  9)  is  also  less 
pronounced  at  y/4  • G.706  than  at  y/o  » 0.176. 

CONCLUSIONS 

Although  the  probability  density  function  of 
tes^erature  in  a heated  boundary  layer  does  not 
exhibit  the  bimodal  shape  observed  in  the  case  of  a 
heated  wake  or  heated  jet,  it  still  provides  a 
satisfactory  determination  of  the  thermal  intermitt- 
ency  factor.  Tha  departure  of  p(9)  from  Gaussianity 
is  more  noticeable  both  in  regions  close  to  the  wall 
and  near  the  thermal  interface.  The  probability 
density  function  of  the  longitudinal  velocity 
fluctuation  in  the  thermal  layer  is  very  nearly 
Gaussian  when  cong)ared  with  the  conventional  p(u),  or 
the  probability  density  p(u»)  in  the  unheatad  - but 
still  turbulent  - part  of  the  flow. 

In  the  case  of  normal  velocity  fluctuations,  the 
probability  density  function  in  the  thermal  layer  is 
more  Gaussian  than  the  conventional  density  but  the 
odd  order  moments  of  v in  the  unhaated  flow  are 
closer  to  zero  than  those  in  the  thermal  layer. 

At  a small  distance  downstream  of  the  heat  flux 
step  and  very  near  the  wall,  the  similarity  between 
joint  probability  densities  p(u,  v)  and  p(v,  9)  is 
poor  although  p(u,  9)  and  p(v,  9)  exhibit  simileu: 
features.  The  similarity,  in  the  inner  region  of  the 
layer,  between  p(u,  v)  and  p(v,  9)  ingjroves  quickly 
with  increasing  distance  from  the  step.  At  the 
measuring  station,  furthest  downstream  from  the  step, 
the  conditional  density  p(u/v)  is  closely  approximated 
by  the  bivariate  Gaussian  density  while  the  approx- 
imation for  p(v,  9)  is  reasonable  only  at  large 
positive  temperature  fluctuations. 

Estimates  of  contributions  to  the  shear  stress 
and  heat  fluxes  show  that,  in  the  wall  region,  the 
ejection  (a  < o,  b > o)  and  sweep  (a  > o,  b < o) 
events  provide  positive  contributions,  well  in  excess 
of  loot.  The  contribution  from  tha  ejection  event 
is  however  larger  than  that  of  the  sweep  event  and  a 
significant  similarity  exists  between  contributions 
to  uv  and  v9.  At  all  stations  contributions  to  uv 
from  ejection  and  sweep  events  decrease  slightly  with 
increasing  distance  from  the  wall,  far  downstream 
from  tha  step,  contributions  to  uv  from  the  various 
events  are  nearly  invariant  with  distance  from  the 
wall,  but  tha  contribution  from  the  sweep  event  to 
u9  and  v9  is  found  to  increase  as  y increases.  In 
the  heated  part  of  the  flow,  contributions  from  each 
event  are  generally  10-15%  higher  than  conventional 
contributions.  The  similarity  between  p(u,  v)  and 
p(v,  9)  is  improved  when  only  the  heated  part  of  the 
flow  is  considered. 
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ABSTRACT 

An  experimcncal  invcicigacion  of  the  Chennai 
field  downstream  an  inversion  of  a wall  heat  flux 
was  carried  out  in  a turbulent  boundary  layer.  The 
external  velocity  Uf  and  the  external  temperature 
To  are  constant.  The  boundary  layer  investigated  de- 
velops along  a smooch  flat  plate  which  presents  a 
step  of  temperature.  Upstream  the  step  the  wall  Cem- 
peracura  is  higher  chan  To  and  approximately  equal 
CO  To  downstream.  This  research  should  bring  addi- 
tional information  for  modelling  process  for  any  re- 
gion of  Che  flow  exhibiting  special  thermal  chara- 
teristics  which  can  not  be  explained  with  a first 
gradient  model.  Furthermore,  Che  internal  structure 
of  the  boundary  layer  can  also  be  analyzed  by  ther- 
mal tagging  effect  and  using  conditional  techniques. 

NOMENCLATURE 


fe  • intermictency  frequency  for  external  frontier, 
fi  • intermictency  frequency  for  internal  frontier. 


Ox. 

I 

P 

Q 

ail 

a 

Q 


a 

Q 

q* 

sq 

Tq 

To 

Tc 

Tp 

Tm 

T 

c 

X* 

ti 

'■’? 

u. 

i 

a 


■ axis  OXj  in  the  diraccion  of  the  flow,  axis 
0X2  normal  to  the  wall,  _2 

• fluctuating  pressure.  Kg  m s 
q(C)  ■ fluctuating  quantity 
) » fluctuation  with  zero  mean 

■ (0)  conventional  time  average 

■ (Q*)  conditional  zone  average,  ••  e,  i,  f 
or  c : see  cable  II 

•(Q(t))  conditional  point  average  near  front  of 
bulges 

■(9*(t))  conditional  point  average  near  back  of 
bulges 

• point  average  at  the  froicof  interface,  (t*0) 

• point  average  at  the  back  of  interface, (t*0) 

• (Q  +■  q(t)  - Q*)  local  fluctuation 

• skewness  factor  of  q,  dimansionless 

• flatness  factor  of  q,  dimansionless 

■ free  scream  cemperatura,  dee.  C. 


0.7  m) 
0.7  m) 


• wall  temperature . deg  C.  (X 

■ wall  temperature .deg  C.  (x 

■ extremum  of  temperature  in  'a  cross  section, 
deg  C 

• mean  temperature,  dag  C 

• time,  s 

• value  of  X,  at  T - Tm  • (To  - Tm)/2, 
x,  > 6y,  n" 

• mean  velocity,  m/s 

• free  stream  velocity,  m/s 

■ fluctuating  velocity,  m/s  - 

• thermal  diffusivicy  coefficient  m^/s 


Y • intermictency  factor  for  external  frontier,  di- 

mensionless 

Y.  • intermictency  factor  for  internal  frontier,  di- 
mensionless 

6 • thickness  of  kinematic  boundary  layer,  a 

S.J  • value  of  Xj  at  T ■ Tm,  m 
8^  • fluctuating  velocity,  deg  C 

V • kinematic  viscosity^  m /s 

0 • fluid  density,  Kg/m'^ 

t • delay,  s 

I . INTRODUCTION 

At  present  time,  it  is  well  known  that  in  turbu- 
lent shear  flows,  no  local  connection  can  be  found 
between  the  shear  stress  and  the  mean  velocity  gra- 
dient. In  general  rule,  the  signs  of  these  two  quan- 
tities are  yet  linked  to  each  ocher,  but  even  such 
a connection  does  not  exist  in  restricted  regions 
of  flows  exhibiting  unsymraecrical  boundary  conditions. 
Such  a situation  was  observed  twenty  years  ago  (1,2) 
and  was  investigated  in  wall  jets  (3-6). In  order  to  are 
diet  suqh  coemlex  flows, new  computing  methods  were  d’e- 
veloooec  (/,8). 

The  main  purpose  of  the  present  paper  is  to  dvs- 
play  experimental  informations  in  a more  or  less  simi- 
lar case  where  the  heat  flux  is  not  connected  with  the 
mean  temperature  gradient,  at  least,  in  a restricted 
area.  The  boundary  layer,  under  consideration,  deve- 
lops along  a flat  plate  with  a strong  inversion  of  the 
wall  heat  flux.  In  the  upstream  part  of  the  piste,  the 
temperature  of  the  wall  is  higher  chan  the  temperature 
of  the  surrounding  flow  ; on  the  contrary,  in  the  down- 
stream part,  this  situation  is  reversed.  So  far,  only 
few  detailed  information  is  available,  regarding  this 
kind  of  flow  (9-12).  In  this  experimental  research, 

Che  fluid  motion  is  not  affected  by  the  temperature 
field . 

In  a first  section  (S  3 and  4),  the  overall  cha- 
racteristics of  the  thermal  field  are  presented.  The 
mean  temperature,  turbulent  haac  flux,  correlations  of 
second, third  and  fourth  order  and  thermal  energy  bud- 
get are  determined.  With  a view  of  computing  methods, 
special  interest  is  given  in  this  last  thermal  energy 
balance. 

In  the  second  section  (S  5 and  6),  the  behavior 
of  the  internal  frontier,  which  it  tagged  by  thermal 
effect  downstream  the  wall  temperature  step,  is  ana- 
lyzed. The  statistical  properties  of  such  an  interface 
are  presented.  For  experimcncal  facilities,  the  scheme 
of  a thin  limiting  surface  is  supposed  and  the  sign  of 
Che  wall  temperature  step  is  reversed  (the  wall  tempe- 
rature increases  at  the  step  point).  In  this  case,  the 
discrimination  between  turbulent  structures  is  based 
on  a thermal  threshold  ; similar  method  was  previously 
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used  in  a disturbed  boundary  layer  (13)  and  a wall 
jet  (li).  The  interaittency  factor,  zone  averages 
and  conditional  sampling  of  velocity  and  temperature 
are  performed.  For  comparison,  the  statistical  pro- 
perties of  the  external  edge  of  the  overall  boundary 
layer  are  analyzed. 

In  several  practical  configurations,  similar 
situations  can  be  encountered.  The  heat  flux  at  the 
ground  can  suddenly  be  reversed  when  atmospherical 
winds  blow  from  the  sea  to  the  seashore  (IS,  16)  ; 
great  urban  centers  can  also  generate  reversal  heat 
fluxes  with  respect  to  the  surrounding  country.  This 
research  should  precisely  contribute  to  model  turbu- 
lent mechanisms  in  these  very  complex  cases  which 
requires  a good  deal  of  experimental  data. 

2.  EXPE2IMENTAI.  CONDITIONS  AND  TECHNIQUES 

General  description  of  the  flow 

The  boundary  layer  investigated  develops  with- 
out longitudinal  pressure  gradient,  along  a smooth 
flat  plate,  2 m.  long  and  0.3  m.  wide.  This  plate 
presents  a step  of  wall  temperature  at  X >0.7  m. 
downstream  the  leading  edge.  The  table  I gives  the 
experimental  conditions  for  the  two  sections.  In  all 
cases,  Che  difference  between  wall  and  external  tem- 
peratures is  about  20’C.  Thus  the  influence  of 
buoyancy  effects  on  Che  kinematic  field  is  weak 
enough  to  be  neglected.  The  external  stream  has  a 
mean  velocity  of  10  m./s  and  a residual  intensity 
(u^UjO  of -0.3  ; 
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Table  I.  Experimental  conditions 


Data  acquisition 

All  results  were  carried  out  by  using  hot  wire 
technique.  Analogic  linear  combinations  of  the  si- 
gnals issued  from  three  anesx)mcters  permit  simulta- 
neous separation  of  the  longitudinal  and  transverse 
components  velocity  and  also  the  temperature  at  given 
point.  Next  these  signals  we  digitally  sampled.  For 
each  signal,  the  sampling  race  is  10.000  samples/sec. 
and  the  resolution  is  II  bits  plus  sign.  The  time  of 
record  is  10  s corresponding  to  I02d00  samples. 

The  first  step  in  processing  the  information 
consists  CO  transform  voltages  in  components  of  velo- 
city and  temperature.  The  three  empirical  curves  of 
calibration  are  used  for  each  "trio"  of  samples.  In 
second  part,  several  FORTRAN  IV  programs  were  used 
for  obtaining  conventional  and  conditional  results. 
The  intcrmittency  function  is  estimated  by  means  of  a 
criterion  based  on  the  temperature. 


Definitions 

Classical  relations  (27)  for  conditionally  avera- 
ging and  sampling  are  utilized.  The  nomenclature  and 
following  table  give  respectively  similar  definition 
and  notations  that  chose  of  Hedley  and  Keffer  (23). 


1 

1 X,/f 

wall  ^ ^ Free  scream  j 

Frontier 

Internal  (I)  External  (E) 

Superscript 
for  averages 

C f i e 

Table  II  Summary  of  sunerscripc 


3.  OVERALL  CHARACTERISTICS  OF  THE  THERMAL  FIELD 
Mean  temperature  distribution 


Fig.l.  Distribution  of  the  dimensionless  mean 
temperature 

Downstream  Che  temperature  step  at  the  wall,  the 
thermal  field  is  strongly  modified  in  Che  region  next 
CO  the  place.  At  first,  this  influence  is  apparent  on 
Che  mean  temperature  distribution  (fig.  I).  The  tempe- 
rature profile  presented  in  a dimensionless  form 
n - TpWTo  - Tp)  is  given  as  a function  of  x-ZS  ; Tp 
stands  for  the  upstream  wall  temperature,  and  To  for 
that  of  Che  undisturbed  scream.  At  four  stations,  the 
curves  exhibit  minimum  values  which  are  located  far- 
ther and  farther  from  the  wall  as  we  go  downstream. 

In  Che  external  part  of  the  boundary  layer 
(x^/d  > 0.5),  Che  thermal  properties  are  unaffected 
up  CO  Xj  < I .4  m. 
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Fig. 2.  Distribution  of  the  r.m.s.  temperature  fluc- 
tuation 

Just  dovnistrcam  the  temperature  step,  the  tem- 
perature fluctuations  strongly  decrease,  at  least  in 
the  range  of  the  values  x.,/6  investigated.  In  fig. 2., 
the  distribution  of  v^/fTp  - To|  is  given  versus 
x^/i.  In  a vary  narrow  area,  next  to  the  wall,  no 
experimental  data  are  available  at  this  time  ; in 
fact,  a thermal  turbulent  center  should  exist  just 
beyond  the  viscous  film,  such  a situation  can  be  an- 
ticipated from  the  shape  of  the  curves  relative  to 
the  two  last  stations  (x,  ■ l.05_m, .,x,  • 1.4  m.). 


Obviously,  the  distribution  of  is  directly 

connected  to  the  production  term  in  the  equation  go- 
verning the  evolution  of  9^/2  which  will  be  discus- 
sed later. 

Turbulent  heat  flux 

Upstream  the  temperature  step,  the  heat  flux, 

u,9,  continually  decreases  with  the  distance  from  ' 
tRe  wall  X.,.  Downstream  the  step,  negative  values 
of  the  heaf  flux  near  the  plate  must  be  interpreted 
as  an  heat  exchange  from  the  wall  region  to  the  sur- 
rounding flow  (Fig.  3).  In  such  a complex  situation, 
the  heat  flux  is  not  zero  at  a point  where  the  mean 
temperature  is  maximum  (Fig.  4). 
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Fig.  3.  Heat  flux  u^S  normal  to  the  wall. 


Fig.  4.  Positions  of  the  points  where  T,  u,r,  us 
have  particular  values. 

It  would  be  relevant  to  review  some  experimental 
results  which  clearly  invalidate  any  direct  link  as- 
sumed between  the  mean  properties  of  a flow.  In  a 
wall  jet,  such  a situation  was  pointed  out  (1)  and 
properly  explained  later  (8).  At  any  rate,  it  is  not 

possible  to  model  these  kinds  of  flows  by  using  a 
first  gradient  approach.  In  any  events,  the  memory  of 
the  turbulent  structure  has  to  be  taken  into  account. 
Refering  to  qualitative  explanations  previously  given 
by  J.  Mathieu  (17)  when  kinematic  properties  arc  con- 
sidered, a linear  analysis  should  be  convenient  in  or- 
der to  predict  qualitatively  the  anisotropic  state  of 
the  turbulent  structures  strained  by  the  mean  flow. 
Such  a state  was  approximativsly  determined  from  a 
Lagrangian  approach  by  travelling  along  a mean  stream- 
line. Furthermore,  the  inhomogeneous  field  was  suppo- 
sed locally  tractable  by  using  theoretical  results 
established  for  homogeneous  one  ; in  computing  methods 
(8),  a transversal  diffusion  process  is  also  introdu- 
ced in  order  to  take  into  account  the  interaction 
between  turbulent  structures  travelling' along  various 
mean  streamlines. 
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5.  Correlation  coefficient  u.*/lu,”9  j ‘•Ru,S 

(a)  Compute(l_values  (I8)_^wit^  S-linear  ap-  ^ 
proach.  q-p»1000  cm-  s"“.  f'*  0.05  deg" 

(b)  for  X,  ■ 5 mm, * measured  values  of  Ru,r, 
0 mcaiured  values  of  S /s. 
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AC  firsc  sight,  a similar  creacmenc  seems  to  be 
convenient  with  regard  to  thermal  properties.  A li- 
near approach  of  this  problem  was  given  by  Gence  (18) 
for  homogeneous  flows.  Both  kinematic  and  thermal 
turbulencs  start  from  isotropic  states.  The  mean  ve- 
locity gradient  s • sU|/3X.,  and  the  mean  temperature 
gradient  S • 3T/3X,  act  in'a  specific  way.  The  mean 
velocity  gradient  plays  a dominant  role  through  st  : 
however  the  correlation  coefficient  u,6/[u:;  . 8"]  ' ^ 
is  not  only  dependent  on  the  straining  process  applied 
by  the  mean  ^cion  but  also  on  the  dimensionless  ra- 
tio 8/s  . ^ which  must  be  considered  in  this  case 


e; 

as  a new  parameter  (Fig.  5).  From  these  results,  the 
velocity  temperature  correlation  should  be  null  when 
the  temperature  gradient  8 is  also  null.  Accordingly, 
if  we  consider  an  homogeneous  field  characterized  by 
s ^ 0 and  6*0  and  if  an  isotropic  turbulence  in- 
cluding both  kinematic  and  thermal  fluctuations  is 
submitted  to  this  shear  flow,  the  velocity  correla- 
tion u.Uj  starting  from  zero  increases  with  st,  whe- 
reas the  velocity  temperature  correlation  u.8  stands 
equal  to  zero.  This  behaviour  is  easy  to  understand 
in  examining  the  equation  which  controls  u.8 


when  the  initial  values  of  u,  8 and  u.u,  are  zero 

k 1 k 

with  3C./3^  # 0 and  3T/3X,  • 0 for  anv  value  of  t. 
The  evolution  of  the  correlation  term  u.8  depends 
on  the  two  mean  gradients  s and  3 ; if  8 ■ 0 and 
if  s # 0,  u.  3 starting  from  zero,  the  correlation 
u.8  cannot  be  generated.  It  is  difficult  to  imagine 
such  a situation  to  be  altered  by  non  linear  effects 
which  specially  generate  random  motions.  With  these 
initial  conditions,  the  mean  gradient  s partially 
puts  in  order  only  the  random  kinematic  motion,  not 
at  all  the  thermal  field  which  stands  isotropic.  Sc 
far,  the  ability  to  model  inhomogeneous  flows  by 
considering  suitable  tangential  homogeneous  field 
has  successfully  been  used  when  kinematic  properties 
are  concerned  (8).  An  unique  curve  approximatively 
determines  the  anisotropic  state  of  the  fluid  whate- 
ver Che  initial  conditions  may  be.  This  viewpoint 
cannot  be  extended  to  thermal  properties,  at  least 
when  only  local  values  of  S/s  are  introduced  in  the 
travel  along  Che  mean  screanlinc  ; the  velocity  tem- 
perature correlation  and  Che  mean  temperature  gradient 
would  also  be  estimated  equal  to  zero  at  Che  same 
point,  a fact  which  is  inconsistent  with  experimental 
data.  This  method  can  be  used  when  rather  rough  esti- 
mations are  required,  another  modellings  must  be  intro 
duced  when  more  accurate  predictions  are  necessary. 

The  sign  of  longitudinal  heat  flux  changes  near 
the  wall.  At  any  station,  the  distribution  of  u 8 
and  u^S  are  similar  but  the  coordinate  X.,/8  of 
Che  extrema  of  these  fluxes  are  very  different 
from  each  other  (fig.  4).  Beyond  the  value  X,/S  • OA 
Che  ratio  U|8/u.6  is  approximatively  equal  "to  the 
usual  value  1. 2. 


Skewness  and  flatness  factors  of  the  temperature 
fluctuation 


In  Che  complex  region  located  between  Che  wall 
and  the  ordinate  X,/S  = 0.5,  the  distributions  (Figs. 
6,  7)  of  the  skewness  and  flatness  factor  of  8 seem 
connected  to  Che  distribution  of  the  production  term 
in  the  energy  balance.  The  flatness  factor  is  approxi- 
macively  maximum  in  the  region  located  between  the 
two  productions  centers  of  8-.  In  this  area  which  is 
fed  from  two  centers  and  F^,  we  can  admit  chat  two 
thermal  random  mocions^incerfere . In  Che  same  area 
(0  < X,/5  < 0.3),  no  similar  evolution  is  remarked 
when  kinematic  properties  are  examined.  In  Fig. 7 
Tuj  and  Tu,  are  given.  Frobably  the  third  velocity 
component  u,  in  Che  spanwise  direction  has  a similar 
distribution  Tu2(X,).  It  could  be  expected  that  Che 
behaviour  of  the  function  (u^  ^ ♦ u^-  ♦ u,^)-  versus 
X./8  would  also  have  Che  same  form.  In  this  case 


c,  the 

analogy  previously  (19)  propo.sed  between  q^  • U2^  and 
from  spectral  analysis  would  be  involved  at  least 
when  very  detailed  properties  of  the  turbulent  field 
are  considered. 
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Fig.  6.  Skewness  factors 


In  Che  external  part  of  the  boundary  layer  which 
is  swept  by  the  frontier  S9  and  T?  strongly  increase. 
These  evolutions  are  directly  connected  with  Che  in- 
termiccence  but  also  with  the  mean  step  of  temperature 
at  the  edge  of  the  layer,  on  Che  ocher  hand  the  sta- 
tistical properties  of  the  flow  are  different  inside 
and  outside  the  frontier,  a fact  which  also  influen- 
ces Che  values  of  88  and  T9. 

4.  BUDGET  OF  TEMPERATURE  VARIANCE 

Both  Che  turbulent  kinetic  energy  balance  and 
Che  turbulent  thermal  energy  budget  are  equally  im- 
portant when  predicting  methods  are  concerned.  In  Che 
case  under  consideration,  no  equilibrium  state  can 


13.50 


exist  downscreaa  the  temperature  step,  accordingly 
thermal  scales  Tm  7 Tp,  Tp  - To  ; X*  - 6„  cannot 
be  successfully  used  in  the  disturbed  area  next  to 
the  wall  (0  < X,/6  < 0.5). 

—7  For  steady  flows,  the  equation  which  controles 
7—  can  be  written 
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The  advection  by  the  mean  flow  is  taken  into 
account  by  the  two  first  terms  and  whereas  the 
advection  by  the  turbulent  flow  is  represented  by  Dj 
and  D.,.  The  thermal  field  is  smoothed  by  molecular 
effects  through  the  three  last  terms,  of  course  the 
smallest  ^j^ctures  are  the  most  influenced  by  con- 
duction. ^ is  produced  by  the  interaction  between 
the  heat  flux  terms  u,6  and  u.9  and  respectively  cotp- 
ponents  3T/3Xj  and  3T/3X2  mean  temperature 

gradient  ; if  T is  constant  9*  can  only  decrease.  We 
can  already  note  that  A|,  P2.  O2  and  c are  the  domi- 
nant terms. 


Production  of  i"-!!  (fig.  8). 


The  distribution  of  P.  ♦ P2  versus  X,/i  is 
strongly  modified  by  the  step  temperature''  at  the 
wall.  In  a given  section  (X|  • 1.05  m for  example), 
the  production  is  maximum  at  two  points  A and  3,  the 
first  one  is  located  near  the  wall,  the  other  one  B 
more  outside,  near  the  point  where  the  slcpc  of  the 
mean  temperature  profile  is  maximum.  Between  A and  B, 
a limited  area  appears  where  the  thermal  production 
- P is  "negative"  (20).  The  amount  of  "negative  pro- 
duction" is  very  weak  when  compared  with  the  overall 
production  at  the  station.  This  countergradient  neat 
flux  is  probably  connected  with  the  memory  of  the 
thermal  turbulent  structures. 


Temperature  fluctuation  balance 


The  distribution  of  the  terms  which  contributes 
to  the  evolution  of  9^/2  is  given  in  Fig.  9 and  10. 


A comparison  between  two  stations  can  be  made,  the 
first  one  located  at  the  thermal  step,  the  second  one 
at  35  cm  downstream. 

In  this  last  station,  the  production  term  is  very 
weak  and  a complex  situation  exists  specially  charac- 
terized by  a balance  between  molecular  and  advective 
effects,  Che  turbulent  diffusion  having  a small  impor- 
tance. A local  equilibrium  between  production  and  "dis 
sipacion"  is  far  from  being  realized,  the  influence  of 
external  region  can  be  expected  through  travelling 


processes . 


Fig.  9.  Budget  of  i"!!  at  Che  thermal  step 
( * : Production,  a : destruction,  • : advection. 


♦ : diffusion). 


5.  ISTERMITTENCT  A.ND  ZONT  AVERAGE 


This  section  is  devoted  to  Che  description  of 
Che  boundary  motion  in  connection  with  thermal  effects 
at  the  temperature  step.  To  carry  out  experimental  in- 
vestigations on  Che  internal  structure  of  the  flow, 
an  opposite  temperature  step  is  choosen.  The  statisti- 
cal properties  of  the  external  edge  of  Che  flow  are 
also  studied.  In  this  case,  Che  first  part  of  the 
place  0 < X]  < 0.7  is  tagged  by  heating. 
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Fig.  II.  Xntermictency  factors. (y.  : Internal, 
Yg  : External) 


The  transversal  distributions  of  the  intenait- 
tency  factors  are  shovn  in  Fig.  II.  Regarding  the 
external  boundary,  the  results  are  similar  to  the 
previous  ones  (21,  23).  Yp  can  be  considered  as  a 
gaussian  distribution  cenEered  at  X,  • 0.79  d with 
a standard  deviation  0.28  6. 

For  the  internal  layer,  the  distribution  of  y^ 
is  unsyamctrical,  it  is  very  different  from  a gaus- 
sian contribution.  A similar  fact  can  also  be  obser- 
ved in  Johnson's  work  (9)  and  in  a wall  jet  (Id). 


The  intermittency  frequencies  f.  and  f_  are  gi- 
ven in  Fig.  12.  The  maximum  values  of  f.  and  f arc 
in  the  same  magnitude  range.  ^ ^ 


lone  averages  of  Vinematie  and  thermal  characteris- 
tics 


Fig.  13.  Difference  between  conditional  averages 
of  velocity  components  (—  longitudinal  component, 

— transverse  costponent , • •-  external  frontier, 
a : internal  frontier. 
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.At  first,  the  differences  between  the  mean  velo- 
cities inside  and  outside  of  the  bulges  are  shown  in 
Fig.  13.  These  differences  are  always  of  the  same  or- 
der of  magnitude,  the  internal  velocity  step  being 
higher. 

The  thermal  field  is  analyzed  in  a slightly  dif- 
ferent way.  In  Figure  14,  (T^-  T)/To  and  (T^  - T)/To 
are  given  as  functions  of  X2/d.  In  the  region  swept 
by  t)ie  edge  of  ch|  boundary  layer,  no  significant  dif- 
ference between  T and  To  can  be  pointed  out,  similar 
situation  has  already  been^observed  in  a jet  (2  ).  On 
the  contrary,  two  values  T'  and  To  relative  to  the  in- 
ternal boundary  are  different  from  each  ocher. 


Fig.  IS.  Zone  averages  of  r.m.s.  of  velocity  fluccua-  j 
cions  components.  j 
f a , a : internal  frontier  ; o : external  frontier  ; i 
a:«mc,a:*»f;«:»ai;o:«me) 


Fig.  16.  Zone  averages  of  r.m.s.  of  fluctuating  tem- 
perature ( — : inside  the  bulges  ; -— :outside  the  bul- 
ges ; a , a ; internal  frontier  : • . o : external 

frontier) . 

Using  Che  same  discrimination,  turbulent  proper- 
ties can  be  measured  in  and  out  of  the  bulges. 

The  turbulent  intensities  [oIirJ'^‘/U,°  and 
[(9  ) J'^^ATp  To)  are  given  in  the  Figs.  IS  and  16. 
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This  analyse  puts  iorvard  the  totaolex  structure  of 
the  internal  field,  net  only  ^ is  differei)t  ^ 

from  but  also  the  quantity  - (U^  - ) 2 

is  different  from  zero  with  a positive  value.  The  abi- 
lity to  distinguish  two  internal  fields  is  shown  in 
Fig.  17  which  relates  to  shear  stress  distribution. 


see  Fig.  16). 


Fig.  IS.  Zone  averages  of  transverse  heat  flux  (For 
legend  sec  Fig.  16). 

The  coefficient  of  velocity  temperature  correla- 
tion is  high  inside  the  bulges  (Fig. 18).  This  situa- 
tion is  rather  similar  to  chat  encountered  when  exa- 
mirfing  the  shear  stress  distributions.  By  contrast, 
the  distribution  of  is  different  from  chat 

oi\l^  ^ which  stands  approximacively  constant 
for  a large  range  of  X.,/5.  Terhaps,  such  a situa- 
tion is  generated  by  inEcrferences  between  two  ther- 
mal fields,  the  first  one  issued  from  the  boundary 
condition  upstream  the  temperature  step,  the  second 
one  from  Che  boundary  condition  downstream.  The  data 
outside  of  the  internal  interface  are  not  given  be- 
cause Che  contamination  of  Che  thermal  signal  by  the 
velocity  is  important. 


6.  FOIhT  AVERAGES 
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Fig.  19.  Mean  transverse  velocity  at  the  interfaces 
(a)  ; front,  (b)  : back  ; a : internal  interface  ; 
•:  external  interface. 
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20.  Mean  Temperature  across  Che  internal  incer- 
( — : front  : : back! 
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Fig.  21.  Mean  temperature  at  the  interface  (•,  o : 
external  ; a , c : internal). 

The  transversal  velocities  on  Che  front  and  on 
the  back  of  bulges  are  given  as  a function  of  y (Fig. 
19).  The  results  are  similar  for  the  two  frontiers 
except  for  y > 0.5.  For  the  external  boundary,  the 
results  are  in  good  agreement  with  chose  of  Hedley 
and  Keffer  (23).  Moreover,  difference  between  the  lon- 
gitudinal components  of  the  velocity  at  the  front  and 
at  Che  back  of  the  bulges  remain  small.  The  figure 
20  shows  the  temperature  distribution  from  the  front 
CO  Che  back  of  the  bulges  relative  from  the  internal 
interface.  As  for  Che  external  frontier,  the  tempera- 
tures are  the  same  at  Che  front  and  at  the  back  (Fig. 
21). 

7.  CONCLOSIOU 

The  thermal  structure  of  a boundary  layer  down- 
stream a wall  temperature  step  is  quite  complex  spe- 
cially in  a region  where  a turbulent  heat  flux  exists 
in  an  opposicive  direction  to  that  of  the  mean  tempe- 
rature graiij^entJn  this  region,  the  negative  produc- 
tion P of  e-/2  excludes  a local  description  of  the 
field.  On  each  side  of  this  area,  the  production  - P 
has  two  maximum  values  which  partially  determine  the 
flatness  factor  distribution  of  6. 

This  investigation  also  provides  additional  in- 
formation. which  are  concerning  the  internal  boundary 
which  develops  downstream  Che  temperature  step.  In  new 
prediction  methods  (2-,  25),  such  a concept  can  be  in- 
troduced. The  main  features  are  the  following  : 

1.  In  Che  internal  boundary  layer  specific  kinematic 
properties  can  be  detected  inside  and  outside  Che 
bulges  which  are  characterized  by  thermal  effects. 

2.  .Any  connection  between  the  motions  of  Che  two  fron- 
tiers can  be  observed.  From  records,  Che  internal 
temperature  signal  can  be  compared  with  Che  exter- 
nal velocity  signal  in  Fig,  22.  At  Che  two  froncirs 
the  bulges  are  not  detected  exactly  at  the  same 
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cime,  this  cime  delay  is  probably  conneccad  to  stret- 
ching process  of  the  turbulent  structures  by  the  mean 


Fig.  22.  Simultaneous  records  at  the  same  point  of 
T + d (detection  of  internal  frontier)  and  u. 

(detection  of  external  frontier)  (X,  1,8  m|  X,/  d 

■'.0,6). 

3.  The  thermal  and  kinematic  properties  at  each  side 
of  the  internal  frontier  are  qualitatively  similar 
to  those  of  the  external  frontier.  More  precisely, 
differences  appear  specially  when  y is  small,  this 
probably  results  of  the  action  of  the  mean  field. 
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SYMPOSIUM  ON  TURBULENT  SHEAR  FLOWS 


Subsonic  Separation  from  Bluff-Bodies 


R.  H.  Page 

Rutgers  University,  USA 


Abstract; 

The  base  drag  of  a bluff  axisynmetrical  body  at  zero  degrees  angle  of 
attack  is  determined  for  turbiilent  subsonic  flow.  The  elliptical  nature  of 
the  problem  is  taken  into'  account.  T7all  pressure  attenuation  cakes  place 
ahead  of  Che  location  of  separation.  Turbulent  mixing  in  Che  constant  pres- 
sure region  immediately  downstream  of  separation  is  modeled  with  error  function 
velocity  profiles  utilizing  Goertler's  similarity  parameter  and  Hill’s  dis- 
placed origin.  The  energy  transformation  to  the  dividing  streamline  during 
deceleration  from  the  constant  pressure  mixing  region  to  the  free  stagnation 
point  and  during  acceleration  along  Che  center  line  of  Che  near  wake  are 
assumed  to  Cake  place  irreversibly  and  dlabatlcally.  This  is  a modified 
version  of  Korst's  original  escape  criteria  for  a separated  flow  region.  The 
wake  velocity  profile  is  modeled  with  a cosine  function.  An  overall  momentum, 
mass,  and  mechanical  energy  balance  is  shown  to  lead  to  solutions  which  give 
good  agreement  with  experimental  data  from  recent  Rutgers  research. 
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Calculation  of  Developing  Turbulent  Flows  in  Rectangular-  j 

Sectioned  Ducts  j 

1 

G.J. Reece 

Imperial  College,  London 


ABSTRACT 

Following  the  development  of  a generalised  Reynolds-stress 
model  of  turbulence,  and  its  application  to  one-  and  two- 
dimensional  flows,  reported  by  Launder,  Reece  & Rodi  [1975], 
the  model  has  been  applied  to  developing  flow  in  non- 
circular ducts.  The  near-wall  modification  to  the  pressure- 
strain  terms  in.  the  .Reynolds-stress  equations  has  been  general- 
ised to  three  dimerisions,  and  predictions  made  of  the  flow 
measured  by  Melling  [1975].  Comparisons  are  drawn  with 
the  predictions  made  by  Tatchell  [1975],  and  it  is  shown 
that  the  use  of  a Reynolds-stress  model,  incorporated  into 
the  same  solution  procedure  as  used  by  Tatchell,  produces 
considerable  improvements  in  the  predictions.  Good  agreement 
with  Melling’s  data  is  also  obtained  in  the  case  of  those 
quantities  not  previously  predicted. 
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The  Determination  of  Monentum  Heat  and  Tiass  Transnort  in 
Turbulent  Mixing  Regions  and  the  Aonli cation  of  Hvdroca rbons  as 
Tracer  Gases  in  Hi qh-Veloci tv  and  High- Teraoerature  Air-Jets. 


by 

H.  Hardegen 
DFVLR,  Braunschweig 


Abstract ; 

Mass  transport  in  the  mixing  region  of  air  jets  usually  is  determined 
by  injecting  a tracer  gas  in  one  of  tJie  jets  and  analysing  its  down- 
stream path. 

Several  physical  phenomena,  such  as  the  averaging-effect,  the  displace- 
ment-effect, the  discrimination  of  species  in  the  sampling  process,  and 
the  superrelevation  of  the  pitot-pressure  due  to  the  fluctuating 
velocities  cause  an  erroneous  reading  of  the  tracer  gas  concentration 
in  the  jet  mixing-region.  These  effects  increase  with  the  turbulence 
intensity.  Methods  will  be  discussed  to  separate  these  effects  and  to 
eliminate  them. 

To  observe  the  momentum,  heat,  and  mass  transport  in  the  mixing  region, 
it  is  necessary  to  record  a large  amount  of  data.  It  will  be  shown  that 
the  application  of  a modified  and  improved  Total  Hydrocarbon  Analyser 
(with  several  auxiliary  devices)  in  conjunction  with  hydrocarbons  ns 
tracer  gases  gives  very  good  results,  especially  high  accuracy,  short 
measuring-time,  low  costs,  easy  operation,  and  good  control  of  the 
measurement -seri es  by  an  on-line  computer. 

Measurements  on  free  jets  up  to  T » 1130  K and  low  supersonic  Mach 

o 

numbers  have  been  investigated. 
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Prediction  of  the  Properties  of  Stratified,  Turbulent,  Wall  Flow 

by 

M.M.  Gibson 

Initial  College,  London 

Abstract; 

The  effect  of  the  wall  on  the  turbulence  structure  of  a buoyzuit  boundary 
layer  is  modelled  by  means  of  3in?>le  approximations  to  the  three  components 
of  the  fluctuating  pressure  correlations  which  appear  in  the  transport 
equations  for  stress  and  heat  flux.  Further  approximations  to  the  transport 
terms  result  in  a set  of  algebraic  eq\uitions  which  are  used  for  a para- 
metric st\jdy  of  the  planetary  surface  layer  and  which  form  the  basis  of 
a "two-equation"  transport  model  for  buoyeuicy  affected  wall  flows.  The 
model  explains,  at  least  qued.itatively , those  features  of  wall-influenced 
buoyant  flow  which  differ  sharply  from  the  behaviour  of  buoyant  free  shear 
layers.  Numerical  solutions  have  been  obtained  and  the  results  are  com- 
pared with  published  wind-tunnel  measurements  and  data  from  the  atmospheric 
boundary  layer . 


Abstract  for  "Open  Forum"  - Penn  State,  18-20  April  1977 


EXTRACTED  LARGE  EDDY  STRUCTURE  OF  A FLAT-PLATE  BOUNDARY  LAYER.  Loren  A. 
Lemmerman*  and  Fred  R.  Payne,  University  of  Texas  at  Arlington.  Lumley's^ 
decomposition  of  the  velocity  covariance  into  orthogonal  eigen-functions 
is  applied  to  a merged  data  set  taken  from  Grant's  ^ and  Tritton's*  measure- 
ments. Homogeneity  in  the  transverse  and  flow  directions  specifies  harmonic 
eigen-function  behavior  and  reduces  the  data  analysis  space  to  one  of  four, 
rather  than  six,  dimensions  as  in  analysis  of  turbulent  wake  flow.^ 

A six-stage  calculational  procedure  was  devised:  1)  Data  augmentation, 
2)  data  denormalization  3)  Fourier  transformation  to  a 7 x 7 wave-number 
grid  4)  mass  conservation  to  fill  out  the  9x9  correlation  tensor;  5) 
eigen-solution  of  the  21  x 21  Hermitian  matrix  and  6)  inverse  transform 
of  the  largest,  "dominant"  eigen-function  back  to  laboratory  coordinates 
and  interpretation  as  a "Large  Eddy"  structure.  Calculations  by  Lemmerman^ 
were  performed  on  CDC  Cybernet  7600. 

Eigen-vector  contributions  to  the  Reynolds'  stresses  indicates  that 
the  "doftiinant"  large  eddy  structure  has  at  least  two  distinct  scales.  This 
conclusion  is  confirmed  via  well -separated  peaks  of  the  distribution  of 
eigen-values,  which  are  interpreted  by  Lumley  as  measures  of  mean  square 
kinetic  energy  of  the  eigen-modes.  Preliminary  analysis  indicates  that 
results  are  like  the  "horseshoe"  or  "hairpin"  eddies  seen  in  flow  visuali- 
zation studies  or  extracted  via  " conditional  sampling". 

The  next  stage  is  to  predict,  via  a suggestion  of  Lumley®  as  implemented 
by  Payne7,  the  structure  of  this  flow  from  a "first  principles"  viewpoint. 
These  approaches  appear  complimentary  "conditional  sampling/averaging" 
techniques.  Applications  of  this  methodology®  to  the  "turbulence-modeling" 
problem’  are  briefly  discussed.  Work  supported, in  part,  by  NASA  Ames  Grant 
NSG-2077,  Dr.  Morris  W.  Rubes  in,  technical  monitor. 


Now  at  Lockheed-Georgia  Research  Center 
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"Prediction  of  Effects  of  Mean  Streamline 
Curvature  on  Turbulence  Structure" 

by 

D.D.  Knight  and  P.G.  Saffman 
Applied  Mathematics 
California  Institute  of  Technology 
Pasadena,  California  91125 

As  a preliminary  step  towards  the  understanding  of  the 
interaction  of  large  structures  in  turbulent  flows,  the  effects  of 
mean  streamline  curvature  on  free  turbulence  structure  has 
been  investigated  using  the  turbulence  model  equations  of 
Saffman. 

Two  problems  are  considered  - fully  turbulent  flow 
between  concentric  rotating  cylinders,  and  the  decay  of  an 
isolated  turbulent  line  vortex.  Quantitative  agreement  between 
theory  and  experiment  is  good. 


OPEN  FORUM  PRESENTATION 

Effect  of  Secondary  Flow  on  Turbulence  in  an  Open  Chauinel  Flow 

by 

Andreas  Mttller 

ETH,  Ztirich  (on  leave  at  IIHR,  University  of  Iowa) 

Abstract; 

The  three  dimensional  effects  of  secondary  flow  vortices  on  a nominally 
two  dimensional,  fully  developed  open  channel  flow  have  been  studied.  A 
Laiser-Doppler-Anemometer  was  used  to  measure  the  vertical  and  the  longitudinal 
velocity  components  v(t)  amd  u(t)  in  one  horizontal  (y^=lQ00)  and  three 
vertical  planes.  The  mean  flow  velocity  was  .70  m/sec,  the  water  depth  .025  m 
and  the  aspect  ratio  1:6.  The  rough  floor  of  the  ch2mnel  was  initially 
formed  by  a flow  over  a moving  bed  with  sediment  tramsport.  The  secondary 
flow  vortices  of  this  flow  caused  a mild  spanwise  modulation  of  the  floor 
height,  about  10%  to  40%  of  the  roughness  height.  This  floor  profile  was 
subsequently  "frozen"  by  fixing  it  with  cement. 

The  effect  of  the  second^uy^  flow  on  the  flow  parameters  was  studied  by 
measuring  both  the  mean  and  turbulent  flow  properties.  It  was  found  that 
a flow  away  from  the  wall  was  associated  with  an  increase  in  turbulence  and 
turbulent  roomenttxm  exchange  but  with  a reduction  in  the  mean  velocity,  while 
a mean  flow  toweu'ds  the  wall  was  accompamied  by  exactly  opposite  effects. 

An  estimate  of  the  terms  in  the  x-raomentum  equation  at  y^*1000  indicates  that 
u*  w’  is  of  the  same  order  of  magnitude  as  u'V.  This  agrees  with  the  obser- 
vation that  is  of  the  same  order  as  3J;'3y.  The  anisotropy  of  the 

turbulent  fluctuations  in  the  u'-v'  plane  was  found  to  be  particularly 
significant  in  regions  of  mean  upward  flow.  This  was  revealed  by  detailed 
measurement  of  three  different  statistical  distributions:  the  joint 
probability  distribution  r(u',v')  of  u' (t)  amd  v' (t)  during  the  measuring 
period  Tq,  the  density  D(u',vM  » P(u',v').  u'v'  of  the  momentum  flux  in  the 
u'-v'  plane  aind  the  distribution  E^(m,T)  of  the  number  of  events  of  duration 
T and  momentum  transport  m,  in  each  quadrant. 


16.7 


A Novel  Procedure  for  Free  Shear  Flovrs 
by 

S.  B.  Pope 

Imperial  College  of  Science  and  Technology,  | 

I 

Mechanical  Engineering  Department, 

I 

Exhibition  Road,  London  SW7  2BX. 

ABSTRACT 

. A finite-difference  procediore  is  reported  whidi  calculates  two-dimensional 
(plane  or  axisymmetric)  free  ttizbulent  shear  flows.  It  is  intended,  primarily, 
as  a vehicle  for  developing  and  testing  turbulence  amd  combustion  models  and 
consequently  it  has  been  designed  to  be  accurate,  versatile  and  efficient. 

The  k-e  turbulence  model  is  used  in  conjxinction  with  an  effective  viscosity 
hypothesis  and  equations  for  a conserved  scalar,  f,  amd  its  mean-square  fluc- 
tuation are  solved:  it  is  emphaisised,  however,  that  these  equations  aire 
incorporated  for  demonstration  purposes  - a major  feature  of  the  procedure  is 
the  ease  with  vdiich  other  models  can  be  built  in. 

Accuracy  is  achieved  by  solving  the  differential  equations  in  normalised 
form  in  a physical  coordinate  system  and  by  using  a second-order-accurate 
difference  stdione  across  the  flow:  stability  is  guarauiteed  by  nudcing  the  finite- 
difference  equations  fully  isplicit.  In  contrast  to  many  other  schemes,  the 
simultaneous  differential  eqviations  are  solvctd  simultaneously  (by  an  iterative 

1 

procedure)  which  adds  both  to  accuracy  £md  stability.  < 

-I 

Results  of  calculations  will  be  presented  to  demonstrate  the  use  and 

i 

accuracy  of  the  procedure.  j 

i 
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Effects  of  Secondary  Contractions  on  Grid  Turbulence 
J.  C.  Bennett'*' 

United  Technologies  Research  Center 
East  Hartford,  Connecticut  06108 

The  use  of  a secondary  contraction  (a  contraction  downstreaa  of  the  grid  used 
to  generate  turbulence)  has  been  made  to  obtain  a turbulent  motion  ■vrtiich  is  nearly 
isotropic  as  possible.  Both  Uberoi  and  Wallis  (Ref.  1)  and  Compte-Bellot  and 
Corrsin  (Ref.  2)  have  reported  successful  use  of  the  secondary  contraction. 

Subsequently,  efforts  were  made  to  apply  the  technique  to  low  Reynolds  number  grid 
tuibulence  (Ref.  3)j  the  so-called  "final  period"  turbulence.  For  the  small  Re 
region  of  the  flow  (large  x/^)>  the  contraction  appears  to  have  negligible  effect 
on  the  turbulence. 

A comparison  of  present  and  previous  experimental  results  is  made.  Observable 
trends  with  contraction  ratio  and  turbulent  Reynolds  number  are  made  based  on  the 
experimental  results . Possible  implications  for  the  effects  of  shesmr  on  turbxilence 
of  different  scales  are  discussed. 
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A NOTE  OF  THE  TURBULENT  FREE  SHEAR  LAYER 
by  Stanley  F.  Birch 


The  reported  variation  in  the  spreading  rate  of  a simple  free  shear 
layer  has  been  the  subject  of  much  discussion  in  recent  years. 

There  have  been  many  attempts  to  explain  this  variation,  and  some 
authors  have  even  suggested  that  a unique  asymptotic  spreading 
rate  may  not  be  achievable  in  any  realizable  experimental  apparatus. 

Such  a suggestion  strikes  at  the  base  of  some  of  our  most  fundamental 
assumptions  about  turbulent  flows  and  has  wide  ranging  implications. 

In  order  to  resolve  some  of  these  difficulties,  the  present  author  has 
conducted  an  extensive  re-examination  of  the  available  data.  This  has 
led  to  a number  of  conclusions  which  appear  to  be  in  conflict  with  some 
widely  held  views  about  the  simple  mixing  layer.  Some  of  these  results 
are: 

1.  The  available  experimental  evidence  does  indicate  that  the  simple 
mixing  layer  has  a unique  asymptotic  spreading  rate  which  is  largely 
independent  of  the  experimental  apparatus. 

2.  In  spitq  of  a considerable  variation  in  the  reported  spreading  rate, 
the  available  data  show  a high  degree  of  internal  consistency. 

3.  There  is  a significant  difference  in  the  developing  region  of  a free 
mixing  layer  depending  on  whether  the  initial  boundary  layer  is 
laminar  or  turbulent.  In  particular,  it  appears  that  the  difficulty 
in  achieving  a fully  developed  mixing  layer  from  an  initially 
turbulent  wall  boundary  layer  may  be  a major  reason  for  much  of  the 
present  confusion. 
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Experimental  data  of  turbulent  Prandtl  number  distributions  in 
pipe  flow  show  extensive  scatter,  some  measurements  indicating  a fall 
In  Prandtl  number  with  distance  from  the  pipe  wall  while  others  indi- 
cate a rise. 

Second  order  closure  predictions  (in  which  transport  equations 
are  solved  for  the  turbulent  heat  fluxes)  have  been  obtaine'd  by  the 
authors  for  various  boundary  conditions.  The  predicted  distributions 
of  Prandtl  number  display  significant  differences  depending  on  whether 
the  wall  provides  the  heat  source  (pr  sink)  or  whether  it  is  insulated. 
The  result  suggests  that  the  differences  reported  in  the  experimental 
values  are  indeed  genuine  differences  and  not  merely  the  result  of 
experimental  errors.  The  result  also  emphasizes  that  a second-order 
treatment  intrinsically  offers  a more  reliable  means  of  calculating 
heat  transfer  rates  than  do  methods  based  on  the  notion  of  an  effective 
thermal  conductivity. 
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"Some  Recent  Experimental  and  Prediction 
Results  on  the  Structure  of  Turbulent  Boundary 
Layers  in  the  Vicinity  of  Separation" 

by 

Roger  L.  Simpson,  Professor 
Southern  Methodist  University 
Dallas,  Texas 

Recently  the  results  from  an  experimental  study  of  a separating 
turbulent  boundary  layer  due  to  an  adverse  pressure  gradient  were  pub- 
lished in  J.  Fluid  Mech.  Measurements  both  upstream  and  downstream  of 
the  separation  re5ion  were  made  using  a directional ly-sensitive  laser 
anemometer.  Several  important  results  were  obtained:  (1)  the  law-of- 
the-wall  velocity  profile  appears  to  be  valid  until  there  is  intermit- 
tent backflow  (intermittent  separation  location);  (2)  near  separation^ 
the  neglect  of  the  normal -stress  terms  in  the  momentum  and  turbulence 
energy  equations  is  not  justified;  (3)  the  separated  flow  outer  region 
ilTucture  maintains  some  self-similarity  downstream;  and  (4)  no  law-of- 
i'’e-'.'all  velocity  profile  for  the  backflow  exists. 

Based  upon  these  observations,  the  Bradshaw  et  al.  turbulent  bound- 
ary layer  prediction  program  was  modified.  Predictions  were  improved 
up  to  the  beginning  of  intermittent  separation.  After  intermittent  sep- 
aration, the  turbulent  shear  layer  and  the  free- stream  flow  interact  to 
produce  pressure  gradient  relief  downstream.  This  allows  the  velocity 
components  at  the  outer  separated  shear  flow  edge  to  be  computed,  which 
In  turn  makes  possible  computation  of  the  inner  region  flow.  The  result 
ing  backflow  appears  to  serve  the  main  purpose  of  satisfying  the  mass 
continuity  requirement.  Predictions  are  good  for  the  boundary  layer 
thickness  distribution  and  mean  velocity  profiles  and  fairly  good  for 
other  quantities. 
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TURBULENT  NATURAL  CONVECTION  NEXT  TO  HEATED  VERTICAL  SURFACES 


by 

William  K.  George 
and 

Steven  P.  Capp 

State  University  of  New  York  at  Buffalo 
Department  of  Mechanical  Engineering 


In  spite  of  numerous  investigations  over  the  past  forty  years  of  the 
naturally  occurring  turbulent  flow  next  to  heated  vertical  surfaces,  there 
has  not  even  been  a consensus  as  to  which  scaling  laws  should  be  applied 
to  the  data.  This  is  in  direct  contrast  to  the  forced  convection  problem 
where  the  "law  of  the  wall",  "law  of  the  wake",  and  the  logarithmic  friction 
law  have  for  many  years  provided  a framework  for  experiment  and  analysis. 

In  this  presentation  the  fully  developed  turbulent  natural  convection 
boundary  layers  for  constant  wall  temperature  and  constant  wall  heat  flux 
surfaces  will  be  analyzed  using  only  parameters  which  occur  naturally  in . 
the  equations  of  motion  or  in  the  boundary  conditions.  Outer  and  inner 
flow  regions  will  be  identified  and  it  will  be  shown  that  the  inner  region 
is  a constant  heat  flux  layer.  A "law  of  the  wall"  and  a "law  of  the  wake" 
will  be  proposed  for  the  inner  and  outer  layers  respectively.  Conductive 
and  thermo-viscous  sublayers  will  be  seen  to  exist  next  to  the  wall  and  a 
matched  layer,  the  buoyant  sublayer,  will  be  shown  to  exist  between  the 
inner  and  outer  layers.  All  predictions  of  universal  velocity  and  tempera- 
ture profiles,  friction  and  heat  transfer  laws  will  be  compared  to  the 
abundant  experimental  data. 
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LARGE-EDDY  STRUCTUTES  IN  TURBULENT  SEPARATED  FLOW  DOWNSTREAM 
OF  A REARWARD-FACING  STEP 

Nobuhlde  KASAGI,  Assistant  Professor 
Masaru  HITARA,  Professor 
Hiroyuki  HIRAOKA,  Undergraduate 


ABSTRACT 


So-called  large  eddy  structures  in  turbulent  shear  flows  are 
becoming  of  much  interest  to  an  increasing  number  of  researchers, 
since  such  structures  possess  predominant  roles  on  the  turbulence 
production  as  well  as  Reynolds  stress  generation.  It  is,  however, 
rather  difficult  to  detect  the  unsteady  three-dimensional  events 
which  occur  discretely  and  exist  for  their  characteristic  lifetimes, 
if  one  depends  only  the  conventional  measuring  devices  fixed  in 
space. 

In  the  present  study  the  Smoke-Wire  method,  which  is  adequate 
to  the  flow-visualization  of  the  turbulent  three-dimensional  struc- 
tures, is  aoolied  to  the  turbulent  separated  flow  doimstream  of  a 
rearward  facing  step.  At  the  same  time,  the  static  pressure  distri- 
bution as  well  as  the  local  heat  transfer  coefficients  have  been 
measured  and  reported. 

It  is  concluded  that  the  relative  locations  of  several  character- 
istic lines,  where  the  static  pressure  and  the  heat  transfer  rate 
have  their  maximum  respectively  and  the  wall  shear  stress  equals  to 
zero,  are  generally  different  each  other.  Moreover,  from  the  visual 
observations  of  the  instantaneous  flow  field,  it  is  confirmed  that 
the  two  kinds  of  longitudinal  vortex-like  structures  in  large  scales 
should  exist  in  the  reattaching  region  and  the  region  just  behind 
the  step.  In  the  reattaching  region,  the  free  shear  layer  approaches 
to  the  solid  surface  accompanied  with  a strong  recovery  of  pressure 
potential  and  this  region  is  unstable  in  a fluid  mechanic  sense,  but 
the  scales  of  the  turbulence  eddies  presently  reported  cannot  be  pre- 
dicted by  the  linear  stability  theory  or  like  that.  A similar  selec- 
tive amplification  of  disturbances  could  be  observed  in  a plane  imping- 
ing Jet,  so  the  mechanisms  of  formation  of  such  large  scale  eddies 
are  discussed  in  comparison. 
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ABSTRACT 

The  time-dependent  behavior  of  a fluid  contained 
between  concentric  cylinders  with  the  inner  cylinder 
rotating  has  been  studied  as  a function  of  Reynolds 
number  using  laser  Doppler  velodmetry.  Our  records 
of  the  time  dependence  of  the  radial  component  of 
the  local  velocity  are  Fourier  transformed  to  yield 
velocity  power  spectra.  As  the  Reynolds  number  is 
increased  these  spectra  reveal  several  transitions 
to  new  (previously  undetected)  flow  states,  each 
characterized  by  one  or  more  discrete  frequency  com- 
ponents. At  a higher,  well  defined  Reynolds  number 
all  discrete  spectral  peaks  disappear.  Thus,  we  have 
observed  three  distinct  dynamical  regimes!  periodic, 
quasi periodic,  and  aperiodic.  These  same  regimes 
are  exhibited  by  simple  nonlinear  models  with  only  a 
few  degrees  of  freedom,  a result  which  suggests  that 
excitation  of  many  degrees  of  freedom  Is  not  neces- 
sary to  produce  aperiodic  flow  in  a fluid. 

NOMENCLATURE 

C(T)  s <4V^{r,t)  4v^(f,  t+T)>  . velocity  fluc- 
tuation autocorrelation  function 
LOV  - laser  Doppler  velodmetry  technique 

P(“)  • ^/r«C(T)e^“^  dT  - velocity  power 
spectrum 

r^  - radius  of  Inner  cylinder 

ro  - radius  of  outer  cylinder 

R • '‘l‘“cyl^'’o'''’l^'^'’  ’ Reynolds  number 
R - critical  Reynolds  number  for  the  Taylor 
‘ instability 

Vp(r,t)  - radial  component  of  the  fluid  velocity 
V - kinematic  viscosity  of  fluid 
u • angular  frequency  In  power  spectrum 

(expressed  In  units  of  the  angular  fre- 
quency of  the  Inner  cylinder}  thus, 

“ = “Crad/s)/u  , (rad/s)  Is  dimension- 
less 

“l’“2’“3  * frequency  components  in  the 

velocity  power  spectrum 
cyl  - angular  frequency  of  inner  cylinder 
INTRODUCTION 

We  have  used  laser  Doppler  velodmetry  to  in- 
vestigate the  various  dynamical  regimes  exhibited  by 
a fluid  contained  between  concentric  cylinders  with 
the  inner  cylinder  rotating  (1),  In  these  experiments 
the  time  dependence  of  the  local  radial  velocity  com- 
ponent is  recorded  digitally  and  then  processed  to 
obtain  velocity  power  spectra.  These  spectra  ob- 


tained at  different  Reynolds  numbers  are  supplemented 
by  a corresponding  photographic  study  of  the  flow. 

The  velocity  power  spectra  reveal  the  existence 
of  several  dynamical  regimes  which  are  not  apparent 
In  photographic  studies  or  torque  measurements  and 
hence  were  not  observed  In  previous  studies,  A 
periodic  dynamical  regime  was  observed  with  spectra 
characterized  by  one  or  more  sharp  frequency  com- 
ponents at  conmensurate  frequencies,  while  another 
regime,  termed  quasi periodic,  1$  characterized  by 
spectral  components  at  incomaensurate  frequencies. 

At  a higher,  well  defined  Reynolds  number  there  is  a 
transition  to  an  aperiodic  or  chaotic  regime  where 
the  spectrum  contains  no  sharp  frequency  components 
and  the  corresponding  velocity  autocorrelation  func- 
tion decays.  The  observed  chaotic  regime  is  of  coune 
not  fully  developed  turbulence,  but  we  take  its  a- 
perlodlcity  to  be  lur  operational  definition  of 
turbulence. 

Background 

In  the  more  than  half  century  since  G.  I.  Taylor 
predicted  and  observed  the  transition  from  a simple 
laminar  flow  to  a flow  with  horizontal  toroidal  vor- 
tices, the  Taylor  vortex  instability  has  been  exten- 
sively studied  In  many  laboratories.  As  the  Reynolds 
number  Is  increased  beyond  the  critical  Reynolds  num- 
ber for  the  Taylor  instability,  R^,  a secondary  in- 
stability is  reached  where  transverse  waves  are  super- 
imposed on  the  horizontal  vorticesi  at  this  transi- 
tion the  velocity  field  becomes  time  dependent.  The 
onset  of  this  wavy  regime  has  been  studied  by  a number 
of  workers  Including  Koschmieder  £) , Snjder  (3) , Coles  (4), 
and  Donnelly  and  coworkers  (5),  among  others.  Tic  work 
most  relevant  to  the  present  study  1$  the  detailed 
photographic  study  by  Coles,  who  found  that  the  spa- 
tial state  p/m,  where  p is  the  number  of  Taylor  vor- 
tices and  m is  the  number  of  tangential  waves,  is  not 
a unique  function  of  the  Reynolds  number.  The  partT^ 
cular  state  reached  at  a given  R depends  on  the 
Reynolds  number  history.  Coles  measured  the  tan- 
gential wave  velocity  as  a function  of  Reynolds  num- 
ber and  found  It  to  approach  a constant  value, 
independent  of  Reynolds  number  and  spatial  state.* 

The  tangential  wave  signal  became  lost  in  the  noise 
at  R/R,.  . 23. 

The  present  study  Is  concerned  primarily  with 
the  dynamical  regimes  exhibited  by  a single  spatial 
state.  Before  describing  this  work  we  review  briefly 
models  that  have  been  proposed  to  describe  the  trans- 
ition to  turbulence. 
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MODELS  FOR  THE  TRANSITION  TO  TURBULENCE 

In  this  paper  we  consider  the  transition  to 
turbulence  In  systems  which  pass  through  a regime 
characterized  by  sharp  temporal  and  spatial  fre- 
quencies rather  than  a continuous  spectrum;  those 
shear  dominated  transitions  which  occur  catastrophi- 
cally with  no  Intermediate  periodic  regime  will  not 
be  discussed.  Examples  of  the  class  of  systems  of 
Interest  here  are,  in  addition  to  circular  Couette 
flow,  Raylelgh-B^nard  convection  and  Its  many  varl- 
ants^<6^j  and  a syinnetrlcally  heated  rotating 

In  1944  Landau  conjectured  that  the  transition 
to  turbulence  may  occur  as  an  Infinite  sequence  of 
discrete  transitions  to  new  periodic  states,  with 
each  transition  adding  a new  frequency  to  the  motion 
(8).  The  Landau  conjecture  is  not  supported  by 
experiment  since  turbulent  flows  are  not  character- 
ized by  discrete  spectra. 

A contrasting  picture  of  the  onset  of  turbulence 
was  first  suggested  14  years  ago  by  Lorenz  (9),  whose 
highly  truncated  model  of  a synmetrlcally  heated 
rotating  fluid  yielded  a few  transitions  to  differ- 
ent periodic  regimes  followed  by  a transition  to 
aperiodic  behavior.  McLaughlin  and  Martin  (10)  found 
a similar  sequence  of  events  In  their  numerical 
modeling  of  convection,  which  was  designed  to  explain 
the  sharp  onset  of  noise  in  the  sensitive  heat  flux 
measurements  of  Ahlers  (H)  on  liquid  helium. 

Ruelle  and  Takens  (12)  have  argued  that  a sharp 
transition  to  aperiodic  flow  after  a few  periodic 
regimes  is  a consequence  of  the  most  general  aspects 
of  the  nonlinear  hydrodynamic  equations,  and  other 
systems  of  highly  nonlinear  equations  should  show 
similar  behavior.  Ruelle  and  Takens  predicted,  using 
abstract  topological  reasoning,  that  after  a fluid 
passes  through  at  most  three  or  four  transitions  to 
periodic  regimes,  then  there  will  be  a transition  to 
a qualitatively  different  type  of  regime,  where  the 
behavior  Is  truly  random  and  the  velocity  auto- 
correlation function  decays  rather  than  oscillating. 

These  general  hypotheses  regarding  the  trans- 
ition to  turbulence  by  a sequence  of  Instabilities 
do  not  supplant  detailed  numerical  modeling  of  par- 
ticular systems.  For  Couette  flow  Oavey,  OlPrIma, 
and  Stuart  (13)  and  Eagles  (14)  have  calculated 
the  properties  of  the  flow  In  the  neighborhood  of 
the  onset  of  the  wavy  regime,  but  numerical  analysis 
has  not  yet  extended  beyond  the  onset  of  the  wavy 
regime. 

EXPERIMENTAL  PROCEDURE 
Couette  Flow  Cell 

The  cell  specifications  are  given  In  Table  I. 

The  inner  cylinder  Is  made  of  stainless  steel  and 
the  outer  cylinder  is  glass.  The  height  of  the  In- 
ner cylinder  Is  0.30  m,  although  in  the  present 
work  the  cell  was  filled  with  fluid  only  to  a height 
of  0.0625  m.  The  cell  Is  mounted  on  an  XYZ  stage  so 
it  can  be  moved  with  respect  to  the  laser  beam  probe. 
The  cell  is  contained  inside  a box  which  has  a pro- 
portional temperature  controller  that  maintains  t.he 
temperature  at  27.50  t 0.05''C. 

The  Inner  cylinder  is  powered  through  a belt 
drive  by  a synchronous  motor  which  is  driven  by  a 
stable  oscillator.  The  rotation  frequency  of  the 
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Table  I.  Circular  Couette  Flow  Cell 


Inner  cylinder  radius,  r; 

Outer  cylinder  radius,  rg 
Ratio  of  radii,  r;/rg 
Fluid  height 
Height/gap 

Fluid  kinematic  viscosity,  v 
Cell  temperature 
Number  of  axial  vortices 
Number  of  waves  around  annulus 
. In  wavy  state 
Diameter  of  V/D  seed  particles 
(approx.  10*'^  wt.  %) 
Sample  volume  for  velocity 
measurement 

Critical  Reynolds  No.,  Rg 


2.224x10",  m 
2.536x10"“  m 
0.377  , 

6.25x10"“  m 
20.0  , , 
8.48x10  ' m“s' 
27.50^0.0?  C 
17 


4.8x10"^  m 

-2x10*’^  m^ 

119  ((5)-Table  A21 


inner  cylinder  (which  ranged  from  0.2  to  10  Hz  in  these 
experiments)  is  measured  directly  with  an  electronic 
timer  and  has  an  r.m. s.  fluctuation  of  less  than 
0.3S. 

The  fluid  is  water,  seeded  with  4.8x10"^  m dia- 
meter polystyrene  spheres  for  the  laser  Doppler 
veloclmctry  studies  and  with  Kalllroscope  suspension 
(15)  for  the  photographic  studies. 

Laser  Doppler  Velocimetry  (LDV)  Optical  System 

The  optical  system  (which  In  LDV  terminology  Is 
called  a reference  beam  backscatter  system)  is  shown 
schematically  In  Fig.  1 (a).  The  collimated  Incident 
laser  beam  (0.1  W)  is  focused  Into  the  fluid  with  a 
0.055  m focal  length  lens.  The  light  backscattered 
at  a 160°  angle  is  collected  by  the  same  lens,  passes 
through  a pinhole  aperture  and  beam  splitter,  and  is 
focused  onto  a pinhole  in  front  of  the  photo- 
multiplier detector.  The  sc«ter1ng  volume,  approxi- 
mately 2x10'^  m long  by  1x10"^  m diameter,  is  located 
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Fig.  1 Schematic  of  laser  Ooppler  velocimetry  system 

(a)  Optical  system 

(b)  Digital  data  acquisition  and  analysis 
electronics 
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midway  between  the  inner  and  outer  cylinders  for 
most  of  the  measurements.  The  incident  wavevector 
and  the  scattered  wavevector  Xs,  both  in  a 
vertical  plane  which  passes  through  the  cylinder 
axis,  are  at  equal  angles  with  respect  to  the  hori- 
zontal glane,  so  the  momentum  transfer-vector 
q • fo*^s  The  horizontal  plane;  hence  the 

scattered  light  is  Doppler  shifted  by  an  amount 

uip*V-q»V^q«  |(^)sin|j  V^,  (1) 

where  n is  the  refractive  index  (1.333),  is  the 
laser  wavelength  (4.88xl0'®m) , 6 is  the  scattering 
angle  (160°)  and  V (r,t)  is  the  radial  component  of 
the  fluid  velocity:  The  Doppler  shifted  scattered 
optical  field  is  mixed  with  unshifted  laser  light 
at  the  photocathode,  and  the  photocurrent  1(t), 
being  proportional  to  the  square  of  the  incident 
optical  field,  oscillates  at  the  Doppler  shift  fre- 
quency. Thus  measurements  of  this  frequency  in 
successive  time  intervals  yield  the  time  dependence 
of  the  radial  component  of  the  velocity  of  the 
fluid  at  a well  defined  point  in  the  cell. 

Data  Acquisition  and  Analysis  Electronics 

The  data  acquisition  system  is  diagrammed  in 
Fig,  1(b).  The  photocurrent  is  bandpass  filtered 
and  the  osc1llations{typ1cally  lOOKHz  in  the  present 
experiment)  are  counted  for  a time  it  which  is  long 
compared  to  a period  of  oscillation,  but  short  com- 
pared to  the  time  scale  of  changes  in  the  velocity. 

At  the  end  of  each  time  Interval  it  the  number  of 
oscillations  for  that  Interval  is  deposited  in  the 
memory  of  a minicomputer  (DEC  PDP8/E).  After  the 
accumulation  of  either  1024  or  8192  points  at  suc- 
cessive time  intervals,  the  resultant  Doppler  shift 
record,  directly  proportional  to  V^(t),  is  plotted 
and  then  transferred  to  a larger  computer  (DEC  POPIO). 
Then  the  velocity  power  spectrum  and  the  velocity 
autocorrelation  function  are  computed  and  plotted, 
and  another  program  calculates  the  positions  and 
linewidths  of  the  spectral  lines.  The  imnediate 
feedback  of  the  spectral  Information  serves  as  a 
valuable  guide  in  the  course  of  an  experiment. 

Spatial  State 

We  have  restricted  our  study  primarily  to  a 
single  spatial  state,  one  with  17  axial  vortices 
and,  in  the  region  whare  the  waves  exist,  4 azimu- 
thal waves.  Although  several  different  states  p/m 
other  than  the  17/4  state  were  found  to  be  access- 
ible, depending  on  the  Reynolds  number  history  of 
the  system,  the  17/4  state,  once  achieved,  was 
stable  indefinitely  while  the  Reynolds  number  was 
varied  throughout  the  range  2 < R/Rr<45.  Thus  it 
was  possible  to  study  the  Reynolds  number  depend- 
ence of  the  dynamics  of  a single  spatial  state, 
without  being  concerned  with  the  state  switching 
problem  that  Coles  has  investigated  (4).  Switching 
between  states  was  avoided  by  (a)  using  a short  fluid 
height  (he1ght/gap«20),  (b)  rotating  only  the  inner 
cylinder  (Coles  achieved  some  states  by  rotating  and 
then  stopping  the  outer  cylinder),  and  (c)  accelera- 
ting slowly  when  changing  Reynolds  number. 

Although  the  present  measurements  were  made 
primarily  on  the  17  vortex  state,  some  measurements 
were  also  made  on  the  15  vortex  state,  and  the  same 


transitions  between  different  dynamical  regimes  were 
observed  for  these  two  spatial  states,  as  will  be 
described  below. 

EXPERIMENTAL  RESULTS 

Time- Independent  Flow 

In  the  laminar  state  below  R^,  is  zero,  while 
in  the  Taylor  vortex  state  (above  R^)  Vp  is  periodic 
in  the  axial  coordinate  z but  still  time-independent. 
Gollub  and  Freilich  (16)  have  studied  the  Reynolds  num- 
ber dependence  of  the  amplitude  of  Vp  in  the  Taylor  , 
vortex  regime  and  have  found  that  near  Rc  the  (R-Rc)’ 
dependence  predicted  by  Landau  is  confirmed  and  the 
observed  next  order  term  in  the  perturbation  expan- 
sion is  consistent  with  a (R-Rc)^'^  dependence  as 
predicted  by  Davey  (17). 

Periodic  Flow 

The  second  instability,  at  R/R(;»1.3,  marks  the 
onset  of  time  dependence  in  Vp,  which  in  the  wavy 
regime  oscillates  as  the  azimuthal  waves  pass  the 
fixed  point  probed  by  the  laser  beam.  Figure  2 
shows  a portion  of  a record  of  Vp(t)  and  the  corres- 
ponding power  spectrum  (on  a logarithmic  scale)  in 
the  wavy  regime  at  R/Rr»3.32.  (All  power  spectra  are 
normalized  so  that  jg™*P(u))du>-<(4Vp)‘>,  and  the  fre- 
quencies KJ  are  expressed  in  units  of  the  inner  cylin- 
der frequency;  thus  u>su(rad/s)/ui^  ^ (rad/s).)  The 
power  spectrum  contains  a single  fundamental  which 
we  call  “n  this  is  the  frequency  of  the  azimuthal 
waves  passing  the  point  of  observation.  Although 
many  harmonics  are  visible  in  the  spectra  obtained 
in  the  wavy  regime,  the  higher  harmonics  are  several 
orders  of  magnitude  weaker  in  intensity  than  the 
fundamental  and  are  visible  only  because  of  the  high 
signal  to  noise  ratio  of  the  spectra.  The  relative 
amplitude  of  the  peaks  (particularly  u,  and  2u>, ) is 
a strong  function  of  z,  as  one  would  expect  from  the 
structure  of  vortex  flow. 

Quasiperiodic  Flow 

As  the  Remolds  number  was  increased  a low  fre- 
quency component,  w2(*0-2)  appeared  in  some  runs  at 
F/Rc’5;«2  decreased  with  increasing  R,  vanishing  at 
R/Rc’17.  Comoonent  “2  clearly  present  in  some 
runs  but  apparently  absent  in  many  others.  This  com- 
ponent is  the  only  spectral  feature  that  was  not  re- 
producible from  run  to  run,  and  its  physical  signifi- 
cance is  not  understood.  It  may  be  a vacillation 
preceding  a change  in  spatial  state  as  Coles  (4)  has 
suggested. 

At  a higher,  well  defined  Reynolds  number, 
R/Rj»10.0c0.2,  a new  previously  undetected  spectral 
component  appears  at  a frequency  u>3»(2/3)  u,,  as 
illustrated  in  Fig.  3 for  R/R^  « 13.3.  'The  com- 
ponent at  <•>3  reproducibly  appears  when  R is  increased 
through  R/Rc*10.0  and  disappears  when  R is  decreased 
through  R/Rc*10.0.  Its  amplitude  decreases  continuous- 
ly to  zero  as  R/R^  ■10. 0 is  approached  from  above. 

At  larger  Reynolds  numbers  the  amplitude  of 
begins  to  decrease,  and  at  R/Rc^lD.StO.  1 w.,  disappears 
from  the. spectrum,  as  shown  in  Fig.  4.  In'^the  regime 
with  u.  present  the  ratio  u.  /U3  decreases  continuously 
(within  the  experimental  rekolution,  better  than  It) 
from  1.63  at  R/Rc»10.0  to  1.41  at  R/Rc*19.8;  hence 
ui^  and  W3  (and  013  as  well)  appear  to  be  inconwensurate- 
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Fig.  2 The  radial  component  of  the  fluid  velocity 
Vr(t)  (measured  at  a point  approximately  mIdMay  be> 
tween  the  inner  and  outer  cylinders)  and  the  corres- 
oonding  power  spectrum  P(w),  in  the  wavy  regime  at 
R/Rc*3.32.  The  velocity  plot  shows  only  part  of  the 
velocity  record  (of  3192  points,  268  s duration)  that 
was  Fourier  transformed  to  obtain  the  spectrum.  T, 

Is  the  period  of  the  azimuthal  waves  that  pass  the' 
point  of  observation  and  is  the  corresponding  fre- 
quency (relative  to  nence  j is  dimensionless). 

At  this  Reynolds  number  the  amplitude  of  the  azi 
muthal  waves  superimposed  on  the  horizontal  vortices 
is  greater  than  one-half  of  an  axial  wavelength; 
hence  spectra  measured  at  any  height  In  the  fluid 
show  an  intense  second  harmonic. 


Fig.  3 The  power  spectrum  of  the  radial  component 
of  the  velocity  at  R/Rj»13.3. 


Thus  the  regimes  with  ai2  or  present  are  examples 
of  quasiperiodic  flow. 

After  w- disappears  u.|  is  the  only  sharp  funda- 
mental frequCTcy  component  remaining  in  the  spectrum. 
However,  another  spectral  feature,  a broad  component, 
100  times  weaker  in  peak  intensity  than  j.  , is  clearly 
present  at  a»0.45  =■  u,/3 (see  Flq.4).  The  broad  conpon- 
ent  first  becomes  discernible  in  the  spectra  at  R/R<;al7. 

Chaotic  Flow 

As  the  Reynolds  number  is  increased  through 
R/Rc“22.4t0.2  a dramatic  change  in  the  spectra  occurs, 
as  Fig.  5 illustrates:  the  amplitude  of  the  sharp 
frequency  component  w,  decreases  to  zero,  leaving 
only  broad  components  located  approximately  at  mul- 
tiples of  4ij/3.  Thus  R/Rc*22.4  marks  a transition 
from  a nearly  periodic  flow  to  a qualitatively  dif- 
ferent type  of  behavior,  one  characterized  by  a con- 
tinuous spectrum  or,  equivalently,  a decaying  velocity 
autocorrelation  function.  The  transition  from  a 
nearly  periodic  to  chaotic  flow  is  quite  marked  in 
the  autocorrelation  function,  as  shown  in  Fig.  6. 

Spectra  have  been  recorded  up  to  R/R<;»45  and  no 
further  transitions  have  been  observed. 

Suflinary 

The  sharp  frequency  components  observed  in  the 
velocity  power  spectra  are  plotted  in  Fig.  7.  Com- 
ponents I'Ad  widths  equal  to  the 

instrumental  width,  which  in  the  highest  resolution 
spectra  (e.g. , Fig.  3)  was  AwO.OOl  (full  width  at 
half  maximum  power).  Such  extremely  high  spectral 
resolution  could  not  have  been  achieved  without  com- 
parable long  term  stability  in  the  rotation  frequency 
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Fig.  4 These  spectra  Illustrate  the  disappearance  of 
j-  at  R/Rc*19.8t0.1 . Note  that  the  spectra  obtained 
both  below  and  above  R«19.3  contain  a broad,  weak 
component  at  .t'O.SS. 


Fig.  5.  These  spectra  at  successively  higher  Reynolds 
numbers  Illustrate  the  disappearance  of  the  sharp 
frequency  component  at  u*.  which  occurs  at  R/Rc« 
22.4*0.2.  For  R/Rc<22.4,'  two  components  are  centered 
at  . a strong  narrow  component  and  a broad  weak 
component.  As  R/Rc*22.4-,  the  amplitude  of  the  nar- 
row spectral  line  rapidly  goes  to  zero,  and  for 
R/Rc>22.4  only  the  broad  component  remains. 


Flo.  6 The  velocity  autocorrelation  function  before 
and  after  the  disappearance  (at  R/Rc»22.4)  of  the 
sharp  frequency  component  at  wi . Note  that  the 
ordinate  scales  are  different  for  the  two  graphs. 


power  spectra  of  the  radial  component  of  the  velocity. 
The  time-independent  Taylor  vortex  regime  extends  over 
a relatively  small  range  In  Reynolds  number,  from 
R/Rc*1  to  1.3,  a range  which  was  not  studied  In  the 
present  work.  We  have  also  not  studied  the  region 
3.2<R/Rc<5.8,  which  Is  Indicated  by  the  dotted  part 
of  the  w]  curve.  The  values  of  u,  and  u-  at  any  given 
Reynolds  number  reproduced  from  run  to  run  with  an 
accuracy  of  IX  or  better,  but,  as  discussed  In  the 
text,  u.  was  absent  In  many  runs  and  Its  value  was 
not  repraducible.  Sharp  frequency  components  are  ob- 
served only  In  the  range  from  the  onset  of  the  wavy 
regime  up  to  R/Rc“22.4.  The  spectral  features  above 
R/Rc*22.4  are  quite  broad. 


of  the  Inner  cylinder.  There  1s  some  Indication  that 
ui  may  broaden  slightly  between  R/Rc*19.8  and  22.4, 
bit  this  broadening,  if  It  occurs,  is  comparable  to 
our  present  resolution,  and  higher  resolution  (that 
1s,  longer  velocity  data  records)  will  be  required 
to  determine  whether  broadens  before  it  disappears. 

Our  values  for  the  wave  frequency,  w, , agree 
well  with  the  values  previously  obtained  bj'  Coles  ^1)  In 
an  apparatus  with  the  same  radius  ratio  as  ours  (see 
his  Fig.  6,  a graph  of  u,/m  vs  R,  where  m Is  the  num- 
ber of  azimuthal  waves  (^4  In  the  present  experiment)). 


features  and  sequence  of  events  were  observed  for 
the  two  states.  The  different  symbols  Indicate  dif- 
ferent experimental  runs. 
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Although  most  of  the  present  measurements 
were  made  on  a spafial  state  wHh  17  vortices,  as 
discussed  previously,  a few  measurements  were  made  on 
the  15  vortex  state.  The  same  sharp  frequencies  j, 
and  sharp  transitions  were  observed  for  the  two  ^ 
spatial  states,  although  the  values  of  the  frequencies 
and  the  transition  Reynolds  numbers  were  slightly 
different  for  the  two  states  as  Fig.  S illustrates 
for  oiy  Figure  8 also  illustrates  the  reproducibility 
of  iu,  measured  in  different  runs  over  a period  of 
more  than  one  year. 

DISCUSSION 

The  principal  new  results  presented  here  are 
(1)  the  observation  of  the  frequency  component 
which  appears  and  disappears  at  well  defined 
Reynolds  numbers,  R/R  «10.0  and  19.8,  respectively, 
and  (2)  the  disappearance  of  all  sharp  frequency 
components  at  a higher  Reynolds  number,  R/R  •22.4, 
Within  the  experimental  resolution  these  transitions 
exhibit  no  hysteresis.  Also,  the  velocity  was 
measured  at  several  different  radii  and  heights  within 
the  fluid,  and  the  observed  frequencies  and  trans- 
ition Reynolds  numbers  were  found  to  be  independent 
of  the  laser  probe  position.  In  addition,  the  photo- 
graphs of  the  flow  obtained  in  the  vicinity  of  the 
transitions  at  R/R  •10. 0 and  19.8  do  not  show  any 
radical  changes  in'^the  flow  pattern,  although  the 
disappearance  of  w,  at  R/R  ^22.4  can  be  seen  as  the 
loss  of  azimuthal  waves.  '' 

In  conclusion,  we  have  observed  in  a circular 
Couette  flow  system  three  distinct  dynamical  regimes 
(periodic,  quasi per iodic,  and  aperiodic)  which  are 
characteristic  of  nonlinear  mathematical  models  with 
only  a few  degrees  of  freedom.  The  observed  behavior 
is  qualitatively  consistent  with  the  ideas  of  Lorenz 
and  Ruelle  and  Takens,  who  suggested  that  a few  non- 
linearly  coupled  modes  are  sufficient  to  produce 
aperiodic  motion.  However,  there  is  a small  amount 
of  broadband  noise  in  the  periodic  regime  that  pre- 
cedes the  aperiodic  regime.  Whether  this  noise  is 
important  in  the  dynamics  is  not  yet  clear. 

These  experiments  are  continuing,  and  a more 
detailed  report  including  photographs  of  the  flow 
will  be  presented  elsewhere.  Also,  a similar  LDV 
study  is  underway  (18)  on  the  transition  to  turbulent 
convection  In  a fluid  between  parallel  plates  heated 
from  below  (B^nard  system). 

ACKNOWLEDGMENTS 

It  is  a pleasure  to  acknowledge  helpful  dis- 
cussions with  R.C.  OiPrima,  R.J.  Donnelly,  D.  Joseph, 
E.L.  Koschmeider,  J.8.  McLaughlin,  and  D.  Ruelle. 

This  research  is  supported  by  the  National 
Science  Foundation.  J.P.  Gollub  also  acknowledges 
the  assistance  of  the  Research  Corporation. 

REFERENCES 

1 Preliminary  results  were  reported  by  Gollub,  J.P 
and  Swinney,  H.L.,  "Onset  of  Turbulence  in  a Rotating 
Fluid,"  Physical  Review  Letters.  Vol.  35,  No.  14, 

1975,  pp.  «7-930. 

2 Koschmeider,  E.L. , "Stability  of  Supercritical 
34nard  Convection  and  Taylor  Vortex  Flow,"  in  Pro- 
ce^ings  of  the  Conference  on  Instability  and  PTsTio- 
ative  Structures  ln  Hydrodynamics,  ed.  bv  I.  Pripoolne 
and  S.A.  Klee,  wney.  New  York,  1975,  pp.  109-133 


3 Snyder,  H.A. , "Waveforms  in  Rotating  Couette 
Flow,"  International  Journal  of  Non-Linear  Mechanics. 
Vol.  5,  )970,  pp.  S59-68S. 

4 Coles,  D.,  "Transition  in  Circular  Couette  Flow," 
Journal  of  Fluid  Mechanics.  Vol.  21,  part  3,  1965, 
pp.  385-425. 

5 Donnelly,  R.J.,  Schwarz,  K.W.  and  Roberts,  P.H., 
"Experiments  on  the  Stability  of  Viscous  Flow  Between 
Rotating  Cylincers,  VI  Finite-Amplitude  Experiments," 
Proceedings  of  the  Royal  Society.  Series  A.  Vol.  283. 

Tgsr.' pp.^^ssi-ssfi."  

6 Rogers,  R.H.,  "Convection,"  Reports  on  Progress  in 
Physics.  Vol.  39,  1976,  op.  l-STT 

7 Hide,  R.  and  Mason,  P.J.,  "Sloping  Convection  in 

a Rotating  Fluid."  Advances  in  Physics.  Vol.  24.  No.  1, 
1975,  pp.  1-100. 

8 Landau,  L. , "On  the  Problem  of  Turbulence," 

Comptes  Rendu  Academy  Sciences  (USSR),  Vol.  44,  1944, 
pp.  311-316.  See  also  Landau,  L.O.,  and  Lifshitz,  E. 
M. , Fluid  Mechanics,  Addison-Wesley,  New  York,  1959, 
pp.  103-107. 

9 Lorenz,  E.N. , "The  Mechanics  of  Vacillation," 

Journal  of  the  Atmospheric  Sciences.  Vol.  20.  1963. 
pp'.  448-464. 

10  McLaughlin,  J.8.  and  Martin,  P.C,,  "Transition 

to  Turbulence  in  a Statically  Stressed  Fluid  System," 
Physical  Review  A.  Vol.  12,  1975,  pp.  186-203. 

11  Ahlers,  G. , "The  Rayleigh-Benard  Instability  at 
Helium  Temperatures,"  in  Fluctuations,  Instabilities, 
and  Phase  Transitions,  ed.  by  T.  Riste,  Plenum,  New 


12  Ruelle,  D.  and  Takens,  F. , "On  the  Nature  of 

Turbulence,"  Comnuni cat ions  in  Mathematical  Physics. 
Vol.  20.  1971  , pp.  TS7-)9S. 

13  Davey,  A,  DiPrima,  R.C.,  and  Stuart,  J.T. , "On 
the  Instability  of  Taylor  Vortices,"  Journal  of  Fluid 
Mechanics.  Vol.  31,  part  1,  1968,  pp.  17-52. 

14  Eagles,  P.M.,  "On  Stability  of  Taylor' Vortices  by 
Fifth-Order  Amplitude  Expansions,"  Journal  of  Fluid 
Mechanics.  Vol.  49,  part  3,  1971,  pp.  529-550. 

15  Kalliroscope  AQIOOO  rheoscopic  liquid,  Kalliro- 
scope  Corp.,  Cambridge,  Mass. 

16  Gollub,  J.P.,  and  Freilich,  M. , "Optical  Hetero- 
dyne Test  of  Perturbation  Expansions  for  the  Taylor 
Instability."  The  Physics  of  Fluids.  Vol.  19.  1976. 
pp.  618-626. 


17  Davey,  A.,  "The  Growth  of  Taylor  Vortices  in  Flow 


Between  Rotating  Cylinders, 
Mechanics."  Vol.  14,  1962, 


" Journal  of  Fluid 


18  Gollub,  J.P.,  Hulbert,  S.L. , Dolny,  G.M.,  and 
Swinney,  H.L. , "Laser  Doppler  Study  of  the  Onset  of 
Turbulent  Convection  at  Low  Prandtl  Number,"  in 
Photon  Correlation  Spectroscopy  and  Velocimetry.  ed. 
E.K.  Pike  and  H.Z.  dummins.  Plenum,  New  York,  1977, 
(to  be  published). 


] 


17.5 


TOTKJIEIT  FLOW  OVER  Vk'n  SURFACES 


Thomas  J,  Hanratty  and  C.  A.  Thorsness 
Department  of  Chemical  Engineering 
University  of  Illinois 
Urbana>  Illinois 


ABSTRACT 

Measnreaents  have  been  made  of  the  variation 
of  the  vail  shear  stress  accompanying  the  turbulent 
flow  of  a liquid  along  the  surface  of  solid  vaves 
vlth  a height  of  0.30  nmi  and  a length  of  30.3  mm. 
These  are  of  particular  interest  in  that  they  shov 
a clear-cut  linear  response  and,  consequently, 
provide  a badly  needed  test  of  proposed  solutions 
of  the  linear  momentum  equations  that  use  different 
models  for  the  vavc  induced  Reynolds  stresses.  The 
use  of  a qiiasi-laminar  assumption,  whereby  the  vave 
induced  changes  of  the  Reynolds  stresses  are 
ignored,  gives  good  agreement  with  measurements  of 
the  variation  of  the  wall  shear  stress  only  for 
large  values  of  the  vave  number,  onr*/V  > ca  0.01. 

At, smaller  vave  numbers  it  is  necessary  to  use  a 
model  of  the  vave  induced  variation  of  the  Reynolds 
stresses  which  takes  account  of  the  change  of 
turbulence  properties  along  the  vave  surface.  For 
this  purpose,  we  tentatively  recommend  a mi  ring 
length  model  suggested  by  Loyd,  Moffat  .and  Kays. 

An  essential  feature  of  this  model  is  that 
variations  of  the  thickness  of  the  viscous  wall 
region  are  Induced  by  variation  of  the  pressure 
gradient  along  the  vave  surface. 

isTRoajcnoH 

This  paper  is  concerned  with  the  calculation 
of  turbulent  flows  over  wavy  surfaces.  It  presents 
experimental  data  which  allows  an  evaluation  of 
different  models  for  the  vave  induced  variation 
of  the  Reynolds  stress.  For  such  flows  the  Rejciolds 
stresses  play  an  Important  role  in  determining  the 
velocity  field  mainly  in  the  viscous  wall  region 

(^-  * ca30).  Consequently  the  results  of  our 
experiments  provide  a test  for  the  accuracy  of 
turbulence  models  close  to  a stirfaee.  Most  of  the 
recent  computer  calculations  of  turbulent  flows  past 
solid  surfaces  have  used  simple  couette  models  for 
the  viscous  wall  region.  Yet  in  many  instances  the 
rate  of  response  of  the  flow  in  the  iaedlate 
vicinity  of  the  wall  to  changes  in  external  variables 
is  critical  and  these  calculations  are  not  adequate 
because  the  couette  model  implies  an  instantaneous 
response;  l.e.,  an  equilibrium  structure.  The 
problem  discussed  in  this  paper  is  an  example  of  a 
situation  for  which  the  assusiption  of  an  equilibrium 
flow  close  to  the  wall  can  lead  to  a large  error  in 
predicting  the  local  shear  stress  and  pressure  on  a 
solid  surface  and  in  predicting  local  heat  and  mass 
transfer  ratee. 


The  first  analysis  of  flow  over  a wavj'  surface 
was  carried  out  by  Kelvin  and  Helmholtz.  The  surface 
was  assumed  to  be  of  small  enough  amplitude  that  there 
is  a linear  response.  A solution  was  obtained  for  an 
inviscid  flow  for  which  the  velocity  profile  is 
uniform  and  for  which  the  influence  of  turbrU-ent 
stresses  is  negligible.  Benjamin  (1)  extended  this 
analysis  by  taking  into  account  the  Influence  of 
molacular  viscosity  and  the  shape  of  the  average 
velocity  profile.  The  analysis  of  Benjamin  has  been 
extensively  used  to  evaluate  the  interaction  between 
a turbulent  fluid  and  vaves  on  a liquid  interface. 
However,  in  recent  years  considerable  concern  has 
been  expressed  regarding  errors  Involved  in  the 
neglect  of  the  vave  induced  Reynolds  stresses.  There 
has  been  need  for  experimental  data  which  gives 
directly  the  forces  on  a wavy  siirface. 

Studies  of  the  pressure  variation  have  proved 
inadequate  because  of  difficulties  in  measurement  for 
small  amplitude  vaves  and  because  pressure  profiles 
are  somewhat  insensitive  to  the  modelling  of  the 
Reynolds  stresses.  Therefore  we  have  carried  out  a 
series  of  experiments  in  idilch  we  measured  the  shear 
stress  variation  along  a solid  vave  of  sinusoidal 
shape  over  'diich  a turbulent  fluid  is  flowing  (10) 

(12) . For  very  small  amplitude  vaves  a linear 
response  is  obtained  in  that  the  spatial  variation  of 
the  wall  shear  stress  is  given  by  a single  harmonic. 
For  Intermediate  sized  waves  for  which  a separated 
flow  dees  not  exist  higher  order  harmonics  appear  in 
the  shear  stress  variation  but  not  in  the  pressure 
variation. 

From  these  data  the  amplitude  and  the  phase  of 
the  different  harmonics  can  be  calculated.  For 
small  ao^litude  vaves  it  is  found  that  the  quasi- 
laminar  model  of  Benjamin  is  valid  for  small  vave 
lengths.  However,  large  errors  can  be  made  in  using 
this  analysis  for  intermediate  and  large  vave  lengths. 

In  order  to  improve  the  analysis  Iborsness  (12) 
explored  different  models  for  the  Reynolds  stresses 
which  give  attention  to  the  viscous  wall  region.  Cf 
particular  importance  is  the  thinning  and  thickening 
of  this  region  due  to  the  induced  pressure  variations 
along  the  vave  surface. 

Dur  conclusions  regarding  sodelling  of  the  vave 
induced  Reynolds  stresses  will  be  presented.  We  find 
that  the  eddy  viscosity  model  of  K^s  and  his  co- 
workers  to  be  useful,  even  though  not  in  exact  agree- 
ment with  the  results. 
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LIHEARIZED  MOMEnTUM  EQUATIOSS 

The  houadary-layer  coordinate  system  in  which 
the  momentum  equations  are  formulated  has  the 
x-coordinate  parallel  to  the  two-dimensional  wave 
surface  and  the  y-coordinate  perpendicular  to  it> 
The  time  averaged  velocities,  0,  V,  the  turbulent 
stresses,  and  the  pressure  gradients,  9F/3x. 

3P/3y,  are  ahsumad  to  he  composed  of  a component 
averaged  over  a wave  length  at  a constant  value  of 
y and  a component  with  a periodic  spatial  variation 
of  the  same  wave  length  as  the  surface.  For  very 
small  aa^litude  sinusoidal  waves  a linear  response 
can  be  expected  so  that  wave  induced  ccmponents 
have  only  a single  harmonic.  Consequently, 


throughout  the  rest  of  the  paper,  velocities  have 
been  made  dimensionless  with  respect  to  a friction 

V*  ■ j , defined  in  terms  of  a wave  length 
averagM  wall  shear  stress  and  lengths,  with  respect 
to  ratio  of  the  kincMtlc  viscosity  to  the  friction 
velocity,  v/ve. 

From  the  equation  of  conservation  of  mass  a 
stream  function  <>  can  be  defined  as 


■I 
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0(y)dy 


aF(y)e 
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and  the  linearized  ntric  functions  given  as 


h • 1 ♦ ao^ye^®', 
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1. 


For  small  values  of  an  the  velocities  can  be 

represented  as 

0 • U ♦ sj’e^“,  V ■ - iaoFe^”. 


(2) 


(3) 


(1*) 


(5) 


If  ( is  eliminated  between  the  x-  and  y-momentum 
equations  the  following  relations  are  obtained 
defining  F(y): 

lo  [i;(r"  - ah')  - i?'  ? * o^]  ■ - 20 V 
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Where  lo^  ♦ 33^'  ♦ ia(f'  - •'  ) 

XX  xy  XX  yy 

♦ o^f  f" 
xy  xy 
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(8) 


The  velocity  U(y)  Is  taken  to  be  the  same  as  would 
exist  If  the  surface  were  flat.  This  specification  is 
consistent  with  the  linearization  assumption  and  is 
Justified  by  the  experimental  result  that  the  shear 
stress  averaged  along  the  wave  surface  is  the  same  as 
idiat  is  neasiured  for  a flat  surface.  The  no  slip 
condition  at  the  wave  surface  leads  to  the  boundary 
conditions 


F»0,F'  -Oaty-O. 
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where  a(y),  F(y),  “d  J(y)  are  cozqilex 

quantities,  and  a ii^the  wave  amplitude.  Here, 

(le) 

the 

» 9A 

The  requirement  that  flow  far  from  the  wave  is  that 
which  would  be  present  over  a flat  surface  leads  to 
the  boundary  conditions 

F'  • 0'  and  F « 0 for  large  y.  (10) 
The  shear  stress  and  pressure  variation  along 


Since 


- T(0)  ♦ at(!je^'“  . 
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the  wave  Induced  variation  of  the  wall  shear  stress  is 


r(o)e 
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(12) 


By  evaluating  the  x-momentum  equation  at  yvO  the  wave 
Induced  variation  in  the  pressure  at  the  solid  surface 
is  found  to  be 
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(13) 


Equation  (€)  is  similar  to  the  Orr-Sommerfeld 
equation  used  in  stability  calculations  except  for 
the  appearance  of  additional  terms  due  to  the  use  of 
curvilinear  coordinates  and  due  to  the  inclusion  of 
Beynolda  stresses.  The  inhomogeneous  term  on  the  left 
side  of  (6),  which  arises  because  of  centripetal 
acceleration  due  to  the  bending  of  the  mean  flow  in 
curvilinear  coordinates,  t'zms  out  to  be  of 
considerable  importance. 

The  use  of  boundary-layer  coordinates  at  large 
distances  from  the  wave  surface  could  limit  the 
applicability  of  the  solution  to  much  smaller  values 
of  so  than  is  necessary.  Consequently  it  would  be  more 
correct  to  match  an  inner  solution  in  boundary-layer 
coordinates  to  an  outer  solution  which  is  linearized 
around  an  average  velocity  profile  defined  in  cartesian 
coordinates.  If  the  matching  is  done  at  a location 
where  the  Influences  of  viscous  and  txirbulent  stresses 
on  the  wave  Induced  flow  is  negligible  the  values  of 
f(0)  and  f(0)  calculated  in  this  way  would  be  identical 
to  those  obtained  by  the  solution  of  (6)  to  (13).  The 
chief  difference  would  be  in  the  construction  of  the 
velocity  field  above  the  wave  surface  from  the 
calculated  results. 

MODELS  FOB  THE  TOHB0LEHT  STRESS 

Constant  Reynolds  Stress  Assumetion  - Model  A 

The  quasl-lamlnar  assumption  of  Benjasiln  {1) 
Involves  the  proposal  that  the  only  influence  of  the 
turbulence  is  in  ^he  specification  of  the  mean 
velocity  profile  0(y).  Consequently,  0 in  (6). 

In  this  paper  we  explore  an  assumption  which  is 
essentially  the  same  as  this,  Model  A.  The  wave 
Induced  Peynolds  stresses  are  taken  as  zero  so  that 
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if  normal  stresses  arc  neglected. 

In  boundary-layer  coordinates  this  siodel  Is 
closely  related  to  the  assumption  that  Heynolds 
stresses  are  constant  along  a streamline  discussed 
by  Davis  (3)  for  flow  over  wavy  surfaces  and  by 
Delssler  (T)  In  a different  context. 


Eddy  viscosity  Assumption  of  Hussain  and  Seynelds  - 
.Model  3 

Hussain  and  Heynolds  {§)  approximated  the  wave 
Induced  Reynolds  stress  as  the  product  of  the  wave 
induced  rate  of  strain  and  a turbulent  viscosity, 

V , which  Is  a specified  function  of  y.  It  an 
isotropic  relation  is  assumed  between  the  turbulent 
stress  tensor  and  the  wave  induced  rate  of  strain, 
the  following  equation  is  derived  for  A^ln  the 
boundary-layer  system: 
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This  relation  Is  particularly  useful  to  examine 
the  Importance  ofd^rclatlve  to  other  terms  in  (6). 

A conclusion  derived  from  this  comparison,  noted  in 
the  thesis  by  Thorsness  (^),  Is  that  Gl^ls  not 
important  for  large  y,  where  the  variation  of  the 
wave  Induced  velocity  field  is  given  by  the  invlscid 
Orr-Sosasorfcld  equation.  Consequently,  models  of 
the  wave  Induced  Reynolds  stress  should  pay  particu- 
lar attention  to  flow  close  to  the  surface,  since 
errors  made  at  large  y will  not  greatly  influence 
the  calculated  velocity  field. 


Mixing  Length  Assumption  of  Lovd,  :-loffat  and  Kavs  - 
Model  D 

A shortcoming  of  the  eddy  viscosity  model  of 
Hussain  and  Reynolds  Is  that  it  doss  not  talcs 
account  of  changes  in  turbulence  properties  along 
the  wave  surface.  Thorsness  {^)  considered  throe 
models  for  ^whlcb  attempt  to  consider  this  factor. 

One  of  these  Includes  only  the  Influence  of  the 
change  of  the  wall  shear  stress  along  the  wave 
surface.  Another  is  an  adaptation  of  the  mixing 
length  model  of  Loyd,  Moffat  and  Kays,  which 
includes  the  Influence  of  changes  of  both  the 
pressure  gradient  and  the  shear  stress  along  the 
wave  surface.  The  third  was  the  model  of  Mellor  and 
Herring  {&)  which  uses  a differential  equation  for 
the  turbulent  energy  to  evaluate  the  Reynolds  stress. 
Thorsness  found  that  the  mixing  length  model  of 
Loyd,  Moffat  and  Kays  (J)  did  the  best  Job  in 
accounting  for  the  Influence  of  wave  Induced 
variations  of  the  turbulence  properties.  Consequent- 
ly we  present  here  only  a detailed  treatment  of  this 
model. 

The  Influence  of  a change  of  turbulence 
properties  along  the  wave  surface  is  Introduced 
through  a change  in  the  eddy  viscosity.  We 
introduce  a wave  Induced  variation  In  eddy  viscosity 
so  that  the  Reynolds  stress  Is  related  to  the  rate 
of  strain  throu^  the  relation 

i ,16, 

Since  turbulent  stresses  are  Important  only  close  to 
the  wave  surface  we  make  use  of  the  boundary-layer 


assumption  that  normal  stresses  can  be  neglected. 

The  Reynolds  stress  term  in  boundary-layer  coordinates 
is  then  written  as 
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According  to  the  mixing  length  hypothesis  of 
Loyd,  Moffat  and  Kays, 
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(19) 


for  equilibrium  boundar'  layers, 

• Here  k Is  the  von  Ka.*nan  constant  and  yT’*/A*D 
is  a damping  function  which  -epresents  the  influent 
of  molecular  viscosity  on  -Ixlng  length.  The 
coefficient  in  the  damping  . .action  contains  the  local 
shear  stress  in  the  fluid  and  a scale  factor.  A, 
t^lch  governs  the  thickness  of  the  viscous  wall  region 
where  molecular  viscosity  is  playing  an  important 
direct  role  in  transmitting  stress.  The  scale  A 
increases  with  increasing  negative  pressure  gradient, 
consistent  with  the  Isjtinari nation  reported  by  a 
number  of  investigators.  We  take  A to  be  of  the  form 


(20) 


for  equilibrium  flows  where  the  pressure  gradient  is 
not  changing.  Loyd,  Moffat  and  Kays  have  argued 
that  for  a nonequilibrium  condition,  such  as  exists 
in  flow  over  waves,  an  effective  pressure  gradient 
should  be  used  in  (20),  where 
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This  introduces  a lag  between  the  imposition  of  a non- 
zero pressure  gradient  and  a change  of  the  scale  for 
the  viscous  wall  region. 

For  flow  over  waves  both  positive  ana  negative 
pressure  gradients  are  experienced  at  the  boundary. 

The  magnitude  of  these  wave  induced  pressure  gradients 
varies  with  distance  from  the  wave  surface.  However, 
the  inner  portion  of  the  flow  is  very  much  like  a 
boundary  layer  in  that  the  pressure  gradient  is 
reasonably  constant  through  a distance  from  the 
surface  that  includes  the  region  where  turbulent 
stresses  are  important.  (See  figure  5.23  of  the  thesis 
by  Thorsness  (U)).  Consequently,  it  is  not  unreason- 
able to  use  the  model  developed  by  Loyd,  Moffat  and 
Kays  for  boundary  layers  to  predict  the  influence  of 
wall  pressure  gradients  on  the  damping  coefficient. 

Another  problem  in  using  this  model  is  the 
difficulty  in  estimating  the  variation  of  t in  the 
y-dlreetlon.  Consequently,  we  have  used  the  shear 
stress  at  the  wall  in  the  damping  function, 

• 1 ♦ aF"  (0)e^®*  (22) 


This  hat  the  effect  of  including  all  the  influence  of 
pressure  gradient  in  the  scale  A,  which  for  small 
aaiplitude  waves  can  be  represented  as 
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Til*  daoplng  coefficient  Is  thus 
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If  t2l)  Is  solved  for  a periodic  pressure  gradient 
the  following  relation  is  obtained  from  (20): 
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so  that 
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An  expression  for  the  anplitude  of  the  fluctuating 
eddy  viscosity  is  obtained  from  (l8). 
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The  evaluation  of  requires  the  specification 
of  the  parameters  A,  ind  h. . The  scale  A is 
obtained  from  data  on  the  velocity  profile  for  flow 
over  a flat  surface.  A value  of  ■ 3000  was 
suggested  by  Loyd,  .Moffat  and  SaysT  From  a 
correlation  of  data  for  favorable  (negative) 
pressure  gradients  by  Loyd,  Moffat  and  Kays  we 
obtain  k,  • -30.  Because  of  the  uncertainty  in 
selecting  k,  and  k,  we  have  carried  out  calculations 
with  k,  « 3000  for “three  different  values  of  , 
including  It.  " -30,  and  for  three  different  v5ues 
of  k,  with  i.  ■ -30. 


SOLLTION  OF  THE  MOMEHTUM  EQUATIOHS 


■Mean  Velocity  Profile 

The  solution  of  the  linearized  momentum 
equations  requires  not  only  the  specification  of 
the  wave  induced  Reynolds  stress  but  also,  of  the 
mean  velocity  profile  about  which  the  problem  is 
linearized.  For  the  calculations  presented  in 
this  paper  we  used  a Van  Driest  mixing  length 
equation  to  calculate  the  mean  velocity  profile: 


For  large  y this  relation  behaves  as 
U • ^ In  y ♦ B 


(29) 


Values  of  < • O.Ul  and  A ■ 25  used  in  our  calcula- 
tions give  a value  of  B ■ 5 recomaended  in  the 
literature. 

Ihorsness  (^)  also  examined  velocity  profile 
relations  proposed  by  Spalding  and  by  SchUnger,  as 
well  as  different  combinations  of  k and  A in  the 
Van  Driest  relation.  He  concluded  that  the 
calculations  are  relatively  insensitive  to  the 
choice  of  the  velocity  profile  function  providing 
it  gave  a reasonable  fit  to  experimental  measure- 
ments. 


Numerical  Methods 

A numerical  scheme  was  used  tc  solve  the 
linearized  momentum  equation  (6).  Two  independent 
solutions,  f(y)  and  »(y),  to  the  homogeneous 
equation  for  F and,  if  needed,  a third  particular 
solution  fp(y),  to  the  coisplete  inhomogeneous 
equation  wire  generated  by  initializing  the  solutions 
at  some  appropriate  distance  from  the  surface  and 
then  integrating  toward  the  surface.  For  models  of 
the  wave  induced  Reynolds  stress  in  which  it  was 
necessary  to  know  the  pressure  gradient  and/or  shear 
stress  at  the  surface,  an  iterative  procedure  was 
used.  The  complete  solution  was  then  represented  as 

r(y)  « af(y)  ♦ H*(y)  + fp(y),  (30) 

where  constants  G and  E are  chosen  so  as  to  satisfy 
the  two  boundary  conditions  at  y « 0. 

The  two  homogeneous  solutions  chosen  were  those 
that  decay  at  large  valuesjof  y and  the  particular 
solution  was  set  equal  to  U at  large  values  of  y so 
that  boundary  conditions  (10)  were  satisfied.  Far 
from  the  surface  inertia  terms  dominate  so  that  (6) 
reduces  to 

U_(F"  - aS)  - U"  F ♦ « 0 (31) 

The  solution  F • U exactly  satisfies  this  equation, 
Justifying  the  choice  of  f » U at  large  values  of  y. 

TTje  behavior  at  large '^y  of  the  "inviscid" 
homogeneous  solution,_*(y) , is  obtained  frwn  the  above 
equation  by  assuming  U”  is  small  and  that  U is 
approximately  constant. 

♦(y)  • e~®^  for  large  y (32) 

The  "viscous"  homogeneous  solution,  f(y),  was 
generated  by  setting  f ■ f ■ f"  ■ 0 and  letting 
either  f"  real  or  f”  imaginary  be  equal  to  a small 
number.  The  final  results  were  found  to  be  Insensi- 
tive to  this  choice  and  to  the  value  of  the  assumed 
small  nuaiber  if  the  integration  was  started  at  large 
enough  values  of  y. 

A filtering  scheme  based  on  the  work  of  Gerstlng 
and  Jankowski  was  developed  to  maintain  the 
independence  of  ♦(y),  f(y),  and  fp(y).  However, 
this  was  found  to  be  unnecessary  ff  double  precision 
arithmetic  was  utilized  on  the  IBM  360/75. 

DESCRIPTIOB  OF  THE  EXPERIMEHTS 

The  wall  shear  stress  measurements  used  to  test 
the  different  model  equations  were  obtained  with  two 
iifferent  wavy  walls.  One  of  these  was  constructed 
by  Morriaroe  (10)  and  consisted  of  a train  of  ten 
waves  of  length  2 in  and  asiplitude  O.OllU  in  machined 
into  a Ik  in  X 2U  in  x 27  in  Incite  slab.  The  other, 
a section  used  for  mass  transfer  studies  by  Thoraness 
(12) , consisted  of  ten  waves  having  an  asiplitude  of 
0.0125  in  and  length  of  2 in.  The  wave  sections 
formed  one  wall  of  a 2 in  x 2U  in  rectangular  channel 
throxigh  which  an  electrolyte  was  circulated.  They 
were  preceded  by  a 27.5  ft  length  of  channel  so  that 
studies  were  made  with  a fully  developed  turbulent 
velocity  profile.  Coi^lete  descriptions  of  the  design 
of  the  channel  and  flow  loop  can  be  found  in  theses 
by  Cook  (£),  Zllker  (^)  and  Thoraness  (12) . 

The  variation  of  the  shear  stress  along  the  wave 
surface  was  meas\ired  using  electrochemical  techniques 
developed  in  this  laboratory  (£)  (1^).  The  basic 
idea  is  to  measure  the  rate  of  mass  transfer  to  a 
small  circular  electrode  mounted  flush  to  the  surface. 
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The  v&U  sheer  stress  Is  then  related  to  the  Bass 
transfer  coefficient  K through  the  cass  balance 
relation 

. (imziiK)'  . (33) 

^ D 

where  0 is  the  diffusion  coefficient  of  the  reacting 
species  and  L . the  equivalent  length  equal  to  O.SS 
tines  the  diameter  of  the  electrode. 

The  electrodes  which  were  mounted  along  the 
middle  wave  of  the  wave  section  consisted  of  0.020 
in  diameter  platinum  wires  epoxied  in  holes  drilled 
through  the  test  section  and  sanded  flush  with  the 
wave  surface. 

Mean  velocity  profiles  were  measured  with  a 
pitot  tube  using  water  as  the  test  fluid  and  using 
a flat  surface  in  place  of  the  wa^^  test  section. 

Friction  factors,  defined  as  f » — ^ , were 

»“h 

determined  by  measuring  the  current  to  two  0.020  in 
diameter  platinum  wire  electrodes  mounted  in  the 
upper  vail  of  the  channel  issediately  above  the 
removable  test  section.  They  were  found  to  be  in 
good  agreement  with  results  reported  in  other 
laboratories.  The  velocity  profiles  were  in 
agreement  with  (29)  using  k m q.U],  and  B • 5* 

EVAiaaioa  or  the  models  for  turbulsbt  stress 

Shear  Stress  Profiled 

A typical  measurement  of  the  shear  stress 
variation  along  a wave  surface  is  shown  in  Fig  1. 

The  line  drawn  through  the  data  represents  the  best, 
in  the  least  squares  sense,  fit  of  a sinusoidal 
curve  with  a wave  length  equal  to  that  of  the 
surface.  It  is  noted  that  the  maximum  in  the  shear 
stress  is  upstream  of  the  wave  crest. 


Fig.  1 .Measured  shear  stress  variation  along  the 
wave  surface  at  Re  ■ 25,200,  baaed  on  the 
half  width  of  the  channel 


Sven  though  the  magnitude  of  the  variation  in 
the  wall  shear  stress  is  rather  large,  the  data 
are  fitted  reasonably  with  a profile  having  a single 
harmonic.  This  suggests  that  the  waves  were  of 
small  enough  amplitude  that  linear  theory  should  be 
applicable.  Further  evidence  for  linear  behavior 
is  that  the  shin  friction  factors  calculated  from 
the  average  measured  shear  stress  over  the  waves 
are  essentially  equal  to  those  measured  for  a flat 
surface. 


Fig  2 and  3 summarizes  the  measured  shear  stress 
distributions  by  plotting  the  phase  angle  and  the 
amplitude  of  the  fitted  sinusoidal  curves  as 
functions  of  Reynolds  number.  The  phase  angle  is 
measured  with  respect  to  the  surface  wave  with 
shifts  in  the  direction  opposite  the  flow  direction 
taken  as  positive. 


Fig.  2 Comparison  of  calculated  and  measured  values 
of  the  amplitude  of  the  wall  shear  stress 
variation 


Fig  3 Comparison  of  calculated  and  measured  values 
of  the  phase  angle  of  the  wall  shear  stress 
variation 

Evaluation  of  the  Quasi-Laminar  Model 

The  comparison  of  measurements  with  !<Iodel  A 
indicates  that  the  quasi-lsmlnar  assumption  can  be 
used  only  for  large  a.  This  is  to  be  expected  since 
the  thickness  of  the  region  over  which  wave  Induced 
velocity  variations  exist  decreases  with  increasing 
a.  At  large  enough  a it  is  thin  enough  that  turbu- 
lent stresses  within  it  are  negligibly  small  compared 
to  viscous  stresses. 
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Influenet  af  R«ypoldi  Stresses  cr.  th«  Wave  Induced 
risv 

In  order  to  obtain  acourate  solutions  of  the 
linear  momentuin  equations  in  the  range  of  a 
covered  by  cur  aieasurements  it  is  necessary  to 
include  the  influence  of  the  vave  Induced  variation 
of  the  Reynolds  stress.  Fig  2 and  3 indicate  the 
type  of  iaprovement  in  the  calculations  that  has 
been  obtained  with  oodels  of  the  Reynolds  stress 
explored  by  Thorsness  (^) . 

It  is  to  be  noted  that  calculated  results  based 
on  the  Hussain  and  Reynolds  assumption.  Model  B, 
offers  no  improvement  over  Model  A.  According  to 
this  model  the  role  of  the  Reynolds  stress  terms  is 
only  to  supply  additional  damping  of  the  vave 
induced  flov  to  that  already  offered  by  molecular 
viscosity.  We  conclude  that  the  Influence  of 
variations  of  the  turbulence  properties  induced  by 
the  vavy  boundary  need  to  be  tahen  into  account  in 
order  to  explain  the  observed  Influence  of  a on  the 
phase  of  the  shear  stress  variation. 

The  model  of  loyd,  Moffat  and  Kays,  idiich 
relates  the  variation  of  the  eddy  viscosity  along 
the  vave  surface  to  the  variation  of  the  vail  shear 
stress  and  the  pressure  gradient,  is  largely 
motivated  by  the  observation  that  the  viscous  vail 
region  thickens  in  favorable  pressure  gradients. 

In  fact,  Loyd,  et  al  shov  that  for  equilibrium 
boundary-layers  laminarization  can  occur  vhen 
dp/dx  ■ - ca.  0.023.  For  the  experiments  reported 
in  the  paper  |dp/dx|  can  be  as  large  as  0.06,  so  it 
is  reasonable  to  look  for  the  vave  induced  varia- 
tions of  the  pressure  gradient  to  have  a strong 
effect  on  the  eddy  viscosity. 

The  use  of  the  eddy  viscosity  model  of  Loyd, 
Moffat  and  Kays  vlth  values  of  k^  ■ -30  and 
kL  “ 3000  recommended  in  their  report  gives  better 
agreement  vlth  the  measurements  than  does  the 
Hussain  and  Reynolds  model.  Hovever,  the  agreement 
is  not  exact.  The  calculated  maximum  in  phase 
angle  is  found  to  be  somevhat  smaller  than  is 
indicated  by  the  measurements. 

Considerable  improvement  can  be  obtained  by 
using  slightly  different  values  of  kj_  and  kj^  than 
is  recommended  by  Loyd,  et  al.  Thorsness  (12) 
shovs  the  influence  of  these  parameters  on  the 
calculations  and  concluded  that  values  of  k.  ■ -30, 
ki  « 1500  or  ki  " -60,  kj_  • 3000  gives  satisfactory 
results.  Fig  2 and  3 compare  calculations  using 
k,  ■ -60,  kr  e 3000  vlth  the  measured  aisplitude  and 
p^aae  of  the  shear  stress  variation.  Excellent 
agreement  is  noted  vlth  the  measured  phase  angles, 
but  the  calculated  amplitude  is  somevhat  smaller 
than  the  measured  value.  Hovever,  it  should  be 
pointed  out  that  this  difference  is  equivalent  to 
an  error  in  the  measurement  of  the  vave  amplitude 
of  0.051  mm.  Recent  measurements  by  Zilker  (13) 
vlth  larger  amplitude  vaves  have  confirmed  the 
measurements  of  the  phase  angle  reported  in  this 
paper  but  have  given  slightly  lover  amplitudes  of 
the  first  harmonic,  in  close  agreement  vith  the 
calculated  curve  shovn  in  Fig  2.  For  this  reason, 
ve  have  more  confidence  in  the  measured  phase  angles 
and  have  chosen  k.  and  k^  so  as  to  have  a close  fit 
to  these  measurements. 

On  the  basis  of  the  above  considerations  ve 
tentatively  recommend  that  the  Loyd,  Moffat  and  Kays 
eddy  viscosity  model  vlth  values  of  k,  ■ -6o  and 
k-  ■ 3000  be  used  to  extend  the  range^of 
applicability  of  the  quasl-laminar  model  to  smaller 
vave  numbers. 


This  vork  vas  supported  by  the  Hntionsil  Science 
Foundation  under  Grant  IIIGTl-02362. 
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AESTP-ACT 

The  present  paper  presents  the  results  of 
experimental  studying  neor-wall  turbu- 
lence in  the  immediate  vicinity  to  the  wall. 
The  experiments  comprise  the  measurements 
of  velocity  and  temperature  pulsations. 

The  kinematic  turbulence  characteristics 
wers  measured  using  stroboscopic  visuali- 
zation technique  enabling  simultaneous  mea- 
surements of  all  three  components  of  insta- 
ntaneous velocity  vector  in  the  region  of 
the  flow  under  examination  to  be  carried 
out. The  detailed  experimental  results  on 
studying  the  parameters  and  structure  of 
flow  in  the  region  of  viscous  and  buffer 
zone  ( 0<y  <25  )are  given. The  contribution 
to  the  Heynolds  shear  stresses  of  near-wall 
flows  of  four  types  (u'<0,v'>C;  u*>0,v»>0; 
u*>0,v'<0}  u*<0,v'<0  ), where  u'  and  v*  are 
the  streamwise  and  normal  oonnonents  of  pu- 
lsation velocity  is  considered. The  role  of 
various-amplitude  pulsations  is  analyzed  as 
well  as  the  mechanism  of  drag  reduction  by 
polymer  additives. The  statistical  characte- 
ristics of  temperature  pulsations  have  been 
examined  in  a flow  of  water  over  the  region 
of  Heynolds  numbers  from  1*10  to  6*10  .The 
main  statistical  characteristics  of  random 
processes  have  been  obtained, as  well  as  au- 
tocorrelation and  spectral  functions  at  va- 
rious distances  from  the  surface  of  heating. 
The  analysis  of  the  data  obtained  has  shown 
that  in  a viscous  sublayer  the  spectral  den- 
sity distribution  is  essentially  indepen- 
dent of  the  distance  from  the  wall. 
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-streamwise, normal  wall, 
transverse  Cartesian  co- 
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-instantaneous  velocity 
components  in  OX-,07-, 
CZ-directions 
-average  velocity  compo- 
nents 

-pulsation  velocity  com- 
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pulsations 

-Refolds  shear  stresses 
-wall  shear  stress 
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a yv, /i)  , dimensionless 
coordinate 

-kinematic  viscosity 
-total  number  of  random 
process  realizations 
-number  of  i-process  rea- 
lization 
-fluid  density 
-local  average  temperature 
-wall  temperature 
RMS  value  of  temperature 
pulsations 

-skewness  coefficient 
-flatness  coefficient 
-channel  halfwldth 


The  experimental  investigation  of  the  struc- 
ture of  near-wall  turbulence  in  channels 
have  been  carried  out  at  the  Institute  of 
Thermophysics  for  several  years. Those  studi- 
es provided  data  on  the  kinematic  turbulence 
parameters  In  the  considerable  pert  of  the 
channel  cross  section  including  three  cha- 
racteristic regions  of  the  near-wall  turbu- 
lent flowtviscous  sublayer, buffer  zone  and 
free  stream  with  a logarithmic  law  of  the 
average  velocity  distribution  (I, 2). The  aim 
of  the  experiments  described  in  what  follows, 
is  the  detailed  investigation  of  turbulence 
parameters  in  the  zone  diroctlj’  near  the 
wall  and  including  the  region  of  a viscous 
sublayer  and  that  of  Intensive  turbulence 
energy  generation  ( a buffer  zone  ).To  stu- 
dy the  mechanism  of  near-wall  turbulence  in- 
vestigations in  these  regions  is  of  primary 
importance. 

At  present  along  with  the  measurements  of 
turbulent  velocity  pulsations  the  studies 
of  temnerature  pulsations  under  the  ncn-iso- 
thermal  stream  conditions  are  also  carried 
out. Temperature  pulsations  measured  in  the 
direct  vicinity  to  a wall  enable  us  to  ob- 
tain additional  interesting  information  on 
the  near-wsll  turbulence  structure. 

The  present  paper  provides  certain  results 
of  tne  experimental  investigation  of  the 
near-wall  turbulence  parameters  in  a water 
stream  with  small  additives  of  polyethylene- 
oxide  and  polyacrylamide. As  is  known, the  in- 
troduction of  high-poiymer  additives  to  a 
water  stream  may  result  in  the  considerable 
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dxa;  redaction. 

57  the  present  noaeroas  erxeriaental  re- 
saits  have  been  obtained  on  the  inflaence 
of  various  factors  on  tne  value  of  drag  re- 
duction (1-6), At  the  sane  tine  tne  litera- 
ture contains  different  points  of  view 
concerning  the  aechanism  of  this  phenonen- 
on. Studying  the  characteristic  features  of 
the  near-wall  turbulence  structure  provides 
important  infomation  to  clarify  the  nature 
of*  the  drag  reduction  bv  polymer  additives. 

1 . S:cteriaental  Methods 


a)  1,'easurenent  of  Turbulence  Characte- 
ristics 

The  netuoc  of  stroboscopic  visualization 
of  streams  which  has  been  developed  at  the 
Institute  of  rheniiOFh5’'sics  for  several 
years  is  based  on  nhotouraphing  snail  tra- 
cers introduced  into  a flow  at  side  flash 
lighting  (1 ,2,7-9) .As  tracers, aiuniniun 
balls  with  a diameter  of  5-5  /in  are  usual- 
ly used. Such  tracers  follow  the  flow  pul- 
sations with  good  accuracy  (10, 11). In  seve- 
ral studies  snail  gas  bubbles  electrolyti- 
cally  obtained  in  the  channel  itself  were 
also  used. The  simplest  version  of  the  opti- 
cal scheme  is  represented  in  Fig.l. 
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rig.l  Optical  scheme  of  photorecording  for” 
"two-coordinate"  method 

Immediately  ahead  a flash  lamp  a long  slit 
diaphragm  with  a width  of  0.1-0. 2 mm  is  lo- 
cated wnich  with  the  help  of  a rapid  lens 
forms  a thin  "slit  beam" in  the  investiga- 
ted section.A  camera  which  optical  axis  is 
normal  to  the  slit  beam  plane  is  focused 
to  the  illuminated  area. At  a pulse  of  the 
flash  lamp  in  the  camera  field  of  vision 
all  tracers  fallen  inside  the  slit  beam 
are  observed  as  light  points  against  the 
dark  background. A series  of  flash  lamp  pul- 
ses provides  a succession  of  positions  of 
bright  points— a discontinuous  track. By  the 
distance  between  tv/o  adjacent  patterns  tw’o 
components  of  the  instantaneous  velocity 
vector  are  determined. At  the  sane  tine  the 
picture  frame  comprises  a oattem  of  the 
thin  stroke  on  the  internal  surface  of  the 
channel  wall  required  for  measuring  the 
normal  coordinate  of  each  tracer  .The  set 
of  tracks  in  one  pic cure  frame  provides  a 


(1)  flash  lamp 

(2)  slit 

(3)  objective 
(A)  camera 
(5)  channel 


field  of  ir.stanrancous  velocicies  in  scream, 
and  the  -cocaliTy  of  a suff iciencly  large 
number  of  the  frames  gives  tnac  of  average 
velocities. The  oprical  scheme  snown  in 
rig.1  enables  us  co  obcain  cv-'o  inscancaneous 
velocity  components  at  a cine. .ith  the  help 
of  this  procedure  many  results  have  been 
obcained*  on  scud;'ing  the  near-wall  turbu- 
lence of  water  and  dilucc  solutions  of  high 
polymers  for  stresuis  with  pressure  gradient 
and  for  detached  flows. Ac  present  this  meth- 
od has  been  further  dev3loped:a  "chree-oo- 
ordinace"  procedure  of  stroboscopic  visua- 
lisation has  been  elaborated, enabling  si- 
multaneous measurement  of  all  three  compo- 
nents of  the  instantaneous  velocicy  co  oe 
performed. In  this  case  one  uses  chc-  effect 
of  reflection  of  light  emitted  by  cracers 
(tracers  are  secondary  light  sources;  from 
the  plane  mirror  surface  of  one  of  the  walls 
bounding  the  region  of  flow  under  investi- 
gation.The  effect  of  chis  reflection  con- 
sists in  that, in  addition  co  a "real”  trace 
an  "imaginary"  one  anpears  in  the  semispace 
y<0  ( Fig. 2). 


Jig. 2 Octical  scheme  of  photorecording  for 
"three-coordinate"  method 
OZ-in  the  mirror  plane ; O' Z' -in  the 
film  plane;  oCo-angle  of  lens  dip 


Under  proper  conditions  of  lighting  and 
provided  thiat  the  camera  axis  does  not  coin- 
cide with  the  Oy-axis,two  patterns  of  the 
discontinuous  tracks  are  obtained  ou  the 
film. In  a simple  case  when  the  camera  and 
tracers  are  situated  in  an  optically-homo- 
geneous  medium, separated  by  a thin  transpa- 
rent wall, the  y-  and  s-coordinates  are  ex- 
pressed as  functions  of  the  camera  inclina- 
tion angle  end  the  distance  between  the 
real  end  imaginary  patterns  of  the  tracers. 
tVhen  studying  the  screams  of  fluid  in  chan- 
nels, to  decrease  astigmatism  it  is  necessa- 
ry to  apply  a prism  with  refraccivity  the 
closest  possible  to  that  of  liquid  (Fig.5)" 
To  operate  over  a wide  velocity  range  and 
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Jig. 3 Optical  photorecording  aciienie  for 

"three-coordinate"  aethod  using  cor- 
recting prism 
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to  Sbtain  information, providing  the  requir- 
ed accurac7  in  determining  the  instantane- 
ous velocity  values, great  brightness  of  a 
light  source, high  and  controlled  frequency 
of  flashes  and  the  observance  of  strict 
time  intervals  between  them  are  necessary, 
'^e  electron  stroboscope  developed  at  the 
Institute  ensures  these  requirements.lt 
provides  up  to  800  jSm  pulse  power  emd  up 
to  20kHz  pulse  frequency. The  number  of  pul- 
ses in  a train  and, hence, the  succession  of 
oints  forming  a discontinuous  track  can 
e varied  from  3 op  to  12. 

The  choice  of  the  train  of  pulses  of  the 
flash  lamp  is  determined  by  the  type  of  the 
stream  being  examined. If  the  stream-wise 
component  of  the  Instantaneous  velocity 
vector  is  changed  not  only  in  its  value  but 
also  in  sign, such  system  of  flashes  is  re- 
quired that  could  enable  us  to  determine 
the  stream  direction. Hor  this  purpose  a 
system  of  flashes  with  inequal  time  inter- 
vals between  them  can  be  used. Such  a sys- 
tem is  also  advantageous  in  the  case  when 
the  instantaneous  velocities  in  the  stream 
region  under  examination  differ  by  several 
times. For  example, in  studying  the  near-wall 
stream  region  the  system  of  flashes 
t^tg  was  used, wherein  the  last  time  inter- 
val IS  h times  as  large  as  the  preceding 
ones  (Fig. 2). At  small  stream  velocity  the 
coordinates  of  the  track  points  (2), (3) 

(A)  and  (5)  (corresponding  to  the  tine 
tervals  t-,tT,tM,tg;  were  used.At  a large 
flow  velocity  the  point  (5)  a«y  be  hardly 
identified  or  be  lying  outside  the  frame. 
Then  the  instantaneous  velocity  is  decer- 
ained  by  the  first  three  points  (2;, (3;, 

(A)  and  their  associated  imaginary  tracks. 
At  a turbulent  flow  of  liquid  to  obtain 
the  averaged  values  of  kinematic  paramecers 
with  the  required  assurance, a large  number 
of  instantaneous  velocity  values  should  be 
measured.Hence , the  procedure  of  measuring 


tracks  should  be  automated  wherever  possible. 
A semi-automated  system  for  measuring  tracks 
comprising  an  optical-mechanical  device  with 
optical  pickups  of  the  displacement  in  two 
coordinate  axes  and  an  electron  puncher  unit 
ensures  a possibility  to  carry  out  measure- 
ments of  tracks  to  a high  accuracy  and  tole- 
rable time  and  labour  consumptions. Then  the 
information  in  terms  of  track  coordinates 
from  the  punched  tape  is  sent  to  the  compu- 
ter.To  determine  the  average  velocity  pro- 
file the  flow  region  under  examination  is 
divided  to  cells  by  subdividing  the  opera- 
tional visual  field  to  the  appropriate  zones 
in  X ,y  and  z.The  mean  velocity  value  is  de- 
termined by  averaging  the  instantaneous  ve- 
locity values  fallen  into  the  proper  cell  in 
all  frames. Velocity  fluctuations  are  deter- 
mined as  deviations  of  the  instantaneous  ve- 
locity from  the  averaged  velocity  at  a given 
point  defined  by  the  linear  interpolation 
between  the  values  in  the  centers  of  adjacent 
zones. The  program  provides  for  calculation 
of  one-point  velocity  fluctuations  momenta 
up  to  the  A-th  order. Also  calculated  are  the 
2-nd  order  one-point  mixed  momenta  and  the 
histograms  of  instantaneous  values  of  veloci- 
ty fluctuations, v;all  shear  stress  and  Heyno- 
Ids  stresses.  .At  high  density  of  tracks  in 
each  frame  one  may  perform  calculation  of 
space  correlations  of  all  three  velocity  com- 
ponents.However,  to  obtain  reliable  values  of 
the  space  correlation  factors, mass  experimen- 
tal data  should  be  processed, hence  this  in- 
formation has  been  obtained  only  in  several 
experiments. Computer  processing  enables  us 
to  carry  out  a more  detailed  analysis  of 
flows  as  well. Thus, in  a rectangular  channel 
the  contributions  were  defined  introduced  to 
the  Beynolds  shear  stresses  fluctuations  u' 
and  v*  of  vuious  signs  and  amplitudes  as 
well  as  some  other  characteristics  enabling 
us  to  study  a fine  flow  structure. 

b)  Temperature  Pulsation  Measurements 

If  the  turbulent  flow  is  heated  through  the 
channel  wall, the  velocity  fluctuations  in  a 
viscous  sublayer  result  in  the  pulsations  in 
temperature. Hence, measurements  of  temperature 
pulsations  can  be  used  in  studying  the  struc- 
ture of  turbulent  liquid  flows. To  measure 
temperature  pulsations  and  their  mean  values 
in  a liquid  flow  a specially  designed  thermo- 
couple probe  was  used. It  should  be  noted  that 
in  the  direct  vicinity  to  a wall  the  use  of 
thermocouple  probes  as  compared  with  hot-wire 
ones  is  advantageous, since  the  overheating 
of  their  wires  in  relation  to  the  environmen- 
tal fluid  and  its  associated  heat-transfer 
with  the  channel  wall  results  in  considerable 
errors  in  this  region. The  probe  was  designed 
so  that  its  influence  on  the  temperature  dis- 
tribution in  the  near-wall  flow  region  was 
as  small  as  possible. The  probe  consists  of 
an  L-shaped  stainless  tube  2mm  in  diameter, 
ended  in  its  horizontal  section  by  a fastened 
two-channel  glass  cappilary  30  mm  in  length 
with  welded  nichrome-constantan  thermo-elec- 
trodes 0.03  nuo  iJ^  diameter. The  capillary  ends 
in  10  mm  greatly  elongated  cone  not  exceed- 
ing 0.1x012  mm  in  its  overall  size. The  thermo 


couple  juncrion  is  situated  at  a distance 
of  abouT:  1.5  tea  fron  tde  glass  capillary 
ead.'Jpon  nvecdanioal  treats.ea.t  of  -cne  hot 
thembcouple  junction  its  transverse  size  is 
—10  s.rhis* thermocouple  design  enables  nea- 
sureiaents  to  be  carried  out, starting  from 
0.05  mm  distances  from  the  surf ace. A micro- 
m.eter  screw  mahes  it  possible  to  registrate 
the  probe  displacements  accurate  to  O.CIma. 
Since  the  sensitivity  of  thermocouples  used 
is  tens  of ^V/®C,at  a temperature  differen- 
ce Tw- To  of  several  degrees  for  further  pro- 
cessing the  signal  should  be  amplified. ?or 
this  purpose  a special  direct-current  ampli- 
fier vdth  up  to  iOO  Hz  transmission  band 
and  no  more  than  1.5  ju,V  input-reduced  noise 
level  was  used. The  amplified  signal  upon 
transforming  to  a digital  form, was  stored 
in  a computer  magnetic  memory. The  sample 
size  consists  of  16  000  discrete  units.V.'ith 
this  sample  size  and  frequency  resolution, 
when  calculating  5.12  Kz  energetic  spectrum, 
the  normalized  standard  error  for  the  energy 
spectra  evaluation  was  about  15^. 

2.  Investigation  of  -ater  Flow  Turbulence 
in  rarailel-.Valls  Channel 

The  emperit-ental  installation  with  ple:a.-  _ 
glass  test  section  2C^40  mm'^  was  used. 

20  calibres  apart  from  the  channel  entrance 
at  the  internal  channel  side  a mirror  with 
a reflective  covering  was  installed. 

The  optical  scheme  of  photorecording  is 
shown  la  Fig. 5. The  inclination  of  the  opti- 
cal camera  axis  to  XOT-plane  was  equal  to 
ofo»50®.The  size  of  the  operational  volume 
in  the  channel  was  1.5  sm  in  OZ-directioa 
and  1 cm  and  0.07  cm  in  02-  and  Of-direc- 
tions, respectively. 

a)  Velocity  Pulsations 
The  value  of  the  dynamic  velocity  v,  was 
de remined  by  averagingCwith  the  help  of  a 
computer J the  instantaneous  values  of  U/y 
ratio  near  the  channel  waill.It  should  be 
noted  that  the  unstable  liquid  flaw  nature 
in  the  viscous  sublayer  region  results  in 
considerable  shear  stress  pulsations  at  bhc 
wall. Fig. A represents  the  histogram  of  in- 
stantaneous values  of  U/y  in  0<y^4.5  re- 
gion. 
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Distribution  of  instantaneous  values 
of  near-wall  shear  velocity  gradient 


At  certain  moments  the  wall  shear  stresses 
are  more  than  twice  that  of  the  average  va- 
lue. In  this  case  the  shear  stress  pul- 
sations account  for  5CT  cf  rv7.The  profiles 
of  the  velocity  pulsations  in  a vis- 
cous sublayer  and  a*  buffer  zone  are  given 
in  Fig.5. 
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Fig.  5 3115  velocity  fluctuations 
Ee=21  000. 

(2;6w/v.;  C5)  S,/v. 


Data  on  the  probability  density  of  pulsations 
as  well  as  measurements  of  their  5~d  and 
4-th  momenta  obtained  in  these  experiments 
are  given  in  details  in  (12,15)  amd  essen- 
tially are  in  agreement  with  the  data  of 
other  researchers. Hence, these  data  are  not 
presented  here  and  primary  emphasis  is  plac- 
ed on  the  detailed  studying  of  the  near-wall 
structure  cf  turbulent  shear  stresses. 

b)  Certain  Date  on  the  Value  and  Struc- 
ture of  Fe-Tiolds  Shear  ctresse's 
The  expermmenzai  cata  on  tne  distribution 
of  near-wall  turbulent  shear  stresses  are 
shown  in  Fig. 6. 
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The  values  -u'v'/v,  proved  ro  be  below  tho- 
se caloulated  from  the  profile  of  the  mean 
velocity. This  problem  has  been  subjected  to 
a specified  analysis. From  the  considered 
possible  reasons  most  probable  seems  to  re- 
sult from  a three-dimensional  flow  in  the 
channel  examined  (a  rectangular  2:1  side 
ratio  channel ) , which  is  pointed  to  by  non- 
zero averaged  values  of  v and  w near  the 
wall. The  evaluation  of  terns  in  the  Rey- 
nolds motion  equation  for  a three-dimensio- 
nal flow  is  in  adequate  ag;Kemcnt  with  this 
e onclusi on . This  probl em , however , re  quire  s 
further  detailed  analysis. Double  correlation 
coefficients  H^uT/ 

ffj  are  given  in  Fig.7. 


’Within  the  viscous  sublayer  the  correlation 
coefficient  u'v'/  0'^  g is  very  small. iTith 
a^removal  from  the  v;all  it  rapidly  grows^at 
y »15  achieving  the  value  approximately  equ- 
al to  0.5. It  is  Imown.that  in  the  developed 
turbulence  area  this  value  is  equal  to  0.h2- 
.Double-correlation  coefficients  u'w*/ 
Oy  and  v'w'/  Oy  are  close  to  zero, It 
should  be  noted, however, that  the  errors  in 
the  determination  of  correlation  coeffici- 
ents are  rather  high  and  in  a viscous  sub- 
layer they  are  of  the  same  order  as  the  va- 
lue under  measurement. The  average  values  of 
u'v'  given  in  Pigs. 6 and  7 point  to  a large 
spr^d  in  the  instantaneous  values. In  seve- 
ral  experiments  the  instantaneous  values  of 
u V were  found  to  be  30—50  times  more  t:hpn 
their  average  value. Investigations  using  va- 
rious visualization  techniques  carried  out 
recently  (13-22)  have  made  it  possible  to 
obtain  much  interesting  information  reveal- 
ing characteristic  features  of  the  near-wall 
liquid  flow. The  e^erinents  have  shown  that 
on  a surface  high-  And-lot-zyelocity  streag- 
wise  elongated  regions  exirt.  These  streaks" 
of  decelerating  liquid  sm  gradually  thicken- 
ed and  in  the  zone  5 ^ y < hO  a sharp  burst 
of  liquid  from  the  wall  takes  place  result- 
ing in  the  initiation  of  stochastic  motion 
over  a large  area  (at  present  the  mechanism 
of  this  phenomenon  is  treated  in  various 
ways) .Instead  of  liquid  carried  out  into  the 
flow  a now  portion  of  liouid  comes  moving 
at  a velocity  exceeding  the  mean  local  one. 
The  next  stage  can  be  conditionally  treated 
as  a non-stacionary  quasi-laminar  flow. Dur- 
ing this  stage  the  deceleration  of  liquid 
occurs  under  the  action  of  viscous  forces. 
This  stage  is  much  more  durable. Then  a new 
burst  of  liquid  from  the  wall  takes  place. 


Along  with  ordered  events, cases  have  been 
registered  when  portions  of  decelerated  li- 
quid receding  from  the  wall  are  repelled 
back, and  the  incoming  accelerating  liquid  is 
thrown  away  from  the  wall. There  is  a signi- 
ficant discrepancy  between  the  quantitative 
estim.ations  performed  to  define  which  of  the 
stages  found  makes  the  greatest  contribution 
to  the  value  of  Reynolds  shear  stresses  (15, 
16, 25-25). As  it  has  been  noted  above  "burst" 
is  chaLracterized  as  a rule  by  a decelerating 
flow .At  the  same  time  after  the  "burst" liouid 
is  directed  to  the  near-wall  region  at  a high 
velocity. Thus, these  processes  are  characteri- 
zed by  various-sign  velocity  fluctuations 
and  make  a positive  contribution  to  the  va- 
lue of  Reynolds  shear  stresses. The  cases 
when  the  portions  of  decelerating  liquid 
move  to  the  wall  and  the  accelerating  liquid 
is  thrown  away  from  it, result  in  negative  in- 
stantaneous values  of  u'v' .According  to  our 
e^erimental  results  computer-aided  calcula- 
tions of  the  relations  between  the  number  of 
events  with  various  combinations  of  signs  in 
the  velocity  fluctuations  (u  types)  and  the 
total  number  of  the  events  registered  were 
carried  out. These  values  characterize  the 
ortion  of  time  during  which  the  near-wall 
iquid  participates  in  one  or  another  process 
of  motion. The  results  of  this  processing  are 
shown  in  Fig. 8. 
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Pig. 8 Probability  of  various  types  of  motion 
in  the  near-wall  region(—  data(2h)) 

l-u'<0,v'>0;  II-u' > 0,v' > 0; 
m-u'  >0,v'  < 0;  rv-u'  < 0,v'  < 0; 


From  Pig. 8 It  is  seen  that  near  the  wall 
(6<y<20)the  total  probability  of  observa- 
tions of.flow  with  different-sign  fluctuations 
Is  equal  to  50-7055, i.e.  it  is  1.5  times  as 
much  as  that  for  equal-sign  velocity  fluctu- 
ations flows. In  this  case  the  events  of  ty- 
pe I(u'<C,v'>0)  are  observed  more  rarely 
than  those  of  type  III(u' > 0,v' < 0).?ig.9 
represents  the  histograms  u'v' instantaneous 
vaj.ues  at  different  disteLnees  from  the  chan- 
nel wall. The  left-hand  aide  of  the  histogram 
is  contributed  by  the  Instantaneous  values 
of  u'v'  products, characterized  by  different 
sign  fluctuations. From  the  data  obtained  it 
is  aeon  that  near  the  wall  the  great  instant- 
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aneouc  valaes  of  a'v’  are  related  to  pro- 
cess III,v;iiile  "oursts"  in  this  region  fol- 
lored  by  great  a'v’  are  practically  absent. 
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Jig. 10  Oontribution  of  various  tj'pes  of  no- 
tion to  Seynclds  shear  stresses. 

data(24/;(I,II,III,IV  see  Fig. 8) 


In  the  direct  vicinity  of  the  v.-ail  tne  grcS' 
test  contribution  to  He^nialds  shear  stresse 
is  rade  by  the  fiovrs  '.tith  velocities  exceed 
iag  the  nean  values. In  this  zone  the  proces 
scs  of  "bursting" of  decelerating  licuid  por 
tions  fron  the  v.-all  are  of  less  inportancc. 
In  a buffer  zone  the  contributions  to  the 
Heynolds  stresses  of  the  processes  of  typel 
and  III  becone  close  in  value  and  equal  ap- 
proxinately  50^. The  excess  60^'  are  coapensa 
ted  by  one-sign  fluctuations  products  iialcin 
a negative  contribution  to  the  Reynolds 
stresses  value .i  conputer-aided  analysis  of 
the  experinental  data  has  been  perfomed  en 
abling  us  to  define  the  contribution  of  dif 
ferent-anplitude  fluctuations  to  the  Rey- 
nolds stresses  value. Ihe  results  of  this  an 
alysis  are  shown  in  Figs.'ll  and  12. 


Fig. 9 Distribution  of  instantaneous  values 
of  a'vVCalSv 

’V-0<y  ^ 5;  2-5  <y  * 15;  5-15  <7  425 


Cith  the  removal  from  the  wall  the  structure 
of  Heynolds  shear  stresses  changes, great  in- 
stantaneous values  u’v'  are  observed  both 
for  the  processes  of  type  I and  for  those 
of  type  Ill.Ihe  resulting  plot  characteri- 
zing the  contributions  of  various-type  flows 
to  the  value  of  Reynolds  stresses  at  diffe- 
rent distances  from  the  wall  is  shown  in 
Fig. 10. 
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Fig. 11 


Contribution  of  various-amplitude 
fluctuations  of  v'  to  Heynolds 
stresses 


Data  presented  at  the  bottom  of  the  figures 
characterize  the  probabilities  of  different 
-amplitude  fluctuations ;centrally  located 
is  the  mean  value  of  Heynolds  stresses  ver- 
sus the  scale  of  fluctuations, and  at  the  top 
is  given  the  relative  contribution  of  diffe- 
rent-amplitude fluctuations  to  Heynolds 
stresses. From  these  figures  it  follows  that 
about  7051  of  both  the  streamwise  and  normal 
velocity  fluctuations  have  amplitudes  under 
their  HLIS  value. Xheir  contribution  to  the 
value  of  Heynolds  stresses  is  equal  to  2C- 
30fS.At  the  same  time  the  fluctuations  with 
(1>2)J?.  amplitudes  accounting  for  only 
20-30C  5f  the  total  number  of  fluctuations 
registered  are  responsible  for  50-70r5  of  the 
Heynolds  stresses  value. Great  fluctuations 
both  positive  and  negative  resulting  in  verj' 
high  instantaneous  values  of  u'v'  due  to 
their  small  probability, however, contribute 
rather  insignificantly  to  the  value  of  Hey- 
nolds stresses. Hear  the  wall  high  negative 
fluctuations  of  v'are  apt  to  correspond  to 
high  positive  fluctuations  of  u'.Ihis  is 
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As  is  seen  from  tbs  sams  histogTan,in  a 
viscous  sublajar  for  blgb  positive  fluctu- 
ations of  v*  the  situation  is  different. 

Xhis  shows  that  in  the  pulse  transfer  near- 
wall "bursts*"  are  not  decisive  .T7ith  the  re- 
Ecval  from  the  wa^  the  situation  changes. 

Ihe  mean  value  of tu'V for  high  positive 
fluctuations  of  v*  and  weir  contribution 
to  the  value  of  Reynolds  stresses  increase 
(Fig. 11). Similar  conclusions  can  also  be 
made  from  Fig. 12  representing  the  contribu- 
tion of  differant-anplitude  strsamwise  flu- 
ctuations to  the  value  of  Reynolds  stresses. 
Thus, the  quantitative  data  obtained  charac- 
terizing the  Reynolds  stresses  structure, 
show  that  for  the  pulse  transfer  near  the 
surface  predominant  are  the  velocity  fluct- 
uations directed  to  the  wall, emerging  at 
"breaks"  of  liquid  to  the  zone  of  viscous 
sublayer.At  the  same  time  with  an  increase 
in  7 the  role  of  fluctuations  Erected  from 
the  wall  grows, and  in  the  22  region 

about  half  the  total  value  of  Reynolds  stres- 
ses is  associated  with  rather  rare  but  pow- 
erful liquid  "bursts"  from  the  near-wall  re- 
gion. 

Temperature  Pul  salons 
The  above  analysis  of  near-wall  turbulence 
exchange  is  in  good  a^eement  with  the  data 
obtained  from  the  ana lysis  of  temperature 
pulsations. The  present  paper  represents  some 
results  of  measuring  the  statistical  charac- 
teristics of  temperature  pulsations  at  a 
non-isothermal  turbulent  flow  of  water  in  a 
rectangular  plane  channel, over  the .range  of 
Reynolds  numbers  from  10^  to  60*10^. The  text 


Fig.lJ  Distribution  of  temperature  fluctu- 
ations intensity  and  skewnoss  and 
flatness  factors 


In  a viscous  sublayer  the  skewness  coeffici- 
ent is  negative  and  grows  when  approaching 
the  wall, showing  ^at  a drastic  penetration 
of  cooled  moles  of  liquid  from  the  outer  re 
gion  of  flow  is  observed. The  anplitude  of 
temperature  pulsations  caused  by  the  penet- 
ration of  the  coldest  liquid  portions  from 
the  free  stream  is  several  times  as  much  as 
that  of  hot  bursts  from  the  wall. Over  the 
region  of  laaEiaua  temperature  pulsation  in- 
tensity,where  the  average  temperature  ap- 
proximately equals0.5*(T^,-T«), the  skewness 
coefficient  changes  its  sign. It  points  to 
the  appearance  of  hot  bursts  out  of  the  sub 
layer  whose  amplitude  exceeds  that  of  tem- 

ferature  pulsations  penetrating  from  the 
ree  stream. Spectra  and  autocorrelation  fun 
ctlona  were  measured  at  various  Reynolds 
numbers  and  different  distances  from  wall 
beginning  with  0.03  mm.The  calculations  re- 
sults snow  that  within  a viscous  sublayer 
7 so  spectra  are  essentially  Independent 
of  the  coordinate, Fig. 14. Since  the  tempera- 
ture pulsations  in  ^turbulent  flow  are  pri- 
marily caused  by  velocity  pulsations, from 
the  spectral  uniformity  of  temperature  pul- 
sations in  the  viscous  sublayer  certain  con 
cents  on  the  sublayer  structure  given  in 
(26,27)  follow' .According  to  this  model  the 
motion  in  sublayer  takes  the  form  of  mutual 
ly  independent  perturbations  with  the  same 


spectra,  and  the  velocity  distribcition  lu_a 
viEcoas  sjblayor  is  deturElned  by  linear 
equations- 


Fi^.l^  Spectral  densities  of  temperature 
fluctuations  in  viscous  sublayer 


rhe  distribution  of  the  spectra  outside  the 
viscous  sublayer  (7  46)  shov7S  grearer  depen- 
dence on  the  7-coordinate  .V7ith  an  increase 
in  7, still  higrier-frequency  components  ap- 
pear in  the  spectra. If  the  given  spectra 
are  represented  as  a function  of  the  wave 
number  ks2Xf/u, where  u is  the  averaged  lo- 
cal velocity  value, then  the  spectral  curves 
obtained  are  well  grouped  around  one  cuxnre. 
Thus, outside  the  viscous  sublayer  the  Tailor 
nypothosis  an  "frozen"  turbulence  for  the 
temperature  and  velocity  fields  can  be 
used. 

^ The  Effect  of  roljner  Addltlvea 
The  study  of  near-wail  turouience  of  water 
with  small  additives  of  high  polymers  is 
verj'  difficult.  The  generation  of  abnormal 
signals, low  values  of  heat-transfer  coeffi- 
cients, variations  in  readings  with  time 
mads  a hot-wire  anemometer  impractical  for 
this  purpose.At  the  same  tine  the  strobos- 
copic flow  visualization  method  enabled  us 
to  examine  the  profiles  of  mean  velocity. 

The  intensity  of  stream-wise  and  normal  pu- 
lsations, the  probability  density  of  pulsa- 
tions, the  spatial  correlations  of  stream- 
wise  velocity  component  and  some  other  cha- 
racteristics.The  results  of  these  studies 
are  given  in  detail  ~ in  (2,23-51) .The  ex- 
periments performed  have  shown  that  the  in- 
fluence of  high  polyner  additives  is  not 
restricted  tc  a narrow  noar-wall  zone  but 


eiccemds  into  a ma^or  part  of  one  channel. In 
this  case  the  buffer  zone  whore  who  molecu- 
lar and  turbulent  viscosities  are  commensu- 
rable in  value  significantly  grows  in  size. 
A:  water  flow  wish  most  efficient  addisives 
in  small-size  channels  this  zone  can  extend 
into  almost  the  whole  of  channel  cross  sec- 
tion.The  streamwise  vclocitj-  pulsations  re- 
ferred to  the  local  meam  velocity  in  ’.vater 
and  dilute  solutions  of  high  polyners.yary 
insignificantly  and  normalized  by  vy  may  be 
even  somewhat  higher (polyacrylamide  solu  - 
tion  Fig. 15) the  same  time  polymer  addi 
tives  greatly  reduce  the  IL'TS  pulsations  of 
normal  to  the-  surface  velocities  components 
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Fig. 15  SllS  velocity  fluctuations  in  dilute 
solutions  of  polymers 

1 -water, Ke*5^  500; 2-polyethylene 
oxide  solution,3e=2700,  4 / ^c=0.25i 
5-polyacrylamide  solution, He=1 3 500 
C/  5o=C.35 


This  reduction  is  observed  both  for  the 
mean  local  velocity  and  the  d^amic  one  .A 
decrease  in  5"  is  somewhat  below  that  in 
This  can  readily  be  seen  in  Fit. 16. ^ 
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Fig. 16  RhS  near-wall  velocity  fluctuations 
1 -water, 2-polyacrylamide  eolution 


t^ae  should  take  into  coasideratioa  that  the 
data  of  this  figure  refer  to  the  flow  of  di- 
lute solution  undergone  great  destruction 
in  a loop, when  the  drag  reduction  was  equal 
only  to  20^, Of  considerable  interest  in  a 
turbulent  flow  of  poljner  solutions  are  the 
double  correlations  u'v .They  were  defined 
both  for  a fresh  solution  of  polyethylene 
oxide  and  for  that  after  destruction. The 
experiaantal  results  are  shown  in  Pigs.l? 
and  18. 
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Fig. 17  Double-correlation  coefficients  of 
velocity  fluctuations 

1-water;2-polyethylene  oxide  solu- 
tion ;3-the  sane  after  destruction 


consider  tne  obtained  experisental  result 
as  tne  first  direct  evidence  tnat  the  flow 
of  dilute  high  polyner  solutions  does  not 
obey  tne  llavie-otokes  equation, this  conclu- 
sion itself  is  not  quite  unexpected. These 
equations  do  not  take  into  account  the  spe- 
cific features  of  dilute  high  polyner  solu- 
tions and  primarily  tneix  elastic  properties. 
The  application  of  a sinple  rheological  kax- 
well  equation  with  one  characteristic  relax- 
ation tine  may  qualitatively  account  for  the 
effects  observed  in  the  experiaents(2,32,33). 
The  analysis  of  Beynolds  stresses  carried 
out  in  the  same  manner  as  for  water  shows, 
that  with  polymer  additives  the  relative 
part  of  instantaneous  values  of  u'v*  products 
whose  pulsations  have  differont  signs  (I  ana 
III  in  irlg.19)decreases. 


Fig. 18  Reynolds  stresses  (notations  as  in 
Fig.17). 


For  the  solution  of  polyethylene  oxide  des- 
tructed  so  that  the  velocipr  profile  differs 
from  the  universal  one  insignificantly  and 
the  effect  of  drag  reduction  is  small, the 
correlation  coefficients  u'v'/  are 

close  to  the  proper  values  for  the  water 
flow. In  this  case  the  drag  coefficient  at 
y/H  >0.3  follows  the  relation  T/  ‘ZL*1-y/H. 
For  a fresh  solution  of  polyethylene  oxide 
oyer  the  total  cross  section  the  values 
u'v'/  6^  dv  u'vvvl  are  very  small  and 
outside  t^  yipcous  sublayer  the  total  she- 
ar stress  V a TTd-y/H)  greatly  exceeds  the 
sum  of  viscous  and  Reynolds  stresses. This 
experimental  result  shows  that  the  Reynolds  - 
equations  and  hence  Navi.e-Stokes  ones  do 
not  describe  the  turbulent  flow  of  dilute 
high  polymer  solutions  even  in  the  case 
when  the  solution  viscosity  is  essentially 
the  same  as  the  water  one  and  it  does  not 
vary  with  shear  velocityCe.g.  the  examined 
solution  of  polyethylene  oxide). Although  we 


Fig. 20  Contribution  of  various-types  of  mo- 
tion to  Reynolds  stresses  for  poly- 
ethylene  oxide  dilate  solution  (I, II, 
111,17  as  in  Fig. 8) 

At  the  same  time  these  values  comprise  bursts 
of  decelerating  liquid  from  the  wall  and 
break  of  liquid  to  tne  near-wali  region  of 
flow  at  larger  tnan  averaged  velocities.As 
It  nas  been  noted  earlier,  o^tst  these  proces- 
ses mostly  contribute  to  the  value  of  Rey- 
nolds stresaes.as  a result, the  Reynolds 
stresses  associated  witn  u'aud  V pulsations 
of  different  and  'Qie  same  signs  have  been 
found  to  ue  ratner  close. (Pig.20). 


Pig . 1 9 Probabili ty  of  I and  III  types  of 
motion.  — water;—  polyethylene  orld# 
dilute  solution;— •—•-  polyacrylamide  dilute 
solution 


The  reduction  of  "bursts"  frequency  results 
in  the  increase  of  macroscale  of  near-wall 


torbulence.Tliis  is  also  supported  ty  the 
analysis  of  autocorrelation  function  of  re- 
nporaturo  pulsations  (6). The  decrease  in 
the  intensity  of  nomal-to  wall  velocity 
Dulsations  and  double-correlation  coeffici- 
ents, the  increase  in  the  tine  macroscale  of 
turbulence  at  the  outer  boundary  of  viscous 
sublayer, i.e.  a decrease  in  the  intensity 
and  frequency  of  bursts-all  this  results  in 
decrease  of  turbulent  energy  generation  in 
water  with  snail  polymer  additives. 
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ABSTRACT 


The  paper  is  concerned  with  the  problea 
of  universal  (in  the  sense  of  the  turbulent 
Reynolds  nuaber]  and  Invariant  (with  respect 
to  the  fora  of  a velocity  field)  description 
of  inhoaogeneous  turbulence  by  aeans  of  a 
finite  set  of  differential  aodel  equations 
for  the  statistical  aoaents.  The  aia  of  the 
paper  is  to  draw  attention  of  constructors 
and  users  of  correlational  turbulence  aodels 
to  a principal  obstacle  to  universal  corre- 
lational description  of  turbulent  flows.  An 
approxiaate  aatheaatically  foraalized  tech- 
nique which  aakes  it  possible  to  deteraine, 
in  a straightforward  aanner,  the  unknown  gra- 
dient-type aoaents  included  into  the  dif  - 
ferentiai  correlation  equations  is  presented. 
A correlational  aodel  of  inhoaogeneous  velo- 
city field  which  conforas  with  the  require  - 
aents  of  tensor  invariance  and  , under 
author's  supposition,  invariance  in  the 
sense  of  the  fora  of  the  turbulent  velocity 
field  is  constructed.  Froa  the  aodel  a 
finite  "closed"  set  of  differential  aodel 
aoaent  equations  referring  to  large-scale 
turbulence  is  generated.  The  Invariance  of 
the  aodel  with  regard  to  the  fora  of  the  tur- 
bulent velocity  field  is  deaonstrated  for 
different  shear  flows. 


NOMENCLATURE 


tu  - scale  of  length  of  the  turbulent  field; 
P ■ aean  pressure; 
p - pressure  fluctuation; 

^ - double  kinetic  energy  of  turbu  - 

lence; 

• two'point  velocity  correlation; 

Uj^  - coaponents  of  velocity  fluctuations; 

U^  - enseable  averaged  (aean)  velocity  com- 
ponents (i-1,2,3); 

- Cartesian  coordinates; 
x^  - direction  of  aean  flow; 

Xj  ~ direction  perpendicular  to  the  aean 
flow; 


5j^(x^)  j-(Xj^)a  ^ coaponents  of  vector  radius 
between  A and  B points; 

V - kineaatic  viscosity  coefficient. 

SUBSCRIPTS 

, - denotes  the  covariant  derivative  with 
respect  to  x^  , 

superscripts 

, - denotes  the  derivative  in  the  (-space; 

' - refers  to  B-point; 

X - denotes  the  hoaogeneity  of  the  turbu  - 
lence. 

NECESSARY  CONDITIONS  OF  CORREUTIONAL 

modelling  of  inhomogeneous  turbulence 

Within  the  last  decennia  there  have 
appeared  nuabers  of  papers  on  aodelling  of 
inhoaogeneous  turbulence  based  on  the  finite 
set  of  differential  equations  for  the  one  - 
•point  statistical  aoaents 

U^  j - 0 (1) 

V «k-“i.k  * (^\k  * ^i  ' ''“i,kk-<^ 

(2) 

(u^uj ) ,k*''j'^-“i  .k* 

- ''(^j^kk  ■ 0 (3) 


17.23 


-^j  • ^ Vz5  ^ Vt^  .i*^-  .1* 


to  the  turbulent  Reynolds  number  R^  ■ 

/v  and  the  order  of  the  highest  mo  - 
ment  described  by  the  differential  equa  - 
tion.  Obviously,  at  homogeneous  turbulence 
the  set  of  equations  (2) -(4) , etc.  transforms 
to  the  set  of  equations  involving 
- equation  for  the  kinetic  energy  of  turbu  - 
lence  E ■ 


* “j“i.z“k.i*“k“j.z“T.t^-''(v^^kk 


etc, 


(4) 


£ ♦£*  - 0 . (S) 

where  £y"vUj^  j^u^  kk'^^*''^u  dissi- 

pative function,  u^j  is  the  two-point  cor- 
relation, Dy«  I (-Ujup  *’‘^1  ct"0)  is  the  vorti- 
city  function  ► 


where  the  tensor  notation  is  employed. 

For  this  set  of  equations  to  be  closed, 
different  authors  introduce  additional  rela- 
tions between  the  known  and  unknown  moments. 
This  is  the  way  in  which  the  finite  set  of 
closed  modelling  equations  for  the  one-point 
statistical  moments,  i.e.  the  mathematical 
turbulence  model  in  the  correlational  formu- 
lation is  obtained.  And  any  one  of  these 
models,  by  whatever  way  it  is  obtained, 
should  satisfy  some  sec  of  appropriate  con  - 
ditions  which  in  particular  involve:  inva  - 
riance  with  respect  to  the  Galilean  transfor- 
mation, tensor  invariance  and  invariance  with 
respect  to  thd  form  of  the  turbulent  veloci  - 
ty  field.  The  first  two  of  these  are  obvious 
and  typical  of  the  known  workable  correlatio- 
nal models  of  turbulence.  The  third  condi  - 
tion  means  that  there  should  be  the  same 
degree  of  accuracy  with  which  the  turbulence 
model  describes  the  statistical  moments  of 
the  turbulent  velocity  field  of  any  form  , 
starting  from  the  simplest  one,  which  defines 
the  decay  of  homogeneous  and  isotropic  cur  - 
bulence,  to  chat  which  defines  the  shear  tur- 
bulent flow  of  a certain  complexity.  It  is 
quite  evident  that  any  correlational  model 
of  Inhomogeneous  turbulence,  which  claims  to 
be  classified  as  theory,  should  satisfy  this 
necessary  (though  insufficient)  conditions. 

As  to  the  set  of  sufficient  conditions,  it 
should  be  specified  by  the  complexity  of 
that  shear  flow  which  is  the  most  complex  in 
the  ierarchy  of  turbulent  flows  being  descri- 
bed by  this  model.  It  should  be  kept  in  mind 
here  that  the  degree  of  complexity  of  the 
most  complex  flow,  among  those  considered, 
should  be  limited,  since  the  finite  set  of 
equations  for  the  moments  cannot  in  prin  - 
ciple  provide  complete  statistical  descrip  - 
tion  of  turbulent  velocity  field. 


- equation  for  the  dissipative  function  etc 

€*  ♦ - a. 

etc.  , 
where 

* S^)/3(lSv€j|)’/^ 

S„-6(1Sv)  I (D^^)  •’‘^1  (1-0) , 

Sy-6  ( 1 S V)  ’ / 2 , 1 (D^jj^)  *^1  (!-0)  / 7D  2 , 

°ii*  ■ , 

Diki-- 

and  the  superscript  "x"  refers  to  homogeneous 
turbulence  so  that  6 * ■ vD^. 

Universality  of  the  sec  of  equations 
(5) -(6)  in  the  sense  of  R^  is  "concealed"  in 

the  unknown  function  the  inertia  part  of 

which  defines  the  non-linear  interaction  bet- 
ween the  vortices  of  various  scales  By 

the  use  of  invariant  relations  of  Loitsyansky 
|1|  and  Saffman  |2|  it  can  be  easily  shown 

that  F*y  nay  be  a constant  only  at  Rj<<1 
and  Rj^>>  I which  correspond,  at  the  finite 

values  of  E,  to  small-scale  and  large-scale 
turbulence,  namely 


COMPLETENESS  OF  THE  SET  OF  MODELLING  EQUA  - 
TIONS  AND  THE  PROBLEM  OF  UNIVERSALITY  OF 
THE  MODEL  WITH  RESPECT  TO  THE  TURJ ULENT 
REYNOLDS  NUMBER 

Proceeding  from  the  third  condition  of 
invariance,  the  connection  can  bo  shown  bet- 
ween the  problem  of  universality  with  respect 


llm  F*y  * 14/ S 

Rj-0 

tim  F*j^  * 11/ 3 

***  (7) 

In  the  first  case,  R,<<1,  the  characteristic 
turbulence  scale  is  the  Taylor  microscale 


17.24 


1 


I 

I 


of  curbulanca 

l2  5 xj  - lOE/Du,  (8) 

whil*  in  tha  sacond,  R^»1,  tha  Taylor  nac- 
nscala  of  turbulanca 

lyaLu-10(2)’/^.E^''^.  /vDjj.  (9) 


gas  variables  which  Bakes  it  possible  to  uni- 
versally Bodal  any  transfbmed  aoBent.  Thus, 
tha  Second-order  tensor  of  the  dissipative 
function  in  equation  (3)  for  the  second  ao  - 
Bent  u^Uj  is  transfomed  as 


ei^svui 


i ,k“j  ,k 


Thus,  any  second-order  correlational  bo  del 
satisfying  the  necessary  condition  of  inva- 
riance with  respect  to  the  fora  of  the  field 
cannot  claia  of  being  able  to  universally 
describe  turbulence  in  the  sense  of  diffe  - 
rent  turbulanca  scales  since  it  cannot  be 
closed  for  any  value  of  Applied  to  the 

wall  flow  it -Beans  that  tha  second-order  no- 
dal fails  to  describe  the  whole  region  of 
the  flow,  froB  tha  wall  to  the  outer  bounda- 
ry. In  other  words, 'the  second-order  laodel 
can  be  only  asyaptotical  one,  i.e.  applicable 
either  to  very  saall-scale  or  very  large  - 
scale  turbulence.  Unfortunately,  plenty  of 
papers  keeps  appearing  at  present  where  the 
authors  atteapt  to  Bake  use  of  the  second  - 
-order  nodal  to  describe  the  turbulent  wall 
flows  not  containing  any  hint  of  its  inapp- 
licability in  principle. 

PROCEDURE  CF  UtKNOMN  NCMENTS  MODELUNG 


As  far  as  the  author  is  awarw  , at  pre- 
sent there  are  two  nethods  of  nodelling  the 
unknown  gradient-type  terms  involved  in  the 
equations  for  the  aoBents.  One  of  then,  the 
aethod  of  'physical  Bodelling”,  pioneered 
by  Kolmogorov  |3i,  postulates  that  the 
"work"  of  different  unknown  terms  is  to  be 
considered  on  the  basis  of  physical  con  - 
cepts  and  dimensional  analysis.  Thus,  it 
presupposes  separate  consideration  of  each 
of  the  unknown  terms.  The  Bain  drawback  of 
this  method  is  connected  to  the  absence  of 
a clear  physical  meaning  of  the  greater  part 
of  unknown  terms  and  especially  of  the  high- 
order  moments.  It  is* plain  that  for  the 
success  to  be  achieved  with  the  method  of 
physical  modelling  the  author  should  pos  - 
sess  intuition  verging  on  art.  The  second, 
the  method  of  'Mathematical  formalization" 
of  unknown  moments,  whose  originator  seems 
to  be  Chou  j4i,  presupposes  some  formal 
transformation  of  the  unknown  moments  which 
makes  it  possible  to  universally  model  any 
of  the  unknown  moments  irrespective  of  its 
order  and  physical  meaning.  An  altemati- 
vet  of  such  a method  is  the  technique  of 

modelling  two-point  moments  set  forth  in  a 
crude  form  by  the  author  and  Vatutin  |5|  . 
This  technique  envisages  preliminary  kine- 
aatic  transformation  of  the  unknown  gradi- 
ent-type moments  with  the  use  of  the  Bur  - 


^ Recently  Lumley  |6|  has  developed  a pro- 
mising version  of  the  method  based  on  the 
so-called  "functional  expansion"  of  un  - 
known  gradient-type  moments. 


where  FH^-vCuj^Uji  is  the  function  de- 

fining "strong"  inhomogeneity  of  the  unknown 


(-UfUj  ')  kkl  ^^“0^ 


Bomentey^; 

function  which  defines  in  general  the  proper- 
ties of  the  unknown  suBent  in  homgeneous 
turbulence.  ... 

The  function  F>j  > is  determined  by  equa- 
tion (3)  while  for  it  is  sufficient  to 

know  the  two-point  correlation  u.u. ' fcr  two 
adjacent  points,  i.e.  at  1'  Since 

turbulence  between  the  two  nearby  points  can 
be  treated  as  quasi-homogeneous , the  two- 
point  correlation  may  be  presented  as 


“i“j 


■ H, 


N, 


Ij  ' - "ij  ’ 

where  , is  the  homogeneous  two-point  cor- 
relation, , is  the  correcting  function  mo- 
delling the  properties  of  "weak"  inhosngenei- 
ty.  Homogeneous  two-point  correlational  ten- 
sors of  any  rank  are  determined  here  through 
the  medivB  of  Robertson's  theory  of  invari- 
ants |7|  by  formally  replacing  all  the  "isot- 
ropic" invariants  involved  into  the  consider- 
ed correlational  t»nsor  with  the  correspond- 
ing homogeneous  invariants.  Then  the  func  - 
tions  , and  , are  expanded  into  the 

Taylor  power  series  with  the  part  of  the  ex- 
pansion factors  being  determined  from  the 
conditions  of  incompressibility.  CMitting  in- 
termediate manipulations  we  shall  write  a set 
of  sndelling  quasi-homogeneous  correlations 
for  nearby  points  in  the  form 


UjP' 


X «ij/S-Cj(Iij-3«ij/Sl/3}-(n|Jj^  ♦ 

* “lim*^t^t****^'^ip**'*' 

- {q*l  * 

X Dy/1  )Dy/Sq‘  1 )♦..., 


(n{J^  ♦ 


and  so  on. 


‘1  iB-fm 


ijk 
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wh«r« 


Kij^-3’^*UiUjU^/Cq*)^/*  . 

Thus,  th«  unknown  gradiant-type  momants 
ara  baing  nodallad  as  follows 

• V 


(V^kk^^^a.ntVn^a^^Wn^an  * 

■ '(^);7k*‘‘«ni,n-(Wn^»  " 

* ( VWn'^j  ,®n  ’ ^ 


CU) 


C1S5 


(10) 

whara  tha  scala  1^  is  dafinad  by  (8)  or  (9) 

dapanding  on  which  turbulanca  scala  ragion 
datarainas  tha  particular  unknown  aoaant  of 
tha  gradiant  typa  j^. 

THE  THIRO-OROER  MODEL  OF  INHOMOGENEOUS 
VELOCITY  FIELD 

Using  aodalling  ralations  (10)  ona  nay. 
construct  tha  following  noaant  nodal  of  in- 
hoaoganaous  valocity  fiald  which  satisfias 
tha  above  conditions  of  invariance 

^j*“k'(Vj5.k*^-“j.k*^-“i.k* 

,k*l  il/2*2h^’^  X 

X vO^(3u^j/q*-«^p-»2vDjl6i3-2c)iqUj/q»* 

♦ (4c-J)4j^j  |/1S-(v/2)  (u^Tj)  - 0 , 

(11) 

UiUjU^*Uj.(UiU^u^)  ^♦UiUjUj.Uk^t  ♦ 

-3n[^5 .0^.u^u7u^/q»-(v/4) . (u^u^u^) ^jj-0  , 

(12) 

♦ ^ik*  •“i,k/’®"^^’^i,kll‘“i'^*“k,tl-^*,k^''*‘ 

■ l°u^"u^  •“i“i“k**^^^  •uj[p)/q*  I ♦ 

♦ F*^.vD»/q«-(v/2).D^^^^  - 0, 

(13) 


where  c,R^^^ ,n^^^ ,5^^^  are  unknown  dimension- 
less factors. 

Tha  above  third-order  modal  can  be  clo- 
sed accurate  to  tha  function  ^ baing 

defined  by  homogeneous  and  ^anisotropic 

turbulence.  Its  analytical  definition  in  the 
framework  of  tha  third-order  modal  can  ba 
fulfilled  for  small  values  of  the  turbulent 
Reynolds  number  (0<R^<10)  for  instance  by  tha 

Oeissler  analysis  [Sj.  This  analysis  is  in- 
applicable , however  , for  moderate  and  high  va- 
lues of  R^.  The  author  and  his  colleagues 

|9|  have  made  an  attempt,  therefore,  to  di  - 
rectly  measure  the  moments  and  in  near- 
ly nondecaying  homogeneous  turbulence  reali- 
zed in  a wind  tunnel.  The  experimental  re  - 
suits  indicate  thus  that  within  60<R^<120 

the  quantity  F*^  is  a strongly  varying  func- 
tion. of  asymptotically  approaching  the  va- 
lue given  in  (7)  at  R^>>1.  Unfortunately, 
the  range  0<R^<60  has  turned  to  be  inacces  - 

sible  for  the  present  experiaunt.  Until  the 
function  F*y(R)^)  remains  unknown  for  the  ar- 
bitrary values  of  Rj^,  the  above  third-order 

model  cannot  claim  to  be  universal  in  the 
sense  of  R^. 

ASYMPTOTIC  MODEL  OF  THE  LARGE-SCALE  INHOMO- 
GENEOUS VELOCITY  FIELD 

By  estimating  the  order  of  values  of 
different  terms  in  modelling  equations  (11)- 
(15)  and  postulating  the  hypothesis  of  quasi- 
normality to  be  validt  at  Rj^>>1,  one  may  ob- 
tain an  asymptotic  model  of  the  large-scale 
inhomogeneous  velocity  field.  As  was  noted 
above.  Incorporation  in  the  asymptotic  mo  - 
del  of  the  differential  equations  for  the 
third  and  higher  moments  is  incorrect.  There- 
fore, for  the  third  moments  to  be  defined,  we 


^ Since  the  validity  of  the  hypothesis  at 
Rj^<<1  is  questionable , at  present  the  author 

has  a conservative  attitude  towards  the  p‘  s- 
sibility  of  constructing  the  model  ot  small- 
scale  turbulence  using  eqs . ( 1 1) -(1 5)  . 
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T«soTt  to  the  so-called  equilibriuB  equa  - 
tions  obtainable  froa  differential  equation 
(12)  Nhen  only  diffusion  and  dissipation 
tens  are  retained. 

To  be  specific,  we  shall  write  down  the 
asymptotic  modelling  equations  in  the  appro- 
ach of  a two-dimension  stationary  boundary 
layer 

“r“l,l*“2*“l,2*f^2^2*^“l-“P.l  * 


♦^l-  ''•“1.22  ■ ° • 


U .(u  u ) *11  .(tPff  ) ♦u*.U  ♦le'*4(3- 

i i * , 1 i * ,1  t i ,1  ‘ ' 

2c)l*u.u^^/q**(u^**u^/2)^^  - 0, 


U .(u  u ) ♦ U .(u  u ) ♦ |e+4(3-2c)l  x 

1 t ll»2 

X ♦,  .u  u /q*  ♦ (u  u u'  ) ■ 0 (17) 

“ 1 » » 5 I .* 


> ii>>  t ai>a 
X ♦ .U  u /q*  ♦ (u^*  ♦ vrpV2)  - 0 

^2>  12  I »2 

* “a’^“!^a  *^l•♦<C3-2c)l 

X uVq*  - |e->2(1-4c)  |/3)4y  ♦ (u’  - 

- uT)  - 0, 

2 12 

U .(u*)  ♦ U .(u*)  ♦ 2»ru  .U 

i I f 1 i l »2  1 2 1 »2 


♦ (U  U*)  • 0, 

2 l'  t2 


I I >1  2 I *2 


I U»|  2 U»2 


♦ 55**/3q»-|ey.  ({r^/1Sa*R^’5  .S^)/q*  1 

■ 0.  

“k“,  • « Vj>  . Va  • . a* 

tVjfJ.a  - •^CUiU.-UjU^)^^ 
whore  e»30R^'^,  •■l/ISR^^^,  ♦^•q^ 

By  substituting  the  moments  u^p  and 


(for  simplicity  we  assume 

equations  for  the  velocity  moments  we  shall 
rewrite  non-numbered  equations  of  the  above 
set  e.%  follows 


U .(u  u ) ♦U  .(inr)  ♦u‘.U  ♦le*4(3- 

i ia,i  a ia>a  a i,a 

-2c)  1 .♦y.uT^/q*f  (u^*-b.u^)^^  -0,  (20) 

X ♦,  .u  u /q**(u  u*-b.u  u^)  -O,  (21) 

U21  12  }Kt2 

♦t|e*4(3-2c)l.Q»/q*- 

- |e-2(l-4c)|/3}4y»(Gj-2bU^)^^-0,  (22) 


U .♦  *U  .♦  ♦4(3-4c).»  .U  /5q’ 

I Ugl  2 U|2  U 12  Ig2 


2c)  1 X 

♦ SS**/3q‘-d|*jj.u^/q*  1 ^^-0, 

(23) 

, 

u*-3a.q*  .u^^  . (up  ^ ^/6^, 

(24) 

X 

u^|— a.q'.u^u^ . («p ^ 

(2S) 

u u*"aq*. |u  u (u*)  "2u  u. (u  u ) 

11  la  a. a ai  ti,a 

l/•^,.(26) 

up-3a.q‘.Ji|.(Qp 

(27) 

♦ 

u u*»a.q* .u* . (u*)  /♦,  . 

a 1 ^ a i , a u’ 

(28) 

3)  ♦ 

^n?-a.q».5|.(Iip 

(29) 

(18) 

ru;u^-a.q».sp(Trup 

(50) 

1 X 

— a.qa.^.(n|)^^/e^. 

(31) 

.a-°- 

u u*"aq* |u  u . (u*)  "lu  u . (u  u ) 
at  'aai.a  laia 

• 

>a  1 u 

(19) 

(32) 

^/Sq** 

u'"3a.q’ .u  u . (u*)  /•„, 

1 2IIb2U 

(33) 

where  b-n^t5)/2«(’ ^ d-fiC’)  - . 

The  set  of  equations  (16)- (33)  closed  accu  - 
rate  to  the  unknown  constants  s.b.c.d.  and  e 
provides  an  approximate  definition  for  the 
large-scale  velocity  field  of  inhomogeneoiu 
turbulent  flows  of  the  boundary-layer  type. 

EXAMPLES 

A. Fully  developed  flat  channel  flow 


At  P ."const  the  equations'  for  the  mo- 
ments are  one -dimensional  with  the  integral 
of  aquation  (16)  having  the  form 

u^2  ■ (l-Xj/D), 


r 


r-r'H 


where  is  the  fxic  uon  velocity,  D is  the 
half-width  of  the  channel.  Assuadng  Uj^-q  V3 

on  the  axis  of.  the  channel,  the  nuBerical  va- 
lues of  the  two  unknown  constants  may  be  ob- 
tained: b«2,  d*11/2. 

For  the  set  of  the  moment  differential 
equations  to  be  "split  ted",  we  employ  equi- 
librium approximation  of  equation  (20) 


U “-c.u  u .T./u* 
1,2  1 2 u 2 

whore  1 (e*1 2)/e 1 ♦y/q* , 


(34) 


c-2(e*2)/3(e*12). 

With  account  for  the  above,  the  system  of 
dependable  equations  becomes 

u*  ♦(u*  /u*-?,,  /T„)u*  -(8c/9o)  X 

2,22  2,2  2 U,2  U 2)2 

X {1(1-3/2c)-3(I1VE-e)/8|.c.E.?»/u*  - 


- (U  )Vc}  - 0, 

1 » 2 


(3S) 


termined  by  means  of  nunerical  experimentation 

based  on  the  conditions  E .^(1)“0  and  E*(1)«l. 

» / _ 

The  results  are  given  in  Figs. 1-3 


y 

Rg.l.  Distribution  of  dissipative  function 
and  macroscale  of  turbulence:  - expe- 
riment [lo-nj; numerical  data, 

B-8.0. 


1.0  0.8  0.6  0.4  0.2 


E *(1* 

,22  2,2 


/U»-T 


U,2 


/’f,)E 


-(13c/9o) 

9 2 


X 


X (1  (1-3/2c)-6(uVE-t)/13|  .c,E.?*/u»  - 

- (U,  jVe)  - 0,  (36) 

1*2 

T .(25‘-E)  -19.1-  .(U  )Vl6Sa,  (37) 

U»2  2 92  U 192 


where  a»-a(o*12). 

Since  the  system  of  equations  (35)  - 
(37)  is  asymptotic,  it  is  impossible  to 
state  the  edge  conations  on  the  both  boun- 
daries (with  X2‘'0,  approximation  of  the 
large-scale  turbulence  is  inapplicable). 
Iherefore,  the  point  X2"X20  was  chosen  as 
an  internal  boundary,  where  equilibrium 
solution  of  equation  (36)  was  ful filled,! .e . 

E*-(1-yo)^/t(1-3c/2),  (38) 

where  E.^«E/v^,  y-Xj/D. 

Assuming  a logarithmic  velocity  profile  at 
the  point  y-y^  , i.e. 

U (y  )"1/icy 
♦,y  O'*  'o 

we  have 

VT„^(yg)-|E(1-3e/2)|’/^.cy  (39) 

where  U^-U^/Vj,,  D/v^  , 


0.2  0.4  y 0.6  0.8  1.0 


Fig. 2.  Fluctuating  velocity  distribution: 
/////  experiment  1 10-1 11;—  and — 
numerical  data  at  B-7.0  and  B-8.0, 
respectively . 


0.2  0.4  0.6  0.8  1.0 


A system  of  equations  (36)-(37)  with 
the  initial  conditions  (38)  and  (39)  and 

equilibrium  solution  for  was  solved  nu- 
merically. The  constants  a and  y^  were  de- 


Fig.3.  Distribution  of  the  third  moment 

r”2  - : 1 - M0|.  2 - 

|11|,  -—  numerical  data,  B-B.O 


I 
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B.Mpaentumless  far  wake 

Asstaiing  that  at  a sufficiently  large 
distance  from  a self-propelled  body  there 
arc  conditions  of  similarity , one  can  repre- 
sent the  velocity  field  functions  in  the 
form 

Uj-U  ♦u^{x^).f(n),  E-e*(x, ).g(n), 
uj-e*(x^).gi(n), 

n-xj/do . 

where  velocity  and  length 

scales  of  the  wean  flow  and  fluctuations  , 
respectively.  The  integral  relations  of  the 

momentum 


X c(g/g2K«o/ig)^-i»^)/o-0. 


(4  3) 


A system  of  equations  involving  (42), 

(4 3), the  equation  of  mean  flow 

X (h/B2)Vf«o,xl/“o-''^n-«o.xl/«o>0 

and  the  equation  for  the  mean  square  of  trans- 
verse fluctuations 


‘2,nTi 


-4b.g  ,,^/C8b-3)*(gj  „/g,-h  „/h)  X 


2,n'*2 


U,(U,-U.)dX2- 


(iiJ-G^2)dX2  (<0) 


and  of  the  mean  flow  energy 


X (g2-4b.g/(8b-3)|^^-e«J,/e^)(i^/l^)  x 
X (h/g2)«o(2g2.*o,xl/*o-'’*«2.n-^.xl/^o)* 

subject  to  v^-E/y^sFCx^ ) solved  numerically 
under  the  initial  conditions  : 

f(0)/Ug-1,  f^^(0)-0,  g(0)/ej-1. 


w » n 

( Ui(UrUJ^<ix2^x1  “ "I  * *.n(0)“0>  g2^°^/*o 


(41) 


The  laws  of  variation  of  the  scale  fiinctions 
are  o f the  fb  rm  : 


make  it  possible  to  find  the  .decay  ’laws"  of 
the  scales  u.  and  with  respect  to  x,  Jlown- 

stream  decay  of  the  fluctuation  scales  e^  and 
can  be  ^texmined  from  equations  for  E and 
which,  with  account  of  (34)  and  neglect 

of  generation  of  fluctua^ons  in  the  far  wake 
by  means  of  mean  flow  shear  are  of  the  form 


«.nn-2S2.nn-^«2,n/«2■^n/•*’^2»2-8^r,  * 

♦ ‘•l(U./«o)(«o/^o5(**/«2i®o^2«*o,xl/*o  - 

X (g/g2 )»*!/<» (2b- 1)  ■ 0 , (42) 

b „-(2g,-g)  „/h*c(|(d-2b*1)/d(2b-1)|  x 

« (V*,)-(*o/*o5(‘*/*2  5®o(28-*o.xi/'o  - 

- •.e-*e.al/®)'fV-o)(®o/'onh/823  * 

' . • •..a»''e*«-^e,xl/^o’’’-«,n-®o,xl/ 

- ••  (1-5C/2)  X 


0 0 I 


(Ug/u.)-x;®''®  , 


(•o 


-3/s 


Ihc  results  of  calculation  of  different  func- 
tions at  b“2,  d-11/2,  (1*2v)/q-33/32,  2mRj  ■ 
r-(o.nOtn4)/3  where 

■■Ij 

Jj-  I f^dn  , Rs“«o^o/'’t 

*■  I »i.g^„*(g/g2)d^/ I (g^/g25'i''> 

q"  J (g^/g2)dn/  (g^/g2)<in 

• • *Lm 

are  given  in  Fig.  4-6 
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Fig. 4.  Radial  profiles  for  the  functions: 


Fig.S.  Radial  profiles  for  the  kinetic 
energy  (solid  line) , intensity  of  trans- 
verse velocity  fluctuations  (flashed  line) 
and  macroscale  of  turbulence  L ■!.  /j 
(dotted  line) . u u o 


Due  to  the  confined  space  of  the  paper 
the  author  cannot  give  the  results  of  calcu- 
lation of  other  turbulent  flows.  But  working 
long  with  the  asymptotic  large-scale  model  of 
turbulence  (16)- (33),  the  author  takes  the  li- 
berty of  asserting  that  this  model  is  invari- 
ant with  respect  to  the  velocity  field  form, 
i.e.  it  allows  the  statistical  moments  of  the 
turbulent  flow  velocity  fields  for  various 
geometries  to  be  calculated  with  the  same  deg- 
ree of  accuracy.  However,  the  author  has  not 
yet  attempted  to  extend  this  model  to  the  el- 
liptical flows. 
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ABSTRAa 

Theoretisal  end  experimenfol  studies  are  reported  on  a 
turbulent  flow  in  a two-dimensional  chonnel  of  ospect  ratio 
1:16  in  which  o squore  obstacle  of  holf  the  chonnel  height 
wos  located.  A one  dimensional  loser  Doppler  onemometer 
was  used  to  measure  the  mean  longitudinal  velocity  distrib- 
ution and  the  rms  values  of  the  longitudinal  velocity  fluc- 
tuotions.  The  measuremenM  were  carried  out  along  the  chon- 
nel centre  from  20  chonnel  heights  upstream  of  the  obstacle 
up  to  33  chonnel  heights  downstreom.  Flow  visualisation 
techniques  were  empioyed  to  observe  the  regiora  not  cov- 
ered by  the  LDA  measurements.  The  governing  partial  dif- 
ferential equotions  were  solved  numerioolly  ond  results  ore 
described  in  the  theoretical  port  of  the  paper.  In  the  sep- 
arated flow  region,  the  Reynolds  equations  wore  solved  us- 
ing the  two-equotion  k-  C turbulence  model  ond  in  the  reg- 
ion downstream  of  the  separation,  the  boundory  loyer  equo 
tions  were  solved  with  both  k-epsilon  and  the  three-equo- 
tion,  k-C-uv  turbulence  model.  The  oolculotions  ore  com- 
pared with  the  meosurements  ond  demonstrote  eleorly  thot  for 
tuiteulent  flows  with  seporotion,  the  present  state  of  turb- 
ulence modelling  results  in  inaccurate  predictions.  Calcul- 
ated values  ore  presented  for  the  increase  in  heot  transfer 
rates  arrd  the  pressure  drop  due  to  the  obstruction. 

NOMENCLATURE 


A,  B 

finite  difference  coefficients 

C* 

empiricol  constants 

D 

channel  height 

H 

obstruction  height 

k 

kinetic  energy  of  turbulence 

P 

pressure,  main  grid  location 

Q 

heat  transfer  rote 

T 

temperature 

U 

mean  longitudinal  velocity 

V 

mean  transverse  velocity 

ITT 

turbulent  shear  .tress 

X 

longituditKil  coordinote 

y 

transverse  coordinote 

Greek  Symbols 

c 

dissipation  of  turbulent  kineti 

8 

density 

U 

viscosity 

«r 

turbulent  Prondtl  number 

0 

general  dependent  variable 

Subscripts 


ov 

n,s,e,w 

P 

t 


Overage 

north,  south,  east,  west 
main  grid  point 
turbulent 


INTRODUaiON 

Most  flows  occurring  in  natural  and  technologicol  en- 
vironment ore  turbulent  ond  contain  regions  of  recirculo- 
tion.  These  regions  ore  characterised  by  strong  streomline 
curvoture,  complex  eddy  structures  ond  high  turbulence  in- 
tensities ossocioted  with  high  heat  transfer  rates  and  pressure 
lasses.  The  complexity  of  flow  within  ond  near  the  region  of 
recirculotion  hompered  experimental  studies  in  the  post  ond 
this  is  indicated  by  the  lock  of  measurements  in  the  litera- 
ture. A lorge  proportion  of  the  ovailoble  experimental  work 
is  restricted  to  measurements  of  integral  quantities  such  os 
the  length  of  the  recirculation  zone,  e.g.  [1  ]or  the  rote  of 
heat  tronsfer  olortg  the  test  section  walls  [2  ] . A few  de- 
tailed meosurements  hove  also  been  oorri^  out  using  pitot 
tubes  ond  hot  wire  anemometers  [3]  . However,  because  of 
the  nonlinear  resporue  choracterisfi cs  of  these  irutruments, 
the  occurocy  of  the  results  is  questionoble  in  the  presence 
of  high  turbulence  intensities  and  changes  in  fl»w  direction. 
Further  meosuring  errors  ore  introduced  due  to  the  inherent 
flow  disturbances  caused  by  the  measuring  probes  placed  into 
separated  flows. 

The  lock  of  detoiled  date  on  turbulent  recirculating 
flows  hot  hirxiered  theoretiool  studies  of  such  flow  fields. 
Although  reliable  numerieol  schemes  hove  been  developed  for 
solving  the’  governing  portiol  differentiol  equotions,  the  re- 
liability of  turbulence  models  in  the  separated  regions  has 
remained  poor.  Hence,  advances  in  the  development  of  pre- 
diction procedures  for  turbulent  recirculating  flows  reouire 
depend^le  experimentol  results  with  which  numerical  pre- 
dictions oon  be  compared. 

With  the  advent  of  loser  Doppler  onemometry  there  it 
now,  in  principle,  no  problem  of  instrumentation.  In  prac- 
tice, however,  the  corutructions  of  ovailoble  test  sections 
do  not  toke  into  account  the  porticular  requirements  of  loser 
Doppler  instruments  ond  often  prevent  meosurements  of  the 
relevant  meon  ond  turbulent  quantities.  Nevertheless,  ot 
present  any  reliable  doto,  olthough  incomplete,  permit  pro- 
gress in  the  development  of  turbulence  models  for  recirculot- 
ing  flows. 
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The  present  paper  describes  laser  Doppler  measurements 
of  oxial  mean  and  fluctuating  velocities  in  o two-dimen- 
sional water  channel  of  aspect  ratio  I:f6,  in  which  o 
square  obstacle  of  half  the  channel  height  was  loooted. 

The  particular  flow  geometry  wos  chosen  beoouse  of  its  op- 
plicobility  to  heat  transfer  equipment.  Available  solution 
procedures  and  turbulence  models  were  employed  to  cal- 
culate the  entire  flow.  Results  of  the  calculations  ore  com- 
pared with  the  measurements  and  the  reliability  of  the  exist- 
ing turbulence  models  is  commented  upon.  Suggestions  for 
improvements  are  outlined. 

EXPERI/^NTAL  INVESTIGATION 

Flow  visualisation  and  loser  Doppler  measurements 
were  carried  out  in  order  to  provide  experimental  informo- 
tion  on  turbulent  flow  with  regions  of  separation.  Such  in- 
formation is  essential  to  develop  reliable  theoretical  models 
for  flow  predictioru. 

The  Experimentol  Equipment 

The  experimental  investigation  was  carried  out  in  o 
plone  two-dimeraional  water  channel  with  cross  sectional 
d imeruioru  of  50  nun  x 800  tmn  providing  an  aspect  rotio 
of  1:16.  The  main  constructiorsal  details  and  dimetuioru  of 
the  test  rig  are  schemotiaolly  shown  in  Figure  1 together 
with  the  different  measuring  positioru  artd  the  location  of 
the  flow  obstacle.  This  obstacle  vras  of  squore  cross  section 
(25  mm  X 25  mm)  and  extended  across  the  entire  channel 
width.  Regions  of  recirculation  were  observed  in  front,  at 
the  top  ortd  behind  the  obstruction. 

The  experimental  rig  contained  a steel  settling  cham- 
ber into  which  water  was  pumped.  The  difference  between 
the  water  levels  in  the  plenum  chamber  and  the  outlet  con- 
tainer provided  the  head  for  the  flow  through  the  test  sec- 
tion. The  water  level  in  the  settling  chamber  was  cort- 
trolled  by  the  vrater  supply  through  the  pump  ond  a level 
control  in  the  outlet  container. 

The  actual  duct  test  section  was  constructed  of  per- 
spex with  glass  side  walls  in  order  to  provide  little  optic- 
al disturbonce  to  the  possoge  of  the  light  beoim.  These 
could  pass  through  the  entire  test  section  permittirtg  loser 
Doppler  measurements  with  forward  scattered  light. 

The  laser  Doppler  onemometer  employed  for  the  veloc~ 
ity  measurements  is  schematioolly  shown  in  Figure  1 b.  It 
consisted  of  o 15  mW  He-Ne-loser  (Spectra  Physio  124B), 
transmiuion  optics  comprising  a rotating  diffraction  grating 
and  a lens  to  focus  and  cross  the  laser  beams  in  the  test 
section  centre  plane.  The  light  scattered  by  small  partic- 
les suspended  in  the  fluid  was  collected  by  o lens  on  the 
for  side  of  the  duet  and  focused  ot  o pin  hole  in  front  of 
o photomultiplier  (EMI  9558B).  The  output  of  the  photo- 
multiplier was  processed  by  o TSI  frequency  tracker  which 
provided  on  output  voltoge  proportional  to  the  frequency  of 
the  input  signal.  This  output  voltoge  was  transferred  too 
data  oequisition  facility  artd  processed  there  by  a computer 
(Hewlett-Pockord  5450A)  to  provide  informotion  on  the  meon 
frequency  ond  the  rrre-frequency  fluctuotions.  From  this 
informotion  the  meon  velocity  ond  rms-velocity  fluctuo- 
tions  were  computed. 


Loser  Doppler  meosurements  ond  flow  visuolisetion. 

The  laser  Doppler  measurements  described  in  the  present 
poper  covered  the  region  from  about  20  channel  heights  up- 
stream of  the  flow  obstacle  to  approximately  33  duct  heights 
downstreom.  The  duct  length  in  front  of  the  block  wos  suffi- 
cient to  permit  fully  developed  turbulent  duct  flow  to  exist 
ond  initial  LDA  measurements  were  performed  to  eruure  this. 

The  moin  measurements  were  carried  out  for  c Reynolds 
number  of  1.7  x 10^,  based  on  the  channel  height,  D,  and 
the  bulk  velocity,  Ug^.  Figure  2 shows  the  measured  meon 
velocity  profiles  otul  the  distribution  of  rms-values  of  the 
longitudinal  velocity  fluctuatioru.  The  results  show  that  the 
seporation  region  extends  from  the  upstream  comer  of  the 
square  obstacle  to  about  8 block  heights  downstream.  The 
small  recirculation  region  in  front  of  the  obstocle  is  indicat- 
ed by  its  influence  on  the  maximum  of  the  measured  rms- 
velocity  fluctuatioru.  The  value  of  this  maximum  inaeoses 
well  before  the  flow  reaches  the  block. 

The  flow  rotes  along  the  centre  plane  were  evaluated 
by  integrating  the  measured  mean  velocity  profiles,  which 
was  found  to  decrease  near  the  flow  obstacle  (-7%  rmximum) 
due  to  three-dimeroionol  effects  which  occurred  inspite  of 
the  large  aspect  ratio  of  the  employed  test  section.  The  ac- 
celeration of  the  side  wall  boundary  layers  and  ossaciated 
pressure  fields  coused  o secondary  flow  to  establish  itself  in 
planes  perpendicular  to  the  main  flow.  These  were  observed 
using  flow  visualisation  techniques. 

The  flow  visualisotion  experiments  were  oorried  out  by 
injectirrg  a solution  of  potassium  permangartotc  in  water, 
into  ports  of  separated  regions  and  observing  the  transport  of 
the  coloured  fluid.  Figures  3a  and  b show  two  photographs 
of  the  flow  field  oroursd  the  block,  indicating  the  separa- 
tion regioru  in  front,  on  the  top  and  behind  the  flow  ob- 
stoclc.  The  small  seporation  zone  in  front  of  the  block  was 
not  explicitly  shown  by  the  LDA  measurements. 

THEORETICAL  INVESTIGATION 

The  theoretiool  investigation  ooroisted  of  calculating 
the  measured  flow  situation  numerioolly.  The  ovailable  finite 
difference  calculation  procedures  for  recirculating  flows  ond 
boundary  loyers  were  employed  to  solve  the  governing  portiol 
differential  equotiom.  The  two-equation  k- c turbulence  mod- 
el was  employed  to  specify  the  turbulent  viscosity.  For  boursd- 
ory  layer  regioru  of  the  flow  the  three-equotion  k-C-uv 
turbulence  model  was  also  used.  Results  of  the  oolculatiotu 
hove  been  compared  with  the  measurements  reported  in  the 
previous  section  and  the  suitobility  of  the  existing  k-c  turb- 
ulence model  to  seporoted  turbulent  flows  is  examined. 

Governing  Equotioru 

The  flow  under  ooruideration  is  governed  by  the  two- 
dimensional  form  of  the  continuity  and  the  time-overoged 
Novier  Stokes  equatioru.  In  the  oortesion  coordinate  system 
these  equations  con  be  written  in  the  following  form: 
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TV»  addy  viscosity  hypothesis  has  b**n  usad  in  tha  mo- 
manturn  aquation.  Ti^  addy  viscosity,  vit>  ^ ^ 
soacifiad  by  tha  turbulanca  modal . Using  tha  soitm  hypo- 
rfiasis,  tha  portiol  diffarantial  action  govaming  tha 
trensport  of  tharmol  anargy  has  tna  form  : 


Tha  complata  flow  domain  con  ba  dividad  into  two 
lagions:  tha  raeirculotlng  flow  ragion  which  axtands  from 
about  4 block  haights  upstraom  of  tha  block  to  10  -12 
block  haights  downstraom  ond  tha  boundory  loyar  ragion 
which  pravoils  in  front  of  tha  block  (x/H  < -4)  ond 
bayond  tha  raeirculotlng  flow  ragion.  In  tha  ragiw  o- 
round  tha  obstocla  diffMion  is  aquolly  importont  in  both 
X and  y diractions,  thata  axists  no  dominant  diraction  of 
flow  and  tha  flow  is  influancad  by  tha  dowrwtraom  con- 
ditions. Flow  in  this  ragion  is  govamad  by  tha  complata 
aquations  (11  to  (4)  ond  naad  to  ba  solvad  by  on  itara- 
tiva  proca^ra  so  ihot  downstraom  influaneas  ora  inclu- 
dad  eorractly.  Tim  calculation  domoin  for  tha  raeirculo- 
ting  flow  aquotiora  axtandad  from  11  block  haights  uo- 
straom  of  tha  obstruction  to  25  haights  downstr^m.  Tha 
ragion  batwaan  -II  a x/H  a -4  was  includad  in  this 
calculation  only  for  tha  soka  of  eonvanianca.  In  tha  ra- 
gion bayond  tha  saporotad  flow,  thara  axists  o dominont 
diraction  of  flow  and  diffusion  is  importont  only  In  tha 
cross  straom  diraction.  This  ragion  it  govamad  by  tha 
diffarantiol  aquations  (11,  (21  and  (41  without  tha  diffu- 
sion tormt  in  tha  X diraction.  Thasa  aquations  eon  ba  ^ 
odaquotaly  solvad  by  o forward  marching  typa  of  solution 
procadura  starting  with  suitobla  initial  conditiom. 

Tha  obova  sat  of  portiol  diffarantiol  aquotions  has  to 
bo  solvad  with  tha  following  boundary  eoriditions  ; 

U * 0 “ V along  tha  wolls 

T ■ corwtont  along  tha  wolls 

-t-  > 0 olong  tha  downstraom  adga  of  tha  racir- 

eulotlng  flow  calculation  domain 


(5)  ore  obtoinad  by  solving  the  following  diffarantiol  aquo- 
tiom  : 
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Equations  (61  and  (71  hova  baan  darivad  from  tha  Noviar- 
Stokas  aquotiora  orrd  tha  assumptions  rrrada  in  obtaining 
thair  obova  forrra  hova  baan  raportad  alsawhara  [ S,  6 ]. 
Lika  tha  eorrsarvotion  aqviotians  for  rrwmantum,  in  tha 
boundary  loyar  colculotiora,  Eos.  (61  oisd  (71  do  not  con- 
tain tha  diffusion  tarrm  in  x diraction  and  G is  produced 
only  by  8U/8y. 


In  tha  boundary  loyar  flow  domain,  o thraa-aquotion 
turbulanca  rnodal  was  also  amployad.  This  modal  specifies 
tha  turbulent  sheer  stress  through  its  transport  aquation 
which  is  also  darivad  from  tha  Noviar-St^as  aquations. 
With  this  turbulence  modal,  tharafora,  tha  affective  visco- 
sity hypothesis  is  not  amployad  in  tha  longitudinal  monmn- 
tum  aquation.  Tha  troraport  aquotiora  for  k and  c ramoin 
unchanged.  Tha  troraport  equations  for  longitudinal  monmn- 
tim,  -orKl  turbulant  shslor  stress,  os  used  with  tha  thraa-aquo- 
tion  modal,  have  tha  following  form  ; 


Tha  bo<jndary  values  for  tha  turbulant  quontitias  at  the 
wall  nearest  grid  points  ware  also  spaeifiad  in  accordance 
with  the  low  of  tha  wall.  In  tha  recirculating  flow  ragion 
k was  obtoinad  naor  the  wall  by  solving  tha  govaming 
diffarantiol  aquation  with  G ealculotad  using  tha  wall 
shear  stress,  i.e.  G • Iw  in  tha  boundary  layer  re- 
gion. Following  values  ware 'used  for  tha  arripiricol  con- 
stants appearing  in  the  turbulant  transport  equation  : 

C * .09,  » 1.44,  C2-  1.92,  C,  - 2.8, 

ff  t - 1.0,  « - 1.0,  Oj-l.O,  6 , - 0.9 


In  order  to  reduce  computing  tiirtos,  calculations  wara 
not  corriad  out  right  up  to  the  woll  ond  tha  velocities 
parallel  to  tha  walls  at  tha  wall  nearest  grid  points  were 
soaclfied  from  tha  low  of  tha  woll,  Tha  low  of  tha  wall 
valid  for  turbulent  boundory  loyars  wos  used  for  oil  tha 
ragiora  in  tha  present  calculations. 

Turbulanca  Modal 

Tha  turbulent  viscosity,  in  aauotions  (21  to  (41 
has  baan  defined  using  the  two-aquotion  k-t  modal  of 
turbulanca  [4].  Acerrding  to  this  modal. 


Solution  Procedures 

Finite  difference  solution  procaduros  ora  used  in  both 
recirculating  flow  and  boundory-loyar  regions.  Tha  common 
features  of  thasa  procedures  ore  ; 

1 . transformation  of  tha  partial  differential  aquotiora 
in  lirraar  algebraic  difference  aouotions  which 
eonrtact  the  dependant  vorioblo  at  o grid  point 
to  its  value  at  tha  neighbourirrg  grid  points 

2.  tha  above  troraformotion  uses  "upwirKi  diffareneas" 
which  mokes  tha  procedures  unconditionally  stable 


(51 


where 


is  on  ampiricol 


constant,  k and  C 


in  Eq. 


3.  tha  finite  diffaranca  aauotions  ora  solved  by  tha 
rrmthod  of  successive  substitution. 
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The  algebraic  derails  of  the  above  features  can  be  seen  in 
references  [ 7,  8 ].  Here  only  the  derails  relevant  to  the 
present  flow  situation  ore  reported. 

Recirculating  flow  region.  The  solution  procedure 
used  for  this  region  is  embodied  in  the  computer  program 
'Teach'  developed  at  Imperial  College,  London.  The 
schematic  loyout  of  the  finite  difference  grid  is  shown  in 
Figures  4 and  5.  The  velocities  are  stored  at  the  locations 
displaced  from  the  main  grid  points  (•)  where  P,  k,  T and 
C are  stored.  The  differential  equation  for  each  dependent 
variable  (soy  0)  is  integrated  over  the  respective  control 
volume  (see  Figure  4)  and  the  following  difference  equo- 
tion  is  obtained  for  each  grid  point  in  the  calculation 
domain; 

ff=Afir+Af(+A^+AS(+B  (9) 

A's  in  Eq.  (9)  consist  of  convection  and  diffusion  through 
the  control  volume  foces,  e.g.  A^  conrains  the  convective 
arxl  diffusive  fluxes  of  through  tne  north  foce  of  the  con- 
trol volume.  It  was  found  in  the  present  investigation  that 
it  was  very  important  how  these  coefficients  were  calculat- 
ed for  the  velocity  points  adjacent  to  the  obstruction  cor- 
ners (Figure  4).  Coruidering  the  U velocity  at  point  A in 
Figure  5,  the  south  coefficient  Aj  in  Eq.  (9)  should  con- 
tain only  half  the  convection  since  half  of  the  south  face 
of  the  control  volume  is  blocked  by  the  obstacle.  Similarly 
the  diffusion  contribution  to  A;  should  be  such  that  it  takes 
account  of  the  fact  that  half  of  the  south  foce  it  vrall  ond 
only  the  other  holf  exposed  to  the  flow.  Similar  arguments 
ore  valid  for  the  east  coefficient  A^,  considering  the  V 
velocity  stored  at  the  point  B.  These  modifications  resulted 
in  very  different  solutions  in  the  recirculating  flow  region 
in  particulor  above  the  block.  Without  such  modifications 
the  colculated  flow  did  not  seporete  on  the  bottom  foce  of 
the  block  and  hence  resulted  in  unrealistic  calculations  in 
the  region  downstreom  of  the  obstruction. 

The  rate  of  convergence  of  the  finite  difference  equo- 
tions  was  found  to  be  slower  in  the  region  after  the  block 
as  compared  to  the  region  upstream  and  over  the  efattaele. 
This  observation  was  used  to  reduce  the  computing  times 
oorulderably  by  freezing  the  solution  in  the  upstream  region 
after  some  iterations  and  by  solving  only  the  dowrutreom 
region  till  converged  solutions  were  obtained,  in  the  end 
the  complete  flow  region  was  colculated  only  for  o few 
iterations  to  obtain  the  converged  solution  in  the  entire 
flowfield. 

Boundory  loyer  region.  The  method  used  for  this 
region  is  embodied  in  the  computer  program  'GENMIX' 
and  is  er^loined  in  full  detail  in  reference  [7  ] . This  pro- 
cedure was  used  to  calculate  the  flow  redevelopment  after 
the  separated  flow  region  created  by  the  obstacle.  GENMIX 
contains  a forward  morching  procedure  and  requires  initial 
condition  for  the  dependent  variables.  The  starting  station 
wos  chosen  at  10  obstacle  heights  dowrutreom  of  the  ob- 
stacle and  the  initial  conditions  were  provided  from  the 
soiutioru  obtained  from  the  recirculating  flow  program 
'Teach'.  To  obtain  reliable  initiol  conditioru  at  this  loco- 
tion,  the  recirculating  flow  calculation  was  done  up  to  25 
block  heights  downstreom  of  the  block.  The  influence  of 
A these  initial  conditions  was  studied  in  order  to  define  the 


precision  to  which  they  hove  to  be  specified. 

RESULTS  OF  COMPUTATIONS 

Computations  were  carried  out  to  solve  equations  (1) 
to  (7)  between  11  block  heights  upstreom  and  25  block 
heights  downstream  using  the  recirculating  flow  program. 

A 50  X 27  finite  difference  grid  (39  K words  computer  stor- 
oge)  provided  grid  indeperxfent  soiutioru.  Initial  conditions 
at  x/H  = -11  for  U ond  k ( « 1.5  IP  ) were  token  from 
the  experiments  while  V “ 0 ond  g e = fij.(8U/0  y)^  '*'*re 
ouumed  to  simulote  the  fully  developed  channel  flow.  About 
300  iterations  and  30  minutes  of  computing  time  were  re- 
quired to  obtain  the  converged  soiutioru  on  Univac  1 108. 

Figure  6a  shows  the  computed  and  the  measured  stream- 
line pattern  around  the  obstruction.  The  points  on  this  fig- 
ure were  obtained  by  looolly  integrating  the  measured  U pro- 
files. Agreemertf  between  the  ealculatioru  ond  the  measure- 
ments shown  on  Figure  6a  is  very  sotisfactory  except  over 
the  bottom  foce  of  the  block  and  the  separated  region  be- 
hind the  block.  Mwisurements  indicate  thot  the  seporoted 
region  over  the  bottom  face  of  the  block  joitu  with  the 
separation  region  behind  the  block  but  the  alculated  sep- 
arated streamline  reattaches  before  the  dowrutreom  edge  of 
the  block.  This  disegreement  is  partly  doe  to  the  three- 
dimeruional  effects  become  of  the  obstruction  in  the  measur- 
ing channel.  Figures  6b  and  e show  the  computed  values 
of  heot  trorufer  rotes  and  the  pressure  drops  olang  the  chotm 
nel  walls.  A constant  wall  temperature  boundary  condition 
was  used.  It  is  interesting  to  note  thot  the  calculations 
show,  at  eiyected,  high  heat  trorufer  rates  oround  the  flow 
reottachment  points  on  the  top  wall.  More  .han  25  block 
heights  dowmtream  of  the  block  the  heat  transfer  rates  are 
higher  than  those  obtained  in  two-dimeruior«l  fully  de- 
veloped channel  flow.  The  oalculoted  pressure  drop  curves 
on  Figure  6 c show  that  the  flow  at  3 block  heights  up- 
stream of  the  block  is  effected  by  the  obstruction  ertd  dowrt- 
streom  of  the  block  the  pressure  field  becomes  uniform  fair- 
ly quickly.  This  is  in  accordance  with  the  meosurements[  9] 
on  relaxing  boundory  loyers. 

Figures  7 and  8 show  the  ool  culoted  and  the  measured 
longitudirsal  velocity  profiles.  Figure  7 indicotes  that  veloc- 
ity profiles  upstreom  of  the  obstruction  ore  faithfully  pre- 
dicted. The  colculated  longitudinal  velocity  profiles  over 
and  behind  the  obstruction  do  not  oompore  very  sotisfeetor- 
ily  with  those  measi  red.  The  maximum  negative  velocity 
over  the  block  (xA^  * .5)  Is  oaleulated  to  be  half  that 
meosured  and  the  discrepancy  between  the  calculated  ond 
the  meosured  values  at  10  block  heights  dowrutreom  is  of 
the  order  of  20  - 30%  of  the  ttreasured  values. 

Figure  8 shows  the  redevelopment  of  the  flow  after 
separation.  The  alculoted  profiles  shown  in  Figure  8 hove 
been  obtained  from  the  boundory  layer  program  using  dif- 
ferent initial  conditions  at  x/H  > 10.  These  oolculations 
were  carried  out  with  45  cross-streom  grid  points  ond  for- 
word  steps  of  5%  of  the  chonnel  height . The  corr^ter  stor- 
age required  for  these  ealculatioru  was  about  10  K words. 

It  is  deor  that  the  col  culoted  redevelopment  continues  to 
retrain  slow  when  the  oolculoted  velocity  profiles  arc  used 
os  initiol  conditions.  By  using  the  meosured  velocity  pr^ 
files  ot  k/H  * 10  as  Initial  eotrditioru  and  keeping  all  the 
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othar  initial  profilas  th«  same,  the  oalculated  profiles 
compare  much  better  with  those  meosured  although  the  re- 
development is  still  underpredicted.  As  shown  in  Figure  8 
use  of  the  three-equation  model  improves  the  ooicuiated 
profiles  further  but  not  significantly.  For  the  oalculatioru 
with  the  thre^equation  model,  initial  profiles  for  07 
were  obtained  from:  , g uv"  * ii  -212 


3y 


Figure  9 shows  some  calculated  profiles  for  kinetic 
energy  of  turbulence  together  with  the  measured  quantity 
( 3/2  i?  ) shown  by  points.  Quantitative  agreement  be- 
tween the  oalculatioru  and  the  measured  values  shown  on 
Figure  9 was  not  expected,  but  the  quoiitotive  agreement 
is  worth  noting.  The  oolculoted  turbulence  length  scale  is 
also  shown  at  x/H  = 10,  which  suggests  large  scale  eddies 
beyond  reattachment.  Sooles  are  also  equally  large  in  the 
separation  zone.  Further  measurements  on  the  hirbulence 
quantities  in  many  sepaioted  flows  are  required  before  the 
ability  of  the  k-£  turbulence  model  in  reproducing  turt^ 
ulent  quantities  con  be  evaiuoted.  Coruidering  the  med- 
iocre reproduction  of  the  mean  velocity  profiles,  predic- 
tion of  turbulence  quantities  is  not  expected  to  be  satis- 
factory. This  has  olso  been  shown  for  tome  other  flow  oart- 
figuratioru  [lO]  . 


CONCLUDING  REMARKS 


The  results  presented  in  the  previous  section  demon- 
stiote  that  the  present  state  of  the  art  in  calculating  the 
tw^dimensional  separated  turbulent  flows  is  satisfactory 
in  predicting  the  streamline  patterns  outside  the  separa- 
tion zones.  Quantities  of  engineering  interest  such  os  the 
wall  heat  transfer  rates  and  the  static  pressure  drops  ore 
qualitatively  well  predicted.  Coruidering  the  disagreement 
between  the  oolculoted  and  the  measured  mean  velocity 
profiles,  the  wall  heat  trarufer  rates  may  not  be  quonti- 
tatively  well  predicted.  As  a result  of  errors  in  oolculat- 
ed  profiles  in  the  separated  region,  the  flow  redevelop- 
ment in  the  boundary  layer  region  after  the  Flow  reatfach- 
ment  is  also  Inaccurately  predicted.  The  flow  redevelop- 
ment is  of  practical  interest  because  real  problerm  deal 
with  many  ribs  for  heat  trarufer  augmentation,  it  has  also 
been  shown  that  in  the  redevelopment  region  the  three- 
equation  turbuienee  modal  does  not  offer  worthwhile  ad- 
vantages over  the  tw^equation  k-c  turbulence  model,  and 
it  is  more  important  to  start  with  correct  initial  condi- 
tions. 

The  k-C  turbulence  modal  has  to  be  modified  to  ob- 
tain more  accurate  oolculatioru  in  the  separated  flow 
regiotu.  The  present  wall  shear  strOH  oolculation  is  based 
on  the  law  of  the  wall,  valid  for  the  normal  bourxiary 
layers,  whidt  is  then  used  to  oolculate  the  turbulence 
production  near  the  wall.  The  wall-low  should  be  re- 
placed by  more  opprepriata  lows  for  separated  flows.  The 
turbulence  aquations  should  be  solved  more  accurately 
naor  the  walls,  based  on  the  corrplete  differential  aqua- 
tioru  valid  up  to  the  wall,  rather  than  using  the  equi- 
librium oonditioru.  This  con  be  eecrtomically  achieved 
by  coratrueting  the  wall  functioru  boted  on  the  complete 
obsarvation  aquations.  Further  detailed  turbulence  meas- 
urements are  of  course,  required  to  develop  and  test  these 
suggestions. 
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SOME  observations  ON  THE  NUMERICAL  CALCULATION  OF  THE  RECIRCULATION 


REGION  OF  twin  PARALLEL  SYMMETRIC  JET  FLOW 

J.  MILITZER^,  W.  B.  NICOLL,  S.  A.  ALPAY 

Dcparcnanc  of  Mechanical  Engineering 
University  of  Waterloo 
Waterloo,  Ontario,  Canada 


abstract 

The  present  paper  outlines  the  authors'  axperi- 
ence  in  the  nta&erical  calculation  of  tha  rer  Irculation 
zone  between  twin  parallel  Jets  issuing  noisily  frost 
a plane  surface.  Because  of  the  relatively  wide  sep- 
aration of  the  two  jets  at  their  points  of  inception, 
the  authors  found  it  uneconooic  to  use  standard  up- 
wind or  hybrid  differencing  scheoes  in  their  calcula- 
tions. Rather,  they  found  that  adequate  predictive 
accuracy  could  be  obtained,  at  reasonable  conputatlon 
expense,  with  the  sRewad-upscrean-dlfferenclng  scheac 
of  Raithby  [6]. 

Tha  adoption  of  this  scheae  was  in  Itself  not 
sufficient,  however,  to  yield  good  predictions  with 
k-c  turbulence  oodel  of  Hanjalic  [9],  The  authors 
found  it  necessary  to  incorporate  a streamline  curva- 
ture affect  on  the  generation  tarns  in  the  turbulent 
kinetic  energy  and  dissipation  aquations  of  a form 
suggested  by  Irwin  and  Amot-Smlth  17], 

The  resultant  predictions  display  excellent 
agreement  with  the  experimental  data  for  the  recircu- 
lation zone. 

NOMENCLATURE 

Aj^,A2,A2  constants  used  In  the  correction  factor 
for  curvature  effect  on  turbulence 
B width  of  Che  nozzle 

Cq,Cj^  and  C2  constants  in  the  k-c  turbulence  model 
D distance  between  the  centre  of  the 

nozzles 

^k’^c  dissipation  of  kinetic  energy  and  'dissi- 

pation' of  dissloaclon  rate 
F curvature  factor 

C|j,C^  generation  of  turbulence  kinetic  energy 

and  'generation'  of  dissipation  race 
Gj^  corrected  generation  rate  of  turbulence 

kinetic  energy 

k turbulence  kinetic  energy 

n index  of  the  iteration  step 

p mean  static  pressure 

R radius  of  curvature 

Stj.Sy  source  terms  in  the  aomencum  equations 

Sc  correction  factor  for  curvature  effect 

on  generation  of  turbulence 
Ug  inlet  velocity 

U mean  velocity  in  the  x direction 

u instantaneous  velocity  fluctuation  in 

the  X direction 


^On  leave  from  the  Unlversidade  de  Sao  Paulo,  Deoarta- 
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V mean  velocity  in  the  y direction 

V instantaneous  velocity  fluctuation  in 
the  y direction 

X cartesian  coordinate 

X,  abscissa  of  the  free  stagnation  point 

y cartesian  coordinate 

Greek  Letters 

c • rate  of  dissipation  of  turbulence  kinetic 

energy 

Vc  turbulent  kinematic  viscosity 

c density 

0)(,c^  Frandtl  numbers  for  the  transport  of  k 

and  t respectively 

INTRODUCTION 

The  objective  of  the  present  paper  is  to  report 
the  authors'  experience  in  the  prediction  of  a parti- 
cular recirculating  turbulent  flow;  ' ’'•cif Ically,  we 
will  report  our  experience  with  two  numerical  schemes, 
one  hybrid  and  one  upwind;  and  two  turbulence  models, 
one  a widely  utilized  k-e  model  and  the  other  a simple 
modification  of  this  model  in  which  the  generation  of 
turbulence  kinetic  energy  is  dependent  upon  the  stream- 
line curvature  and  velocity  gradient.  As  will  be  seen 
below,  we  regard  our  present  conclusions  as  tentative; 
confirmation  by  other  workers  %rlll  be  required.  None- 
theless, we  believe  these  conclusions  to  be  of  suffi- 
cient importance  to  justify  their  presentation  now, 
since  they  do  illuminate  questions  concerning  the  limi- 
tations on  the  predictive  capacity  of  wldelv  used 
methods. 

The  flow  considered,  shown  in  Fig.  1,  is  the  re- 
circulating turbulent  incomprasslble  flow  produced  by 
two  plane  parallel  sysmetrlc  jets  issuing  normally 
from  a single  plane  solid  surface.  The  velocity  field 
produced  by  such  twin  jets  can  be  divided  into  three 
regions.  The  first,  called  the  recirculation  region, 
consists  of  two  converging  jet-like  flows  separated  by 
two  symmetric  vortices.  In  this  region  a velocity  pro- 
file measured  in  a plane  parallel  to  the  solid  surface 
will  display  two  velocity  maxima  and  a velocity  mini- 
mum with  a negative  value.  In  the  second  region,  call- 
ed the  double  jet  region,  the  transverse  velocity  pro- 
file displays  two  velocity  maxima  separated  by  a posi- 
tive valued  minimum.  Finally,  there  exists  a third 
region  in  which  the  mean  velocity  distribution  is  simi- 
lar to  that  generated  by  a ainglt  turbulent  jet  with  a 
single  velocltv  naximum.  In  the  present  paper  we  are 
concerned  with  the  first  region,  that  is,  the  recir- 
culating region.  Even  within  this  region  we  shall  not 
report  in  detail  the  experimental  measurements;  rather 


Fig.  1 Schematic  of  Che  symmetrical  dual  jet  flow 

we  shall  report  here  only  sufficient  data  to  allow 
the  efficacy  of  the  prediction  method  to  be  deter- 
mined.^ 

In  our  view,  the  recirculation  region  of  a twih- 
jec  flow  represents  a particularly  severe  test  of 
numerical  prediction  methods  for  two  reasons.  First, 
unlike  many  previously  examined  recirculating  flows, 
the  present  flow  Is  relatively  unconstrained  by  bound- 
ing solid  surfaces.  As  a consequence,  there  Is  little 
suppression  of  Che  effects  of  numerlcaJr  diffusion, 
through  Che  Imposition  of  bounding  streamlines  via 
boundary  conditions,  compared  with  more  constrained 
flows.  Second,  In  the  present  flow  the  most  severe 
misalignment  of  streamlines  and  the  coordinate  system 
occurs  In  regions  of  both  high  velocity  and  large 
velocity  gradients;  any  tendency  towards  numerical 
diffusion  Is  accentuated. 

Despite  this  view,  however,  we  should  Introduce 
a cautionary  note  concerning  the  generalization  of 
our  observations.  At  Che  present  scace-of-art,  the 
predictive  efficacy  of  any  method  for  recirculating 
flows  must  be  regarded  as  somewhat  flow  specific.  In 
particular,  we  should  not  like  any  positive  or  nega- 
tive conclusions  about  the  prediction  efficacy  of  a 
particular  method  for  a particular  flow  to  be  gener- 
alized Co  a positive  or  negative  conclusion  In  gen- 
eral. Rather  we  regard  Che  present  work  as  a very 
partial  exploration  of.  Che  boundaries  of  validity  of 
particular  types  of  calculation  methods. 

The  Basic  Problem 


In  the  numerical  calculation  of  turbulent  recir- 
culating flows  there  are  two  major  sources  of  predict- 
ion error.  They  are  Che  turbulent  transport  model 
utilized,  and  Che  numerical  phenomenon  called  artifi- 
cial or  numerical  diffusion.  The  latter  source  of 
error  can  be  eliminated  by  the  use  of  central  diffar- 


^etallcd  experimental  data  for  all  three  regions  and 
for  both  the  symmetric  and  nonsynmccrlc  cases  may  be 
found  in  Reference  [1]. 


1 

enclng  schemes  and  fine  nodal  point  spacing.*  This 
solution  was  not  practical  In  the  present  problet  cor 
reasons  of  computation  expense,  and  we  were  thus  led 
Co  examine  calculation  procedures  which  utilized  com- 
putationally less  costly  upwind  or  hybrid  (upwind  and 
central)  differencing  schemes. 

The  phrase  artificial  diffusion  has  been  used  in 
the  literature  in  a generic  sense  to  cover  a variety 
of  causes  of  over  prediction  of  apparent  diffusion. 
Therefore,  it  is  useful  for  us  to  be  specific  about 
Che  sense  in  which  we  are  using  this  phrase.  In  the 
present  problem  the  main  source  of  artificial  diffu- 
sion In  the  recirculation  zone  Is  the  mlsesclmatlon 
of  the  convective  terms  in  the  high-velocity  large- 
veloclcy-gradlenc  regions,  and  our  ultimate  choice  of 
prediction  method  has  been  based  on  the  need  to  ade- 
quately represent  these  terms. 

With  regard  to  the  turbulent  transport  model, 
various  Investigators  [2, 3, 4, 7, 8]  have  commented  upon 
the  complexity  of  Che  turbulent  structure  and  trans- 
port in  flows  with  significant  streamline  curvature. 

In  Che  present  paper  we  Initially  used  the  k-c  model 
of  Hanjalic  [:^].  This  would  appear  to  be  Che  least 
complex  model  with  the  capacity  to  cope  with  recircu- 
lating flows  [10] , axid  It  Is  a model  which  has  been  very 
extensively  verified  in  a wide  variety  of  non- 
reclrculaclng  flows.  In  addition  It  has  been  shown  to 
yield  reasonable  results  for  some  recirculating  flows. 
As  will  be  seen  below.  It  did  not  prove  adequate  In 
Che  present  problem,  forcing  us  to  modify  It,  In  a 
crude  manner,  to  account  for  streamline  curvature 
effects. 

The  Mathematical  Model 


For  a steady  Incompressible  turbulent  two- 
dimensional  flow,  Che  mass  and  momentum  conservation 
equations  can  be  expressed  as: 


in  + 

9a  5y 


0 


(1) 


i_(u2)  ^ ^ . 1 |£  ^ S,. 

dX  9V  OX  t &X  3v  t ?V  0 dx  L 


(2) 


’-a-V)  ^ |-(V2)  . |-(v  11)  ^ f (V,  11)  - i l£  * s, 
5X  av  aX  t 9x  9v  t ay  p 9v  V 


(3) 


where  represents  the  turbulent  kinematic  viscosity 
which  Is  assumed  to  be  adequately  represented  as  a 
scalar  quantity.  Since  Che  flow  of  nresent  Interest 
Is  a free  shear  flow,  the  molecular  viscosity  has  been 
assumed  negligible.  The  source  terms  include  addi- 
tional stress  terms,  namely: 


3 , ^ 3 / 3V, 

ox'  Z 5x^  dv'  c 


and 


“ 3x^''t  3v^  * 3v^''t  3v^ 


(4) 

(5) 


\’e  should  note  that  convergence  problems  can  arise 
when  the  nodal  point  spacing  becomes  coo  fine.  This 
difficulty  relates  however,  to  Che  characteristics  of 
the  computer  used.  Presumably  If  cost  Is  no  Irapedl- 
raenc  and  If  the  required  number  of  digits  can  be  car- 
ried, Che  convergence  problem  would  not  exist. 
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In  th«  k-c  model  the  value  of  Is  assumed  to 
be  solely  a function  of  the  turbulence  kinetic  energy, 
k,  and  the  rate  of  dissipation,  s.  Dimensional  analy- 
sis then  yields: 


WITHOUT  sreeaMLiHC  cumwruec 

EFsier  eoeeecnow 

- WITH  STwaMLiNC  cumeruef 
trncr  eoeeecrioii 


where  Cq  is  a constant.  The  values  of  k and  e are 
assumed,  in  this  model,  to  be  determined  by  the  k and 
c transport  equations  (see  Ref.  1 9]}; 


Dk  3 ,''t  3k,  ^ 3 .''t  3k,  ^ - 

Dt  ■ 3x  ^3  3x^  3y  ^3,  3y^  °k  " °k 


/ —UPPER  LIMIT 

• 


where  D/Dt  is  the  coovactive  derivative  and  where  G^, 
D|c,  Gp,  and  D^  are  respectively  the  generation  and 
dissipation  of  turbulence  kinetic  energy  and  rate  of 
dissipation.  The  formulae  expressing  these  quantities 
in  terms  of  the  mean  flow  field  and  k and  t may  be 
determined  by  dimensional  arguments  similar  to  that 
used  in  the  determination  of  u^,  resulting: 

?k  ■ ''t  f * - |f>f  - 


^^LOWER  limit 


100  200  SOO  400  500 

ITERATION  STEPS 


G - C,  G,  ^ 
e 1 k k 


where  Cj^,  Ct,  Pic>  4TC  assumed  constants. 

Patsnkar  [5]  reports  the  following  values  for  these 
constants:  Cp  - 0.09,  - 1.44,  C2  - 1.92,  - 1.0, 

and  3j  • 1.3. 

At  this  point  we  should  observe  chat  the  above 
sat  of  equations  has  been  obtained  at  the  expense  of 
a variety  of  simplifying  physical  hypotheses.  Hence 
the  adequacy  with  which  they  can  represent  real  flows 
cannot  be  determined  £ priori;  rather  only  comparison 
of  prediction  and  experiment  can  determine  their  ade- 
quacy. We  maka  this  observation  because  such  valida- 
tion is  by  its  nature  rsscrlctad  in  scope.  Specifi- 
cally, validation  in  flotrs  in  which  the  streamlines 
are  near  parallel  or  in  flows  in  which  the  velocities 
in  Che  regions  of  large  streamline  curvature  are  low, 
does  not  conscltute  validation  for  flows  in  which 
chase  conditions  are  not  met.  Indeed,  various  in- 
vestigators have  reported  chat  the  above  equation  sec 
does  not  represent  well  the  behaviour  of  many  turbu- 
lent flows  with  large  streamline  curvature.  This  of 
course  does  not  mean  chat  the  model  is  inadequate  for 
a particular  recirculating  flow,  since  the  predict- 
ion qiullty  depends  both  on  the  quantities  whose 
values  are  desired  and  on  the  Influence  of  the  recir- 
culation region  on  the  entire  flow  field  under  consid- 
eration. 

As  the  present  investigation  proceeded,  it  became 
apparent  chat,  for  the  twin  jet  flow  recirculation  re- 
gion, Che  above  mathematical  modal  was  not  adequate. 
This  inadequacy  manifested  itself  in  two  ways.  First, 
Che  predicted  levels  of  turbulence  kinetic  energy  were 
far  coo  high.  Indeed,  the  predicted  levels  were  con- 
tinuing CO  rise  with  further  iterations  in  the  solu- 
tion procedure  of  Spaldlng-Pacankar  [S]  and,  as  a con- 


Flg.  2 Turbulence  kinetic  energy:  convergence  be- 
haviour along  the  syosetry  line  in  the  recir- 
culation region 

sequence,  Che  cslculaclons  were  cermliuted  before  the 
converged  values  of  k were  obtained,  although  apparent- 
ly the  mean  velocity  field  had  converged.  Second,  Che 
resultant  maan  velocity  field  was  significantly  in 
error.  These  observations  are  illustrated  in  Figures 
2 and  3. 

On  Che  basis  of  these  results,  the  authors  re- 
examined the  turbulence  model  and  the  numerical  pro- 
cedure. 

The  Turbulence  Model 

As  noted  above,  various  authors  have  discussed 
the  effects  of  streamline  curvature  on  the  turbulence 
structure.  In  particular,  on  the  basis  of  their  In- 
vestigation of  boundary  layer  flows  over  curved  sur- 
faces, So  and  Mellor  [8]  following  Bradshaw  [2]  sug- 
gested that  Che  appropriate  parameter  governing  this 
effect  was  (U/R)/(30/3y),  where  R is  the  radius  of 
scrasmllna  curvatttfe.  A simple  generalisation  of  this 
factor  for  a cwo-dlmanslonal  recirculating  flow  is: 


_ , * v2 


■'Sv  * 3x^ 


where  the  radius  of  curvature,  R,  is  given  by: 


1 

^ (u2  + 


The  positive  root  it  implied  in  both  of  Che  above  ex- 
pressions. It  remains  to  incorporate  the  factor  F 
into  the  k-c  turbulence  model.  Although,  direct  ex- 
periment data  for  the  effect  of  F upon  all  second  order 
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Fig.  3 Transvars*  velocity  and  atatic  praaaure  pro* 
filaa:  the  aolid  linea  repreaent  the  pre- 
dietiona  with  the  method  of  Ref,  [5];  u la 
the  measured  non-dlaenslonal  Q velocity  com- 
ponent, □ la  the  meaaured  non-dlaenalonal 
V velocity  component  and  O la  the  non- 
dimensional  static  pressure 


velocity  fluctuation  correlations  are  not  available, 
Irwin  and  Amot  Smith  (7]  confirmed  the  strong  correl- 
ation between  F and  the  Reynolds  stress  - puv  as  pre- 
sented in  Gultton's  [4]  data  for  a wall  Jet  flow  over 
a curved  surface.  Because  the  k-c  model  implicitly 
assumes  at  least  weak  isotropy,  and  because  the 
Reynolds  stresses  occur  in  the  turbulent  kinetic  en- 
ergy generation  term,  it  is  plausible  to  generalize 
Irwin  and  Amot  Smith's  [7]  findings  to 


Sc=k 


(15) 


where  S^  is  the  correction  factor  for  curvature. 

Irwin  and  Amot  Smith  praaantad  a correlation  between 
F and  -ouv  in  graphical  form.  A simple  mathematical 
function  which  represents  their  graph  adequately  is: 


- A^  (1  - exp  [AjCF  - Aj)]}  (16) 

In  the  present  work  we  have  uaed  the  values: 


Al  • 1.15 
A2  - 11.3 

A3  - 0.18 

For  F values  larger  or  equal  to  A3,  S,.  is  sat  to  zero. 

Ue  should  note  that  the  value  chosen  for  A3  in  the 
present  investigation  is  consistent  with  the  values 
reported  by  other  Investigators  [7,8];  and  A2 
ware  determined  respectively  from  the  apparent  asymp- 
tote for  large  negative  values  of  1/R,  and  from  the 
requirement  that  ••  1 at  1/R  • 0. 


The  substitution  of  for  in  the  turbulence 
kinetic  energy  and  dissloaclon  rate  equations,  as 
might  be  expected,  did  Improve  the  predictions  of  tur- 
bulence kinetic  energy  within  the  recirculation  zone, 
as  shown  in  Figure  2.  It  did  not  unfortunately  result 
in  any  significant  improvement  in  the  prediction  of 
the  mean  velocity  field. 

At  this  stage  we  began  to  sussect  that  the  diffi- 
culty lay  not  just  in  the  turbulence  model  alone,  but 
rather  also  in  the  numerical  solution  procedure.  To 
this  we  now  cum. 

The  Numerical  Procedure 


The  results  discussed  above  were  obtained  with 
Che  S paid Ing-Pa tanker  method  described  in  detail  in 
Ref.  [6].  Here  v need  only  concern  ourselves  with 
the  calculation  of  Che  momentum  fluxes  through  Che 
surfaces  of  the  elemental  control  volume  depicted  in 
Figure  4.  Without  any  loss  of  clarity  we  can  consider 
only  the  convective  flux  through  the  westward  facing 
surface;  further  for  convenience  the  x-component  of 
velocity  is  assumed  positive.  The  convective  flux 
may  be  determined  from  the  product  of  the  mats  flow 
through  Che  surface  and  an  appropriate  approximation 
of  Che  actual  value  of  Che  convected  momentum.  In 
the  Spaldlng-Fatankar  method  the  former  quantity  is 
estimated  from  the  expression  o(Cy  j,  ***  n)^^  where 

the  second  subscript,  n.  Indicates* the  values  obtained 
in  the  previous  iteration.  The  value  of  the  convect- 
ed specific  x-momentum  is  approximated  as  Uy  ^^3  for 
large  grid  Reynolds  numbers.!  When  C varies’ signifi- 
cantly over  Che  distances  Ax  and  Ay,  and  when  V it  of 
Che  same  order  es  U,  it  is  apparent  Chat  l)y  ^3  will 
be  a poor  estimate  of  the  convected  specific  x- 
momentum.  A better  estimate  can  be  obtained  by  re- 
placing Uy  2^3  with  some  weighted  average  of  Uyy  ,^3, 
Wy,  224-1  and  U^y  22^3;  the  precise  weighting  depending 
on  the  relative  values  of  the  x and  y velocity  com- 
ponents. We  should  observe  here  that  the  accuracy  of 
Che  Spaldlng-Pacankar  estimation  of  convective  momen- 
tum flux  can  be  Improved  if  Ax  and  Ay  are  reduced. 

Thus  in  problems  where  such  reduction  is  economic, 
their  method  should  provide  an  adequate  answer. 

Whether  or  not  such  an  approach  is  possible  depends  on 
the  specific  flow.  In  the  present  situation  this  was 
simply  not  possible,  due  to  Che  large  separation  of 
the  two  injection  slots.  Indeed,  with  40  grid  lines 
in  the  cross  flow  direction  with  e speclng  of  0.125B, 
and  with  30  in  the  x direction  with  a spacing  of  0.5B, 
the  Spaldlng-Pacankar  predictions  were  almost  complete- 
ly unchanged  when  Che  turbulence  model  was  replaced 
with  a low  constant  value  of  effective  viscosity,  in- 
dicating that  Che  artificial  diffusion  was  completely 
dominating  the  predicted  flow  pattern. 

An  alternative  approach,  chat  is,  an  approach 
which  sought  to  lisprove  the  estimated  value  of  the 
convected  quantity  while  maintaining  a coarse  grid, 
was  followed  by  Ralthby.  The  details  of  his  skewed 
upstream  differencing  scheme  (SUSS)  have  been  reported 
by  Ralthby  [6]  and  need  not  be  repeated  here;  it  will 
suffice  CO  maintain  chat  his  merhod  employs  a weighted 
average  of  Uyy.t^ki,  Uw,iH-l.  Usy,n4-1  to  Mtimate 
the  specific  convected  momentum  in  the  example  consid- 
ered. Even  chough  negative  coefficients  arise  in  the 
finite  difference  algebraic  equations  no  major  conver- 
gence problems  were  encountered. 


Haeed  on  the  velocity  component, 
and  Che  effective  viscosltv 


Che  grid  spacing 
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COSCLUSIONS 


Fig.  4 A typical  control  voluaa  uaad  In  tha  numarl- 
cal  caleulatloni 

Tharafora,  tha  final  calculation  procadura  utlUzad 
Ralthby'a  nuaarlcal  calculation  oathod  and  tha  modl- 
flad  k-c  turbulanca  modal  dlscuaaad  pravlously.  Tha 
following  boundary  condltlona  wara  tpaclflad. 

1)  Syimnatry  llna:  V ■ 0,  30/3y  ■ 0,  3p/3y  " 0, 
3k/3y  ■ 0 and  3e/3y  "0  , 

11)  Inlat  boundary:  V • 0,  U « Ug,  k ■ 1.81* 10“  -Ug 
and  t - 1.35*10-*.u3/b 

111)  Fraa  acraaa  boundary:  3V/3y  • 0,  U • 0,  p - 0, 
k - l.ai'lO-*  ng  and  e - 1.47-10-7  u|/B 
v)  Downstraam  boundary:  V • 0,  3C/3z  0 and 

arbitrary  valuas  for  k and  c. 

Tha  rasultant  pradlctlons  arc  compared  with  axparl- 
mantal  data  In  tha  following  section. 

Comparison  of  Prediction  and  Exparlnant 

Tha  predicted  velocity  fields  for  various  down- 
straam stations  In  the  recirculation  zona  era  shown 
In  Figure  5.  Thraa  quantities  arc  prasantad:  1)  tha 
X velocity  component;  11)  the  y velocity  component; 
and  111)  the  static  pressure.  Tha  exparlaantal  data 
wara  obtained  on  an  apparatus  described  In  datall 
alsawharc  [1].  Tha  agreement  batwaan  prediction  and 
experiment  la  axcallant;  Indeed  tha  agraamant  Is 
largely  within  tha  azpcrimcntal  uncertainty. 

An  overall  comparison  of  pradlctlon  and  axparl- 
mant  is  shown  In  Figure  6,  In  which  the  upper  half 
plana  represents  the  predicted  straamllnas,  and  the 
lower  half  plana  axparlmantal  straamllnas.  Again 
agraamant  Is  axcallant,  all  features  of  tha  recircu- 
lating zona  being  wall  reprasanted. 


For  tha  flow  of  present  Interest,  the  modified 
turbulence  modal  and  tha  calculation  procedure  of 
Ralthby  yield  excellent  predictions  with  a node  spac- 
ing which  results  In  economically  feasible  calcula- 
tion expense. 
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Promt  pradletlona  and  axparinantal  data  for  trantvarit  valoclcy  and  acatlc  prataurt 
profUaa:  tha  aolid  llnaa  raprasanc  cha  pradlctlona;  Cpk  la  tha  raaaaurad  non-dlmanalonai 
U valoelty  componant;  □ It  cha  maaaurad  non-dlmanalonal  V valoclcy  cooponant  and  O la 
Cha  aaaaurad  non-dloanalonal  ataclc  praatura 


NUMERICAL  ANALYSIS  OF  TURBULENT 
SEPARATED  SUBSONIC  DIFFUSER  FLOW  1 


John  C.  Chlcn^ 

ARO,  Inc. 

Arnold  Air  Fore*  Station,  Tannaaa**  37389,  USA 


ABSTRACT 

Saparated  sufaaonlc  dlffuaac  flows  ara  aolvad 
numarlcally  with  cha  ttaady  atata,  Incoaprasalbla 
Navlar-Stokas  aquaciona,  Tha  affacts  of  curbulanca 
ara  Introducad  by  a low  Raynolda  nuabar  cwo-aquatlon 
k-e  oedal.  A coordlnaca  tranafomacion  and  a ganaral 
flnita  dlffaranca  formulation  with  dacay  functlona 
was  amployad  to  obtain  convargant  aolutlona  for  sap- 
aratad  and  non-aaparatad  dlffuaar  flowa  with  a fully 
davalopad  non-uniform  Inlat  condition.  Solution  of 
tha  flow  flald  includaa  Cha  pradlcClon  of  tha  point  of 
taparaclon,  tha  valoclcy,  turbulanc  klnaclc  anargy  and 
total  ahaar  atraaa  flalda  and  cha  akin  friction  dla- 
crlbutlon. 


a(x) 

u.v 


NOMENCLATURE 


A Paraaacar 

a Conacant 

a^.a^  Coafflclant 

b Conatant 

bj,b2  Coafficianca 

Cj.Cj  Coafficianca 

C{  Skin  friction  coafflclant 

C^  Eddy  vlacoalcy  coafflclant 

C Trana formation  coafflclant 

d Sourca  carm 

F Tranaformatlon  paraaacar 


e 

n 

28 

V 

'’t 

T 

* 

n 


Phyaical  and  cranaformad  radial  coordinate 

Dlffuaar  wall  coordinate  in  cranaformad 
plana 

Dlffuaar  wall  coordinate  In  phyaical  plane 

Axial  velocity  and  radial  velocity  com- 
ponenca 

Average  axial  velocity  at  dlffuaer  inlet 
Turbulent  velocity  componenta 
Axial  coordinate 

Radial  coordinate  maaaurad  from  tha  wall 

Tranaformatlon  paraaacara 

Indax,  taro  for  planar  Mow,  1 for  axiaym- 
macrlc  flow  or  Incramantal 

laotroplc  part  of  the  total  turbulent 
klnaclc  anargy  diaalpaclcn,  k^'^/i. 

Relaxation  factor 

Total  dlffuaar  dlvarganca  angla 

Molacular  vlacoalcy 

Eddy  vlacoalcy 

Conatant 

Shaar  acresa 

Dapandant  variable 

Stream  function 

Vorclclcy 


Ci.Cj 

h 

JNM 


k 

R 


*e 

Rl,Rj 


Decay  fuccclona 

Channel  or  2-0  dlffuaer  height 

Number  of  grid  polnta  along  the  r coordl- 
naca 

Turbulent  klnaclc  energy 
Parameter,  k^/(ve) 

Reynolda  number 
Crld  Reynolda  number 


Subacrlpta 


c 

I 


Centerline 

Location  of  tha  beginning  of  the  inlet  aec- 
clon 


max  Maximum 

0 Sublayer-core  region  aolutlon  matching  lo- 

cation 

T Total 

w Wall 


^The  raaearch  reported  In  chit  paper  waa  aponaored  by  Arnold  Engineering  Davalopmant  Cancer  (AEDC) , Air 
Force  Syatama  Command  (AFSC),  Arnold  Air  Force  Station,  Tenneaaee,  under  Contract  No.  Ft06-7S-C-000&  with  ARO, 
Inc.  Further  reproduction  la  authorlxed  to  aatlafy  the  naada  of  Che  U.  S.  Covemnent. 
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INTRODCCTION 


Dlffuacrs  ar*  an  laporcant  conponant  of  many 
flow  davlces,  such  as  propulsion  systems,  wind  tunnels, 
test  facilities,  etc.  Yet  the  prediction  of  diffuser 
flows  reaulns  as  one  of  the  most  difficult  fluid  dy- 
naalcs  problesis,  especially  when  tbs  Inlet  conditions 
to  the  diffuser  are  highly  nonunlfona.  Since  the  op- 
clmun  operating  condition  for  a diffuser,  l.e.,  maxl- 
muo  pressure  recovery,  has  been  shown  experloentally 
to  occur  with  flow  separation  (^) , a realistic  solu- 
tion for  the  flow  field  can  only  be  obtained  by  solv- 
ing the  full  Navler-Stokes  equations.  In  addition, 
the  diffuser  flows  of  practical  Interest  arc  turbulent 
In  nature.  The  performance  of  a diffuser  depends  not 
only  on  Che  shape  of  the  Inlet  velocity  profile  but 
also  on  the  turbulence  level.  The  modeling  of  turbu- 
lence with  the  large  pressure  gradient  existing  In  the 
diffuser  flows  requires  a more  sophisticated  approach 
chan  Che  u'^e  of  simple  eddy  viscosity  models  (2) . 

Currently,  diffuser  design  Information  la  ob- 
tained almost  solely  from  empirical  data  O,  2)  • Mao? 
of  the  available  diffuser  performance  maps  and  corre- 
lations provide  only  static  pressure  recovery.  Very 
few  detailed  turbulence  properties  of  diffuser  flows, 
established  experimentally,  are  available  even  for 
nonseparaced  caaes  • Data  for  separated  diffuser 

flows  are  even  more  sparse  because  conventional  In- 
struments, such  as  Che  hot  wire  anemometer,  cannot 
provide  meaningful  measurement  In  regions  where  the 
flow  direction  reverses  with  elms.  This  situation  may 
Improve  In  the  future  as  the  recently  developed  laser 
valocimeter  (^t^)  becosMs  more  available  and  reliable 
so  that  the  flow  field  data  can  be  obtained  for  use  In 
Che  developsMnt  and  verification  of  analytical  predic- 
tion methods. 


Ic  « ( jpY  ♦ ^ /* 


(1) 


The  vortlclty-s cream  function  formulation  can  be 
obtained  by  caking  the  curl  operation  of  the  momentum 
equations  and  by  defining  Che  stream  function  from  the 
continuity  equation.  The  resulting  equations  are  the 
vortlclty  equation: 


(^•^1 

and  Che  stream  function  equation: 


where  ^ Is  Che  vortlclty  defined  as 


„ sV  tu 


(3) 


(4) 


The  velocity  Is  calculated  from  Che  relations 


In  the  past,  the  flow  In  a diffuser  has  been 
analyzed  by  assuming  chat  the  diffuser  flow  field  can 
be  approximated  by  a chin  boundary  layer  adjacent  to 
Che  wall  and  an  invlacld  core  la  the  center  of  the 
dlffuaer.  The  boundary  layer  and  the  Invlscld  core 
equations  are  Chen  solved  with  or  without  Interaction 
(2,2>2)  • ^ rigorous  method  Is  available  to  analyze 

diffuser  flows  with  a highly  nonuniform  Inlet  profile 
with  or  without  separation  (20,22) . 

The  purpose  of  the  Investigation  reported  here- 
in Is  CO  develop  numerical  prediction  laechods  for  the 
calculation  of  turbulent,  lncozq)ressible,  separated. 
Subsonic  diffuser  flows  with  nonuniform  Inlet  condi- 
tions. The  theory  development,  the  turbulence  models, 
the  coordinate  transformation  and  the  numerical  finite 
difference  solution  procedures  are  presented  along 
with  comparisons  of  the  results  with  available  experi- 
mental data.  Complete  details  of  the  present  work 
are  available  In  (12) . 


U«(T/Tr 

The  eddy  viscosity  Introduced  In  Eq.  (1)  Is  cal- 
culated from  a cwo-equaclon  model  developed  In  (16) 
but  with  the  coefficient  and  Che  dissipation  term 
near  the  wall  determined  differently  ( 12) . The  eddy 
viscosity  Is  determined  In  (16)  from  Che  Prandcl- 
Kolmogorov  formula. 


For 

redefined 


low  Reynolds  number  model,  C,^  In  Eq.  (7)  Is 
In  the  present  study  as 


A 

i(A*A/k) 


(8) 


2.0  GOVERNING  EQUATIONS  AND  TURBULENCE  MODELS 

The  basic  equations  which  describe  the  motion  of 
laminar  or  turbulent  flow  of  an  Incozrpresslble  fluid 
arc  Che  Navler-Stokes  equations.  Usually,  the  time- 
averaged  Reynolds  sqiMClon  Is  ussd  to  describe  the 
turbulent  flow.  The  Reynolds  stresses  Introduced  In 
Che  Reynolds  equation  are  related  to  the  velocity 
gradient  and  the  turbulent  kinetic  energy  fields 
through  an  eddy  viscosity  concept  as  (13. 14.15) . 


.fhera  A ■ yjlk  y/v,  y Is  measured  from  Che  wall,  and 
a and  b are  constants.  Cy  was  determined  from  Eq.  (7) 
with  Uj  and  (k^/c)  distributions  proposed  by  Mellor 
and  Herring  (17.18) . The  constant  a Is  taken  to  be 
1100  and  b Is  determined  as  0.27. 

The  TKE  and  Its  dissipation  can  be  calculated 
from  the  following  equation. 
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Th*  k-Equatlon: 

(V^) i >w  i»K'*^’'*'5r  ’•  r J^ri 

* y^T f*tf  <9) 

'i^A  •* 

Th*  e-Equatlon: 

wfa*r*  Cj  • 1.4&,  C2  ~ 1>92  (1-0.3  «xp  (-R^)).  Og  ■ l.l 
and  R • k^/ (vt) . 

Equation*  (2),  (3),  (S) . (6),  (7).  (9),  and  (10) 
fora  a (at  of  oonlinaar  partial  dlffarantlal  aquation* 
for  th*  unknown*  0.  i|i,  u,  v,  Vg,  k and  e.  Sine*  th* 
aquation*  ar*  alllptle  In  natura,  tha  aolutlon  can  ba 
found  only  whan  tha  boundary  condition*  arc  given 
along  a cloaad  boundary  of  tha  conputatlonal  donaln. 

In  tha  dlffuaar  application,  th*  domain  1*  tha  flow 
field  Inalde  th*  dlffttaar  and  th*  boundarla*  ar*  the 
dlffuaar  wall,  th*  Inlat  and  th*  exit  plana*.  In  th* 
praaant  analy*!*,  th*  domain  1*  tran* formed  Into  a 
rectangular  grid  and  th*  numerical  computation*  are 
performed  In  the  traneformed  domain. 

3.0  A COMPLETE  COORDINATE  TRANSFORMATION  FOR 
A DIFFUSER  FLOW 

Both  a body-aligned  coordinate  traneformatlon 
and  a eublayer  etretchlng  are  neceaeary  to  provide 
good  apatlal  reaolutlon  throughout  a dlffuaar  flow 
field.  The  complete  coordinate  traneformatlon  Is 
achieved  first  by  mapping  th*  diffuser  shape  into  a 
rectangular  domain  followed  by  a sublayer  stretching 
(see  Fig.  1).  Th*  complete  transformation  1*  given  by 

X*x  (II) 

In  the  sublayer  region, 

7-S<«jl-|ft*af(r^.r)}  ^ (12) 

in  th*  cor*  region, 

r«S<«){l-[C(r^-f)«t,rce*ti(r,*f)]«F]}^  »*?*?,  (13) 

where  r 1*  measured  from  the  centerline,  *(x)  repra- 
sents  tha  diffuser  wall  shape,  Tq  is  tha  transformed 
matching  location  and  tg,,  1*  tha  transformed  wall 
shapa.  A typical  coorj^lnata  transformation  is  shown 
In  Fig.  2,  with  y and  y measured  from  th*  wall. 

Th*  ability  of  tha  coordinate  transformation  to 
provide  good  resolution  In  tha  transformed  coordinate 
plana  1*  demonstrated  by  considering  tha  velocity  and 
the  turbulent  kinetic  energy  distributions  In  a chan- 
nel flow  shown  In  physical  coordinates  In  Fig.  3a.  It 

can  be  seen  that  large  gradients  of  th*  velocity  and 
turbulent  kinetic  energy  profiles  exist  near  the  wall. 
Poor  resolution  can  b*  expected  in  th*  eublayer  re- 
gion when  attempting  to  us*  a uniform  coordinate  eys- 


system  to  describe  the  profiles.  However,  when  Eqs. 
(12)  and  (137  are  used  to  stretch  th*  sublayer  and  the 
core  region,  sharp  gradients  In  velocity  profiles  di- 
minish as  Indicated  In  Fig.  3b.  Thus,  the  detail  ve- 
locity and  turbulent  kinetic  energy  profiles  can  be 
adequately  described  In  the  transformed  coordinates. 

For  this  reason,  the  coordinate  transformation  plays  an 
Important  role  In  obtaining  an  accurate  numerical  solu- 
tion. 


iHTtSMaoMTS  TmaNseesMSS  oomsin 
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Fig.  2 Coordinate  transformation  with  a sublayer 
stretching 


(a)  Profiles  In  physical  coordinate 


(b)  Profile*  la  transformed  coordinate 
Fig.  3 Velocity  and  turbulent  kinetic  energy 
profile*  In  physical  and  transformed 
coordinates 
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4.0  FINITE  DIFFERENCE  FORMULATION  AND  NUMERICAL 
SOLUTION  PROCEDURE 

Th*  governing  •quaclons  end  the  turbulence  aodels 
presented  In  the  previoue  sections  are  a system  of 
coupled  nonlinear  partial  differential  equations.  The 
system  cannot  be  eolved  analytically  and,  therefore, 
muse  be  solved  by  numerical  methods.  The  system  of 
equations  becomes  even  more  complicated  when  it  Is 
written  In  the  transformed  coordinates  such  as  those 
described  In  Section  3.  In  the  present  analysis,  a 
standard  form  of  the  transformed  equations  is  derived 
to  represent  the  common  features  of  the  governing 
equations.  A general  finite  difference  formulation  la 
then  developed  so  that  stable  and  convergent  solutions 
can  be  obtained  for  a i/lde  range  of  Reynolde  number. 
The  stability  limitation  associated  with  the  central 
difference  scheme  and  the  accuracy  problem  Inherent  to 
the  upwind  difference  scheme  are  avoided  by  the  use  of 
locally-evaluated  decay  functions  In  the  finite-dif- 
ference formulation.  The  algebraic  finite  difference 
equation  la  solved  with  a standard  point  Gauss-Seldel 
Iteration  method. 


aratlon  point.  In  order  to  avoid  using  the  lav  of  the 
wall,  the  whole  flow  including  the  sublayer  region  is 
solved  by  the  finite  difference  fonsulatlon  so  that  the 
point  of  separation  and  the  separated  flow  field  can  be 
predicted.  The  numerical  formulation  of  the  whole  flow 
field  requires  the  use  of  the  low  Reynolds  number  ver- 
sion of  the  k-c  model  as  well  as  a sublayer  coordinate 
stretching  techniques. 

5.1  NUMERICAL  RESULTS  FOR  A FULLY  DEVELOPED 
CHANNEL  FLOW 

The  calculated  velocity  profiles  with  Reynolds 
numbers,  uh/v,  ranging  from  1,657  to  207,000  are  shown 
in  Fig.  4.  The  profile  shape  changes  from  near  para- 
bolic at  the  low  Reynolds  nui^er  to  a fuller  profile  at 
higher  Reynolds  number.  At  Reynolds  number  1,657,  the 
profile  agrees  well  with  the  experimental  data  of  Patel 
and  Head  (20) . Results  at  higher  Reynolds  number  also 
agree  well  with  Laufer's  data  (21) . The  akin  friction 
coefficient  is  presented  in  Fig.  5.  The  agreement  be- 
tween the  numerical  result  and  the  experimental  data 
(22)  is  very  good. 


The  standard  form  of  the  governing  equations  is 


where  6 represents  the  flow  variables,  l.e.,  (1,  1)1,  k, 
and  c.  The  corresponding  coefficients,  ax,  a2,  bi, 
b2,  and  d are  given  in  (12) . 


The  general  finite  difference  formulation  of  the 
standard  form  of  governing  equations  Is 


(15) 


* A 


where  the  decay  functions  Gi  and  G,  arc  determined 
from  (19)  ^ 


Gj  '-i)](e  ‘-O 


(16) 


and  the  grid  Reynolds  numbers  R^  and  Rj  arc  defined  as 


"i  • T, 


(17) 


The  calculation  of  the  decay  functions  G^  and  Gj 
can  be  simplified  by  the  following  approximation: 


G • 1.0  - 0.0615  (R)* 

. -i..  ' 

;*i  («>* 

for  both  Gx  and  Gj , R^  and  Rj . 

5.0  NUMERICAL  SOLUTION  WITH  A LOW  REYNOLDS  HUMBER. 
TWO-EQUATION  k-e  MODEL 

The  k-e  model,  along  with  the  law  of  the  wall 
matching  procedure,  has  been  shown  to  yield  ressonable 
results  for  flows  in  which  the  law  of  the  wall  is  ap- 
plicable, (12) . However,  the  vslldlty  of  the  law  of 
the  wall  is  questionable  in  the  vicinity  of  the  sep- 


. iftKl 
. I«l>2 


(18) 


Fig.  4 Velocity  distributions  in  a fully 
developed  channel  flow 


Fig.  5 Skin  friction  coefficient  for  fully 
developed  channel  flow 


When  the  low  Reynolds  number  k-C  model  is  used  to 
calculate  the  eddy  viscosity  in  the  numerical  itera- 
tion, it  is  necessary  to  use  an  underrclaxatlon  factor 
on  to  provide  smooth  convergence.  The  optimum 
undcrrelaxstlon  factor  on  was  found  to  be  (1/JNM), 


1 

1 

1 
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where  J!01  i«  Che  nuober  of  leterel  grid  points.  The 
effect  of  Che  cocai  number  of  grid  points  on  the  ac- 
curacy of  the  numerical  solution  Is  shown  In  Fig.  6. 
With  only  41  grid  points,  the  calculated  total  shear 
stress  deviates  substantially  from  the  exact  solution. 
On  the  other  hand,  the  101  point  case  la  In  excellent 
agreement  with  the  exact  solution.  It  was  found  that 
Che  TKE  distribution  Is  relatively  sensitive  to  the 
grid  arrangement,  especially  at  high  Reynolds  number. 
When  the  grid  arrangeawnc  is  not  adequate  in  the  sub- 
layer region,  the  error  associated  with  the  calculated 
TK£  distribution  Is  magnified  and  transmitted  to  the 
eddy  viscosity  through  the  Prandtl-Kolmogorov's  for- 
mula, Eq.  (7).  Improvement  In  the  coordinate  stretch- 
ing in  the  sublayer  region  and  a better  understanding 
of  Che  grid  arrangement  could  provide  optimum  use  of 
the  grid  points. 


Fig.  6 Effect  of  total  grid  points  on  the  total 
shear  stress  distribution  for  fully 
developed  channel  flow 

5.2  mTimCAL  SOLUTION  OF  SEPARATED  AND 
NONSEPARATED  DIFFUSER  FLOW 

A series  of  preliminary  calculation  was  made  for 
a family  of  planar  diffuser  flows  to  Illustrate  the 
nature  of  the  solution.  The  test  case  selected  Is  a 
two-dimensional  planar  diffuser  with  a 4:1  aspect 
ratio,  Invasclgaced  by  Renaau,  at  al.  (p.  The  Reyn- 
olds number  based  on  the  Inlet  velocity  D and  the 
height  hx  was  1.2  x 10^.  The  inlet  profile  was  a 
fully  developed  channel  flow  profile. 

Fifty-one  lateral  grid  points  are  used  across 
the  diffuser  which  Includes  both  the  core  and  the  sub- 
layer region.  The  number  of  grid  points  Is  considered 
adequate  to  provide  a qualitative  description  of  the 
flow  field  but  not  necessarily  an  accurate  result.  In 
the  Iteration  process,  the  first  600  Iterations  are 
used  to  determine  the  flow  field  at  the  first  three 
stations  so  chat  a fully  developed  channel  flow  pro- 
file can  be  obtained.  With  the  inlet  condition  estab- 
lished, the  next  600  iterations  are  used  to  compute 
Che  diffuser  flow  field.  The  calculated  skin  friction 
coefficient  Is  shown  In  Fig.  7 for  six  different 
angles.  Based  on  the  skin  friction  distributions, 
flow  separation  does  not  occur  In  the  first  three 
cases,  lumely  29  • 3.58,  7.15,  and  14.25  deg.  The 
point  of  separation,  which  appears  In  the  last  three 


cases,  moves  upstream  as  the  diffuser  angle  Increases. 
The  skin  friction  coefficient  near  the  exit  corner 
(x/hx  - 6)  in  Che  separated  region  shows  some  oscilla- 
tion, which  Indicates  chat  the  solution  Is  not  fully 
converged.  However,  the  solution  Is  stable  upstream 
of  the  separation  point. 


Fig.  7 Skin  friction  coefficient  distributions  In 
2-D  diffuser  with  a fully  developed  inlet 
velocity  profile 


The  development  of  the  velocity  profile  in  the 
diffuser  Is  shown  In  Fig.  3 for  28  > 34.7  deg.  As  the 
axial  distance  Increases,  the  fully  developed  channel 
flow  profile  gradually  develops  Into  a wake  profile 
near  the  wall.  For  the  separated  profiles,  the  sub- 
layer Is  so  thin  that  It  appears  as  if  the  velocity  pro- 
file has  a discontinuity  near  the  wall.  The  velocity 
profile  In  the  sublayer  with  an  enlarged  scale  Is  shown 
in  Fig.  9.  The  value  of  the  reverse  flow  velocity  near 
the  wall  at  x/h^  ■ 6 Is  about  14  percent  of  the  local 
centerline  velocity.  The  predicted  turbulent  kinetic 
energy  distribution  Is  shown  in  Fig.  10.  The  distinc- 
tive feature  of  the  turbulent  kinetic  energy  distribu- 
tion Is  that  Cha  location  of  the  maximum  TEE  moves  away 
from  the  wall  in  the  diverging  section.  In  general, 
the  magnitude  of  the  maxliwiiii  TEE  also  Increases  In  the 
diffuser  diverging  section.  For  26  - 34.7  deg,  the 
oiaxlmum  IKE  at  x/hj  • 6 Is  roughly  doubled  the  ni»v<niimi 
inlet  cosrputed  value. 


az  0 az  M os  at  lo 
wetocirr.  u/u,. 


Fig.  6 Velocity  distributions  in  e 2-D  diffuser 
with  separation 
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Fig.  9 Sublayer  velocity  distribution  In  a 2-D 
diffuser  with  separation 


Fig.  10  Turbulent  kinetic  energy  distributions  in 
a 2-D  diffuser  with  separation 

Although  there  is  no  detailed  flow  field  data 
available  to  verify  the  predicted  flow  field  structure, 
the  centerline  velocity  distribution  Is  an  Indication 
of  the  pressure  recovery.  The  data  of  O)  showed  that 
the  naxlouB  pressure  recovery  occurred  with  a total 
diffuser  angle  of  20  deg.  This  experlaental  evidence 
la  used  to  provide  Halted  verification  for  the  pres- 
ent numerical  solutions  because  aore  detailed  experi- 
aental  data  Is  not  available.  In  Fig.  11,  the  center- 
line  velocity  distribution  Is  given  In  teras  of  the 
total  diffuser  angle.  The  alnlatna  centerline  velocity 
at  the  diffuser  exit  occurs  at  26  • 20  deg  which  cor- 
responds to  Che  cxperlaentally  defined  opclaua  dif- 
fuser angle  by  Reneau,  et  al.  U ) . 


Fig.  11  Centerline  velocity  distribution  and  the 
opclaua  diffuser  angle 

developed  to  provide  adequate  flow  definition  through- 
out Che  whole  flow  field. 

Predictions  of  fully  developed  channel  flows,  ob- 
tained with  Che  sublayer  stretching,  are  In  good  agree- 
ment with  experlaental  results.  Prediction  of  the  per- 
formance of  planar  dlffuaers  are  also  In  agreement  with 
Che  aeager  experlaental  results.  However,  additional 
correlation  between  the  numerical  method  and  experiment 
Is  needed,  particularly  for  stalled  axlsymaetrlc  flows, 
CO  validate  the  quality  of  the  computed  flow  structure. 
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Abstract  — She  paper  pressats  an  attempt  of  a anmerioal.  solatloa  of  the 
problem  of  turbulent  flow  through  a pipeline  with  nozzle.!  fundamental 
equation  system  for  numerloal  oaloulations  has  beem  girea  in  a non  — 
dimensional  form. Its  solution  has  been  based  on  a known  numerloal  proo^ 
dure  for  two— dimensional  elliptloal  equations. Some  theoretloal  ezaminap* 
tion  results  hare  been  quoted  for  veloolty  pressure, and  turbulence  energy 
within  the  nozzle  area.Ihe  matharatioal  model  adequacy  has  been  Twrlfiad 
on  the  basis  of  experimental  data  for  nozzle  ooefflolant. 


SQMEHCLAIUBS 

a^.a^B  ooeffiolents  in  equation  (15), 
c^^o,,  OjB  oonstana  in  turbulence  model, 
d a orifice  diameter, m, 

S m pipe  diameter, m, 

k a kinatio  energy  of  turbulenoe,  a k*  U'.m^s* 

p a preasure,  a p^U,B/a* 

p,  a pressure  at  upstream  oomsr  tap,l/m* 

Pj  a pressure  at  dowstream  oomer  tap,B/a^ 

^p  a pressure  dlfferenoe,a^p*^ITtB/at 
r a radial  distance  from  axis  of  symmetry, 
a r‘'B,m, 

Re  a Reynolds  number 

q a Tolumetrio  flow  rate,o^s, 

a a Tsloolty  oomponent  in  z direotlon, 

a 

G a arerage  upstream  vwlooity,a4Q/^l)^B^s, 

T a Tslooity  oomponent  in  r direotlon, 

a 

z a axial  distance  from  inlet  section, 

a £b,a, 

z,a  nozzle  length,m. 

Greek  symbols 
a a nozzle  ooefflolant, 

|l  a ratio  of  diameter,  a d/S, 

ju.a  Tisooaity  ooefflolant  of  fluld,ks/ms; 

? a dsnslty,kg/m^ 

^a  affeotire  Frandtl  number  for  transport 
of  0 , 

£ a dissipation  of  energy, 


CO  ■ Tortioity,ac5U/D,l/o, 

4>  a general  dependent  rarlable, 

Y • stream  function, ayi)^U,a^a. 

Subscripts 

eff  a offeotiTs  (Inoludlng  the  effeot  of 
turbulence) 

Si^qpersoripts 
M a uoudimenalonal, 
k a number  of  iterations. 

IBTRODUCSIOH 

Obstruction  meters  are  oommonly  used 
for  measuring  the  rate  of  flow  of  liquids 
transported  in  pipelines.  Many  a type  of 
obstruotlon  meters  are  known  and  used  at 
present  for  pipelines  of  0>50wdiameter  and 
within  the  Reynolds  number  range  exoeeding 
Re  a 50, 000 .She  beat  meters  with  respeot  to 
their  matrologioal  features  haye  been  stai^ 
dardlzed  [l,2,3]  .Data  on  obstruotlon  meter 
optimum  geometrloal  shape  as  well  as  their 
oharacteristio  yalues  (disoharge  ooeffloient, 
expaxislon  factor, eto.)haye  been  detazainbd 
in  standards  on  ths  basis  of  long-term  exp^ 
rimental  examination. New  designs  of  obstru^ 
tion  meters  are  still  needed  for  pipelines 
of  D<50  mm  diameter  and  for  aaaTT  hh  areraF* 
ge  Reynolds  numbers  ranging  from  2,000  to 
100,000}  these  new  designs  should  make  possi- 
ble meter  standardization. It  seems  that  oyli— 
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ndxloal  nozsles  hare  mat  tlia  requirements. 

Koenneoke  [4]  has  carried  out  the  fix^ 
st  essential  exaaination  of  cylindrical  no— 
sales. Ner6,Joriesen  [5»6j  is  1950 'st  has 
confimsd  Eoenneche's  results. In  the  1970 'a 
author  [7«Bj  sorked  and  thoroughly  ezar* 
ainad  a new  type  of  a cylindrical  aoszlo. 
the  obtained  resoltStOonfirBsd  by  paralally 
perfoxaed  works  of  Japanese  inrestigators 
[ 9]  point  to  good  aetrologioal  perforaan- 
os  of  this  nossle. 

Shs  aain  probloa  appearing  shea  desig- 
ning new  aossls  types  is  the  datsxaination 
of  nossle  optiana  sise  at  ihioh  nossle  cow- 
ffioient  is  constant  within  a wide  range  of 
Reynolds  nuabsr  Tanation.Zhis  inrolTss  ti— 
as-and  aoney-oon anal ng  erpsriaantal  inres-  ' 
tigations.1  aathsaatioal  aodel  of  snoh  a 
nossle  would  aake  possible  a qualitati- 
ve and  quantitative  analysis  of  proosases 
occurring  within  the  nossle  area  and  a 11— 
altation  of  neoessaxy  test  nnabsr  as  well 
as  ths  explanation  of  physical  phenoaena 
within  the  nossle  area  that  are  lnsaf|lol^ 
ntly  knoen  as  yet. 

Sons  results  p0f11y12j  are  avails 
ble  ,but  they  deal  with  laainar  flow  only, 
thus  a nsoessity  exists  of  the  extension 
of  thsoretioal  investigation  on  turbulent 
flows, too, because  they  are  of  a oonsidera- 
bis  iaportanee  in  flow  aeasursasnts. 

pORUmoXIOH  0?  THE  RROSLBf  A5S  PEISICII. 
ISSIOIPIXOVS 

Zha  oonsidsred  flow  systea  is  presei^ 
ted  on  Pig. 1. It  contains  a seetion  of  a 
dlaaetsr  pipeline  with  a cylindrieal  nossle. 
Zhs  nossle  is  of  a length  s and  dlaaeter  d. 

Despite  ths  alaplioity  of  ths  flow  ap— 
stea  ooaplsx  phyaioal  proosssss  take  plaoe 
here, being  connected  with  a detaohaent  of 
the  streaa  fron  pipe  wall,atreaa  oontrao- 
tlon  and  expansion  in  ths  nossls  arsa.Zhis 
oauses  the  foraation  of  reoiroulation  sones 
aissd  aainly  in  dependenoe  on  d/D  and  s/d 
relations  as  well  as  on  Reynolds  nuabsr  Re. 


Pig.1.  X flow  systea  with  a cylindrical  noz- 
sls 

(1)  Plans  of  inlet 

(2)  Last  attaohaent  point 

(3)  Pressure— tap  locations 

(4)  Plans  of  vsna-oontracta 

(5)  Separation  points 

(6)  Rsattaohaent  points 

(7)  Pree  streaaline 

Zha  ooaplextty  of  physical  proosssss 
ooourrlBg  within  ths  nossle  area  forces  the 
application  of  elliptical  differential  equ^ 
tions  for  thslr  desoription(at  velocities 
characterlstle  for  flow  aeasureaent) . 

In  ths  subsequent  part  of  this  paper  a 
aathsaatioal  aodel  will  be  presented  of  a 
flow  of  liquid  throng  a nossle  being  based 
on  the  following  aasuaptlons 

1. x  fluid  la  inooapressible  and  of  a con- 
stant density 

2.  X fnlly-devslopsd  turbulent  flow  occurs 
at  a distance  1^  before  the  nossle (See 
Pig.D. 

3.  Zhe  flow  is  isothszaal  and  axi— oyaaetrlo 

X.  Pipe  walla  and  nossle  surface  are  iape^ 

asable. 

X aathsaatioal  aodel  should  aake  it  po^ 
slble  the  detexBlnatioa  of  the  velocity  di^ 
tribution  in  ths  flow  arsa, pressure  distri- 
bution and  ths  nossle  coefficient. It  is  pov- 
sible  to  detexalne  such  a relation  of  %/d 
at  which  the  nossle  coefficient  reaains  ooiw 
stant  within  a wide  range  of  Reynolds  nuaber 
variation. 
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lUIBE^XICiOi  uom 


■ymatyla  Isotharaal 

£low  of  a Tlaoovw  •&&  iBoonprasalU.*  liquid 
is  dssoribsd  by  knosn  sqnstioas  of  oontinu- 
ous  asdis  motion  ooaplsasntsd  by  tbs  squ^ 
tion  of  oontlnulty.Sbsss  squstioas  taks-ln 
eylindriosl  r,a  ooordinsts^  tbs  following 
fon 

h M 
»(“H  -- 1?;  - -If  H r 


lbs  quantity  sppsarlng  in  tba  aqt^ 
ations  (1)  and  (2)  is  tbs  so  oallsd  sffs- 
otiTs  Tisoosity  being  tbs  sun  of  aolsoulaz 
▼Isoosity  and  tba  turbulent  one  ^fObara- 
oterislng  the  turbulence  status  in  a gi-ren 
point  of  tbe  flow  areat according  to  tbs 
equation. 

(♦> 

Ibe  essence  of  tne  acoeptsd  turbulent 
flow  aodelllng  aetbod  is  that  additional 
turbulence-caused  stresses  are  introduced 
into  action  equations  (l)  and  (2)»i  turbtk- 
lent  flow  is  thus  treated  aa  a laminar  one 
witb  a Tariable  Tisoosity  obaraoterised  by 
paraaeters  being  tlaa-ayeraged  ones  of  a 
turbulent  flow. 


A broad  rsTlew  of  aatbeaatloal  turbid 
lenoe  aodsls  is  presented  in  [13]  . Ittdl— 
Tidual  aodsls  sre  of  Tarioua  ooaplezity 
sad  usability  classes  resulting  froa  paz^ 
tionlar  ptaysioal  bypotbases  aooaptsd«On 
tbs  basis  of  ptaysioal  analysis  of  a pbeno- 
aeaon  of  flow  tbrou^  a nossle(detaobaent 
of  wall  layer,  reoiroulation  sones)a  tuz^ 
bulenos  aodel  baa  been  aooepted, being  ba- 
sed on  alllptloal  differential  equations 


for  turbiilenoe  energy  k and  for  dissipation 
of  turbulence  energy  £ .A  general  fora  of 
tbe  k'^'C  aodel  baa  been  girsn  in  [14]  .Irai^ 
sport  equations  for  k and  £ — in  oyllndri- 
oal  coordinates  — are  of  tbe  following  fozn 

ISj 

lei 

Knowing  local  Taluas  of  k and  £.  one 
may  deteralne  local  ralue  of  turbulent  Ti^ 
ooslty  froa  Prandtl  and  KolaogoroT  foraule 

-f  (7) 

Talus  of  onnatan^  appearing  in  tbs  turbulw- 
noe  aodel  aadtaksn  for  calculations  aooo^ 
ding  to  reooaaendatlona  of  [14]  ,are,resp*- 
otirely  o,>  1.44,04  a 1.92,  0,09, 

^ ■ 1.3,  1,0. 


Differential  equations  (1},(2),(3),(5) 
and  (6)  aa  well  as  algebraic  expressions (4} 
and  (7)  forn  a closed  systea  of  equationa 
describing  Isotberaal  flow  of  a tIsoous  and 
inooapressible  liquld.Ibe  equations(l) , (2) 
and  (3)  will  further  be  transfoned  in  or- 
der to  elinlnats  tbe  pressure  by  aeana  of 
introducing  atreaa  function  V and  Tortioity 
<0  defined  as  foUowa 

(9) 

•'=-•^11  (10) 
Differentiating  equations (I), (2)  (^and 
respeotiTwly) ,and  adding  by  sides  we  obtain 
an  equation  of  Tortloity  transport. Xntrodi^ 
oing  dafl:.-;tion  equation  of  strean  function 
(9)  and(lO)  into  the  oqnation(S)  we  obtain 
Poisson's  equation  for  tbs  strean  function. 
Introducing  slnultaneoualy  non— diaenaional 
quantities 

r-.f;  u-.jj  : 


y“ 


• D 


grlds.A  typical  grid  used  in  calculations 
can  bo  seen  on  ?ig.2. 


we  obtain  Tortioity  transport  equation  and 
the  Poissonja  one  in  a noi»>dlmensional  fora 


(12) 

(15) 


Xhs  quantity  S appearing  in  the 
(12)  is  a reolprooal  of  effeotire 
number 

XXt9X  Introduoement  of  noB-dlaanalonal  qosr- 
ntlties  (11)  into  equationa  (5)  and(6)  we 
obtain  noB-diaanalonal  equations  for  turbtr- 
lonoa  energy  and  its  dlssipatioa.lt  oaa  be 
asAy  notlosd  the  equations  toxa'*,Y^k“  C" 
aay  be  written  down  in  a generalised  fora 


equation 

Eeynolda 

(14) 


Coeffioients  of  the  aquation  (15)  are  tabi^ 
lated  in  the  Sable  Vo  1 below. 


table  I.Taluas  of  ooafflolonts  of  the 
equation  (15)* 


0 

0, 

Qi 

at 

Os 

a* 

Qs 

Cls 

Sf 

O* 

1 

r- 

r 

f* 

r'R 

1 

R 

sz 

~r 

0 

- 

r* 

1 

1 

T- 

1 

C3* 

/c' 

1 

1 

1 

r-i. 

1 

R 

1 

RB-E* 

£• 

1 

1 

1 

4 

-Sc. 

1 

P 

JL 

1 

Pig. 2.  Szample  of  the  grid-distribution  and 
typloal  interior  mods  P of  the  grid. 
(l)  Path  of  pressure  integration 

Differential  equation  approzlaatlon  by 
differenoe  equations  algorlthas  will  not  be 
presented  in  detail  because  they  are  stan- 
dard [15]  for  this  type  of  elliptloal  equa- 
tions.! system  of  differential  (15)  has 
been  transformed  into  a system  of  algebra- 
io  equations  in  the  fora 

Por  each  rarlable  ^ and  for  erery  inner 
grid  point  a single,  such  type  equation  may 
be  written  dowB.Besalting  systems  of  algw- 
bralo  equations  hare  been  solred  with  dauss 
— Seidel  iteration  method  and  the  use  of 
relaxation.She  Iteratirs  process  has  been 
considered  finished  when  the  relation 

takes  plaoe  for  each  rarlable  in  eaoh  grid 
point. 

gpundarr  oondltions 


VaiBRICAl  SOI.DSZOV  OP  IBS  SQDAZZOVS 
Pmite  dlfferena.  eanatlan* 

A solution  of  the  generalized  differe- 
ntial equation  (15)  has  been  baaed  on  a me- 
thod of  finite  differenoes  for  ununlfora 


Por  the  aims  of  solring  a nuaerioal 
problem  one  should  know  boundary  oondltions 
of  differential  eqnations.All  the  boundaries 
must  hare  determined  oondltions  for  rarl^ 
bles  of  the  equation  (15)  because  the  basio 
equation  system  for  nuaerioal  oaloulation 
is  of  an  elllptio  type. 
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Pipe  «»U»  and  oozsl*  ■qrfaoa..  Booxt- 
dary  ooadltlons  ior  Tortlolty  and  atreaa 
faaotioa  are  the  aane  aa  for  a laminar 
flow[ll]  .In  the  oaae  of  tnrbnlenoe  energy 
and  ita  diealpatlon  relatlona  hare  been  ".t: 
uaed  of  "iicll  fnnotlon  ■ glren  In 


STanetrr  axle,  from  a3d.al  aymmetry  > 
oondltlon  of  a flow  It  baa  been  taken 

= |ii  -ii' 

ar  3r'  Sr-  “ sP* 

A aeotlon  before  the  noaale.Veloolty' 
profile  and  tnrbolenee  energy  and  ita  dl^ 
alpation  dlatrlbutlon  hare  been  datemlned 
froB  known  dependanoea  for  a fully  deralo- 
ped  turbulent  flow  Inaida  a plpe.CondltK^ 
na  for  Tortioity  and  atraan  funotlon  hare 
baen  fixed  on  the  baala  of  definition  eqt^ 
atlona  (8)  and  (9). 


A aeotlon  hehiTia  ^ oob- 
ditlon^'Ohaa  baen  taken  for  erery  rarlab- 
le  from  the  aquation  (1$). 


CALCOLAIIOH  Of  PBESSUBES  AHD  lOZZLE 
COSffICISai 

Iha  dateroinatlon  of  reloolty  and  af> 
faotiTa  Tlaooaity  by  maana  of  aoltinc  tha 
equation  ayataa  (15)  nakea  it  poaalbla  to 
oaloulata  atatio  praaaure  dlatrlbutlon  wL— 
thin  tha  araa  of  flow.Xhe  nathod  of  pre^ 
aura  oaloulatlon  la  wallHcnown  [15yl6jand 
oonaiata  in  tha  dataralnation  of  derlTati 
Twa  ^ and  appaaring  in  aquatlona  ( 1 ) 
and  (2).  Preaaura  dlffarenoa  aziatlng  ba-b* 
waan  any  two  pointa  within  the  flow  araa 
■ay  ba  datezalnad  in  tha  following  way 


where  a ia  any  oontinuoua  ourta  led  batwa- 
en  pointa  1 and  2.Zha  a ourra  ><«t 
been  approxinated  with  aeotiona  paralall 
to  the  ooordinata  axaa  (aae  fig.2).Iha 
knowledge  of  preaaure  differenoa  on  a no»- 
; zla  aakaa  it  poaalble  tha  oalonlation  of 

j nozzla  ooafflolant—  aooording  to  rwoonan- 


dation  of  tha  Standard  [5]  from  the  formula 


Quantity  ii^ia  a nor.-dizicnsional  preaaure 
differenoe  at  a nozzle  fUlv  la  an 

awaraga  walooity  In  a aeotlon  placed  before 
the  nozzle. 

SZ3CUSI0I  Of  CALCOLAIZOS  BSSOLZS 

Zha  praaentad  mathamatioal  modal  of  a 
oylindrioal  nozzla  haa  baen  uaed  to  detez^ 
mine  reloolty  flelda»preaaura  dlatrlbutlon 
and  nozzle  ooaffiolant.Beaulta  of  e^erimw- 
ntal  axaaination  of  the  oylindrioal  nozzle 
are  preaanted  in  [7f8,9].  Zha  abora  nantio- 
nad  charaeteriatio  quantitiaa  hare  been  oho- 
aen  for  nuaerloal  oaloulationa  aa  being  li^ 
portent  for  obatruotlon  aetera  perfoznanoe. 

Oaloulationa  hare  been  oarled  out  for 
an  uniform  grid  ahown  on  fig. 2 alzed  11x51 
in  tha  radial  and  a3d.al  diraotionyreapeoti— 
rely. 


fig. 5*  Oantre-lina  dlatrlbutlon  of  aad-al 

reloolty yklnatio  energy  of  turbulei^ 
oe  and  atatio  preaaure. 

On  fig. 3 f dlatrlbutlon  of  noa-diaanai^ 
nal  aaial  reloolty, turbulenoa  energy  and  * 

preaaure  In  the  aymetry  axla  for  Baynolda  ] 
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auBMr  Be  m 42IO  an  inatanoa  and  tha 
ralation  fi  ■ 0,7  ara  praaantad.On  the  ba-:. 
ala  of  ourra  rona  ona  nay  notioa  that  In^ 
oraaaa  in  relooity  and  a atatlo  praaanra 
daeraaae  aay  ba  obaarrad  naar  bj  tha  norr  • 
ala.  Iha  aa^jaun  Talocltj  and  tha  aininnn 
praaanra  at  tha  pipa  azla  la  dlatant  by  30 
from  tha  Inlat  aaotiontl.a.ln  tha  rloinlty 
of  noszla  outlat  plana. Quant! tatira  azpa> 
riaantal  axaalnatlona  [7»8«9]haTa  ahom 
that  a noaala  of  ^ > 0.7  ahona  good  parf^ 
raanoa  at  ■ 2.6-^3.Zhlo  nay  ba  aspl»* 
Inad  by  tha  oeourranoa  of  a “rana  nontran 
ta*  aaotlon  in  the  oylindxloal  part  of  tha 
nozala.Zn  order  to  analyaa  thla  quaatlon 
aora  ooaplatly  profllaa  of  axial  ralooity 
naar  by  ‘bha  noaala  inlat  ahould  ba  oonai— 
darad.Suoh  profilaa  for  araaa  before  and 
althlA  tha  noaala  hare  bean  ahonn  on 
4,nhoroaa  on  Big. 5 the  onaa  fron  behind 

the  noaala. 


0 ^ 


rig. 4.  Badlal  profllaa  of  ralooity 


2 JL  ^ 
U 


rig. 3.  Radial  profilaa  of  ralooity 


She  appaaranoe  of  tha  mmih  l■nll^  ral^ 

city- in  a oonaldarabla  dlatanoa  froa  the 
inlat  edge  of  tha  noaala  may  ba  a^lalned 
by  a paouliar  ralooity  dlatribution  at 
tha  noaala  inlat(maxlmom  of  tha  ralooity 
near  tha  nall).A  raolroulation  aona  My  ba 
obaarrad  behind  the  aoazle(Saa  rtg.5,ourre 
O.Shla  aona  ia  ralatiraly  small  baoauaa 
of  rather  high  p > 0.7.Badlal  profllaa  of 
nosr*dimanalonal  tnrbnlanoa  energy  ara  ahoan 
on  rig.6. 


2l/2Si 


rig. 6.  Radial  profilaa  of  klnetlo  energy 
of  torbulanoa 

a 

In  tha  bahindf-noaala  area  a growth  of  toj^ 
bnlanoa  energy  may  ba  obaarrad.Sha 
raluaa  of  turbnlenoe  energy  appear  in  tha 
area  of  great  ralooity  gradlanta. 

A mathematioal  modal  haa  bean  rarlfiad 
on  tha  baaia  of  axparimantal  data  oonoer- 
nlng  a oylindrloal  noaala  ooaffloiant  taken 
fron[7j . Xhaaa  data  hare  bean  ahoan  in  rig. 
7.  by  a oontlnuona  line  aharaaa  oaloulation 
raanlts  by  polnta.Xn  both  oaaaa  an  inoraaae 
of  noaala  ooaffloiant  of  aooompanlad  by  Ray~ 
nolda  nombar  growth  may  ba  obaarrad. A oomr 
parialon  batwaan  tha  oaloulation  raaulta 
and  tha  azparimanta  waa  tha  beat  at  Ba  ■ 
4x10^.  At  higher  and  lower  Raynolda  numbara 
tha  maximum  ralatlra  error  of  a oaloulatad 
and  a^arimantally  maaanrad  noaala  ooaffi'^ 
oiant  haa  not  axoaadad  15  par  oant.  It  auat 
nararthala8a,ba  notioed  that  tha  noaala  oo- 
affloiant ia  oaloulatad  on  tha  baaia  of  pra 
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1 • Predictions 

?lg.7.CoBparlsl.oa  of  prodloted  and  •xpmrt- 
aontal  noszlo  eoofloitnts 

ssur*  distxlbatlon  bo  it  Is  inflasaoBd  by 
•rrors  of  prBsurB  dstsxalastloa* 

Aitsapts  STB  bBing  ptrfoTBSd  now  to 
laproTS  tbs  sooursoy  of  oaloulstioas.As  it 
bss  bssa  staoaa  on  s frs^ntsry  Bxsa^s  s 
nuasTlosl  snslysAs  of  astrologlo  propertlBs 
of  nosiElss  any  bs  rtry  ussful  and  glTS  tsI— 
uabls  infoxaatlon  anabllng  tba  daslgnar  to 
aalaot  optlana  ahapa  thus  Halting  oonald^ 
rably  tha  nuabar  of  azparlaantal  axaalnar- 
tlon.Iba  nuaerloal  analysis  sarrsa  also  as 
an  InatruBsnt  of  a battar  raoognltlon  of 
pbanoaana  ooonrlng  In  sooh  flows. 
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ABSTRACT 

Saparatad  boundary  layars,  such  aa  thoaa  on  tha 
suction  sucfaca  of  airfoils  at  high  anglas  of  attack 
or  in  rapidly  axpanding  diffusars,  ara  considarad. 

A finita-diffaranca  procadura  is  outlined  which  solves 
tha  flow  aquations  in  ganaral  orthogonal  coordinates, 
thus  facilitating  tha  traataant  of  curved  surfacasi 
tha  k-e,  cwo-aquation  turbulence  aodal  is  usad. 
Calculations  of  saparatad  boundary  layars  in  curved 
diffusars  ara  prasantad  fron  which  tha  influence  of 
gacatitric  and  turbulence  Bodel  paraaaters  ara  deter- 
■sinad. 
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turbulence  aodal  constants 

initial  duct  width 

wall  law  constant 

kinetic  anargy  of  turbulence 

length  of  curve  in  duct 

raattachswnt  length  (frea  start  of  curve) 

separation  length  (froa  start  of  curve) 

rate  of  production  of  tuAulant  kinatic 
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pressure 

tiae 

velocity 

position 
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Kronackar  delta 

rata  of  dissipation  of  turbulent 

kinatic  anargy 

wall  law  constant 

laalnar  viscosity 

affactiva  viscosity 

density 

turbulanca  model  constants 
Reynolds  stress  tensor 
wall  shear  stress 

minimia  value  of  straas  function 


IWIROBUCnON 

Tha  work  reported  here  represents  an  initial 
investigation  into  tha  problans  faced  in  calculating 
tha  flow  propartias  of  turbulent  saparatad  boundary- 
layers.  In  thasa  flows,  the  adverse  pressure  gra- 
dient causes  tha  boundary-layer  to  alow  down  and 
thlckan  until  a ravarsad  flow  region  occurs  and  tha 
wall  shear  stress  bacooas  nagativa;  depending  upon 


the  behaviour  of  the  free  stream,  tha  boundary- layer 
nay  or  may  not  re-attach,  forming  a closed  bihble  of 
recirculation.  Ihe  nett  effect  is  to  enhance  the 
momantia  transfer  to  the  wall;  and,  consequently, 

^e  possible  occurence  and  behaviour  of  separated 
boundary  layers  is  of  practical  significance  in 
engineering  situations  where  tha  ainisd.sation  of 
losses  is  at  a pramlimii  diffusers  and  airfoils  serve 
as  examples. 

Several  recant  papers  have  reported  numerical 
solutions  of  tha  elliptic  aquations  appropriate  to 
turbulent  recirculating  flows  by  employing  tu^ulence 
models  to  determine  tha  Reynolds  stresses;  Popa  and 
Hhitelsw  (1)  calculated  the  flow  behind  discs  in  a 
uniform  free-straam  using  both  Reynolds-stress  and 
mean-flow  closures;  Rundial  and  Spalding  (2)  calcu- 
lated tha  flow  downstream  of  a sudden  enlargement 
in  a circular  pipe;  and,  NajtsBdar  and  Bhaduri  (3) 
considered  tha  flow  in  a recessed  wall  cavity.  In 
these  and  other  works  tha  calculations  were  coisparad 
with  tha  scarce  experimental  data  available  producing 
differing  degrees  of  agreement.  Tha  discrepancies 
can  be  attributed  both  to  difficulties  in  measure- 
ment and  to  the  inadequacy  of  aspects  of  the  turbu- 
lence isodels  in  certain  circwstances  (4)  . 

Tha  separated  boundary- layers  considered  here 
are  similar  to  tha  flows  mentioned  above  but  isgior- 
tant  differences  make  the  task  of  their  calculation 
more  difficult.  To  appreciate  these  differences, 
consider  tha  flow  in  a pipe  with  a sudden  enleurgement 
coQ>arad  with  the  flow  over  an  airfoil  at  a high 
angle  of  attack.  In  the  pipe-step  problem  the  se- 
paration is  caused  by  the  abrupt  change  in  geometry 
ai;d  the  structure  of  the  turbulence  is  dominated  by 
the  thin  shear-layer  between  the  recirculation  zone 
and  tha  main  flow.  For  the  airfoil,  on  the  other 
hand,  tha  location  of  separation  is  determined  by 
tha  flow  itself,  both  by  mean  quantities  (such  as 
the  axial  pressure  gradient)  and  by  tha  turbulence 
;diich  is  created  in  the  wall  boundary- layer.  Thus, 
an  adequate  representation  of  tha  tiurbulence  in  this 
instance  la  more  difficult  since,  in  near-wall 
regions,  large  variations  in  properties  occur  and 
low  Reynolds  number  effects  laay  be  li^rtant: 
further,  this  flow  can  be  expected  to  be  more  sensi- 
tive to  turbulent  structure  and  consequently  errors 
in  representing  turbulence  quantities  can  be  expected 
to  result  in  errors  in  mean  flow  quantities. 

These  above  mentioned  difficulties  in  calcula- 
ting airfoil  flows  are  difficulties  in  representing 
tha  physics  of  tuxbulance  but  additional,  practical 
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problem*  arc  posad  by  th*  airfoil  gaomocry  and  flow 
slcuablon.  A*  tba  boundary- layer  is  of  central 
importance  to  tba  flow  as  a whole,  its  accurate  nu- 
merical traaoent  is  of  equal  importance t however, 
in  the  Cartesian  coordinate  system  used  by  most 
nisserical  procedures  (a.g.  1-3)  the  curved  airfoil 
surface  passes  through  the  finite-difference  grid 
at  an  angle,  hindering  the  accurate  ij^osition  of 
boundary  conditions,  introducing  numerical  diffusion 
and  preventing  the  selective  refinement  of  the  grid 
near  the  surface  to  i^rove  accuracy.  Qia  imposition 
of  boundary  conditions  in  the  free-stream  is  also 
complicated  since  the  potential  flow  solution  for 
th*  inviscld  free-stream  is  influenced  by  th* 
boundary-layer  thiehnes*  on  th*  airfoil  surface. 

Ihus,  with  th*  considerable  thickness  of  separated 
boundary- layers,  the  matching  of  the  viscid  and 
Inviscld  solutions  in  the  frae-stresm  poses  an 
additional  problsm. 

In  the  present  work,  a symmetric,  curved,  two- 
dimensional  diffuser  is  considered.  Ihls  choice 
avolos  th*  difficulty  associated  with  th*  free- 
stream  boundary  and  allows  attention  to  be  focussed 
on  th*  representation  of  th*  turbulent  flow.  A 
ntsierical  procedure  has  been  developed  to  solve 
the  flow  equations  in  general  orthogonal  coordinates 
which  allows  grid  lines  to  be  aligned  with  th* 
curved  boundaries.  As  a consequence,  tii*  near-wall 
region  can  be  treated  accurately.  Ihis  procedure 
has  been  used  in  conjunction  with  a two-equation 
turbulence  nodal  to  determine  th*  influence  of 
geometric  and  turbulence-modal  parameters  on  the 
calculated  separated  flow.  Iha  implications  of 
these  results  for  th*  accurate  calculation  of 
separated  boundary- layers  is  discussed. 

CALCULATION  PROCXCUU 

Turbulence  Model 


The  k-e  turbulenc*  modal  used  in  th*  procedure 
is  presented  her*  with  sxamary  justification: 
although  the  flnita-diffarenc*  procedure  solves 
aquation*  in  general  orthogonal  coordinates,  the 
equations  are  presented  in  customary  Cartesian 
tensor  notation  in  order  not  to  detract  from  their 
physical  significance. 


The  continuity  and  momantus  aquations  for  a 
high  Reynolds  number,  constant  density  flow  are: 


(1) 


and 


Joo  3p0^0 

St  * 


(2) 


where  o is  th*  density,  0(x,t)  is  th*  averaged 
velocity  at  position  x and  time  t,  p is  the 
pressure  and  the  stress  tensor.  Bi*  unknown 
Reynolds  stresses,  which  at  the  high  Reynolds  nisD- 
ber  considered  here  are  the  only  contributors  to 
are  determined  from  the  k-e  turbulence  model 
in  conjunction  with  th*  Isotropic  viscosity  hypothe- 
sis. 
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and 


Equations  (3)  and  (4)  account  for  th*  transport  of 
th*  turbulent  liinetic  energy,  k,  and  its  rats  of 
dissipation,  C.  Bie  production  of  kinetic  energy 
and  the  affective  viscosity  are  given  by. 


3n, 


and 
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(7) 


and  the  constants  C , c , C ,,  and  a are 
ascribed  th*  values'^O.OS,  1.4S,  1.90,  1.0  and  1.3 
respectively. 

The  closure  provided  by  these  equations  was 
first  used  by  Jones  (5)  although  it  stems  from  the 
earlier  works  of  Chou  (6)  and  Barlow  and  Nakayama 

(7)  . A description  of  tite  modelling  of  th*  turbu- 
lence aquations  is  givdn  by  Launder  and  Spalding 

(8)  and  for  a criticism  of  th*  effective  viscosity 
hypothesis  and  dissipation  equation  (which  contain 
th*  major  assug^tions) , th*  reader  is  referred  to 
previous  work,  (9,  4). 


Solution  Procedure 


Th*  solution  procedure,  which  uses  I’inltc- 
dlfferenc*  means  to  solve  aquations  (1)  - (7)  on  an 
orthogoiml  grid,  is  a development  of  (Rsaman  and  Pun's 
(10)  method.  First,  it  is  necessary  to  generate  an 
orthogonal  grid  appropriate  to  th*  shape  of  th*  solu- 
tion doemln  and  this  is  accoe^lished  by  solving 
Laplace's  aquation  numerically  for  th*  Cartesian 
coordinates  of  th*  specified  grid  line  inter- 
sections. A typical  grid  used  in  th*  calculations 
reported  her*  is  shown  on  Figure  1.  Th*  initial 
width  of  th*  duct,  D,  is  doubled  by  a sinusoidal 


Fig.  1 Orthogonal  finite-difference  grid 
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curv*  of  langth  L and,  as  tha  duct  is  syoMtrlc, 
only  half  tha  flow  naad  ba  calculatad.  It  may  ba 
saan  that  mora  grid  lisas  ara  plaead  closa  to  tha 
wall  in  ordar  to  provida  graatar  accuracy  in  that 
important  ragion. 

Tha  details  of  tha  finita-diffaranca  procadura 
to  solva  tha  flow  aquations  in  ganaral  or^ogonal 
coordinates  ara  reported  alsawhara,  (11) . Briefly, 
by  integrating  the  differential  aquations  over  grid 
cells,  finita-diffaranca  aquations  ara  obtained  for 
the  two  normal  velocities,  k and  e.  Thesa  ara  solved 
iteratively  together  with  a pressure  correction 
aquation  which  modifies  tha  pressure  field  so  that 
tha  converged  solution  also  satisfies  tha  continuity 
aquation.  The  calculations  reported  hare  were  per- 
formed on  20k16  grids,  such  as  that  shown  on  figure 
1,  and  150  Itarations  wara  required  for  convergence 
leading  to  190  seconds  of  coa^utation  (0006600)  using 
21,000  words  of  mas»ry. 

Boundary  Conditions 

Tha  equations  solved  are  elliptic  and,  conse- 
quently, require  tha  specification  of  boundary  condi- 
tions over  the  whole  perimeter  of  the  solution  do- 
main. ce  the  symetry  plane,  symmetric  quantities 
have  zero  normal  gradients  and  anti-synatrlc  quan- 
tities are  reroi  the  location  of  tha  outlet  plane  is 
chosen  to  ba  sufficiently  far  downstream  for  the 
boundary-layer  approximations  to  hold  which,  in 
essence,  precludes  tha  naad  of  tha  specification  of 
boundary  conditions  there.  The  values  of  dependent 
variablaa  at  tha  inlet  plana  depend  upon  the  nature 
of  flow  upstreams  for  simplicity,  uniform  profiles  of 
velocity,  Ic  and  e ara  i^oaad  with  )ce0.001  and 
t*  (Cyl/2  k)^^^/(.2D)  corresponding  to  the  plug  flow 
in  a smooth  contraction. 

aithou^  the  no-sllp  condition  at  tha  wall  leads 
to  sufficient  boundary  conditions  for  0,  k and  e, 
their  direct  iispositlon  is  not  vprqprlata  since  the 
tuzhulenca  model  does  tut  contain  low  Reynolds  niabar 
terms  whids  ara  l^ortant  in  this  ragion.  One  possl- 
bl)Lity  would  ba  to  incorporate  these  terms  (as  was 
dona  by  Jonas  and  Launder  (12))  but  tha  large  varia- 
tions of  the  dependent  variables  near  tha  wall 
requires  so  fine  a finlte-dlffarance  grid  as  to  be 
prohibitive  for  elliptic  flows.  Instead,  wall- 
functions  ara  used.  These  are  based  on  Couetta  flow 
solutions  in  tha  near-wall  ragion  which,  clearly, 
asstae  equilibrium.  However,  tha  functions  are  con- 
structed in  such  a manner  as  to  retain  plausible 
results  in  non-equilibrium  situations  altiiough  their 
direct  validation  has  not  been  achieved.  The  wall 
shear  stress,  x^,,  forms  tha  boundary  condition  for 
the  velocity  parallel  to  the  wall  and  the  normal 
voloelty  is  zero: 
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The  aquation  is  not  solved  for  C at  tha  near-wall  grid 
node,  but  its  value  is  specified  through 
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In  the  kinetic  energy  equation,  the  diffusion  to  tha 
wall  is  sat  to  zero  and  the  integral  of  dissipation 
over  the  near-wall  region  (which  is  a source  term) 
is  given  by,  • 


P l/n  5/5  1 — 

/ e dy  - (cy*  k )■’''=  i in  (Ey„)  (10) 

0 u p k p 

In  these  relations, U is  the  laminar  viscosity;  the 
subscript  p refers  to  the  grid  node  next  to  the  wall 
and  yp  and  Up  are  the  normal  distance  and  parallel 
velocity  at  that  point.  < and  E are  the  constants  in 
tha  logarithmic  law-of-tha-wall  and  have  values  of 
0.42  and  9.8. 


RESULTS  AND  DISCUSSION 


The  procedure  was  used  to  calculate  the  flow 
properties  in  the  curved  diffuser,  described  above, 
in  order  to  determine  the  flow  patterns  and  to 
examine  the  influence  of  changes  in  geometric  and 
turbulence  model  parameters.  The  standard  case  is 
for  L/D  “ l.S,  Re  5 pUD/P  ■ 10^  and  the  turbulence 
model  constants  taking  the  values  quoted  above. 

Duct  Shape 

Figure  2 shows  stream-function  contours  for 
four  different  duct  shapes  with  L/D  varying  between 
0.5  and  2.0.  Stream-function  is  normalised  to  be 
zero  at  the  wall  and  uiacy  on  the  centre-line  and, 
consequently,  its  mlniznai  value,  , is  a measure 
of  the  intensity  of  recirculation/it  may  ba  seen 
that  for  L/D  "0.5  there  is  a large  separation 
ragion  which  extends  soma  distance  downstream  before 
reattachment  while,  for  L/D  > 2.0,  the  recirculation 
zona  is  far  smaller  and  is  comparatively  inextansive. 
These  observations  are  confirmed  by  plotting  the 
normalised  distance  to  separation,  t^/L  (measured 
from  the  start  of  tha  curve) , the  distance  to  re- 
attachment, Ig/L,  and  again  L/D.  This  is  done 

on  figure  3.  Several, possibly  unexpected,  points 
of  Interest  emerge:  the  general  trend  of  t,/L  and 

increasing  and  Jt^/L  decreasing  with  L/D  is  to 
be  expected,  but  the  magnitude  of  soma  quantities 
is  surprising.  For  the  hipest  expansion  rate, 

L/D  " 0.5,  • -0.019  indicating  that  the  flow 

rate  in  the  recirculation  zone  is  lass  than  2%  of 
tha  main  fl<xr;  and,  as  L/D  increases,  2,/L  increases 
but  slowly  compared  with  the  decrease  in  i^/L.  That 
is,  the  normalised  separation  point  is  relatively 
insensitive  to  the  rata  of  expansion. 


By  extrapolating  tha  curves  on  figure  3,  it  may 
be  saan  that  tha  singular  point  where  • O,  and 

is  “ occurs  in  the  vicinity  of  L/D  ■ 2.5:  at  this 

point,  corresponding  to  incipient  separation, 
i,/L  ■ i^/L  * 3/4.  This  value  may  ba  compared  wltit 
i/L  " 1/4,  tha  location  of  maxima  convex  curvature, 
and  1/L  " 1/2,  the  location  of  the  maximim  rate  of 
expansion:  either  of  thesa  points  could  be  expected 
to  ba  the  location  of  incipient  separation  since,  to 
first  ^^roximation,  the  former  corresponds  to  maxi- 
mum centrifugal  force  and  tha  latter  to  maximum 
adverse  pressure  gradient.  The  fact  that  separation 
occurs  further  downstream  indicates  that  the  growth 
of  the  boundary-layer  it  a central  factor  either 
directly,  or  indirectly  through  its  effect  upon  the 
pressure  gradient. 
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Pig.  2 Contours  of  strsaa-functlon  in  dlffusors  of 
dlffsrsnt  sxpsnslon  ratas 


If,  as  has  baan  suggastad,  tha  growtli  of  tha 
boundary- lay ar  Is  an  Inportant  aspact  of  tlia  flow, 
than  tha  accurata  raprasantatlon  of  tha  flow  as  a 
who la  can  ba  axpaetad  to  dapand  on  tha  corraet 
aodalling  of  this  proeass.  Consaquantly  It  is  infor- 
aativa  to  datarmins  tha  sansitivity  of  calculated 
values  to  tha  aodalling  assuptions  by  altering  tha 


Fig.  3 I /L,  X.  /L  and  V . against  L/D. 
s r tain 


constants  spearing  in  tha  aodals.  Tabla  1 shows 
tha  parcantaga  dianga  in  (^r-^)  /L  and  for  a 

10%  dacraasa  in  Cy  and  r.  ^ Is  tha  dooSnant  con- 
stant in  tha  k-e  turbulenca  modal  and  its  ^crease 
corresponds  to  decreasing  tha  effective  viscosity. 

^1«  1-  Chanoa  in  and  for  a 10% 


< is  the  law-of-tha-wall  constant  and  its  diminution 
causes  a dacraasa  in  the  effective  viscosity  close  to 
the  wall. 

It  may  ba  seen  from  Table  1 that  decreasing 
and  K results  in  tha  intensity  of  tha  recirculation, 
incraasii'ig  by  about  15%.  confirming  that  this 
feature  of  tha  flow  is  sansitlve  both  to  the  turbu- 
lanca  modal  and  tha  wall  functions.  However,  chang- 
ing Cy  only  causes  a 9%  change  in  tha  length  of  the 
recirculation  rona  whereas  the  same  change  in  < 
causes  a 26%  dianga.  This  indicates  that  not  only 
it  very  tensitlva  to  the  wall  functions 

but  to  also  it  the  shape  of  tha  separation  bubble: 
by  decreasing  ic,  the  back-flow  is  retarded  last,  pro- 
moting a longer  separation  bubble. 

Iba  observed  sensitivity  of  the  calculations  to 
changes  in  ^ and  < indicates  that  the  accuracy  of 
the  pradictions  depends  upon  an  accurate  turbulence 
modal  and  wall  functions.  Notwithstanding  resarva- 
tlons  about  the  dissipation  equations,  (4) , tha 
turbulence  isodel  can  be  expected  to  be  as  accurate 
in  this  as  in  other  flows.  The  wall  functions,  on 
tha  other  hand,  are  based  on  Couetta  flow  solutions 
and  have  less  physical  foundation  near  separation 
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and  raattadiaant  point*.  Conaaquantly , bcfor*  the 
procadur*  can  b*  axpacted  to  produce  raliabla 
result* , it  1*  nacassary  to  verify  the  performance 
of  the  wall  function*  and,  if  nacassary,  develop 
modifications . 

CONCLUSION 

9ta  problem  of  calculating  the  flow  properties 
of  separated  turbulent  boundary  layers  has  been 
considered  and  difficulties,  not  associated  with 
other  recirculating  flows,  have  been  identified. 

Hie  task  of  providing  an  accurate  model  of  the  tur- 
bulence is  at  once  more  difficult  and  mors  important 
since  the  near-wall  region  la  very  influential.  As 
these  flows  often  occur  on  bodies  with  curved  sur- 
faces in  a frae-stream,  there  are  practical  diffi- 
culties connected  with  using  a finite-difference 
method:  the  mamally-used  rectangular  grids  are 
ill-suited  to  curved  surfaces  and  the  potential 
flew  and  viscous  flow  solutions  must  be  matdiad. 

A calculation  procedure  has  bean  outlined  whid: 
solve*  the  flow  aquations  in  general  orthogonal  co- 
ordinates, thus  overcoming  the  difficulty  of  repre- 
senting a boundary  layer  on  a curved  surface.  Iba 
k-e,  two-aquation,  turbulence  model  is  used  to 
determine  the  Reynolds  stresses  and  wall-functions 
are  employed  at  solid  boundaries.  Ota  procedure  has 
been  applied  to  the  flow  in  a curved  diffuser  and 
the  influence  of  the  gacmatry  has  been  demonstrated. 
It  was  found  that  the  gross  features  of  the  calcu- 
lated flow  are  sonsltlve  to  the  aasmptlons  incor- 
porated in  the  turbulence  model  and  the  wall 
functions.  Since  the  assi^ptions  involved  in  the 
wall  functions  are  stispect  in  some  regions  of  the 
flow,  it  is  necessary  to  validate  their  performance 
before  the  procedure  can  be  expected  to  produce 
reliable  results. 
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